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Preface

This book contains the written versions of most of the contributions presented during
the first Edition of the International Conference in Applied Mathematics to Finance,
Marketing and Economics, which took place at the National School of Commerce
and Management in El Jadida, Morocco, from 26 to 27 November 2020.

The meeting provided a setting for discussing recent developments in a wide
variety of topics including Mathematical modelling in finance, mathematical Models
in Marketing; modelling of financial and economic primitives (interest rates, asset
prices, etc.), modelling market behaviour, modelling market imperfections, pricing
of financial derivative securities, hedging strategies, numerical methods, financial
engineering.

The main goal of the event is to encourage the confident use of applied mathe-
matics and mathematical modelling in finance, economic and the use of Mathemat-
ical Models in Marketing. Also to explore and address work at the interface between
applied mathematics and applications oriented ideas to the various fields of science.
The audience was multidisciplinary allowing the participants to exchange diversified
ideas and to show the wide attraction of different topics.

All papers had undergone the careful peer-review before it selected for publica-
tions in those volumes.

We believe that this event provided a medium for scientists and experts in the field
to effectively communicate and share ideas. We would like to express our sincere
thanks to all participants for their contributions and stimulating discussions.

Beni-Mellal, Morocco Said Melliani
El Jadida, Morocco Abdelmajid El Hajaji
Tijuana, Mexico Oscar Castillo
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High-Precision Method for )
Space-Time-Fractional Klein-Gordon Chesktor
Equation

A. Habjia, A. El Hajaji, J. El Ghordaf, K. Hilal, and A. Charhabil

Abstract This paper presents the space-time fractional Klein-Gordon equations
(FKGEs) for the spinless particle in potential field. It defines to describe the Higgs
boson and the propagation of a boson in vacuum in Standard Model (SM). Besides, in
this paper, the sine method is employed to construct exact solutions of the space-time
fractional Klein-Gordon equations. Many new families of exact traveling wave solu-
tions of the space-time fractional Klein-Gordon equations are successfully obtained.
It is shown that the proposed method provides a more powerful mathematical tool
for solving nonlinear evolution equations in mathematical physics.

1 Introduction

The Higgs-boson particles are the main objects of relativistic quantum mechan-
ics defined by the most basic, Klein-Gordon equation. This makes KG-equation a
good ground to show a remarkable unexpected new invariance toward sign-reversal
of both the Planck constant A and all “charges” (including electrical charge and
gravitation mass) in a particle-antiparticle transformation, replacing thus a stan-
dard CPT-invariance for such a process. Because the Higgs boson is a spin-zero
particle, it is the first noticed ostensibly elementary particle to be treated by the
Klein-Gordon equation (Klein-Fock-Gordon equation or Klein-Gordon-Fock
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equation). The Klein Gordon equation was the first trial to unify special relativity
and quantum mechanics. While initially discarded this equation of “many fathers”
can be employed to understand spinless particles that, hence, led to the discovery of
pions and other subatomic particles. The equation leads to the development of Dirac
equation and hence quantum field theory. Yet, with the appropriate interpretation, it
does describe the quantum amplitude for detecting a point particle in various places,
the relativistic wave function, but the particle propagates both forwards and back-
wards in time. On July 4, 2012 CERN announced the finding of the Higgs boson.
Since the Higgs boson is a spin-zero particle, it is the major elementary particle that
is explained by the Klein-Gordon equation. More experiments and detailed exami-
nation is needed to find out if the Higgs boson found is that of the Standard Model,
or a more exotic form.

The study of Nonlinear Fractional Klein-Gordon equation is very important for
both mathematical and the physical applications. Several decades ago, there were
notable improvements in the study of exact solutions of nonlinear fractional dif-
ferential equations; resulting in a variety of methods, Feng et al. developed and
study a some Cauchy matrix type solutions for the nonlocal nonlinear equations
[20], the exact solution of the fractional differential equation [18], the exact solu-
tion of the space-time fractional inhomogeneous nonlinear diffusion equations [19],
exact wave solutions for the nonlinear time fractional Sharma-Tasso-Olver equa-
tion and the fractional Klein-Gordon equation in mathematical physics [11], Two-
Dimensional Differential Transform Method and Modified Differential Transform
Method for Solving Nonlinear Fractional Klein-Gordon equation [12], Analytical
approach for space-time fractional Klein-Gordon equation [13], A linearized and
second-order unconditionally convergent scheme for coupled time fractional Klein-
Gordon-Schrodinger equation [14].

Fractional calculus recently, plays a very leading role in many branches of engi-
neering and physical phenomena that arise in mechanics, electrostatics, quantum
mechanics, applied particle physics and many other fields of physics. Many effective
approaches and powerful methods to obtaining exact solution for the space-time frac-
tional Klein-Gordon and coupled conformable Boussinesq equations using modified
extendend Tanh method with Riccati equation (see [4]), explicit solutions and con-
vergence analysis to the time fracional Cahn-Allen and time-fractional Klein-Gordon
equations with Riemann-Liouville derivative (see [5]), An efficient numerical scheme
to solve fractional diffusion-wave and fractional Klein-Gordon equations (see [6]),
analytical solution of time-fractional order Klein-Gordon equations by using a differ-
ential transform method with appropriate initial condition (see [7]), in [8] developed
anew exact analytical solutions of time-fractional Klein-Gordon equations by means
of conformable fractional derivative by using Modified Kudryashov method.

The outline of the present paper is as follows. In Sect.2, we introduce the sine
method and the descripion of devoted to properties of the conformable fractional
derivative, and review on space-time fractional Klein-Gordon equations. In Sect. 3,
we apply the sine method on the space-time fractional Klein-Gordon equations by
means of conformable fractional derivative, respectively. The applications of the
above mentioned technique will be illustrated in Sect. 4 with a space-time fractional
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Klein-Gordon equations. The sine method will be applied to solve the space-time
fractional Klein-Gordon equations, two-dimensional the space-time fractional Klein-
Gordon equations and three-dimensional the space-time fractional Klein-Gordon
equations also leads to the smoothness parameter, graphical results show the geo-
metric behaviors to the analitical solutions at different values of fraction order and
we have interpreted the various cases. Finally a discussion and conclusions is given
in Sect. 5.

2 Description of the Fractional Calculus and Sine Method

2.1 Description of the Fractional Calculus

The fractional calculus finds applications in different domains of science, engi-
neering, physics, numerical analysis, biology and economics [15—17]. Through this
section we present some mathematical definitions and properties of the conformable
fractional derivative calculus (see [15]) which are used in our work.

Definition 1 Definition
Let f: [a, b] x (0, 00) — R, then the conformable fractional derivative of f is
defined as

l—ay _
DECP) s 1) = limeg Lt € - ) =S D e ve=0. (1)

Every real function which satisfy in Eq. (1) and corresponding limit exist, is called
as the o— differentiable function.

Theorem 1 Theorem (see [15]) Let @ € (0, 1] and a, b € R, then
(i) DY (au + bv) = aD} (u) + bD{ (v),
(ii) D (t*) = A", A € R,
(iii) DY (uv) = uDy (v) + vDf (u),
uD? (v) — vDY (u)
v2 ’

u

(iv) D (=) =
v

(v) D¥(u) = t'=*u'(t), u € C',

(vi) D¥(u o v) = t'7%v'(t)u' (v(t)), where u : (0, 00) — R, is a real differentiable,
oa—differentiable function and v be a function defined in the range of u and also
differentiable.



4 A. Habjia et al.

2.2 Description of Sine Method

We present the sine method by considering the following nonlinear fractional differ-
ential equation of the form:

P(u, D*u, D%u, D}*u, D¢ ;u, D>, u,..) =0, 0<a<]I, (2)
where D} is conformable fractional derivative and o € (0, 1). Equation (2) hasn 4+ 1
independent variables (x,t) = (x', x2%,...,x", 1) and one dependent variable u =
u(x,t). We will apply simplest equation method [21, 22] to find exact solutions of

Eq. (2). Here we outline the main steps of simplest equation method.
Step 1. We introduce the following traveling wave transformation

tDt

fe+n Y

1 “ :
M(X,t) = U(S), %‘ = lei(){’)a —cC
i=1

where [;(i = 1, 2, ...n) and ¢ are nonzero constants. Substitution of wave transfor-
mation (3) into (2), we obtain an ordinary differential equation of the form

Q(U, CUE,l,’Ug,liljUgg,l[ljlkUggg, ) =0 (4)
where Uz = fl—g, Uge = [5—12],....
The ordinary differential Eq. (4) is then integrated as long as all terms contain deriva-
tives, where we neglect integration constants.
Step 2. The solutions of many nonlinear equations can be expressed in the form (see

(9D

Asin™(0€), |§] < 7,
0, otherwise,

U = { )

where A, 6 and m # 0 are are parameters that will be determined, 6 and X are the
wave number and the wave speed, respectively. We use

U(§) = Asin"(0§),

U™(&) = A" sin"(0§), 6
UL = nmOA" cos(68) sin™ ' (68), (6)
Ui, = —n20%m?1" sin"™ (PE) + nO>X"'m(nm — 1) sin™~2(9E).

Step 3. We substitute (6) into the reduced equation obtained above in (4), balance
the terms of the sine functions when (6) is used, and solving the resulting system
of algebraic equations by using the computerized symbolic calculations. We next
collect all terms whit same power in sin® (9&) and set to zero their coefficients to get
a system of algebraic equations among the unknowns 6, m and A. We obtained all
possible value of the parameters 6, m and A (see [9]).
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3 Application

The Klein-Gordon equation is a relativistic wave equation linked to the Schrodinger
equation. The equation can be formulated by the Schrodinger equation. The equa-
tion shows all spinless particles waves functions with positive and negative charge
in addition to zero charge. This equation unveils a lot of interesting traveling wave
structures that have not yet been found in the past studies. Traveling waves together
with their solution expressions in explicit or implicit forms are crucial from the
view point of applications. Such types of waves will not change their profiles dur-
ing propagation and for this reason, they are easily identified. In this section, we
establish more general and novel solutions to the nonlinear space-time-fractional
Klein-Gordon equation through the sine method to evaluate exact.

3.1 Conformable Space-Time-Fractional Klein-Gordon
Equation with Cubic Nonlinearity

In this sub-section, we present relativistic fractional order Klein-Gordon equation
with conformable fractional derivative (b, define as roughness parameter of time).
The square root of the parameter b, is the smoothness parameter for time. Higher
mass of particle lowers the smoothness parameters. The fractional K-G equation
suggests all the possibilities which can be connected with general theory of relativity.

by

D;fu(x, 1) — Diu(x, 1) — —
ha

< mic“u(x, t) — ,uo,u3(x, t)y=0. (7)

with b, is the roughness fractional parameter of time, b, = — (¢, is the fractional
muc

energy), m, is the fractional mass parameter, m,c? is the mass energy, h2 is reduced

fractional Planck constant and pu, is the nonlinear fractional parameter.

b
Making the transformation a = —m?2c*, and e = 1, Eq.(7) becomes:

2 o
h()(

D2u(x,t) — D*u(x,t) —au(x,t) — pou(x, 1) = 0. (8)

X
On using the wave transformation
o tO{

X
Fre+1l) T+l

ulx,t)=U¢), §=k — X0, (x,1) € Q, ©)]

we get a reduced ordinary differential equation as follows

k> = cHU" 4+ aU + pU? = 0. (10)
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3.2 Implementation of Sine-Cosine Method

Substituting (6) into (10) gives

02m2a(c? — k2) sin™ (0%) + axsin™ (08) + (k2 — 202 am(m — 1) sin 2 (0¢)
+ 13 sin¥ (9g) = 0. (11

Equating the exponents and the coefficients of each pair of the sine functions, we
find the following system of algebraic equations:

(m—1)#0,
—2=13m,
am?(c? —k»6* +ar =0,
am(m — D(k* — c2)0? + ur® = 0.

Solving this system yields

—a —2a
m=-1, =+ /——— and A==+ | — (12)
¢z — k2 n

Consequently, for 2—a 5 > 0, the following periodic solutions:
2 —

—2a —a —a
ui(x,t) ==+ " csc cz—kzé where 0 < c2—k2§<n’ (13)

(x,1) ==+ —2a sec | ./ —% &) where 0 < |,/ ————¢| < 7/2
= —_ R E— < |/ 5=

uz(x, " C2_k2 C2_k2 ’
—2a —a

us(x,t) =+ [——csch é where 0 < 5 <7,
"
—2a

us(x,t) =+ | — < é) where 0 < | El <m/2,

x¢ t*
where £ =k —c — Xp.
C(a+1) C(a+1)
For some arbitrary constants a, i, ¢, k and o. Working with Mathematica interac-

tively, we proved our solutions are exact.
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3.3 Two-Dimensional Space-Time Fractional Klein-Gordon
Equations

We consider the (2 + 1)—dimensional (STFKGESs) is in the following form:

Dfu(x, y, 1) — DXu(x, y, 1) = Diu(x, y, 1) — au(x, y, 1) — pu(x, y, 1) = 0.
(14)

If we use the transformations

o o [O[

+h Y —c
C@+1) T'a+1) C(a+1)

—xp, (x,y,1) € Q,
(15)

ux,y,t)=U(§), § =k
we get a reduced ordinary differential equation as follows
(K2 +h* = cHU" 4+ aU + pU? =0. (16)
Substituting (6) into (16) gives
02m?an(c? — k2 — h2) sin™ (0€) + ah sin™ (0€) + (k2 + h% — 202 um(m — 1) sin” ~2 (0€) + ur3 sin>" (0€) = 0.
(17)

Equating the exponents and the coefficients of each pair of the sine functions, we
find the following system of algebraic equations:

(m—1)#0,

m—2=13m,

am?(c? —k* — h®)0> +ar =0,

am(m — 1)(k> + h? — 2% + ur? =0.

Solving this system yields

a /
m=-—1, 6== k2 e and A== (18)

Consequently, for > 0, the following periodic solutions:

—2,
ul(x,y,t)zztl—acsc< -5 ¢ )whereO< / €<7r (19)

nw 2 — k2
oy 1) = & | =22 (1/ 4 s) here 0 < |,/ 5—3—&| < /2,
u»(x, vy, = — SeC - 5 where v < <7
2\ “ 2122

Y e 4 here 0

uz(x,y, t)== TCSC c2—k2—h where 0 < PR
oyt = & [ 24 h(,/ _“ s) here 0 < |,/ — &l < 7/2,
ug(x, y, 1) = —— sec _ where 0 < <7
4Ly M 2122

a
c2 — k2 h2
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o o l.Ol
where £ = k u +h Y —c —
C@+1) C(a+1) C(a+1)
For some arbitrary constants a, u, ¢, k, h and «. Working with Mathematica inter-

actively, we proved our solutions are exact.

X0.

3.4 Three-Dimensional Space-Time Fractional Klein-Gordon
Equations

We consider the (3 4+ 1)—dimensional (STFKGE:) is in the following form:

th,au(x, v, 2,1) — Df‘}u(x, v, 2, 1) — D%“’fu(x, ¥, 2,1) — D?gu(x, v,2,t) —au(x,y, z,t) — ;LL[3(X, v,z,1) =0.

(20)

If we use the transformations

o ya 7¢ 1o

X
et "Ta+D HTasn  “Ta+D

u(x,y,z,t) =U&), § =k —x0, (x,y,2,1) €Q,

ey
we get a reduced ordinary differential equation as follows

K+ h>+1P =AU +aU 4 pnU? =0. (22)
Substituting (6) into (21) gives

02m?a(c? — k> — h% — 1%) sin™ (08) + a sin™ (0&) + (k% + h? + 1> — cH)o%am(m — 1) sin""2(08) + ud® sin™" (68) Eg

(23)
Equating the exponents and the coefficients of each pair of the sine functions, we
find the following system of algebraic equations:

(m—1)#0,

m—2=73m,

am2(c? —k*—hr—1H0%+ar =0,

am(m — D>+ h? + 12 — o> + ur? = 0.

Solving this system yields

1, 6 j:\/ — da=+ 22 (24)
m —= — . = _—_— ant = _—
C2 _ k2 _ hZ _ 12 m

—a
Consequently, for 2_r_pk_p

> 0, the following periodic solutions:
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4 —2a —a h —a
ur(x,y,z,t) = Tcsc mé where 0 < m$<n,

(25)

—2a —a —a
uz(x, y.2,1) = i\/7m< mé) where 0 < |/ o = 7/2
4 —2a " —a h —a
wpleyen = e\ o T pt) et sy a T T opt e
= [T sech — here 0 < 2
ualey.z ) = = msech | g T pt ) Ve 0 < T T o p il < T/

x()( y(X ZOI t(X

where &£ =k +h +1 —c -
T+ 1) o+ 1) C(a+1) C(a+1)

For some arbitrary constants a, u, c, k, h, [ and «. Working with Mathematica

interactively, we proved our solutions are exact.

X0.

4 Numerical Examples and Discussion

We consider the same test-case, in which the model parameters and the model’s
data are chosenasa = 1,k = 1,¢c = —0.5 and © = —1. Figures 1 and 2 shows the
solutions of the (STFKGEs) equation obtained in our analytic experiments solutions
on the interval [0, 8] x [0, 10]. Figure 3 shows the solutions on the interval [0, 8] x
[0, 8] x {0, 5}.

Figure 1 suggests that x — 0, the particle is at rest, and consequently, there is
no space variation. Then the fractional wave function of Eq. (13) varies with time
only. This means that the particle is oscillating in time, but localised in space, which
signifies that the particle is localised in space, but becoming older in time. We call
this concept a hidden wave. If a particle is localised in space, it does not mean that
it is localised in time also. The particle is moving on a timeline. For instance, if we
took a particle muon at rest in space i.e. localised with respect to its position, it still
decays. This decay says that there is always a dynamic system in time though the
particle is at rest (with respect to space). This type of phenomenon can happen due
to the porosity or ruggedness of the construction of time. The ruggedness or rugged
character is due to the non-zero mass of the particle.

Figure 1 indicates also that the space is homogeneous without any porosity and
permeability or roughness. This occurs because the fractional mass of the particle is
zero, which signifies that the particle we examine is a photon in free space (vacuum)
by means of the special theory of relativity.

Figure2 shows the physical characteristics of u(x, y, t = 0) corresponding to
a = 0.25,0.5,0.75 and 1.0 respectively. Figure3 shows the solution behavior of
u(x,y,t =5) for different fraction Brownian motion « = 0.25, 0.5, 0.75 and 1.0,
we notice the same solution behavior for different fraction Brownian motion, «.
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for a=0.5 for a=1

for a=0.25 for a=0.75

Fig. 1 Oscillating in time of the particle corresponding to @ = 0.25, 0.5, 0.75 and 1.0 from left to
right

This solution for parameter choicesa = 1,k = 1, ¢ = —0.5and u = —1isshown
in Fig. 2. As can be seen, solution |u;| given by (19) is the first-order line breather
in the (x, y)-plane, which occurs from the constant background possing profiles of
parallel lines, and then disintegrated back to the constant background again at great
time. The line breather is periodic in both x and y directions. The line breather has
the natures: appearing from nowhere and disappear without a trace, which indicates
that line blackguard waves may exist in the two dimensional Space-Time-Fractional
Klein-Gordon equation (16).

In Figs.2 and 3, The solution has a line profile with a varying altitude, and is dif-
ferent (2 + 1)-dimensional line solitons. The perfect profile without any disintegrate
during their propagation in the (x, y)-plane. Besides, when ¢ — +o0, this solution
|u1| uniform approaches to the constant background O; but in the intermediate time,
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for a=0.5 and t=0 for a=1 and =0

for @=0.25 and t=0 for a=0.75 and t=0

Fig. 2 Physical behavior of u(x, y, t = 0) corresponding to & = 0.25, 0.5, 0.75 and 1.0 from left
to right

|ug| attains maximum amplitude 3000 (for « = 0.5) at the center of the line wave
(§ = 0) atr = 0. Hence this line wave describes the phenomenon: line waves appear
from anyplace and vanish without a trace. It is famous that the orientation of this
line wave is almost arbitrary as the parameter 4 can be an arbitrary real parameters
except 1. In particular, when one takes 2 = 0 in the up line wave, hence the solution
u; is independent of y. In this case, the two dimensional equation restrains to the
one dimensional equation.
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for a=0.5 and 1=5 for a=1 and t=5

for a=0.25 and 1=5 for a=0.75 and 1=5

Fig. 3 Physical behavior of u(x, y, t = 5) corresponding to « = 0.25, 0.5, 0.75 and 1.0 from left
to right

5 Conclusion

The sine method has been successfully utilized to establish exact traveling wave
solutions of the space-time fractional Klein-Gordon equations (STFKGEs). The
fractional Klein-Gordon equations have various interesting facts like hidden waves,
smoothness parameter, negative time-line and a basic connection between our the-
ory and general theory of relativity. The fractional Klein-Gordon equation suggests
likewise all the possibilities which can be connected with general theory of relativity.
Also, we observed the smoothness parameter which decides the motion of a particle.
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These results are going to be very useful invarious areas of applied mathematics
such as solid state physics, nonlinear optics, and quantum field theory and others
[3]. Finally it is a promising and powerful method for other nonlinear equations in
particle physics.
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Construction of a Bivariate C* Septic )
Quasi-interpolant Using the Blossoming e
Approach

Abdelhafid Serghini, Abdlemajid El Hajaji, and Ayoub Charhabil

Abstract In this study, we employ a blossoming technique and smoothness criteria
to devise a two-step method for creating a C? septic spline quasi-interpolant on any
given triangulation. This approach ensures an optimal approximation order with-
out the need for coefficient masks associated with smoothness or B-spline basis. To
demonstrate the validity of our theoretical findings, we provide numerical experi-
ments.

1 Introduction

The blossoming technique, initially introduced by de Casteljau [8], Ramshaw [27,
28], and other researchers (refer to [13, 20, 21, 39, 40] and related works), proves
to be a valuable tool in spline approximations. It offers several advantages, such as
the straightforward construction of spline quasi-interpolants in an efficient manner
(refer to [7, 26, 30-37, 41] and relevant sources).

In the initial section of this study, we examine certain findings presented in [38],
which highlight the relationship between blossoms and splines, particularly in terms
of smoothness conditions. The aforementioned publication demonstrates the utility of
these results in constructing and analyzing smooth piecewise polynomial functions,
including the development of quasi-interpolants.
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The construction of traditional approximations for a given dataset or function
typically involves solving linear systems. However, spline quasi-interpolants offer a
local behavior that circumvents this issue, making them highly practical. In general,
a discrete quasi-interpolant for a given function f, denoted as 2 f, is obtained as a
linear combination of selected basis functions. The coefficients of this combination
correspond to the values of linear functionals that depend on f. Numerous techniques
for constructing bivariate discrete quasi-interpolants have been developed and docu-
mented in the literature (refer to examples such as [1, 3-6, 9, 15, 29, 38] and relevant
references).

Recently, T. Sorokina and Zeilfelder introduced a novel idea in [43] for con-
structing a C! quartic quasi-interpolation .2 f on a uniform three-directional mesh.
This method aims to approximate regularly distributed data. In this approach, the B-
coefficients of the quasi-interpolant’s restriction to each triangle in the partition are
determined in a manner that ensures automatic satisfaction of C' smoothness. This
construction resembles the approach for C' quadratic quasi-interpolation presented
in [42]. The B-coefficients of 2 f can be readily computed from the given values
using local averaging and coefficient masks. It is important to note that the resulting
quasi-interpolant is constructed specifically for a particular triangulation and does
not span the entire space P4 (R?) of bivariate polynomials of degree less than or equal
to 4. It achieves fourth-order accuracy. Recognizing this limitation, a new technique
based on blossoming was developed in [38] to define a quasi-interpolation scheme
on arbitrary triangulations that is exact on P4 (R?).

In this study, we utilize the same technique presented in [38] to develop an algo-
rithm for constructing a C? septic spline quasi-interpolant. Our focus lies in describ-
ing the procedure for constructing a C? spline quasi-interpolant on arbitrary triangu-
lations, achieving optimal approximation order without the use of coefficient masks
for smoothness [42, 43] or B-spline basis [2, 10, 11, 14, 22].

In the proposed algorithm’s first stage, a significant portion of the B-coefficients of
2 f are determined by computing the blossoms of local polynomials. This approach
automatically satisfies most of the smoothness conditions between the piecewise
polynomials of 2 f. The remaining B-coefficients around a fixed vertex are obtained
by imposing only two smoothness conditions across the edges of the star centered
at that vertex. It is important to note that the constructed quasi-interpolant depends
on certain parameters, and their selection may not always be straightforward in spe-
cial cases. In some instances, the C? smoothness condition between the first and
last adjacent triangles of the closed molecular can be neglected due to the difficul-
ties associated with parameter choices. Consequently, the resulting quasi-interpolant
achieves near C2 smoothness, as the C2 smoothness condition may not hold for a
small number of interior edges.

The paper is structured as follows. In Sect. 2, we provide definitions and properties
related to bivariate polynomials and their polar forms. Section 3 revisits relevant
findings from [38] regarding the smoothness conditions between polynomials in a
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spline. Section 4 outlines a two-stage algorithm for constructing a C? spline quasi-
interpolant of degree 7 on arbitrary triangulations. The algorithm ensures optimal
approximation order, and we also discuss the properties of the quasi-interpolation
operator. Finally, in Sect. 5, we present several numerical examples to illustrate the
theoretical results.

2 Preliminaries

2.1 Polynomials on Triangles

Let’s consider a non-degenerate triangle denoted by 7 (Vy, V,, V3) in the plane,
where V; represents the vertices with Cartesian coordinates (x;, y;) fori = 1,2, 3.
The barycentric coordinates A » := (A7 .1, A5 2, Az 3) of an arbitrary point (x, y) €
R? with respect to 7 are defined as the unique solution to the system of equations:

X1 X2 X3 A7 X
i Y2y Aza =y |- (1)
111 || hra 1

We denote by P (R?) the linear space of bivariate polynomials of degree less than
or equal to k. Set

Iy = (i1, 0, i3) € N |i| =iy + iy + i3 = k).

Then any polynomial P € IP;(R?) on .7 has a unique representation

P(x.y):=b(hz)= Y _ b 7B, (7). @)
i€ g
where
*) m! iy qi 43
Bz (7)== A7z 0h7 5 3)
1:2113:

are the Bernstein-Bézier polynomials of degree k. The coefficients b; s are called
the Bézier ordinates of the polynomial P with respect to the triangle 7.

Consider £2, a simply connected subset of R? with a polygonal boundary denoted
by 042. Let A be a triangulation of §2 with vertices V; having Cartesian coordinates
(x;,y;) fori =1,..., N,. Each vertex V; of A corresponds to the set .#y,, which
consists of all triangles in A that share V; as a vertex. .y, is referred to as the star
of A centered at V;.
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We define I} (£2, A) as the space of splines of degree k and of class C" on £2, i.e.,

P (2, 4):={Se€C'(2): 857 €P, VT € A}.

2.2 Blossom of a Polynomial

In this subsection, we provide an overview of the fundamental properties of the
blossoming principle. The following results can be found in [27, 28] and the related
references.

Theorem 1 Let p be a polynomial in Py (R?). There exists a unique real function of
n variables X1, ..., X, of R%, called the blossom of p and denoted by B[ p] or p,
satisfying the following properties:

1. Symmetry: p is symmetric for each argument i.e. for any permutation 7 of
1,2,...,n

PXy, ..., Xn) = DXz, -+ s Xnn))-

m m
2. Affine: D is affine for each argument i.e., if X; := Zaj Y; with Zaj = 1,

Jj=1 Jj=1
then

m
PX1y o Ximn Xi Xigr o Xo) = 0 P(X1, Xou o Yy, X,
j=1
3. Diagonal: p reduces to p when evaluated on its diagonal, i.e.,
PX,X,....,X)=pX), VX eR>%.

From [19], we introduce the Leibniz formula which can be used to compute the polar
form of a polynomial.

Theorem 2 Let p; and p, be two polynomials with degree m and n. If we set
D ‘= p1p2, we get

D D Xrys oo X)) P2 Kt 1y -+ X))

TES in

ﬁ(le "'»Xner) =

(m + n)!

where S, is the symmetric group of all permutations of the set {1, - - - , t}.
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Fig. 1 B-representation of a Vs
polynomial P of degree 7,
Bézier points are represented
by black bullets

ﬁj(véllav%vg)

Vi Va

It is a well-known fact, as stated on page 14 of [27], that any polynomial p with
degree < k defined on a triangle .7 (V; V, V3) can be expressed in the Bernstein basis
of P, as follows:

p(X) =Y PV, V;, Vi) B » (X)), “)
iefk

where L7 (X) := (Az 1(X), L7 2(X), A5 3(X)) are the barycentric coordinates of
the point X with respect to 7 and X" := (X, ..., X) is in (R?)™. The value m is
——

m times ) ) )
called the multiplicity of X. The following theorem shows that p(V,", V,?, V;*) can
be expressed in terms of the values of the restriction of p to the triangle .7 at the
Bézier points (see Fig. 1)

i i i
&:iw+fw+wa:ammgaﬂ (5)

Theorem 3 Let p be a polynomial of degree < k defined on a triangle & (V,V,V3).
Then there exists a constant K such that

POV, V2, Vi) < Kliplls, Vi € S

Proof Consider the set 9, := &;,i € .%. It has been shown in [12] that the set of
nodes % satisfies the geometric characterization (GC) condition. As a result, the
Lagrange interpolation at % is uniquely solvable. Thus, any polynomial p with
degree < k can be expressed as:

p(X) =Y pE)Li(X),

l'€.]k



20 A. Serghini et al.

where L;,i € % is the Lagrange basis derived from the GC condition. Conse-
quently, for any j € .#, we have:

PV VE VY = D pEL(V, VI, V).

i6<¢/‘
By setting K = ), . |Zi(Vj', szz, V3j3)|, we obtain:
PV, VR VI < Kipls,

for all j € .%. This result can also be derived using (4) and Theorems 1.11 and 2.4,
found on pages 11 and 21 of [25], respectively. |

By considering the affinity of the blossom and the like binomial formula given by

X" = QA7 1(X)VI + A7 20V2 + A7 3(X)V3)"
= Y B'5 0z CO)V, V32, V), ©)
i€dy

we have the following theorem.

Theorem 4 Let p be the blossom of a given polynomial p € P;(R?). Then for all
integer m < k and all points Wy, Wy, ..., Wi_,, in R? we have:

(1) (Wi, Wa, ..., Wi, X™) is a polynomial in the variable X of degree < m.
(2) D is affine with respect to argument points of multiplicity m, i.e

ied
= Y Bl'y Oz CNPWi, ..., Wi, V', V)2, V3Y)
€Sy,

POWL, Wa, oo, Wi, X)) = ﬁ(Wl,Wz ,,,,, Wem. Y Bl'y Gz (X))(WHVQ%V?))

3 The Blossom of a Spline

In this section, we recall from [38] some interesting definitions and theorems con-
cerning the blossom of a spline or a sub-spline and the smoothness condition between
two polynomials. Let S € }P’,?(Q, A), the blossom of S denoted by SorB [S]isdefined
as the blossom of each polynomial piece of S i.e.:

Sl,?x#?x...x#? = S\y vV T € A.

Then the following theorems derive immediately by replacing the B-coefficients
given in Theorem 1 of [24] by the corresponding polar forms.
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Theorem 5 The spline S € Pg(.Q, A) is of class C' on 2 if and only if:S’:is affine
for argument points of multiplicities 1 i.e. if the triangle T with vertices Vi, V,, V3
is adjacent to T then

R o I SO i
SV V2 Vi) = ((VDS(VL Va2 Vi2) 45, (VDS (VL Vi) 5 (VDS (v, vt
for each integers i, and i3 such that iy +i3+ 1=k

Theorem 6 The spline S € IP’Q(.Q, A) is of class C" across the edge V, V3 if and
only if S is affine for argument points of multiplicities ] <r i.e.

SVL VR Vv =S| D0 B 505NV VL V), v vy
JjeS

= Y B F0z(V))SV vt vt
jE,]/

for each integers iy and i3 such that iy + i3 +1 =k, V1 < r and YT € A. In other
words S is of class C" if and only if:S‘\(V'z, V33, X") is a polynomial of degree < r
on the quadrilateral Q(V,V,V3V)) for all edge V, Vs in A and all integers i, i3 such
that iy + i3 +r = k (Figs.2 and 3).

Fig. 2 Localization of the
B-coefficients of the \

L ev2 2 v 2
sub-spline S(V{, V5, X°) -
(bullet points) of a spline of Va4 ! /| /I VA
degree 7

ot
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Fig. 3 Localization of the V3
B-coefficients of the
sub-spline ./S‘\(Vlz, V22, ;X 2)
of a spline of degree 7 (bullet
points)

4 Construction of C? Septic Quasi-interpolants

Assuming that certain values of a function f, and possibly its derivatives, are provided
at specific data sites within £2, we utilize the same approach as described in [38] to
propose a construction method for a C? septic spline quasi-interpolant 2 f of f.
The quasi-interpolant 2 f achieves optimal approximation order when the operator
2 accurately represents P;(R?), i.e., when it is exact on P7(R?), i.e.,

2f =f VfePR.

4.1 Construction Algorithm

In this subsection, we present the construction method for a C? septic spline
quasi-interpolant S := 2(f) defined on an arbitrary triangulation, ensuring optimal
approximation order. The majority of the B-coefficients of S are calculated using the
blossoming technique applied to local polynomial approximations. The construction
is performed through a two-stage algorithm, outlined as follows:
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Algorithm 1

Stage 1:

For each triangle .7 in the triangulation A, we construct a polynomial p 7 =T 7 (f) € Py (]Rz) that serves as a local
approximation of f on .7 . The local approximation operator J.7 is designed to be exact on Py (R?) and relies solely
on data points within .7 or its neighboring triangles.

Stage 2:
Let V be a vertex of the triangulation A, and let .#y represent the star centered at V with its boundary vertices denoted
as Vi, Va, ..., Vqy, where gy is the valence of vertex V. We introduce the following notations:

- yj = 9(VVjVj+1),j =1,...,qp with Vg 15 := Vs, Vs e N.

- pj=prp =l qu
‘Iv. qv

- py = Z HiDj, where Wj,j=1,..., qu are some parameters satisfying Z wj=1
j=1 j=1

- Vi=ajV+BiVip1+viVita Withotj +Bj+tyj=LVje {1,....qv}

Step 1:  Set S x3) = ﬁV(V4, X3), VX € Ay . This equality implies that S ii c3 at the vertices.

Step 2: Computation of the B-coefficients S(V3, Vi, Vj3+l) and S(V v3 fAD Vita),j € {1,....qv}
(see star points in Fig. 4).
Using the smoothness condition across the edge V'V |, we have

S0 v vip

S(V o V+ﬂ/ ,+]+)/,V,+2, /+1)

7
O SVEVE D+ B8V VE D4y SOV V), @

If V is an interior vertex, we can choose §(V Vi, V l) = pJ (V Vi, V3 l) and S(V3 11, Vit2) is deduced

from (7). When V is a boundary vertex, we use the same technique, only for the boundary trlangles we have a special

treatment, where we can put S(V3, V3, V2) = p1(v3, Vi3, Vo) and S(V3, Vg, 11, V) = Bgy—1(V3, Vg,
Step 3: ~ Computation of the B-coefficients

‘Iv)

cj = §(V3, V-z, Vj2+1)’j e{l,...,qu}, (see circle points in Fig. 4).

These B-coefficients are computed by €2 smoothness conditions across the edges VVjiy, je{l,....qu}. As
Vi=a;V+B;Vji1 +y;Vjs2 and by the like-binomial formula

2 i iy 13
X/: B 7, @By DVIVL Vit
i€esy
we obtain »
j = LB, yaSvilt3 2 13
v § B 7 i @i B DSV VET Vi)
ies )
3 2 v2 .
(002) 7 @i P YISV Vi) +djn

Y Cj+1 +dj+1v
. S in+2 i
withd; g = Z Bi2v'7j+l (aj, Bj, yj)S(V’IJrS, Vj%rl s 112) and ¢y = cq, if V is an interior vertex.
i€ ,i3#2
Given that the values d; 1, for j € 1,..., gy, are known (assuming fixed parameters u ;), the computation of the
B-coefficients c; is performed using the following procedure when V is an interior vertex:

qu quv i—1
— Since ]_[3111 yJZ = 1, the parameters y ; are chosen so that Z wj=1and Z 1—1 ysdiy1 =0, and we take
j=1 i=1s=1
cl = ﬁl(V3, Vlz, V22). The others coefficients ¢, j =2,...,qy are also deduced from the value of ¢; and
Relation (8).

If V is a boundary vertex, we take ¢; = p| w3, v V2) and we compute ¢, j =2,...,qy—1 by (8).




24 A. Serghini et al.
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Fig. 4 Localization of the B-coefficients of the quasi-interpolant .2 f

Remark 1 Using Theorem 5 and the fact that S(V4, X?) is a polynomial of degree
3 (see Step 1 of Stage 2 of Algorithm 4.1), the smoothness conditions between the
B-coefficients of §(V4, X?), see bullet points in Fig.4, are implicitly satisfied.
%/
j=
9 q i1
Z u; =1and Z l_[ ysdi+1 = 0, because in this case we lose the local character
=1 i=1 s=1
(j)f the construction and the problem of finding parameters (+; becomes global, i.e;
we must use all u; in all interior vertices of A. If we neglect this computation, and
we take ¢; = ﬁl(V3, Vlz, VZZ) and we compute ¢j, j =2, ..., gy,—1 by (8), we obtain
a quasi-interpolant nearly C? ( only one C? smoothness condition for each interior
molecular sub-spline S(V3, X#) is not satisfied).

Remark 2 Since LY jz = 1, itis not easy to choose the parameters p ; such that
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4.2 Properties of the Quasi-Interpolation Operator

Theorem 8 For any p € P7(R?), we have 2p = p.

Proof The quasi-interpolant .2 being exact on P;(IR?) is guaranteed by two factors.
Firstly, the local operators J.7 are themselves exact on IP7(IR?). Secondly, the com-
bination of weights used in the above calculations ensures that their sum is equal to
1. These two factors together ensure the overall exactness of 2 on P;(R?). |

Denote by £2 5 the union of triangles in A having a non-empty intersection with
Tie., Qg =My, UMy, U My, if T :=V;V;Vi € A, and put

Ag :={9~eAsuchthatﬂﬂ§7é@} =07 NA.

Suppose that the space }P’%(.Q, A) is equipped with the infinity norm. Then we have
the following result.

Theorem 9 There exists a positive constant K such that

12£17 <K max |p7lg, <K max [Iz]g, Nfle, . ©)

12l < K max |35 (10)
TeAy

Qg "

Proof The proof is similar that the one of Theorem 17 in [38], we describe it briefly.
Let V be a vertex of A and Vi, V5, ..., V,, be the boundary vertices in the star .#y
and put J; := VV;V; , forafixed j € {1, ..., g,}. Since

)

_ Qrvi i i3
12£17, = ISl5, < max [SOV*, VL VL

to prove (9), it suffices to demonstrate that there exists a constant K such that for
any i € ./
A 141 i ysi3 ~
SV VR VD[ = K max o7, -
I Eij J

qv
Onthe otherhand, we have S(V4, X3) = 5y (V4, X3) = > wipi(V*, X*), which
i=1
implies that

AT VA [;
S(v4, Ve Ve,

- 153 l§
Pi (V47 Vj_a Vjir]

)| < e max ,
i=l...,qy
@
wherely,l3 € N, b + 13 =3and u = Z |pi]. Using Theorem 3, there exists a con-
i=1

stant K; such that
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VL VEVED < Kilpillg, -
Hence, for /5,13 € IN, such that [, + /3 =3

Svd yh yhb . ~
S, v! ,VHI)‘ < Kie max |1pill.g, < Kl”%ﬁi’;_,. lp7le, - (D

Using Step 2 of Algorithm 4.1 and Theorem 3, one can easily see that there exists
two constants K, and K3 such that

|§(V3’ V]’ Vj3+l)| = K2 %I;::AIX?] ||p$||(27] :

and R
ISOV3 V3 Vi) < K Fox Ip7le, -

To give an upper bound of S(V3, V?, V2,)), it suffices to use Step 3 of Algo-
rithm 4.1 and Theorem 3. Then, using the same technique given in [38], we can
prove that

SVA. V2 V2| < K max e, (12)

where K, is a constant.

Hence (9) holds and then (10) is immediately deduced. |

Theorem 10 Let |27 | := max,, y,en, |42 — u1| and assume that the infinity norm
of the local approximation operatorJ & is boundedforany € A. Then, there exists
a constant K such that for every function f € C"*'(R?), m =0, ...,7

12f = flz < KIQz " D" F,

Proof s similar to the prof of Theorem 18 in [38]. ]

Let |A| denote the maximum diameter among all triangles in the triangulation A.
If A is a uniform triangulation, then we have |A| = |.7| for any triangle 7 in A.
Based on this observation, we can conclude the following result.

