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Preface

This book is written for the serious student of electromagnetic theory.
It is a principal product of my experience over the past 25 years interacting
with graduate students in electromagnetics and applied mathematics at the
University of Arizona.

A large volume of literature has appeared since the latter days of
World War 11, written by researchers expanding the basic principles of
electromagnetic theory and applying the electromagnetic model to many
important practical problems. In spite of widespread and continuing in-
terest in electromagnetics, the underlying mathematical principles used
freely throughout graduate electromagnetic texts have not been systemati-
cally presented in the texts as preambles. This is in contrast to the situation
regarding undergraduate electromagnetic texts, most of which contain pre-
liminary treatments of fundamental applied mathematical principles, such
as vector analysis, complex arithmetic, and phasors. It is my belief that
there should be a graduate electromagnetic theory text with linear spaces,
Green’s functions, and spectral expansions as mathematical cornerstones.
Such a text should allow the reader access to the mathematics and the elec-
tromagnetic applications without the necessity for consulting a wide range
of mathematical books written at a variety of levels. This book is an effort
to bring the power of the mathematics to bear on electromagnetic problems
in a single text.

Since the mastery of the foundations for electromagnetics provided
in this book can involve a considerable investment of time, I should like
to indicate some of the potential rewards. When the student first begins a

ix
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study of electromagnetic theory at the graduate level, he/she is confronted
with a large array of series expansions and transforms with which to re-
duce the differential equations and boundary conditions in a wide variety
of canonical problems in Cartesian, cylindrical, and spherical coordinates.
Often, it seems to the student that experience is the only way to determine
specifically which expansions or transforms to use in a given problem. In
addition, convergence properties seem quite mysterious. These issues can
be approached on a firm mathematical base through the foundations pro-
vided in this book. Indeed, the reader will find that different differential
operators with their associated boundary conditions lead to specific expan-
sions and transforms that are “natural” in a concrete mathematical sense for
the problem being considered. My experience with graduate students has
been that mastery of the foundations allows them to appreciate why certain
expansions and transforms are used in the study of canonical problems.
Then, what is potentially more important, the foundations allow them to
begin the more difficult task of formulating and solving problems on their
own.

I first became interested in Green’s functions and spectral representa-
tions during my graduate studies at UCLA in the 1960s. I was particularly
influenced by the treatment of the spectral representations of the delta
function by Bernard Friedman [1], whose book at that time formed the
cornerstone of the Applied Mathematics Program at UCLA in the College
of Engineering. Subsequently, examples of spectral representations began
appearing in texts on electromagnetic theory, such as [2]-[4], and, more
recently, [5]. However, no text specifically devoted to Green’s functions
and spectral expansions and their application to electromagnetic problems
has been forthcoming.

The material in this book forms a two-semester sequence for graduate
students at the University of Arizona. The first three chapters contain the
mathematical foundations, and are covered in a course offered every year
to electrical engineering and applied mathematics graduate students with
a wide range of interests. Indeed, the first three chapters in this book
could be studied by applied mathematicians, physicists, and engineers with
no particular interest in the electromagnetic applications. The fourth and
fifth chapters are concerned with the electromagnetics, and are covered
in a course on advanced electromagnetic theory, offered biennially. In
this book, I have presumed that the reader has a working knowledge of
complex variables. In addition, in the last two chapters, I have assumed
that the reader has studied an introductory treatment of electromagnetics at
the graduate level, as can be found, for example, in the texts by Harrington
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[6], Ishimaru [7], or Balanis [8]. I have therefore felt no necessity to include
a chapter on Maxwell’s equations or a chapter on analytic function theory,
presupposing reader familiarity.

Chapter 1 is an introduction to modern linear analysis. It begins with
the notion of a linear space. Structure is added by the introduction of the
inner product and the norm. With the addition of suitable convergence
criteria, the space becomes a Hilbert space. Included in the discussion
of Hilbert space are the concepts of best approximation and projection.
The chapter concludes with a discussion of operators in Hilbert space.
Emphasis is placed on the matrix representation of operations, a concept
that leads naturally to the Method of Moments, one of the most popular
techniques for the numerical solution to integral equations occurring in
electromagnetic boundary value problems.

Chapter 2 covers Green'’s functions for linear, ordinary, differential
operators of second order. The chapter begins with a discussion of the
delta function. The Sturm-Liouville operator is introduced and discussed
for three cases, which we title SLP1, SLP2, and SLP3. A clear distinction
is made between self-adjoint and nonself-adjoint operators. In addition, the
concepts of limit point and limit circle cases are introduced and explored
through examples applicable to electromagnetic problems.

Chapter 3 introduces the spectral representation of the delta function.
The theory is applied by example to various operators and boundary con-
ditions. Included are important representations associated with the limit
point and limit circle cases introduced in the previous chapter. A wide va-
riety of spectral representations are presented in a form suitable for use in
solving electromagnetic boundary value problems in multiple dimensions.
These representations are augmented by further examples in the Problems.

Chapter 4 contains a discussion of fundamental electromagnetic
sources represented by delta functions. The sources are analyzed us-
ing spectral representations and Green’s functions in Cartesian, cylindri-
cal, and spherical conditions. A variety of useful alternative representa-
tions emerge. Included are sheet sources, line sources, ring sources, shell
sources, and point sources.

In Chapter 5, the ideas developed in the previous chapters are applied
to a sample of electromagnetic boundary value problems. No attempt
is made to produce an exhaustive collection. Rather, the purpose of the
chapter is to demonstrate the power of the structure developed in the first
three chapters. Static problems included involve the rectangular box and
rectangular cylinder. Dynamic problems include propagation in a parallel
plate waveguide, scattering by an iris obstacle in a parallel plate waveguide,
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aperture diffraction, and scattering by a conducting cylinder. Emphasis has
been placed on the power of alternative representations by including useful
alternatives in the examples on the parallel plate waveguide and scattering
from a conducting circular cylinder.

My graduate students over the past 25 years have had a major influ-
ence on this book. All have contributed through classroom and individual
discussions. Many too numerous to mention have made suggestions and
corrections in early drafts. Specifically, I should like to acknowledge some
special help. In the early 1980s, K. A. Nabulsi and Amal Nabulsi painstak-
ingly typed a portion of my handwritten class notes. These typed notes
were produced before the advent of modern computational word proces-
sors, and formed the basis for my subsequent writing of Chapters 1-3 of
this book. Dr. Nabulsi, now a Professor in Saudi Arabia, sent me a gifted
student, Muntasir Sheikh, for doctoral training. Mr. Sheikh has critically
read the entire book manuscript and offered suggestions and corrections.
In addition, Charles Trantanella, Michael Pasik, and Jacob Adopley have
carefully read portions of the manuscript.

In the mid-1970s, I had the good fortune to be a part of the creation
of the now greatly successful Program in Applied Mathematics at the Uni-
versity of Arizona. W. A. Johnson was my first student to graduate through
the program. Because of him, I became acquainted with three professors
in the Department of Mathematics, C. L. DeVito, W. M. Greenlee, and W.
G. Faris. These four mathematicians have had a lasting influence on the
way I have come to consider many of the mathematical issues involved in
electromagnetic theory.

Among my colleagues, there are several who have had a marked
influence on this book. R. E. Kleinman, University of Delaware, has con-
sistently encouraged me to pursue my mathematical interests applied to
electromagnetic theory. L. B. Felsen, Polytechnic University, has influ-
enced me in many ways, scientifically and personally. In addition, his
comments concerning modern research applications led me to some im-
portant additions in Chapter 5. K. J. Langenberg, University of Kassel,
has read in detail the first three chapters and offered important advice and
criticism. R. W. Ziolkowski, University of Arizona, has taught a course
using the material contained in Chapters 1-3 and offered many suggestions
and corrections. I. Stakgold, University of Delaware, made me aware of
the recent mathematical literature on limit point and limit circle problems.

Many reviewers, anonymous and known, have made comments that
have led me to make changes and additions. I would particularly like to
mention Ehud Heyman, Tel Aviv University, whose comments concerning
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alternative representations led me to strengthen this material in Chapter 5.
I would also like to thank Dudley Kay and the staff at IEEE Press whose
competence and diligence have been instrumental in the production phase
of this book project.

With Chalmers M. Butler, Clemson University, a distinguished ed-
ucator and cherished friend, I have had the good fortune to have a 20-
year running discussion concerning methods of teaching electromagnetics
to graduate students. Part of the fun has been that we have not always
agreed. However, one issue upon which there has been no disagreement is
the importance of presenting electromagnetics to students in a structurally
organized manner, stressing the common links between wide ranges of
problems. I have drawn strength, satisfaction, and pleasure from our asso-
ciation.

My family has always seemed to understand my many interests, and
this book has been a major one for more years than I should like to recall. It
is with love and affection that I acknowledge my wife, Marjorie A. Dudley;
my children, Donald L. Dudley and Susan D. Benson; and the memory of
my former wife, Marjorie M. Dudley. Love truly does “make the world go
’round.”

Finally, it is with gratitude that I dedicate this book to my teacher,
mentor, and friend, Robert S. Elliott, University of California at Los Ange-
les, a consummate scholar without whom none of this would have occurred.
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Linear Analysis

1.1 INTRODUCTION

Fundamental to the study of many of the differential equations describing
physical processes in applied physics and engineering is linear analysis.
Linear analysis can be elegantly and logically placed in a mathematical
structure called a linear space.

We begin this chapter with the definition of a linear space. We then
begin to add structure to the linear space by introducing the concepts of
inner product and norm. Our study leads us to Hilbert space and, finally,
to linear operators within Hilbert space. The characteristics of these oper-
ators are basic to the ensuing development of the differential operators and
differential equations found in electromagnetic theory.

Throughout this chapter, we shall be developing notions concerning
vectors in a linear space. These ideas make use of both the real and complex
number systems. A knowledge of the axioms and theorems governing real
and complex numbers will be assumed in what follows. We shall use this
information freely in the proofs involving vectors.

1.2 LINEAR SPACE

Leta, b, c, ... be elements of a set S. These elements are called vectors.
Leta, B, ... be elements of the field of numbers F. In particular, let R and

1



2 Linear Analysis Chap. 1

C be the field of real and complex numbers, respectively. The set S is a
linear space if the following rules for addition and multiplication apply:

I. Rules for addition among vectors in S:

a. @a+b)+c=a+bB+c)

b. There exists a zero vector 0 such thata +0 =044 = a.

c. For every a € &, there exists —a € S such that a + (—a) =
(—a)+a=0.

d a+b=b+a

II. Rules for multiplication of vectors in S by elements of F:

a. a(Ba) = (aPf)a

b. la=a
c.a(a@a+b)=aa+ab
d. (@ + B)a=aa+ Ba

EXAMPLE 1.1 Consider Euclidean space R,. Define vectors a and b in R,, as
follows:

a=(a;,a,...,0,) (1.1)
b=(ﬂl’ﬂ2s"'vﬁn) (12)
where o, and B, the components of vectors a and b, arein R, k = 1,2,...,n.

Define addition and multiplication as follows:

a+b=(a),....,an)+(B1,...,Bn)

=(al+ﬂ]7'“’an +ﬂn) (1'3)
aa =a(ay,...,a,)
= (aay, ..., Q0,) (1.4)

where a € R. If we assume prior establishment of rules for addition and multipli-
cation in the field of real numbers, it is easy to show that R, is a linear space. We
must show that the rules in I and II are satisfied. For example, for addition rule d,

a+b=(a+pi ..., +Bn)
=(ﬂl+ala~~'7ﬂn +an)
=b+a (1.5)

We leave the satisfaction of the remainder of the rules in this example for Problem
1.2. Note that R is also a linear space, where we make the identification R = R;.
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EXAMPLE 1.2 Consider unitary space C,. Vectors in the space are given
by (1.1) and (1.2), where o and B, k = 1,2,...,n are in C. Addition and
multiplication are defined by (1.3) and (1.4) where « € C. Proofthat C,, is a linear
space follows the same lines as in Example 1.1. Note that C is a linear space,
where we make the identification C = C;.

EXAMPLE 1.3 Consider C(0,1), the space of real-valued functions continuous
on the interval (0, 1). For f and g in C(0,1) and « € R, we define addition and
multiplication as follows:

(f+8)E) = fE) +8®) (1.6)
(@f)(§) =af(é) (1.7

forall &£ € (0, 1). If we assume prior establishment of the rules for addition of two
real-valued functions and multiplication of a real-valued function by a real scalar,
it is easy to establish that C(0,1) is a linear space by showing that the rules in I and
II are satisfied. For example, for addition rule d,

(f+E) =fE) +8®)
=g + f)
=+ NE (1.8)

We leave the completion of the proof for Problem 1.3.
|

In ordinary vector analysis over two or three spatial coordinates, we
are often concerned with vectors that are parallel (collinear). This concept

can be generalized in an abstract linear space. Let xy, x5, ..., x, be ele-
ments of a set of vectors in S. The vectors are linearly dependent if there
existay € F, k=1,2,...,n,not all zero, such that
n
z Xy = 0 (19)
k=1

If the only way to satisfy (1.9)isa, = 0, k = 1,2, ..., n, then the elements
X are linearly independent. The sum

n
Z g Xk
k=1

is called a linear combination of the vectors x;.
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EXAMPLE 1.4 InRj, letx; = (1, 3), x; = (2, 6). We test x; and x, for linear
dependence. We form

0=(0,0) = a;(l,3) + 2(2, 6) = (a1 + 202, 3| + 60x2)
from which we conclude that
a1 +2a=0
3(!1 + 6(12 =0

These two equations are consistent and yield o) = —2a;. Certainly, ) = a; =0
satisfies this equation, but there is also an infinite number of nonzero possibilities.
The vectors are therefore linearly dependent. Indeed, the reader can easily make
a sketch to show that x; and x, are collinear.

|
EXAMPLE 1.5 InC(0,1), let a set of vectors be defined by fi (£) = /2 sinkn£,
k=1,2,...,n. Wetest the vectors f; for linear dependence. We form
n
Y av/2sinknt =0 (1.10)
k=1

where oy € R. The f;, defined above, form an orthonormal set on § € (0, 1).
That is,

! 0, k#m
fo fusids =1 (L11)

s k=m

Multiplication of both sides of (1.10) by V2sinmré, m=1,2,...,n and inte-
gration over (0,1) give, with the help of (1.11), a,, =0, m = 1,2,...,n. The
vectors fj are therefore linearly independent.

In Example 1.5, we note that the elements f; are finite in number.
We recognize them as a finite subset of the countably infinite number of
elements in the Fourier sine series fx, k = 1,2,.... A question arises
concerning the linear independence of sets containing a countably infinite
number of vectors. Let xi, x2 ... be an infinite set of vectors in S. The
vectors are linearly independent if every finite subset of the vectors is
linearly independent. In Example 1.5, this requirement is realized, so that
the infinite set of elements present in the Fourier sine series is linearly
independent.
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In an abstract linear space S, it would be helpful to have a measure
of how many and what sort of vectors describe the space. A linear space
S has dimension n if it possesses a set of n independent vectors and if
every set of n + 1 vectors is dependent. If for every positive integer k we
can find k independent vectors in S, then S has infinite dimension. The
set X1, X2, ..., X, is @ basis for S provided that the vectors in the set are
linearly independent, and provided that every x € S can be written as a
linear combination of the xi, viz.

n
X=) opxp (1.12)
k=1

The representation with respect to a given basis is unique. If it were not,
then, in addition to the representation in (1.12), there would exist 8¢ € F,
k=1,2,...,nsuchthat

x=) Bix (1.13)
k=1

Subtraction of (1.13) from (1.12) yields

0= ( — Bi)xk (1.14)
k=1

Since the x; are linearly independent, we must have
ar—pr=0, k=1,2,...,n (1.15)

which proves uniqueness with respect to a given basis. Finally, if S is
n-dimensional, any set of n linearly independent vectors xj, xz, ..., X,
forms a basis. Indeed, let x € S. By the definition of dimension, the set

X, X1, X2, ..., Xn is linearly dependent, and therefore,
n
ax+ Y apx =0 (1.16)
k=1

where we must have o # 0. Dividing by « gives

x=i(:ﬂ)xk (1.17)

k=1 a

Therefore, the set x1, x3, ..., X, is a basis.
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EXAMPLE 1.6 Consider Euclidean space R,. We shall show that the vectors
e = (1,0,...,0),e; = (0,1,...,0),...,e, = (0,0,...,1) satisfy the two
requirements for a basis. First, the set ey, ..., e, is independent (Problem 1.8).
Second, if a € R,,

a=(a|’a2""’an)
=a(1,0,...,0) +a2(0,1,...,0) +--- +@,(0,0,..., 1)
=aje) + e + -+ ape, (1.18)

Therefore, any vector in the space can be expressed as a linear combination of
the ex. A special case of this result is obtained by considering Euclidean space
Rj;. The vectors e) = (1,0,0),e2 = (0,1,0),e3 = (0,0, 1) are a basis. These
vectors are perhaps best known as the unit vectors associated with the Cartesian
coordinate system.

