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Abstract 

  The purpose of this work is to determine the co-even domination number of various graphs, 
as a ladder, lollipop, butterfly, jellyfish, helm, corona, fan, and double fan graph.  Before this, the 
important properties of the co-even dominating set are mentioned from previous work.  

Keywords:  Co-even dominating set , Co-even domination number, Lollipop, Butterfly, 
jellyfish, Helm, Ladder. 

1. Introduction  
     Domination is one of the most important notions in graph theory because it is an important 
way to solve many problems in life. Recently, the notion of domination is interested in many 
researchers whether from researchers of mathematics, engineering, chemistry, or biology, and 
others. There are many kinds of domination are discussed [1], [2]. Also, it is introduced in many 
fields of graph theory as labeled graph [3,4] and topological graph [5], and the others. This work 
is an extension of previous work as researchers Ahmed A. Omran and Manar M. Shalaan                 
[6] presented a new definition of domination which is called co-even domination and definition 
as follows, assume that � be a graph and � is a dominating set, the set � is called co-even 
dominating set if � has even neighbors for all � ∈ � − �. This set denoted by CEDS, also if it 
has no proper CEDS, then it is called minimal CEDS and denoted by MCEDS. Furthermore, if 
MCEDS has minimum cardinality,  then it is called co-even domination number and denoted by �coe (�). In this work, this number is determined by various graphs. The first graph is the ladder 
graph that obtained by Cartesian product of �	 
�� �
. The second graph is called fan that 
defined by join the path and complete of order one and denoted by �
 ≡ �
 + ��. The third graph 
is called double fan which obtains by ��
 ≡ �
 + �	��� . The fourth graph, obtained by the 
operation corona to two graphs one of them the cycle graph of order �  and the other is a null 
graph of order � and denoted by �
⨀������. The fifth graph is called helm that obtained from the 
wheel of � vertices by adjoining a pendent edge at each vertex of the cycle. The sixth graph is 
the lollipop which obtained from a complete �� graph with a single vertex attached by a path of  � - length and denoted that ��,
.  
 
The seventh graph is the butterfly and defined as follows, let �
 be a graph of order �, the vertex 
common (� − 3) chords is called the apex. A subgraph induced by apex with end vertices of 
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chords is called a shell graph. A butterfly graph is a double shell for any orders (�, �) with 
common apex with exactly two pendant edges at the apex vertex. Finally, the eighth graph is The 
jellyfish which obtained from a cycle of order 4 with vertices ��, �	, ��, 
�� �� by joining �� and �� with an edge and appending � pendant edges to �	 and � pendant edges to ��. The reader can 
be found more details about the definitions above in [7-11]. 
 
 
Proposition 1.1.[6], Let � = (�, �) be a graph and � is a co-even dominating set, then  
1) All vertices of odd or zero degrees belong to every co-even dominating set. 
2) ���(�) ≥ 2, �!" 
## � ∈ � − � 

3) If � is r- regular graph then �$%&(�) = ' �,      *� " *- !�� �(�), *� " *- ����  /. 

4) � (�)  ≤ �$%&  (�). 
 
Proposition 1.2. [6],  Let � be a path of order �, so   �$%&(�) = 2 + ⌈
4�� ⌉. 
 
2. Main results 
 
Proposition 2 .1. if � is a Cartesian product of �	 
�� �
 denoted by  

 � ≡ �	 ×  �
, then �$%&(�) = 2� − 4. 

Proof .let � be the Cartesian product of two paths of order �, so � of order 2� as shown in 
Figure 2.1. One can easily show that each vertex of � has an odd degree except four vertices that 
represent the end vertices of each path which has even degree. Thus, according to proposition 
1.1(1), all vertices have odd degrees belong to every co-even dominating set and these vertices 

dominate the remain four vertices. Therefore, �$%&(�) = 2� − 4. 

 

Figure 2.1.  �	 ×  �
 

 
Proposition 2 .2. if  � is the  Fan graph of order � + 1 is defined by 

 � ≡ �
 ≡ �
 + ��  , then �$%&(�) = '� − 2,        *� � *- ����� − 1,         *� � *- !�� /. 

 
Proof . let � be a fan graph of order � + 1, then every vertex of �
 joining with ��, so there exist 
two cases are discussed as follows. 