Theorem 11 If A is a uniform triangulation and the infinity norm of the local
approximation operator J 5 is bounded for all T € A. Then, for every function
f e C"H R, m=0,...,7and0 < |8l < m, there exists a constant K g such that

|DP2f = Dl = Kglar =™, (13)

Proof 1s similar to the prof of Theorem 19 in [38]. |
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5 Numerical Examples

In this section, we present the results of several numerical experiments conducted
using our proposed quasi-interpolation approach described in Sect.4. The experi-
ments were performed using MATLAB with a minimum precision of 15 digits. We
considered the well-known uniform three-directional mesh triangulation A;, also
known as the type-1 triangulation, of the domain £2 = [0, 1] x [0, 1] associated with
the vertices (ih, jh), wherei, j =0,...,landh = % In our experiments, we chose
to simplify the determination of the B-coefficients ¢; = S(v3, ij, VJ.ZH) for interior

vertices V of A. Instead of solving the difficult global problem with p; ; as unknowns,
gy i—1

we selected the values of p; ; without considering the condition Z 1_[ ysdiy1 =0
i=1 s=1

in Step 3 of Algorithm 4.1. As a result, the constructed quasi-interpolant is nearly C2,

meaning that the C? smoothness condition is not satisfied at a minority of interior

edges. Specifically, out of the eighteen C? smoothness conditions for each interior

vertex, only one condition is not satisfied. This implies that we achieve 94.44% of

C? smoothness in our quasi-interpolant.

We use, as bivariate test functions, the bivariate polynomial of degree 7 defined
by
fite,y) =27 —120° + 5" + (x = )7+ y7 = 12,

the Franke’s function [18] given by

— 3, (Ox=224O0y-22)/4 | 3 ,—(Ox-+1)2/49—(9y+1)/10
Salx, y) = ze L (x40 _3)2+44e 1 ,—(Ox—4)2—(9y—7)2
(o y=3)/4) _ ze =

For different triangulations A;, [ = 8§, 16, 32, we construct our quasi-interpolant
defined by Algorithm 4.1.
We estimate the error between f and 2 f by:

N

E(f.2f) = max [f(r.3) = 2f (. 3], where x, = o and y, = o

=0,...,100 100
5=0.....100

Table 1 gives the local errors between the septic polynomial f; and the quasi-

interpolants 2 f, for the triangulations A;, [ = 8, 16, 32. It is clear, that the results
given in this table confirm that our quasi-interpolant is exact on P;(R?).

Table 1 Error behavior of Qf) for the triangulations A;, [ = 16, 32, 64
l 8 16 32
E(f1,2f) 3.21 x 10713 2.66 x 10713 2.66 x 10713
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Table 2 Error between the function f, and the septic quasi-interpolants 2 f5, for the triangulation
Al =16,32,64

l 21 Order
8 5.68 x 1074 7.40
16 3.36 x 1076 7.79
32 1.51 x 10~8 -

Table 2 gives the errors between f, and its quasi-interpolant 2 f,. This quasi-
interpolant is almost global C? over £2 and has lower smoothness C' along some
edges which are the minority of the interior edges. We also remark that, the approx-
imation ability will not be greatly affected and the approximation order is 8.

6 Conclusion

The work presented in this paper focuses on the construction of a quasi-interpolant
spline of degree 7 and class C? on arbitrary triangulations. The main advantage
of this approach is that it achieves optimal approximation order without the need
for coefficient masks for smoothness or B-spline basis. However, it is important to
note that the construction of a fully C? approximant requires solving a large system,
which can be computationally demanding. To address this issue, the paper suggests
constructing a nearly C? approximant instead. This nearly C? approximant provides
a good approximation with an acceptable approximation error, while avoiding the
computational complexity associated with fully C? construction. By relaxing the
requirement of full C?> smoothness, the proposed method offers a practical compro-
mise between accuracy and computational efficiency. The quasi-interpolant retains
a high level of smoothness and approximation quality, making it suitable for various
applications where a high-order and smooth approximation is desired.
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Solving Fuzzy Linear Programming )
Using the Parametric Form

updates

Abdellatif Semmouri and Mostafa Jourhmane

Abstract The linear programming tool covers a wide range of subject areas includ-
ing Mathematics, Physics, Financial Management and Digital Economic. Particularly
when solving financial planning problems with a goal using linear programming, the
presence of fuzziness with the ranking or weighting of goals leads to some tech-
nical difficulties. Although significant research works which have been established
on fuzzy linear programming, only the membership’s aspect or algebraic form are
considered. The purpose of this paper is to deal with a kind of linear programming
problem involving triangular fuzzy numbers given in the parametric form. In order
to demonstrate and to test the proposed methodology, we give an illustrated exam-
ple. This approach of parametric form will be extended and investigated for solving
intuitionistic fuzzy linear programming and neutrosophic linear programming in the
future perspective.

Keywords Fuzzy numbers - Parametric form - Ranking function + Fuzzy goal
programming

1 Introduction

Linear Programming is a general mathematical framework for modeling and solv-
ing some optimization problems. Thus, it becomes a powerful tool for describing
and solving linear optimization problems. Mathematically, the problem consists in
optimizing a linear function under linear constraints linking certain variables.
Historically, crisp linear programming was first developed and used in 1947 by
Danzig [1], Marshall Wood, and their collaborators at the U.S. Department of the Air
Force. The first applications were in the military field to fond the optimal military
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Fig.1 George Bernard
Danzig (1914-2005)

strategies, but they quickly moved towards industry, allocating resources, schedul-
ing production and workers, planning investment portfolios, formulating marketing
and economic planning: for example, it is a question of determining the production
maximizing the profit taking into account limited resources or minimizing the costs
while guaranteeing a given production, to solve problems of allocation of limited
resources in order to achieve set objectives. Nevertheless, there are situations in real
life where some parameters of the system are imprecise. However, it is necessary to
look for another mathematical discipline which deals with solving some problems
related to uncertainty (Fig. 1).

The fuzzy set term first appeared in 1965 [2] when Professor Lotfi A. Zadeh
of Berkeley University, USA, published an article entitled “Fuzzy Sets”. He has
achieved many major theoretical advances in this field and was quickly accompanied
by many researchers developing theoretical work. Therefore, many application of
fuzzy context have been widely developed and numerous research works have been
appeared on development of many aspects of the theory and applications of fuzzy
approach. In this context, Zadeh and Bellman extended this theory to solve decision
problems because of its efficiency. Then, various works are established in the same
literature such that Bellman and Zadeh [3], Ganesan and Veeramani [4], Mesiar et al.
[5], Darbari et al. [6] and Zandkarimkhani et al. [7]. In this manuscript, we propose
a new approach to solve a fuzzy optimization problem where some parameters are
given by a-cuts form.

The structure of this paper is as follows. Section 1 gives a brief historical overview
of ordinary linear programming. In Sect. 2, we give some relevant definitions, prop-
erties and concepts of fuzzy numbers. Next, Sect. 3 contains the main results in our
work. Firstly, we present the fuzzy linear programming model which will be studied
in this manuscript. Secondly, we transform this fuzzy problem into a crisp linear
programming by the use of a ranking function. In order to demonstrate our result we
provide an illustrated example. Finally, the conclusion is suggested in Sect. 4.
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2 Preliminaries

In this section, we give some basic concepts, notations and properties related to
the fuzzy sets. For more details, interested readers can see Kaufman and Gupta [8],
Diamond and Kloeden [9], Klir and Yuan [10], Dubois and Prade [11], Belhallaj and
Semmouri [12] and Semmouri et al. [13].

Definition 1 (Fuzzy sef) Let X be a nonempty base set (universal set) of elements of
interest. The fuzzy set A on X (or fuzzy subset of X) is defined by the set of ordered
pairs

A={< X, pz(x) >, x € X}

where ;@ X — [0, 1] is a mapping which assigns a real number w ;(x) taking
values in the interval [0, 1] to each element x € X.
For all x € X, pu;(x) is called the grade (or degree) of membership of x in A.

Definition 2 («-cut) For o €]0, 1], the «-cut (or a-level as a crisp set) of the fuzzy
set i over the universal set X is defined as i, := {x € X/uz(x) > a} and 0y :=
cl({x € X/uz(x) > 0}) where cl(A) denotes the closure of the crisp set A (Fig. 2).

Definition 3 (Fuzzy number) A fuzzy set u is called a fuzzy number (FN), if it
satisfies the following properties:

(1) u is normal, i.e., there exists x € R such that u; (x) = 1, where R is the real line.
(2) u is convex, i.e., uz(Ax + (1 = A)y) = min(u;(x), uz (), Vx,y € R, VA €
[0, 1]

(3) u is upper semicontinuous.

(4) The a-cut i is compact.

The set of all fuzzy numbers is represented by .% (R) and the parametric form of
fuzzy numbers is defined in as follows:

—_—————_—— e

0

Fig. 2 «-cut of fuzzy set
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ula) ()

Fig. 3 Parametric form of fuzzy set

Definition 4 (Parametric form) A fuzzy number i in parametric form is represented
by an ordered pair of functions (u(«), u(«)), 0 < a < 1, which satisfy the following
requirements (Fig. 3):

(1) u is a bounded left-continuous non-decreasing function over [0, 1];

(ii) u is a bounded left-continuous non-increasing function over [0, 1];

(iii) (u(or) < u(a)), Ve € [0, 1].

For arbitrary fuzzy numbers i = (1, u), v = (v, v) and A € R, we define addition
and multiplication by scalar as follows:

u+v=u+v and u+v=u+v (D

A

ﬁ:{(kg,)ﬂ)iszo @)

(AT, Au) if A <0

Definition 5 (Triangular fuzzy number) A triangular fuzzy number a can be defined
as a triplet (aj, a», az) such that a;, a, az € R and a; < a; < az. Its membership
function is defined as (Fig.4):

=4 . <x <
t—a; ’ a) =X = ap,
— a—x .
ma(x) =\ 255 1 a2 = x < as,

0:; otherwise.

Obviously, the triangular fuzzy numbers are a particular case of fuzzy numbers.
For arbitrary triangular fuzzy numbers a = (ay, az, az), b = (b, bp, b3) and A €
R, we define addition and multiplication by scalar as follows:



Solving Fuzzy Linear Programming Using the Parametric Form 35

Fig. 4 Triangular fuzzy number
a+b=(ar+bi,a+ by, as +b3) 3)

~ (Aay, Aay, Aag) lf A>0
Ml_{(km,k@,km) ifA<0 “)
To compare the fuzzy numbers, several points of view were taken. On the one
hand, Semmouri et al. [13], Yager [14], Dubois and Prade [15] and Mahdavi-Amiri
and Nasseri [16] chose algebraic form or membership function approach for ordering
fuzzy quantities. In the other hand, Carlsson and Korhonen [17] and Chutia and Hutia
[18] adopt technics based on a-cuts approach.

Definition 6 (Ordering of FN using the pametric form) Let it = (u(«), u(a)) and
v = (v(a), v(@)), @ € [0, 1] be two FNs in the parametric form. For ranking fuzzy
numbers, we define the following pseudo order on .% (R),

e, ue) @) v 4@

u<pv > < > , Yo € [0, 1] 5)
U>pv < V=<pu (6)

In this case, we set max (i, V) = i.
i>r0 < u(@) +ul) >0, Yael[0,1] (7

3 Results and Discussion

Linear programming succeeded in applied operations research. In the classical
approach value of the parameters of linear programming models is well defined
and precise. However, in the real environment may be some parameters which are
imprecise.
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Let us consider fuzzy linear programming with m fuzzy inequality constraints
and n fuzzy variables formulated as follows:

max Z CjX; ®)
j=1

s, AF <p b )

=70 (10)

where ¥ = (%1, ..., ©,)T € (Z(R))", A = (a;;) is am x n real matrix, b = (by, ...,
l;m)T e (ZMR)"andc = (cy, ..., c,)T € R™.

Definition 7 (Feasible solution) We say that a fuzzy vector x is feasible solution
if and only if (9) and (10) are verified. In this case we say that problem (8)—(10) is
feasible.

Definition 8 (Optimal solution) The fuzzy optimal solution of fuzzy linear program-
ming will be a fuzzy number x if it satisfies the following characteristics:
(i) x is a feasible solution;

n n
(ii) For each feasible solution X’ , we have E c;jX; <r E CiX;.

j=1 j=1
For o € [0, 1], consider the following crisp linear programming (L P,)

max Y ¢ (% (@) + %;(@)) an

j=1
sto Y aylFie@) 5@ <b@ +bi@ i=1..m  (12)
j=1

&(Ol)—i-)?_j(a) >0 j=1,..,n (14)

Lemma 1 The problem (8)—(10) is feasible if and only if the problem (LP,) is
feasible for all « € [0, 1].

Proof 1f problem (8)—(10) is feasible, then (9) and (10) hold. Using (1)-(2) and
(5)—(7), we show that problem (L P,) is feasible for all « € [0, 1]. The converse is
obvious.
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Combining (1)—(2), (5)—(7) and the previous lemma, we get the following theorem
which links between fuzzy optimization and crisp optimization.

Theorem 1 The problem (8)—(10) is solvable if and only if the problem (L P,) is
solvable for all o € [0, 1]

In practical case, we discretize the interval [0, 1] by introducing a uniformly parti-
tioned mesh. The points in the mesh are oy = kAo, k =0, 1, ..., K, where Ax = %
is the constant length of the interval steps.

Let X% = (&¥, ..., )T € (Z(R))" be an extreme point solution of the linear
programming (L Py).

In numerical calculation, the character of a fuzzy number requires that:

~ ~ TUk+1 =k
k k+1

< . . .
XJ Xj and x] Xj

forj=1,..,n,k=0,1,..., K
By re-bonding of the elementary solutions of the linear programming problem
(LPy),k=0,1, .., K we get une approximate fuzzy solution of the original linear

programming problem (8)—(10).
Example 1 Consider the following fuzzy linear programming

max x| + Xo + X3 _
2X1 + 3%+ X3 < by
s.t 1 4x] — 5%, +2x3 < by

X1, %, %3270
where
by = (b;(@) =24 a,bi(@) =4 —a), «cl0,1]
and
by = (by(@) =3+ a, by(@) =6 —2a), a€[0,1]

We transform the previous fuzzy linear program into the crisp linear program (L P,)
using the pametric form:

max x; +X; +Xx, + X2+ x5+ X3
2(x; +X1) +3(x, +X2) + (x5 +X3) =6
d(x, +%1) — 5, +%2) +2(x; +%3) =9 —«
ﬁ]f)_fl
s.t X=X
X3 = X3
X, +x1 >0
X, +X220
x3+x3>0

By applying some soft optimization program such that AMPL, CPLEX, Excel
Solvor, we get the following results (Figs. 5, 6 and Table 1):
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Fig. 5 Membership functions of the fuzzy solutions

iy
Ty
-, I3
o P+ T+ I3

Fig. 6 Membership functions of the fuzzy solutions and the fuzzy maximum

4 Conclusion and Future Perspective

In recent years, fuzzy linear programming has achieved considerable success. In
this context, the efforts of researchers are constantly increasing to establish results
compatible with the needs of real life. On our side, we have proposed a new method
to solve linear programming problems that require the tool of fuzzy theory based
on the «-cuts approach. By transforming the linear fuzzy program into ordinary
linear programs by using a ranking function for ordering fuzzy numbers. It is a
defuzzification technique.
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Table 1 Excel solver results

o X X1 X X2 X3 X3

0.0 0 0 0.9091 1 4 4.2727
0.1 0 0 0.9182 1 4 4.2455
0.2 0 0 0.9273 1 4 4.2182
0.3 0 0 0.9364 1 4 4.1909
0.4 0 0 0.9455 1 4 4.164
0.5 0 0 0.9545 1 4 4.1364
0.6 0 0 0.9636 1 4 4.1091
0.7 0 0 0.9727 1 4 4.0818
0.8 0 0 0.9818 1 4 4.0545
0.9 0 0 0.9901 1 4 4.0273
1.0 0 0 1 1 4 4

Thus, the numerical resolution of the new programs requires a discretization of
the interval [0,1]. The solution of the original problem is a reconstruction of the
membership functions from the solutions of the solved sub-problems. It is therefore
a fuzzification of the obtained crisp numérical results.

In the future works, we will extend the previous techniques for solving fuzzy
linear programming where some parameters are represented by intuitionistic fuzzy
numbers.
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Dynamic and Static Simulated Annealing )
for Solving the Multi-objective Oneck o
k-Minimum Spanning Tree Problem

El Houcine Addou, Abdelhafid Serghini, and El Bekkaye Mermri

Abstract This paper deals with the optimisation of the Multi-Objectif k-Minimum
Spanning Tree (MO k-MST) problem. A wide varieties of decision making problems
in the real world can be formulated as a MO k-MST, which is known to be NP-
complete. In order to solve a such problem, we propose two approximate approaches
based on simulated annealing method: the first one will integrates the static weighted
sum method while the second one uses the dynamic weighted sum method. Compu-
tational experiments were carried out in order to compare the performance of each
method.

1 Introduction

Simulated Annealing is a probabilistic technique, which is widely used to solve
combinatorial optimization problems. In this work we interest in solving the MO
k-MST, which is a generalization of the well-known MO MST problem, where sev-
eral weights are assigned to each edge, this means that several objectives have to
be optimized at the same time, and the solution tree must have only k edges, In
practice, the objectives are often contradictory, an improvement of an objective can
be obtained only at the expense of the other [15], the real solutions are a set of
Pareto optimal solutions [4], However, the calculation of these solutions is a hard
task because the problem is NP-hard. If we neglect the cardinality k of the problem,
i.e. the MO MST has been the subject of several researches thanks to its wide appli-
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cability in many real-world problems (transportation, network design, etc). In litera-
ture, many efforts have been contributed to solve the problem with the development
and application of a several of optimization algorithms, such as genetic algorithms
[5, 9, 11, 18], particle swarm optimization [7, 8], the Greedy Randomized Adaptive
Search Procedure [1], and so on. However, if we consider the cardinality %, i.e. the
MO k-MST, we notice that no previous work was reported in the literature, which
encouraged us to present the problem formulation and provide some approaches to
deal with it. In the literature, two weighted sum methods were developed in order to
transform the multi-objective optimization problems to a mono-objective one:

e The static weighted sum method [14], in this method, which is also called classical
weighted sum method, the weight values assigned to each objective are a static
values during the whole algorithm.

e The dynamic weighted sum method, in this approach, the weight values are updated
automatically in order to ensure an equitable treatment of each objective function,
this method seems to be very effective for the multi-objective optimization prob-
lems [6].

The remaining of the paper is organized as follows. We introduce the problem in
Sect. 2. In Sect. 3, we propose two solutions method based on SA algorithm, the
dynamic sum weighted is used in the first approach, whereas the classical weighted
sum method is used in the second approach. Section 4 provides the experimental
numerical results. Finally, in Sect. 5, we give some conclusions.

2 Problem Formulation

Given a weighted and undirected graph G with a set of vertices V and a set of edges
E, A k-MST is a subtree of G which fulfills the following conditions:

e The subtree contains only k edges where k <= |V| — 1.
e The subtree is connected and don’t contains any cycles.
e The sum of its edges cost is minimal.

The k-MST problem can be formulated as follows:

Minimizef(x) = Y w(e) (1)

EEE(Tk)

subject to T € X.

The E(Ty) is the edges set of T; and w(e) denotes the weight (or cost) assigned
to the edge e.

Multi-objective optimization addresses the optimization problems with discrete
variables and multiple objectives to be optimized at the same time [13], the problem
is NP-hard. Therefore, we need to develop efficient approximate algorithms based on
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heuristics in order to find optimal solutions in reasonable time, the multi-objective
optimization can be expressed as follows:

Minimize(fi(x), f2(x), .., fn (X)) @)

subjectto x € D.

where x = (x1, X2, ..., x,)¥ is a n-dimensional feasible solution, (fix), fo(x), ...,
f *m(x))! is am-dimensional objective space, D C R" is a n-dimensional decision
space, and m (m > 2) is the number of objectives. In this paper we use the weighted
sum method which transforms the multi-objective optimization problem (2) into a
mono-objective problem as follows [6]:

MinimiseZ(x) = Zwifi(x) (3)
i=1

where 1 <i <m,0<w; <land ) ", w; = 1.

The choice of weights w; is a hard task for the system analyzer and also for decision
maker, because the choice must guarantee an equitable treatment of all objectives,
hence, the problem is to find the right weights value that characterize the decision
makers preferences.

In this work, we suggest two approaches to characterize the weight w; :

e Classical sum weighted method: In this approach, the value w; assigned to objective
function f; is a static value which does not change during the algorithm.

e Dynamic sum weighted method: In this approach, the value w; assigned to objective
function f; is a dynamic value, at each iteration ¢, we calculate the weight of
the iteration 7 + 1, the weights w; assigned the objective function f;(x,) will be
updated using the following formula:

AT
2 itz |Gl =1, .,m; @)

wit+1) = 7 ; ol
=Y 1@l
For the first iteration (¢t = 0), the weights w; will be generated randomly, for the
remaining of the algorithm, w; will be updated only if there is an improvement
compared to the previous iteration.

3 Proposed Approaches

SA is metaheuristic method inspired from metallurgy that was originally presented
in [10], SA is largely used to solve many mono-objective and multiple-objective
optimization problems [2, 12, 16], the Metropolis rule helps the algorithm to escape
local optima, this is achieved by accepting worse solutions with a certain probability.
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Our SA method starts with an initial solution generated by the well-known Prim
algorithm, After that, at each iteration, we select randomly a solution x;, from the
neighborhood if the current solution x, and which is evaluated using the multiple-
objective function Z, the neighbor solution is accepted if its fitness is better that
the fitness of the current solution, the neighbor solution is also accepted with a
certain probability even if it has a bad fitness, the probability is calculated using
the Boltzmann method P = exp(—Z/T), where Z = f(x;) — f(x;), and T is the
temperature, we decrease the temperature periodically (level of temperature) and
not at each iterations, we opted for the geometric cooling schedule, the temperature
decreases as follows: T = o * T (with @ < 1), « is the cooling factor, we note by
RANGE the number of iterations performed at each temperature level.

In order to improve the SA method, we have added a restarting strategy to the
standard algorithm, In the literature, we find several implementations of this strategy
[17]. The restart technique that we have adopted is very simple and effective. The
algorithm will be restarted only if no improvement during TIME_T O_REST ART
secondes, when reaching the restart time, the temperature 7 will be updated with
value recorded when the best solution was found, and also we replace the current
solution by the best solution.

The first approach that we denote Dynamic SA, in which we use the dynamic sum
weighted sum method is outlined as follows:

e Step 1: Initialization

— Setae, RANGE, TIME_TO_RESTART

— Set Ty: the initial temperature

— Generate randomly the weights w; for the first iteration
— Generate randomly an initial solution

e Step 2:
Repeatuntil TIME_LIMIT

— Repeat RAN G E times the following instructions:

Randomly select a neighbor solution.

Calculate the fitness of the current solution Z;.

Calculate the fitness of the selected neighbor Z,.

Calculate Z = Z, — Z;.

If Z < 0 then the current solution is replaced the neighbor solution and the
wights w; are updated using the formula (4);

Otherwise, the neighbor solution becomes the current solution and the wights
w; are updated using the formula (4) with a probability equal to exp(-Z/T).

— I TIME_TO_RESTART is reached then restart the algorithm as described
before, otherwise the current temperature is decreased.

In the second approach, that we denote Classical SA, we assign a static values to each
weight w;, these values will not be updated during the algorithm, so the complete
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Classical SA differs from the Dynamic SA approach only in the way we deal with
the weights w;.

The neighborhood structure adopted to choose the current solution neighbor a
is very simple, we randomly delete an edge from the current solution tree, then we
randomly choose a vertex from each subtree, and we link them in order to have the
neighbor solution tree.

4 Numerical Experiments

In order to compare the performance of each method, we have applied the proposed
approaches to solve a problem with two objectives, each edge in the graph has two
costs, experiments are performed on a graph that was built by combining two graphs
from the library KCTLIB [3](graph 1 = bb45 x 5,.gg, graph 2 = bb45 x 5,.g8),
both graphs have the same number of vertices (|V| = 225), the same number of
edges (| E| = 400) and also the edge cost values are in [0, 100]. but in order to have
a conflicting objectives, we have multiplied each edge costs by 100 in the second
graph. The programs are coded in C programming language on a MacBook Pro with
a processor 1, 4 GHz Intel Core i5 4 Core, and memory 8 Go 2133 MHz LPDDR3,
we run our programs ten times, then we note the following values:

e Z: The best value obtained for the multi-objective function
e w, f1: where w; is the weight of the first objective function f;
e w; f>: where w; is the weight of the second objective function f;.

We cannot escape from an empirical adjustment of the SA parameters, the adjust-
ment adopted is as follows:

T, =10

a=0.9

RANGE =40000
TIME_TO_RESTART =15s
TIME_STOP =300s.

Concerning the dynamic SA approach, the weight w; and w, are generated randomly
only for the first iteration and they are updated in automate way using the formula
5, However, and concerning the classical SA method, we used the following pair of
values (w; = 0.3 ; w, = 0.7) and (w; = 0.7 ; wp, = 0.3).

Table 1 shows the results obtained by Classical SA and Dynamic SA, the bold
values represent the best values among the compared methods.

The result reveals that:

e The Classical SA provides a better performance regarding the optimization of the
first objective function w f}, this performance is obtained only when w; = 0.3
and w, = 0.7.

e The Dynamic SA shows a better performance regarding the optimization of the
second objective function w; f>.
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Table 1 Comparison results obtained by Classical SA and Dynamic SA

E. H. Addou et al.

Cardinality Dynamic SA | Classical SA
40 z 3162.33 wi =03;wy;=0.7 |6651.00
wr =0.7;w; =03 |3947.00
w1 f1 750.02 wi =0.3;w =07 |561.00
wir =0.7;wy =03 1148.00
wa fa 2412.30 wi =03;w2=0.7 |6090.00
wi =0.7; w2 =03 |2799.00
80 z 5191.17 wi; =03;w =07 19279.10
wi =0.7;w; =03 9946.20
w1 fi 2033.60 wi =0.3;w, =07 |1205.10
wi =0.7;wy; =03 |2461.20
w2 f2 3157.57 w; =03;wy; =07 18074.00
wi =0.7;w, =03 |7485.00
120 V4 6680.98 w; =03;wy,=0.7 |32945.50
wir =0.7;wy; =03 16769.90
wi f1 3120.08 wi =0.3;w, =07 |1753.50
wr =0.7;wy; =03 | 3443.30
w2 f2 3560.90 wi =03;w2=0.7 |31192.00
wi =0.7;wy =03 13326.60
160 z 10168.02 w; =03;wy,=0.7 |45098.80
wi =0.7;w2 =03 |22153.90
wi fi 4042.85 wi =03;w =07 |2432.40
wi =0.7;w; =03 |5326.30
w2 fo 6125.17 w; =03;wy =07 |42666.40
wir =0.7;wy =03 16827.60
200 z 15814.61 w; =03;wy,=0.7 |58856.60
w; =0.7;wy =03 |31151.10
wi fi 5139.40 wi =03;w =07 |2974.20
wr =0.7;w; =03 |6218.10
w2 fo 10675.21 w; =03;wy=0.7 |55882.40
w; =0.7;wy =03 |24933.00

e The Dynamic SA shows a better performance regarding the optimization of the
multiple objective function z.

If we take in consideration that the edges cost of the second objective are 10 times
bigger than the edge costs of the first objective, we can say that the best method is
the one which provides better results regarding the second objective, and therefore,
we can conclude that the Dynamic SA approach is better than the Classical SA, this
conclusion is also confirmed by the results obtained by the Dynamic SA regarding
the optimization of the multiple-objective function Z. The good results of Dynamic
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SA are obtained thanks to the dynamic weighted sum method, this method ensure an
equitable treatment of all objectives by automating the calculation of their weights
w; during the optimization process.

5 Conclusion

In this work, we have tried to provide two approaches based on SA algorithm in order
to solve the MO k-MST problem. First, the multi-objective optimization problem is
transformed into a mono-objective one by using two weighted sum methods, namely
the dynamic weighted sum method and the classical weighted sum method. In order
to compare the performance of the proposed approaches, we have conducted some
numerical experiments, their results showed that the dynamic SA method is better
than the classical SA. In future works, we will develop some approximate approches
based on the dynamic weighted sum method in order to solve the MO k-MST in case
of fuzzy problems.
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Kantorovich Methods for Urysohn )
Integral Equations L

M. Arrai, C. Allouch, and M. Tahrichi

Abstract In this paper, the Kantorovich method for the numerical solution of non-
linear Urysohn equations with a smooth kernel is considered. The approximating
operator is chosen to be either the orthogonal projection or an interpolatory projec-
tion onto a space of piecewise polynomials of degree < r — 1. This method have
asymptotic series expansions and the orders of convergence can be further improved
by the Richardson extrapolation, assuming the calculation to be repeated with each
subinterval halved. We show that these orders of convergence are preserved in the
corresponding discrete methods obtained by calculating the integrals with a numer-
ical quadrature formula. Numerical examples are given to illustrate the theoretical
estimates.

Keywords Urysohn equation + Kantorovich method + Projection operator + Gauss
points + Extrapolation + Discrete methods

1 Introduction

We consider the following Urysohn integral equation defined on X = .Z*°[0, 1] by

1
x(s) —/ k(s,t,x()dt = f(s), se€[0,1] 1
0
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where the kernel « (s, ¢, u) is a real smooth function and x is the unknown function
to be determined.

Classical methods for solving (1) are the Galerkin method based on the orthog-
onal projection onto a finite dimensional subspace of X and the collocation method
based on an interpolatory projection. The iterated Galerkin/iterated collocation solu-
tions are obtained by one step of iteration and were studied for Urysohn integral
equations in [4]. The discrete version of collocation/iterated collocation methods
was considered in Atkinson-Flores [3]. Recently, a different method, called modified
projection method, was introduced in [6], while its discrete version was proposed
in Kulkarni-Rakshit [10]. The obtained solution is shown to converge faster than
the iterated Galerkin solution. More recently, superconvergent Nystrom method was
used in [2] to solve Eq. (1) with smooth kernels which converges as rapid as the
modified projection method.

Asymptotic error analysis is a classical numerical analysis topic for improving
the orders of convergence of the approximate solutions. If the error expansions for
numerical solutions are established, then the Richardson extrapolation can then be
used to obtain approximate solutions of higher order. For nonlinear integral equations,
Guogiang [7] obtained asymptotic error expansion for the discrete Kumar and Sloan
solution, and for the iterated projection and iterated modified projection solution,
was proved by Kulkarni and Nidhin [11]. The problem of asymptotic expansion
for an approximate solution of a nonlinear Hammerstein equation, was considered
in [1]. It is considered in the case of a superconvergent projection-type method
using the orthogonal projection or an interpolatory projection. The asymptotic series
expansion for the discrete iterated modified projection solution was discussed by
Kulkarni-Rakshit in [9].

The purpose of this paper is to investigate the Kantorovich method for solving (1),
which is based on “Kantorovich regularization” (Kantorovich, 1948) using piecewise
polynomial basis functions. This method is discussed in Schock [14] and Sloan
[15] for Fredholm integral equations and it seems not to be studied at the moment
for nonlinear integral equations. If the right hand side of the operator equation is
less smooth than the kernel of the integral operator, then the Kantorovich solution
has a higher order of convergence than the Galerkin solution. We define also the
iterated Kantorovich method and we establish that it had a faster convergence than the
Kantorovich method. Moreover, we give an asymptotic error expansion of the iterated
Kantorovich method for (1). Thus, Richardson extrapolation can be performed on
the solution, and this will increase greatly the accuracy of numerical solution. We
show that the obtained orders of convergence are still valid after taking into account
the errors introduced by the numerical quadrature formula.

Now for a summary of the paper. In Sect. 2, notation is set, the numerical methods
are described, and some relevant results are recalled. In Sect. 3, asymptotic series
expansion for the iterated Kantorovich method with both the orthogonal projection
and the interpolatory projection at Gauss points is obtained. Sect.4. is devoted to
the discrete version of the proposed methods. In Sect. 5, we illustrate our results by
numerical examples.
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2 Preliminaries and Method

For a positive integer n, let

(A): O=sp<s1<smp<--<S_1<s8,=1 2)

be the uniform partition of [0, 1], with nodes {s; = ’; i =0, ...,n}and meshlength
h = % For a fixed r > 1, we denote by IT, the space of polynomials of degree

<r—1.Let
Xy ={y:[0, 1] — R:yly g € M, 1 <i <n}
be the set of functions that are polynomials of degree < r — 1, on each subinterval
[si—1, si]. We use two types of projections from X to X,,.
e The map 1, is the restriction to X of the orthogonal projection from .#>[0, 1] to

X,,. Then

nr

(Tax)(s) = Y (x, @i)gi (s), 3)
i=0
where {1, @2, ..., @y} is an orthonormal basis for X, and (., .) is the inner product

in £?[0, 1].

e For x € ([0, 1], let m,x denote the unique piecewise polynomial of degree r — 1
that satisfies
(max) (i) = x(t;;), “)

where the collocation points are
tij=0—=1+1t)h, 1<i<n, 1=<j=<r (5)
and {ty, ..., 7.} are the r Gauss points in [0, 1]. This map, if necessary, is extended
to X and then m, is a projection. In both cases, m, converge to identity operator
pointwise and for x € [0, 1],
Ir = 7uxlloo < crllxlloch”, (6)

where c; is a constant independent of n. Moreover, the projection 7, is uniformly
bounded with respect to n, i.e.

P =sup |7, [Ix—~x < oo. (7

Letx, y € C'[0, 1]. If 7, is the restriction of the orthogonal projection to .Z*°[0, 1],
then it follows from (6) that
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1
/O X (O = 1)yt = (1= )%, (1= 7))

(8)
< @D X ooy llsch™ .

Let p be a positive integer. For x € C?[0, 1], we set

p
1l poo = Y 159 loo-
i=0

If m, is the interpolatory projection at r Gauss points, then for x € [0, 1] and
y € c¥[0, 11, (See de-Boor-Swartz [5]),

< callxlr oo llyll2r,00h*" )

1
‘/ x(O(I — ) y(t)dt
0

where c; is a constant independent of n.
Let 2" be the Urysohn integral operator defined by

1
(Hx)(s) = / k(s,t,x())dt, s e]l0,1]. (10)
0

Thus, Eq. (1) can be writing in operator form as
x—x(x)=f. (11)

For our convenience we let

7= (x). (12)
Thus, writing the solution of (11) as x = z 4 f, we have
=X (z+ f). (13)

The Kantorovich method, is obtained by applying the classical projection method to
the Eq. (13). Thus, the approximate solution is

Xp = Zn + fa (14)

where z,, satisfies
Zn _nn%(zn+f) =0. (15)

The theoretical advantage of the proposed method is that the inhomogeneous term
is now O rather than m, f in projection methods which may be smoother than f.
Note that the above equations are equivalent to a single equation for x,



Kantorovich Methods for Urysohn Integral Equations 53
Xn — nn%(xn) = f (16)

Throughout this paper, this method will be called respectively a Kantorovich-
Galerkin or Kantorovich-collocation method when the orthogonal projection or the
interpolatory projection is used.

Finally, the iterated Kantorovich approximation is defined by

n — y4 7 )
X 7 (x2) + f. (17
=2z + f:
where
Zn =K (20 + ). (18)
From (15) and (17) we observe that z,, = 7,,Z,, and hence
— H (mzn + f) =0. (19)

For the implementation of the method, we define
F,(y) =y —mH(y+ f).

Then, Eq. (15) becomes
Fy(z,) = 0.

This last equation is solved iteratively by using the Newron-Kantorovich method. For
an initial approximation z(?, define

ot =2 = [F e Fa?),
where F/(z) is the Fréchet derivative of F, given by
Fh=h — 2,2 % + f)h.
By a simple calculus, we get
ot = @2 = m @0 + ) = G 20)

Since z¥' € X,,, we can write in the case of orthogonal projection

nr

20 =3P, 0))e; Zy"><j><p,-.

j=1
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Then, (20) is equivalent to the following linear system of size nr
(I - A(k))y(kJrl) — r®
n n n
where fori, j = 1,...,nr,

ARG, ) = (), 0),
rP@) = (P + 1), 0) — (CPYPY ).

Let {¢4, ..., ¢, } be the Lagrange basis of X, satisfying

(it i=,
gi(tj)_{Oif i £,

where {z1, ..., t,,} are the ordered interpolation points given by (5). For the interpo-
latory projection, we can write

7P = Zz(k)(t,)z = Zy“)(mzj.

Then, we obtain the system of linear equations
(1 — BR)y®+h = 4 ®)
n
where fori, j = 1,...,nr,

BP G, j)y =)@,
q® = 2P+ HE) — (BRYD)G).

3 Convergence Rates

Let x( be an isolated solution of (1), and let a, b be real numbers such that

[H[lér}]xo(S) max XO(S)i| C [a, b].

Define
= [0, 1] x [0, 1] x [a, b].

Let o > 1. For the rest of this section, we assume that
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oK
Kk € C*(£2) and o € ().
u

Then, £ is a compact operator from Z*°[0, 1] to ¢*[0, 1]. If f € ([0, 1], then,
since
xo — A (x0) = [, (21)

the solution x( belongs to C[0, 1]. Moreover, the operator J#” is Fréchet differentiable
and the Fréchet derivative is given by

1
0
c%umm=/5ﬂwmmmmw
0 u

Also, the second derivative #(x) is the bi-linear function given by

2

1
(A" (x)(81, 82))(5) =/0 r;(s,t,X(t))gN)gz(l)dt-

For 69 > 0, let
B(x,80) ={y € X:|lx = ylloo < o}

Since g—’; € % (), it follows that .#" is Lipschitz continuous in a neighborhood
PB(xp, 8o) of xg, that is, there exists a constant y such that

27 (x0) = 27Ol < ylxo —xll, x € B(x, ). (22)
The operator % (xo) is compact. Assume that (I — %" (x))~! : [0, 1] — ([0, 1]
is a bounded linear operator and that 1 is not an eigenvalue of .Z”(xy). Then it can
be shown that
M = (1 =" (x0))"' A" (x0)

is the compact linear integral operator (see [12]) given by
1
(M@u)=/jmwxmawn

0
where the smoothness of kernel m is the same as that of kernel

0

Cs, 1) = (s, 1, x0),
ou

that is,
m e c*([0, 1] x [0, 1]).

The following lemma, which can be shown easily, will be used to prove the main
results of this section.
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Lemma 1 Suppose that xo € C[0, 1] is an isolated solution of (1) and assume
that 1 is not an eigenvalue of ' (xy). Then for n large enough, the operators
I — (, %) (xo) are invertible i.e. there exists a constant A > 0 such that

(I = (0 ) (x0)) ' loo < A < 00.

The following theorem can be proved by using Theorem 2 of Vainikko [16].

Theorem 1 Suppose that xy € C[0, 1] is an isolated solution of (1) and that 1 is
not an eigenvalue of "' (xy). Then there exists a real number 8y > 0 such that the
approximate equation (16) has a unique solution x, in %B(xy, 8y) for a sufficiently
large n. Moreover, there exists a constant 0 < q < 1, independent of n such that

< = Kol < 2, (23)
1+g¢ 1—gq

where oy, = (I — (70, ) (x0)) ™ (H (x0) — 0 (x0)) |, —> 0 asn —> oo.

The next theorem establish the rate of convergence of the approximation x, to the
exact solution xg.

Theorem 2 Let xg, x,, be the solutions of (11) and (16) respectively. Assume that
o > r. Then, under the hypothesis of Theorem 1, for n large enough, we have

lxn — Xolloc = O(A"). (24)

Proof The result is a direct consequence of estimates (6), (23) and Lemma 1.
An enhancement in the rate of convergence is obtained in the following theorem.