EXAMPLE 1.7 It would be consistent with notation if the dimension of R, were,
in fact, n. We now show that both requirements for dimension » are satisfied. First,
since we have established an n-term basis for R, in Example 1.6, the space has a
set of n independent vectors. Second, we must show that any set of n + 1 vectors

is dependent. Let ay, a3, ..., a,, a,+ be an arbitrary set of n + 1 vectors in R,.
We form the expression
n+1
Y Vmam =0 (1.19)
m=1
where we must show that there exist y, € R,m = 1,2,...,n + 1, not all zero,

such that (1.19) is satisfied. We express each of the members of the arbitrary set
as a linear combination of the basis vectors, viz.

n
an=) oMe, m=12...,n+1 (1.20)
k=1

Substitution of (1.20) into (1.19) and interchanging the order of the summations
gives

n n+l
> (E rmai’"’) e =10 (1.21)

k=1 \m=1

Since the ¢; are linearly independent,

n+1

Y vme™ =0, k=12....n (1.22)
m=1
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Expression (1.22) is a homogeneous set of n linear equations in n + 1 unknowns.
The set is underdetermined, and as a result, always has a nontrivial solution [1].
There is therefore at least one nonzero coefficient among y,,, m = 1,2, ...,n+1.
The result is that the arbitrary set ay, ..., a,, an41 is linearly dependent and the
dimension of R,, is n.

1.3 INNER PRODUCT SPACE

A linear space S is a complex inner product space if for every ordered pair
(x, y) of vectors in S, there exists a unique scalar in C, symbolized (x, y),
such that:

(x,y) = (y,x)

. (x+y,2) =(x,2)+(y,2)

(ax,y) =a(x,y), e C

d. (x, x) > 0, with equality if and only if x = 0

IS A

In a, the overbar indicates complex conjugate. Similar to the above is the
real inner product space, which we produce by eliminating the overbar in
a and requiring in c that a be in R. For the remainder of this section, we
shall assume the complex case. We leave the reader to make the necessary
specialization to the real inner product.

EXAMPLE 1.8 We show from the definition of complex inner product space
that
0,y)=0 (1.23)
Indeed, the result follows immediately if we substitute & = 0 in rule c above.
n

EXAMPLE 1.9 Given the rules for the complex inner product in a-d, the fol-
lowing result holds:

(x,ay) =alx,y) (1.24)
Indeed,
(x,ay) = (ay, x)
=a(y,x)
=a(y,x)
=da(x, y)
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EXAMPLE 1.10 Given the rules for the inner product space, we may show that

(o, y) =) aulxi, y) (1.25)
k=1 k=1

The proof is left for Problem 1.9.
|

EXAMPLE 1.11 In the space C,, with a and b defined in Example 1.2, define
an inner product by

(a.b) =) o (1.26)
k=1

Then, C,, is a complex inner product space. To prove this, we must show that rules
a—d for the complex inner product space are satisfied. For rule d, there are three
parts to prove. First, we show that the inner product (a, a) is nonnegative. Indeed,

n
(a,a) =) leul* = 0
k=1
Second, we show that (a, a) = 0 implies that a = 0. We have

0=(a,a) =) laul?
k=1

Since all the terms in the sum are nonnegative, ay = 0, k = 1,2,...,n, and
therefore a = 0. Third, we must show that a = 0 implies (a, a) = 0. We leave
this for the reader. We also leave the reader to demonstrate that rules a—c for the
inner product space are satisfied.

EXAMPLE 1.12 Let f and g be two vectors in C(«, 8). Define an inner product
by

B
(f.g) = f FE)gE)dE (1.27)

Then, C(a, B) is a real inner product space. We leave the proof for Problem 1.10.
|

One of the most important inequalities in linear analysis follows from
the basic rules for the complex inner product space. The Cauchy-Schwarz—
Bunjakowsky inequality is given by

[{x, ) < Vix, x)V{y,y) (1.28)
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Herein, we refer to (1.28) as the CSB inequality. To prove the CSB in-
equality, we first note that for |(x, y)| = 0, there is nothing to prove. We
may therefore assume y # 0, with the result (y, y) # 0, and define

{x,y)

(v,

o =

from which we have the result

6 )P (6, )9, %)
(y,y) (¥, y)
= Of()’vx)

=a(x,y)
= la*(y, y) (1.29)
With the help of rule d, we form

0 < (x —ay,x —ay) = (x,x) + lal*(y, y) — @lx, y) —aly, x)

[(x, y)|?
(¥, 3

from which the result in (1.28) follows.

Two concepts used throughout this book involve the notions of or-
thogonality and orthonormality. The concepts are generalizations of the
ideas introduced in Example 1.5. Two vectors x and y are orthogonal if

= (x,x) —

(x,y)=0 (1.30)
The set zx, k = 1, 2, ... is an orthogonal set if, for all members of the set,
(z,2j) =0, P # ] (1.31)
The set is an orthonormal set if
(@, zj) = &;j (1.32)
where
5 = ; ;:j (1.33)

An orthogonal set is called proper if it does not contain the zero vector. We
can show that a proper orthogonal set of vectors is linearly independent.
Indeed, we form
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n
Zaka =0
k=1

Taking the inner product of both sides with z; gives
n
O oze, z) = (0,2:)
k=1

Using (1.25) and (1.31), we obtain
@i{zi,2) =0

from which we conclude thato; = 0,i = 1, 2, ..., n and the set is linearly
independent. Further, if the index n is arbitrary, the countably infinite set
Z, k = 1,2, ..., is linearly independent.

1.4 NORMED LINEAR SPACE

A linear space S is a normed linear space if, for every vector x € S, there
is assigned a unique number ||x|| € R such that the following rules apply:

a. |lx|| = 0, with equality if and only if x = 0
b. llax| = || |x|l,« € F
c. flxy +x2ll < Ixll + lix2ll (triangle inequality)

Although there are many possible definitions of norms, we use exclusively
the norm induced by the inner product, defined by

Ixll = vix, x) (1.34)
Using (1.34), we find that the CSB inequality in (1.28) can be written

10es )< llx Ml iyl (1.35)

It is easy to show that the norm defined by (1.34) meets the require-
ments in rules a, b, and ¢ above. We leave the reader to show that a and b
are satisfied. For c, for x and y in S, we have

Ix + ylI? = (x +y,x +y)
= {x,x) +(y, y) + (x, y) + (¥, x)
= |lxI?> + Ilyl1* + 2Re(x, y)

Since the real part of a complex number is less than or equal to its magnitude,

x4+ yI? < Ix® + Iiyl? + 2l¢x, y)
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Using the CSB inequality, we obtain

I+ yI% < Il + Iy l® + 200 iyl
Taking the square root of both sides yields the result in c.

EXAMPLE 1.13 From the basic rules for the norm and the definition in (1.34),
we can show that

Ix + v + Ix — yI* =2 (IxI”* + Iy ll?) (1.36)
Indeed,

lx +yIP+lx—ylP=(x+y,x+y) +{x—y,x—y)
=2(x,x) +2(y, y)

from which the result in (1.36) follows.
]

EXAMPLE 1.14 For unitary space C,, with inner product defined by (1.26),
the norm of a vector a in the space is easily found to be

n
lall = | lexl? (1.37)
k=1
Unitary space is therefore a normed linear space.

EXAMPLE 1.15 For the real linear space C(a, 8), with inner product defined
by (1.27), the norm of a vector f in the space is

B
Ifll = f F2(E)de (138)

The space C(a, B) is therefore a normed linear space.
|

One of the useful consequences of the normed linear space is that it
provides a measure of the “closeness” of one vector to another. We note
from rule a that ||x — y|| = 0 if and only if x = y. Therefore, closeness
can be indicated by the relation ||x — y|| < €. This observation brings us to
the notion of convergence. Among the many forms of convergence, there
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are two forms whose relationship is crucial to placing firm “boundaries”
on the linear space. The type of boundary we seek is one that assures that
the limit of a sequence in the linear space also is contained in the space.

In a normed linear space S, a sequence of vectors {x};2, converges
to a vector x € S if, given an € > 0, there exists a number N such that
|lx — xxll < € whenever k > N. We write x; — x or

hm x; = x (1.39)
k— 00

Note that if x; — x, ||x — xx| = O.

Fundamental to studies of approximation of one vector by another
vector, to be studied later in this chapter, is the notion of continuity of the
inner product. We show that if {x;}2, is a sequence in S converging to
x € S, then

(xk, h) = (x, h) (1.40)

where h is any vector in S. To prove (1.40), it is sufficient to show that
(xk, h) — (x,h) >0

or

(e —x,h) > 0 (1.41)
By the form of the CSB inequality in (1.35), we have

|tk = x, B < g — xR )12
But, since x; — x,
lxx — x|l =0

so that (1.41) is verified. We remark that another useful way of writing
(1.40) is as follows:

lim (xg, k) = ( lim xg, h) (1.42)
k— 00 k— 00

This relationship indicates that, given x;, the order of application of the
limit and the inner product with h can be interchanged.

In S, a sequence {x;}p2, converges in the Cauchy sense if, given
an € > 0, there exists a number N such that ||x,, — x,|| < € whenever
min(m, n) > N. We write
limoo |xm — xnll =0 (1.43)

m,n—
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We can show that convergence implies Cauchy convergence. Indeed, let
x € S be defined as the limit of a sequence, as in (1.39). Then, by the
triangle inequality,

lxm — xpll < llxm — x|l + llx — x,l

Since x; — x, there exists a number N such that forn > N

€
lx —xnll < ‘2‘

and therefore, for min(m, n) > N,
lXm — xall <€

which proves the assertion. Unfortunately, the converse is not always true.
The interpretation is that it is possible for two members of the sequence to
become arbitrarily close without the sequence itself approaching a limit in
S. A normed linear space is said to be complete if every Cauchy sequence in
the space converges to a vector in the space. The concept of completeness
is an important one in what is to follow. Although it is beyond the scope of
this book to include a detailed treatment, we shall give a brief discussion.

In real analysis, the space of rational numbers is defined [2] as those
numbers that can be written as p/q, where p and g are integers. It is a
standard exercise [3],[4] to produce a sequence of rational numbers that has
the Cauchy property and yet fails to converge in the space. (We consider
an example in Problem 1.15.) This incompleteness is caused by the fact
that in between two rational numbers, no matter how close, is an infinite
number of irrational numbers; often, a sequence of rationals can converge
to an irrational. The solution to this problem is a procedure due to Cantor
[5] whereby the irrationals are appended to the rationals in such a manner
so as to produce a complete linear space called the space of real numbers
R. We shall assume henceforth that R is complete, and direct the reader to
the literature in real analysis for details.

EXAMPLE 1.16 We can show that Euclidean space R, is complete. For vectors
a and b in the space, defined by (1.1) and (1.2), we define an inner product by

(a.b) =) B (1.44)
k=1

Letan,m = 1,2, ... be a Cauchy sequence in R,,, where

gm)' a;m)’ s a'(lm))

am=(a
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Then,

. RY.
lam —apll = {3 [0™ -]} <
k=1

for min(m, p) > N. Since all the terms in the sum are nonnegative, we must have

a,(("')—a,ip),SG, k=1,2,...,n

for min(m, p) > N. Since the space of real numbers R is complete, then as
m — 0o,

o:,("")—>ak, k=1,2,...,n

and therefore a,, — a.
|

EXAMPLE 1.17 We can show that the normed linear space C(a, 8) with norm
given by (1.38) is incomplete. We shall consider a well-known [6],[7] Cauchy
sequence that fails to converge to a vector in the space. Without loss of generality,
let (a, B) be (-1,1). Consider the sequence

0, 1<¢£<0
fi®)=1 k&,  0<t<i (1.45)
1, 1<E<l1
where k = 1,2, .... This sequence is continuous, and therefore is in the linear

space C(-1,1). We show that this sequence is Cauchy. We form the difference
between two members of the sequence. For m > k,

0, -1<¢§

(m—-kjg,  0<é<
§
§

fm "‘fk =
(1 - k§), 1<

1
LO' IS

We display the two sequence members f; and f,, in Fig. 1-1. Note that the
difference f,, — f is always less than unity. It follows that unity is an upper bound
on (fm — fi)*. We therefore must have

! 1
I fn = fil* = /1(fm(§) - fiu))dt < -

Although the above result has been obtained for m > k, an interchange of m and
k gives the general result
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11
Il fu — fill* < max (—, —)
m k

im | fn = fill =0
m,k—00

which proves that the sequence is Cauchy. However, it is apparent that the sequence
fx converges to the Heaviside function H (¢), defined by

0, £E<0
H() = (1.46)
1, £E>0

But, H(¢) & C(-1,1). Therefore, the space C(a, B) is not complete.

y

14 fm

Fig.1-1 Twomembers f; and f,, of sequence in (1.45) for the case
m > k.

1.5 HILBERT SPACE

A linear space is a Hilbert space if it is complete in the norm induced by
the inner product. Therefore, in any Hilbert space, Cauchy convergence
implies convergence. From Example 1.16, Euclidean space R,, is complete
in the norm induced by the inner product in (1.44). Therefore, R, is a
Hilbert space. In a similar manner, it can be shown that unitary space C,
is complete. However, from Example 1.17, C(e, B) is incomplete. In a
manner similar to the completion of the space of rational numbers, C can
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be completed. The result is £,(c, 8), the Hilbert space of real functions
f(€) square integrable on the interval («, B), viz.

5
f fA®)dt < oo (1.47)

In (1.47), the integration is to be understood in the Lebesgue sense [8].
Although the Lebesgue theory is essential to the understanding of the proof
of completeness, in this book such proofs will be omitted. For discussions
of the issues involved, the reader is directed to [9],[10].

In linear analysis, we are often concerned with subsets of vectors in
a linear space. One such subset is called a linear manifold. If S is a linear
spaceand «, B € F, then M is a linear manifold in S, provided that ax + By
are in M whenever x and y are in M. It is easy to show that M is a linear
space. The proof is left for Problem 1.16.

EXAMPLE 1.18 In R,, the set of all vectors in the first quadrant is not a linear
manifold. Indeed, for x and y in the first quadrant, it is easy to find «, 8 € R such
that ax + By is not in the first quadrant.

EXAMPLE 1.19 Letx;, k =1,2,..., n be alinearly independent sequence of
vectors in the Hilbert space H. Define M to be the set of all linear combinations
of the n vectors, viz.

Z O Xk

k=1

Then, M is a linear manifold. We leave the proof for Problem 1.17. M is called
the linear manifold generated by xi, k =1,2,...,n.

The results in Example 1.19 raise an interesting issue. Can the same
linear manifold be generated by more than one sequence of vectors? We
shall show that indeed this is the case. We consider the Gram—Schmidt
orthogonalization process. Let {x1, ..., x,} be a linearly independent se-
quence of vectors generating the linear manifold M C H. The Gram—
Schmidt process is a constructive procedure for generating an orthonormal
sequence {ey, ..., e,} from the independent sequence. To begin, let

71 =X (1.48)

and
e = L (1.49)
lz1ll
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The next member of the sequence is generated by

22 =X — (x2, e1)ey (1.50)
and
2
e = —— (1.51)
27 Nzl

For the third member, we form

73 = X3 — (x3, e1)e; — (x3, €2)€z (1.52)
and
0= > (1.53)
llz3ll

This process continues until the final member of the sequence is produced
by

n—1
Zn=Xn— ) _(Xn €x)ex (1.54)
k=1
and
Zn
en = (1.55)
llza l
We leave the reader to show that the sequence {ey, ..., e,} possesses the
orthonormal property. In addition, each ex, k = 1, ..., n is a linear com-
bination of xi, ..., x;y. We conclude that any linear combination

n
) akex
k=1
is also a linear combination
n
Y Bix
k=1

The original sequence and the orthornormal sequence obtained from it
therefore generate the same linear manifold.