Case1. if � is even, then every vertex of � has an odd degree except two end vertices in �
 
and the vertex of  �� as shown in Figure 2.2. Thus, according to proposition 1.1(1), all 
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vertices of degree odd belong to co-even dominating set, and these vertices dominate the 
other vertices. Therefore, �$%&(�) = � − 2. 
Case2. If � is odd, then every vertex  in � has an odd degree except two end vertices in �
 
have even degree. Again,  by proposition 1.1(1), one can easily prove that �$%&(�) = � − 1. 
 

 

Figure 2.2. �
 + �� 

 
Proposition 2.3. if G is the double Fan of  order n+2 is defined by  

�
 ≡ �
 + �	��� , then �$%&(�) = 82, *� � *- ����; � ≤ 43, *� � *- ����; � > 44 ,              *� � *- !�� 9. 
Proof. By definition of join two vertices all vertices in the path adjacent to the two vertices 
out of this path which represents of the graph �	��� as shown in Figure 2.3. Thus, there are 
two different cases as follows. 

Case 1. If the number of vertices in the path is even, then all vertices in F have even degree 
except the end vertices of path. These two vertices belong to every co-even dominating set, 
according to proposition 1.1(1), and dominate other vertices if the order of path is less than 
or equal four, so in this case  �$%&(�) = 2. Otherwise, these vertices do not dominate some 

of the vertices which belong to the path in F, thus in this case �$%&(�) ≥ 3. Now, if one of 
the two vertices that represent �	��� is chosen with the previous two vertices, the three 
vertices are dominating all other vertices. Therefore, in this case �$%&(�) = 3. 

Case 2. If the number of vertices in path is even, as same manner in case1, all vertices in F 
have even degree except the four vertices which are the end vertices of path and the two 
vertices of  �	���. According to proposition 1.1(1), these four vertices belong to every CEDS 
and they are dominate all other vertices. Thus,  �$%&(�) = 4. 

 

Figure2.3. �
 + �	��� 
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Proposition 2.4. if  � ≡ �
⨀������,  then  �$%&(�)='��,    *� � *- ����          �� + �,       *� � *- !�� /. 

Proof. In the graph � shown in Figure 2.4, two cases are discussed as follows. 

Case1. If p is even, then the degree of all vertices of �
 are even. Therefore, by proposition 
1.11(1), all pendent vertices of G belong to every co-even dominating set and these vertices 
dominate the vertices of the cycle. Thus, �$%&(�) = ��. 

Case2. If p is odd, then the degree of all vertices of G are odd. Therefore, according to 
proposition 1.1 (1), �$%&(�) = �� + �. 

 
Figure 2.4. �
⨀������ 

 
Proposition 2.5. If  � ≡ :
 be helm graph of (2� − 1) vertices ,then 

 �$%&(�) = �.      

Proof. Let � be helm graph of order (2� − 1), then the number of vertices in induced 
subgraph isomorphic to cycle is (� − 1) as shown in Figure 2.5. All these vertices have 
even degree since each vertex of them adjacent to two vertices in the cycle, one pendant 
vertex, and the center of wheel graph. By proposition 1.1(1), all pendant vertices of G 
belong to every co-even dominating set and these vertices dominate all vertices in G except 
the center of the wheel. Therefore, �$%&(�) = �  

 

Figure 2.5. helm graph :
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Proposition 2.6. if � is a Lollipop graph ��,
 ,then  

�$%&(�) =
⎩⎪
⎨
⎪⎧ 2,                          *� � *- !�� 
�� � ≤ 3

3 + C� − 63 E ,           *� � *- !�� 
�� � ≥ 4�,                         *� � *- ���� 
�� � = 2
� + 1 + C� − 53 E , *� � *- ���� 
�� � ≥ 3 ⎭⎪