Theorem 3 Let 7, be either the restriction to £ [0, 1] of the orthogonal projec-
tion from £?[0, 1] to X,, or the interpolatory projection at r Gauss points in each
subinterval of the partition. Assume that @ > r + 1 and that 1 is not an eigenvalue
of H'(xo). Then

1%, — xoll = O(h™"). (25)

Proof Note that from Eqgs. (17) and (21) we have

-’fn — X0 = Q%/(xn) - %(X())
= H (xy) — A" (x0) (X0 — Xx0) + K (x0) (xy — X0) — H (x0).  (26)

Noting that
Xp — X0 = nn(;n - )C()) - ([ - nn)'%/(xO)’ (27)

yields

fn — X0 = [%(xn) - %//(XO)(xn - XO) - <%/(XO)]

, ~ , (28)
+ X (xo)m, (X, — x0) — 7 (x0) (I — 7,) H (x0).
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Hence, using again (26), we get

H(x0) 10, (X — x0) = K (x0) (7w — DK (x,) — H " (x0) (X0 — X0)
+ " (x0) (xn — x0) — H (x0)] + A (x0) (X, — x0)

and replacing in (28), we obtain the formula

Xn — X0 = {[1 - Ji/'(xo)]fl [ (xp) — A (x0) (X — x0) — H (x0)]
— M(I — ) [H (x,) — " (x0) (x4 — x0) — A (x0)] (29)
— M(I — 7)) K" (x0) (x4 — x0) — M (I — 7,) X (x0)}.

By the mean value theorem for 0 < 6 < 1, and using the Lipschitz continuity of %",
we obtain

12 () — 7 (x0) (xn — x0) — H (x0)|| = I (en + (X0 — x0)) — ' (x0)1(xn — x0)l
<y (1 =6)|lxs — x0ll % (30)

Using (8) and (9), we can show that

IM (1 = 7). (x0)|| = O(h™) (3D
and in [8, Lemma 2.1], it is shown that

1M (1 = 70,) 7" (xo)|| = O(h*"). (32)

Thus, combining the estimates (29)—(32), the result follows.

Let By(¢t) = 1 and fori > 1, let B; () denote the Bernoulli polynomial of degree i.
Let 51, 12, . . ., be the sequence of orthonormal polynomials in 220, 1] i.e. npisa
polynomial of degree p — 1, and

(Mp.ng) =8y, for allp,q>1.

Define .
Ao, 1) =) (o), (7)

p=1
and )
! (0 — 1) .
xj(t) = A,(G,I)Ta’a, j=1,...,r+ 1.
O .

Let 7, be the orthogonal projection from .£2[0, 1] to X,, and assume that g €
C¥+210, 1]. Let T denote the linear integral operator withkernelg (., .) € c>+210, 17
defined by
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1
(Tu)(s) = / q(s,Hu)dt, ueX, sel0,1].
0

Then, the following asymptotic series expansion is proved in [13]
T(I = m)g = U(Qh* + Oh*™), (33)

where for the orthogonal projection

2r—1 9 2r—1—i '
U(Q)(s) = arn(Tg?)s) + > a; [<_) 7 t)g%] ’
i=1

at
1=0
and . )
B r—i - ! .
a,-=/ / R e A GO C Ry M S T
o Jo Qr—0! il
while for the interpolatory projection
2r—1 9\ -1 !
U (9)(s) = bor (Tg®)(s) + Y bi [(a‘) q(s,t)g%)} SN C
i=r ! =0
with |
Beri(T)
b = — D (1) ———=Y,(1)dr, 35
/0 (O Gy (0T (35)
1 i _ o\l
cD,-(r):/ (0‘ ) 1, .., T, T](@ —0)) do. (36)
o @ —n)! (r—1)!
and

(1) =[] —w.
i=1

The following asymptotic expansion for the iterated Kantorovich solution X, can be
proved by using technics from [11].

Theorem 4 Let 7, be either the restriction to £*°[0, 1] of the orthogonal projec-
tion from £?[0, 1] to X,, or the interpolatory projection at r Gauss points in each
subinterval of the partition. Assume that « > r + 1 and that 1 is not an eigenvalue
of " (xo). Then

X, = x0 +nh* + O™, (37)

where

n==[1—2"00)] " V(xo) + Ulxo)

N =
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and for the orthogonal projection

1
V) = ( / xr<r>2dr> A (xo) (x)°
0

while for the interpolatory projection

1
Vix) = (/ Wr(f)z@r(f)zdr> " (x0) (x<’>)2_
0

One step of Richardson extrapolation can be used to further improve the order of
convergence of X,,. Define
R 22 Xom — X

Xn = 22r _
Then since
;n = X + nhzr + ﬁ(h2r+2)’
h 2r
Xon = X0 + 1 <5> + O,
we have

xR =xo + OH* ). (38)

4 Discrete Methods

In practice, the integrals in the definitions of the orthogonal projection 7, and the
operator % involved in Eqgs. (3) and (10) are not computed exactly. It is necessary to
replace them by a numerical quadrature formula giving rise to discrete methods. In
this section, we investigate the discrete version of Kantorovich-collocation method
and the analysis can be extended to Kantorovich-Galerkin method. We consider a
basic quadrature formula defined by

1 R
/0 fOdr =Y "w;f(o), (39)
j=1

with nodes o1, 03, ..., og € [0, 1] and weights are such that

R
ij' =1.
j=1
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Letm € Nandlet A, be the uniform partition of [0, 1] giving by (2) with meshlength

h = % Forl <i<mandl < j < R,let;; = (i — 1+ o;)h, then (39) gives rise
to the composite quadrature formula

1 m R
/0 f@dt >~k wi f(&i). (40)
i=1 j=1

Suppose that the quadrature formula (39) is exact for all polynomials of degree
<d — 1. Then, for f € c?o, 1]

m

1 R
/O f@dt=hY Y wif@)| < el fPlloh?, (41)
i=1 j=I

where ¢, is a constant independent of m.
The Nystrom approximation of the integral operator %" is defined as

m R
(X)) =YY wik(s, &ij, x (&), s €10, 1], (42)
i=1 j=1
Assume that k € ¢¢(£2) and that x € [0, 1]. Then
2 (x) = Hm ()|l = O(R). (43)

The Fréchet derivative of %, is given by
m R 9k

%/ :ﬁ | s Gijs ij ij/)s Oa]

(A (x)8)(s) ?21 ;21 wjo (8, Gijp ¥(i))8 (&ij), s €10, 1]

If 2¢ € ¢4(£2) and g € C[0, 1], then from (41)

.47 (x0)g — A, (x0)gll < callglla.ch?, (44)

where ¢; is a constant independent of m.
Let 7, be the interpolatory projection given by (4). Replacing the operator Z~ with
J, in (16), we obtain the discrete Kantorovich-collocation method

Yn — nn%m(yn) = f (45)

We can show that for n and m large enough, the above equation has a unique solution
in a neighbourhood #(xy, §) of xo, where § > 0.
The discrete iterated Kantorovich solution is defined as follows :
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Yn = Hom(yn) + f. (46)

Proposition 1 ([10]) If % € ¢"(2) and g € C*'[0, 11, then

I, (x0) (I = 7)€ lloo < €311€l1rc0ll€ll2r00h™

R
where c3 = % ¥ o Z lw;| | is a constant independent of n.
j=1

In the rest of the paper, we choose d > r and m = pn for some p € N*. Thenh = %.

Theorem 5 Let xg, v, be the solutions of (11) and (45) respectively. Assume that
o > r. Then, for a sufficiently large n, we have

X0 = Yalloo = O(A"). (47)
Proof Again by Theorem 2 of Vainikko [16], we can show that
1X0 = Yalloo < €| (1 = () (x0)) I (x0) = 7t (x0)) ] - (48)

where ¢ is a constant independent of n. Since (I — (,,.%,,)(xo)) " exists, there is a
m € N such that for m > m;

(1 = (u ) () 'l < 20101 = (0 ) (x0)) 1| < 2A. (49)
On the other hand, it follows from (6), (7) and (26) that

(2 (x0) — Tnm (x0) lloo < (T — 7)) [Hm (x0) — £ (x0)D lloo
+ (I = 7)) (xo) 1T — 70) Hm (x0) | 00
+ |2 (x0) — mathscr K (x0) |l oo
= o(max{h", i?}).

This completes the proof.

The following theorem gives the order of convergence in the discrete iterated Kan-
torovich method.

Theorem 6 Let v, be the discrete iterated solution defined by (46). Assume that
k€ C4U8), g—'; e c4(2) and that f € Cl0, 1]. Then, for a sufficiently large n, we
have

X0 — Fulloo = O(R"). (50)
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Proof For n big enough it can be easily checked that
llxo = Yull < cll# (2o + f) — Hon(azo + Ol

‘We write

I (2o + f) = S (tazo + HI = 14 (20 + f) — Hn(z0 +

61y
+ 1% (z0 + f) — Hn(Tnzo + Il

Let

Hom(20 + ) — Hm(Tazo + f) = K, (x0) (20 — Tuz0) + O (20 — 7azoll?).

The last term leads to an error of size O(h%"). The first term is obtained from Propo-
sition 1. Now, combining (51) with (43) gives the desired result.

The following asymptotic expansion can be proved
Y = xo + mh* + O(max{(h¥*?, %)), (52)

where 1, is independent of 4. We can apply the Richardson extrapolation and obtain
approximations of xq of higher order. Define

yR — 22r§2n - yn
" 22 —1
Then we have the following estimate
1y, = xolloe = O(max{n**?, h%}). (53)

If /2 and d are chosen such that / < h¥*2 then

IvE — xolleo = O(R**2). (54)

5 Numerical Results

In this section, numerical examples are given to illustrate the theory established in
the previous sections. Let X,, be the space of piecewise constant functions (r = 1)
with respect to the uniform partition of [0, 1]

The projection 7, is chosen to be the interpolatory projection at the nr = n midpoints
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2i — 1
t'(n) = -

; 7 ,i=1,...,n

Let

1X0 = Yulloo = OCh®),  [x0 — Fulloo = OAP), |lxo — yXlloe = O(AY).
Note that, for evaluating the required integrals we use the composite 2 points Gaussian
quadrature with respect to the uniform partition of [0, 1] with m = 128 intervals. The

computations are done for n = 2, 4, 8, 16, 32 and 64. Thus,

r=1, d=4, h=2"7, h>2"° hence h?! =272 <272 < p¥+2,

IA

The expected orders of convergence are

Example 1 We consider the Hammerstein equation with a degenerate kernel
1
x(s) — / cos(s) sin(wt)[x(t)°dt = f(s) s €0, 1],
0

where f € ([0, 1] is selected so that xo(s) = |s — %|%. The results are given in the
Table 1.

The above table illustrate that a high accuracy is obtained by the extrapolated
Kantorovich method even when the solution and the right hand side are only contin-
uous.

Example 2 Consider

1 1
x(s)—/o mdt:f(s) s €0, 1], (55)

Table 1 Kantorovich-collocation method

n lxo — yulloo | lxo —Yulloo | B lxo — yRlloo | ¥

2 6.55%x 1073 | = 6.52x 1076 |- 2.65%x 1077 |-

4 3.54 x 1073 |0.89 1.83x107° |1.93 1.07 x 1078 | 4.63
8 1.81 x 1073 |0.97 465 %1077 |1.97 5.83 x 10719 [ 4.20
16 9.08 x 107* | 0.99 1.17 x 1077 | 1.99 3.51 x 1011 | 4.05
32 454 x 10~* | 1.00 2.92 x 1078 |2.00

64 227 x 1074 | 1.00
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Table 2 Kantorovich-collocation method

M. Arrai et al.

n X0 — yulloo | @ X0 — Yulloo | B 0 — yRlloo | ¥
2 146 x 1071 |- 8.84 x 1073 |- 236 x 107 |-

4 8.13 x 1072 |0.84 2,19 x 1073 |2.01 2.06 x 107% | 3.52
8 432 %1072 |091 5.46 x 1074 | 2.00 136 x 1077 [3.92
16 222 %1072 | 0.95 1.37 x 107% | 2.00 8.64 x 10™° |3.98
32 1.13x 1072 |0.98 341 x 1075 |2.00

64 571 x 1073 | 0.99

where f is so chosen that xo(s) = ﬁ is a solution of (55). The results are given in
Table 2.

It can be seen from the above tables that the computed orders of convergence

math well with the theoretical ones.
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The Maximal Numerical Range )
of a Quadratic Matrix oosk ko

El Hassan Benabdi

Abstract Letn be a positive integer and let M, (C) denote the algebra of all complex
n-by-n matrices. A matrix A € M,,(C) is called quadratic if it satisfies some non-
trivial quadratic equation (A — o 1)(A — BI) = 0, where I denotes then x n identity
matrix. In this paper, we give an explicit formula for the maximal numerical range
of quadratic matrices.

1 Introduction

Before stating the results, we recall some results from the literature.

Let n be a positive integer and let C" stand for the standard n-dimensional inner
product space over the complex field C. Denote by M,,(C) the algebra of all complex
n-by-n matrices. For A € M, (C), the numerical range of A is defined as the set

W(A) = {x*Ax :x € C", |Ix|| = 1}.

It is a celebrated result due to Toeplitz-Hausdorff that W(A) is a convex set in the
complex plane. The numerical range of a matrix in M, (C) is closed. For more details
about the theory of numerical range, the reader is referred to [3, 4] and references
therein. There is another set that is close to the numerical range W (A); that is the
maximal numerical range W (A) of A. It was introduced by Stampfli [8] and defined
as follows.

Definition 1 For A € M, (C), the maximal numerical range W, (A) of A is given by

Wo(A) = {x"Ax :x € C*, |Ixll = 1, |Ax[l = | All}.
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It was shown in [8] that Wy(A) is nonempty, closed, convex and contained in the
numerical range; Wy(A) € W(A). Note that the notion of the maximal numerical
range was introduced by Stampfli [8] (especially) for the purpose of calculating the
norm of the inner derivations. Recall that the inner derivation &4 associated with
A € M, (C) is defined by

84 : M,(C) — M, (C), X — AX — XA.

Indeed, the author [8] established the following.
For any A € M, (C)
18all =211A — calll,

where c4 is the unique scalar ¢4 satisfying

A —cal| = inf ||A — AI].
reC

The scalar c4 is called the center of mass of A.

Recall that a matrix A € M, (C) is called quadratic if it satisfies some non-trivial
quadratic equation (A — al)(A — BI) = 0, where «, 8 € C. We denote by Re())
the real part of 1 € C. We have the following.

Theorem 1 ([1,9]) Let A € M, (C) be a quadratic matrix satisfying (A — ol)(A —
BI) = 0 for some scalars « and B. Then

(a) A is unitarily equivalent to a matrix of the form

0513 T

0l11€B,312€9|:0 Bl

i|0n%ﬁ®%®(c7ﬁ®%p3),

where F41, 7 and G are complex subspaces of C" with T is positive definite

5 o115

()
=% u+vu —v,

where u = |a|> + |B1* + | T||> and v = 4|«|* |8

Al :‘

Proposition 1 ([1]) Let A € M, (C) be a quadratic matrix satisfying (A — oI)(A —
BI) = 0 for some scalars o and B. Then, the center of mass of A is

c _ath
A=
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Theorem 2 ([5]) Let A = [g Z} where a, B,y € C. Then

Al + B) — aB(@ + B)
2 Al — Jee2 — |BI2 — |y |2

Wo(A)={ },if)/#OOrlal#lﬂl;

Wo(A) = [, B], otherwise.

In Sect.2, we provide an explicit formula for the maximal numerical range of a
quadratic matrix using the fact that a quadratic matrix is unitarily equivalent to a
direct sum of matrices relatively well-known.

2 Maximal Numerical Range of a Quadratic Matrix

In this section, we calculate the maximal numerical rang of a quadratic matrix.
Let A € M,(C) be a quadratic matrix satisfying the following quadratic equation
(A—oal)(A—pBI) =0, where «, B8 € C. From Theorem 1, there exist subspaces
A, 7 and 74 of C" such that A is unitarily equivalent to a matrix of the form

0(13 T

Olll@ﬂ[g@l: 0 B,

]onﬁf.@%@(%@%),

where T is positive definite on .775. According to [6, Lemma 2],

_ 0[13 T
Wo(A) = Wo([ 0 ,313:|)'

Theorem 3 Let A € M, (C) be a quadratic matrix satisfying (A — al)(A — BI) =
0 for some scalars a and B and let T be the positive definite matrix such that A is

aly T i| Then

unitarily equivalent to al; @ 1, ® |: 0 BI
3

, o
WO(A)Zi |AlI2(@ + B) — ap@+ B)

,ifT #0 :
2||A||2—|Ol|2—|/3|2_||T||2} fT #0or|a| # |B]

Wo(A) = [a, B], otherwise.
a [T

Proof We show that Wy(A) = Wo( [ 0 8 ] ) and we then conclude by
Theorem 2. If T = 0, the result is clear. If T # 0 and « = 0, by Theorem 2,
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Wo([f(x) II;II]) —(B).

We also have Wy(A) = {B}. Indeed, let . € Wy(A), thenthereisx =y ® z € 745 D
6 with ||y|2 + ||z)|* = 1 such that x*Ax = A and || Ax|?> = | AI? = |IT|* + |B]>
Since ||Ax||> = |Tz|I> + |8/*lIz]I>, then ||z]| =1 and |y|| =0. We derive that
x*Ax = (y*Tz + ,3|z|2) = B. Therefore, we may assume that 7 # 0 and o # 0.
We claim that Wy (A) C W0< [‘(’)‘ ”g”] )

Let A € Wy(A), then there exists a unit vector x in %3 @ 573 such that || Ax| =
Al and x* Ax = A. We decompose x as ay @ bz where |a|® + |b|> =1 and ||y| =
lzll = 1. Note that we can assume that eab > 0. Indeed, let 6,, 6, and 6, be the
arguments of «, @ and b, respectively. Set a’ = ae™"%, b’ = be '@ =0) y/ = ity
andz’ = '@z Ttisclearthat |a’|> + |V')> = 1, ||Y | = ] = LLx =a'y ® b7
and it is easy to see that ad'b = |eab| > 0. Therefore, we have

1AxI? = |aPla]® + 2wabRe(y*Tz) + b1 Tz|* + 186
<lalPlal® + 2aab | T|| + [bPIT I + |81 6]

= SIEI

2

S

e 17

=llo g

= [|A|? (by Theorem l(b)).
Since ||Ax|| = ||A]|, we derive that

15 5L ]-

A simple computation shows that

a T
0 B )
x*Ax = ala|® + ba(y*Tz) + B|b|*

[Z} [3 ”E”] u = alal® +ba|T| + Blbl*.

If bE:O,thenx*Ax:[Z] [‘6‘ ”;”] [Z],sokeWo([g ”g”]).lfbﬁ;é

0, since aE(Re(y*Tz) — T ) = 0, then Re(y*Tz) = ||T||. This implies y*Tz =

and
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IT|| and, as above, we again have A € Wo< |:g ”;”:| > Consequently, Wy(A) <

([ )

We now claim that Wo< [g ”;”:| ) C Wo(A).

Let A € W()( |:oz ”T”i| ) then there exist a, b € C such that |a|*> + |b|* = 1,

B SI-16 TG 50

Let z be a unit vector in 73 such that | Tz|| = ||T||. Set y := Tz/||Tz|| and x :=
ay @ bz. We have

| Ax|* =la|*|a)* 4+ 2Re(aab)|ITz]| + [bI*| Tz|I* + |B1*|bI

and
a ITI[a] ]
H[O ﬁ]m =lal?lal® +2Re(aab) || + b2IT|? + |BIbI.
Hence
A Te 1T falll e 1700
e [ A e | 2
On the other hand,
x*Ax = alal® 4+ ba | Tz|| + BIb|
and

[Z} [g ”E”] u = alal® +ba| T| + Blbl*.

o Bl B>

o
0

We derive that

It follows that A € Wy(A). Thus, WO<|: ”;”j|> € Wo(A). In summary,

Wo(A) = WO( [g ”g”] ) This completes the proof.
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For a bounded linear operator 7" on a complex Banach space, let o (T) denote the
spectrum of 7 and 0,,(T) :={A € o(T) : |A| = |IT||}.

Remark 1 The result of [6, Lemma 2] does not hold in the infinite case. Indeed, let
Apfork =1,2, ..., be the 2-by-2 matrix:

[2 0}
A = 1 .
0 -—2

k

R 1
It is known that o( Dr Ak) = Uro (Ay). That is, Uk{% -2,2} = 0( D Ak). Since

|Br ALl = 2, a,,( D Ak) ={—2,2}. We derive that Wy(d;A;) = [—2,2]; see
[2, 7]. But, Wy(Ax) = {2}, for k =1, 2, ..., then Uy Wy(Ay) = {2}. Consequently,
Wo(©rAx) # UrWo(Ag).
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The Effect of Change in Basilar )
Membrane Stiffness on the Gedida
Micromechanics Cochlear Model

F. Kouilily, F. E. Aboulkhouatem, N. Yousfi, N. Achtaich, and M. El Khasmi

Abstract In this present work, the micromechanical cochlea model has developed in
order to describe mathematically the displacement of cochlear partition using finite
difference method and Cramer’s rule, Then, we have studied the effect of basilar
membrane (BM) stiffness on the displacements of the BM and tectorial membrane
(TM). Results showed that the augmentation of the BM stiffness reduce the maximum
amplitude displacement of the BM and TM. These findings contribute to understand
that the loss of hearing at low frequencies may be the result of altered cochlear
micromechanics.

1 Introduction

The cochlea is the organ of hearing system, where acoustic signals are converted into
nerve impulses, before conveyed to the brain. The first cochlear model consists of
two uncoiled compartments filled with fluid which are divided by the BM [1-3]. In
such model, by considering the pressure difference across the BM, this membrane
is represented by one degree of freedom system. Experiments revealed that the TM
has many mechanical proprieties which can be important in the cochlear response
and in its propagation waves [4, 5]. The motions of BM and TM are coupled by
the damping c3 and stiffness k3 that represented by the Organ of Corti (OC) which
included the outer hair cell (OHC) (see Fig. 1) [6]. To demonstrate the role of TM
in the response of cochlea, the models of one degree of freedom are generalized
into models of two degrees of freedom of cochlear partition (model of Neely and
Kim) [7-9]. Analysis of the two degree of freedom model for the human cochlea
was given by Ku [10, 11] a satisfactory results respecting the results discovered by
Békésy [12]. Therefore, the study of cochlear micromechanics is used and developed
to resolve many problems of hearing for otoacoustics emissions [13, 14]. Cochlear
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hearing is the most common type of hearing loss. Its produced when the organs inside
the cochlea are damaged due to noise, age, or in its pathological structure. One of
cases of pathological structure is the abnormality in the function of the BM resulting
from various illness that affect the response of the cochlea [15-17], such as Alport
syndrome [18-20] and Meniere’s disease [21, 22]. Therefore, the aim of this study is
to propose the mathematical solution of the coupled ordinary differential equations
of Neely and Kim by using finite difference method and Cramer’s rule, then we
study the changes observed by augmenting the stiffness on the vibratory behavior of
the BM and TM. The paper will be organized as follows: firstly, we introduce the
description of the cochlear micromechanics model. Secondly, we give the solution
of the model. Then, we present the numerical results, showing the effect of the BM
stiffness of the coupled response cochlea, and finally, a general conclusion.

2 Model of Cochlear Mechanics

The cochlea is represented as two compartments filled with fluid and separated by the
cochlear partition (CP), which contain the BM, TM and the OC as shown in Fig. 1.
The one-dimensional wave propagation equation along the cochlea [23] is given

by:
azpd(-xv t) _ 210 azép(-xv t)

9x? H  9t? M

where P; is the pressure difference across the CP. &, is the displacement of CP, p
and H are the density of the CP and the height of fluid compartment, respectively.
At the basal and apical ends of the cochlea, the boundary conditions are given by

apd(xat) 82$S(x’t)
— =0 =2p—7F—

ox 912 @

Scala vestibuli
ectorial membrane -
/.
)

Scala tympani

e Seala vestibuli H
Cochlear partition
v

Scala vmpani

(;1) (}}J

Fig. 1 Structure of cochlea (a) Chambers of the cochlea separated by the CP, and (b) Zoom of the
CP which included the OC, supported by BM and recovered by TM [6]
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and
Py(x,)|y= =0 3)

where & represents the displacement of the stapes.

Each of the displacement variables &,, and & can be eliminated from the above
equations by using a frequency domain and by introducing the appropriate mechan-
ical impedance functions.

By introducing the impedance of the middle ear Z,,

m .
Ly = — +cCpm +iwmy,
iw

Then, the stapes acceleration can be expressed as

£,(x) = «—MGA)e—mw) 4)

where A,, and A, are the effective area respectively, of the eardrum and stapes. G,,
is the gain of the middle ear. The CP acceleration can be expressed as

C () = (— )P, 5
§p(x) = (Z,,(x)) a (x) (%)
where Z,(x)
Z:(Z3s—vZ
7= @+ S

is the partition impedance which describe the coupling between the macromechanics
proprieties of the cochlear fluid and the micromechanics structure of the OC [8]. By
substituting Eqgs. (4) and (5) into Egs. (1)—(3), we obtain a one dimensional model
expressed only by terms of pressure difference P;(x).

The micromechanics model of Neely and Kim [8] consists of two degree of
freedom system, as illustrated in Fig. 2. The two state variables are associated with
each degree of freedom which represent the displacement &, and &, of BM and TM,
respectively.

The variables m 1, ki and c¢; represent the mass, stiffness and damping of BM,
respectively. The mass, stiffness and damping of TM are represented by m,, k, and
¢, respectively. The two masses mjand m, are coupled by k3 and c3 the motion
between BM and TM, &, represents displacement of OC, &, is the TM displacement
and &yindicates the BM displacement. P, is the active pressure produced by OHC.

The coupled equation of the motion of BM and TM can be written as

Py — P, = [mi&y + c1&p + k&) + (360 + kséc] (6)

and
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Fig. 2 The Neely and Kim
model of the cochlea [8]

m-»
Cy’ ¥
- i
—
0 = [maé;, + 2, + kak,] — [c3é, + k3&.] (7)

where P, = —y Z4(x)&. is the pressure produced by the OHC, y is the active gain
produced by OHC force generation, Z4(x) is the impedance associated with the
active pressure. where Z4 = ¢4 + k4/iw, and P, can be expressed as:

Py = =y (cabe + kake) (8)
&. is the difference in position between the BM and the TM,

=8 —4& 9

Then, from the Egs. (8) and (9), we have:

miép = Py + (ylcalEr — &p) + ka(& — &p)] — Ep(c1 + c3) — Ep(ky + k3) + Ercz + Ek3)
(10)
and

mag; = —£,(ca + ¢3) — & (ky + k3) + Epes + Epks (11)

3 Materials and Methods

3.1 Implementation of Cochlear Mechanics Model Using
Finite Difference Method

. . 2
Replacing the equation 33 x‘?

written as, from j = 2 to N-1:

by its finite difference approximation, Eq. (1) can be

PaG+ 1) =2Pa() + PaG = 1) 2iwp
Ax? HZ,(j)

Py(j) =0 12)
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The boundary condition at the base Eq.(2) can be written using finite difference

approximation:
Py(2) — Py(1) iw Ap
— = 2p(— P, — P;(1
A p(Zm)((GmAs) 7 (1))
At the apex,
P;(N)=0
Then, we obtain the following system,
LA 2ipp —c
A H ¢
where
(B—1Ax Ax 0 0 0 i)
oot v,2) P
A= LT B= Py = :
1 -2 1 ' :
0 0 AR . Yp(l\;fl) Py(N)

OrY, =5 and B = 2pAx(L
P m

(13)

(14)

2p iwAn
Zow Gy Fe

3.2 Solution of the Coupled Equations Using Cramer’s Rule

The system of Egs. (10) and (11) at x can be expressed in matrix form as

G0 )
0 my) \& —C3 (c2 +¢c3) &

n <Vk4 + (ky + k3) —yks — k3) (&) _

—k3 (ky + k3) &

Py
@ o

The coupled ordinary differential Egs. (10) and (11) become algebraic equations in

the frequency domain

om0 . fyes+(c1+c3) —yes—c3
[ v <0 m2>+lw( —c3 (c2+¢c3)

n (J’k4 + (ki +k3) —yks — k%)} <§b> _ <
—k3 (ky + k3) &
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Using the Cramer’s rule, the displacement of ’g‘b and 5, can be expressed as

~ A

g = % (17)
and A

f=—" (18)
where

A = (y(ky + iwey) + iwes + k3)(ky — w2ma + iwea) + (k) — wPmy + iwep)(ka + k3 — wPmy + iw(c + ¢3)),

Agb = Fd(kz + k3 + iW(Cz + C3) — Wzmz)

and ~ ~
A& = Py(ks +iwces)

Then, the displacement of each degree of freedom is obtained by the real part of the
Eqgs.(17) and (18).

4 Results and Discussion

4.1 Response of Cochlear Partition Model

The active micromechanical model is solved by using Cramer’s rule of algebraic
coupled equations. For the evaluation of the results, the numerical solution proposed
by Neely and Kim [8] is compared by our results, the model has been tested by
simulating the cochlear response for different values of frequencies. Table 1 lists the
parameter values for simulating the human cochlea [10].

Figures 3 and 4 show the time courses of the TM and BM displacement respec-
tively for different values of frequencies. The horizontal axis shows the position
along the BM and TM along the cochlea. The vertical axis shows the displacement
of the BM and TM.

As observed in Figs. 3 and 4, the position where the displacement of the BM
and TM attained its maximum displacement changed with respect to the stimulus
frequency. For example, the Figs. 3(a) and 4(a) show that the displacement of the
BM and TM reached its maximum at the apical part of the BM and BM for low
frequencies.
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Table 1 Revised parameters of the micromechanical model [10]
Parameters Values Units (SI)
ki(x) 4.95 x 109 x e(—320><(x+0.00375)) N.m_3
c1(x) 1+ 19700 x e(~179%(x+0.00375)) N.s.m™3
my 1.35 x 1072 Kg.m™2
ka(x) 3.15 x 107 x e(—352><(x+0.00375)) N.m_3
c2(x) 113 x Xe(—l76><(x+0.00375)) N.s.m_3
my 23 %1073 Kg.m™2
k3(x) 4.5 x 107 % e(—320><(x+0.00375)) N.m_3
c3(x) 22.5 x (04> (x+0.00375)) N.s.m™3
ka(x) 2.82 x 109 X e(7320x(x+0.00375)) N'm73
ca(x) 9650 x e(—164x(x+0.00375)) N.s.m=3
where x is the position along the cochlea
'E' E' 2 1078 (b)
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Fig. 3 Time course of the displacement of the BM for various values of frequencies (a) f = 440
Hz, (b) f = 1220 Hz, (¢) f = 5620 Hz and (d) f = 126880 Hz
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Fig. 4 Time course of the displacement of the TM for various values of frequencies a f = 440 Hz,
b f=1220Hz, ¢ f=5620 Hz and d f = 12880 Hz

On the other hand, the result of high frequencies shows the maximum displacement
at the more basal part of the BM and TM. These results mean that the BM and TM
have a frequency discrimination ability.

Figure 5 represents the comparison between our solution using Cramer’s rule and
Neely and Kim solution for y = 0 and y = 1. The results of these two different
methodologies are similar. When y = 0, the model shows the response of a passive
cochlea, and when y = 1 the model generally shows larger amplification which
means the active cochlea. The changing of the active gain y is used to represent the
effect of OHC.

5 The Effect of BM Stiffness on the Displacement of the CP

The increase of stiffness is applied to the parameter k; of the BM, so as to show the
influence of stiffer BM on the response of the cochlea. The displacement of the BM
and TM caused by an increase of BM stiffness (abnormal case) is smaller than that
of the case without perturbation (normal case).
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Fig. 5 Comparison between Neely & Kim and Cramer’s rule solutions (a) The displacement of
BM when f = 440 Hz, (b) The displacement of BM when f = 12880 Hz, (c¢) The displacement of
TM when f = 440 Hz and (d) The displacement of TM when f = 12880 Hz

The principal changes observed in comparing the two cases (normal and abnormal
displacements of CP) of the response of CP show that the maximum displacement
of the BM and the TM is decreased, when the value of BM stiffness is increased.

As shown in Figs. 6 and 8, the reduce in the maximum displacement of the BM
and TM between the two cases is more remarkable for low frequencies than high
frequencies (Figs. 7 and 9). Figure 10 represents the graph of the changing observed
in the maximum displacement of the BM and the TM during applying an increase
of BM stiffness (k; 4 10°) for different values of frequencies. Figure 11 shows the
graph of change observed in the position along the CP according to frequency for an
increase of BM stiffness.
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Fig. 6 The effect of BM stiffness on its displacement for f = 440 Hz
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Fig. 7 The effect of BM stiffness on its displacement for f = 12880 Hz
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Fig. 11 The Effect of BM stiffness on the response of CP: Peak frequency of the BM and TM
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The maximum displacement of the two membranes is gradually decreased with
an increase of BM stiffness, this change in the maximum displacement of the BM
and TM is significantly observed especially at low frequencies.

The apex area of the two membranes is highly perturbed, for example, at low fre-
quency the position where the displacement of the BM and TM achieved its maximum
displacement is changed. The change of characteristic frequency(CF) location of low
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frequencies propose that the frequency discrimination ability can be decreased. This
result shows that the degree of an increase of BM stiffness might be could influence
hearing ability.

6 Conclusion

The micromechanical model of the cochlea is analyzed to describe the motion of
structures within the OC. The two-degree-of freedom model is solved by using the
finite difference method and Cramer’s rule to investigate and analysis the response
of the cochlea. This model is developed to show how an increase of mechanical
properties of the CP affects the cochlea response to pure tone excitation. For this,
an increase of stiffness is loaded to the BM in order to show its effect on the dis-
placement of the BM and TM. The larger increase stiffness on the BM is applied, the
smaller maximum displacement of the coupled response of the cochlea is obtained.
Additionally, the deviation of the location of the CF is observed, this change occurs
with noticeable changing in the CF distribution of the cochlea at low frequencies. The
results obtained in this study suggest that the effect of an increase stiffness of the BM
might be associated to some fluctuating hearing loss in the case of low frequencies
stimulus.
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New Variant of the GOST Digital )
Signature Protocol e

Leila Zahhafi and Omar Khadir

Abstract In this paper we propose a new variant of GOST R 34.10-2012 digital
signature algorithm. We modified the signature equation to make it more secure
against current attacks. We analyze security and complexity of the proposed protocol.

1 Introduction

Since the invention of the public key cryptography in 1979, several methods to cipher
secret messages, identify an entity and sign documents were suggested.

Digital signature is a tool that allows to valid identity of the signer and the integrity
of the signed document. The process of a digital signature in the public key cryp-
tography starts by the key production. In this step the signer generates the set of his
secret keys and calculates his public keys. To sign a given document, the signer uses
his secret keys, an encryption function f, and a hash function /. Then, the verifier
can check the validity of the received signature using a decryption function f; and
the set of public parameters of the signer.

As all protocols in the public key cryptography, digital signatures are based on
hard mathematical problems as factorization of large composite integers and the
discrete logarithm problem.

In 1985, Koblitz [5] and Miller [8] invented the elliptic curves cryptosystems. The
older discrete logarithm problem DLP was replaced by the elliptic curves discrete
logarithm problem ECDLP that is considered as more difficult to be computed.

The GOST R 34.10-2012 [3] is one of the Russian cryptographic standard algo-
rithms, it is based on elliptic curve operations. Its security is related to the complex-
ity to solve an elliptic curve discrete logarithm problem and the efficiency of the
hash function used [4]. Several variants of the GOST algorithm were proposed as
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GOST-I and GOST-II suggested by Trieu Quang Phong and Nguyen Quoc Toan [9]
in previous edition of the Current Trends in Cryptology workshop (CTCrypt’2017).

In this work, We present an amelioration of The GOST R 34.10-2012 signature
algorithm. We propose a new variant in which we modified the basic signature equa-
tion by adding a new variable. We show how our update reenforces the security of
the signature scheme.

The paper is organized as follow: We start by a short description of the elliptic
curves theory. The third section recalls the original algorithm of GOST R 34.10-
2012. We present in section four our main contribution and we finish by a conclusion
in section five.

2 Review of Elliptic Curves Theory

In this section, we present the basic theory of elliptic curves.

Let p be a large prime integer, we define the elliptic curve E over a finite filed
F, with a characteristic different of 2 and 3 in order to write E in the simplified
Weierstrass form.

The equation of the elliptic curve E is as follow:

v:=x4+ax+b mod p (D

where a and b are two integers smaller than p.

2.1 Group Law

Let E(F,) be an elliptic curve defined by Eq.(1). We describe the group low on
E(F,) [10, p. 12] as follow:

e O Point at infinity of the curve E(F)): (x1,y1) + 0 = O + (x1, y1) = (x1, 1)
with (xy, y1) € E(Fp)
e The opposite (x1, y1) is —(x, y1) = (x1, —=y1).

The following formula presents addition of two points P = (xy, y;) and Q = (x3, ¥2)
in E(F,) with P # —Q (else, we get Q is the opposite of P then P + Q = 0).
Let S = (x3, y3) be the coordinates of the point P 4+ Q.

1. If x; # x, then:

x3 =m? —x; — x and y3 = m(x; — xp) — y;. With:m =

2. If x; = xpand y; # y> then § = 0.

Y2701
X2—X| :



New Variant of the GOST Digital Signature Protocol 89

3. If P = Q and y; # O then:
x3 = m? — 2x et y3 = m(x; — x3) — y;. Such that: m =
4. f P=Qandy; =0then S = 0.

3x12+a4
2y

Theorem 1 The set of points of the elliptic curve E(F,) forms an Abelian group
whose identity element is the point at infinity 0 [10, p. 15].

2.2 Multiplication of a Point by an Integer

Lets E(F),) be a elliptic curve, P € E(F,), and an integer k € N*.
We define the multiple of P by k, kP = P 4 --- 4 P.
~———

k times

Ifk =0,wedefine kP = 0.

2.3 The Discrete Logarithm Problem

Let F, be a group, p a large prime and « € F),. The discrete logarithm problem in
F, is to solve the following equation:

a =b*mod p 2
With « is the unknown variable.
In the case where F, = E(F),) an elliptic curve, the discrete logarithm problem
is to find x that verifies:

A =xB 3)

Such that .o/ and 4 are points in E(F)).

3 GOST R 34.10-2012 Digital Signature Scheme [3]

3.1 Keys Production

The signer, Alice starts by choosing a prime integer p and an elliptic curve E(F})
defined by the following equation:

y? = x>+ ax +bmod p “4)
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We define the integer m as an elliptic curve E(F),) points group order and the
prime integer ¢ such that: m = nq with 22* < g < 2230 or 2508 < 4 < 212,

We select the point & = (xp, yp) # O of the curve E(F,), withqg ¥ = 0.

Then, we fix a secure hash function 4 [4] which maps messages onto binary vectors
of an [-bit length with [ = 256 if 2% < g < 2%®and [ = 512if 2°% < g < 2512,

Alice chooses her secret signature key d as a positive integer smaller than g. She
calculates the point 2 = (x¢, yp) such that £ = d .

3.2 The Signature Generation

To sign a message M, Alice have to execute the following algorithm:

Algorithm 1 The GOST R 34.10-2012 signature algorithm
Require: : d, M, h(.), q, E(F)).
Step 1:
H <« h(M),
Step 2:
Determine the random integer «, with H is the binary representation of o;
e < amod q;
if ¢ = 0 then
e <« 1;
end if
Step 3:
Select the positive integer k with k < g;
Step 4:
EC «— k2,
r < xc mod q;
if = 0 then
return to step 3;
end if
Step 5:
s < (rd + ke) mod q;
if s = 0 then
return to step 3;
end if
Step 6:
Determine the binary vectors R and S, corresponding to r and s;
¢ < (RIIS)
End
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3.3 Signature Verification

The verifier, Bob downloads the signature ¢ sent by the signer. He can check the
validity of the received data using the following algorithm:

Algorithm 2 The GOST R 34.10-2012 signature algorithm

Require: : d, M, h(.), q, E(Fp).
Step 1:
H <« h(M);
Step 2:
Determine the random integer «, with H is the binary representation of «;
e < amod q;
if ¢ = 0 then
e« 1;
end if
Step 3:
Select the positive integer k with k < g;
Step 4:
€ «— k2,
r < xc mod q;
if = O then
return to step 3;
end if
Step 5:
s <« (rd + ke) mod q;
if s = 0 then
return to step 3;
end if
Step 6:
Determine the binary vectors R and S, corresponding to r and s;
¢ < (RIIS
End

3.4 Signature Verification

The verifier, Bob downloads the signature ¢ sent by the signer. He can check the
validity of the received data using the following algorithm:
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Algorithm 3 The GOST R 34.10-2012 signature algorithm
Require: : ¢, 2, M, h(.), q, E(F)).
Step 1:
Determine integers r and s using the received signature ¢;
if 0 <r <gand0 < s < g then
Go to the next step;
else
Print (“Invalid Signature”);
end if
Step 2:
H <« h(M);
Step 3:
Determine the random integer «, with H is the binary representation of «;
e < amod q;

if ¢ = 0 then

e <« 1;
end if
Step 4:
v < e mod q;
Step 5:
71 =svmod q;
22 = —rvmod q;
Step 6:

C <P+ 02
R < xc mod q;
Step 7:
if R = r then
Print (“Valid signature”);
else
Print (“Invalid signature”);
end if
End

4 Our Contribution

In this section, we present our contribution. We adopt the same notations as is in
Ref. [3].