EXAMPLE 1.20 Given the sequence {1,1,12%,...} € £3(~1, 1), we use the
Gram-Schmidt procedure to produce an orthonormal sequence. Indeed, we define
an inner product by

1
(f.8)= f1 f(D)g(r)dr
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Then,
zi(r) =1

ei(r) =1/|1 = 1/¥2
n@) =t - (0, 1/V2)(1/V2) =1
e(r) = \/3/_2 T

unE)=t*-1/3

es(t) = /45/8 (r* - 1/3)
This process continues for as many terms in the orthonormal sequence as we
wish to calculate. We remark that the members of the sequence so produced are

proportional to the orthogonal sequence of Legendre polynomials, whose first few

members are
Py(r) =1

P(t)=r1
1
Py(v) = 5(3# -1
Ps(t) = %(5:3 —-37)
Pi(zx) = %(35:4 -30t2+3)

1
Ps(z) = §(63r5 — 7073 + 157)

The Legendre functions, orthogonal but not orthonormal, are constructed in such
a way that P,(£1) = £1.

We next discuss a characteristic associated with linear manifolds that
plays a central role in approximation theory. A linear manifold M is said
to be closed if it contains the limits of all sequences that can be constructed
from the members of M. It is easy to demonstrate that not all linear
manifolds are closed. For example, the space C(a, B) is a linear manifold
since a linear combination of two continuous functions is a continuous
function. However, in Example 1.17, we have given a sequence of vectors
in C that fails to converge to a vector in C. The linear manifold C is therefore
not closed.

An interesting result occurs if a closed linear manifold is contained
in a Hilbert space. Specifically, if H is a Hilbert space and M is a closed
linear manifold in H, then M is a Hilbert space. Indeed, let {x;}p2, be a
Cauchy sequence in M. Then, since M is contained in the Hilbert space
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H, xx = x € H. But M is closed, and therefore x € M. We conclude
that M is a Hilbert space.

1.6 BEST APPROXIMATION

Within the structure of the Hilbert space, it is possible to generalize the
concepts of approximation of vectors and functions. Let x be a vector in a
Hilbert space ‘H and let {zx};_, be an orthonormal set in H. We form the
sum

Xm = Zaka (1.56)
k=1

This sum generates a linear manifold M C ‘H. Different members of the
linear manifold are produced by assigning various values to the sequence
of coefficients {ay }i._;. We should like to determine what choice of coeffi-
cients results in x,, being the “best” approximation to x. Specifically, let us
make x,, “close” to x by adjusting the coefficients to minimize ||x — x,,]|.
We expand the square of the norm as follows:

I = X l|? = (X = Xpmy X — Xpm)

= (x,x) + (xm,xm) - (xm’x) - (x,x,,,)
= %P+ ) Jonl* = Y enelx, ) — ) @k (x, z)
k=1 k=1 k=1

Completing the square, we obtain

1% = xml? = Xl + ) (o — (x, 2e)) (e — (%, 2)) — 3 1x, zi) 2
k=1 k=1

(1.57)
Since the sum in (1.57) containing the coefficients «; is nonnegative, the
norm-squared (and hence the norm) is minimized by the choice

o = (x, z), k=1,2,....,m (1.58)

Expression (1.58) defines the Fourier coefficients associated with orthonor-
mal expansions. Note that once we have made the selection given in (1.58),
we can define an error vector e, by

=x— Z(x, )2k (1.59)
k=1
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Taking the inner product with any member z; of the orthonormal sequence,
we find that

m

(em g) = (%, ) — D_ (L aMwg) =0,  j=1,2,...,m (1.60)
k=1

Since xy, is a linear combination of members of the sequence {z;}7,, we
must have

(em, xm) =0 (1.61)

We summarize these results as follows:

a. The vector x € H has been decomposed into a vector x,, € M C
‘H plus an error vector ey, viz.

X=Xn+en (1.62)

b. The error vector e,, is orthogonal to the approximation vector x,,.

EXAMPLE 1.21 We consider the Fourier sine series in Example 1.5. Let f(§) €
L£5(0, 1) with inner product

1
(f.g) = fo FE©)g(E)de (163)

Let {/2sinkn§ }4=; be an orthonormal set generating a linear manifold M C 'H.
Then, by (1.56) and (1.58), the “best” approximating function f,, € Mto f () is
given by

fn®) =) ou2sinkn (1.64)
k=1
where
1
o = / f(n)/2sinkrndn (1.65)
0

which is the classical Fourier result.
]

The above results for the approximation of a vector x € H by a vector
Xm € M C H can be generalized. We shall need the concept of a manifold
that is orthogonal to a given manifold. If M is a linear manifold, then the
vector e € H is a member of a set M~ if it is orthogonal to every vector in
M. The set M is a linear manifold since linear combinations of vectors
in M* are also orthogonal to vectors in M. In fact, M is also closed.
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Indeed, let {ex}72, be a sequence in M converging to a vector e in H.
We have

(ex,x) =0
for all x € M. But, by continuity of the inner product,

lim {ex, x) = (e, x) =0
k— 00

so that e € M, which is therefore closed. The closed linear manifold
M- is called the orthogonal complement to M.

We now can produce a result called the Projection Theorem. Let x
be any vector in the Hilbert space H, and let M C H be a closed linear
manifold. Then, there is a unique vector yop € M C H closest to x in the
sense that ||x — yo|| < ||lx — y|| for all y in M. Furthermore, the necessary
and sufficient condition that yg is the unique minimizing vector is that
e = x — yo is in ML, The proof of this important theorem is deferred to
Appendix A.1 atthe end of the chapter. The vector yg is called the projection
of x onto M. The vector e is called the projection of x onto M. The
ideas inherent to the projection theorem have a well-known interpretation
in two- and three-dimensional vector spaces, as in the following example.

EXAMPLE 1.22 Leta = (a), ;) be any vector in R,. Let M be the set of all
vectors b in R, with second component equal to zero, viz.

b= (61,0)

Since linear combinations of vectors in M are also in M, the set M is a linear
manifold. In addition, the manifold is closed. Indeed, let b, b,, . . . be a sequence
in M converging to b € ‘H, where

m:@ﬂ@

Since by — b € H, ﬂ](k) — B;. Therefore, b € M. By the projection theorem,
among all vectors b € M, the vector b closest to a can be obtained from

(a—b,b)=0
where . )
b= (p1,0)

Solving this equation, employing the usual definition of inner product for Rz, we
obtain

(@1 — BB =0
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Since B, is arbitrary, B, = ;. This result can be visualized (Fig. 1-2) by drawing
the vector a and noting that the vector b lies along the x-axis. The “best” b is then
obtained by dropping a perpendicular from the tip of a to the x-axis. The result is
a vector b, called the projection of a onto the x-axis. Note that the error vector e
is such that it is orthogonal to any vector along the x-axis and thata = b+e,as
required by the projection theorem.

a=(ay,ay)

-l —» X
b=(B.0) b= (x,0)

Fig. 1-2 Illustration of the projection theorem in R, as given in
Example 1.22.

In (1.56)-(1.58), we introduced best approximation in terms of or-
thonormal expansion functions generating a linear manifold. With the aid
of the projection theorem, we next generalize the concept of best approxi-
mation to include expansion functions that are linearly independent but not
necessarily orthogonal. Let y € 'H, and let {y; }j"il be a linearly indepen-
dent sequence of vectors in H. We form the sum

M
9 = Za,-yj (166)
j=1

We wish to approximate y with y by suitable choice of the coefficients
a;. We have already indicated in Example 1.19 (Problem 1.17) that linear
combinations of the type in (1.66) form a linear manifold M. In fact,
since the limit of sequences of vectors in M must necessarily be in M, the
manifold is closed and therefore meets the requirements of the projection
theorem. Since y; € M, j =1,2,..., M, the projection theorem gives

y=9wm =0 k=12,....M (1.67)
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Substituting (1.66) and rearranging, we have
M
Yoy =), k=12,....M (1.68)
j=1

We write (1.68) in matrix form as follows:

oLy yan) - (ym.n) o (¥, y1)
(yl,:yz) (yz,:)’z) . ()’M:’}’2) 052 _ (y,:yz) (1.69)
(yt,ym) (2.ym) -+ {(ym,ym)d Lam (¥, ym)

Inversion of this matrix yields the coefficients j, j = 1,2, ..., M. These
coefficients then determine y in (1.66). The square matrix on the left-hand
side of (1.69) is the transpose of a matrix called the Gram matrix. In
addition to its appearance in best approximation, it also finds use in proofs
of linear independence (Problem 1.21). Note that the result in (1.69) is
a generalization of the Fourier coefficient result in (1.58). Indeed, for
cases where the independent sequence y;, j = 1,2,..., M is orthogonal,
the matrix in (1.69) diagonalizes. Inversion then produces the Fourier
coefficient result.

One of the classic problems of algebra is the approximation of a
function by a polynomial. This problem is easily cast as best approximation
in the following example.

EXAMPLE 1.23 In the Hilbert space £(0, 1), consider the approximation of
a function f(r) by a polynomial. Let {t"~'}_ be a sequence in £2(0, 1). The
sequence is linearly independent. Indeed, by the fundamental theorem of algebra,
the equation

N
Zﬂnf"_] =0

n=1

can have at most N — 1 roots. Therefore, the only solution valid for all r € (0, 1)
isB,=0,n=1,2,..., N. We wish to approximate f(t) by

N
f@ =) o (1.70)
n=1

All possible such linear combinations form a closed linear manifold so that the
projection theorem applies. Comparing (1.66), we identify

Yo =1} 1.71)
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Define an inner product for £,(0, 1) by

1
/0 f()g(r)de
We then have
1
1
_ m-—1_n-1 -
Omn) = [ ool =
1
(¥ ym) = fo 7 f(r)dt
Substitution of (1.73) and (1.74) into (1.69) gives
1 ¥ re Jy f()de
1 1 1 1
3 3 N+T a _ j;)‘tf(‘r)d‘t
Ll | fy ™ f()de

Inversion of this matrix equation yields the best approximation.

1.7 OPERATORS IN HILBERT SPACE

Consider the following transformation in R3:

& = ané + apér + 136
02 = a2181 + a2y + a3és
{3 = anéy + a3y + a3és

Using the usual matrix notation, we let
=6 & &6l
x=[6 & &1

where T indicates matrix transpose. We then have

where
Q) Q2 a3
A=1|ay oaxn axn

3] @32 033

Chap. 1

1.72)

(1.73)

(1.74)

(1.75)
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The solution is given formally by
x=A"z
The matrix operation is linear. Indeed, given x, x3, z1, and 22, we have by
ordinary matrix methods
A(axy + Bx2) = aAx, + BAx; = az1 + Bz

The concepts of linearity and inversion for matrices can be generalized to
linear operators in a Hilbert space.

An operator L is a mapping that assigns to a vector x € S another
vector Lx € S. We write

Lx=y (1.76)

The domain of the operator L is the set of vectors x for which the mapping
is defined. The range of the operator L is the set of vectors y resulting
from the mapping. The operator L is linear if the mapping is such that for
any x; and x; in the domain of L, the vector a;x; + azx; is also in the
domain and

L (ayxy + azx3) = ayjLxy + azLx; (.77

A linear operator L with domain Dy C H is bounded if there exists a real
number y such that

ILull < yllul (1.78)
forallu € Dy.

EXAMPLE 1.24 Let R, be the space of all vectors consisting of a countably
infinite set of real numbers (components), viz.

a=(a,a,03...) (1.79)
where o € R. If b = (B, B2, B3, . . .), define an inner product for the space by

(a,b) = )b (1.80)
k=1

Let the norm for the space be induced by the inner product. We restrict Ry, to
those vectors with finite norm. Define the right shift operator Ag in Ry, by
ARa = (Ov oy, 0, .. ')

The right shift operator Ay is linear. The proof is easy and is omitted. In addition,
Ap is bounded. Indeed,

o0
lAgall = | o = lal
k=1
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Therefore, the operator A is bounded in R,,. Indeed, the least upper bound on y
is unity.

EXAMPLE 1.25 On the complex Hilbert space £,(0, 1), we consider the fol-
lowing integral equation:

1
[ uewe.erde = s (1.81)
0
This equation can be written in operator notation as follows:
Lu=f

where L is the linear operator given by

1
L= /0 (- k(E, £)dE’ (1.82)

We shall show that the operator L is bounded if

1 1
fo fo lk(&, £')|2dEdE’ < oo (1.83)

This property of the kernel k(&, &') is called the Hilbert-Schmidt property, and the
operator L it generates is called a Hilbert-Schmidt operator. To show that L is
bounded, we form

1
ILull? = fo \f @) Pde

where
2

1
&= ‘ /0 u(Ek(, £")dt'

1 1
< fo (&) g’ fo k(. &) P’

1
= Jul? /0 Ik, &) 2dE

1 1
(Lull® < flulf? [ /0 /O Ik (€, E’)IszdE’]

ILull < Mlul|
where M is the bound on the double integral.

It follows that

and finally,
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A linear operator L with domain D; C H is continuous if given an
€ > 0, there exists a§ > 0 such that, for every ug € Dy, ||Lug — Lul| < ¢,
for all u € Dy satisfying ||ug — ul| < 6. We can interpret this definition to
mean that when an operator is continuous, Lu is close to Lu whenever ug
is close to u. There is an important theorem on interchange of operators
and limits that follows immediately from the above definition. A linear
operator L with domain Dy C 'H is continuous if and only if for every
sequence {u,}22, € Dy converging to ug € D,

Lug=L lim u, = lim Lu, (1.84)
n—o00 n— 00

The proof is in two parts. First, we suppose that L is continuous and
€ > 0is given. We may select a § according to the definition of continuity
and suppose that ||ug — u,|| < 8. Since u, is a member of a converging
sequence, |lug — u,|| < é for alln > N. Therefore,

|Lug — Lu,|| < €, n>N

and
Lug = lim Lu,
n—>00

This first part of the proof shows that, if an operator is continuous, the
operator and the limit can be interchanged. In the second part of the proof,
we must show that if the operator and limit can be interchanged, the operator
is continuous. This part is not essential to our development and is omitted.
The interested reader is referred to [12].

We now give a theorem linking the boundedness and continuity of
operators. A linear operator L with domain D C 'H is bounded if and
only if it is continuous. The proof is in two parts. In the first part, we show
that if the operator is bounded, it is continuous. Indeed, if L is bounded
and ug € Dy,

lILuo — Lu|l = | L(uo — w)|l

< Ylluo —ul
for all u € Dy. Then, given any € > 0, it is easy to find a § > 0 such that
ILug — Lul| <€
whenever
lluo —ull <8

Indeed, the choice § = €/y is sufficient. In the second part of the proof,
we must show that if an operator is continuous, it is bounded. This part is
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not essential to our development and is omitted. The interested reader is
referred to [13].

It is straightforward to show that the differential operator L = d/d§
is unbounded. The proof is by contradiction. We suppose that d/d£ is
bounded. Then, it is continuous. Therefore, for any u, — u, we must
have

Lu=1L lim u, = lim Lu,
n—00 n—00

But, if we choose u, as a member of the sequence

cosnmé
Up = ’ n= 1, 2, SR
n
we have
lim u, =0
n—00

and therefore,
L limu,=0
n—o0o
But,
lim Lu, = lim (—m sinnm§)
n—->00 n—>o00

and this limit is undefined. We therefore have arrived at a contradiction,
and we conclude that d/d£ is unbounded.

Given the concepts of continuity and boundedness of a linear operator,
we can show that a bounded linear operator is uniquely determined by a

matrix. Indeed, let {z:}g2, be a basis for H. Let L be a bounded linear
operator with

Lu=f

We expand u in the basis as follows:
n
u= lim gakzk (1.85)
Since boundedness implies continuity,
n n
Lu=L lim 3 oz = Jim LY ax
By the linearity of the operator L, we then have

lim ) oLz = f (1.86)
n——»ook___]
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We take the inner product of both sides of (1.86) with a member of the
basis set to give

n
(,,‘_'»“Jo,ga"“Mﬂ =(fg), i=12,...

By continuity of the inner product and the rules for inner products, we
obtain

n
nlggo;ak(m,zj) ={fy)  i=12... (1.87)

Equation (1.87) is a matrix equation that can be written in standard matrix
notation as follows:

(Lzi,z1) (Lzz,z1) -+ [ (f,z1)
[(Lzl,zz) (L22, 22) ] [az]=[(f,22)] (1.88)

If this matrix can be inverted to give the coefficients &, a5, . . ., substitution
into (1.85) completes the determination of u.