⎬
⎪⎫ , Jℎ�"� � ≥ 3, � ≥ 2 

 
Proof. From the definition of Lollipop graph ��,
, one can easily conclude that the vertex in the 
induced complete subgraph say ��which adjacent to a vertex in induced path subgraph say L�, 
the degree of the vertex �� is different from the degrees of other vertices in the induced complete 
subgraph since �� is adjacent to L� as shown in Figure 2.6. To get to the results, there are two 
cases are discussed as follows. 
Case 1. If the number of vertices in induced complete subgraph (�) is odd, then all these 
vertices have even degree except the vertex ��. Therefore,  the vertex �� belongs to every M�N�O, and it is obvious that this vertex dominates all vertices in the induced complete 
subgraph. So, there are two subcases as follows. 
Subcaese 1. If � ≤ 3, then the number of vertices in the induced path subgraph is either two or 
three. If � = 2, then the vertices of the induced path subgraph are {L�, L	}, the vertex  L	 
belongs to every M�N�O according to proposition 1.1(1). Also, If � = 2, then the vertices of the 
induced path subgraph are {L�, L	, L�}, the vertex  L� must belongs to every M�N�O according 
to proposition 1.1(1). Therefore, �$%&(�) = 2. 
Subcaese 2. If � < 3, then the vertex �� is dominating the vertex L�, so to choose the M�N�O, 
must L� taken in it and by proposition 1.1(1), the vertex  L
 belongs to every MCEDS. Thus, 

according to proposition1.2, �$%&(�) = 3 + Q
4R� S. 
Case 2. If the number of vertices in induced complete subgraph (�) is even, then all these 
vertices have odd degree except the vertex ��. According to proposition 1.1(1), all these vertices 
belong to every M�N�O. There are two subcases. 
Subcaese 1. If � = 2, then again the pendant vertex L	 belongs to every M�N�O. Therefore, �$%&(�) = � − 1 + 1 = �. 
Subcaese 2. If  � ≥ 3, then the remain vertices not dominated by � − 1 vertices of induced 
complete subgraph represent the induced path subgraph,  the vertex L	 dominates the vertex L�, 
and the vertex L
 belongs to every M�N�O by proposition 1.1(1).  Thus,  according to  

proposition1.2, �$%&(�) = � − 1 + 2 + Q
4T� S = � + 1 + Q
4T� S. 

 

 
 

Figure2.6. lollipop graph ��,
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Proposition 2.7. if � is a butterfly graph U�(�, �),then �$%&(�) = '� + � − 2,    *� �, � 
"� ����(!��)   � + � − 1,    !Vℎ�"J*-�                        / , Jℎ�"� �, � ≥ 2.  

 
Proof. Let � be a butterfly graph with order shells � and � except the apex and have      (� +  � +  3) vertices with edges 2(� +  �).The vertices of wings of the butterfly 
 graph are  ��, �	, … , �� and L�, L	, , … , L
 and the pendant vertices � and L as shown in Figure 
2.7. Thus,  by proposition 1.1(1) {�, L} and the set {�	, … , ��4�, L	, , … , L
4�} belong to every 
co-even dominating set. Now there exists two cases are discussed as follows. 
Case1. If � and � are even (odd), then the degree of  apex vertex say  J is even, therefore γXYZ(�) = γXYZ(��) + γXYZ(�
) + {�, L} = (� − 2) + (� − 2) + 2                 = � + � − 2 
 Case2. If � or � is odd, then the degree of J is odd, therefore  γXYZ(�) = γXYZ(��) + γXYZ(�
) + {�, L, J} = (� − 2) + (� − 2) + 3                 = � + � − 1  

 
 

Figure2.7.Butterfly graph U�(�, �) 
 
 

 
 
Proposition 2.8. if � is a jellyfish graph [(�, �),then 

�$%&(�) = 8� + � + 2,                    *� �, � 
"� ����                � + � + 4,            *� �, � 
"� !��                       � + � + 3,     *� �*Vℎ�" � !" � *- ����             9 , Jℎ�"� �, � ≥ 1 

 
Proof. Let � be jellyfish graph on (� + � + 4) vertices and (� + � + 5) edges, where �, � ≥1 as shown in Figure 2.8. Then there are three cases that depend on � and � as follows. 
Case1.if � and � are even, then there exist two vertices say {�, L} are joining with � and � have 
even degree, by proposition 1.1 (1) all vertices of G except {�, L} belongs to every co-even 
dominating set, therefore �$%&(�) = � + � + 2.  
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Case2. if � and � are odd, then every vertex of �  have odd degrees. Therefore, by proposition 
1.1 (1) all vertices of � belong to every M�N�O. Hence, �$%&(�) = � + � + 4. 
Case3. It is obvious. 
 
 

 
 
 
 

 
 
 
 

Figure2.8. jellyfish �"
�ℎ [(�, �) 
 
 
3. Conclusion  
     Through, this work, the co-even domination number of some kinds of graphs is 
determined, These graphs are a ladder, C]⨀K_���� , lollipop, butterfly, jellyfish, helm, fan and 
double fan graph. 
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