4.1 Keys Production

Let E,(a, b) be the elliptic curve defined by the equation:

v} =x+ax+bmod p 5)

where p is a large prime number. We generate all signature parameters as in Sect. 3.1.
Alice public key are (a, b, p,q, &, 2) and her private signature key is the
integer d.
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4.2 The Signature Equation

To sign a message M whose hash is H = h(M) and e = o mod g with H is the
binary representation of the integer «, Alice must solve the equation:

sP =xc2 + xc/6 (xc, yo) + e€1(xc/, yc!) (6)

where the unknown variables x¢, yc, xc/, and yc/arein {1,2,..., p — 1} and s in
{1,2,...,9 — 1}.
4.3 How Can Alice Generate a Signature

We describe in the following the signature generation algorithm of our proposed
variant.

Algorithm 4 The variant of GOST R 34.10-2012 signature algorithm
Require: : d, M, h(.), q, E(F)).
Step 1:
H <« h(M),
Step 2:
Determine the random integer «, with H is the binary representation of «;
e < amod q;
if ¢ = 0 then
e« 1;
end if
Step 3:
Select the positive integers k and k7 with k, k/ < g;
Step 4:
EC «— k2,
ECr <~ k',
r < xc(mod q);
r1 < xc/(mod q);
if r = 0orr/ =0 then
return to step 3;
end if
Step 5:
s < (rd + r/k + ekr) mod q;
if s = 0 then
return to step 3;
end if
Step 6:
Determine the binary vectors R, R/ and S, corresponding to r, r/ and s;
¢ < (RIIR/IIS, €)
End
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4.4 Signature Verification

The verifier, Bob, downloads the signature ¢ sent by the signer Alice. He can check
the validity of the digital signature as follow:

4.5 Numerical Example

Let us take the same signature parameters proposed in the original paper of GOST
R 34.10-2012 signature [3, p. 15].

Consider the elliptic curve y*> = x> + ax + b mod p, where
p = 57896044618658097711785492504343953926634992332820282019728792
003956564821041

Algorithm 5 The variant of GOST R 34.10-2012 signature verification algorithm

Require: : ¢, 2, M, h(.), q, E(F)).
Step 1:
Determine integers r, r/ and s using the received signature ¢;
if0<r<gq,0<r/<qgand0 < s < g then
Go to the next step;
else
Print (“Invalid Signature”);
end if
Step 2:
H < h(M),
Step 3:
Determine the random integer «, with H is the binary representation of o;
e < amod q;

if ¢ = O then

e <« 1;
end if
Step 4:
v < e ! mod q;
Step 5:
z1 = svmod q;
70 = —rvmod q;
73 = —rrvmod q;
Step 6:

Cr<— 1P+ 222+ 236
R/ < xcrmod q;
Step 7:
if R/ = r/ then

Print (“Valid signature”);
else

Print (“Invalid signature”);
end if
End
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a =7and

b = 43308876546767276905765904595650931995942111794451039583252968
8420338495804 14.

The elliptic curve points group order is:

m = 5789604461865809771178549250434395392708293458372545062238097
3592137631069619.

The order g of cyclic subgroup of elliptic curve points group is:

q = 5789604461865809771178549250434395392708293458372545062238097
3592137631069619.

The elliptic curve point & coordinates are:

Xp = 2

yp = 4018974056539037503335449422937059775635739389905545080690979
365213431566280.

The secret signature key is:

d = 55441196065363246126355624130324183196576709222340016572108097
750006097525544.

The verification key 2 Coordinates are:

xo = 5752021612617680844363140502333807117663010490631363218289674
1342206604859403

yo = 1761494441921378154380939194965408003194266204536363926070984
7859438286763994.

As in [3], we suppose that:

e = 20798893674476452017134061561508270130637142515379653289952617
252661468872421

and

k = 53854137677348463731403841147996619241504003434302020712960838
528893196233395.

The point ¥’ = k< has the following coordinates:

xc = 2970098091581795287437120498393825699042275210799431965163268
7982059210933395

Yo = 3284253527868466347709466532251708450680472103245454326813285
4556539274060910.

We select as random:

k/ = 48836620439032517596916187958502728852845976338323070089561057
540896822659464.

We get the point €7 = k77 with the following coordinates:

xc! = 428856191827566878699773626751682120103959303857008773853084
54978145277505116

ye! = 251770443648704068646205335873697705595797863507437232598917
31834739002200259.

Integers r = x¢c mod g and r7 = x¢/ mod q take values:

r = 29700980915817952874371204983938256990422752107994319651632687
982059210933395

r’ = 42885619182756687869977362675168212010395930385700877385308454
978145277505116.
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We obtain the parameter s = (rd + r/k + ek’) mod q:
s = 56491710028543845369171426575074895486789866468100298222225393
721019540451658.

We verify the above signature using Algorithm 5.

We calculate the parameter v = e~! mod q, so:

v = 17686683605934468677301713824900268562746883080675496715288036
572431145718978.

We compute: z; = sv mod q = 14124443569344013609788848698488144848745
703337391824853309123521165596200688

o =—rv mod q = 14171998427343472112515917969500765769246655838
97286211449993265333367109221

23 =—rv mod g = 99959937513850028119087043798199750998486669442
85738450434296693801206371380.

We get the point €7 = 71 & + 202 + z3% with the following coordinates:

xc! = 428856191827566878699773626751682120103959303857008773853084
54978145277505116

ye! = 251770443648704068646205335873697705595797863507437232598917
31834739002200259.

Then we find the parameter R/ = x/¢c mod g = 42885619182756687869977362675
168212010395930385700877385308454978145277505116.

We have R/ = r/. Conclusion: the signature is valid.

4.6 Security Analysis

Suppose That Oscar is an attacker. We describe in the following some possible ways
that Oscar can use to impersonate Alice by signing a given message M.

Attack 1: Knowing the public parameters (p, g, &, 2), Oscar is not able to deter-
mine the secret key d of Alice as he is confronted to the discrete logarithm problem
to solve the equation: 2 = x&? which means running +/log p Ioglog p operations
[1].

Attack 2: Assume that Oscar fixes arbitrary two parameters and tries to find the third
one using Eq. 6.

1. If he fixes €7 = (x¢,, yc,) and € = (x¢, yc), then he will be confronted to the
discrete logarithm problem: A = s P with: &/ = xc 2 + xc/6 + €%.

2. If he fixes ¥ and s and tries to find the elliptic curve point 47/, then he will be
confronted to the equation: A = x¢/€ + e%/, with A = s & — xc 2.

3. If Oscar fixes €7 and s and tries to find the parameter €, then he will be confronted
to the equation: A = xc 2 + x¢/€ with A = s — e%6.
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Attack 3: If Oscar intercepts n valid signatures ¢; = (R;||R/;||S;, ;) for n different
messages where Vi € {1, 2, ..., n} and n is a natural integer, then he constructs the
following system:

s1 = (nd +rnky + etkry) mod q

§o = (rad + riky + exkry) mod g
() L

s, = (rpd + vk, + e kr,) mod g

Using the system (S) Oscar can propose a valid solution for the unknown variables
ri, r1;, s; and d. Since the secret key of Alice d has an unique value, Oscar will never
be able to determine what possibility of d is the right one.

Attack 4: Assume that the signature scheme is used without hash functions. Oscar
puts: € (xc, yc) = k1P + k2 and Cr(xc/, ycr) = k1P + ki, 2 with ky, ko, k1,
ki <q—1.

Then he can obtain:

s—rrky

M = =" mod q
(8 = o
s =rrky — %(r + rtky) mod q

Note that ¢ = (R||R/||S, €), with R, R/ and S are the binary vectors of r, r/ and
s, is a valid signature for a message M but this attack is not realistic.

4.7 Running Time

Let Tagu, Tsq, Tpm, Tpa, Tpp and Tj, be times to calculate respectively a multipli-
cation, squaring, point multiplication, point addition, doubling of a point and a hush
function.

We summarize in the table below numbers of executed operations in the proposed
signature protocol:

Trum Tpa Tpul
Keys production 1 0 0
The signature generation 2 0 3
The signature verification 3 2 3

'—"—‘O§

To compute a point multiplication: nQ where n is an integer and Q a point, we
need to execute log(n) point additions and doubling.

We compute 9 multiplications and 1 squaring for a point addition, and 3 multipli-
cations and 4 squaring for a point doubling [2, 6].
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We assume that Ts, = O((logn)®) and Ty, = O((logn)?) [7, p. 72]. The total

complexity 7T}, of the signature protocol is:

5

Toor = 6Tpy + 2Tpa + 6Tapu + 2T = O((log(g))* + (log(q))?) + 2T

Conclusion

In this article, we worked on the GOST R 34.10-2012 digital signature. We amelio-
rated the original signature algorithm to make it more secure. We analyzed security
and complexity of our signature protocol.
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Existence and Uniqueness Solutions of m
Fuzzy Fractional Integration-Differential | @i
Problem Under Caputo

gH-Differentiability

S. Melliani, E. Arhrrabi, M. Elomari, and L. S. Chadli

Abstract This paper is devoted to considering the local existence and uniqueness
of fuzzy fractional integration-differential problem under Caputo-type fuzzy frac-
tional derivative employing the contraction principle. Some patterns are presented
to describe these results.

1 Introduction

The theory of fractional calculus, which deals with the investigation and applica-
tions of derivatives and integrals of arbitrary order has a long history. The theory of
fractional calculus developed mainly as a pure theoretical field of mathematics, in
the last decades it has been used in various fields as rheology, viscoelasticity, elec-
trochemistry, diffusion processes, etc. [32, 33]. Fractional calculus have undergone
expanded study in recent years as a considerable interest both in mathematics and in
applications. One of the recently influential works on the subject of fractional cal-
culus is the monograph of Podlubny [49] and the other is the monograph of Kilbas
et al. [33]. The fractional differential equations have great application potential in
modeling a variety of real world physical problems, which deserves further investiga-
tions. Among these we might include the modeling of earthquakes, the fluid dynamic
traffic model with fractional derivatives, the measurement of viscoelastic material
properties, etc. Consequently, several research papers were done to investigate the
theory and solutions of fractional differential equations (see [18, 21, 35, 37] and
references therein).

The concept of solution for fractional differential equations with uncertainty was
introduced by Agarwal, Lakshmikantham and Nieto [1]. They considered Riemann—
Liouville differentiability concept based on the Hukuhara differentiability to solve
fuzzy fractional differential equations. Arshad and Lupulescu [12] proved some
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results on the existence and uniqueness of solution to fuzzy fractional differen-
tial equation under Hukuhara fractional Riemann-Liouville differentiability. Some
existence results for nonlinear fuzzy differential equations of fractional order involv-
ing the Riemann-Liouville derivative have been proposed in [30]. The solutions of
fuzzy fractional differential equations are investigated by using the fuzzy Laplace
transforms in [51]. Recently, the concepts of fractional derivatives for a fuzzy func-
tion are either based on the notion of Hukuhara derivative [25] or on the notion of
strongly generalized derivative. The concept of Hukuhara derivative is old and well
known, but the concept of strongly generalized derivative was recently introduced
by Bede and Gal [13]. Using this new concept of derivative, the classes of fuzzy
differential equations have been extend and studied in some papers such as: Ahmad
et al. [4], Allahviranloo et al. [9-11], Bede et al. [14-17], Gasilov [20], Khastan
et al. [27-29], Malinowski [41-43] and Nieto [46]. Furthermore, by using this new
concept of derivative, Allahviranloo et al. [7, 8] have studied the concepts about
generalized Hukuhara fractional Riemann-Liouville and Caputo differentiability of
fuzzy-valued functions. Later, authors have proved the existence and uniqueness
of solution for fuzzy fractional differential equation by using different methods.
Alikhani et al. [6] have proved the existence and uniqueness results for nonlinear
fuzzy fractional integral and integrodifferential equations by using the method of
upper and lower solutions. Mazandarani et al. [44] studied the solution to fuzzy
fractional initial value problem under Caputo-type fuzzy fractional derivatives by
a modified fractional Euler method. Besides, authors studied some results on the
existence and uniqueness of solution to fuzzy fractional differential equation under
Caputo type-2 fuzzy fractional derivative and the definition of Laplace transform of
type-2 fuzzy number-valued functions [45]. Salahshour et al. [50] proposed some
new results toward existence and uniqueness of solution of fuzzy fractional differ-
ential equation. According to the concept of Caputo-type fuzzy fractional derivative
in the sense of the generalized fuzzy differentiability, Fard et al. [19] extended and
established some definitions on fuzzy fractional calculus of variation and provide
some necessary conditions to obtain the fuzzy fractional Euler-Lagrange equation
for both constrained and unconstrained fuzzy fractional variational problems. Ahmad
et al. [S] proposed a new interpretation of fuzzy fractional differential equations and
present their solutions analytically and numerically. The proposed idea is a general-
ization of the interpretation given in [3, 4], where the authors used Zadeh’s extension
principle to interpret fuzzy differential equations.

In real world systems, delays can be recognised everywhere and there has been
widespread interest in the study of delay differential equations for many years. There-
fore, delay differential equations (or, as they are called, functional differential equa-
tions) play an important role in an increasing number of system models in biology,
engineering, physics and other sciences. There exists an extensive amount of liter-
ature dealing with delay differential equations and their applications; the reader is
referred to the monographs [22, 34], and the references therein. The study of fuzzy
delay differential equations is expanding as a new branch of fuzzy mathematics. Both
theory and applications have been actively discussed over the last few years. In the
literature, the study of fuzzy delay differential equations has several interpretations.
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The first one is based on the notion of Hukuhara derivative. Under this interpretation,
Lupulescu established the local and global existence and uniqueness results for fuzzy
delay differential equations. The second interpretation was suggested by Khastan et
al. [29] and Hoa et al. [24]. In this setting, Khastan et al. proved the existence of
two fuzzy solutions for fuzzy delay differential equations using the concept of gen-
eralized differentiability. Hoa et al. established the global existence and uniqueness
results for fuzzy delay differential equations using the concept of generalized dif-
ferentiability. Moreover, authors have extended and generalized some comparison
theorems and stability theorem for fuzzy delays differential equations with definition
a new Lyapunov-like function. Besides that, some very important extensions of the
fuzzy delay differential equations are the fuzzy delay integro-differential equations
and the random fuzzy delay differential equations [23, 52—-54]. Combining the two
aspects introduced, fractional calculus and fuzzy delay differential equations, we
get fuzzy fractional delay differential equations. Furthermore, fuzzy fractional delay
differential equations are a very recent topic.

This paper is organized as follows: In Sect.2, we present the basic notations of
the Riemann-Liouville fractional integral and Caputo fractional derivative for fuzzy
functions. In Sect. 3, we study the existence and uniqueness theorems of solutions
for two general forms of fuzzy fractional functional integral differential equations by
the contraction principle. Some examples of this class having two different solutions
were presented in Sect. 4.

2 Preliminaries

The basic definition of fuzzy numbers is mentioned in [36]. Let E denote the set of
fuzzy subsets of the real axis, if w : R — [0, 1], satisfying the following properties:

(i) w is normal, that is, there exists zy € R such that w(z9) = 1,
(ii) o isfuzzy convex, thatis, forO < A <1

oAz + (1 —A)z2) = min{w(z1), w(z2)}, for any z;,z2 € R,

(iii) w is upper semicontinuous on R,
(iv) [w]° =cl{z € R : w(z) > 0} is compact, where ¢l denotes the closure in (R, |

.

Then E is called the space of fuzzy number. For r € (0, 1], we denote [w]" =
{zeR|w() >r}and [w]° = {z € R | w(z) > 0}. From the conditions (i) to (iv),
it follows that the » — level set of w, [w]", is a nonempty compact interval, for all
rel0,1]andany w € E.

The notation [w]" = [w(r), @©(r)], denotes explicitly the r — level set of w, for
r € [0, 1]. Werefer to w and w as the lower and upper branches of w, respectively. For
w € E, we define the length of the r — level set of w as len([w]") = ©(r) — w(r).
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For addition and scalar multiplication in fuzzy set space E, we have [w; + w,]" =
[w1] + [w2]", [Aw]” = Alw]". Moreover, the multiplication w;w, are defined by

[wi@2]" = [min{w; (N, (), @1 (N@2(r), B1 (@, (1), @1 (@2}, max{w; (N, (), @1 (N@2(r), B1 (N, (1), @1 (@2 ()]

The Hausdorff distance between fuzzy numbers is given by

Dolwr, w2] = sup {| @,(r) — @, () |, | ©1(r) —w2(r) |}.

0<r<1

The metric space (E, Dy) is complete metric space and the following properties of
the metric Dy are valid (see [36]).

Dolw + w3, w3 + w3] = Dolwy, 2],
Do[Awi, ] =| A | Dolw, w2],
Dolw, 2] < Dolwy, @3] + Dolws, w],

for all w;, wp, w3 € E and A € R. Let w;, w, € E, if there exists w3 € E such that
w1 = wy + w3 then w; is called the H-difference of w;, w,. We denote the w3 by
w1 © wy. Let us remark that w; © wy # w; + (—Dw;.

Definition 1 ([17]) The generalized Hukuhara difference of two fuzzy numbers
w1, wy € E (gH-difference for short) is defined as follows:

_ (Do) = w2 + ws,
O Ogrt @2 = @3 & {or(ii)wz = w1 + (—Dos.
The generalized Hukuhara differentiability was introduced in [17].

Definition 2 Let t € (a, b) and h such that r + h € (a, b), then the generalized
Hukuhara derivative of fuzzy-valued function x : (a, b)) —> E at t is defined as

x(t+h)Sgn x(t)

Dynx(t) = hli—n}o h

(1)
If Dyyx(t) € E satisfying (1) exists, we say that x is generalized Hukuhara dif-
ferentiable (gH-differentiable for short) at 7. Also, we say that x is [({) — gH]-
differentiable at 7 if (i) [Donx (1)1 = [x'(t, 1), X'(¢t,r)], and that x is [(ii) — gH]-
differentiable at 7 if (ii) [Dyux ()] = [X'(¢,r), x'(¢, )], 7 € [0, 1].

Theorem 1 ([17]) Letx : [a, b] —> E be suchthat [x(t)]" = [x'(t, ), X (¢, r)] for
t € la, b, r € [0, 1]. If the real-valued function x(t, r) and X (¢, r) are differentiable
att € [a, b], then the function x is gH-differentiable at t € [a, b] and
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[Dynx(®)) = [min{x'(t, 1), % (t, 1)}, max(x'(t,r), T @, )] ()

Let I = [a, b] C Rbeacompactinterval we shall use the notation C ([a, b], E) =
{x: I — E| xis continuous}, where the continuous is one-sided at endpoints
a, b. In the space C([a, b], E), we consider the following metric:

Djlx,z] = sup Do[x(1), z(1)].

t€la,b]

It is known that (C([a, b], E), D{) is a complete metric space. Also, we denote the
space of all Lebesque integrable fuzzy-valued functions on [a, b] by L([a, b], E). Let
x € C(la, b], E), we say that x € L(C([a, b], E), Dy) if and only if Do[fabx(t)dt,
6] < o0.

Definition 3 The Riemann-Liouville fractional integral operator of order « > 0, of
a real-valued function ¢ € L'[a, b], is defined as

&wm—[x)/u—w“wmm

where I"(.) is the Euler gamma function.

Definition 4 Let ¢ : [a, b] —> R, the Caputo fractional derivative of order o > 0,
m—1<a<m,meN,is defined as

1 t
CDa — t— m—a—1__(m) d ,
= Tm—a) /a( 5) @ (s)ds

where the function ¢(¢) has absolutely continuous derivatives up to order (m — 1).
Ifa € (0, 1), then

C no oo
Dy, = F(l—a)/(t ) Y@ (s)ds.

Definition 5 ([8]) Let x : [a, b] —> E, the fuzzy Rieman—Liouville integral of
fuzzy-valued function x is defined as follows:

o _ 1 ' _ a1
(i) = _F(oc)/a(t $)* x(s)ds. 3)

Fora <t,and 0 < o < 1. For = = 1, we set /a‘ = I, the identity operator.
The fuzzy gH-fractional Caputo derivative was introduced in [7].

Definition 6 Let Dgy € C(la, b], E) N L([a, b], E). The fuzzy gH-fractional
Caputo differentiability of fuzzy-valued function x ([gH]S-differentiable for
short) is defined as following:
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1 t
W Zx0) = S D0 = mi—s [ =97 D

where 0 <o <1,t > a.

Lemma 1 ([7]) Suppose that x : [a, b] —> E be a fuzzy function and Dypx(t) €
C(la, b], EYN L(la, b], E). Then

L Cp2sx)@) = x(t) Ogn x(a).
Theorem 2 ([7]) Let Doy x(t) € C([a, b], E) N L([a, b], E) be suchthat [x(t)]" =

[x(,7r), x(t,r)]for0 <r < 1,t € [a, D], then the function x is [gH]g—de‘erentiable
att € [a, b] and

(S 282V = [min(C 7% x,1).C 787 1)) max(C 7%, x(t,1).€ 747, 0)].

4)
Where C@jﬁg(r, r) and C@;ﬂ)_c(t, r) defined in Definition4.

Lemma 2 If x(t) = (z1(t), z2(¢), z3(t)) is a triangular fuzzy number valued func-
tion, then:

(i) Ifx is [(i) — gH]-differentiable att € [a, b] then

Cu 2800 = (CZ%211). Z522(0).C T 23(0)).
(ii) If x is [(ii) — g H]-differentiable at t € [a, b] then

cn 2500 = (D5 23(1), Do), Divza (1)),

Definition 7 Let x : [a, b] —> E be [gH ]S-differentiable att € (a,b). We say x
is [(i) — gH]g-differentiable att € [a, b] if

Q) [GuZsx0)O) =[°Z8x0, 1), 7%, 1], 0<r <1 (5)
and that x is [(ii) — gH ]g-differentiable at ¢ if
(i1) [(§H9§+X)(t)]’ =245,  2%x1t, 1], 0<r =<1 (6)

C@%x(f r)= 1 /t(t 9 1 x(s )ds
’ 'l —ow a ds ’ ’

C oo — _ 1 /l — _O‘i_
D4x(t,r) = Ta—o ). (t—y) dsx(s,r)ds.



Existence and Uniqueness Solutions of Fuzzy Fractional ... 105

Definition 8 ([7]) Let x : [a@, b] —> E be a fuzzy function. A point ¢ € (a, b) is
said to be a switching point for the [g H ]S -differentiable of x, if in any neighborhood
V of t there exist points #; < t < f, such that:

type I at #; (5) holds while (6) does not hold and at #, (6) holds and (5) does not
holds, or

type II at #; (6) holds while (5) does not hold and at #, (5) holds and (6) does not
holds.

Theorem 3 ([7]) Let x : [a, b] —> E be a fuzzy-valued function on [a, b].
(i) If x is [(i) — g H]-differentiable at t € [a, b], then

[y Zex)O) =€ D8xt,r).C D%, r)].

(ii) If x is [(ii) — g H]-differentiable at t € [a, b], then

[CuZ5x) O =€ D5%(t,1),C Deox(t, ).

3 Main Results

For o > 0, we denote by C, the space C([—o, 0], E) equipped with the metric
defined by
Dq[u, vl = sup Dolu(r), v(1)].

te[—o,0]

Define I =[a,a+ pl, J =[a—o0,a]l]UI =[a —0o,a+ p], p > 0. Then, for
each t € I we denote by x, the element of C, defined by x,(s) = x(¢t + ), s €
[—o,0].

Consider the following fuzzy fractional functional integral differential equations
FFFIDE of order « € (0, 1) with generalized Hukuhara derivative under form

{gﬁéfﬁx(r) = f@t.x) + [, 8. 5. x)ds, 1 > a, o
x(t)=¢({t—a), t €la—o,al.

where gCH@§+ is the Caputo’s generalized Hukuhara derivative from Definition 6,
f:IxC, — E, g:1xIxC, — E and ¢ € C,. In this paper, we consider
only [(i) — g H ]S -differentiable type and [(ii) — g H ]S -differentiable type solutions,
i.e, such that there are no switching points in /. By a solution to the initial value
problem (7) we mean a fuzzy mapping x € C(J, E) thatsatisfies: x () = ¢(t — a) for
t € [a — o, a], x is differentiable on I and gH@§‘+x(t) = f(t,x;) + fat g(t,s, xs)ds,
t>a.
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Lemma 3 Let o € (0, 1), the FFFIDE (7) is equivalent to the following integral
equation:

x(t)=¢t —a), t €la—o,al,
x(1) Ogp 9(0) = ﬁ JHe =997 (f (s, x5) + [2 g(s, T, x0)dT) ds, t € [a,a+ pl.
)

Now, we consider x and y to be the solutions of Eq.(7) in [(i) —gH]g—
differentiability type and [(ii) — g H ]S -differentiability type, respectively, then by
using Lemma 3 we have:

x(t)=¢t —a), t €la—o,al,
x(t) =¢0) + ﬁ fat(t — syl (f(s,xs) —I—fg g(s, T, xf)dr) ds, t €la,a+ pl.
9
And

y() =9 —a), t €la—o,al,
YO =90) 6 F2 [t =)7L (f (s, 35) + [ g(s, 7, yo)dT) ds, 1 € [a,a+ pl.
(10)

Definition 9 Let x:J — E be a fuzzy function which is [(i)) — gH]S-
differentiable ([(ii) — gH ]S-differentiable). If x and its derivative satisfy problem
(7), we say that x is a (i)-solution ((ii)-solution) of problem (7).

Next, we present main results in this section showing the local existence of two
solution for FFFIDE (7). These two solutions correspond, respectively, to [(i) —
gH ]g—differentiability and [(ii) —gH ]g—differentiabi]ity recalled in Definition 7.
Contraction mapping theorem is applied to derive local existence and uniqueness of
solution.

In the following, for a given constantk > 0, we consider the set X, g ) of all functions
x € C(la—o,a+ p], E) such that x(t) = ¢(t — a) on [a — o, a] and

sup  Do[x(t), Olexp(—k(t 4+ o)) < oo.
tela—o,a+p]

In X g ), we can define the following metric:

Dilx.z1=sup {Do[x(1),z(t)]lexp(—k(t +0))}, x,z € XJ.
tela—o,a+p]

By denoting S,(:) = (X, Df) we see that S,(:) is a complete metric space for
k> 0.
Next, we consider the FFFIDE (7) under the following assumptions:
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(A1) feC(la,a+ p]l x Cy, E), g € C(la,a+ p]l x [a,a + p] x C,, E) and
there exists a constant L > 0 such that

max {Dol f (1, &), f(t,¥)]; Dolg(t,s.§), g(t, s, ¥)I} < LDs[&, ],
forall ¢,y € C, and ¢, s € [a,a + p].

(A2) there exists a constant M > 0 such that

max {DO[f(tv 5)16]7 DO[g(t’ s, %_)76]} < M

Theorem 4 Let the assumptions (A1),(A2) holds and the constant:

L L Lp®
— 4+ - <1
k*  ketl k. C(a+1)

then, the FFFIDE (7) has unique solution x*.

Proof To proof this theorem we investigate the conditions of Banach fixed point
principle.
Define the operator T : X\ — X by:

0O0) + gy Ja @ =97 (fs.x) + [ 8(s. 7, x0)d) ds, 1 € [a,a + pl,
ot —a), tela—o,al,

(Tx)(®) = i

Step 1: We shall prove that T(X{’) € X with assumption k > b. Indeed, let x €
X((pi). For each t > a, we have:

_~ 1 ! S ~
Do[(Tx)(r), 0] = Do [w(O) + 7/ (t—s*! (f(s,xs) +/ 8(s, f,xf)df) ds, 0] ;
I'(a) Ju a

< Do[g(0), 0]+m/ (t =) (Dol f (5. x5, f (5. 0)] + DoLf (5, 0),0]) ds

/ (1 — )% 1( / (Dolg(s. 7. xr). g(s. 7. 0)] + Dolg(s. 7. ), 0]>dr) ds,
T

1 t
< Dyle(0), 0]+m/ t -1 LDg[xs,O]JrM)aferm (t— )1

(/S LDa[xT,a]dt + M(s — a)) ds
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Further, since x €€ X g), we deduce that there exists p > 0 such that Dy[x (t),ﬁ] <
pek+9) for all t € [a — o, a + p]. Hence SUPg[_o.0] Dolx (t + 9),6] < pekl+ao),
for all + > a. In consequence,

sup  {Dol(Tx)(r), 0]e ¥1+7} <

tela,a+pl
By, —k(t+o pL ' a—1 _k(s—t) p'M
sup Dolp(0), 0]e ¥+ 4 —/ t—s)"le ds )} + ——
tela,a+p) {( I'a) J, I'le+1)
L t M a+1
+ sup { P / (1 — 5)*~1 (K60 — gklan) ds} L Mp ’
tefa,atp) LKL (@) Jq I'lx+2)
. L k(t—a) ,,a—1 _,—u “M
= reta {<D0[¢(o), O 4 22 f ud”)} * Fa+D
tela,a+p) k* Jo I'(a) I'a+1)
,OL k(t—a) ua—le—u pL(t _ a)a Mpot+1
=+ sup a_Jrl u — .
refa,a+pl LK 0 I'(a) kIN(a+ 1) I'e+2)
Let H = supyciy_g.q) Dole(® — a), 0], then:
potM ,OL pot-HM pra

(o)), 0] < H + P _
Di[(Tx)(1),0] < H + o + TatD T + Tt @il

Besides, for ¢ € [a — o, a], we get:
DO[(TX)(I)’ﬁ]e—k(t-Hf) — Do[w(O),a]e_k("“’) < He—k(t+o) < He—ka'

So that:

sup [ Dol(Tx)(r), 0le ¥+ <
tela—o,a+p]

pL p*M pL p M pLp®
k" T@+1) kT T@+2) kl(@+1)

max{He_k”, H + } < o0,

and so (Tx)(1) € X{V. Hence T(X{?) € X{V.

Step 2: The following step, we shall prove that T is a contraction map by metric
Dj.Forx,ye Xg), andt € [a — 0, a + p], we have:

Do[(Tx)(1), (Ty)(1)] = Dolp(t —a), ¢(t —a)] =0, Vt € [a—o,al].
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And

%mmnmwijf{faﬂWmeM/asﬂ%@m@

s

! s o
+ F;a)‘/a (l —S)a—l (D() |;/; g(S, T,Xr)dl’,/; g(s’ T, yr)df]>ds

L ! a—1 ]
Sﬁﬁﬁﬁﬂ)nﬁ%PWMMMWs

L t Ky
+ = (t—S)"‘_1 / sup  Dolxz (), yr(m)ldz | ds
I (o) a ne[—o,0]

t
= t— )2l Dolx(8), y(©)1d
@ /a( s) GE[i'lipU,s] o[x(0), y(0)]ds

a-l Dolx(8), y(0)ldt | d
F(a)/ ()] (/a ee[iupm] o[x(8), y(6)] r) s

From the definition of the metric Dj, itis clear that Do[x (s), y(s)] < Dj[x, y]e¥¢t),
for all s > a. Further, for each ¢t > a, we obtain:

Do[(Tx)(2), (Ty)(1)] <

L _ el k(s+o) ! _ ol (/s * k(t+o0) )
71“(0{) (t s) Dk[x yle ds + —— @ (t s) i Di[x, yle dt | ds,
- LD}[x, y] /r(t_s)a—lek(s+a)ds+ LD;[x, y] /r(t_s)a—lek(x+a)ds LD;[x, y] oklata)
I'(a) a kM) Jq4 INCES 1)
and so:
Dy[Tx,Ty]l=sup  {Dol(Tx)(t), (Ty)(t)lexp(—k(t + o))}

tela—o,a+p)

LD [X y] {/ (t )0, 1 k(s t)ds}
- F(Ol) te[a oa+p]

+LD;§[X,Y] {/ (t — 5)21 k(s ”ds} — ap :LD}f[st’] ek(a—t)},
kF(Ol) tela— Ua+p] tela—o,a+p] kF(O{-i— l)
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< Lo+ LD v - —E Dy

= o R T o B T ey TR
L L Lp®

el — Dy[x, yl.

—<ka+ka+1 kF(a+1)) ek, ]

Hence:

Dy [Tx, Ty] < §D;[x, y].

Since § < 1, which implies that T is a contraction map. Consequently, the Banach
fixed point principle implies that the FFFIDE (7) has a unique solution x*.

4 Illustrations

In this section, we shall present some examples being simple illustration of the
theory of FFFIDE. We will consider the FFFIDE (7) with [(i) — gH ]g—differentiable
and [(ii) — g H]S -differentiable, respectively. For this purpose, well consider, for
simplicity and without lose of generality, we consider the following FFFIDE:

{gH@;’ﬁrx(t) = f(t,x) + [} k(t,5)x,ds, t > a, (n

x(t) =@t —a), t € [—o,al.

Where f : I x Co, —> E,k: I x I — R,a € (0, 1) is the order of the differential
equation. Let us denote the r-levels (r € [0, 1]) of x and ¢ as

[x()]" =[x, r),x@. ] [e®O] =lelt,r), o ]l

respectively. Obviously x(., t), X(., ) : I —> R. By using Zadeh’s extension prin-
ciple, we obtain [ f (¢, x,)]" = [f (¢, r,x(t, 1), X(t, 1)), ?(t, r,x(t,r),x(t,r))], for
r € [0, 1]. In this Eq. (11) we shall solve it by two type of Caputo fractional general-
ized Hukuhara derivative. Consequently, based on the types of differentiability, we
have the following two cases.

Case 1. If x(¢) is [(i) — g H]S-differentiable then

(625 x) (O] = [CDLx(t.r).C DLE(, )]
and (11) is translated into the following fractional differential system:
DY x(t.r) = f(t.r.x(t,r). X(t. 1)) + [} k(t,9)xs(r)ds, t > a

CDLX(t,r) = f(t,r,x(t,r),X(t, 1) + [ k(t, $)x,(r)ds, t > a (12)
x(t,r) = g(l —a,r), x(t,r)=¢({t —a,r)t € [—o,a]
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Case 2. If x(¢) is [(ii) — g H] -differentiable then
(628 x) (O] = [€DLx(t, r).C DLx(t,r)]
and (11) is translated into the following fractional differential system:

CDu.X(t,r) = J@ rx@r),xr)+ f; k(t, s)x,(r)ds, t > a
D% x(t,r) = f(t,r,x(t,r),X(t, 1) + [ k(t, )x,(r)ds, t > a (13)
x(t,r)=¢(t—a,r), x(t,r) =9t —a,r)t €[—o,a]

Where
k(t, $)xs(r), if k(t,s) > 0.

k(t s(r) = ==
k(t, )% (r) {k(t,s)xs(r), if k(t,s) <O.
Tt Nv () k(tas)xs(r)a lfk(tsS)ZO

ke, $)%:(r) = {k(t, 9)x,(r), if k(t,s) <O0.

Remark 1 If we ensure that the solution (x(¢, r), x(#, r)) of the systems (12) and
(13) respectively are valid level sets of fuzzy number valued functions and if the
derivatives (CD§+)_C (t,r), CDZQE(I, r)) are valid level sets of fuzzy number valued
functions with two kinds differentiability respectively, then we can construct the
solution of the FFFIDE (11).

Example 1 Let us consider the FFFIDE under two kinds of Caputo fractional gen-
eralized Hukuhara derivative

{ Ep2ex)@) = x(t = ) + & [y e x(s — $)ds, 1 €10, 5], (14)

x() = @), t €[-3,01.

Where k(t, s) = 2e® ™, o = (1 —t,2—1t,3 —1t)and A € R — {0}. In this example
we shall solve (14) on [0, %].

Casel: (A > 0 or k(t,s) > 0)

From (4.2), we get

CD(O)‘+)_c(t, r)=x(t— %, r)+ kf()l e Dx(s — %, rds, t € [0, %],
CDEX(t,r) =%t — 5,7) + 4 fy e TOF(s = 3, r)ds, 1 €10, 3], (19)
x(t,ry=1+r—1t, Xt,r)=3—r—tte[-30]

By solving (15), we obtain exact solution as follows:

O = +r+0+rt—5 =2 Q4+ +r2+r—1,3 -1+
B-rt—5 —re'@G—r)+r@d—r—1l

The solution of (4.4) on [—%, %] are illustrated in Fig. .
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Fig. 1 Graphe of x(1) fort € [-1, 11,4 = 0.1

[SIE

From (13), we obtain:

CDLE(, ) =x(t— L)+ A [y e x(s — %, r)ds, t €0, 1],
CDgx(t,r) =%t -1, 1) +xf e % — 1. nds, te[0,1], (16
x(t,r)=14r—1t, X(t,r)=3—r—tte[-1,0]

By solving (16), we obtain exact solution as follows:

OV =0 +r+@—rt—5 —re"(4—r)+r@d—r—0,3—r+
A+t —5 —re ' Q+r) +r2+r -0l

The solution of (14) on [—%, %] are illustrated in Fig. 2.

Case2: (A <0 or k(t,s) <0)

From (12), we get

CDYx(t,r) =x(t — 5, 7) + 4 [y eC7%(s = 3, r)ds, 1 €0, 51,
CDLE(t, ) =Xt — L. 1)+ A [y e x(s — %, r)ds, t €0, 1], (17)
x(t,ry=1+r—1t, Xt,r)=3—r—tte[-30]

By solving (17), we obtain exact solution as follows:
OV =[14+r+A+rr—5 —re "G —r)+rd—r—10,3—r+
B=rt—5 —re ' Q+r)+r2+r -1l

The solution of (14) on [—1, 1] are illustrated in Fig. 3.
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From (13), we get

D& x(t,r) =x(t— 3, 1)+ A [y e x(s — 1, r)ds, t €0, 1],
CDEI(@,r) =Xt = 3.1) + 4 fyeCTT(s = 3, 0)ds, 1 €10, 5], (18)
x(t,r)=1+4r—1t, X(t,r)=3—r—1tte[-3,0]

By solving (18), we obtain exact solution as follows:

KOV =[14+r+@=rt—5 -2 Q4+r)+rQ+r—1), 3—r+(1+
Mt =5 — e @ —r) + @b —r —1)].

The solution of (14) on [—1, 1] are illustrated in Fig. 4.

5 Conclusions

In this paper, we have obtained a local existence and uniqueness result for a solution to
fuzzy fractional functional integration and differential equations using the concept of
Caputo generalized Hukuhara differentiability. In this setting, we prove the existence
of two fuzzy solutions, each one corresponding to a different type of derivative but
without using switching points by the contraction principle.
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Social Dilemmas and the Emergence of )
Cooperation in Financing Public Goods ek

Miloudi Kobiyh and Slimane Ed-Dafali

Abstract Social dilemmas in economics characterize situations of social interaction
in which the contradiction between individual and collective rationality occur in
the classical game theory. In the case of financing public good, analyzed from the
viewpoint of the Prisoner’s Dilemma to many players, this study highlights how social
preferences determine the emergence of cooperation in accordance with the different
results of experimental studies. The current study contributes to the literature with the
aim of broadening our sight of the emergence of collaborative behaviors by taking into
account the question of the nature of individual preferences and seeking to integrate
the intentions and emotions of the players when seeking a conditionally efficient
equilibrium which could be qualitatively greater than the Pareto optimal allocation.
This paper provides a comprehensive analysis and discussion of the importance of
adopting a collaborative behavior for providing an efficient solution to the problem
of financing public goods when social dilemmas arise.

Keywords Voluntary contribution + Public goods * Prisoner’s Dilemma -
Collaborative behaviors - Social preferences

1 Introduction

Social dilemmas characterize situations of interactions of economic agents where
a conflict can arise between the pursuit of individual interest and the search for
collective interest. These situations are often illustrated by games where individual
rationality prevents economic agents from cooperating. However, a multitude of
experimental works have revealed the presence of cooperative behaviors in these
games for which standard theory predicts the existence of opportunistic behaviors
(see, [5]). Obviously, the results of these experimental studies violate the traditional
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assumptions of selfishness and rationality and challenge the traditional view of human
behavior (see, [4, 6, 7]).

Indeed, research in experimental economics is developing around various issues,
including that of identifying the motivations for cooperation between agents (see,
[2, 8]). The Prisoner’s Dilemma game illustrates the idea that the confrontation of
individual interests does not necessarily lead to a collective optimum. However,
the multiple experiments carried out on the Prisoner’s Dilemma game showed that
there is some cooperation between the players. Furthermore, the experimental results
revealed the presence of cooperative behaviors in games for which standard theory
predicts the existence of selfish behaviors.