EXAMPLE 1.26 On the real Hilbert space £,(0, 1), consider the integral equa-
tion

1
f® =—V«u(E)+/o k(€. £u(E"dE’ (1.89)

where
£1-§), §&=<t=<1
In operator notation,
(L —ulu = f, £, (1.91)

where I is the identity operator. The operator L — u[ is bounded. We leave the
proof for Problem 1.26. We wish to obtain the matrix representation and thereby
solve the integral equation. We define the inner product for the space as in (1.63).
For basis functions, we choose

Z, = sinnn§, n=12,... (1.92)

Then, operating on any member of the basis set, we obtain

1
(L — ul)z, = —pusinnmé +/ k(€, &) sinnnE'dE’ (1.93)
0
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But, using (1.90), we find that
1 £ 1
/ k(, &) sinnnt'dt’ = (1 - E)f & sinnnt'dt’ +§/ (1 —&")sinnnt'dt’
0 0 3

After some elementary integrations, we obtain the general matrix element in the
square matrix in (1.88), viz.

1
((L - l"l)zm Zm) = [m - l"] (Zm Zm)
_1 [ ! u] Som (1.94)

2 | (nm)?

where the inner product is the usual inner product for £,(0, 1) and §,,, has been
defined in (1.33). The matrix representation in (1.88) therefore diagonalizes, and
the inversion yields
2
ay = —(f, u), k=1,2,... (1.95)

Im )2 u

Substitution of (1.95) into (1.85) yields the final result, viz.
) Z o & )smkrt&'dE

k=1 ‘(lm)2 K

u®) =

nkm§ (1.96)

In the above example of representation of an operator by a matrix, the
choice of the basis functions resulted in diagonalization of the matrix and,
therefore, trivial matrix inversion. There are many operators, however, that
do not have properties that result in this diagonalization. These concepts are
better understood after a study of operator properties and resulting Green’s
functions and spectral representations in the next two chapters.

An important collection of operators for which there are established
convergence criteria are nonnegative, positive, and positive-definite oper-
ators. The reader is cautioned that there is little uniformity of notation
concerning these operators in the literature. For the purposes herein, an
operator L is nonnegative if (Lx, x) > 0, for all x € D;. An operator is
positive if (Lx, x) > 0, forall x # 0in Dy. An operator is positive-definite
if (Lx,x) > c2||x||2, for c > 0 and x € Dy. An operator L is symmetric
if (Lx,x) = (x, Lx). It is easy to show that nonnegative, positive, and
positive-definite operators are symmetric. In fact, any operator having the
property that (Lx, x) is real is symmetric. Indeed,

(x,Lx) = {(Lx,x) = {(Lx,x)
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A special inner product and norm [17], associated with positive and
positive-definite operators, are useful in relating convergence criteria. De-
fine the energy inner product with respect to the operator L by

[x,y]l = (Lx, y) (1.97)

With this inner product definition, D;, becomes a Hilbert space H;. The
associated energy norm in H, is given by

|x|= V(Lx, %) (1.98)

We emphasize that the operator L must be positive for (1.98) to satisfy the
basic definitions of a norm. Indeed, the energy inner product and norm
defined in (1.97) and (1.98) must be shown in each case to satisfy the rules
for inner products and norms. For positive-definite operators, we can prove
the following important relationship between norms:

1
el < = B (1.99)

Indeed,
IxI? = (Lx, x) = Flx|1?
Therefore, |
2 2
x|* < sx
I < = ]+
Taking the square root of both sides yields the desired result.
Among the many forms of convergence criteria, there are several types

that are particularly useful in numerical methods in electromagnetics. For
a sequence {u,} C 'H, u, converges to u is written

Up = U (1.100)
and means that
,,l:'.,"(,‘o lupn —ull =0 (1.101)
The statement u,, converges in energy to u is written
Un —> U (1.102)
and means that
Jim Jun —uf=0 (1.103)
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The statement u, converges weakly to u is written

Uy = u (1.104)
and means that for every g € H

lim [(u, —u,g)|=0 (1.105)

n—o0o

It is straightforward to show the following relationships among the types
of convergence:

A. If ||Lu,|| is bounded, convergence implies convergence in energy.
B. Convergence implies weak convergence.

C. Convergence in energy implies Lu, —> f. The weak conver-
gence is for those g, defined by (1.105), in H . If, however, || Lu,||
is bounded, then Lu, —> f in M.

D. If L is positive-definite, convergence in energy implies conver-
gence.

We first prove Property A. We have

lu = un|? = UL(un = w), un — )] < L (un — w)]l lun — u|
= || Lup — Lull 1 — ull < (| Lunll + I Lul]) ltn — ul]

Since, by hypothesis, || Lu,|| is bounded and 4, — u, a limiting operation
gives

To prove Property B, we use the CSB inequality to give
Kun —u, 8)| < llun —ullligll
for any g in H. Taking the limit yields the desired result, viz.
Jim |(un —u, g)| =0
To prove Property C, we have
{Lun — £, )] = (L(tn — u), 8)| = |[un — u, g1l <] un —ul]g|

where we have used the CSB inequality on Hilbert space H . By hypoth-
esis, we have convergence in energy. Therefore,

Jim [(Lu, — f, g}l =0
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for g € H. This procedure proves the first half of Property C. The proof
of the second half is based on the Hilbert space H being dense in H and
is omitted. (See [17, p. 24-25].) To prove Property D, we write

1
lun — ull < =|un — ul
c

Taking the limit as n — ©0 yields the desired result.

1.8 METHOD OF MOMENTS

The purpose of this section is to introduce the Method of Moments in a
general way and develop various special cases. Emphasis is on convergence
and error minimization.

If L is a linear operator, an approximate solution to Lu = f is given
by the following procedure. For L an operator in H, consider

Lu—f=0 (1.106)

where u € Dy, f € Ry. Define the linearly independent sets {¢};_, C
D, and {wg);,, where ¢ and wy are called expansion functions and
weighting functions, respectively. Define a sequence of approximants to u
by

n
un =Y ke, n=12,... (1.107)
k=1

A matrix equation is formed in (1.106) by the condition that, upon replace-
ment of u by u,, the left side shall be orthogonal to the sequence {w;}. We
have

(Lup — f, wy) =0, m=12,...,n (1.108)

Substitution of (1.107) into (1.108) and use of (1.25) gives the matrix
equation of the Method of Moments [18],[19], viz.

iak(L(ﬁk,wm): (f, wm), m=12,...,n (1.109)
k=1

Note that the exact operator equation (1.106) in a Hilbert space H has been
transformed into an approximate operator equation on Hilbert space C,,
viz.

Ax=b (1.110)
where, in usual matrix form,

x=(a; o - an)f (1.111)
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b=((f1wl) (f’w2) (f’wn))T (1112)
A = [amk] (1.113)

where T denotes transpose and an; are the individual matrix elements,
given by
amk = (L, W) (1.114)

We note the following interesting result. If the operator L is bounded, if
wi=¢x, and if the sequence ¢y, k = 1, 2, . .. is a basis for the Hilbert space,
then taking the limit as n — oo in (1.109) reproduces the result in (1.87).
We therefore view the Method of Moments given by (1.109) as an extension
to the matrix representation result for bounded operators in (1.87). There
remains, however, a basic question concerning the convergence of (1.107)
when the sequence {o} is determined by solution of the matrix equation
(1.110).

In the special case where the expansion functions are identical to the
weighting functions, the result is Galerkin’s Method [17], viz.

Y (Lo, dm) = (fidm), m=12,....n (1.115)
k=1

If nothing is known about the mathematical properties of the operator L
other than its linearity, nothing in general can be said concerning the con-
vergence of the approximants u, to the solution . Unfortunately, most
of the interesting and practical problems in electromagnetics involve op-
erators that are neither positive nor positive-definite. Therefore, most of
the large body of solutions to electromagnetic problems by the Method of
Moments lack any sort of mathematical convergence criteria.

If, however, the operator L is positive, we may define the Hilbert
space H with the norm given by (1.98). We then write (1.115) as follows:

Yo aldr, dml =, ¢ml, m=1,2,...,n (1.116)
k=1

We further assume that the sequence {¢y} is complete in ;. We may show
that, under these circumstances, Galerkin’s Method results in convergence
in energy. Indeed, since the complete sequence {¢} defines H;, we may
apply the Gram—Schmidt orthonormalization procedure. Assuming that
the ¢,, are orthonormal in (1.116), we obtain

ag = [u, ¢l (1.117)
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Substitution into (1.107) gives

un = ) _[u, $il (1.118)
k=1

which is the Fourier series expansion in H, of u, with Fourier coefficients
given by (1.117). Therefore,

Jim Ju, —u|=0 (1.119)

By Property C, theresultin (1.119) implies that Lu, —> f. Unfortunately,
nothing can be said about the nearness of u, to u. If, however, L is positive-
definite, Property D states that the approximants converge, viz.

nlgg) lun —ull =0 (1.120)

In the Galerkin procedure, if the operator L is positive and the sequence
{¢x} is complete in H, the method is called the Rayleigh—Ritz method.
For a classical treatment of the Rayleigh—Ritz method, the reader should
consult [17],[20].

For the more general operators often encountered in electromagnetics,
a positive operator can be produced by the following procedure. Consider

Lu=f (1.121)
Let the adjoint operator L* be defined by
(Lu,v) = (u, L*v) (1.122)

for u € Dy, v € Dy+. Then, if the adjoint L* exists, operating on both
sides of (1.121) with L* produces

L*Lu=L*f (1.123)

for any f € Dj,. Provided that Lu = 0 has none but the trivial solution,
it is easy to show that the operator L*L is positive. Indeed, (L*Lu, u) =
ILu||> > 0, unless Lu = 0. But, Lu = 0 implies u = 0.

The Method of Moments applied to L*L gives

n
Y ox(L*Log, wm) = (L* fiwm), m=1,2,...,n  (1.124)
k=1
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The Galerkin specialization follows immediately, viz.
n
Y (L Lok, ¢m) = (L*f,m), m=1,2,...,n  (1.125)
k=1

Since L*L is positive, if the sequence {¢;} is complete in D+, (1.125) is
the Rayleigh-Ritz method and convergence in energy u, —» u is assured,
viz.

Jim Jup —u]=0 (1.126)

where the energy norm is with respect to the operator L*L. By properties
of the adjoint, (1.125) can also be written

Y Lk, Ldm) = (f, Ldm), m=1,2,...,n (1.127)
k=1

which is the result in the Method of Least Squares, more usually derived
[20] by minimization of

NLun — £1
It is easy to show that (1.126) implies that

nl—lfgo |Lu, — fI| =0 (1.128)

so that Lu, — f. Unless the operator L*L is positive-definite, nothing
can be said concerning the convergence of u, to u.

A.1 APPENDIX—PROOF OF PROJECTION
THEOREM

In this Appendix, we prove the Projection Theorem, considered in Section
1.6. We restate the theorem here for convenience. Let x be any vector in
the Hilbert space H, and let M C 'H be a closed linear manifold. Then,
there is a unique vector yo € M C H closest to x in the sense that

d=inf |x—yl=llx— A.l
Y e = yll = llx = yoll (A.1)
where inf is the greatest lower bound, or infimum. In other words, yo
is closest to x in the sense that ||x — yol| < |lx — y|| for all y in M.
Furthermore, the necessary and sufficient condition that yj is the unique
minimizing vector is that e = x — yg is in M. The vector yy is called the
projection of x onto M. The vector e is called the projection of x onto M.
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In proving the Projection Theorem, we begin by noting that the first
equality in (A.1) makes sense. Indeed, |x — y|| is bounded below by zero,
and therefore has a greatest lower bound. We next show that there exists
at least one vector yq closest to x. We begin by asserting that there exists
a vector y, € M such that by the definition of infimum,

1
8 < llx — ynll <8+; (A2)
Taking the limit as n — oo, we find that
Jlim 1x = 3l = 5 (A3)

Therefore, we can always define a sequence {y,} € M such that ||x — y,||
converges to é. In (1.36), if we replace x by x — y, and y by x — y,,, we
obtain [21], after some rearrangement,

1
I¥n = Ymll® = 201x = yall® + 2% = ym|I? — 4llx — 5On + ym)I? (A4)

Since M is a linear manifold, (y, + ym)/2 € M, and we may assert that

1
"x - '2'(yn + )’m)" Z 8
Therefore,
e = Yml* < 201X = yull* + 2||x — ymlI*> — 487 (A.5)

In the limit as m, n — 00, the right side goes to 282 + 282 — 452 = 0, and
we conclude that the sequence {y,} is Cauchy. Since H is a Hilbert space
and M is closed, M is a Hilbert space and Cauchy convergence implies
convergence. Therefore, y, — yo € M.

We next show that yo is unique [22]. Suppose it is not unique. Then,
we must have at least two solutions yo and y¢ satisfying [|x — yol| =
llx = Yoll = &. Then,

A~ A 1 A~
lyo = Foll® = 2llx — yoll> + 2llx — Foll® — 4llx — SO0+ Fo)lI?

<282 4282 —482=0
(A.6)
Therefore, yo = yo.
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Finally, we show that e = x — yop € M*. We must show that e is

orthogonal to every vector in M. Suppose that there exists a vector z € M
that is not orthogonal to e. Then, we would have [23]

Then,

Therefore,

(e,2) =(x —y0,2) = A#0, ze M (A7)
We define a vector zg € M such that
20=Y+ A b4 (A.8)
= Yo —_— .
HE
Ix — 2l = (x — y A Yo — —2)
- =X—=Y0— =2, X—Yyo—
Iz n2 Iz ||2
|AJ?
= |lx = Yoll* = = {x = Y0, 2) = —5 (2, ¥ — yo) + ——
Iz IP ERGRTE n2 T
|A]?
= llx = yoll* = ==
llz)|2
(A9)
Ix = zoll < IIx = yoll (A.10)

which, by (A.1), is impossible.

L.1.
1.2.
1.3.
14.

LS.

1.6.

1.7.

PROBLEMS

Using the rules defining a linear space, show that 0a = 0 and —1la = —a.
Show that R, is a linear space.
Show that C(0,1) is a linear space.

As an extension to Example 1.4, in Ry, let x; = (1, 3), x; = (2, 6.00000001).
Show that x; and x; are linearly independent. Comment on what might
occur in solving this problem on a computer with eight-digit accuracy. (This
problem is indicative of the difficulties that can arise in establishing linear
independence in numerical experiments in finite length arithmetic.)

If x1, x2, ..., x, is a linearly dependent set, show that at least one member of
the set can be written as a linear combination of the other members.

Show that if 0 is a member of the set x;, x2, . . ., x,, the set is linearly depen-
dent.

Show that if a set containing n vectors is linearly dependent, and if m addi-
tional vectors are added to the set, the resulting set of n + m vectors is linearly
dependent.
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1.8.

1.9.

1.10.

1.11.

1.12.

1.13.

1.14.

1.15.

Show that in R, the set of vectors
e =(1,0,...,0),e2=(0,1,...,0),...,e,=(0,0,..., 1)

is linearly independent. Is the same conclusion valid in C,? Is the set of
vectors a basis for C,?

Given the basic definition of an inner product space, show that

n n
() ox, y) =) awlxi, y)
k=1 k=1

Show that C(a, B) with inner product defined by (1.27) is a real inner product
space.

Consider the linear space of real continuous twice differentiable functions
over the interval (0, 1). As a candidate for an inner product for the space,
consider

1
(frg) = fo F1(0)g" ()

where f and g are members of the space and “primes” indicate differentiation.
Determine whether (f, g) is a legitimate inner product.

Prove the following corollary to the CSB inequality in (1.35):
[, )= llxll iyl

if and only if x and y are linearly dependent.
Prove the following identity:

Fllxlt =1yl 1 < lle =yl

Consider a complex inner product space with norm induced by the inner
product. If x and y are members of the space, prove that

(x,y) = (y, x) = % (Ix + iyl = lIx — iyl?)

and 1
(o 9) + (%) = 2 (e + 12 = e = y1°)

Given the following sequence in the space of rational numbers:

g
x"=z(k—l)!

k=1

First, show that the sequence is Cauchy; next, show that the sequence does
not converge in the space. (Indeed, it converges to e; the details can be found
in [4].)
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1.16.

1.17.

1.18.

1.19.

1.20.

1.21.

1.22.

1.23.

Problems Chap. 1

Show that if S is a linear space, a linear manifold M C S is also a linear
space.

Let x,, k = 1,2,..., n be a linearly independent sequence of vectors in the
Hilbert space H. Define M to be the set of all linear combinations of the n
vectors. Prove that M is a linear manifold.

Let Ry, be the space of all vectors consisting of a countably infinite set of real
numbers (components), Viz.

a=(aj,a,...)

where o, € R. Let M be the set of vectors in R, with only a finite number
of the countably infinite number of components different from zero. Show
that M is a linear manifold. Show that M is not closed. Hint: Consider the
concept of closed as applied specifically to the sequence of vectors

11 1
n = 1,—,—,...,-—,0,0,...
x ( 2’3 n )

The Legendre functions P,(§), n = 0,1,2,..., are orthogonal on £ €
(=1, 1), but they are not orthonormal. Create a sequence of orthonormal-
ized Legendre functions P 2(€),n=012,.

Given thatin Rz, x; = (1,2,0), x, = (0, 1, 2), x3=(1,0,1).
(a) Prove that {x;, x;, x3} is a linearly independent set of vectors.

(b) From the linearly independent set, produce the first two members of the
associate orthonormal set using the Gram-Schmidt procedure.

Show that the determinant of the Gram matrix in (1.69) is nonzero if and only
if the sequence of vectors { y,(},“"=l is linearly independent [11].

Let R, be the space described in Problem 1.18. If b = (84, B2, . . .), define
an inner product for the space by

(a,b) =) By
k=1

Let the norm for the space be induced by the inner product. We restrict R
to those vectors with finite norm. Define the operator A in Ry, by

l l
Aa— a,_a’_a,..'

Test the operator A for boundedness.
On the Hilbert space £,(—a, «), with inner product

d§

(f.8)= f(s‘?)g(E)‘/—s2
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consider the following integral equation:

d§
\/__s—_f(")

This integral equation occurs in diffraction by a slit in a perfectly conducting
screen. It can be shown [14] that the operator

/ w(@)nln — £|

a ds
= _a(')lﬂlﬂ"gl—az—_-g

is bounded. Solve the integral equation by using the Chebyshev polynomials
T, (£ /a) as a basis for £,(—a, a) and obtaining the matrix representation for
L. Hint: The following are useful integral relations [15]:

/“ T,(n/a)In|§ — nldn —rIn2/e)To§/a), n=0
V- | ST/, n>0
o, m#n
f TnE)Tn(§) — T I, m=n#0
T, m=n=0

1.24. Let L = d/d&, and consider the sequence of partial sums

n
Uy, = Z 1 coskm§
k=1 k
It is well-known {16] that

lim u, = —1In (2sin E)
n—00 2

Show that lim,_,« Lu, is undefined. The problem is that L is unbounded.

This result is an example of the fact that a Fourier series cannot always be
differentiated term by term.

1.25. Let L = d/d¢, and consider the sequence of partial sums

n
1
Uy = kz; a coskmé

Using well-known series summation results [16], show that, although L is
unbounded, in this case the operator and limit can be interchanged.
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1.26.
1.27.

1.28.

1.29.

1.30.

Problems  Chap. 1

Show that the operator in (1.91) with kernel defined in (1.90) is bounded.
Consider Hilbert space £,(—1, 1) with inner product

1
W) = [ e
-1
where all functions are real-valued. Consider the following function f(&):

fE) =§-48

Construct a function g(§) orthogonal to f(£§). Adjust g(§) such that it has
unit norm

gl =1

Given that,inR3, x; = (1,1,0),x, = (0,1, 1), x3 = (1,0, 1).

(a) Prove that {x;, x2, x3} is a linearly independent set of vectors.

(b) Using the Gram-Schmidt procedure, produce the first two members
{e1, e2} of the orthonormal set obtained from this linearly independent
set.

Given Hilbert space £,(0, 27r) with inner product

2n
(4, v) = [0 u(E)oE)dE

where members of the space are complex functions.

(a) Show that the sequence .
{ é n§ }:.i_-. o
is an orthogonal sequence.
(b) Produce an orthonormal (O.N.) sequence from the orthogonal sequence.
(c) Using the members of the O.N. sequence contained on —N < n < N,

where N is a positive integer, find the best approximation to

f(§)=sin(€ ‘22"), aeR

in the sense given in Section 1.6, Best Approximation.

Consider the real Hilbert space £5(—1,1). For f(£),g(§) € Ly(—-1,1),
define an inner product

1 dg
(f.g) = j FOTONET

Determine whether this definition results in a legitimate inner product.
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1.31. Consider the real Hilbert space £;(0, 1) with inner product

1
(f.g) = /0 FE&)8(€)ds

where f(£), g(§) € £2(0, 1). Suppose that

~1-%
fO=1-2

(a) By the method of best approximation, approximate f (&) by f (£), where
f(&) is a linear combination constructed from the orthonormal set
{/€k cos kn&'},ﬁ=0 in £5(0, 1). In the orthonormal set, ¢; is 1 fork = 0
and 2 for k # 0. R

(b) Calculate the norm of the error || f(§) — f (&)l

1.32. Consider Euclidean space R4. Define vectors a and b in R4 by

a=(a19""a4)
b=(ﬂ|v"'vﬁ4)

Define an inner product for the space by

4
(a,b) =) b
k=1

Consider those vectors a in Ry restricted by

a,—a2=a3—a4=0

(a) Show that all vectors with this restriction form a linear manifold M.
(b) Find all vectors b that are members of M>L.
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2

The Green’s Function
Method

2.1 INTRODUCTION

In this chapter, we begin our study of linear ordinary differential equations
of second order. Our goal is to develop a procedure whereby we can
solve the differential equations using fundamental solutions called Green’s
functions.

We begin with a brief discussion of the delta function. We follow
with a description of the Sturm-Liouville operator L and its properties.
We define three types of Sturm-Liouville problems and investigate their
properties. In all three types, we examine the role of the operator L and its
adjoint operator L*. These operators are used to define the Green’s func-
tion and the adjoint Green’s function, respectively. Our study culminates
in a procedure for applying the Green’s function and/or the adjoint Green’s
function in solving the differential equation Lu = f.

2.2 DELTA FUNCTION

The concept of the delta function arises when we wish to fix attention on
the value of a function f(x) at a given point xo. Mathematically, we seek
an operator 7T that transforms a function f(x), continuous at xo, into f (xo),
the value of the function at xp. In equation form, we require T such that

T [f(x)] = f(x0) @1

45
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We begin by considering the pulse function p(x — x¢), defined by

1
%6 Xo—€ <X <X+ €
X — Xg) = 2.2)
Pe( 0) { 0, otherwise

Note that, regardless of the value of ¢, the area under the pulse is unity.
Indeed, if (a, b) is any interval containing (xo — €, xo + €),

b xo+e |
/ pe(x — xo)dx = f —dx=1 (2.3)
a XQ—€ 26

An important property of the pulse function is that it is even about xo, viz.
Pe(x — x0) = pe(xo — x) (2.4)

This property can be proved by interchanging x and xo in (2.2). The details
are left for the problems. Multiplying the pulse function by f(x) and
integrating over any interval containing the pulse gives (Fig. 2-1)

Xo+€

b 1
fa F@Pex —x)dx = — [ flx)dx 2.5)

2¢ Xo—€

By the mean value theorem for integrals [1], if f is the mean value of f(x)
on the interval x € (xg — €, xg + €),

b A
fa F@)pe(x — xo)dx = f 2.6)

{\ Ps(x — Xo)
1/2¢ /

==

\/ \fm

—t > X
Xo— € Xo X°+8

T

Fig. 2-1 Pulse function p¢(x — xo) and function f(x).
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Taking the limit as € — 0, we have

b
lim f FOPx —x)dx = f(x0),  xo€@b) @7

The integration followed by the limiting operation in (2.7) transforms f (x)
to f(xo), the value of the function at xo.

EXAMPLE 2.1 Let f(x) = x%, xo = 0, and x € (a, b). In this case, f(x) is
continuous at x = 0 and we have

N R
‘h_'f(l,fa f(x)Ps(x—xo)dx=!%[-2—;/‘ x“dx

—€

. €
=3‘35(?) =0
| |

EXAMPLE 2.2 Let f(x) = cosx, xo = 7/3, and xp € (a, b). In this case,
f(x) is continuous at x = /3 and we have

[ 8]

Since f(0) = 0, we have verified (2.7).

b 1 S+e
lim / f(xX)pe(x — xp)dx = lim — / cosx dx
0/, €e—0 2¢€ %

—€

. lr. /m 2.1 1
- | [ 5+ -0 (3 -9 =
Since f(x/3) = 1/2, we have again verified (2.7).
]

Expression (2.7) forms the cornerstone of our definition of the delta
function, as follows:

b
| ? F@)80x — xo)dx = tim [ f@pc—xdx @)
so that b
f FE)8(x = xo)dx = f(x0) 2.9)

for any x in the interval (a, b). Note in (2.2) that as € becomes smaller, the
pulse function becomes narrower and higher while maintaining unit area.
If the limit in (2.7) could be taken under the integral, we would have

8(x — x0) = lim[pe (x — x0)] (2.10)
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Since this limit does not exist, the interchange of limit and integration in
(2.8) is not valid. We have therefore placed an “s” over the equality in
(2.10) to indicate symbolic equality only.

The delta function § (x — xp) has two remarkable properties. Symbol-
ically, it is a function that is zero everywhere except at x = xp, where it is
undefined. Second, when integrated against a function f that is continuous
at xo, it yields the value of the function at xo. We note that (2.9) defines the
operator T we were seeking in (2.1). Indeed, comparing (2.1) and (2.9)
yields

b
T = / (0)6(x — xp)dx (2.11)

where (o) indicates the position of the function upon which T operates.
From the basic definition of the delta function in (2.9), we obtain
some additional relations. If we set xp equal to zero, we find

b
/ FE)8(x)dx = £(0) 2.12)

Also, if in (2.9) we set f(x) = 1, we obtain

b
f 50 — xo)dx = 1 2.13)
Finally, from (2.4) and (2.8), we conclude symbolically that

8(x — xg) = 8(xp — x) (2.14)

In concluding our development of the delta function and its properties,
we remark that there are certain difficulties with the definitions. Indeed,
any function that is zero everywhere except at one point must produce zero
when Riemann integrated over any interval containing the point. The result
in (2.13), for example, is therefore unacceptable in the Riemann sense. To
interpret the integral, it seems that we must return to the basic definition
in (2.8). The mathematical acceptability of integrals involving the delta
function have, however, been formalized in the Theory of Distributions,
introduced by Schwartz [2]. In the theory, the delta function is called a
generalized function, and the integral in (2.9) is said to exist in the distri-
butional sense. Although the theory is beyond the scope of this book, the
interested reader can find introductory treatments in [3],[4].

The central role played by the delta function in the solution to cer-
tain differential equations becomes apparent in the following argument.
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Suppose we wish to solve the equation

where L is a differential operator. Formally, the solution is given by mul-
tiplying both sides of (2.15) by the inverse operator, viz.

L 'Lu=L"'f

or
u = L_lf (216)

Since L is a differential operator, we shall assume that its inverse is an
integral operator with kernel g(x, &), so that

u(x) = [ g(x, ) f (€)dE 2.17)

Substitution into (2.15) gives
f(x) = Llu(x)]
=1 [ s 05 ®)a

= f Lg(x, §) f (€)dk (2.18)

where we have assumed, without proof, that we can move the operator L
inside the integral. But, from the properties of the delta function, we have

b
0= [ 86— )@ (2.19)
for x € (a, b). Comparing (2.18) and (2.19), we identify

Lg(x,&) =8(x —§&) (2.20)

Presumably, if we can solve (2.20), then the solution to (2.15) is given
explicitly by (2.17). The kemel g(x, §) is called the Green’s function for
the problem.

It is the purpose of this chapter to formalize and structure the introduc-
tory ideas above. The result will be the solution to a class of linear ordinary
differential equations of second order by the Green’s function method.



50 The Green’s Function Method ~ Chap. 2
2.3 STURM-LIOUVILLE OPERATOR THEORY

Consider the following linear, ordinary, differential equation of second
order:
d? d
ag(x) ——— u(x) +a;(x) ';ix) +ay(xX)u(x)—Au(x) = f(x), a<x<b
(2.21)
where A is, in general, acomplex parameter independent of x. The functions
ap, a1, and a; are real and assumed to have the following properties [5],[6]:

a. az,da;/dx, and dzao/dx2 are continuousina < x <b
b.ag#0ina <x <b

In (2.21), we also require that u(x) be twice differentiable and that f(x)
be piecewise continuous. We may always recast this differential equation
in Sturm-Liouville form, as follows:

1 d
[()u()

w(x)dx

] +q(u(x) — Au(x) = f(x) (2.22)

The necessary coefficient transformations are given by [7]

q(x) = ax(x) (2.23)
o] [F 00
p(x) = exp [ / a0(0) dt] (2.24)
w(x) = — 2% (2.25)
ao(x)

We may verify these transformations by substituting (2.23)-(2.25) into
(2.22) to produce (2.21). The details are left for the problems. We rewrite
(2.22) in operator notation as follows:

(L=MNu=f (2.26)
where we identify the Sturm—Liouville operator L, viz.

1

d
L= “wn dx [P( )—] +q(x) (2.27)

For the remainder of this chapter, without loss of generality, L will always
mean the Sturm-Liouville operator in (2.27).
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EXAMPLE 2.3 Consider Bessel’s equation of order v, given by

” 1 ’ v2 2
b ==+ (L) u= (2.28)
X X

where “prime” indicates differentiation with respect to x. Comparing to (2.21),
we identify

A=k
ag= -1
a = —(1/x)
a = (v/x)?

To transform to Sturm-Liouville form, we use (2.23)—(2.25) and obtain
="
x)=—
q 2
px)=x

wkx) =x

so that

x2

1 N v2 2
_;(xu) +|— -k u::f (2.29)
n
EXAMPLE 2.4 Consider Bessel’s equation, given by (2.28), in a slightly dif-

ferent form, viz. .
—x2u" = xu' = [(kx)? = v ]u = f (2.30)
We note that (2.30) is obtained simply by multiplying both sides of (2.28) by x2.

In this case, we identify
2

A=—v

ap = —x*

a) = —x

ar = —(kx)’

Using (2.23)-(2.25), we obtain
q(x) = —(kx)?
p(x)=x
1

w(x) = o
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so that in Sturm-Liouville form,
—x(xu') — (kx)?u+viu=f (2.31)

We note, in particular, that the weighting function w(x) differs from that in Ex-
ample 2.3.

It might appear that the distinction between (2.29) and (2.31) is trivial
since the latter can be obtained from the former by dividing by x2. However,
the difference in the weighting functions between (2.29) and (2.31) changes
the Hilbert space, and makes a major difference in spectral representations
associated with the radial portion of the Helmholtz equation in cylindrical
coordinates [8], as we shall find in Chapter 4.

EXAMPLE 2.5 Consider Legendre’s equation on the interval x € (-1, 1), as
follows:

(1 —xHu" +2xu' —n(n+ Du=f (2.32)
We identify
A=nn+1)
a=—(1—-x%
a; =2x
a=0

Using (2.23)-(2.25), we obtain

g(x)=0
p(x) =1—x?
wx)=1
so that in Sturm-Liouville form,
~[a-xHT —nn+Du=f (2.33)

The Sturm-Liouville form of the second order differential equation,
given by (2.22), plays a central role in the solution of electromagnetic
boundary value problems. We distinguish three forms of the Sturm-—
Liouville problem, which we consider in the next three sections.
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2.4 STURM-LIOUVILLE PROBLEM OF THE FIRST
KIND

For the first form of the Sturm—Liouville problem, we consider (L — A)u =
f over a finite interval x € (a, b) and for real A and real f. For —oo <
a < b < 0o, consider the Hilbert space £(a, b) with real inner product

b
(u, v) = fa 1)) W) dx (2.34)

forallu, v € L;y(a, b). We define the Sturm—Liouville Problem of the First
Kind, abbreviated SLP1, as follows:

Lyu = f, a<x<b (2.35)
where
Ly=L~-Xx (2.36)
and where U d
L=—-——— [P( )—] +q(x) (2.37)
w(x)dx

We impose the following restrictions [9]:

a. p, p',q,w are real and continuous fora < x < b
b. p(x) >0, w(x) >0fora<x <b
c. A is real and independent of x

In addition, we require u(x) € Dy C Lz(a, b), where D is the domain
of the operator L. Because we are dealing with second-order differential
operators, the domain is restricted to those functions that are twice differ-
entiable. Finally, we require that u(x) satisfy two boundary conditions as
follows:

Bi(u) = a = aju(a) + appu'(@) + a3u(b) + oaau’(d)  (2.38)
By(u) = B = aqiu(a) + anu'(a) + arzu(b) + areu’ (b) (2.39)

where, for SLP1, o, 8, and o;j are real. Typically, in (2.38), if @ is nonzero,
the boundary condition is said to be inhomogeneous. If o = 0, the boundary
condition is homogeneous.