Cooperation is the stake of most economic, political and social relations. For
instance, firms have an interest in agreeing on high prices, states have an interest in
making peace and developing trade, and employers and employees have an interest
in maintaining a relationship of trust. However, seeking private interests is not ben-
eficial for cooperation. Economic analysis often does not retain exchanges between
individuals only in the case of purely commercial links. However, individuals do not
only exchange market goods or services, but also often intangible qualities that play
an important role in the structuring of social and economic activities.

The role of prosocial behaviors is preponderant in explaining the gap between the-
oretical prediction and experimental observations. In this regard, research on social
preferences and their role in different individual interactions has become the natural
theoretical background for studies on cooperation games. This article is organized as
follows. In the first section, we study the role of social preferences in social dilemmas
by presenting theoretical modeling. In the second section, we present the classical
theory of public goods. We then integrate social preferences by explaining their role
in the emergence of the contribution. Finally, we discuss the role of emotions in
social preferences in the third section.

2 Social Dilemmas and Social Preference Models

2.1 The Role of Social Preferences

People are not motivated only by money. Research in social psychology has revealed
that social and moral dimensions are a strong motivator alongside these material
motivations. Social preferences are preferences that are distinct from personal inter-
est. They also explain the search for individual interest. It is said that a person has
social preferences if she cares not only about his material gain but also that of others.

The explanation of individual behavior and the exploration of patterns have been
experimented with using sophisticated materials (computers or other communication
devices). Experimentation and its protocols have become a mode of exploration of
economic attitudes and behaviors leading to the development of an experimental
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economy. This method makes it possible to isolate certain contexts, presented by
theory as determinants of these behaviors.

Research in experimental economics is developing around various issues, includ-
ing that of identifying the motivations for cooperation between agents. However,
individual preferences differ from personal interest (see, [2, 8]). It also is important
to point out that In recent years, several theories on social preferences have been
developed (see, [4, 6, 7, 9, 18]).

The results of such studies violated traditional assumptions of selfishness and
rationality and challenge the traditional view of human behavior. Thus, a pure rational
decision theory is insufficient to take into consideration economic behaviors since
defection will not always be the behavior followed by people as indicated in classical
theory.

Due to the presence of positive externalities, the social value of cooperation also
increases. Based on these observations, a literature has been developed on the intrin-
sic motivations of individuals and their spirit of cooperation. (see, [16]). In this
regard, cooperation depends on several cultural, psychological and emotional char-
acteristics, in addition to the conditional cooperation (see, [10]), and moral and social
motivations such as benevolence, empathy, altruism and fairness. It is within the the-
oretical models of social preferences that moral emotions can be taken into account
in economic theory, these emotions can have behavioral effects (see, [14]). It has
thus been shown that emotions, such as anger, regret and guilt, play an important
role in decision-making (see, [17]). In order to highlight the way in which emotions
and rationality are combined in a reasoned process, a theoretical support for these
motivations finds its legitimacy in the theories dealing with intentions which account
for fairness and reciprocity (see, [7, 18]). To this end, reciprocity can contribute to
the emergence and support of cooperation (see, [17]).

Moreover, the influence of emotions is exerted in different ways depending on the
personality of individuals, and mainly according to their degree of social and moral
orientation, in addition to the importance of the emotions felt such as guilt or regret.
From this perspective, (see, [14]) highlighted the link between empathy and behavior
in order to illustrate the relationship between emotion and social orientation. In this
sense, empathy is considered a fundamental requirement of any prosocial behavior.

Likewise, (see, [ 14]) highlighted also the role of social consciousness in the devel-
opment of prosocial behavior. In this sense, economic agents often have an empa-
thetic personality and tend to adopt prosocial behaviors (see, [14]). The cognitive
and affective dimension of empathy can have different functions in the emergence
and development of prosocial behaviors, it includes the ability to understand what
others are thinking or feeling (see, [1]).

Therefore, emotions are seen as exogenous preferences and are activated because
social and moral norms implicitly pre-exist and constrain individual choices. An
interpretation in terms of beliefs assumes that people make predictions about the
will of their partners. In other words, a player will have beliefs about a player’s
behavior whether they engage in selfish or prosocial behavior.

Moreoever, emotions considerably influence individual’s choices when it comes
to social dilemmas (see, [17]). From this perspective, the way of integrating emotions
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relies on the most visible characteristic of emotions, distinguishing positive emotions
from negative ones, and integrating these emotions as exogenous parameters in the
traditional utility function (see, [14]).

2.2 Social Preference Models

Several researchers have attempted to formally integrate these moral and social moti-
vations into utility theory by proposing models of social preferences. One of the great
merits of these models of social preferences lies in their ability to express the condi-
tions under which the existence of individuals with these preferences influences the
balance of a set of social interactions.

2.2.1 Rabin’s (1993) Fairness Model

Rabin [18] pointed to the role of intentions as the source of fairness and reciprocity
behavior. His model captures the fact that individuals are willing to sacrifice a fraction
of their payment to help those who have behaved generously towards them. Likewise,
individuals are prepared to punish those who have behaved in a hostile manner
towards them. Rabin proposed the concept of a fairness equilibrium to account for
these facts.

Thus, he has built a game in which the utility function of player i depends not
only on his monetary gain but also on intentional fairness. The arguments of this
utility are therefore a;, b; and ¢; such that g; the strategy of player i, b; represents
the belief of player i on the strategy of player j and c; the belief of player i on the
belief of player j on his own strategy.

The expression of this utility function is as follows:

Ui(ai, bj, c;) = mi(a;, b;) + hjb;, c)1 + fi(ai, bj)]

The variable 7r; corresponds to the utility obtained by the material gain of the player,
thetermz; (1 + f;)isthe utility part U; which attempts to capture intentional fairness.
Thus, if player i considers that player j will adopt a benevolent behavior (4; > 0),
then he will be benevolent towards him ( f; > 0).

On the other hand, if player i thinks that player j is going to behave maliciously
(h; < 0), then he will also be malicious towards him (f; < 0). It turns out that
factoring in this intentional fairness can increase or decrease overall utility. If the
sign of the term £; (1 + f;) is negative, it means that U; < m;.

Therefore, a player’s utility comes not only from his monetary gain but also
from the intentional fairness of the situation as he sees it. The concept of fairness
equilibrium assumes that expectations about the intentions of the players turn out
to be correct. It is defined as a set of strategies and beliefs about the intentions of
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other players such that no player has an interest in unilaterally changing strategies,
considering the strategies of other players and their own beliefs about their intentions.

Rabin’s model is pioneering in terms of providing the fairness equilibrium and in
capturing the mutual intentions. However, Rabin clarifies that a fair balance is not
necessarily a Nash equilibrium.

2.2.2 The Fehr and Schmidt’s (1999) Model of Inequity Aversion

The Fehr-Schmidt model assumes a population of individuals who do not like to
end up with a monetary gain less than the average gain and who no longer like to
benefit from a gain greater than the average gain (see, [9]). Consider n players and
the vector of gains g = (g;, g—;) is a common knowledge, the utility function of a
player i benefiting from the gain g; may be represented as follows:

Q; Bi
Ui(9) = g — —— ) max{g; — &, 0} — ——— > max{gi — g;, 0}
J#i J#i

With §; <«;and 0 < B; < 1.

In this function, the first term is the gain of player i which measures the maximum
level of his utility. The second term measures the dissatisfaction that results from
a psychological loss perceived by an individual when his gain is lower than that of
others. The coefficient o; measures the envy which evaluates his suffering when he
obtains less than the others. The third term also represents dissatisfaction resulting
from a gain greater than that of other players. The coefficient 8; measures the empathy
or compassion he feels towards others.

The B; < «; inequality means that envy is stronger than empathy. The condition
0 < B; means that player i derives no satisfaction from the superiority of his gain.
The condition B; < 1 rules out the possibility that the loss of utility is quite high in
the case of empathy.

This model postulates that individuals are motivated by Fairness and inequity
aversion and are willing to sacrifice part of their earnings to reduce inequity. However,
these individuals are only concerned with the fairness of their own material payment
relative to the payments of others. This causes aversion to inequity to take the form
of aversion to inequality.

2.2.3 Bolton and Ockenfels’ (2000) Equity, Reciprocity
and Competition-ERC Model

The emphasis in this model is on relative player earnings (see, [3]). It incorporates
the idea of relative income as individuals make their choices taking into account not
only their own earnings but also the earnings of others. This is a situation of choice
according to a process of social comparison, since the player attaches utility to his
own gain and to his position in relation to other players. The behavior of player i is
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assumed to be dictated in this model by the maximization of his motivation function

v; which depends on his gain g; and the relative gain Zgigk:
k

b= v <g' i
i — Vi i —~
Dk 8k

where Zé:gk represents the relative share of player i in the final payment.

This motivation function represents the utility function of the player whose ref-
erence point is equal sharing: the player has a preference for a relative gain equal to
the average gain. It reflects what drives the player’s behavior. Thus, the player does
not only attach utility to his gain but also to his situation in relation to other players.
In other words, the player positively perceives an increase in his relative gain when
it is below the average. Ultimately, this is a fair behavior since people do not want to
be treated less well than others. Likewise, these individuals are willing to sacrifice a
fraction of their wealth to help others who are worse off than themselves, reflecting
reciprocal behavior.

3 Social Preferences in Public-Good Games

3.1 The Public Goods Game

The public good game is a generalization of the Prisoner’s Dilemma, as it high-
lights the same conflict between the collective interest based on cooperation and the
individual interest which does not require cooperation. It is based on a more gen-
eral framework, involving more than two players and more than two strategies for
each player. The main characteristic of a public good is that its consumption by one
economic agent does not prevent its consumption by another agent. Moreover, it is
impossible to exclude an economic agent from the consumption of this good. In this
sense, the provision of this good comes up against the phenomenon of stowaway
behavior, since it is indeed rational for a homo conomicus to seek to benefit from
a public good without contributing to its funding (see, [16]). In this research, we
are interested in the voluntary and individual contribution to the financing of public
goods. This shows the importance of social preferences and conditional contribu-
tion in supporting this voluntary funding. These preferences revealed the ability of
moral, social and emotional elements to support contribution to the public good (see,
[16]). Several examples illustrate the voluntary contribution to the financing of a
public good such as associations and charities, or the national solidarity days and the
highest individual effort in a team.

This game has been studied and tested from the 1980s by several authors (e.g.
[11-13, 15, 17]). The study of the decision to contribute to the financing of public
goods is closely associated with the understanding of the emergence of cooperation
in societies. In fact, in addition to its properties of non-rivalry and non-exclusion,
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a public good is characterized by a marginal return per capita lower than that of a
private good (see, [17]).

This game can be presented by a simplified experimental protocol. Consider a
game of four players (n = 4) who do not have the possibility of communicating with
each other and each of whom has an endowment of ten tokens D; = 10, he can either
keep them or contribute with a number of tokens ¢; form a common pot (the tokens
kept will be invested in a private good).

The gain function of each is defined as follows:

g =2(D; —¢;) + X;_cx

In this gain function, the marginal per capita return of the public good is equal to
1 for simplicity. And the number of tokens kept will be multiplied by 2 which is the
marginal return of the private good (obviously the marginal return of the private good
is greater than the marginal return on the public good). It is also obvious that this
situation represents a social dilemma insofar as the only dominant strategy, which is
the Nash equilibrium of this game, corresponds to a zero contribution to the public
good: ¢; = 0. And this because:

@i _ 5 i1=—1<0
—_— = = = —1 <
dCl'

whereas the social optimum requires a contribution by all the participants and with
all the endowment (¢; = D). For example, if one player keeps 6 tokens and the other
three place 12 tokens in all, then the player’s payoutis G = 2.6 + 1.12 = 24. It is
indeed a game of the Prisoner’s Dilemma generalized to more than two players and
to more than two strategies (each player can contribute with a number of tokens
between 0 and 10, so 11 ways to contribute which gives rise to 11 strategies).

The standard behavior is rational egoism which maximizes individual gain: no
one contributes to the public good and everyone receives the gain G = 20.

Indeed, a token kept earns a gain of 2, while a token placed in the jackpot only
pays a gain of 1. Therefore, any strategy of placing tokens in the jackpot will be
dominated by the strategy of holding them. Suppose a player contributes when his
partners do not, he will have 0 + 1.10 = 10. But if all players place their tokens, each
will win 2.0 + 1.40 = 40. It is obvious that this situation cannot correspond to a Nash
equilibrium because each player has an interest in unilaterally changing his strategy
by lowering his own contribution. Thus, given that the other participants place their
ten tokens, placing 10 tokens provides a gain of 40 while keeping saves 2.10 + 1.30
= 50. It turns out that each player has an interest in minimizing their contribution.
Thus, each participant keeps the ten tokens, so no one contributes to the public good
and each receives the gain G = 20.

Therefore, by considering the two situations: either all the participants contribute
with the 10 tokens or do not do so, the gains of one player among the four can be
summarized in the following Table 1.
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Table 1 Comparison of player gains by voluntary contribution decision (0 or 10)

Contribute (10) Do not contribute (0)
Contribute (10) 40 10
Do not contribute (0) 50 20

From the Table 1, non-contribution is the dominant strategy. And the Nash equi-
librium according to the game’s standard theoretical solution will be the zero contri-
bution to the public good. This reflects the behavior of the stowaway highlighted by
standard economic theory. Everyone wants to enjoy the good without contributing
believing that they are the only ones doing it which results in not reaching the social
optimum because everyone will get 20 instead of 40. This means that individuals
attempt to profit from the public good without participating in its financing, reflect-
ing a fundamental conflict between the individual interest in not contributing and the
social incentive to contribute.

However, experimental observations call into question the theoretical prediction
that the behavior of individuals is purely selfish and socially suboptimal. Experi-
mental studies show that the contribution is between 40% and 60% of the initial
individual endowment (see, [15]). On the other hand, if the game is repeated, the
average contribution is 50% but which slows down over the repetitions (see, [13]).

The existence of social preferences can give rise to contribution to the public good
and induce reluctant participants to contribute. Several sets of social interactions
conclude in favor of the arguments of reciprocity and aversion to inequity in the
contribution to the public good (see, [7]). This shows the role and implication of
prosocial behaviors (e.g. altruism, cooperation, trust, fairness).

3.2 Towards Public-Good Games with Social Preferences
Theories

We have already seen that social preference models can explain cooperative or non-
cooperative behaviors among players. These models highlight the heterogeneity of
preferences that interacts significantly with the economic environment and determine
the nature of the emotions that are involved and shape behavior.

In the game of public good, a single player with selfish behavior is able to get other
players not to contribute. On the other hand, the existence of individuals who are
averse to inequity can influence the outcome of the game by causing individuals to
contribute. Likewise, by comparing his earnings to that of other players, the individual
suffers both from inequalities in his favor (guilt) and inequalities against him (envy),
but he suffers more from inequalities playing against him. Thus, in view of their
rationality and aversion to inequality, players can punish other individuals to reduce
the inequality of earnings resulting from unequal contributions.
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Table 2 Comparison of player gains, including the role of emotions

Contribute (10) Do not contribute (0)
Contribute (10) 40 106; — 30w;
Do not contribute (0) 30(6x + wi) 20);

Ultimately, the economic environment determines the type of preferences that is
decisive in inducing the behavior that prevails at equilibrium. Depending on these
preferences and their heterogeneity, the contribution has every chance of being a
game-changer. These preferences that capture the intentions and emotions of the
players can be modeled by a utility function that expresses the set of elements that
determine the behavior of the participants (Table 2).

Thus, a general framework for the formalization of social preferences can be put
forward to explain the choice of actors in terms of financing the public good. The
emotional consequences associated with each state of nature will need to be factored
into the utility calculation. In addition, the introduction of emotion parameters such
as satisfaction and regret is necessary to explain the choice of participants. This
utility captures, in addition to intentions about the behavior of others, the player’s
satisfaction with all the contributions and his situation of inferiority or superiority in
relation to others. This individual utility function is defined as follows:

4

4
Uci,co)=U |:2(Di —¢)+ ch:| =2UD;j —c)+U (ZQ)

k=1 k=1

We have assumed that the utility function is additive.
Suppose further that2U (D; — ¢;) = 2A(D; — ¢;), inthe same way U(Z:=1 ) =
0 Z;::l ekt 4(c; — c), the utility function of a player is:

4
Ulci,c—i) =20M(D;i —¢;i) + 6 ch +wZ(Cj —¢i)
k=1 j#i

The parameters A, 0 and w are emotion parameters which capture respectively
the satisfaction of the player of his own choice, his satisfaction with the contribution
of all the players, and the regret that could result from the differences between his
contribution and the contributions of others. . and 6 are assumed to be positive
emotion parameters as long as they capture player’s satisfaction, they belong to the
interval [0,1]. On the other hand, the parameter w captures a negative emotion, namely
the regret that the player feels when there are gaps between the other contributions
and his own, so this parameter belongs to the interval [-1.0].

In the table of gains associated with the two choices (Contribute by the totality of
the endowment or do not contribute), we now include the anticipated valence of the
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emotion in the same way as the gains. This is associated with the feeling as a result of
the consequences to the two choices by all players. Thus, a player with emotions that
are expressed in his utility function indicates that he is behaving prosocial. So, let’s
go back to the public good game and the payments matrix in Table 1, and consider
a participant with this prosocial behavior and only two options (¢; = 10 or 0).

When ¢; = 10 and ¢, = 10 (i.e. everyone contributes with the entire endowment),
the utility is U = 40. When the player behaves prosocial, he prefers to contribute
and he is fully satisfied to do so when others contribute, thus 6 = 1 and U = 40. If
¢; = 10 and ¢; = 0 (he alone who contributed), in this case the utility is 100; — 30w;
because the satisfaction which results from all the contributions will be only 6; # 0
and he feels regretful w; # 0 differences in contributions.

If ¢; = Oand ¢, = 0 which means that no participant contributes, we will only have
the satisfaction of the player’s choice A; # 0: when everyone opts for no contribution,
the player’s utility is 20;. In the case where ¢; = 0 and ¢, = 10 (the others have
contributed and he has not), the utility is 201 + 306; + 30wy, with A = 0 since he
has no satisfaction of his choice, therefore the utility will be 306; + 30wy: he will
have no satisfaction with his choice not to contribute but will have some satisfaction
with the contribution of others 8; # 0 and he feels regretful at the deviations of the
contributions w; # 0.

Then we have the following payoff matrix.

When considering the values of emotion parameters, non-contribution cannot
always be a dominant strategy. So, if the player adopts a selfish attitude, he prefers
not to contribute and he is happy to do so. If this is the behavior of the population,
it is obvious that the non-contribution will be the balance of the game. However, the
observed contribution reflects that individuals do not exhibit this behavior. Emotions,
which are involved in the game situation, influence the decision to contribute accord-
ing to the emotional intensity felt by the participants. As (6 4+ wyx) < 1 because the
parameter wy belongs to the interval [-1,0], utility 30(6; + wy) is always less than 40,
so non-contribution will never be a dominant strategy. To this end, the contribution
can be accepted as an equilibrium of the game but is not a dominant strategy. Like-
wise, non-contribution can also be an equilibrium of the game. However, in the case
where 100; — 30w; > 20A;, the contribution will be the dominant strategy and there-
fore the only equilibrium of the game. This shows the vital role that emotions play
in individual choices and therefore in the balance of the game. Therefore, the contri-
bution can be the equilibrium of the game which explains the observed contribution
even in a one-shot game.

This refers to the strong anticipation of contributions from others, which high-
lights the important and decisive role of intentions and conditional contribution.
This conditional contribution highlighted a situation in which the contributions of
others influence subject contributions. Consequently, this explains the contributions
of players and that emotions are involved and generate non-satisfaction in the absence
of contribution. The regret of not contributing will be so high, which may reduce
the utility perceived by the players in the event of dissatisfaction. The anticipation
of these strong emotions will dissuade individuals from not contributing, this may
explain the emergence of the contribution
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4 Discussion

In the model developed in the second section, players are expected to take into
account the intentions of other players and react by maximizing their utilities by
combining both gains and emotions. This integrated utility function of the relevant
arguments, that takes into account their social or legal reasons and who actually refer
to psychological considerations. In contrary to the conventional models, this consid-
eration improves the explanatory power of the models with regard to experimental
observations.

The experimental method allows precise and systematic measurement of real
and controlled behaviors. This method makes it possible to isolate certain contexts,
presented by theory as determinants of these behaviors, and to modify others in
order to measure the effective impact. In particular, it makes it possible to exclude
any possibility of contractual engagement, any reputation mechanism, and also any
threat or promise.

Regarding the case studied in this article, the experiments has revealed several
regularities. The first regularity is the observation that in the first period of the game,
when individuals do not yet know the behavior of the other participants, on average,
these individuals contribute about half of their endowment. The second pattern is
the decline in average contribution levels between the first period and the last period
of a repeated game (see, [16]). These observations highlight the concept of condi-
tional cooperation and the importance of considering the heterogeneity of participant
preferences to explain the tendency for contributions to decline over time.

Thus, according to these observations, consider that individuals contribute with
half the dotation ¢, = 5, then each player i has two choices: ¢; = 5 or ¢; = 0. In the
first case its utility is U = 101 + 206.

If he is satisfied with his endowment and those of others, we willhave A =0 =1,
and U = 30. On the other hand, if he chooses not to contribute ¢; = 0, his utility is
U =201 4+ 156 + 15w. By being not satisfied with his choice (A = 0) and satisfied
with the choices of others (6§ = 1) but anticipating a regret of maximum intensity
w = —1, its utility will be U = 0. This means that the presence of the emotional
feeling causes the utility of the non-contribution to be negligible, which leads the
player to decide to contribute.

Not taking into account these maximum values of emotions will always give the
chancetoobtain U(c; = 5, ¢y # 0) > U(c; = 0, ¢ # 0). This highlights the impor-
tance of conditional contribution, that is, the emotions that prevent the player from not
contributing are present when the player anticipates that others will contribute, and
they are weak otherwise. Thus, while respecting the principle of utility maximiza-
tion, when the choices take into account the anticipated consequences of emotions,
the outcome of the situation changes and consequently the equilibrium of the game
changes.

Conditional cooperators are individuals who respect and enforce a social norm of
cooperating when others cooperate. Therefore, the phenomenon of the decrease in
cooperation over time stems from the conditionality of cooperation, which explains
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its emergence even in the absence of institutions (see, [17]). The importance of
considering emotions in economic behavior simulating the triggering of a virtuous
circle between sanction and cooperation (see, [16]).

Finally, because of the considerable interest of the treated subject, our research
contributes to the debate on the financing of public goods and the question of the
social preferences both on the theoretical and practical level. At the theoretical level,
our research has highlighted the important role of emotions in the way of constructing
utility functions in a particular case of public good by highlighting prosocial behavior.
In addition, a better combination of earnings and emotions can describe and represent
the material and emotional situation of a contributor. On the practical level, when
agents are predisposed to contribute, public decision-makers on their part are invited
to ensure the appropriate conditions in order to capitalize on this predisposition of
citizens wishing to finance the public good. In addition, creating an environment
that promotes trust and solidarity can be achieved through social recognition of the
willingness to contribute by avoiding the stowaway paradox. It is about creating an
economic and social environment likely to change cultures and mentalities for a new
management of public goods which simulates social well-being.

5 Conclusion

Nowadays, the theory of social preferences is one of the theoretical innovations
of economic analysis today. New models under this theory abandon the traditional
image of the economic agent as a maximizer, calculator, who is preoccupied with
his own material interest and selfish behavior. Theoretical models capturing social
preferences are a very useful tool for economists who wish to rationalize empirical
observations. They point to anomalies in the behavior of economic agents. From a
standard economic analysis perspective, the economic agent is completely insensitive
to emotions. In other words, the latter can in no way become involved in individual
decisions. On the other hand, these new models abandon this image in favor of that
of an actor subject to a wide range of emotions and feelings in his interactions with
others.

The public good game illustrates the importance of embedding emotions in sit-
uations of social dilemma. It corresponds to situations in which each player makes
his own choice of whether to contribute or not. Social dilemmas characterize in eco-
nomics situations of social interaction where a conflict can arise between the interest
of the individual and the social interest. These situations where the rationality of indi-
viduals prevents them from cooperating are traditionally illustrated by the prisoner’s
dilemma game.

Several facts are identified by experiential economics and which remain poorly
explained by standard economic theory. Thus on the basis of these observations the
authors have constructed models which account for these facts. Experiential research
shows that individuals cooperate much more than predicted by classical economic
theory based on individual selfishness.
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Generally, research on social dilemmas encourages cooperation between

researchers from different disciplines interested in understanding the sources of this
evolution. Economists, managers, psychologists and sociologists can thus combine
their efforts to understand the mechanisms behind the emergence of cooperation in
social dilemmas (see, [16]).
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Fundamental Systems of Units of Some )
Imaginary Multiquadratic Fields L
of Degree 16

Abdelmalek Azizi, Mohamed Mahmoud Chems-Eddin,
and Abdelkader Zekhnini

Abstract Let ¢g; = ¢, =3 (mod 8) be two different prime integers, d a posi-
tive odd square-free integer relatively prime to g; and ¢». The main aim of this
paper is to investigate the unit groups of some number fields of the form L =

QW2, /a1, T2, N—d).

Keywords Multiquadratic number fields - Unit group * Unit index - Quadratic
fields

1 Introduction

Let k be a number field of degree n, (i.e., [k : Q] = n). Denote by E; the unit group
of k that is the group of the invertible elements of the ring Oy of algebraic integers
of the number field k. By the well known Dirichlet’s unit theorem, if n = r| + 2r»,
where r; is the number of real embeddings and r, the number of conjugate pairs of
complex embeddings of k, then there exist ¥ = r; + r, — 1 units of Oy that generate
E}; (modulo the roots of unity), and these r units are called the fundamental system
of units of k. Therefore
Ep >~ (k) x zn+r=1,

where (k) is the group of roots of unity contained in k.

One major problem in algebraic number theory (and thus in theory of units of
number fields which is related to all areas of algebraic number theory) is the compu-
tation of the fundamental system of units. For quadratic fields, the problem is easily
solved. For quartic bicyclic fields, Kubota [6] gave a method for finding a fundamen-
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tal system of units. Wada [7] generalized Kubota’s method, creating an algorithm for
computing fundamental units in any given multiquadratic field. However, in general,
it is not easy to compute the unit group of a number field especially for number
fields of degree more than 4. Actually, in literature there are only few examples of
computation of unit group of a given number field k of degree 16 (see our recent
works [2—4]).

In this paper, the main goal is to determine the r = r| 4+ r, — 1 generators of the
torsion-free subgroup of Ej, for an infinite family of number fields k of degree 16 of the
form Q(ﬁ, Va1, /2, \/—_d), where g1 = ¢> = 3 (mod 8) are two different prime
integers and d a positive odd square-free integer. Let ¢, denote the fundamental unit
of the quadratic field Q(+/¢) and (*) the Legendre Symbol. Then the main theorem
of this paper is the following.

Theorem 1 Let g1 = g = 3 (mod 8) be two different prime integers, d a positive
odd square-free integer relatively prime to q; and q», and L. = Q(v/2, J/q1, /2,

~ —d). Without loss of generality we may assume that ( ) = 1. So we have:

a1
q2

1. Ifd =1, then a fundamental system of units of L is given by

{827 VEqi Vg N Eqqr> \/\/‘9(11 VERE2q192> \/«/52111 V2 €2q142> \/4'852«/‘% V2 } ,

where {3 is the primitive 8-th root of unity.
2. Ifd # 1, then a fundamental system of units of L is given by

{82’ VEais V€215 A Eqrs N Eqigr> \/\/ Eqn N €2q192> \/V 82(]1\/82%\/82(]1112} :

The proof this Theorem is long and very technical. Therefore, in the third section,
we prove with details the first item of the main Theorem and we shall let details of
the proof of the second item to the reader.

2 Preliminary Results

In this section we recall some results that will be useful in what follows.

Lemma 1 Letr K¢ be a real number field, K = Ky (i) a quadratic extension of K,
n > 2 aninteger and &, a 2" -th primitive root of unity, then &, = %(/L,, + \,i), where
tn = 2 F tony An = /2 — fin_1, 2 = 0, Ay = 2and uz = 3 = ~/2. Let ng be the
greatest integer such that &, is contained in K, {€1, ..., €} a fundamental system
of units of Ko and € a unit of Ko such that (2 4 [1,,)€ is a square in K (if it exists).
Then a fundamental system of units of K is one of the following systems:

1. {€1,...,€_1, /& €} if € exists, in this case € = e{' -~6,"L16,, where j; € {0, 1}.
2. {e1,..., €} elsewhere.
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Proof See [1, Proposition 2].

Lemma 2 Let Ky/Q be an abelian extension such that K is real and B a positive
square-free algebraic integer of Ko. Assume that K = Ko(v/—B) is a quadratic
extension of Ko, which is abelian over Q. Assume furthermore thati = /—1 ¢ K.
Let {ey, ..., €} be a fundamental system of unit of Ko. Without loss of generality
we may suppose that the units €; are positives. Let € be a unit of K such that Be is
a square in Ky (if it exists). Then a fundamental system of units of K is one of the
following systems:

1. {€1,...,€_1,/—€} if € exists, in this case € = e{‘ .- -elee,, where j; € {0, 1}.
2. {e1,..., €} else.

Proof See [1, Proposition 3].
Lemma3 Let g = g, =3 (mod 8) be two primes such that (g—;) =1

1. Let x and y be two integers such that 34,4, = x + Y+/2q192. Then

a. x — lisasquareinN,

b. /28249, = Y1 + Y24/2q1q2 and2 = _)’12 + 2q1q2y§,f0rs0me integers y; and
Yo satisfying y = y1y.

2. There are two integers a and b such that 4,4, = a + b./q1q> and we have

a. 2qi(a + 1) is a square in N,

b. biseven, [e;q4, =bi1/q1+br/grand 1 = qlb% - qzbg for some integers
by and b, such that b = 2bb,.

3. Let c and d be two integers such that &y, = ¢ + d+/2q;. Then we have

a. ¢ — lisasquareinN,
b. /2y, =d| +dr/2g; and 2 = —dl2 + Zqidzz, for some integers di and d,
such that d = dyd,.

4. Let o and B be two integers such that ¢, = a + B./q;. Then we have

a. o — 1isasquareinN,

b. \J2ey = B1+ Br/qiand2 = —512 + q,-,B%,for some integers B1 and B, such
that B = B Ba.

Proof See [5, Lemma 2.4].

3 Proof of the Main Theorem

Now we can prove our main theorem. Let us start by the first item:
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L =Q(V2,va1,va2)

] T

L =Q(V2,yq1) L, =Q(v2,/q2) Ly =Q(V2, /q1q2)

Q(v2)

Fig. 1 Subfields of LT /Q(+/2)

1. Without loss of generality we may suppose that (Z—j) = 1. First we shell need the

fundamental system of units of L™ = Q(+/2, /91, \/q2), and thenusing Lemma 1
we deduce the fundamental system of units of L. Consider the following diagram
(Fig. 1 below).

Put Gal(IL*/Q) = (o1, 02, 03), where

01(v2) = =2, o1(a) = Va1, o1(JP) = V@2
0(vV2) =2, o(Jq) = —Jai. (/@) =B
03(vV2) = V2, o3(Ja1) = a1, o:3(JB@) = — /.

By [5, Proposition 2.7], we have

Ep+ = <_1’ €2, A/8q15 N/ €2q1> A/ Eq25 N/ Eq1a2» \/V Eq1v/Earv/E29192> \/\/82‘11 v3242V‘924142>'

Put

2 b : d e g
£=02+V2). £ Veq e NER Vg 3/8111811252!11!12/ Vg1 820:82q140° 5

witha, b, c,d, e, f, g € {0, 1}. We will use norm maps from IL* to its biquadratic
subextensions. The computations of these norms are summarized in the following
table (see Table 1). Note that the third line of Table 1, is constructed as follows
(we similarly construct the rest of the table):

By Lemma 3, we have /5, = %(,31 + B24/q1) and 2 = —B{ + g1 3. Thus:

Ve = =5 B+ Bav/a)
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Ve = 75 (B = B2/
_ 1 Bi=Bya)Bi+h2 /D)
-2 Bi+Ba/ar
1 Bi-Ba)
2 e
— 1. =2 _ =L
2 o R

Ve = 5B+ By
:ﬁ.

MI-HTI ZMGI(M)
= Ve (&)
= &g

MH@ Z\/g—ql.@(ﬁ)
= eq ()
=1

MHGM = /&4, " 01 (03(M))
= —&g4.

MHU:O@ = M'@(@(M))
= /e - 02(\/3q)

= Sql * ﬁ

e Let us eliminate some forms of &2 such that £ can not be in L. Consider L, =
Q(/q1, \/q2), we will apply the norm Ny ;;, =1+ o7.
Ny ED) =20 (=D (=12 b 1 (=) (eg)? e, - (DY Jog T e (—1DEY,

_ a+b+d+uf+gv b d e :
= (=1 8 2-84, " €gy Eq1an /sqlf- /squ.

Therefore, a +b+d +uf + gv =0 (mod 2). One can easily deduce that
f=0.Thusa+b+d+ gv=0 (mod 2) and

b d e
52 =2+ \/E) ’ 8; Veéq N 82¢IIC “NVea NEaiar NE241€29:82414" -
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Table 1 Norms in Lt /Q(+/2)

£ £01 g% 03 81+O’1 81+02 e 140103 é,1-%—(‘!203
-1 1 2 ] 2
& NG &2 : &2 & €
Vea e | FEr £q1 —€qi -1 —&q -1
1 —1
/€24, o B /€24, 1 1 1 1
—1
VEa “Vea A T —Eq g, 1 -1
1 —1
V€2 NG V2 o, 1 €292 —&2gp -1
—1 1
/€ /€ — £ -1 1 —é,
9192 9192 D T 9192 9192
1 —1 —1
/e 1 -1 -& e
2a1q 2414 €2414; 2414; 2aia 2aia

o Now we will apply the norm Ny /;, = 1 + 0,03, where L3 = Q(ﬁ, Jq192).
We have

Ny €D = @+ V22 &3 (=P - (=D (=D (=D& - (=D - Jorga®,

9492 "

=2+ ﬁ)Z . S%a . (71)b+c+d+e+tg . g \/%g.

Qg "

Using Lemma 3, itis easy todeduce thate = g = 0. Thusb + ¢ +d =0 (mod 2)
anda +b+d =0 (mod 2). It follows that a = ¢ and

%-2 =2+ \/E) ' 8; : V8411b : \/82(110 ’ V‘sqzd'
o Letus apply N1, = 1 + o103, with Ls = Q(,/q1, v/2¢2). We have

Niji (63 =2+ (1) (=)’ &b, - 11

— a+b b
= (=D 2.6,

So a+b =0 (mod 2). Since 2 is not a square in Ls, then using Lemma 3,
one easily deduces thatb = 1 andsoa = 1. Sincea + b+ d = 0 (mod 2), then

d = 0. Therefore,
E2 =2+ 2) &2 Jeg - /o20

Since the Hasse’s unit index Qr, equals 2 (cf. the proof of the main theorem of

[5]), then by Lemma 1 (2 + «/5) - €2 \/€q, * /24, 15 a square and therefore we
have the first item.
2. For the proof of the second item we similarly put

2 _ b c d e .
§&°=d- 8121 “Nea A€ A Eqr - \/Echqz : y8q18q282Qqu ’ (752q152q252q1qzé»
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with a, b, c,d, e, f € {0, 1}. We proceed as above to eliminate all forms of &2,
and we deduce the result by using Lemma 2.
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One-Dimensional Inverse Stefan Problem | m)
Numerical Approximation Utilizing L
a Meshless Method

Mohammed Baati and Mohamed Louzar

Abstract We extend a meshless method of fundamental solutions to the one-
dimensional inverse Stefan problem for the heat equation, where the boundary data is
to be reconstructed on the fixed boundary. The inverse problem is ill-posed for small
errors in the input measured data can cause high deviations in solution. Therefore,
we incorporate Tikhonov regularization to obtain a stable solution. Numerical results
are presented.

1 Introduction

Stefan problems model is a specific type of free boundary problems in partial differ-
ential equations related to heat diffusion [1, 2]. It aims to describe the temperature
distribution in a homogeneous medium, for examples solidification of metals, freez-
ing of water and food, melting, ablation, etc.

The direct Stefan problem consists finding the temperature and the moving bound-
ary interface when the boundary conditions and the initials, and the thermal properties
of the heat-conducting body are known [3]. The inverse problem consists a calcula-
tion of temperature distribution, as good as the reconstruction of the function which
describes the temperature distribution on the boundary and/or the initial conditions,
and/or thermal properties from additional information, which may involve the partial
knowledge or measurement of the moving boundary interface position, its velocity
in a normal direction, or the temperature at selected interior points of the domain,
examples of inverse solidification problems can be found in [1, 4].

Recently, the Fundamental Solutions Method (MFS) has been successfully applied
to different types of hyperbolic and parabolic problems, including direct and inverse
Stefan problems. The simplicity of the method and the ease with which it can be
implemented have made it very well known.
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For the advantages of MFS in comparison to other more classical methods of
domain, we can refer to [5]. For the outline of this paper in Sect.2 we formulate
the inverse Stefan problem and discuss some variants of it. In Sect.3 we give an
MEFS for numerically solving the inverse Stefan problem and recall some theoretical
properties about the denseness of this MFS approximation. In Sect. 4 the numerical
results presented show that an accurate approximation to the inverse Stefan problem
can be obtained using the MFS with short computational cost.

2 Mathematical Formulation

Consider the direct one-dimensional Stefan problem, we like to determine the free
boundary (sufficiently smooth) which we denote by Rs and is given by x = s(t) for
t € (0, T] and the temperature solution u(x, t). Let D = (0, s(¢)) x (0, T] denote the
heat conduction domain with D = [0, s(t)] x [0, T] and For any positive function s
€ C[0, T] satisfying s(0) = b, where T > 0 and b > 0 be two fixed constants.

We have a fixed boundary at x = 0, which we denote by R,,. We denote the union
of the boundaries by R = Ry U R,.

In the direct one-phase Stefan problem we wish to determine the solution u(x, t)
as well as the moving boundary given by x = s(t), satisfying the heat equation:

8_u( t)—az—u( 1)=0,(x,0eD (1
o VT o TR

Subject to the initial condition:
u(x,0) =up(x), x € (0,b],5(0) =>b (2)
The Dirichlet and Neumann boundary conditions on the moving boundary x =
v u(s(),t)=0,t€(0,T] 3)
g—i(s(t), 1)=—s5,1€(0,T] 4
At the fixed boundary x = 0, we have the following Dirichlet and Neumann data:

u,t) =h(),t € (0, T] 5)

Ou
- 8_(S(t)’ 1)=g9@),t€(0,T] (6)
X
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Existence, uniqueness of a solution and continuous dependence on the data, i.e.
wellposedness for u(x, t) and s(t), hold for direct one-phase Stefan problem (1)—(5),
(1)—(4) and (6), see [6-8].

The boundary conditions given by Eqgs. (3) and (4) can be changed by the general
boundary conditions

u(s(t),t) =hy(t),t € (0,T] @)

Z—M(S(t), 1) =hy(1),1 € (0,T] (®)
X

where hy, hy, € C([0, T]) satisfy the compatibility conditions /,(0) = uy(s(0)) and
h1(0) = uy(s(0)).

The inverse Stefan problem that will be investigated in this paper needs to finding
the temperature u(x, t) satisfying Eqs. (1)—(4) with s(t) prescribed and reconstructing
the Dirichlet and Neumann data at the fixed boundary at x = 0. This inverse Stefan
problem is still an ill-posed problem with respect to short perturbations of the input
data. Thus, regularization techniques are needed to restore stability.

3 The Method of Fundamental Solution (MFS)

We recall the fundamental solution of the one-dimensional heat Eq. (1):

F(x,t,y,7) = H(f—_”w% o
@t — 7))z

where H is the Heaviside function.

We make a set of source points placed external to the domain D. We indicate
the domain by Dg, which contains the domain D, with bounding surface Rg, and
consider the time interval (0, T) extended (—T, T), see Fig. 1 for a representation of
the domain, boundary and placement of source points. The boundary R is split into
two boundaries R}f (for x < 0 with points or this boundary denoted by y1(t)) and
Ré) (for x > s(t) with points on this boundary indicated by y2(t)).

We make a denumerable, wherever dense set of source points on the external
boundary R, and denote this set by (y; (), Tm)1,2... and j = 1, 2 be a denumerable,
wherever dense set of source points equally distributed on the external boundary Rg.