There are several important special cases contained in the boundary
conditions in (2.38) and (2.39). A boundary condition is unmixed if it
involves conditions on u(x) at one boundary only. If SLP1 involves an
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unmixed condition at one end of the boundary and an unmixed condition at
the other end, we refer to this case as SLP1 with unmixed conditions. The
most general case of unmixed boundary conditions is ¢13 = @14 = @31 =
ayy = 0, so that

Bi(w) = a = ayjju(a) + aju'(a) (2.40)

By(u) = B = ap3u(b) + arau’ (b) (2.41)

The relations in (2.38) and (2.39) are said to be initial conditions if aj; =
az2 = 1 and all other o;; coefficients are zero, so that

Bi(u) =a =u(a) (2.42)

By(u) = B =u'(a) (2.43)

The two conditions in (2.38) and (2.39) are periodic if the value of the
function u(x) at one boundary is identical to the value at the other boundary,
and if the value of the derivative u’(x) at one boundary is identical to the
value at the other boundary. To produce the periodic conditions, we require
a1 = —a3 = oy = —az4 = 1 and all other coefficients zero, so that

u(a) = u(b) (2.44)
u'(a) = u'(b) (2.45)

EXAMPLE 2.6 Consider the following differential equation on x € (0, 1):
—u" — K*u = f, ke R
with two homogeneous unmixed boundary conditions
u@=ul)=0

We identify p(x) = w(x) = 1,q(x) =0, A=k’ ,a=0,b=1,a = B =0.
In the boundary conditions in (2.38) and (2.39), all coefficients a;; = 0, except
a1 = a3 = 1. We find that all requirements for SLP1 are satisfied.

The operator L in SLP1 has a formal adjoint, which we construct by
the following procedure. For u, v € L3(a, b), we form

b
(Lu, v) =[a [—-J(l—x—)z;-[ (x )d (x)]+q(x)u(x)] v(x)w(x)dx
(2.46)
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Integrating by parts twice, we obtain

a0 = [ w0 [~ 2 [p0 2]+ gan | wiasas
w(x)dx
b
du d
- {pw pw 2 - un S22 i
(2.47)
We write this result in inner product notation as
b
(Lu,v) = (u, L*v) + J(u, v) (2.48)
where J (u, v) is called the conjunct and is given by
J(u,v) = —p'v—uv) (2.49)

The operator L*, produced in the integration by parts operation, is called
the formal adjoint to L. We note that

L*=L (2.50)

When (2.50) is true, we say that L is formally self-adjoint. We conclude,
in general, that the Sturm-Liouville operator for SLP1 is formally self-
adjoint.

In our search for a solution, or solutions, to (2.35), we shall first
assume that the boundary conditions in (2.38) and (2.39) are homoge-
neous. We then follow with the extension to the inhomogeneous case.
Accordingly, if u(x) is to be a solution to (2.35), we require the following
restrictions:

a. u € Lya,b)
b ue DL
c. u satisfies two boundary conditions, B;(u) = 0, By(u) =
These restrictions define a linear manifold M, C £;(a, b). The proof is

left for the problems. We next consider the function v(x) in (2.48). We
place the following restrictions on v(x):

a. ve Lya,b)
b ve DL*
c. vsatisfies two adjoint boundary conditions, Bf (v) = 0, By (v) =



56 The Green’s Function Method Chap. 2

Since v(x) is unspecified in the original problem statement in (2.35), we
are free to choose the adjoint boundary conditions in any manner we wish,
consistent with the integration by parts operation in (2.48). We define the
adjoint boundary conditions to be those conditions B} (v) = 0, By (v) =0
that, when coupled with the boundary conditions on u(x), result in the
vanishing of the conjunct, viz.

b
Jm,v)| =0 (2.51)
a
These restrictions on v(x) define a linear manifold M« C Ly(a, b). At
present, it is not clear that it is possible to define the adjoint boundary
conditions such that (2.51) is satisfied. We next show explicitly the adjoint
boundary condition result for the unmixed, initial, and periodic cases.
We have defined the unmixed boundary case in (2.40) and (2.41). For
the homogeneous case, they become

Bi(u) = anu(a) +apu’'(a) =0 (2.52)
By(u) = arp3u(b) + ageu’(b) =0 (2.53)
We use these expressions in the conjunct to eliminate u’(a) and u’(b), viz.
b
161) | = pOu®) | Z200) + v ®)| - @@ | via) + @)
a 24 12

(2.54)
In this case, (2.51) is satisfied if we choose the following adjoint boundary
conditions:

Bf(v) = aijv(a) + apv'(@) =0 (2.55)
B3 (v) = ap3v(b) + a4V’ (b)) =0 (2.56)

We note that in the unmixed boundary case, the boundary conditions on
v(x) in (2.55) and (2.56) are identical to those on u(x) in (2.52) and (2.53).
Therefore, for the case of unmixed boundary conditions, the linear mani-
fold M is the same as the linear manifold M+. A formally self-adjoint
operator with My = M- is said to be self-adjoint. We shall find subse-
quently that self-adjoint problems possess remarkable properties.

For homogeneous initial conditions, we have

u(@ =0 (2.57)

u'(@ =0 (2.58)
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Substitution into the conjunct gives

b
J(@u,v) | = —p®) W B)v(b) — ud)v'(b)] (2.59)

a

In this case, (2.51) is satisfied if we choose adjoint boundary conditions
Bi(v) =v(b) =0 (2.60)

Bi(v) =v'(b) =0 (2.61)

We note that for initial conditions, the boundary conditions on v(x) in

(2.60) and (2.61) are not the same as those on u(x) in (2.57) and (2.58).

Therefore, M| # M., and the initial condition case is never self-adjoint.

For periodic conditions, we substitute (2.44) and (2.45) into the con-
junct to give

b
J(u,v) | = —p(®) [ (@v(b) — u(a)v' (b)]

+ p(a) [u'(@)v(a) — u(a)v'(a)]
=u'(a) [p(a)v(a) — p(b)v(b)]

—u(a) [p(a)v'(a) — p(b)v' (b)) (2.62)

In this case, (2.51) is satisfied if we choose adjoint boundary conditions
B} (v) = p(a)v(a) — p(b)v(b) =0 (2.63)
B3 (v) = p(a)v'(a) — p(b)v'(b) =0 (2.64)

We note that for the general form of L in (2.37) and for periodic conditions,
the boundary conditions on v(x) in (2.63) and (2.64) are not the same as
those on u(x) in (2.44) and (2.45). However, if the operator L is such
that p(a) = p(b), the conditions are identical and the problem becomes
self-adjoint.

To produce the solution to SLP1 by the Green’s function method,
we define two auxiliary problems: the Green’s function problem and the
adjoint Green’s function problem. The Green’s function problem is defined
as follows:

6 —_
Lig(x, &) = (:(xf), a<E<b (2.65)
Bi(g) =0 (2.66)

Ba(g) =0 (2.67)
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where w(x) is the weight function defined in (2.25) and (2.27) and appear-
ing in the inner product definition in (2.34). We note that, by definition,
the boundary conditions on g are identical to the boundary conditions on
u. The adjoint Green’s function problem is defined as follows:

Lyk(x, £) = 5(;‘)(;)5), a<t<b (2.68)
B(h) =0 (2.69)
B3(h) =0 (2.70)

We note that, by definition, the boundary conditions on 4 are identical to
the boundary conditions on v. We also note that the boundary conditions
associated with the Green’s function and the adjoint Green’s function are
always homogeneous.

The solution to SLP1 by the Green’s function method is obtained by
taking the inner product of L u with h, viz.

x=b

(Lau, h) = (u, Lyh) + J(u, h)

(2.71)

X=a

where the integrations indicated by the inner products are with respect to
x. From (2.49), the conjunct J (4, h) is given by

T, h) = —p(x) [d’;(")h(x, &) — u(x) L 5)] @.72)
x dx
Substitution of (2.35) and (2.68) into (2.71) gives
b
u(®) = (f,h) — J(u, h) @.73)
or, explicitly,
b
u() = f FOORGx, &)w(x)dx
x=b
+ {p(x) [f'—";i)ha, £) — u(r) 2 s)]} (2.74)
X dx rea

Equation (2.74) is the formal solution to SLP1, provided that we can solve
the adjoint Green’s function problem, given in (2.68)—(2.70). For ho-
mogeneous boundary conditions By(u) = 0, By(#) = 0, the selection
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Bf(h) =0, By(h) = 0 reduces the second term in (2.74) to zero. The ex-
tension to the inhomogeneous case, however, is now available. We simply
apply the given boundary conditions B; (¥) = «, B,(4) = B in conjunction
with the adjoint boundary conditions Bf (k) = 0, By (h) = 0. We illustrate
these results with an example.

EXAMPLE 2.7 Consider the following differential equation on x € (a, b):

—u' —Au=f
with boundary conditions
u@@a =«
u'(a) =B
In this case, p(x) = w(x) = 1, and (2.74) yields
ue) = | " fomex, s +a 20D _pya,

where we have applied the boundary conditions u(a) = «, u'(a) = B and the
adjoint boundary conditions

dh(b,§)
dx

hb,§) = 0

Note that for homogeneous boundary conditions, « = 8 = 0, the conjunct van-
ishes and

b
u() =/ f)h(x, &)dx
m

We should note that in (2.74) and in Example 2.7, the solution is given
in terms of the variable £, with x as the dummy variable of integration. This
notation causes no difficulty since & simply refers to a point of evaluation
of u on the interval (a, b). We shall subsequently obtain the solution u in
terms of x with £ as the dummy integration variable by a simple interchange
of x and £. The reader is cautioned, however, to withhold performing this
step until after explicit evaluation of the adjoint Green’s function. This
evaluation is the next subject for discussion.

We now show that it is never necessary to find the adjoint Green’s
function h(x, &) directly from (2.68)—(2.70). Indeed, if we determine the
Green’s function g(x, &), defined by (2.65)—(2.67), the adjoint Green’s
function follows immediately. The details follow. We form

x=b

(Lrg(x, €), h(x,§)) = (8(x, &), Lyh(x,§)) + J (g, h) (2.75)

Xx=a
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where integrations in the inner products are with respect to x. Application
of (2.66), (2.67), (2.69), and (2.70) reduces the conjunct to zero, viz.

x=b
J(g, h) =0

x=a

Using this result and (2.65) and (2.68) in (2.75) gives
h(¢, &) = g(¢', &)

A simple variable change gives

h(x,§) = g€, x) (2.76)

We conclude that, if we can find the Green’s function g(x, &), the adjoint
Green’s function h(x, &) follows immediately by an interchange of x and
&. Substitution of h(x, &) into (2.74) completes the solution to SLP1.

A further simplification occurs if the Green’s function problem is self-
adjoint. In this case, the operator and boundary conditions for the Green’s
function and the adjoint Green’s function are identical, and we must have
h = g. Therefore,

h(x,&) =g(x,&) =g, x) (self-adjoint case) 2.77)

When g(x, &) = g(&, x), the Green’s function g is said to be symmetric.
Substituting (2.77) into (2.74) gives, for the self-adjoint case,

b
u() = ] FOg(x, E)w(x)dx

(2.78)

+{p ()[———g( B —un E)]]

x=a
We note that in the self-adjoint case, we have produced the useful result
that it is unnecessary to consider any aspect of the adjoint problem. Indeed,
(2.78) involves the Green’s function g (x, §) rather than the adjoint Green’s
function h(x, £).

The only remaining step in the solution to SLP1 is the specific deter-
mination of g(x, ). The differential equation that describes the Green’s
function is given by (2.65). We write this equation for x # £ as follows:

Lyg(x,8) =0, x#E& 2.79)

This homogeneous second-order equation can be solved in the following
two regions:
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a. Regionl:a <x <§
b. Region2: § <x <b

Since the equation is of second order, the solution in Region 1 will contain
two as yet undetermined coefficients. In Region 2, the solution will contain
two additional undetermined coefficients. These four coefficients require
four constraints on the Green’s function for their determination. The con-
ditions B;(g) = 0 and B;(g) = 0 provide two constraints. The remaining
two are provided by conditions joining together the two regions at x = &.
Recall that in seeking a solution u(x) to (L — A)u = f, we have required
that u(x) be twice differentiable. In the solution to (2.65), however, we
relax this requirement so that the Green’s function is required to be simply
differentiable on the interval a < x < b. This relaxation is logical since
the second differentiation of the Green’s function produces a singularity
function §(x — &) at x = £. Since a differentiable function is continuous,
the third constraint on the Green’s function is that it must be continuous at
x = &. For the fourth constraint, we write explicitly the Sturm—Liouville
operator in (2.65), viz.

1 d _&x-¥)
[_w—(x—ﬁi; [P( )—] +q(x) - ] (x,6) = ) (2.80)
We multiply by w(x) and integrate over the region (§ — €, £ + €) to give
b+e d [ dg E+e
_/s-e = (pd )dx +f (g —A)gwdx =1 (2.81)

In the second integral, since g, g, and w are continuous, (g — A)gw is
continuous over the interval [§ — €, £ + €]. Since the interval is closed and
bounded, the continuous function (g — A)gw is bounded on the interval.
Let M be the upper bound on |(g — A)gw|. Then,

E+e
I/ (g — N)gwdx| <2eM

and therefore,

lim =0
-0

Ete
[ @-nguas
E—€
Performing the integration in the first integral in (2.81) and taking the limit

as € — 0 gives the fourth constraint, viz.

dg | dg
dx g+ dx

1
§_= —% (2.82)
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where we have used the continuity of p(x) atx = &. Typically, our notation
&~ indicates the limit as x — & from below. We collect the characteristics
of the Green'’s function g(x, &) that allow for its determination as follows:

Lyg =0, x#E (2.83)
Bi(g) =0 (2.84)
By(g) =0 (2.85)
8le- = 8lg+ (2.86)

dg dg 1
—_ = —— 2.87
dx |g+ dx £ p@é) @80

We summarize the procedure for determming the Green’s function as fol-
lows:

1. Solve (2.83) for x < & and for x > &. The result will contain four
as yet undetermined coefficients.

2. Apply the boundary conditions indicated in (2.84) and (2.85).
These two conditions will result in determination of two of the
four coefficients.

3. Apply the continuity condition (2.86) and the jump condition (2.87).
These two conditions will result in the determination of the final
two coefficients.

We demonstrate the procedure in several examples.

EXAMPLE 2.8 Consider the following Green’s function problem on x € (0, b):

2
_48 _ kg =68(x — &) (2.88)

dx 2
20, £) = dg((:c £)

We shall solve for the Green’s function g (x, £) by using (2.83)—(2.87). Forx # &,
(2.88) becomes

=0 (2.89)

d2
-zx—ﬁ —kg =0, x#& (2.90)

A solution to (2.90) can be written for the two regions bisected by x = £ as follows:

Asinkx + Bcoskx, x< &
g(x,£) = , @91)
Csinkx + Dcoskx, x> &
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This result can be verified by substituting (2.91) into (2.90) to show that the differ-
ential equation is satisfied. We apply the two boundary conditions, given explicitly
by (2.89). The resultis A = B = 0, so that

0, x<§&
g(x,8) = . (2.92)
Csinkx + Dcoskx, x>¢£

The remaining two coefficients C, D are evaluated by applying the continuity and
jump conditions. Continuity gives

Csink& + Dcoské =0

Jump gives
k(C cosk& — Dsinké) = —1

Solving simultaneously gives

C= _cos k&
k
sin k&
D =
k

Substitution into (2.92) and application of a trigonometric identity yields

0, x<§
8(x,8) =1 sink( —x) (2.93)
% 7

It is instructive to verify that (2.93) satisfies the requirements for the Green'’s
function given in (2.83)—(2.87). The details are left for the problems.

|

EXAMPLE 2.9 Consider the following Green'’s function problemon x € (0, a):
d2g 2

——= —k'g=58(x— 94

ax2 k“g =48(x —§) (2.94)

8(0,§) =g(a,§)=0 (2.95)

Proceeding as in Example 2.8, we obtain

Asinkx + Bcoskx, x < &
g(x,§) = . (2.96)
Csink(a — x) + Dcosk(a — x), x> &

Note that the form of solution for x > £ is chosen so that the arguments for the
sine and cosine are equal to zero at the boundary x = a. This form satisfies (2.90),
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while making the evaluation of the undetermined coefficients C and D easier. (The
reader should verify that selection of the form C sin kx + D cos kx would yield the
same result; but the process of coefficient evaluation would be more complicated.)
Applying the boundary conditions given in (2.95), we obtain B = D = 0, and

Asinkx, x<t&
g(x,§) = ) 2.97)
Csink(a — x), x> £

The remaining two coefficients C, D are evaluated by applying the continuity and
jump conditions. The results are

sin k&

= 2.98
ksinka ( )
sink(a — &)
= —7" 2.
ksinka (2.99)
Substitution into (2.97) yields
sink(a — &) sinkx, x <&
g8(x,§) = romnka | _ (2.100)
sink(a — x) sin k&, x>

Note that the Green’s function derived in (2.100) is symmetric, g(x, §) = g(§, x),
aresult that we anticipate from the unmixed boundary conditions in (2.95) and the
self-adjoint property in (2.77).

|
We next summarize the steps for solving the differential equation
L u = f by the Green’s function method. We distinguish two cases.
Nonself-Adjoint Green’s Function Problem
1. Write the solution in the form given by (2.74).