The fundamental solution verify the heat equation:
OF O°F (10)
ot oxr

We make an method of fundamental solution approximation to (1)—(4) as a linear
combination of these fundamental solution given by
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F 1
& ' Dg "
I | )
' 7l 1

Fig. 1 General representation of the domain D and boundary R = R, U Ry, with unspecified
boundary condition (...) R, and source points (—) placed on Rg = R}E u R% external to the domain
D

2 o

Uoo(X, 1) = Y Y ) F(x,t:3;(Tw), Tw), (x, 1) € D (11)

Jj=1 m=1

Theorem 1 Elements of the form (11) constitute a linear independent and dense set
in the L?-sense on the initial base boundary as well as on the boundaries R, and
Rg.

To implement the MFS for the inverse Stefan problem we make truncate (11) by
taking a finite number of terms, namely

2 2M

(6, 1) =Y ) F(x, 153 (Tn), T), (x, 1) € D (12)

j=1 m=1

We construct a one-dimensional domain, with a fixed boundary at x = 0 and a
moving boundary x = s(¢), and source points placed at the coordinates following:

(=h,7) forte (—-T,T) (13)
(h+s(r),7) for € (0,T),and (h+s(—1),7) for 7 € (—T,0) (14)

Source points have been settled symmetrically with respect to 7 via a reflection
through t = 0, we will test other source point positions to see if a different placement
produces better results.

The source points will be settled at time points (7,,)m=1...2m € (=T, T) given by

.....

_2m—M)—1

T,m=1,...,2M (15)
oM

m
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and on R set

Vi(Tm) = —h and y,(1,) = h+s(|m]),m=1,...,2M (16)
we have in total 4M source points on the external boundary R g, and we make the same
number of collocation points on the lateral and base surfaces Sy U R;. We indicate

that the position of the collocation points may be arbitrary, but in what follows we
place them for ease of implementation. Let

" :ﬁT’xi =s(t),i=0,..., M, (17)
ks (0

= B0 Lk (18)
K+1

we construct the following system of equations

up (x5, 0) = up(xt), k=1,.... K (19)
up (xi, 1) =0, (20)

0 ,

M i 1) = —s'(6),i = 0,..., M Q1)

Ox

The system of Eqgs. (19)—(21) contains k 4+ 2(M + 1) equations and 4M unknowns.
Therefore, a necessary condition for a unique solution is K > 2M — 2. This system

can be represented by
Ac=yg (22)

where ¢ indicates the vector of unknown constants c;,, g represent the initial and
boundary values at the collocation points and A is the matrix which indicate the
value of fundamental solution at the corresponding collocation and source points.
The matrix A will have a high condition number, so regularization is usually required.
We make the Tikhonov regularization method, which solves the modified system of
equations following:

(A"A+XDc=A"¢g (23)

instead of the system of Eq. (22), where the superscript " indicates the transpose of a
matrix and I is the identity matrix. The now well-conditioned linear system of Eq. (23)
can be solved using any classical method such as the Gaussian elimination method
for example. The regularization parameter A > 0 is taken according to the L-curve
criterion [7]. We indicate that solving the system of Eq. (23) gives an approximation
to the vector of coefficients c.
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4 Numerical Results

‘We have presented an example of a test in this section such that s(t) is a linear function
[8].
s(t)=t+b,t €0, T =1] (24)

(=h,7),Te(=1,1),(s(m)+h,7),7e€(©,1)and (s(—7)+h,7), 7 € (—1,0),
(25)
we take the exact solution given by

ux,t) =—1+exp(t —x+0>b),(x,t) € [0,s(®)] x [0, T =1] (26)

we take initial and boundary conditions

ux,0)=—-1+4+exp—x),x €[0,b],s(0) =b 27
u(s(t),t) =0,te (0, T = 1], (28)
Ou ,
— (@), )y =—5't) =—1,t € (0, T = 1] 29)
Ox

Random additive noise simulating measurement errors to the Neumann (29) has been
added in this example:
W) (s(t), 1) = =1+ N(0, 0%, (30)

where N (0, o%) indicates the normal distribution with mean zero and standard devi-
ation.
oc=0 xmax|u,(s),t)| =0,t € (0, 1] 31

where § is the relative % noise level. Noise could be added in some other quantity
related to the position of the moving boundary s(t), but this case is not track here,
Fig.2.

We choose A = 107 corresponds to the corner of the “L” in Fig. 3, for all three
noise levels, we wish to recover the Dirichlet and Neumann boundary conditions in
the fixed boundary x = 0 given by

u(,t) = —1+exp(t+b),t €(0,1] (32)
Ou
—(0,t) = =1 —exp(t+b),1 € (0, 1] (33)
Ox

In Figs.4, 5, 6, and 7 we extend an approximation method of fundamental solu-
tions for u(0, ¢) and u, (0, ), respectively, are plotted for two different noise levels
6 € 1, 5% and, when compared, they approach the exact solution, however, the accu-
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-h 0 5(0) h x

. i

Fig. 2 Particularisation of Fig. 1 for s(t) given by Eq.(24) withb =0

Fig. 3 L curve plots for 10° . i - .
0=1%,0 =3%,6 =5% *
when h = 2.5, K = 30 and M )
=16 10'} L, \\. 2 1
\.\\ \ k‘
"

| cll2
>
>
/’-_

L R
L\
\ A
10' A =10"5"e—gid 1
0 ‘\
10 : . . :
10™ 107 1072 107 10° 10'
| Ac—g |2

racy deteriorates as time increases, which is predictable, because of the noise and
as t increases. These curves also show that, as expected, the heat flux is more diffi-
cult to estimate accurately than boundary temperature; however, the numerical solu-
tions are stable and they become more accurate as the amount of noise J is smaller,
Figs.8,9, 10, 11 and 12.
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0-3 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Fig. 4 The exact solution u(0, t) (-) and the MFS approximation. Both plots for § = 0% when h =
2,K=30and M =16

1.2 T T T T T T T T T

1.1

0.3 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

t

Fig. 5 The exact solution u(0, t) (-) and the MFS approximation. Both plots for § = 5% when h =
2, K=30and M =16
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-0.9 T T T T T T T T T

u (0,)
*

_1 -6 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

t

Fig. 6 The exact solution u(0, t) (-) and the MFS approximation. Both plots for § = 0% when h =
25, K=30and M = 16

u (0,)

_1 -6 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

t

Fig.7 The exact solution u(0, t) (-) and the MFS approximation. Both plots for § = 5% when h =
25, K=30and M = 16
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107 107 10” 10° 10'
| Ac— g |l2
Fig. 8 L curve plots for § = 1%, 6 = 3%, 6 = 5% whenh =2.5, K=30and M = 31

1.2

1.1

0.3 | | | | | | | | |
0 0.1 02 03 04 05 06 07 08 09 1

t

Fig. 9 The exact solution u(0, t) (-) and the MFS approximation. Both plots for § = 0% and
obtained withh = 2.5, A = 1075, K = 60 and M = 31
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Fig. 10 The exact solution u(0, t) (-) and the MFS approximation. Both plots for § = 5% and
obtained withh = 2.5, A = 1073, K = 60 and M = 31

-0.9

u (0,)

*
* 4
*
* 4
*
*
* 4
* 4
*
*

¥
0.1 02 03 04 05 06 07 08 09 1

t

Fig. 11 The exact normal derivative u, (0, #)(—) and the MFS approximation. Both plots for
o = 0% and obtained with 1 = 2.5, A = 1075,k = 60 and M = 31
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u (0,)

_1 -6 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

t

Fig. 12 The exact normal derivative u, (0, #)(—) and the MFS approximation. Both plots for 0 =
5% and obtained with &1 = 2.5, A = 107>, k = 60 and M = 31

5 Conclusion

In this article, an MFS was proposed and investigated for the one-dimensional inverse
Stefan problem, where boundary data are reconstructed with a tikhonov regular-
ization method. Numerical example was presented showing that the MFS to find
boundary data can be adjusted to the inverse Stefan problem.
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Comparison Between Gradient Descent )
and Adam Algorithms for Image i
Reconstruction in Diffuse Optical

Tomography

Nada Chakhim, Mohamed Louzar, Abdellah Lamnii, and Mohammed Alaoui

Abstract In this work, we aim to solve the inverse problem of diffuse optical tomog-
raphy by using enhanced gradient descent methods. The light propagation throughout
the medium is described by the diffusion approximation in frequency domain. For
comparison purpose we use the gradient descent method. We have studied the con-
vergence of the objective functional. Our simulation results, in all cases we have
tested, show the robustness and the quick convergence of Adam algorithm compared
to the gradient descent algorithm.

1 Introduction

Diffuse optical tomography (DOT) is a non- invasive, non-ionized and an inexpen-
sive medical imaging method that uses Near infrared light (NIR) to probe optical
properties [1, 2]. The radiative transfer equation (RTE) describes the light propaga-
tion [3]. We use the diffusion approximation equation based on the RTE, in the case
of frequency domain, throughout this paper.

Early studies used gradient-based methods to solve minimization problems in opti-
cal tomography [4-6]. In this work, we adopt Adaptive moment algorithm (Adam)
as introduced by Kingma and Lei Ba [7] to recover the optical properties of the
DOT inverse problem. Adam is a stochastic gradient based optimization algorithm
that only requires first order gradients, and used for problems with sparse or noisy
gradients [7, 8].

Our aim is to compare the convergence of the objective functional using Adam and
the classical gradient descent (GD) algorithm. We will characterize the performance
of the Adam algorithm with respect to the choice of hyper parameters, and in the case
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of noisy data. A comparison between Adam and gradient descent algorithm will be
investigated with respect to the performance measured by the speed of convergence
of the objective functional.

This paper is organized as follows: In Sect. 2 we present the mathematical for-
mulation the RTE and its diffusion approximation equation in frequency domain. In
Sect. 3 we describe the algorithms used for the recovery of the optical properties of
DOT. In Sect. 4 we show the results of our simulation. Finally, we summarize by
conclusions.

2 Formulation of the Forward Problem

In this section we firstly describe the mathematical formulation of the RTE based on
diffuse optical tomography. Let the space X be defined by

X :=Q x §¢!

where S?~! | d = 2, 3 denotes the unit sphere of R, and 2 is the medium of interest
which is assumed to be a compact, convex subset of R with boundary X = 90X, U
axX_

Xy :={(,0) € X| £ (0.n) > 0}

where 0X the outgoing and incoming boundaries and »n the outward unit normal
vector. Photon migration in biological tissues can be described as follows

%‘D(h 0) +0.VO(r,0) + (na + pus) P(r, 0) = pg \/;d’l n0.0)2(r,0")do (0') + q(r,0)
ey
where c is the speed of light in medium, i is the imaginary unit, and o is the angular
modulation frequency. The variables r and 6 denote the spatial position and the
angular direction, respectively. ® is the radiance, the coefficients u, and pu, are the
absorption and scattering coefficients, respectively, and g (r, 0) is the internal source
inside €2. In this paper,we consider the case with no light source inside X; g (r, 0) = 0
Let €; C 92 be the source position, 1 < j < s, s is the number of sources. Then,
the boundary condition can be written as

Oo(r,0) if re Uj’:lfj
O(r,0) = 2
0 if redQ\U_ ¢

This boundary condition implies that if a photon escapes the medium €2, it does not
reenter it. The non-negative normalized phase function 7(r, 6.0") is the probability
that photons traveling in the direction 6’ are scattered into the direction 6.
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/ n(60.0")do (9) =/ n(0.0")do(9) =1 3)
§d-1 §d-1

In optical tomography, the phase function is usually taken as the Henyey-Greenstein
phase function [9]. In 2D, it is of the form

1—g2

0.0') =
168 = T e = 250.07)

“4)

where the parameter g € (—1, 1) is the scattering shape parameter that describes the
shape of the probability density.

The simplest approximation of the RTE described in (1)—(2) is the diffusion
approximation, where W (r) = fS,H ®(r,0)do (9). In frequency domain case, The
diffusion approximation is of the form

— VL.D(r)V¥(r)] + (% + 1a(M)W () =qo(r) 1 e &)

with the Robin-boundary condition

Y(r)+ 2aD(r)¥ =q(r) reoif (6)

where a represents the boundary reflection coefficient and depends on the mismatch
between the refractive indices, and D(r) is the reduced transport coefficient defined
by D(r) = W W, denotes the reduced scattering coefficient expressed as ), =

(1 — g)us. We solve The forward model (5)-(6) by using the finite element method
for more details we refer the reader to [10].

3 Inverse Problem

Inverse problem we are interested in consists of determining the couple (i, is)
from the set of true data y; such that

Fi(:ua»,us):yi 1<i<s )

we denote by F; the forward operator which is assumed to be Fréchet differentiable,
and y; the approximate measured data. The objective functional can be stated as

1 s
I (a ) = 5 D J(Filta 1) = 31)’ ®)

i=1
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Since the inverse problem is ill-posed, it requires regularization. A first order
Tikhonov regularizationis applied [11]. By adding a regularization term, the objective
functional is formulated as

l s
T (a ) = 5 D (Filita i) = 30)° + AR (o 25) ©)

i=1

where R(u,, s is the regularization operator that enforces smoothness conditions
in the solution, and A is the regularization parameter.
The gradient of the objective functional can be written as follows

VI (a, s) = Z Fi/(l'Laa Ms)*(Fi (Ma» pg) — yi) + )\R/(Maa Ms) (10)

i=1

where R’ (4, its) is the Fréchet derivative of regularisation operator with respect to
Mg To solve the minimization problem (9) we use Adam algorithm and we compare
it with the GD algorithm.

Adam optimizer
Adam method is given by

xk-‘rl — xk _ 13 Wik‘H (11)
Ug+1 + €
where
N my (12)
my = ———
(1—p)
~ Uk
Vg = ———— (13)
(1—p%)
my = pr.mp—1 + (1 — p2).8k (14)
v = prve-1 + (1= po).gi (15)
gk=VJ (16)

with B is the step size parameter, p; and p, are the exponential decay rates for the
moment estimates.

Gradient descent optimizer
The gradient descent method can be described as follow

K =xk vy (17)

with t is the step size parameter.
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Convergence of Adam algorithm in DOT problem

The convergence of Adam algorithm is well established in [12] under the assumption
that the objective function has a bounded gradient. Here we show the compatibility
of this algorithm with the problem of DOT.

The forward operator F; and all its Fréchet derivatives are continuous, then,
(F; — y;) is bounded. Moreover, the adjoint Fréchet derivative F; is continuous and
bounded [11]. Thus, the gradient of the objective functional J(u,) is bounded, then
the convergence of Adam algorithm for the DOT problem is obtained.

4 Numerical Results

The synthetic data is generated by using the Toast++ software [13], which solve
the forward problem (5)—(6) described in previous section. In all simulation cases,
a circular domain which contains different inclusion sizes is performed. 20 sources
and 20 detectors are equally spaced on the boundary of the domain. the frequency
parameter w is equal to 100 Mhz. The regularization parameter X is set to be equal
to 1078. The background medium has absorption coefficient of i, = 0.015mm~!
and reduced scattering coefficient of u, = 1 mm~—, respectively, and these values
keep the same throughout this paper. The initial guess of reconstruction is set to be
identical to the properties of the background medium. For the choice of the hyper
parameters of the Adam algorithm in all cases, we take p; = 0.85, p, = 0.95 and
€ = 1078, The parameter S is chosen empirically in the range of 0.001 to 1 such that
we obtain W < § with less iteration count.

Figure 1 shows the results of one inclusion. Figure 1a shows the true distribution
of the absorption coefficient. Figure 1b shows the reconstruction of the absorption
coefficient using Adam algorithm after 63 iterations with 8 = 0.1. Figure 1c shows
the reconstruction of the absorption coefficient using GD algorithm after 400 itera-
tions with T = 0.9. By comparing Fig. 1b and c, we observe that the reconstruction
of the shape of the absorption coefficient seems to be satisfactory. The internal values
are closer to the true distribution values.

Figure 2 shows the case of two inclusions with different sizes. Figure 2a shows the
true distribution of the absorption coefficient. Figure 2b shows the reconstruction of
the absorption coefficient using Adam algorithm after 80 iterations with g = 0.15.
Figure 2c shows the reconstruction of the absorption coefficient using GD algorithm
after 500 iterations with T = 1.5.

In Fig. 3 we have contaminated the data with 0.1% additive random Gaussian
noise. Figure 3a shows the true distribution of the absorption coefficient. Figure 3b
shows the reconstruction using Adam algorithm with 8 = 0.28. Figure 3¢ shows the
reconstruction using GD algorithm with T = 3. We observe that the quality of image
is low when noise is added.
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Fig. 1 Reconstructed images of p, for the case of one inclusion. a True distribution of
Ha. b Reconstruction using Adam algorithm. ¢ Reconstruction using GD algorithm. d Norm of
residuals of Objective functional using the Adam algorithm. e Norm of residuals of Objective
functional using the GD algorithm
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Fig.3 Reconstructed images of u, for the case of three inclusions using Adam algorithm by adding
0.1% random Gaussian noise. a True distribution of 1,. b Reconstruction using Adam algorithm.
¢ Reconstruction using GD algorithm

The reconstruction results obtained prove that Adam algorithm can localize the
position of inclusions for different sizes and the algorithm converges quickly as
expected. However, the GD algorithm seems to be less efficient and computationally
expensive, especially, in the case of small inclusions. We have noticed that the number
of iterations depends on the number and size of inclusions.

5 Conclusion

In this study, we have applied two optimizers algorithms to recover the shape of
absorption coefficient in diffuse optical tomography. In the first step, we tested this
algorithms on a free noise synthetic data and then we added some Gaussian noise. The
numerical simulation results show that Adam algorithm can successfully reconstruct
the shape and locations of inclusions for all cases we have simulated, and outperforms
the gradient descent algorithm. It is observed that Adam algorithm is less sensitive
to noise.
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Modelling and Forecasting Individuals m
Using the Internet (% of Population) L
in Morocco

Oussama Rida, Ahmed Nafidi, and Boujemaa Achchab

Abstract This study introduces a new stochastic diffusion process that is based on
the generalized Goel-Okumoto curve. By analyzing the corresponding stochastic
differential equation (SDE), we can accurately determine the probabilistic charac-
teristics of the process, including its solution, transition density probability function,
and distribution. To estimate the model parameters, we employ the maximum likeli-
hood method and utilize discrete sampling. This allows us to formulate a nonlinear
equation that can be efficiently solved using metaheuristic optimization algorithms
like simulated annealing. The proposed model is then applied to fit and forecast data
on Individuals using the Internet (% of population) in Morocco.

1 Introduction

Following the “privatization” of the Internet in the United States during the mid-
1990s, there has been a significant expansion of the interconnected network. This
expansion has paved the way for a wave of innovation in information technology,
as well as in various fields that make use of this technology. As a result, a wide
range of online services and new “business models” have emerged, transforming
the way we interact and conduct business in today’s digital age. During the same
period, the United States experienced remarkable economic growth without sig-
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nificant inflationary pressures. This coincided with the emergence of the Internet
as a central component of a new growth paradigm, often referred to as the “new
economy”’. This perception contributed to the formation and subsequent rapid expan-
sion of a speculative bubble that heavily impacted internet-based businesses, [2].

In his work, David [4, 5] characterizes digital technology as a general-purpose
technology that has a significant impact on economic performance. The influence of
digital technology extends to various aspects of the economy and society, including
consumption patterns, production methods, and organizational structures. Similar
to the transformative inventions of the late nineteenth century, digital technology is
expected to bring about fundamental changes in the economy, stimulate economic
growth, and reshape society. However, these effects are anticipated to materialize
over the long term rather than immediately.

The growth phenomena being investigated exhibit two distinctive characteristics.
Firstly, they are dynamic rather than static, meaning that they involve changes over
time. Secondly, they are complex and involve multiple variables, some of which
may be unknown or difficult to quantify. To address these challenges, stochastic
processes, including diffusion processes, can be utilized. In such processes, random
fluctuations are incorporated into the differential equations, representing the curves
associated with the growth phenomena. The solution to these equations provides the
analyzed curve, thus incorporating stochastic differential equations into the modeling
framework.

This approach has generated a wide variety of works relating to the growth curves
of which we can only list some. Regarding the Gompertz curve, a diffusion process
related to the curve was the first to be considered in Capocelli and Ricciardi [3]. This
has been extended to other areas of study such as population growth. Another appli-
cations, such as demographics (Artzrouni and Reneke) [1] and Age dependency ratio
(% of working-age population) in Morocco (Nafidi et al.) [13] or energy consump-
tion (Giovanis and Skiadas) [6], are linked to some variants suggested by Tuckwell
and Koziol [18].

The process examined in this work is the stochastic diffusion process based on
generalized Goel-Okumoto curve which is in software reliability engineering used
for example, by Goel and Okumoto [8], which has been further generalized in Goel
[7] and modified by many researchers in developing a model of the classification
theme according to the nature of the debugging strategy. Thus, the generalized Goel-
Okumoto curve growth curve is given by :

y(t) = bo(1 — e )P (1)

The mean curve of the process represents the central tendency of the variable
under study, and its range can be influenced by the initial value. These dynamic
models excel in their ability to make predictions about future behavior. However, to
effectively apply this model, precise parameter estimates are required for accurate
implementation. In our case, for addressing the prediction issue, we employ the max-
imum likelihood method. While explicit expressions are available for calculating the
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parameters of the initial process distribution, the same approach cannot be applied
to the remaining parameters. For those, a complex system of equations arises, and
finding a solution through classical numerical methods is not guaranteed. To over-
come this challenge, we propose the utilization of metaheuristic optimization algo-
rithms such as simulated annealing (SA).

This section is organized as follows: firstly, we define the stochastic diffusion pro-
cess based on the generalized Goel-Okumoto curve as a solution to Ito’s stochastic
differential equation (SDE). Next, by applying Ito’s formula, we derive the analyti-
cal expression of this process. Subsequently, we determine the trend and conditional
trend functions associated with the process. In Sect. 3, we focus on estimating the
parameters of the proposed process through optimization methods. Specifically, we
employ simulated annealing as a local search method within the variable neigh-
borhood search framework to estimate the parameters based on the log-likelihood
equation. This allows us to obtain confidence intervals for the predicted values. In
the final section, we apply the model to real-time data of Individuals using the Inter-
net (% of population) in Morocco. The results demonstrate satisfactory forecasting
accuracy, indicating the effectiveness of the proposed model.

2 The Model and Its Probabilistic Characteristics

The model is a diffusion process that operates in one dimension and has a range of
values between 0 and infinity. It is defined by the process x (¢) for time intervals within
[#o, T'], which satisfies a nonlinear stochastic differential equation (SDE) given as:

pb
ebr — 1

dx(t) = x@®)dt +ox@)dw(t), x(t) = x4, 2)

Here, the parameters b, p, and o are positive real numbers, and w(¢) represents a
one-dimensional standard Wiener process.

2.1 Analytical Representation of the Model

We elucidate the primary attributes of the process, specifically in the context of
prediction. These attributes encompass the mean function, which, due to the model’s
configuration, adopts a Generalized Goel Okumoto curve, making it particularly
well-suited for both fitting and forecasting.

By transforming the SDE Eq. (2) into y(¢#) = log(x(¢)) and applying the It6 for-
mula, we obtain the analytical expression.

l—e o?
y(#) = yo + plog (m) - 7(1 — 1) +o(w(t) — w(t))
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By substituting, we have the following expression:

—bt 2

1—e P o
x(t) = xo(—_> exp <—7(t —ty) +o(w(t) — w(to))>, t>0 3)

1 —ebno

2.2 Distribution of the Process

For s < t, the variable y(¢) | y(s) = y, follows a normal distribution with mean
g(s, t,x;) and variance o?(t — s). Therefore, the x(¢) | x(s) = x, is given by
Alg(s,t, xs), 02(t — 5)], where g(s, , x;) = log(x,) + plog (}_%j) — %(t —5),
see [15].

Then, the transition probability density function (TPDF) of the process is : for
s <t

[—ebt 2 2
[10g%) = plog (=) + 5 =)

1
Sy, s) = -
ooty XV27mo2(t —s) P 202(t —s)

4)

3 Moments of the Process

The function that describes the conditional trend function (CTF) of the process is
given by:

1—eP\?

Elx@) [x(s) =x]l=x; | —— ) , t>5, (5)
1 —ebs

Furthermore, considering the initial condition P[x (%)) = x¢] = 1, the function that

describes the overall trend of the process is known as the trend function (TF).

1— e—bt P
Elx ()] = xo T o ) t > 1, (6)

— Without the presence of random fluctuations (i.e., when o = 0), through a straight-
forward integration, the solution of the ordinary differential equation (ODE)
linked to the stochastic differential equation (SDE) described in Eq. (2) becomes
x(t) = k(1 — e~?")P. This solution bears a resemblance to the generalized Goel-
Okumoto curve expressed in Eq. (1).
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Furthermore, we can calculate the quantile function by using the estimated parame-
ters, where z, represents the «-quantile of a standard normal distribution.

—bt

P 2
Pa(t)zx()( ) exp{—%(f—to)szaJ\/t—to} 7

1 —ebno

4 Estimation of Parameters

Given the explicit expression of the probability density function (TPDF), we can
employ the maximum likelihood method to estimate the parameters b, p, and o2. This
estimation is based on a discrete sampling of the process at specific time instances
ti, t, ..., t,,denoted as x;,, x,, . .., X;,. Itis assumed that the time intervals between
consecutive samples, #; — t;_; fori = 2, ..., n, are constant and denoted as /. In this
context, the notation x,, = x; is used. Assuming the initial condition P[x (t;) = x;] =
1, we can derive the associated likelihood function from Eq. (4).

n
. 2
L(x1, X2, oo %n3 by py o) = [ [ f Gisti | xic, i)

i=2

For computational convenience, we utilize the log-likelihood function to simplify
the above function.

—1 —1 >
1 log(2mh) — n logo? — Zlogx,» ®)

i=2

log L(x1, X2, . .., Xp3 b, p,0%) = —

2

- X; 1—e bt o
—— i —plog (——— )+ Zn| .
2ho? ; [ o (x,»_l) pos (1 T ) 2 ]

By taking the derivatives of the log-likelihood function with respect to b, p, and
o2, with t; — t;_, and applying the principle of maximum likelihood, the following
relationship is obtained:

0 x; l—e—bti > p
dlog(L(b, p,c?)) B 0g <x_,1) — plog (1_6—%4 ) +7
ob - h
tiilefbt,‘,lfl(l _ e*bt,‘) _ tl_e*bl,'fl(l _ e*bf,;])
X =

(1 —ebt)(1 — e~biir)

0 9
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Xi _ 1—e—bti Lz
w — i log (x,-,1> p10g<1_g—bfi71 ) T2 h log 1 — e bl —o
o 1 — e bti-1

d log(LL(b, p, 02))
do?2

e (n—1)+402h(n—1)—4210g ( al >

X
i i—1

bt; —bt;
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l

We use the discriminant for Eq. (10) and after some calculation the estimator of

O 18!

2 - Xi 1 —e b \\2
Az__ 1 _
6% = h[<1+—n_ ; Z(log(x—i 1) plog (—1 _e_,,,”)> )

i=2 -

(ST

- 1] (11)

For the estimator of p and b, we need numerical methods to approximate the
solutions for y (b) and ¢ (p)

n —bt; 52 —bt;_ —bt;
X; 1 —e " o ti_1e Phi-l tie
b) = 1 —pl _— —h —
r®) Z[og (Xi—l) P Og(l—e_bti—1> * 2 :| |:1—e_b’i—l l—e‘hti:|

i=2
(12)
" X; 1 —e b 62 1 —e bt
$0 =2 [l‘)g <_> ~plog (1_—) * 7’“} [I‘)g (1_—)]
(13)

In our specific case, we will estimate the parameters using Simulated Annealing (SA)
applied to the log-likelihood equation provided below:

2 n—1 2 1 < X; 1—e bt o2
T(b,p,cf ):7 5 10g0’ fWZ[log <X' 1) fplog <17677ht,,1> +7hi|
i=2

_ (14)

2

4.1 Aspects on Optimization Methods

As stated above, the use of stochastic optimization methods will be an alternative
to solving log-likelihood equation, such as Simulated Annealing (SA). The pro-
posed algorithm is designed to address optimization problems of the form min f (w),
where w € €. In certain scenarios, this algorithm is recommended over traditional
numerical methods as it imposes fewer constraints on the solution space and ana-
Iytical properties of the objective function. In the context of maximum likelihood
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estimation for probability distributions, similar approaches have been utilized in pre-
vious studies. For example, Nafidi et al. [15], Vera and Diaz-Garcia [19] as well as
Romén-Roma4, Torres-Ruiz, and Francisco [16] have employed comparable methods
in their respective investigations.

4.1.1 Simulated Annealing (SA) Algorithm

The algorithm under consideration is a local search metaheuristic introduced by
Kirkpatrick [11], inspired by the annealing process observed in materials science
and mechanical statistics. In a general sense, the algorithm follows the following
procedure:

Given a solution 6 at a particular iteration and the corresponding value of the
objective function f(6), in the subsequent iteration, a new value 6’ is selected from
the neighborhood Ny of 6. The increase in the objective function, denoted as A =
f(©) — f(0), is evaluated. If A <0, 6’ is chosen as the new solution. Otherwise,
there is a probability p = exp(—A/T), where T represents the temperature, that 6’
is accepted. Consequently, an internal loop generates a Markov chain, the length of
which corresponds to the number of loop iterations. At the conclusion of each loop,
the temperature gradually decreases, leading to the generation of a new Markov chain.
Initially, during the cooling process, solutions that result in a deterioration of the
objective function are allowed (at higher temperatures). However, as the temperature
decreases, such solutions are increasingly less accepted.

4.2 Estimated TF and Estimated CTF

Based on Zenha’s theorem [20], we can derive the estimated conditional trend (ECTF)
by substituting the parameter estimators into Egs. (5) and (6).

R | —obr\?
E[x@®)|x(s) = x,] = x, (—) (15)

1 —ebs

and the estimated trend function (ETF) is given by:

o= (i)
ElxO]=xy \ —— (16)

1 —ebio

Moreover, the estimated quantile is derived by substituting the parameter estimates
into Eq. (7).

1 _ e—bt()

R l—eil;’ &2 .
P,(t) =xg| ——— exp{—?(t—to)+za0«/t—to} (17
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Fig. 1 Simulated sample path of Generalized Goel-Okumoto process

5 Simulation

We employ the algorithm based on the numerical solution of the SDE associated
with the process, as described in [12]. We simulate 50 trajectories of the process,
governed by Eq. (3), where each trajectory consists of 30 observations within the
interval [0.05, 10].

Figure 1 illustrates the process with the following initial values: xo = 5, fp = 0.05,
b = 0.5, and p = 2. The plot includes multiple curves for different values of .

6 Application to Real-World Data

The proposed model is implemented to analyze the data related to the percentage
of individuals using the Internet in Morocco from the years 2002 to 2018. Internet
users are individuals who have accessed and utilized the Internet within the past three
months. This includes various devices such as computers, mobile phones, personal
digital assistants, gaming consoles, digital televisions, and other compatible devices.

In the past, telecommunication operators have emerged as the primary data source
for telecommunications information. This has facilitated easy access to data on sub-
scriptions for a majority of countries. Although it provides a broad overview of
accessibility, a more precise indicator is the penetration rate, which represents the
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proportion of households that have access to telecommunications services. This met-
ric offers a more accurate assessment of the extent to which households are equipped
with and utilizing telecommunications facilities. Over the past few years, there has
been an increase in the availability of research and communication technology data
obtained through surveys conducted with households and businesses. Equally signif-
icant are the data concerning the actual utilization of telecommunications services.
Ideally, statistics encompassing all three dimensions, namely subscriptions, access,
and usage, should be compiled for comprehensive insights into the telecommunica-
tions sector. It should be noted that the quality of data may vary among countries due
to discrepancies in regulations pertaining to data provision and accessibility. Incon-
sistencies can occur when the fiscal year of a country does not align with the calendar
year used by the International Telecommunication Union (ITU), which concludes at
the end of December each year. Several countries have fiscal years that conclude in
March or June, creating potential discrepancies in reporting and data collection [17].

The Internet is a globally accessible computer network that provides access to
various communication services, such as the World Wide Web. It facilitates the
transmission of email, news, entertainment, and data files, regardless of the device
used (not limited to computers but also including mobile phones, PDAs, gaming
machines, digital TVs, etc.). Access to the Internet can be achieved through either
a fixed or mobile network. For the most recent and comprehensive information on
sources and country-specific details. For additional/latest information on sources and
country notes.

The data, shown in Table 1, was obtained from the World Bank’s database.? The
method used consists of two phases:

e The data from 2002 to 2016 is utilized to estimate the parameters of the pro-
cess using simulated annealing and the R programming language. The resulting
parameter estimates are as follows: b = 1.7012, p = 1.75, and 6 = 0.032.

e The data spanning from 2017 to 2018 is examined in order to predict the anticipated
values of the process. The results, summarized in Table 1, provide an overview of
the behavior of the conditional and non-conditional trend functions, as well as the
quantile values presented in Table 2, calculated using Egs. (16), (15), and (17).
The performance of the short-term forecast for the process is depicted in Figs. 2
and 3.

In all scenarios, the values fitted with forecasts based on the ETF exhibit slightly
better accuracy compared to the ECTF. To assess the model’s performance, we cal-
culate two error metrics: the Mean Absolute Percentage Error (MAPE) and the Sym-
metric Mean Absolute Percentage Error (SMAPE). These metrics are defined as
follows:

Uhttps://itu.int/en/ITU-D/Statistics/Pages/stat/default.aspx.  Infrastructure: ~ Communications,
2020.

2 hitps://data.worldbank.org. World bank.individuals using the internet (% of population) - morocco,
2019.
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Table 1 Individuals using the Internet (% of population), ETF and ECTF

Years x(1) ETF ETCF
2002 2.37 2.37 2.37
2003 3.35 2.81 2.81
2004 11.6 8.2 9.7
2005 15.08 14.52 20.55
2006 19.77 21.01 21.82
2007 21.5 27.27 25.65
2008 33.1 33.08 26.08
2009 41.3 38.35 38.37
2010 52 43.06 46.36
2011 46.1 47.21 57.01
2012 55.41 50.84 49.65
2013 56 53.99 58.84
2014 56.8 56.71 58.82
2015 57.08 59.05 59.14
2016 58.27 61.05 59.01
Forcast

2017 61.76 62.76 59.90
2018 64.8 64.23 61.30

Table 2 Forcasted ETF and Inferior limit - Upper limit

Years ETF Quantile
2017 62.76 (45.03-97.67)
2018 64.23 (45.24-95.03)
N ~
1 x () —x (4
MAPE = _ZM* 100
NEZ k@)
N

SMAPE:iZ |x(ti)_fc(ti)| % 100
N 2 (x @)+ 1) )2

The accuracy of the forecast can be evaluated based on the MAPE and SMAPE
results, which are 7% and 8%, respectively. Both values are below the threshold of
10%, indicating that the forecast is highly accurate. This assessment aligns with the
findings presented in [9].
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Fig. 2 Real data and estimated TF with forcast (2017-2018)
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Fig. 3 Real data and estimated CTF with forcast (2017-2018)

6.1 Comparing the Fitness of the Proposed Model and the
Lognormal Model

In this section, we compare the performance of the Generalized Goel-Okumoto curve-
based Diffusion Process (GGODP) and the stochastic Lognormal Diffusion Process
(LDP). Since GGODP is an extension of LDP, we assess the accuracy of these two
models by examining the Relative Absolute Error (RAE), Mean Absolute Error
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Table 3 Goodness of fit of the two models

0. Ridaet al.

Measures Values of stochastic GGODP | Values of LDP
RAE 0.1147888 1.409076
MAE 2.207508 27.09798
SMAPE 0.08060349 1.02502

—o— X(t)
— ETF

0 20 40 60 80 100

1T 1 11T 17T 1T 17T 1T T T T T T T T1
2002 2004 2006 2008 2010 2012 2014 2016 2018

Individuals using the Internet (% of population)

Time

Fig.4 The real data (Individuals using the Internet in Morocco) versus those fitted by the stochastic
GGODP

(MAE), and Symmetric Mean Absolute Percentage Error (SMAPE) metrics. The
results, presented in Table 3, allow us to evaluate the outcomes obtained from the
proposed diffusion process.

A comparison was made between the results obtained using the stochastic GGODP
and the stochastic LDP. This comparison is illustrated in Figs. 4 and 5, which depict
the outcomes obtained from each model.

These figures show that the stochastic GGODP was more suitable than the stochas-
tic LDP.

7 Conclusion

e In this research on the novel stochastic diffusion process utilizing the General-
ized Goel-Okumoto curve, our initial focus is on determining the probabilistic
characteristics of the process. To estimate its parameters, we perform a discrete
sampling of the process using the MLM. The resulting equation from maximizing
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Fig.5 The real data (Individuals using the Internet in Morocco) versus those fitted by the stochastic
Lognormal Diffusion Process (LDP)

the log-likelihood function is subsequently solved using the Simulated Annealing
method.

e The stochastic diffusion process based on the Generalized Goel-Okumoto curve
was employed to analyze the percentage of individuals using the Internet in
Morocco. This approach provided an improved representation of the observed
time series data from 2002 to 2017 and yielded enhanced short-term forecasts for
the period of 2017 to 2018. The results obtained, as shown in Table 1 and Figs. 2
and 3, lead us to the conclusion that when the proposed model is applied to the
real-world case using the estimation methodology outlined in Sect. 4, the fitting
and predictions achieved based on both the ETF and the ECTF exhibit a high level
of accuracy, as indicated in Table 2.

e An intriguing avenue for future investigation would involve exploring the poten-
tial for constructing a nonhomogeneous generalized Goel-Okumoto model by
incorporating exogenous factors into the drift component, similar to the approach
employed in other diffusion models (e.g., [10, 14]). This extension would allow
for the analysis of factors influencing the dynamics of Individuals using the Inter-
net (% of population), such as education, GDP per capita, and the consumer price
index.

e We evaluated three error measurements, RAE, MAE and SMAPE, in order to
compare the forecasting precision of the two models. For these error measures,
the values obtained revealed that the stochastic GGODP was more accurate than
the stochastic LDP.

Acknowledgements The authors are very grateful to the Editor and referees.
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A Comparative Study of Dam-Break m
Problem over a Sandy Bottom L

by an Unstructured Finite Volume
Method

Sanae Jelti

Abstract The study described in this work focuses on the dam-break problem over
a sandy bed. The goal is to analyze the effects and reactions of various parameters
involved in the problem. The problem is mathematically modeled using a coupled
model and a non-capacity model. To solve the mathematical model numerically, an
unstructured finite volume method is employed. This method allows for the dis-
cretization of the problem domain into a mesh of cells, where the conservation
equations are solved at the cell level. In order to achieve second-order accuracy in
both space and time, the MUSCL method is used for spatial discretization, while
the Runge—Kutta method is used for time integration. One particular aspect of the
numerical implementation is the treatment of the source term, which is handled
using an original approach. This treatment ensures the accurate representation of
the physical phenomena involved in the dam-break problem. To enhance the accu-
racy of the results and reduce computational time, an adaptive mesh is employed.
This means that the mesh is dynamically refined or coarsened in regions of interest
based on certain criteria, allowing for a higher level of accuracy in those areas while
saving computational resources in less critical regions. The study considers several
cases, likely involving different initial conditions, boundary conditions, or parame-
ter values. The results obtained from these simulations are presented and analyzed,
highlighting the differences observed for different computational times.

1 Introduction

The treatment of complex problems, such as dam break coupled with sediment trans-
port and the resulting extensive damages, requires careful consideration. Numerical
modeling is commonly employed to investigate these types of physical phenomena.
Based on previous studies [4, 6, 8, 9, 11, 14], it has been observed that in unsteady
flows involving highly concentrated sediment debris, the evolution of the bed is
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significantly more pronounced compared to the evolution of the water free-surface.
Consequently, our current study, described in [4, 5], utilizes a coupled model con-
sisting of shallow water equations for a water-sediment mixture, along with a non-
capacity model.

The mathematical formulation of the problem consists of five equations: the
shallow-water equations for a water-sediment mixture in a two-dimensional sce-
nario, coupled with the transport diffusion equation for sediment particles and the
equation for bed morphology change. To solve the mathematical model numerically,
an unstructured finite volume method based on the Roe scheme, introduced by Roe
[10], is employed. The source term is discretized using a novel method developed
by Jelti et al. [9], which satisfies the C-property. To achieve second-order accuracy
in both space and time, the MUSCL method with a generalized minmod limiter is
utilized, along with the Runge—Kutta method. Furthermore, a local mesh refinement
technique is implemented, using sediment concentration as a monitoring function,
to attain a higher level of accuracy while optimizing computational costs. Special
attention is given to examining the influence of water height on the flow behavior.

Our focus is on studying the evolution of flow behavior and bed changes in a
two-dimensional dam-break problem. Through the numerical scheme employed, we
have demonstrated the capability of accurately and efficiently simulating the shallow-
water equations for a water-sediment mixture, coupled with a non-capacity model
that incorporates the mass conservation equation for total sediment load and the
equation governing bed morphological changes. The results obtained highlight the
effectiveness of the numerical scheme in capturing the dynamics of the system.

The remaining sections of this paper are organized as follows. In Sect.2, we
introduce the governing equations that describe the problem. Section 3 presents the
unstructured finite volume Roe scheme, discussing its second-order accuracy in space
and time. We also describe the boundary conditions employed in the simulations and
present the novel discretization approach for the source term, ensuring the satisfaction
of the C-property. Additionally, the procedure for mesh refinement is explained. In
Sect.4, we present the numerical tests conducted and the corresponding results.
Finally, in Sect.5, we provide concluding remarks summarizing the main findings
of the study.

2 Mathematical Model

In this study, we investigate a two-dimensional flow in a channel with a constant-
width rectangular cross-section, where the channel bed is comprised of sandy mate-
rial. The mathematical formulation we present here is built upon the shallow-water
equations for a mixture of sediment and water, coupled with a non-capacity model
that includes equations for sediment mass conservation and bed rate change. Notably,
the same mathematical model has been employed in previous works [8, 9, 11, 14].
The governing equations for the system can be expressed as follows:
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where B, and B, are the source terms defined by:
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In the given system, several variables are defined as follows: ¢ represents time, x
and y indicate horizontal coordinates, 4 denotes the flow depth, u and v are the veloc-
ities averaged over the depth in the x- and y-directions respectively, z represents the
elevation of the bed. Additionally, ¢ represents the concentration of sediment aver-
aged over the flux, g symbolizes the acceleration due to gravity, and p represents the
porosity of the bed sediment. The variables D and E represent the fluxes of sediment
deposition and entrainment, respectively. These fluxes occur at the bottom boundary,
signifying the exchange between the water column and the bed. The symbols S, and
S sy represent the friction slopes in the x- and y-directions respectively. The density
of the water-sediment mixture is given by p = p,, (1 — ¢) + psc, where p,, and p;
are the densities of water and sediment respectively. Furthermore, py is defined as
the density of the saturated bed, calculated as p,, p + ps(1 — p).

The empirical functions considered in this paper are the same as [9]. The friction
slopes Sy, and Sy, are defined using the Manning roughness coefficient n;, as

2
Sy = Z—’jwu2 +2 ®)
3

2

Sy = Z—Zm/ﬂ 02 )

3
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For deposition D, the relation used is:
D =w(l —c,)"c, (10)

In the given context, the exponent m is assigned a value of 2. Additionally, c, rep-
resents the local near-bed sediment concentration in terms of volume. It is assumed
to be directly proportional to the depth-averaged concentration, denoted by c¢. Math-
ematically, this relationship can be expressed as ¢, = «c, where « is an empirical
coefficient that is typically greater than one [13].

a:min<2,l_p> (11)

c

w is the settling velocity of sediment particle in tranquil water [12, 13]:

w=11 <&—1>gd (12)
0

where d is the diameter of the sediment grain. In our case d is larger than 1 mm.
For the entrainment, we use:

0 — 0. Vur+1?
E={9— —goz i/ 020 (13)
0 otherwise

where the variable ¢ represents a coefficient used to regulate the erosion force. It is
assigned a value of 0.015 m'-2. The critical value of Shield’s parameter required for
the initiation of sediment motion is denoted by 6., which is set to 0.045. Additionally,
0 represents the Shield’s coefficient, defined by [4, 11].

0= L (14)
gd /[% -1
u, is the friction velocity defined by:
W2 = \/g . ‘\/m (15)
where f is the Darcy—Weisbach friction factor defined by [11]:
f= 1‘%—73 (16)
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3 Numerical Scheme

In this section of the study, we introduce the approximation scheme utilized along
with the methods employed to attain higher order accuracy. Equations (1)—(5) can be
expressed in a conservative form as shown below:

U OFW) | IGW)

— =SWU U 17
a7 x oy (U)+ 0oW) (17)
where
h hu hv
hu hu® + 1gh? huv
U=|hv |, F= huv » G= m? 4 1gh? |, (13)
hc huc hve
z 0 0
E-D
0 1=p
_ghg_; _ (,l)gzpu h23( _gtht ,00 P E171l7)14
S=| —ghi - lop o hzac andQ = | —ghSy, — Wpﬂ’;’%fv . (19
0 E—-D
0 _E-D
I-p

3.1 Finite Volume Roe-Scheme

The mathematical model described by Eq. (17) will be discretized on an unstructured
grid using the finite volume Roe scheme [10]. In this study, only triangular grids are
considered. Consequently, we divide the time interval into sub-intervals [7,, f,11]
with a step size of At, and discretize the spatial domain into conforming triangular
elements 7;. Each triangle represents a control volume, and the variables are located at
the geometric centers of the cells. Therefore, applying a finite-volume discretization
to Eq. (17) yields:

At
Uyttt — yr — / FWU", 0 S uU" U™ds2
i i |,| 12 [ s |T| ( i ), 2V

JeN(@)
(20)

where:

FU . 0y) = F U +9 U (21)
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e N(i) is the set of neighboring triangles of the cell T;, U/" is an averaged value of
the solution U in the cell 7; at time #,,:

1
U = —— / Unds 22)
IT:| Jr,

e |T;| denote the area of T;
e [7; is the interface between the two control volumes 7; and T
e 7ij = (ny,n,)" denote the unit outward normal to I7};.

The numerical flux is defined by @;; such as:
/ FU", ni)dll = &; |I;]| (23)
i

Equation (20) becomes:

At At
U”1 Ul — @,»J-|F,-j|+—/ S(U”)d.Q—i——/ QU"d $2,
1Tl A= 71 I7;]
JeN ()
(24)
Using Roe scheme, the numerical flux is defined as
@ (UL US) = —u UhH+7WkH) - |¢(ﬁ;})| wh-uh, (25)

Ulf, Uj; L are the right and left approximations of the solution U at the interface

I at t1me t,.

The Jacobian matrix .2/ (l7i’}) uses ﬁl"j which is the Roe average defined as

hi+h;
2
h+hj(u1f+”/\/7 +Vi\/h7f+vj\/h—j )
f+\/_ f+f '
ﬁ;} _ h+h,( mfﬂ,f +v,f+v,ﬁ ) (26)
ﬁ+f f+f
h+hj(c.f+c/\/—
NN
zitzj

The Jacobian matrix o7 ([7 l.'j") is computed by considering the system defined in
Eq. (17) without taking into account the term Q(U).

oU oFWU) 0oGU)
-— + +
at ox dy

= SU). Q7
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The system (27) is projected on the normal and on the tangential of the interface
noted respectively by n = (n,,n,) and 7 = nt. Knowing that the normal and the
tangential velocities are defined respectively as follows

U, =un, +vny, and U, = —uny +vn,, (28)

From the detailed calculation brought in [9], the Jacobian matrix .o ( U l.’}) is defined
as

0 1 0 0 0
gh — U,f — —p‘f;pp“’ ghc 2U, 0 p“';p”“’ gh gh
y)(U) = -U,U, u. u, 0 0 |- (29)
—U,c c 0 U, O
0 0 0 0 0

The discrete Eq.(24) is implemented using the decomposition procedure given
in [3]:

* n At At n
Ur=ur — — @i |01+ — | SWU"d s, (30)
T 5 \Ti| Jr,
JeN (@)
Ut = U*—}—m/ QUM $2. (31)

3.2 Second Order Approximation in Space

To achieve second-order accuracy in our finite volume method, we employ the Mono-
tone Upstream-Centered Scheme for Conservation Laws (MUSCL) method, which
incorporates a slope limiter in the spatial approximation. The MUSCL method dis-
cretization involves approximating the solution state U using linear interpolation
at each cell interface I5;. The left and right solution values at the interface I7; are
denoted as U; L and U; R respectively, and they are defined as follows:

1 1
Ul =U + 5 VUi XiX; and Ul =U; - 5 VU; XiX; (32)

Where X; = (x;, yi)" and X =5,y j)T, are respectively, the barycenters coor-
dinates of cells 7; and T;. With X;X; = (x; — x;, y; — yi).

To ensure Total Variation Diminishing (TVD) property in our scheme, we intro-
duce a slope limiter. Specifically, we apply the generalized Minmod limiter, which
controls the gradients at each cell. The limited gradients are determined as follows:

aimy, 1] . aU; aU; . |aU;
— = —| min syn| — | + max syn| — min
ox 21 jevd ax Jjev ) ox Jjev (@)

ax (33)
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and
alimy; 1[ . <8Uj) (8Uj>} .
= —| min syn|{ —= | + max syn|{ —= min
ay 2 jev) ay Jevi) dy ) |ievi)

3.3 Second Order Approximation in Time

oU;
ay |

(34)

To achieve second-order approximation in the temporal dimension, we employ the
Runge—Kutta second-order scheme [7].

U* = U + At ZU")
U™ =U*+ At ZU*) . 35)
Un+] — % (Un + U**)

3.4 Boundary Conditions

In this study, we adopt the same boundary conditions as presented in our previous
work [9]. For open inflow and outflow boundaries, the flow variables are set to the
same values as those at the interior of the flow. As for solid walls, the flow variables
are mirrored at the corresponding boundary points, ensuring that the normal velocity
component is zero at the boundary.

3.5 Treatment of the Source Term

The treatment of the source term in the governing Egs. (1)—-(5) follows the same
approach developed in our previous work [9] for the two-dimensional case. It is
important to note that the proposed discretization of the source term satisfies the C-
property and incorporates data from both the left and right sides of the interface I7;.
Here, we directly provide a decomposition of the source term fTi S(U™) presented
in Eq. (24) as reported in [9]:

1 1

/ S(U™d 2 = %(ﬂR + .75 (36)
T;

where .7/® and .#/" are the right and left approximations of [;. S(U")d £2
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S = Iyi 57 gh ZJGN(!) U”m| i 37
0
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le — pwg h Z]GN(!) lj nlljlnll
'SﬂiL = IyLz - po Pu/g hz Z]éN(Z) ij n}'ljlnj| : (38)
0

0

A centred disretization is proposed for the term |’ 7. Q(U")d £2 is presented as:

—gh; Sy, — Po—ﬁf—_Du.

1 : -t

W/ QUM 2 = | —ghiSy, — 2252w, . (39)
il JT;

3.6 Mesh Adaptation

In this phase of the study, we employ mesh adaptation techniques to construct a
nearly optimal mesh that can effectively capture small-scale hydraulic features. This
approach allows us to avoid the need for excessively fine grids in smooth regions
that are far from hydraulic jumps, as suggested in [1]. Similar to our previous work
in [9], we utilize this method to enhance the efficiency of our scheme. To achieve
this objective, we introduce an error indicator based on the gradient of the sediment
concentration. This indicator only requires information from solution values within
a single element at a time, making it computationally efficient. The indicator is
evaluated using the following expression, as outlined in [2]:

o _ VeI
T maxy, |V (c(T))II

(40)

In the given expression, V(c(7;)) represents the Euclidean norm of the gradient of
the sediment concentration ¢ on the triangle 7;. The normalization of this quantity
has the advantage that the criterion (40) is known to lie within the interval [0, 1].
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4 Numerical Results

In this study, we focus on a square reservoir with a flat sandy bottom. The length
and width of the reservoir are both set to 200 m. The dam has a thickness of 4 m, and
the breach is assumed to be 75 m wide. The primary objective of this research is to
investigate the influence of water height on the flow behavior and bed rate change. We
conduct experiments using the partial dam break scenario with three different water
heights. Additionally, we utilize sediment with three different diameters resembling
sand, namely 1, 2, and 4 mm.

4.1 Testl

The initial conditions are given by

Z(x,y,0) =0m
ux,y,0) =v(x,y,0) =0m/s

10m, 1if x <100m
h(x,y,0) =

lm, otherwise

0.01, if x <100m
c(x,y,0) =

0, otherwise

4.2 Test2

The initial conditions are given by

Z(xsyao) =0m
u('xvy’o) =V(X,y,0) =Om/S

10m, if x <100m
hix,y,0) =

3m, otherwise

0.01, if x <100m
c(x,y,0) = .

0, otherwise
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4.3 Test3

The initial conditions are given by

Z(x,y,0) =0m
ux,y,0) =v(x,y,0 =0m/s

10m, if x <100m
h(x,y,0) =

5m, otherwise

0.01, if x <100m
c(x,y,0) =

0, otherwise

Notice: All figures represent a cross section on y = 125.

Figure 1 illustrates a three-dimensional perspective of the dam-break scenario
accompanied by the corresponding mesh adaptation at different calculation times.
The simulation uses a sand material with a diameter of d = 1 mm. It is evident from
the figure that the relief of the flow is very smooth, resulting in a clear and accurate
solution. Moreover, the adaptive mesh follows the variations of the error indicator
for the concentration gradient (40). After the dam-break event, the refinement is
primarily located around the initial position of the dam and gradually extends over a
larger area.

Figures2 and 3 present a comparison of water free surface, bed, concentration,
and velocity profiles at different times for various sediment diameters using a sand
material with a diameter of d = 1 mm. As highlighted in previous studies [8, 9], the
diameter of the sediment plays a significant role in the flow behavior and erosion
dynamics. Based on the observations from Figs.2 and 3, it can be concluded that
the hydraulic jump is more pronounced when the sediment diameter is larger. Addi-
tionally, the erosion rate is more significant when the bed consists of finer sediment,
resulting in higher concentration levels. Regarding the velocity profiles, higher val-
ues are observed for larger sediment sizes. It is important to note that the behavior
described above is specific to the studied sand material, which is characterized as
non-cohesive soil with weak physical cohesion between sand particles. Results may
differ significantly when considering other types of soil with the same diameter, such
as organic soil.

The influence of the dam’s extent on flow behavior and the severity of damages
is evidently significant. In this study, we specifically emphasize the impact of water
height on dam-break flow. We conduct a comparative analysis of the bed rate change,
concentration profiles, and velocity profiles, depicted in Figs. 4, 5, and 6, respectively,
for various water height scenarios in the same dam-break event. Alongside the sedi-
ment diameter, the water height plays a remarkable role in shaping the dynamics of
the dam-break flow.

e From the bed evolution profiles presented in Fig.4, it is evident that as the water
height increases, the depth of erosion becomes more significant. In other words,
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Fig. 2 Water free surface and bed profiles with their corresponding concentrations for different
sizes of sediment at different time for Test 1 (from top to bottom: r = 2, 4, 6, 85s)
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Fig. 3 Velocity profiles for different sizes of sediment at different time for Test 1 (+ = 2, 4, 6, 85s)

higher water levels result in more substantial erosion, leading to deeper changes
in the bed morphology.

e From Fig.5 we remark on velocity profiles that the higher concentrations backs to
test 1 namely the of higher water level.

e By examining the velocity profiles depicted in Fig. 5, we observe that higher sed-
iment concentrations are associated with higher water levels, particularly in the
case of test 1. This suggests that as the water level increases, the sediment con-
centration in the flow also increases, resulting in a corresponding impact on the
velocity profiles.

5 Conclusion

This paper presents a comparative study of dam-break flow over a sandy bottom,
focusing on the impact of different parameters on this type of hydraulic phenomenon.
The mathematical model employed comprises the two-dimensional shallow-water
equations for the water-sediment mixture, the transport diffusion equation for sedi-
ment particles, and the equation for bed morphology changes. To numerically solve
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Fig. 4 A comparison of bed profiles at different time using d = 1 mm for different tests

the system, a finite volume method, specifically the Roe scheme, is utilized on
unstructured grids. To achieve second-order accuracy in both space and time, a
minmood limiter and the Runge—Kutta method are employed. The source term is
discretized using a special technique that ensures the satisfaction of the C-property,
as previously developed in Jelti et al. [9]. Additionally, mesh adaptation is imple-
mented to enhance computational efficiency and accuracy, utilizing the gradient of
sediment concentration as an error indicator.

In this study, we conducted a comparison of results from different cases of the
same dam-break problem. Based on the findings, we can conclude that the employed
scheme demonstrates a high level of accuracy and stability in addressing the consid-
ered physical problem. The obtained results validate the reliability and robustness of
the scheme in accurately capturing the dynamics of the dam-break flow. We assume
from the obtained results that:

e The utilization of shallow water equations for modeling water-sediment mixtures
is crucial when dealing with scenarios involving a high concentration of sediment
flux. This is primarily attributed to the significant rate of bed change compared
to the evolution of the water-free surface. Additionally, the substantial amount of
sediment transported by the flow necessitates the inclusion of sediment dynamics
in the governing equations. By incorporating the shallow water equations, we can
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Fig. 5 A comparison of concentration profiles at different time using d = 1 mm for different tests

accurately capture the complex interactions between water and sediment, ensuring
a comprehensive representation of the physical processes involved.

e In the context of unsteady flows such as the dam-break problem, it is essential to
employ a non-capacity model. This is because the quantity of transported sediments
varies both temporally and spatially. Using a capacity model, which assumes a
fixed sediment capacity, may lead to an underestimation of the rate of bed change.
By utilizing a non-capacity model, we can accurately capture the dynamic nature
of sediment transport, accounting for the varying sediment concentrations and
accurately predicting the rate of bed change over time and space. This approach
ensures a more realistic representation of the dam-break flow and its associated
sediment dynamics.

e The size of sediment particles has a significant impact on the erosion rate. Finer
sediments tend to result in more substantial erosion, leading to higher sediment
concentration profiles. On the water-free surface profiles, larger sediment particles
produce more pronounced hydraulic jumps. This implies that the behavior of the
dam-break flow, including erosion rates and hydraulic jumps, is influenced by the
size of the sediment present. Therefore, careful consideration of sediment size is
crucial for accurately predicting the dynamics and characteristics of the flow.
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Fig. 6 A comparison of velocity profiles at different time using d = 1 mm for different tests

e The water height in a dam-break problem plays a significant role in determining
the behavior of the flow. Higher water levels result in the erosion reaching deeper
levels, which, in turn, directly impacts the concentration and velocity profiles. With
increased water height, the erosion process becomes more pronounced, leading
to higher sediment concentrations and altered velocity profiles. Therefore, the
water height serves as a crucial parameter that influences the overall dynamics and
characteristics of the dam-break flow.

This study focused on investigating the dynamics of dam-break flow over a non-
cohesive sandy bottom. However, future research endeavors will be dedicated to
exploring the behavior of dam-break flow over different types of soil, with a particular
emphasis on cohesive sediment bottoms.
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Valuing a European Option Under )
the Heston Model with Interest Rate

updates

Siham Bayad, Khalid Hilal, and Abdelmajid El Hajaji

Abstract In this research study, we derive a closed-form pricing formula for Euro-
pean options with analytical solution under the Heston model with the interest rate; in
order to follow two-factor model by using the short-term interest rate and the volatil-
ity of the short term rate as the two factors. Heston-Longsraff-Schwartz hybrid model
is proposed. Therefore, the numerical results in this paper represented different sit-
uations of computing European call option prices than can be more close to reality.

1 Introduction

One of the most critical ideas in modern financial theory is the Black Scholes model.
Fischer Black, Robert Merton, and Myron Scholes developed it in 1973 [2], and it is
still widely used today. It is known to be one of the easiest methods of determining
fair prices of options. The model assumes that volatility is constant, wich contradict
to the phenomen of “volatility smile” [1], Therefore stochastic models of volatility
have been adopted and are especially common for derivatives pricing and hedging.
For example, Johnson [6] and scott [10] used the Monte Carlo simulation technique
to simulate the stochastic processes, While Wiggins [7] adopted the finite methode to
solve the PDEs governing option prices. On the another hand, for situations in which
stochastic volatility follow geometric Brownian motion Hull and With [8] calculated
option prices in series form. In 1993 Heston [5] derived a colsed-form pricing formula
for European options when stochastic volatility defined by the CIR (Cox-Ingersoll-
Ross) model. Many studies recently incorporated the stochastic interest into the
model of stochastic volatility to form a hybrid model. Grzelak and Oosterlee [3],
Recchioni and Sun [12] extended the model of Grzelak and Oosterlee [3] to a Heston
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multi-factor model. He and Zhu [4] considered a Heston-CIR hybrid model where
the interest rate follows the CIR model. They derived a closed-form pricing formula
for European options in the form of an infinite series.

In this paper, we adopt the Heston-LS (Longstaff Schwartz [9]) hybrid model
for the underlying price and we aim to present a closed-form pricing formula for
European options as models with exact and analytical solutions.

The rest of the paper is organized as follows. In Sect. 2, a brief introduction of the
Heston-LS model is given. In Sect. 3, a closed-form formula for European options is
obtained with analytical solution. In Sect.4, some numerical illustrations are given
by computing European call option prices. Subsequently, some concluding remarks
were made in Sect. 5.

2 The Dynamics of the Heston-LS Model

In this section, we will highlight European pricing option by using the Heston-LS
model. This model is a hybrid model incorporating the Heston Stochastic Volatility
Model with a two-factor interest rate model. The short-term interest rate and the
uncertainty of the short-term interest rate outlined by Longstaff and Shwartz [9] are
the two factors. The model dynamics under the a risk-neutral measure Q are specified
as follows:

& = (ax + By)dt+ v dW,,
dv, = k(0 —v)dt + o /vidW,,
dx; = (y — éx)dt + \/xd W, ,
dy, = (]’] — Sy)dt + ﬁdBy,ts

D

where §; is the underlying price, v, is the volatility, x, and y, are state variables,
y, 8, n, ands are constants. The expected value taken under the risk-neutral measure
Q is denoted by E and assume the following structure of correlation:

E(dW,dW,) = pdt, t>0, pe(—1,1) 2)
E(dW, dWs,) = E(dW,,dW,,) = EdW,dW,) =0, >0 3)
E(dW,,dW,) = E@dW, dW,) =0, 1> 0. 4)

The relationship between the pairs (x, y) and (r, V) determined by the relations:
re = ax(t) + By() &)

V, = a’x(t) + By (1), (6)
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where r; is the short-term interest rate, V; is the volatility of the short-term interest
rate, o and § are nonnegative constants.

If we introduce a forward measure Q7 such that the price of a European call
option U(S, v, x, y) can be expressed as follows:

UGS, v, x,y) = P(x, y,t, TDET [max(S; — K), 0) | S;] (7)

where K representing the strike price, P(x, y,t, T) represente the price of a T-
maturity zero coupon bond under Q.

Then by using the technique of the numeraire change and the formula of
P(x,y,t,T) (see Appendix), we can obtain that the model dynamic under the for-
ward measure Q7 can be expressed as follows:

& = (ax + By)dt+ /vdB;

dv, =k —v)dt +o.,/vidB,,

dx; = (y — (8 — Ex)x)dt + /x;d By,
dy, = (n— (s — E3)y)dt + /ydB,,

®)

where

Ey=E@T)=06-m1—-A@T))
Ey=E3(t:T) = (s —p)(1 = B(t: T))

A T) = 2m
T (8 F m)etmT=D=1 4 2
2
B(t:T) = P

(s + p)e(P(T*t)*l) + 2p
m=+2a+38, p=y2B+s% E=y@+m)+n(s+p)

We are now prepared to price European options after the launch of the adopted
Heston-LS hybrid model, which is Next section’s key content.

3 Pricing Formula for European Options

In the context of Model (8), we derive a closed-form pricing formula for the European
option, and in order to achieve it we use the same approach as Heston [5], He and Zhu
[4] and by using the Maple [11] mathematical package, we will derive an analytical
solution formula for the characteristic function of the underlying price. After taking
[ = In(S) and letting f (y)) denote the probability density function. Of the underlying
price, we have to rewrite the Eq. (7) as:
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Ul,v,x,y) = P(x,y,t, T)[P1 — KP,] 9)

where Py = [1 7% " f(y)dy, and P = [,/ f(y)dy.

In other words, we assume that the characteristic function of the underlying price
is F(¢;t,T,I,v,x,y). The results of F(¢;¢,T,l,v,x,y) are given by the next
theorem.

Theorem 1 If the underlying asset price follows the dynamic specified in Eq.(8)
the characteristic function of the underlying asset price F(¢;t,T,1,v, x,y) can be
derived as:

F(¢, t, T, l, v, X, y) — eC(l’;¢)+D(1’,¢)V+E(T,¢)X+G(‘L’,¢)y+i¢l (10)

wheret =T —t, C(t, ¢), D(t, ¢), E(z, d) and G(z, @) is given by Egs. (16)—(18),
respectively.

Proof The definition of F(¢; ¢, T,1, v, x,y) is:
F@:t,T.1v,x,y) = EY [T | I, v, x, v/ (11)

After applying the Feynman-Kac theorem, we can easily find that F(¢;¢, T,1, v,
x, y) should satisfy the following PDE

oF BF( p )+1 82F+k(9 )F+1 282F+ ’F
— = —(ax —v V V) — oV—r-r —_—
ot YT 2 o 27 %2 TP By
o (8+E))8F 19%F + (+E))8F+182F
_ X < -
v 2 2952 3 2 9y?
(12)
with the initial condition as .
F |i—o=e'? (13)
If we assume that F(¢; ¢, T, 1, v, x, y) takes the form of
F(¢,t T l v, X, y) — eC(‘L’;¢)+D(‘[,¢)V+E(T,¢)X+G(‘E,¢))y+i¢l (14)
and substitute into Eq. (12), we can obtain
dD 1 1
— = —0’D*+ (ippo —k)D — =(i¢p + ¢°) (15)
dt 2 2
dE .
— (- E)F +iga (16)

dr 2
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G _ 1E2 E)F +i 17
T 2 —(s—E))F +i¢B a7
ac =kOD +yE +1nG (18)
dt
with
D(0) = E(0) = G(0) = C(0) (19)

The ODE which governs D(z, ¢) is clearly actually a Riccati equation with constant
coefficients,this implies that it can be solved easily with some basic algebraic calcu-
lations. On the other hand, since ODE that govern E(z, ¢) and G (7, ¢) are again a
Riccati equation, the expression of E(t, ¢) and G(t, ¢) are very difficult to decide
as there is a time-dependent coefficient. Using the mathematical package Maple, we
can conveniently find an exact analytic solution of ODE (16) and ODE (17).

d— (poi¢—k) 1— et
D= . 20
o2 1 — gedt (20)

where d = \/(poi¢p — k)> + 02(i¢p + ¢?) and g = gggj—j’,g;j

_ (m — 5)[k1641r + k2€q2’ + k3643r + k4ECI4r]

E (21)
Ae'T 4 hre2t 4 AzeBT 4 AgedsT
G (p —s)[Hie®'" + Hye® + Hze™ + Hye ™| 22)
= XleZ]T + Xzemr + X3623T + X4eZ4l’
k6 , —1+ ge*
C= 0—2{[d — poi¢p — k)]t — 210g(T})
# (23)

i [(8=m)e 2™ — (§ + m)etT]

m (8§ —ci)e”z(cy —m) — (o + m)et

2
+y{wit + &log[

where
(c1 +3m) (c1 +m) —(c1 —m) —(c1 —3m)
q1 = 3 ,q2 = 5 ,q3 = ) g4 = 2
= (c1 +3m) o= (c1 +m) o= —(cy —m) = —(c1 —3m)
2 ° 2 2 2
A o= —alc1 +98), A= (c1 +8)(—a — 8%+ 8m), A3 = (c1 — 8)(—a — 8% + dm),

h = —alc1 +8), ki =[m —c1 —ay(m+06)], ko = [m + c1 — az(m — §)]

ks = [=m +ci +a70m — 8)), ks = [—m + ¢1 + ar(m + 8], ¢1 = /(—2a7a + 2 + 82)
X1 =—Bl2+9), x2=(c2+9)(=B—s>+sp).x3=(c2—$)(—B — 5" +5p),
A=—B2+s),H =[p—c2—ar(p+s)],Hy=[p+c2—ar(p—ys)]

Hy=[-p+ci+ar(p—9), Hi=[-p+ci+ar(p+s)].c2 =/(—2a78+28 +52)
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m =+ Qa+8%),p=+/(2B+s?anda; = ip.

Moreover, from Heston [5], He and Zhu [4] and the formula of F(¢;¢, T,1, v,
X, y), we can obtain.

Theorem 2 [f the underlying asset price follows the dynamic specified in Eq.(8),
the pricing formula for European call options is given by

Ud,v,x,y)=P(x,y,t, T)[PI — KP] 24)

where

1 1 400 e*iqbanF(qbfi;t,T,l,v,x,y)
Pi=F(—i;t,T,Lv,x, ){z+ = . . do} (25
L= F= vy 77,/0 Vor i Tl &
1 1 +00 e*i(j)anF((b;t,T,l,v,x,y)
P=—-+ —/ Re| - 1d¢ (26)
2 T Jo i

4 Numerical Experiments

in this section, we present some numerical results for the verification of European
call option prices under Heston-LS hybrid model parameters. In the following, unless
otherwise stated, parameters we use are listed as follows.The mean-reverting speed
k = 10, the long-term mean 6 and the volatility of volatility o take the value of 10,
0.2 and 0.1 respectively,while the corresponding parameters for LS model satisfy
a = 0.005, 8 =0.0814, n = 3.2033, s = 14.4227, y = 4.0224, 5 = 0.3299, V; =
0.00081 and rop = 0.06717. The strike price K = 100, the underlying priceS Sy =
100, and the time to expiry 7 is 1.

In the pricing of options, the strike price plays a significant role. One of the
biggest challenges in the finance sector is deciding a realistic strike price for options.
European call option prices are obtained by considering the various strike price values
of K, r0, and Vj (see Tables 1 and 2). The findings obtained show that a rise in the
value of the strike price is leading to a decrease in the value of the European call
option.

Moreover, both the initial value of underlying price and expiration date play an
important role in option pricing. Here, we investigate the value of the European call
option by considering different values of the sy and expiration date (Tables 3 and 4).



Valuing a European Option Under the Heston Model with Interest Rate

203

Table 1 European call option price with respect to different values of the strike price K and ry

K ro = 0.040000 ro = 0.057 ro = 0.06 ro = 0.067
90 24.3913 25.0757 25.1971 25.1682
94 22.3323 22.9966 23.1145 23.0865
98 20.4238 21.0656 21.1796 21.1526
100 19.5242 20.1539 20.2659 20.2393

Table 2 European call option price with respect to different values of the strike price K and Vj

K Vo = 0.0007 Vo = 0.00075 | Vo = 0.00081 | Vo = 0.00086
90 25.4685 25.4774 25.1682 25.4969
94 23.3785 23.3871 23.0865 23.4056
98 21.4351 21.4434 21.1526 21.4617
100 20.5167 20.5249 20.2393 20.5428

Table 3 European call option price with respect to different values of the initial value of underlying

asset price so and ro

So ro = 0.04 ro = 0.05700 ro = 0.06 ro = 0.067
90 14.2727 14.1302 14.2197 14.1985
94 16.5820 16.425 16.5236 16.5002
98 19.0457 18.8743 18.9820 18.9564
100 20.3322 20.1539 20.26594 20.2393

Table4 European call option price with respect to different values of the initial value of underlying
asset price So and Vj

So Vo = 0.0007 Vo = 0.00075 Vo = 0.00081 Vo = 0.00086
90 14.4204 14.427 14.1985 14.4413

94 16.7448 16.751971 16.5002 16.7678

98 19.2230 19.230931595 18.9564 19.2481

100 20.516 20.524942 20.2393 20.542889

Obtained results reveal that the increase in the value of the Sy result in increase the
value of European call option.

On the other hand. Figures 1 and 2 show Option prices under our model, CIR
model and the Heston model with respect to the underlying price and time to expiry
It can be clearly seen that our price under the selected set of parameters is higher
than the Heston price.
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5 Appendix

If the risk-free interest rate follows the Longstaff Schwartz model given in Eq. (5),
then we can easily find that the price of a T-maturity zero coupon bond P (x, y, ¢, T)
should satisfy the following PDE system:

2

i il il xd 22
Gy =805+ (=) + 35+ 35 — (@x +ByP =0

Px,y, T, T)=1 @7)
If we assume that P (x, y, t, T') takes the form of
P(x,y,t,T) = E(t, T)e' P> HEEDY) (28)
and substitute it into PDE (27), we can obtain
8 = 1E} —$Es +a
Gt =3B —sEs+p (29)

+ =vEx+nE;

with the terminal condition E(T,T) =0, E>(T,T) = 0and E5(T,T) = 0. We
have equations that governs E; (¢, T) and E; (¢, T') are actually a Riccati equation that,
with some algebraic calculation, can be easily solved. The expression of E(z, T)
will then be obtained by direct integration. The proof has been completed.

6 Conclusion

In this paper, it is presumed that the price of the underlying asset follows the Heston
stochastic volatility model, with interest adopting two-factor model of Longstaff
and Schwartz, we present a closed-form pricing formula for European option with
analytical solution. The numerical results show that European call option prices under
the Heston-LS model is higher than that under the Heston model and Heston-CIR
model.
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A Multi-objective Approach to Energy )
Efficiency in Cellular Networks

updates

Soufiane Dahmani and Abdelhafid Serghini

Abstract In the current generation of cellular networks, energy efficiency is consid-
ered as an important issue due to their high-energy consumption. To meet the rising
traffic resulting from the growing mobile stations requests and covering the entire
transmission area, base stations must be increasingly deployed. However, increas-
ing the number of these stations increases the cost and energy consumption, which
leads to conflicting goals. In this paper, we introduce a multi-objective mathemat-
ical model on cellular networks that aimed to minimize the expected total cost of
base stations and maximize total coverage. This optimization must take into account
the traffic demand profile. Given that the studied model corresponds to an NP-hard
multi-objective problem, we use a meta-heuristic algorithm to solve it. The simula-
tion results show the effectiveness of our approach to cover the grid while reducing
costs and energy consumption.

1 Introduction

The wireless world that provides users with high speed internet use and full coverage
has undoubtedly increased the demand for traffic, spurred the equitable development
of new infrastructure and rapid growth in energy demand. This leads to an increased
demand for natural energy that accounts, as an example, for more than 18% of
operational cost In European countries. In front of this situation, more attention is
being focused on the optimization of energy consumption costs.

A basic requirement for less expensive wireless connections is low power con-
sumption. However, the increase in the number of mobile stations (MS) and users
needs drive the mobile operators to increment the number of base stations (BS), which

S. Dahmani (X)) - A. Serghini

ANAA Research Team, ESTO, LANO Laboratory, FSO, University Mohammed First,
60050 Oujda, Morocco

e-mail: s.dahmani @ump.ac.ma

A. Serghini
e-mail: a.serghini @ump.ac.ma

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 207
S. Melliani et al. (eds.), Applied Mathematics and Modelling in Finance, Marketing

and Economics, Studies in Computational Intelligence 1114,
https://doi.org/10.1007/978-3-031-42847-0_17


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-42847-0_17&domain=pdf
mailto:s.dahmani@ump.ac.ma
mailto:a.serghini@ump.ac.ma
https://doi.org/10.1007/978-3-031-42847-0_17

208 S. Dahmani and A. Serghini
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Fig. 1 Power consumption of wireless cellular network

increases automatically the power consumption. As a consequence, the expected total
cost of the cellular network increased also. Figure 1 shows that BS is the main energy
consumer of the wireless cellular network [1].

Despite all the attention paid to grid energy consumption, recent data shows that
the amount of energy used by the grid continues to increase. Against this backdrop,
the main challenge of the present work is to, (i) minimize the total cost of the base
stations which would minimize the energy consumption without compromising the
quality of service (QoS). (ii) maximize network coverage to enhance service quality.

In particular, in this article, that refines our previous work [2-4], we focus on
improving the total cost given by the sum of the installation cost and the usage cost
of the electrical system that power base stations. In this optimization, We take into
account the service quality and the expected changes in conditions that include the
strong growth in traffic demand from end-users, as well as the increase in the price
of the electricity network. Also, we consider the evolution of base station costs and
the increase in installation costs from year to year.

This document is organized as follows. Section 2 presents previous work in the
field. Section 3 formulates the problem of optimizing the total cost of base stations.
Section 4 proposes a meta-heuristic algorithm to solve the problem. Section 5 presents
the results of the simulation and Section 6 concludes the article.

2 Related Work

Many studies and research have been conducted on energy efficiency for BSs in
cellular networks. Some of the earliest works only addressed the reduction of the
base stations’ power consumption. Others dealt with enhancing the service quality
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for users and look to guarantee the full coverage when they decide the status of the
BS [2, 3].

BS traffic load is the common decision metric in most previous research. In [2, 5],
a traffic sensitive algorithm has been proposed to enable and disable BS LTE. In [6],
the amount of energy reduction in the network is studied by reducing the number
and size of active macrocells as a function of the traffic load. In this article, BS’s
sleep pattern is determined based on two aspects. The first is the ability to provide
coverage from neighboring BSs, and the second is to disable the maximum possible
number of BSs to ensure that power consumption is minimized.

Looking at the details of an energy system, although there have been several
published works in the field of energy efficiency (e.g. [7, 8]), only a few articles have
appeared in the telecommunications context. The main purpose of these articles
is to optimize the energy consumption of the base station while considering the
variation of the energy consumed for a variable traffic load. In line with this idea, [9]
proposed optimization of the cost generated by a hybrid system used to power a BS
GSM/CDMA. This optimization takes into account the annual variations of wind
and solar energy without considering the daily traffic variation.

Several works have focused on the allocation of resources in a part of a network
comprising a few BS. For example, [10] introduced an optimal BS on/off strategies
for saving power within a radio access network. The same authors investigated a
problem of association of green energy conscious users and latency in [11]. Dahmani
et al. [2] considered a similar problem to the one addressed by 11 but more easier as
they did not consider in detail how the energy is consumed and the total coverage of
the users. He also proposed an on-off strategy that does not take into account the cost
and the place of installation related to each BS. This restriction leads to ignoring the
variation in energy production.

From the above review, we conclude that most of the previous base station power
reduction methods did not look at the overall coverage after the power consumption
optimization procedure. They did not also interested in the total cost of these base
stations. While some studies attempted to solve the common problem of shutting
down BS and covering most users, they focued on system energy efficiency where
coverage is as important as energy efficiency and should be.

3 System Model and Problem Formulation

In this section, we formally present the studied problem and describe the mathe-
matical formulation that we will study. We consider a territory covered by cellular
network service for our work.
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3.1 Traffic State of the Mobile Users

Having a detailed daily definition of the traffic generated by mobile users is essential
for calculating the daily power consumption of the base station as well as knowing
the number of stations that will be in operation for the total coverage of these users,
and the stations that will be shut down. Suppose that in a given cellular network
coverage area and for a day, the traffic is distributed as follows:

e Between 00:00 and 12:00, the traffic does not exceed 600 GB;

e Between 12 a.m. and 2 p.m., traffic is between 600 and 900 GB;
e Between 2 p.m. and 8 p.m., traffic exceeds 900 GB;

e Between 8 p.m. and 10 p.m., traffic is between 600 and 900 GB;

From this data, the traffic variations can be divided into three different traffic states
s1, s2 and s3 or:

e s1 = [0; 600],

e 52 = [600; 900]

e 53 =[900; 1200].

Figure 2 illustrates these traffic values and their variation during a day.

Traffic

0 5 10 15 20 24
Time (Hour)

Fig. 2 The mobile stations’ traffic over a given two-hour time is the monthly average of traffic
randomly generated across the same time interval
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Fig. 3 Approach proactive

3.2 Approach Proactive

In this approach, we choose from % the optimal set of BS; at the lowest traffic state.
This set of BS; can be used at any time, in the network, for all traffic states. Then,
additional BS; are turned on from a traffic state to another as the traffic increases
to meet the increasing capacity and coverage requirements. In Fig. 3, if we use this
approach, we must start by the first traffic state s; to the last one which is s3, for more
details see [2, 3].

3.3 Problem Modeling

We consider a service area that we want to cover by a cellular network service. Let
S = {1, ..., m} aset of base stations (B S;) which will be installed and I = {1, ..., n}
a set of mobile stations (M Sy). Each base station B S; has an installation cost denoted
¢;. We denote by u ; the number of connections simultaneously active by the mobile
station M S;. Consider the following two decision variables:

= 1 if BS; is selected, 1)
"7 10 otherwise.
_J1if MS: is served by BS;,
Yhi = {0 otherwise. @)
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Fig. 4 Illustration: problem with six mobile stations and four base stations

An illustrative example is shown in Fig. 4. In this example, we have four base
stations (BS;) and six mobile stations (MS;). We notice that the BS; is not installed
and the MS3 is not covered; MS; and MS, are assigned to BS;; MS, and MSs are
assigned to BS3; and MSg is assigned to BSy.