2. Substitute the boundary conditions By(u) = «, B(u) = B into
(2.74).

3. Substitute the adjoint boundary conditions B} (k) = 0, By(h) =0
into (2.74).

4. Solve the Green’s function problem given by (2.65)—(2.67).

5. Obtain the adjoint Green’s function through (2.76) and substitute
into (2.74).

6. Interchange the variables x and & in (2.74).
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Self-Adjoint Green’s Function Problem

1. Write the solution in the form given by (2.78).
2. Substitute the boundary conditions B (¥) = «, Ba(u) = B into

(2.78).

3. Substitute the boundary conditions By(g) = 0, B2(g) = 0 into
(2.78).

4. Solve the Green’s function problem given by (2.65)-(2.67) and
substitute into (2.78).

5. Interchange the variables x and £ in (2.78).

We remark again that, in the self-adjoint case, there is no necessity for
considering any aspect of the adjoint problem. We next illustrate these
procedures with some examples.

EXAMPLE 2.10 Consider the following differential equation on x € (0, b):

—u —kKu=f
with boundary conditions
u@@) =«
u'@0) =8

These boundary conditions define an initial value problem, which we know is
never self-adjoint. We therefore use (2.74) and obtain

b dh(0,
u(§) = /0 fh(x, §)dx +a fix 8 _ Bh(0, &) (2.101)
where the adjoint Green’s function equation is given by
d2
k=8 —t) 2.102)
dx?

and where we have used the adjoint boundary conditions

dh(b,
h(b,§) = fi &) =

0 (2.103)

As shown in (2.76), we can obtain the adjoint Green’s function h(x, §) directly

from the Green’s function problem, given in this case by
d*g
dx?

80,8) =

— kg =68(x—&) (2.104)

dg(0,§)
dx

0 (2.105)
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But, we have obtained this Green’s function in (2.93), Example 2.8, as follows:

0, x<é&
8(x, ) =1 sink( —x) (2.106)
% *7Ff

Application of (2.76) yields the adjoint Green'’s function, viz.

0, x> &
h(x, g) = sin k().' _ 5) (2.]07)
—_—, x<
k
From (2.107), we also obtain
ho.p = -8 2.108)
dh(0,
©.5) = cos k& (2.109)
dx
Substitution of (2.107)—(2.109) into (2.101) gives
E . k _ .
u(€) =/ Fa ke =8 K L o coske
0 k k
An interchange of x and & yields the final solution, viz.
* ink(¢§ — ink
u(x) = f Fen (i ) g + ﬂsmk % 4+ acoskx 2.110)
0

Itis important to assure that our solution in (2.110) satisfies the differential equation
and the boundary conditions. To do so, it is necessary to twice differentiate (2.110).
This differentiation requires some care. We note that the integral in (2.110) involves
a variable upper limit. To differentiate, we make use of a theorem [10], as follows:
“The derivative of the definite integral of a continuous function with respect to
the upper limit of integration is equal to the value of the integrand function at
this upper limit.” In (2.110), however, the variable x occurs not only in the upper
limit, but also under the integral sign. To remedy this problem, we write (2.110)
as follows:

1 e [F : sink
ulx) = ;Im [e"’“ / f(g)e'*ﬁdg] + 8 P ad + acoskx (2.111)
0
Since real differentiation and the imaginary part operator can be interchanged, it
is now straightforward to show that this solution satisfies the original differential
equation and the boundary conditions. The details are left for Problem 2.11.
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EXAMPLE 2.11 Consider the following differential equation on x € (0, 1):

_ ul/ — f
with boundary conditions

u@) =«

u(l)=0

The associated Green’s function problem is

dzg
s d(x—§)

8(0,§) =g(1,§) =0

Since the boundary conditions are unmixed, the Green’s function problem is self-
adjoint. We therefore use (2.78). After application of the boundary conditions on
u(x) and g(x, &), we have

dg(0,%)
— (2.112)

1
u() = ,[o fx)gx, &)dx +a

Using the procedure for Green’s function evaluation, we find that

grpy=] LT et
(1 - x)§, x>E
and
dg0.6)
Tax 178

Substitution into (2.112) followed by an interchange of variables yields

x 1
u(x) =(1 —X)fo Ef(S)d§+xf (-8 f(E)dE +a(l —x)

We leave it to the reader to show that this solution satisfies the differential equation
and the boundary conditions.

In this section, we have defined the requirements for SLP1 and have
given a procedure for its solution by the Green’s function method. Note
that the parameter A and the forcing function f(x) were constrained to be
real. In many of the interesting problems of electromagnetic theory, A and
f (x) are complex. We consider this case in the next section.
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2.5 STURM-LIOUVILLE PROBLEM

OF THE SECOND KIND
For the second form of the Sturm-Liouville problem, we consider (L —
Au = f over a finite interval x € (a, b) and for complex A and complex
f. Since we are now dealing with complex quantities, the Hilbert space
L>(a, b) is now defined with complex inner product

b
(u, v) =/ u(x)v(x)w(x)dx (2.113)

for all u,v € Ly(a,b). We define the Sturm—Liouville Problem of the
Second Kind, abbreviated SLP2, as follows:

Lyu = f, —0<a<x<b<o 2.114)
where
Ly=L-2 (2.115)
and where
L=—— d[(>d]+() 2.116)
= — — | p(x)— x .
w(x) dx p dx 1

We impose the following restrictions

a. p,p,q, w are real and continuous fora < x < b
b. p(x) >0, w(x) >0fora<x <b
c. A is complex and independent of x

In addition, we require u(x) € Dy, C Lz(a, b), where Dy, is the domain
of the operator L. Because we are dealing with second-order differential
operators, the domain is restricted to those functions that are twice differ-
entiable. Finally, we require that u(x) satisfy two boundary conditions as
follows:

Bi(u) = a = ayju(a) + apu’(a) + ar3u(b) + aau’(b) (2.117)

By(u) = B = apiu(a) + axnu'(a) + azu(b) + au' (b) (2.118)

where the a;; are real. Because of the generalization of A and f(x) to
include complex values, we anticipate that the solution u(x) to (2.114) will
be a complex function. Since u(x) is complex, (2.117) and (2.118) will, in
general, generate complex values of o and B. We note, however, that the
operator L is real; that is,
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Lu=1Li (2.119)

In a similar manner to the SLP1 development, we may show that the
operator L in SLP2 is formally self-adjoint. Indeed, for u, v € Ly(a, b),
we find that

b( 1 d d i
(Lu,v) = f [——w(x)z;[p(x) ';S‘)]Jrq(x)u(x)}v(x)w(x)dx

f u(r 4‘@5[ W )]+q(x>6<x)]w(x)dx

b
X dv(x)
- {pe [v(x) 2w ] I
x
b
= (u, Lv) + J(u,v)
¢ (2.120)
where we have used L = Lv and where, for SLP2,
Jw,v) = —p'v —uv) (2.121)

We shall require the same restrictions on u and v as those developed
for SLP1. For homogeneous boundary conditions, we place the following
restrictions on u(x):

a. u € Ly(a,b)

b. u € DL

c. u satisfies two boundary conditions, By (u) = 0, Bo(u) =0
We place the following restrictions on v(x):

a. v € Ly(a,b)

b.ve DLt

c. vsatisfies two adjoint boundary conditions, B} (v) = 0, By (v) =
We define the adjoint boundary conditions to be those conditions By (v) =

B3 (v) = 0 that, when coupled with the boundary conditions on u(x), result
in the vanishing of the conjunct, viz.

b
Jw,v)| =0 (2.122)

a
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We note in (2.121) that the conjunct involves v, rather than v. However, the
conditions on v are easily produced from the conditions on v. We define
the conjugate adjoint boundary conditions by

af,0(a) + af,v' (a) + a3 0(b) + aj, v’ (b)) =0 (2.123)
o3,0(a) + a3,0'(a) + a3;0(b) + a3, 0'(b) =0 (2.124)

where the «;’s are chosen so that (2.122) is satisfied. Taking the complex
conjugate of (2.123) and (2.124) and noting that the of; s are real, we obtain

afjv(a) + o' (@) + afub) + ajv'(b) =0 (2.125)
o3,v(a) + a3’ (a) + a33v(b) + a3’ (b) =0 (2.126)

We conclude that, because the ;;’s are real in SLP2, the conjugate adjoint
boundary conditions and the adjoint boundary conditions are identical.

We next consider specific conditions that resultin L being self-adjoint
in SLP2. For the unmixed boundary case, we again have

anua) +apu'(@) =0 (2.127)
ag3u(b) + axu’(b) =0 (2.128)
We use these expressions in the conjunct to eliminate u’(a) and u’(b), viz.
b
1w | = peu®) | 2256) +7®)| - @@ | i@ + @]
a 024 a2
(2.129)
The conjunct in (2.129) vanishes provided
anv(a) + apv'(@) =0 (2.130)
a3 v(b) + axid'(b) =0 (2.131)
which, in SLP2, always implies that
anv(a) +apv'(@) =0 (2.132)
a23v(b) + azqv'(b) =0 (2.133)

We note that, in SLP2, the unmixed boundary case yields boundary con-
ditions on v(x) identical to those on u(x). Therefore, the linear manifold
M is the same as the linear manifold M«. We conclude that unmixed
boundary conditions in SLP?2 yield a self-adjoint operator just as in SLP1.
We remark that this result depends on the restriction to real «;;. We shall
find in the next chapter that this restriction has a dramatic effect on the
eigenvalues of the operator L.
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EXAMPLE 2.12 We consider characteristics of the following differential equa-
tionon x € (0, 1):
L-=Nu=f

with L = —d?/dx? and with boundary conditions

w'(0) —au(0) =0
u(l)=0

where A and f are complex and « is real. We note that the problem meets all of
the requirements for SLP2. In addition, the boundary conditions are unmixed. We
therefore conclude that the operator L is self-adjoint. We stress that a different
result would have been obtained if @ € C. Indeed, for u, v € L5(a, b), we have

(Lu, v) = (u, Lv) — u’'(1)3(1) — u(0) ['(0) — «5(0)]

where we have applied the boundary conditions on u. The conjugate adjoint
boundary conditions that reduce the conjunct to zero are

v'(0) —av(0) =0
v(1)=0

Taking the complex conjugate, we have

v'(0) — av(0) =0
v(l)=0

We conclude that the conditions on v are not the same as the conditions on u,
and therefore the operator L is no longer self-adjoint. We shall investigate the
distinction between real and complex « in this example again in the next chapter.

We next consider homogeneous initial conditions. Following a simi-
lar procedure to that in (2.127)—(2.133), we find that the initial condition
case is not self-adjoint in SLP2. The details are left for the problems. For
periodic conditions in SLP2, a similar procedure shows that the operator
L is self-adjoint, provided that p(a) = p(b). Again, the details are left for
the problems.

The solution procedure for SLP1 has been given in (2.71)—-(2.74).
We now show that the solution to SLP2 follows along similar lines, with
modification to accommodate complex A and f(x). We take the inner
product of L,u with the adjoint Green’s function 4 and integrate by parts
twice to give
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x=b
(Lau,h) = (u, LYh) + J(u, h) (2.134)
where _
Ly=L-A (2.135)
and
J(u, h) = —p(x) {Mﬁ(x, §) — u(r) A S)] (2.136)
dx dx
The adjoint Green’s function problem is given by
*p 8(1‘ - g)
Lih = 20 (2.137)
Substitution of (2.137) into (2.134) gives
x=b
u@ = (fh) = Jwh | (2.138)
or, explicitly,
b -
u®) = [ b s
- x=b
+ {p(x) [Mﬁ(x, £) — u(x) e 5)“ (2.139)
dx dx ta

We note that (2.139) is the solution to SLP2, provided that we can deter-
mine the conjugate adjoint Green’s function h(x, §). Taking the complex
conjugate of both sides of (2.137), we obtain

- - S(x —

LGB = Libtx, ) = 2o 2.140)
Bj(h) =0 (2.141)
B3(h) =0 (2.142)

Similar to the SLP1 case, the selection of the boundary conditions pro-
ceeds as follows. We first assume that the boundary conditions on u are
homogeneous. Then, Bi“(fz) and B} (h) are chosen such that the conjunct
in (2.138) vanishes. The extension to the inhomogeneous case, however, is
now available. We simply apply the given boundary conditions By («) = «,
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B>(u) = B in conjunction with the conjugate adjoint boundary conditions
B} (h) = 0, Bj(h) = 0.

As in the case of SLP1, we can show that it is never necessary to find
the conjugate adjoint Green'’s function directly. Indeed, we form

(LAg(x, §), h(x, £)) = (g(x, £), Lxh(x,£")) + J (g, h) ib (2.143)
from which
h(E, &) = g, )
or, with a variable change,
h(x, &) = g(€, x) (2.144)

We shall always proceed to find the Green’s function g(x, ), and then
produce the conjugate adjoint Green’s function h(x, §) from (2.144). Sub-
stitution of h(x, §) into (2.139) completes the solution to SLP2.

A further simplification occurs when the operator L is self-adjoint.
We have

Lg(x, &) = dx—9) (2.145)

w(x)
Bi(g) =0 (2.146)
By(g) =0 (2.147)

and

Laix, &) = 9 =8) (2.148)

_ o w(x)
By(h) =0 (2.149)
By(h) =0 (2.150)

The fact that the boundary conditions on / are identical to the boundary
conditions on g is deduced as follows. First, the conditions on g and h are
identical from the self-adjoint property of L; second, the conditions on h
and h are always identical in SLP2. We conclude from (2.145)—(2.150)
that g(x, &) = h(x, £), and therefore, using (2.144), we find that

g(x, &) =h(x, &) = g, x) (self-adjoint case) (2.151)

Substitution into (2.139) gives, for the self-adjoint case,
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b
u(®) = / F)g(x, Eyw(x)dx

x=b

du(x) dg(x,é)”

+ {p(x) [W—g(x,é) — u(x) P (2.152)

x=a

We shall summarize the steps for solving SLP2 by the Green’s function
method. We distinguish two cases.

Nonself-Adjoint Green’s Function Problem

1.
2.

4.
5.

6.

Write the solution in the form given by (2.139).

Substitute the boundary conditions By(u) = o, By(u) = B into
(2.139).

Substitute the adjoint boundary conditions By (ﬁ) =0, B} (fz) =0
into (2.139).
Solve the Green’s function problem given by (2.65)—(2.67).

Obtain the conjugate adjoint Green’s function 4 through (2.144)
and substitute into (2.139).

Interchange the variables x and £ in (2.139).

Self-Adjoint Green’s Function Problem

1.
2.

4.

5.

Write the solution in the form given by (2.152).

Substitute the boundary conditions B;(¥) = «, B2(u) = B into
(2.152).

Substitute the boundary conditions B;(g) = 0, B2(g) = 0 into
(2.152).

Solve the Green’s function problem given by (2.65)-(2.67) and
substitute into (2.152).

Interchange the variables x and § in (2.152).