Since we want to maximize the total covered traffic and minimize the total cost
of base station under certain constraints, the problem can be expressed as follows:

N
min E CiX;
X
i=1

=N 3)
max )}, D kv
4 seS k=1 i=I
Subject to the following constraints:
N
XiPi—SINR, Y xjPj—SINRo® >
, j=Lj#i @)
—SINR. Y Puj—SINRw® | (1—yi) VkelViel

J=1j#i

i <xi VkelJViel, &)
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N
Y wi<1l Vkel 6)
i=1
K,
i < Kps Vi€l (7N
k=1
vei €{0,1},x; € {0,1} VkeJ,Viel. ®)

Constraint (4) represents the quality of service of mobile stations (MS) in the
network. The constraint (5) ensures that one cannot assign the mobile station number
k (MS k) to be served by the base station number i (BS i) if BS i is not selected and
is in service. Constraint (6) forces each MS k to be served by at most one BS. The
constraint (7) guarantees that each BSi can serve at most K BS MS. Constraint (8)
requires that the variables xi and yki be binary according to Egs. (1) and (2).

3.3.1 Improved Formulation of the Problem

We transform this multi-objective problem into a mono-objective one using the
weighted sum method as follows:

T%XWZZZMkYkz —(l—oz)Zczx, 9)

seS k=1 i=l1

subject to the constraints (4), (5), (6), (7) and (8).
Here, we use dynamic weights instead of constant ones.

maxa(t) 3 Z Zukyk i — (1 —a() Zc,x,

seS k 1 i=1 (10)
|a(r>ZZZum, +(1 - a(t))Zc,m <e¢
seS k=1 i=1

subject to the constraints (2) to (7), where:
¢ is a positive number very close to 0,
t is a time-step,
a(t) and (1 — «(t)) are dynamic weights of the two objective functions.
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4 Simulated Annealing Algorithm Solution

The problem (13) formulated previously is NP-hard, so it is necessary to propose an
approximate algorithm to solve it. In this paper, we use a simulated annealing (SA)
algorithm. Simulated annealing (SA) is a probabilistic metaheuristic, inspired by the
natural annealing process used in metallurgy, proposed by [12].

4.1 The Neighborhood of a Solution

Consider “N” base stations (BS) and Ks mobile stations (MS). A solution y to our
problem is a sequence of Ks digits, where each digit is an integer taking values
between 0 and N. In this article, we define a neighborhood § of a solution y by
changing a digit into y by another integer from the set 0, ..., N. Figure 5 illustrates
this mutation to generate a neighborhood of our solution.

4.2 SA Algorithm Solution

The simulated annealing (SA) algorithm is illustrated by Algorithm 1.

Algorithm 1 SA

Initialize the initial temperature Ty and the final temperature 7's.

Generate a random solution yg

WHILE (Tr < Tp)

FOR (a predetermined number of times) do

Choose, randomly, a neighborhood yg of yo

Compute AE = f(yo) — f(yo), where f is the function defined by Eq.9.
If AE > 0, then Yy is the new state.

Else y is the new state with the probability e
ENDIF

ENDFOR

Decrease the temperature.

ENDWHILE

—AE/T

5432197298 5432127298

get the neighborhood

Digit selected Digit modified

Fig. 5 Neighborhood operator
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5 Simulation Results and Application

5.1 Description of Data

To evaluate the performance of the proposed algorithm, we consider a rectangular
service area, a number of base stations and a number of mobile stations. With a
pseudo-random number generator, each base station and each mobile station take
a location in the service area according to a uniform distribution. For the general
simulation parameters are:

e The maximum transmission power is equal to 20W,

e The power of thermal noise is equal to 5.97 x 10715 W,

e The Carrier Frequency is equal to 2000 MHz,

e The maximum number of MS that can be served by each BS is equal to 50,
e The minimum threshold value that SINR is equal to —5dB,

e And the Gain of transmitter and receiver is equal to 0 dBi.

In order to evaluate the performance of our approach, we have considered two
instances of our problem. We start by using these instances test to evaluate the
capability of our approach to minimize the base stations’ number, thus minimizing
the total cost. Then, a proactive approach is introduced to minimize daily energy
consumption generated by the installed BSs. The size of the service area is 10 x 10
(Km?). We randomly generated the locations of 1200 mobile stations (MSs) and 150
base stations (BSs). the costs of the base stations are taken randomly between two
digital units (Table 1).

5.2 Computational Results

This section reports the calculation results obtained by applying the proposed
approach. Simulated annealing is encoded in C ++ language and executed on an
Intel Core 15-4200U CPU 1.60GHz x 4. The parameters of SA are set as follows.

Table 2 shows the number of active base stations with a minimal cost total and
MSs not covered. The results are obtained by simulated annealing (SA).

Table 1 Parameters of simulated annealing

Parameters Values

(s1, 52, 53)
Initial temperatures (100, 150, 200)
Iterations per temperature (200, 250, 300)
Final temperature 0.001
Exponential cooling 0.09
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Table 2 The result for the number of BS installed and MS not covered using classic and proactive
approach

Our model Traffic states BS; installed with MS; not covered
minimal cost
Classic Full day 140 1
Proactive Si 87 0
S 120 1
S3 140 1

After having presented two possible solutions to reduce the energy consumption
of the cellular network and thus reduce the total cost of the base stations, we conider
the following example to illustrate the descrobed approach. If the value ‘A’ is the
energy consumed by a base station BSi during one hour, then we can calculate the
total energy consumed (Ec) by this station during the day, with the following term:

Ec=Ts; x NB; x A

where,

e N B; is the number of BSs selected from the traffic state s;,i € {1, 2, 3};
e Ts; in hour is the duration of the traffic state s;, i € {1, 2, 3};
e A s is the energy consumed by a base station BS; during one hour =40 W.

therefore for the classical method we obtain the following result:
Ec =24 x 140 x 40 = 134,4 x 10 W/day
on the other hand in a proactive approach and on/off strategy we obtain:
Ec(s;) =14 x 87 x 40 =48720 W
Ec(sp) =4 x 120 x 40 = 19200 W
Ec(s3) = 6 x 140 x 40 = 33600 W
Ec = Ec(s)) + Ec(sy) + Ec(s3) = 101,52 x 10° W /day
We see that when we use the proactive approach, the energy consumption is decreased
by 24.46 %.
The results depicted above clearly show the ability of our approach to providing
an optimal solution that minimizes the total cost while reducing the number of BSs

and keeping the maximum coverage in the classical application. Another interesting
result is the capacity of the proactive approach in improving the solution quality.
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6 Conclusion

Energy efficiency is a growing concern, particularly in the wireless communication
networks of today and tomorrow. This is due to the sharp increase in the number
of users and the continued needs of these networks. Therefore, energy consumption
is expected to increase significantly. This leads to serious energy and economic
problems. In this article, we have studied this problem from this aspect and tried
to reduce the total cost of base stations in the cellular network and thus reduce the
energy consumption of these stations. The second challenge is to maximize the total
coverage in order to maintain the quality of service. First we classified this problem
as a multipurpose problem. Second, we proposed an on/off strategy based on the
annealing simulation method to solve the NP-hard problem.
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Inverse Problem of 2D Lung Electrical )
Impedance Tomography i

Soumaya Idaamar and Mohamed Louzar

Abstract Electrical impedance tomography is a technique that allows to image the
distribution of the conductivity of a domain from impedance measurements made at
several points on its surface. The method was initially developed by geophysicists
for mineral prospecting (Maillet, 1947). However, its biomedical applications were
quickly recognized (Brown and Barber, 1984). Electrical Impedance Tomography
(EIT) is a non-invasive imaging technology that estimates the electrical conductivity
distribution in a domain. In this study, the conductivity is reconstructed from bound-
ary voltage measurements by using a reconstructing algorithm known as the forward
problem. Simultaneously, the image reconstruction can be obtained using the inverse
problem to detect regional lung ventilation.

1 Introduction

Medical imaging allows to image the internal structure of the human body, it takes into
account tissue properties such as the conductivity or the permittivity. Currently, some
applications are in clinical use for the diseases diagnosis such as gastric emptying
monitoring, regional lung surveillance, cardiac function and breast cancer.

Today, new technologies have made it possible to develop non-invasive monitoring
tools available at the patient’s bedside. Some of these tools could allow individual
and more precise adaptation of the recommendations to adjust the tidal volume and
positive expiratory pressure. A few examples of technologies for measuring volumes
and pressures, or even new pulmonary imaging modalities is the electrical impedance
tomography(EIT) [1].
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The development in medical EIT is motivated by its low cost, its non-ionizing
character and its simplicity of use with a portable measurement system [2].

EIT applications to monitoring regional lung function are based on bioimpedance
measurements by using a belt of electrodes containing 16 electrodes placed around
the chest wall and an alternated current injected into a pair of adjacent electrodes
which produced 13 pieces of measured voltage data. However, no voltage is measured
between the electrodes where the current is injected [3].

The study aimed to determine the electrical properties of body tissues. The first
step is to solve the forward problem using the finite element method to estimate
potentials inside and at the boundaries of a domain, then to reconstruct the electrical
conductivity distributions the inverse problem method was used, the measurement
data are processed by the MATLAB program using the Gauss-Newton regularized
iterative method [4].

2 Mechanism of Operation

Electrical Impedance Tomography (EIT) is a technique for imaging the electrical
conductivity distribution of a section of the body based on a set of potential mea-
surements on the surface.

The physical substance of the human body organism is composed of a wide variety of
biological tissues with very different properties, it can be considered as a composite
linear, homogeneous conductor. Thus, the electric resistivity of human tissues have
a different value [5].

For the pulmonary system, the model had five regions: lungs, heart, blood, bone
and fat, a conductivity was assigned to each of these regions using typical values
obtained from the literature [6]. Tissue resistivity values is mentioned in the following
Table 1.

The process of monitoring regional lung can be divided into two distinct phases:
The first phase is the determination of the potential distribution in the domain.
This method is known as ‘The forward problem’ with an initial given conductivity
(Fig. 1). The second phase or ‘The inverse problem’ is the reconstruction of con-

Ta!)lg 1 Values tissue Tissues Resistivity values (£2,,)
resistivity

Blood 1.6

Heart 2.5

Lungs 20

Bone 177

Fat 25
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Resolution of forward problem

The shape of the thorax

Position and shape of the electrodes
S The distribution of thoracic potentials
Thorax conductivity distribution

- Resolution of inverse problem '

Fig. 1 Definition of forward and inverse problem

ductivity distribution. The forward and inverse problem are defined in the following
diagram [7]

3 The Forward Problem

The forward problem can be solved analytically for simple forms by Fourier trans-
forms [8].

For complex geometries, it is necessary to use numerical methods to discretize the
domain into small elements, the method used is the Finite Element Method (FEM),
it is generally chosen for EIT applications since it does not require any discretization
regularity. The variational method is widely defined in the literature [9].

3.1 The Mathematical Model of the Forward Problem

The mathematical model of the studied problem are a simplification of Maxwell’s
equations as well as the related auxiliary relations and hypothesis of frequencies to
obtain the Laplace equation with boundary conditions defined by
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—V.(6Vu)=00n 2 C R?,
o =Jondg, (1)
[youds =0.

Where
u : The electric potential distribution
o : Given conductivity distribution inside the domain
J: Current injected through the boundary
n: The external normal

3.1.1 Finite Element Method (FEM)

The Finite Element Method is a common choice for solving the forward problem
In order to build a finite element model, the division of the domain of study into
elements is essential.

An approximation function is used to represent the distribution of the potential u
within the element. The concept is to multiply the equation by a test function v and
integrate by parts Considering the weak formulation of this problem [10]

u € Hy (2)/Vv e Hy (2) f oVu.Vuds2 = / JvdDl )
2 r

A solution to the forward problem can be found by solving the linear system by
combining all elements, the resulting formulation is given by

[Y (o)]1V =1, 3)
Where [Y ()] is the global conductivity matrix, o is the element conductivity vector,
V is the nodal electric potential vector and [ is the nodal current vector [11].
3.1.2 Numerical Simulations of Forward Problem
Using the MATLAB PDE toolbox, we can create the geometry of the thorax as well

as its simple and refined mesh.
The resulting distribution of the electric potential is shown in Fig. 2:
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Fig. 2 The refined mesh and the complex value of the distribution of potential

4 The Inverse Problem

4.1 The Mathematical Model of Inverse Problem

Aninverse problem is a situation in which the values of certain (unknown) parameters
of a model must be identified from observations (measurements) of the phenomenon.
It is also the opposite of a direct problem, otherwise an inverse problem consists of
determining causes with effects [12].

The EIT is an inverse and ill-posed problem because there is not only a single solu-
tion for the reconstruction of images for the given boundary potential distribution
(Fig.3).

Therefore, different methods are adapted to solve the EIT as an optimization prob-
lem, the standard method is the use of the iterative regularized Gaussien-Newton
method [13]

’ ’ _1 ’
o =0+ ((f @) * @ +61) (@) (f =V 4
k=0,1,2...
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Fig.3 A two-dimensional model of the complex-valued of given conductivity of the human thorax
including lungs, heart and bone

Where f (oy) is the sensitivity matrix of dimension m x r , m the number of
measured voltages I is the identity matrix of size r x r, V,,, the measured voltage and
0 is a regularization parameter initially fixed at 0.01.

4.2 The Numerical Simulations of Inverse Problem

In this section, we perform numerical simulations to demonstrate our theoretical
results . We wrote a code in MATLAB based on an iterative algorithm.
At the end of an iteration, if the value of the objective function of potential has
decreased compared to the previous iteration. 6 is decreased by a factor of 10, while
if the value of the objective function has increased. 6 is increased by a factor of 10.
We use data of the Forward problem and the corresponding conductivities of the
tissues are taken out of medical literature [13].
The conductivity distribution of the model thorax tissue can be identified from
the color in the reconstructed images as shown in the Fig. 4.



Inverse Problem of 2D Lung Electrical Impedance Tomography 225

s Imiconductivity) .am s, Re(conductivity)

04 -

0.8 -
-1

A 08L L ;
] 1 -1 a 1

Fig.4 A two-dimensional model of the complex-valued of reconstructed conductivity of the human
thorax including lungs, heart and bone

5 Conclusion

There are several clinical applications that could benefit from EIT technology as a
technique for measuring lung function In this paper, the question was approached
from two angles: from a theoretical point of view, image reconstruction algorithms
were developed and from a numerical point of view, simulations under MATLAB.
The most important improvement in the measurement of lung function are:

e Complex impedance distribution
e Image reconstruction algorithms on 3D models.
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On Local and Global Bisection-Type m
Mesh Refinements in C Programming e
Language

Zhor Mellah and El Bekkaye Mermri

Abstract The finite element method (FEM) is a numerical method of resolution of
many problems modeled in terms of partial differential equations. It is a powerful
and widely used method in science and engineering. Its simulation requires in a first
phase the construction of a mesh of the computational domain. In our paper, we
present an efficient approach for local and global mesh refinements of triangular and
quadrilateral two-dimensional meshes in C programming language. The proposed
refinement algorithms are based on a bisection-type method which produces nested
refinements of the triangulation. The algorithms are short, easy to understand and
modify, moreover they can be easily integrated in a FEM C program.

1 Introduction

Meshes are used in many application areas, and they are essential for the computation
of the numerical solutions of partial differential equations (PDEs). Obviously, the
numerical simulation by finite element method (FEM) of many mathematical, phys-
ical, and financial problems formulated in terms of PDEs requires, at the first step,
the construction of a mesh of the computational domain. This mesh is based on a
geometric subdivision of the problem domain into a number of small polygonal sub-
domains, called elements. Usually, these subdomains are chosen of simple shapes,
such as triangles or quadrilaterals in two dimensions and tetrahedra or hexahedra in
three dimensions. In this paper, we deal only with meshes composed of triangular
and/or quadrilateral elements.

In addition, if a particular approximate solution is deemed too inaccurate, improve-
ment may be obtained by selecting a larger subspace, by using either mesh refinement,
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called h-refinement, or higher-order basis functions called p-refinement. In the case
of h-refinement, there is a tendency to refine the mesh near the regions of interest, for
example in the regions where one thinks that the variation of the solution is large;
however, care must be taken to have elements closer to a regular polygon. The more
the mesh is narrowed, the more the computed solution will be accurate and close to
the exact solution of the problem.

Bisection-type algorithms are very convenient for refining triangular meshes,
which is needed for many practical problems, see for instance the works of Rivara
[7-9]. This technique became more popular within the FEM community for mesh
refinement/adaptation purposes, and several local and global refinement algorithms
based on bisection-type algorithms were established, see for instance [3-6]. The
refinement is said to be local if the partition is carried out on a subset of elements,
producing so-called adaptive refined meshes. The global, also known as uniform
refinement, concerns the partition of all the elements in a mesh. Bisection-type algo-
rithms guarantee fine-quality structuring with irregular and nested triangulations. To
ensure the shape regularity of the elements is inherited by elements created during
the refinement process, we restrict attention to bisection-type mesh refinement. A tri-
angular element is subdivided into four geometrically similar triangles to the parent
triangle.

In this paper, we present how to proceed to obtain efficient algorithms for the C
program for local and global mesh refinement for two-dimensional mesh, as well
as simple mesh generation algorithms for rectangular domains. The procedure is
based on a bisection-type mesh refinement. We consider triangular and/or rectangular
meshes of a polygon. The algorithms are short, easy to understand and modify,
moreover they can be integrated in a FEM C program.

The paper is structured as follows. First, we give a brief section about mesh
background. Then, in Sect. 3, we present mesh generation algorithms for rectangular
domains. Section 4 is devoted to the procedure for refining different meshes of polyg-
onal domains; we consider local and global mesh refinements for triangular and/or
rectangular elements. Finally, in Sect. 5, we present the algorithms corresponding to
the mesh refinement procedures present in the previous section.

2 Background

A meshis a geometric data structure that can be used to represent a surface subdivision
using a set of polygons and a three-dimensional domain subdivision by a set of volume
shapes. It consists of a set of vertices, connected to each other by edges or polygons.
The objective of a mesh is to simplify a system by a model representing this system
and, possibly, its environment, for the purpose of scientific computations or graphical
representations. A mesh can be characterized by its dimension (one, two, or three
dimensions), its fineness, the geometry of the elements, and the degree of the element
(degree of the polynomial interpolating the vertices of each element).
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In the FEM, a mesh is defined by its coordinate system which includes elements
and vertices. The vertices are represented by points of the plane or space. In two
dimensions, the elements are usually triangles or quadrilaterals. In three dimensions,
it is also possible to use voluminal shapes to represent the elements, such as tetra-
hedrons, hexahedrons, and prisms. In this paper, we only consider two-dimensional
domains. A data structure representing a mesh must store several types of elements:
finite elements, vertices, and boundary edges. There are several possibilities to rep-
resent the meshes, each one having its advantages and its disadvantages. The choice
is made in terms of memory occupancy, topological query (browse the neighbors
of a vertex, etc.), and ease of modification (insertion/deletion of elements). A two-
dimensional mesh generator produces a triangulation starting from an input of a
planar straight-line graph (PSLG). A PSLG is a set of vertices and segments. The
mesh generation process necessarily divides each segment into smaller edges called
sub-segments. In general, a mesh should satisfy some constraints: the union of the
triangles is the triangulation domain and the triangles should be relatively “round” in
shape, a lower bound on the smallest angle of a triangulation implicitly bounds the
largest angle. A structured mesh is one in which all interior vertices are topologically
alike. An unstructured mesh is one in which vertices may have arbitrarily varying
local neighborhoods.

Delaunay refinement is a technique for generating unstructured meshes of tri-
angles. The problem is to find a triangulation that covers a specified domain, by
maintaining a constrained Delaunay triangulation. The triangulation is refined by
inserting carefully placed vertices until the mesh meets the constraints on the trian-
gle quality and size. The angles should not be too small or too large, and the triangles
should not be much smaller than necessary, nor larger than desired. The Delaunay
triangulation of a point set has the desirable property that it maximizes the minimum
angle. For constrained Delaunay triangulations, see [2, 12].

Refinement algorithms based on the longest-edge bisection of triangles were
developed to deal with adaptive discretizations. These algorithms guarantee fine-
quality structuring with irregular, nested triangulations, mainly as a result of the
“bounded” characteristics of the small angles of the triangles thereby created. Such
refinement algorithms when applied iteratively to an initial mesh produce a sequence
of nested meshes suitable for multi-grid techniques and hierarchical data structures
[7, 10].

Mesh refinement techniques are commonly used to solve PDEs with the finite
volume method (FVM) or the FEM. The FVM is typically used to solve fluid-flow
problems by defining a control volume surrounding each vertex in a mesh and mea-
suring the flux entering and exiting the control volume. Delaunay meshes are exten-
sively used in the FVM because it is easy to define a control volume around a vertex
using a Delaunay mesh and its corresponding Voronoi diagram [11]. On the other
hand, the FEM may be used with any mesh and they are no more complicated on
unstructured meshes than on structured meshes. Furthermore, there is no real advan-
tage the angles meet the bound constraint. Babuska and Aziz [1] showed that in the
approximation by FEM the minimum angle condition is not essential, assuming that
angles are bounded away from 7, a strictly weaker condition.
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Adaptive mesh refinement places more grid points in areas where the error in the
solution is known or suspected to be large. Local error estimates based on a solution
computed on an initial mesh are known as a posteriori error estimates and can be used
to determine which elements should be refined. One approach to mesh refinement
iteratively inserts extra vertices into the triangulation, typically at edge bisectors or
triangle circumcenter.

3 Mesh Generation

In this section, we present some algorithms that can be coded in C language to
produce uniform two-dimensional triangular and/or rectangular meshes of simple
domains such as a rectangle or a polygon, that can be in the FEM context.

3.1 Mesh Data Structure

Each of the mesh codes provides three lists of data containing the all necessary infor-
mation for the description of the mesh, recorded in three different files: a file which
contains the nodes of the mesh, the second contains the triangular or rectangular
elements of the mesh, and the third one contains the segments in the boundary of the
domain.

e File nodes: Each line contains the two coordinates of a mesh node.

e File elements: Each line contains the three (or four) labels of vertices of each
triangular (or rectangular) element of the mesh, placed in an anti-clockwise order
form left to right.

e File segments: Each line contains two labels of the nodes in the extremities of a
segment in the boundary of the domain.

Files formats are as follows:

node.txt element3.txt element4.txt segment.txt
1 1 1 1 1 1 1 1 1 1 1
N ooy g O T T T S L
2 2 2 2 2 2 2 2 2 2 2
X A m n n3 m n n3 ny nyo n
nn nn nte nte nte nre nre nre nre ns ns
XN n n" n3 i n n3 ny oo

where “nn” is the number of the mesh nodes, “nte” and “nre” are the numbers of
the triangular and rectangular elements, respectively, and “ns” is the number of the
segments.
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3.2 Rectangular and Triangular Mesh Generation
of a Rectangle

We consider a rectangle R having vertices: (x, y1), (x2, y2), (x3, ¥3), and (x4, y4),
where (x;, yp) is its bottom-left corner. For the seek of simplicity, we assume that the
sides of the rectangle are parallel to (Ox) and (Oy) axes and we denote by a and b
the length of the parallel side to (Ox) and (Oy) respectively. We subdivide a into n
subdivisions and b into m subdivisions. The number of nodes is then (n + 1)(m + 1)
node, the number of segments is 2(n + m) segment and the number of elements is
nm element for rectangular mesh and 2 nm for triangular mesh. The instructions
followed in our programs to build the mesh respect the following rules:

e The nodes of the mesh are constructed and numbered from up to down and from
left to right starting by the vertex (x4, y4).

e The rectangular elements are constructed from up to down and from left to right
starting by the left side of the rectangle. The vertices of each element are set in
anti-clockwise direction.

e The triangular elements are constructed from up to down and from left to right
starting from the left side of the rectangle by splitting each rectangular element
from its diagonal into two triangle elements. The vertices of each element are set
in anti-clockwise direction, see Fig. .

e The segments are built starting by those on the right side of the rectangle, then
those on the bottom side, then the left side, and finishing with the top side.

After executing the code, we obtain the following files:

e A nodes.txt file containing the coordinates of each node of the mesh.

y-coordinates

2.7 1 5 9 13 17
Ti3 Tio

T T2 T Ts Tia T20

T 2 6 10 14 18
Ts Ta To Tio Tis Tie ™ T2

01 3 7 1 15 19
Ts /'Ts Tn T Tz T T23 Tas

1] 4 8 12 16 20

x-coordinates

-2 -1 0 1 2

Fig. 1 Example of triangular (rectangular R; = T; U T; ) mesh
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o A elements3.txt file that contains the labels (numbers) of the three nodes that define
each triangular element of the mesh.

o A celements4.txt file that contains the labels of the four nodes that define each
rectangular element of the mesh.

o A segments.txt file containing the labels of the nodes that define each segment of
the mesh at the border of the domain.

The triangular and rectangular meshing algorithm of a rectangle R follows the fol-
lowing steps:

Step 1. Read (x, y;) and (x3, y3).

Step 2. Compute (a, b) the length and the width of the rectangle.

Step 3. Compute and add mesh nodes in a file.

Step 4. Compute and add elements into a file.

Step 5. Compute and add mesh segments in a file.

The fragments of C codes to create the mesh are given as follows. First, we define
the following structures and variables:

1 typedef struct node{

2 float x,y;

3 }Node;

4+ typedef struct element3{
5 int nl,n2,n3;

6 }Element3;

7 typedef struct element4{
8 int nl,n2,n3,n4;

9 }Element4 ;

10 typedef struct Segment{
11 int nl,n2;

12 }Segment;

12 Node #nodes;

15 Element3 xelements3;
16 Elementd4 xelements4;
17 Segment xsegments;

Construction of nodes:

for(i=0;i<=n;i++){
for (j=0;j<=m; j++){
if (j==0llj=mlli==0lli=n){t=1;}
else{t=0;}
nodes[ j+@m+1)xi].x = x_I+ix(a/n);
nodes[j+@+1)*i].y = (y_l+b)—j*(b/m);
nodes[j+@+1)*xi].s = t;

e I ST C R
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Construction of rectangular elements:

233

k=0;
for(i=0;i<n;i++){
for(j=0;j<m; j++){

elements4[k].nl = j+@1)*xi+1;
elements4[k].n2 = j+@1)*i+2;
elements4[k].n3 = j+@u1)*x(i+1)+2;
elements4[k].nd4 = j+@+1D)*(i+1)+1;
k++;

}

Construction triangular elements:

k=0;
for(i=0;i<n;i++){
for (j=0;j<m; j++){
elements3[k].nl = j+@+1)*xi+1;
elements3[k].n2 = j+@+1)*xi+2;
elements3[k].n3 = j+@+1)*x(i+1)+1;
k++;

elements[k]3.nl = j+@+1)*i+2;
elements[k]3.n2 = j+@+1)*«(i+1)+2;
elements[k]3.n3 = j+@m+1)*(i+1)+1;
k++;

}

Construction of segments:

for (i=0; i<m; i++) {
segments[i].nl = i;
segments[i].n2 = i+1;
}
for (i=m; i<mn; i++) {
segments[i].nl = m(i-m)*@+1);
segments[i].n2 = m+(i+l-m)*x@u-1);
}
for (i=mtn; i<2sm#n; i++) {
segments[i].nl = (m1)*(n+1)-1—i+mn;
segments[i].n2 = (m1)*(n+1)—1—(i+1)+@n);
}
for (i=2smn; 1<2mw2kn; i++) {
segments[i].nl = (@r1)*(n)—(i—2m#n) ) x(m+1);
segments[i].n2 = (m1)*(n)—(i+1—2xmn) )k @n-1);

}
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4 Mesh Refinement

We consider the h-refinement of a given mesh. To carry out this refinement, one
needs an input of the files containing the description of the initial mesh: elements,
nodes coordinates, and segments describing the boundary.

There are two types of refinement: global and local refinements. We perform the
refinement on rectangular and triangular or mixed meshes.

4.1 Global Refinement of a Rectangular, Triangular,
and Mixed Meshes

To perform the global refinement of any mesh, we cross the list of all elements of
the initial mesh. We refine each element by adding new local nodes to this element,
which allows us to create new elements (called children) and new segments. The
new nodes are added to the node file, and the new elements and segments come in
the palace of the elements and segments of the initial mesh. The addition of the new
local nodes is as described as follows:

e For quadrilateral elements of vertices n;, i = 1, ..., 4, we put nodes on the mid-
dle points of each side of the element and one in the center of the quadrilateral
rectangle. The new elements are quadrilaterals obtained by connecting the middle
point Ns with the new nodes (N;, i = 1,...,4), see Fig.2. Nodes of each new
element are set in the file in anticlockwise order, which is desirable in the finite
element computation. The four new elements will replace the initial one.

N4 n3 n4 N3 n3
Ns
N4 N2
g @ M "o

Fig.2 Refinement of arectangular element: a element before refinement; b element after refinement
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Fig.3 Refinement of a triangular element: a element before refinement; b element after refinement
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Fig.4 A global refinement for a mixed mesh: a a mixed mesh before refinement; b the mixed mesh
after global refinement

e For triangular elements of vertices n;, i = 1, 2, 3, we put nodes on the middle
points of each side of the triangle. The four new elements are triangles obtained by
connecting the new nodes (N;,i = 1, 2, 3) with each other, see Fig. 3. We remark
that the new triangles are similar to the original one, that is they have the same
angles as the parent triangle. Nodes of each new element are set in anticlockwise
order. The new elements will replace the initial one.

Figure4 illustrates an example of global refinement of a mixed mesh (with tri-
angular and rectangular elements). Algorithms for global refinement of a triangular
mesh are given by Algorithms 1 and 2 given in Sect. 5.
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Fig. S Meshing a polygonal domain by refinement: a polygon to mesh; b initial triangular mesh
of the polygon; ¢ the polygon mesh after refinement

Remark 1 We remark that one can get an initial mesh of a polygonal domain by
computing its center, then connecting it to the external nodes of the polygon as is
shown in Fig.5. Then, by refining this initial mesh, we obtain a new mesh of the
polygon. We note that the smallest rectangle containing the polygon must not be
very narrow, in order to avoid small angles in the elements.

4.2 Local Refinement of a Triangular Mesh

The local refinement of a mesh is carried out by refining some given elements of
this mesh. To perform this refinement, it is necessary to have a file containing the
elements or construct it by using the set of nodes defining the region to be refined.
First, we take out the elements to be refined for the list of elements of the mesh.
Next, we refine the elements in question in the same way as already described in
the previous section. The new mesh is composed of the list of elements of the mesh
private from elements to be refined and the list of refined elements. In the end we
may have a non-conforming mesh where some elements my have additional nodes in
their edges, see left side figures in Figs. 6, 7 and 8. To solve this problem, we re-mesh
the neighboring elements which cause this non-conforming mesh problem; there are
three scenarios:

1. If the element contains only one node which causes the problem, we connect it to
the opposite vertex to split the element into two elements which will replace the
parent element in the mesh, see Fig. 6.

2. If the element contains two nodes that cause the problem, we connect them and
connect one of them to the opposite vertex in order to decompose the element in
question to three elements. Then the new tree elements will replace the element
causing the problem, see Fig. 7.
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(2) (b)

Fig. 6 First scenario to refine non-conforming triangular elements: a element before refining non-
conforming element; b element after refining non-conforming element

(@) (b)

Fig. 7 Second scenario to refine non-conforming triangular elements: a element before refining
non-conforming element; b element after refining non-conforming element

(2) (b)

Fig. 8 Third scenario to refine non-conforming triangular elements: a element before refining
non-conforming element; b element after refining non-conforming element

3. If the element contains three nodes that cause the problem, we connect them in
the same way as we carried out the refinement of an element, see Fig. 3. Then we
get four new elements which will replace the element causing the problem, see
Fig.8.
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Fig. 9 Triangular mesh before (a) and after (b) local refinement of the elements containing nodes
number 7 and 9
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As an example, we consider the mesh in the left-hand side of Fig.9, where we
want to refine the elements around nodes labeled 7 and 9. When we refine locally this
mesh, we get the non-conforming mesh on the right-hand side of the same figure.
The corrected refined mesh is given by Fig. 10.
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5 Refinement Algorithms

Data of the mesh: nodes, elements, and segments are represented by the following
structures:

structure node{
X, y: real;
label: integer;

structure element3 {
nl, n2, n3: integer;

structure element4{
nl, n2, n3, n4: integer;
}

structure segment{
nl, n2: integer;
}

We define the following variables:

A[N, N] : array of reals;

b[N] : vector of reals;

v[3] : vector of integers; (or v[4] for rectangular elements)
element[ L] : array of structure element3; (or element4)
Relement][ | : array of structure element3; (or element4)
nodes[N] : array of structure node;

segment[Ns] : array of structure segment;

Rsegment[ ]  : array of structure segment;

where N and L are, respectively, the number of nodes and elements in the mesh;
Ns is the number of segments in the boundary.

e The elements and segments of the initial mesh are, respectively, stored in the arrays
element| ]| and segment] ].

e The elements and segments of the refined mesh are, respectively, stored in the
arrays Relement[ | and Rsegment| ].

e The matrix A is used to store the labels (numbers) of new nodes in the refined mesh;
if A[i][j] = O then the segment [i, j] has no new node, otherwise the segment
contains a new node of label N = A[i][j].



240

Z. Mellah and E. B. Mermri

5.1 Algorithms for Global Refinement

Algorithm 1 Algorithm for global refinement of a triangular mesh

1: for i < 1to N do

2:
3:
4.

for j < 1to N do

A[i][j] <0

end for

5: end for
6: k<0
7: for i < 1to L do

8:

9:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34
35:
36:
37:
38:
39:
40:
41:
42:
43:
44
45:
46:
47:

il < element[i].n1
i2 < element[i].n2

i3 < element[i].n3

N1.x < (node[i1].x + node[i2].x)/2
N1.y < (node[il].y + node[i2].y)/2
N2.x < (node[i2].x + node[i3].x)/2
N2.y < (node[i2].y + node[i3].y)/2
N3.x < (node[i3].x + node[i1].x)/2
N3.y < (node[i3].y + node[i 1].y)/2

if A[i1][i2] = O then
N« N+1
node[N] < {N1l.x, N1.y}
Alil][i2] < N
Ali2][il] < N
end if
if A[i2][i3] = O then
N «< N+1
node[N] < {N2.x, N2.y}
A[i2][i3] < N
Ali3][i2] < N
end if
if A[i3][i1] = O then
N < N+1
node[N] < {N3.x, N3.y}
Ali3][il] < N
Alil][i3] < N
end if

Jj1 < A[i1][i2]
Jj2 < Ali2][i3]
Jj3 <« A[i3][i1]

Relement[k + 1].n1 <
Relement[k + 2].n1 <
Relement[k + 3].nl <«
Relement[k + 4].n1 <

i1, j1, j3}
jl,i2, j2}
J2,i3, j3}
JL.j2, j3}

————— ——

48: end for

> Creates the nodes N1, N2, N3

> Adds the new nodes to the list of nodes
> Means that N1 is not yet
added to the list of nodes

> Creates the list of refined elements

> Adds (n1,N1,N3)
> Adds (N1,n2,N2)
> Adds (N2,n3,N3)
> Adds (N1,N2,N3)
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Algorithm 2 Algorithm for refining segments
l: k < Ns
2: for i < 1to Ns do

: il < S[i].nl

3

4: {2 <« S[i].n2

5. j <« A[i1][2]

6: k<k+1

7:  Rsegment[k] < {il, j}

8:  Rsegment[k 4 1] < {j, i2}
9. k<«k+1

10: end for

5.2 Algorithms for Local Refinement

In addition to the notations given in the beginning of this section, we use the follow-
ing arrays:

—Lelement[Le] to store the set of elements to be refined.
—NCelement[NC] to store the non-conforming elements produced after the refine-
ment process.

6 Conclusion

In this paper, we have presented some algorithms for two-dimensional mesh refine-
ment that can be implemented in C/C++ programming language or any other com-
piled programming languages. We have considered global and local refinement of
a triangular and/or rectangular meshes of polygonal domains. We have also given a
simple triangular and rectangular mesh generation programs for rectangular domains.

Our aim was to give programs that are short, easy to understand and modify, and
can be integrated in a FEM C program.
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Algorithm 3 Algorithm for local refinement of a triangular mesh

1: for i < 1to N do

2:
3:
4.

for j < 1to N do

A[][j] <0

end for

5: end for
6: k<0
7: for i < 1to Le do

8:

9:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:
31:
32:
33:
34.
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:

il < Lelement[i].n1
i2 < Lelement[i].n2

i3 < Lelement[i].n3

N1.x < (node[il].x + node[i2].x)/2
N1.y < (node[il].y + node[i2].y)/2
N2.x < (node[i2].x + node[i3].x)/2
N2.y < (node[i2].y + node[i3].y)/2
N3.x < (node[i3].x + node[i1].x)/2
N3.y < (node[i3].y + node[i 1].y)/2

if A[i1][i2] = O then
N <« N+1
node[N] < {N1.x, N1.y}
Alil][i2] < N
A[i2][i1] < N
end if
if A[i2][i3] = O then
N < N+1
node[N] < {N2.x, N2.y}
Ali2][i3] < N
Ali3][i2] < N
end if
if A[i3][i1] = O then
N < N+1
node[N] < {N3.x, N3.y}
Ali3][il] < N
Alil][i3] < N
end if
j1 < Ali1][i2]
Jj2 « A[i2][i3]
Jj3 <« A[i3][i1]

Relement[k + 1] < {i1, j1, j3}
Relement[k + 2] < {j1,i2, j2}
Relement[k + 3] < {;2, i3, j3}
Relement[k + 4] < {j1, j2, j3}

k<k+4

48: end for

> Creates the nodes N1, N2, N3

> Update the list of nodes
> Means that N1 is not yet added
to the list of nodes

> Update the list of refined elements

> Adds (n1,N1,N3)
> Adds (N1,n2,N2)
> Adds (N2,n3,N3)
> Adds (N1,N2,N3)




On Local and Global Bisection-Type Mesh Refinements ... 243

Algorithm 4 Algorithm for updating "Relement[ |]" and re-mesh non-conforming

elements

1: > Let k be the number of elements in of Relement| ]
2: for i < 1to L do

3: il < element[i].nl > Non-conforming element
4: 2 < element[i].n2

5: i3 < element[i].n3

6:

T: app < Alil][i2]

8: a3 < A[i2][i3]

9:  a31 < A[i3][i1)

10:

11: if ajp = 0and ap3 = 0 and a3; = O then

12: Relement[k + 1] < {i1,i2,i3} > Adds the non-refined elements to the list: Relement][ ]
13: k<—k+1

14: else > Re-mesh the non-conforming elements
15:  ifajp <> 0and ap3 = 0 and a3 = O then
16: Relement[k + 1] < {ay2,i3,i1}

17: Relement[k + 2] < {a12,i2, i3}

18: k< k+2

19: end if

20: if ajp = 0 and ap3 <> 0 and a3 = 0 then
21: Relement[k + 1] < {ap3,i3,i1}

22: Relement[k + 2] < {ap3,il,i2}

23: k<k+2

24 end if

25: if ajp = 0 and ap3 = 0 and a3; <> 0 then
26: Relement[k + 1] < {ap3,il,i2}

27: Relement[k + 2] < {ap3,i2, i3}

28: k<k+2

29:  endif

30:  ifajp <> 0and a3 <> 0 and a3; = 0 then
31: Relement[k + 1] < {aj2,i2, a3}

32: Relement[k + 2] < {aj2, ap3,i3}

33: Relement[k + 3] < {aj2,i3,il}

34: k< k+3

35:  endif

36:  ifajp <> 0andar3 =0andaz; <> 0 then
37: Relement[k + 1] < {il, ajp, a3y}

38: Relement[k + 2] < {aj2,i3,a31}

39: Relement[k + 3] < {aj2,i2, i3}

40: k< k43

41: end if

42:  ifajp =0and apz <> 0and az; <> O then
43: Relement[k + 1] < {a3,i3, a3y}

44: Relement[k + 2] < {a3, a3y, il}

45: Relement[k + 3] < {ap3,il,i2}

46: k<~ k+3

47: end if

48: if ajp <> 0and ap3 <> 0 and a3| <> O then
49: Relement[k + 1] < {il, a2, a31}

50: Relement[k + 2] < {aj2,i2, a3}

51: Relement[k + 3] < {a3,i3, a3y}

52: Relement[k + 4] < {a13, a3, a3}

53: k<k+4

54:  endif

55: endif

56: end for
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Algorithm S Algorithm for refining segments

1: for i < 1to Ns do

2: il <« S[i].nl

3: (2« S[i].n2

4: if A[i1][i2] <> O then

5 Jj < Alil][i2]

6: k<—k+1

7 Rsegment[k] <« {i1, j}

8 Rsegment[k + 1] < {j, 2}
9: endif

10: end for
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