It is interesting and extremely useful to note that for L self-adjoint, the pro-
cedure for obtaining the solution to SLP1 and SLP2 is identical. Indeed,
we have proved that in both of these cases, we may obtain the solution in
terms of the Green’s function g(x, &) rather than the adjoint Green’s func-
tion (SLP1) or the conjugate adjoint Green’s function (SLP2). Specifically,
(2.78) and (2.151) are identical. It is only in the cases of nonself-adjoint
operators where we use the adjoint Green’s function (SLP1) or the con-
jugate adjoint Green’s function (SLP2), respectively. We illustrate these
ideas in the following examples.
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EXAMPLE 2.13 Consider the following differential equation on x € (0, a):

(L-=Nu=f
d2
L=—-—
dx?
with boundary conditions
u'@©0)=0
u@ =0

where f and A are complex. The problem is of class SLP2. Since the boundary
conditions are unmixed, the operator L is self-adjoint with respect to the complex
inner product

(u, v) = fa u(x)v(x)dx
0

Because of the self-adjoint property of L, the form of the solution is given by
(2.152). In this case,

u(®) =/0 f(x)g(x, §)dx

The self-adjoint property produces a symmetric Green'’s function, so that

u(x) = /0 F©)g(x, £)dt

where we require the solution to the Green’s function problem

d*g
—Z% _ o= _
2 =8 —6)
with boundary conditions
dg©0.§) _dg@.§) _
dx dx
We form
A cos ﬁx, x <&

BcosvA(a — x), x>§

where we have applied the boundary conditions at x = 0 and x = a to eliminate
two coefficients. Application of the continuity and jump conditions at x = £ yields

A= _cos«/x(a - £)
- VAsinv/a
Be— cos«/):{-'

VAsinv/Aa
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The Green'’s function therefore is given by

1 cos Axcosﬁ(a—&), x <&

g(x’s) =
Visinv/a cosVAEcosVA(a —x), x>E&

As expected from the self-adjoint property, the Green’s function is symmetric.
|
EXAMPLE 2.14 Consider the following differential equation on x € (0, b):

—u" —Ku=f
with boundary conditions
ul0) =«
u'(0) =B

where k, a, B, f are complex. The problem is of class SLP2. It is identical to
Example 2.10 except for the extension to complex k, a, 8, f. Since the boundary
conditions define an initial value problem, it is not self-adjoint. We therefore use
(2.139) and find that

dh(0,£)
X

o Pr0.5)

b
u(g) = fo f(x)h(x, §)dx +a

where the conjugate adjoint Green’s function equation is given by

d*h -
—Ta ~Kh=8-9)

and where we have used the conjugate adjoint boundary conditions
dh(b,£) _
dx

We note that the conjugate adjoint Green’s function problem is identical to the ad-
joint Green’s function problem in Example 2.10. The solution therefore proceeds
identically, and we produce the following result:

h(b, &) = 0

u(x) = fo f(g)smk(i ~®) gt + ﬂsmkkx + acoskx

Although the form of solution is the same as in Example 2.10, complex £, a, B, f
produces a complex solution u(x).
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In our study of SLP1 and SLP2 problems, SLP1 could properly be
considered as SLP2, with the specialization that all quantities are real. We
now take that point of view and classify all problems so far studied in this
chapter as SLP2.

Green’s function problems classified as SLP2 do not nearly exhaust
all of the cases of practical interest. There are many problems of interest
in electromagnetics that do not satisfy the requirements of SLP2. Such
problems are classified SLP3 and are considered in the next section.

2.6 STURM-LIOUVILLE PROBLEM OF THE THIRD
KIND

In defining the Sturm-Liouville Problem of the Third Kind, abbreviated
SLP3, we again consider the following differential equation:

Lyu = f, a<x<b (2.153)
where
Ly=L—-A, AeC (2.154)
and where { d d
L=——ovwou— —_— .
w0 dx [ (x)dx] +q(x) (2.155)

In SLP2, we demanded that the interval (a, b) be finite and that the coeffi-
cients in (2.155) satisfy the following conditions:

a. p, p,q, w are real and continuous fora < x <b
b. p(x) >0, w(x) >0fora <x <b

If the interval (a, b) is not finite, or if any of the above conditions on
the coefficients is violated, the problem is SLP3. In the mathematical
literature, SLP2 problems are termed regular Sturm-Liouville problems,
while SLP3 problems are termed singular [11]. We consider the SLP3
problem in Hilbert space £, (a, b) with inner product

b
(fg)= [ rR@wEx (2.156)
a
There are several classes of SLP3 problems that are important in
electromagnetic applications, defined by the following situations:

1. The interval is semi-infinite. In this problem, there is a singular
point as x — 0.
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2. The interval is finite, but p(x) = 0 at an endpoint. In this problem,
there is a singular point at the endpoint where p(x) vanishes.

3. Theintervalis (—00, 00). In this problem, there are singular points
as x — +o00.

4. The interval is semi-infinite, and p(x) vanishes at the finite end-
point. In this problem, there are singular points as x — 0o and at
the finite endpoint.

We shall classify singular problems by considering the homogeneous equa-
tion associated with (2.153), viz.

Lyu=0 (2.157)
According to Weyl’s theorem [12]:

1. If for a particular value of A, every u that is a solution to (2.157) is
in £y(a, b), then for all A, every u is in L(a, b).
2. For every A with Im(A) # 0, there exists at least one u € L;(a, b).

We omit the proof of this theorem and refer the reader to [12]. The theorem

effectively divides singular problems into two mutually exclusive cases
[13]:

1. The limit circle case: All solutions u are in £;(a, b) for all A.

2. The limit point case: There is either one solution or no solutions
in £(a, b), according to the following:

a. If Im()) # 0, there exists exactly one solution u in £;(a, b).

b. If Im(A) = O, there is either one solution or no solutions in
Ly(a, b).

We note that we can determine the limit point or limit circle case by exam-
ination of the solutions to (2.157) at a single value of A. If all solutions u
are in L;(a, b), the limit circle case applies. If not, by exclusion, the limit
point case applies.

EXAMPLE 2.15 Consider the following differential equation in £, (0, 00):

d2
(—217 _ A) w=0 (2.158)

The endpoint x = 0 is a regular point. The endpoint x — oo is a singular point.
To determine the limit point or limit circle case, we examine solutions to (2.158)
for A = 0. Two linearly independent solutions are 4; = 1 and u; = x, neither
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of which is absolutely square integrable over (0, 0o). Therefore, the solutions are
not in £;(0, o) and we have the limit point case.

n
EXAMPLE 2.16 Consider Bessel’s equation of order zero in £;(0, a):
—l—‘—i—(x—d—) —A]u=0, 0<a<ox (2.159)
xdx \ dx

The endpoint x = a is a regular point. Since p(x) = x = 0 at x = 0, the endpoint
x = 0 is a singular point. To determine the limit point or limit circle case, we
examine two linearly independent solutions to (2.159) for A = 0, namely, u; = 1
and u; = logx. Although u; is logarithmically singular at x = 0, both u; and
u, are absolutely square integrable over (0, a). Therefore, both solutions are in
L7(0, a), and we have the limit circle case.

[ |
EXAMPLE 2.17 Consider Bessel’s equation of order zero in £;(0, 00):

1d d
[‘;Z; (xz;) —A]u —0 (2.160)

Both endpoints are singular points. In such cases, we pick an interior point x = §
and examine limit point or limit circle conditions on two intervals: £ < x < 00
and 0 < x < &. From Example 2.16, we have the limit circle caseon 0 < x < &.
For £ < x < oo, the endpoint x = £ is regular and the endpoint x — o0 is
singular. Further, neither u; = 1 nor u; = log x is absolutely square integrable
over (&, 00), and therefore neither is in £5(&, 00). We conclude that we have the
limit point case. We say that Bessel’s equation of order zero in £;(0, 00) is in the
limit circle case at x = 0 and the limit point case as x — 00.

The method of construction of the Green’s function for SLP3 prob-
lems is directly related to the limit point and limit circle classifications.
We shall proceed by considering a few examples, and follow with some
conclusions and generalizations.

EXAMPLE 2.18 Consider the following Green’s function problem on the in-
terval x € (0, 00):

d%g
28 _jg=b(x-£), AeC (2.161)
dx?

with the boundary condition
8(0,6)=0
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In the beginning, we shall not assign a boundary condition as x — oo. However,
the method for dealing with this deficiency will emerge as we proceed. From
Example 2.15, we have the limit point case. We begin the construction of the
Green’s function by considering solutions to the homogeneous equation for x # £,
viz.

dzg

—— —2g =0, x#& (2.162)

dx?
Possible forms of solution to this equation are sin v/Ax, cos v/Ax, exp(i+/Ax), and
exp(—i+/Ax). Since the problem is a limit point problem, we know from Wey!’s
Theorem that, if Im(A) # 0, there is exactly one solution in £,(0, 00). Our task
is to find it. (We shall have no need to consider the case where Im(1) = 0 since
we can always approach this case by taking a limit as Im(A) — 0.) Since neither
sin +/Ax nor cos vAx is absolutely square integrable over (0, co), neither is in
L(0, 00). Consider the two exponential solution forms. We have

0 00
/ le™ ™ 2dx = f ANz (2.163)
0 0
and
00 00
/ |eiﬁx|2dx = f e~ 2mVDzx g (2.164)
0 0

Which of these two exponential solution forms is in £, (0, 0o) depends on whether
Im(+/2) is negative or positive. Since A is a parameter specified in the problem
statement, we shall choose for definiteness

Im(v/2) <0 (2.165)

With this choice

00
/ le”"V**2dx < 00 (2.166)
0

and we conclude that exp(—i V/Ax) is the one solution to (2.162) in £,(0, 00). We
now proceed with the construction of the Green’s function in the usual manner.
We write

Asinv/Ax + C cos v/Ax, x <&

gx,§) = . . (2.167)
Be—lﬁx + Delﬁx’

x>E&

Application of the boundary condition at x = 0 results in C = 0, with the result

Asinﬁx, x <&

g(x,§) = ‘ .
Be~ VM + Del VM, x> £

(2.168)
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In SLP1 or SLP2 problems, we would next apply a second boundary condition
to eliminate another coefficient. In the limit point case in SLP3, however, we
replace the second boundary condition with the requirement that the solution be in
£2(0, 00). Since sin +/Ax, as used in (2.168), has support only on (0, £), the only
part of the solution in (2.168) that is not in £,(0, 00) is exp(i VAx). We therefore
choose D = 0 and obtain

AsinvAx, x<§
g(x,§) = . (2.169)
Be VA, x>§&

We next apply the continuity and jump conditions at x = £ in the usual manner
and obtain

e—ivaE
VA

__sin Vg
VA

Substitution of these constants into (2.170) gives

A=

(2.170)

B

(2.171)

=iv% sin Vix, x <&

1 e
,6)=— . 2.172
8(x.%) v { e iVAx sin v/AE, x>E ( )

where +/A is constrained by (2.165). We note that the Green'’s function derived in
(2.172) is symmetric, g(x, &) = g(&, x).

Example 2.18 suggests the following procedure for dealing with
Green’s functions associated with problems in the limit point case at one
boundary, say x = b, and regular at the other boundary. First, we write
the solution to the Green’s function problem in the usual manner, in terms
of four undetermined coefficients, as in (2.167). To determine one of the
four coefficients, we apply the boundary condition at the regular endpoint.
Next, to determine a second coefficient, we apply the requirement that the
solution on the interval § < x < b must be in £,(a, b). The remaining
two coefficients are determined in the usual manner by the continuity and
jump conditions at x = §.

Mathematically, for the limit point case, we may show that forIm() #
0, the single solution to Lyu = 0 in £;(a, b) is always obtained simply
by invoking the £, requirement. In addition, if an unmixed boundary con-
dition is applied at the regular endpoint, this condition, together with the
L5 requirement, renders the problem self-adjoint. No boundary condition



82 The Green’s Function Method ~ Chap. 2

is required at the limit point boundary. The proof of this crucial result is
contained in a review paper by Hajmirzaahmad and Krall [14]. As we have
shown, the self-adjoint property results in a symmetric Green’s function.

There is an alternate method leading to the determination of the
Green’s function in Example 2.18 [15]. Indeed, if we invoke in (2.168)
the physically reasonable condition that the Green’s function vanishes as
x — 00, we produce the same result as we do by invoking the £5(0, 00)
requirement. That is, we can invoke a limit condition

Jlim g(x,§) =0

in place of the second “boundary” condition in the statement of the problem.
This is an appealing procedure since such an unmixed limit condition can
be viewed as an extension of the regular boundary condition

8b,6) =0
Indeed, consider the Green'’s function problem

d*g
—2 _ g = -
T2 M8=0(-8)

with boundary conditions

g(0,6) =g,) =0

The result in (2.172) can be obtained by solving this problem and then
taking the limit as b — o0o. The details are left for the problems.

In summary, for the case of a regular unmixed boundary condition
at x = a and the limit point case at x = b, the £, requirement takes the
place of a boundary condition at x = b. Furthermore, the problem is self-
adjoint. In the case where b — 00, we may use the alternate procedure
of applying a limit condition in place of the £; requirement. We remark
that it is sufficient to have a procedure that picks out the one £, solution
required in the mathematical proofs, such as those in [14]. Invoking the
limit condition is such a procedure. We consider these ideas further in the
following example.

EXAMPLE 2.19 Consider the following differential equation on x € (0, 00):
—u' —u=f (2.173)

with boundary condition
u@0)=0
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where u, f, A are complex. We choose the inner product

(u,v) = foo u(x)v(x)dx
0

From Example 2.18, we know that this problem is singular in the limit point case
as x — 00. We therefore invoke the limit condition

lim u(x) =0
xX—»00

The problem is self-adjoint and the Green’s function is symmetric. We therefore
use (2.152) which, specialized to this case, yields

xX=00
o0 du(x dg(x,
w® = [ e rax + [ ) g, ) — u() B E)] 2.174)
0 x=0
We apply the boundary condition and limit condition on u(x) and choose
80,6)=0
lim g(x,6) =0
and find that
o]
u§) = /0 f(x)g(x, §)dx
Finally, after interchanging x and &, we obtain
o0
u(x) = /0 F&)g(x, §)dE
where the Green’s function g(x, §) is given by (2.172).
|

We note that the result in (2.174) is an extension to the result for
self-adjoint operators in SLP2. Specifically, the arguments for the SLP2
unmixed boundary case given in (2.122)—(2.133) carry over to the SLP3
limit point case at infinity, provided again that the ;s are constrained to be
real. We may establish this result simply by observing that the arguments
in (2.122)—(2.133) are not altered by taking the limit as a — —oo or
b — o0, or both. Since the problem is self-adjoint, the Green’s function
is symmetric, and the result in (2.174) is assured before solving for the
specific Green’s function. We shall illustrate this important point in an
additional example.
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EXAMPLE 2.20 Considerthe following differential equationonx € (—o0, 00):

(L-Nu=f  Im2) <0

where
d2
dx?
This problem is in the limit point case as x — 00 and as x — —00. Our procedure
in dealing with limit points at both ends of the interval along the real line is to
pick an interior point x = &£. Since Im(A) # 0, there is exactly one solution to
Lyu = 0in £3(~00, £) and exactly one solution in £; (£, 00). These two solutions
to the homogeneous equation form the building blocks for the construction of the
Green’s function. Hajmirzaahmad and Krall [14] prove the following: For the
Sturm-Liouville operator L with the limit point case at both ends of the interval,

L=

1. No boundary conditions need be invoked.
2. L is self-adjoint.

Again, in lieu of the £, requirement, we shall invoke limiting conditions, one at
each end of the interval, viz.

lim u(x)=0
X =00

Iim u(x) =0

X—>00

We assume that u, A, f are complex. Since L is self-adjoint, the Green’s function
is symmetric. The solution to the differential equation is therefore given by

o0
w) = [ r@st. s
—00
where the Green’s function must satisfy

(L-2gx,§)=68x—§)

lim g(x,&) = lim g(x,£) =0
xX—>—00 xX—>00
We write the solution for the Green’s function as

Ae"i‘/i‘. x> &

s 5 = [ Beiﬁ‘, x<§&

where

Im(vA) <0
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and where we have invoked the two limit conditions. We note that, consistent with
the limit point case and Im(A) # 0, our two limit conditions have produced exactly
one solution in £,(—00, &) and exactly one solution in £,(§, 00). Applying the
continuity and jump conditions at x = &, we obtain
ivA
Azt
2i/A
e Vi

2iv/A

Therefore,

—iﬁ(x—f), x>&

1 e
. 8) = 2V { VAR g

or, more compactly,
el Vix-£|

gx, &) = —2:7—)1—

(2.175)

We have established in the above paragraphs a procedure for deriving
the Green’s function in limit point problems. We now turn to a consideration
of the limit circle case. We begin with two examples.

EXAMPLE 2.21 Consider the following Green’s function problem on x €

(0, 00):
1[d ( dg _(x-¥§)
- [E ("2})] == aec e

From the results in Example 2.17, we have the limit circle case at x = 0 and the
limit point case as x — 0o. We begin our construction of the Green’s function in
the usual manner by considering the homogeneous equation

17d ( dg
[ (E)] reme xne
which is Bessel’s equation of order zero. Solutions can be constructed from linear

combinations of the Bessel function Jo(+/Ax), the Neumann function Yo(+v/Ax),
and the two Hankel functions H{" (v/Ax) and H® (vAx). We write

AJo(vAx) + CYy(VAx), x <&

2.177)
BHP (Wix) + DH{"(WVix), x>¢ (
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We may evaluate one of the coefficients in (2.177) by following our procedure for
dealing with limit points. We therefore invoke the following limiting condition as
x — 00
lim g(x,£) =0 (2.178)
X—>00

The asymptotic forms of the two Hankel functions are given by [16]

/2 .

H(l) 1) ~ it
0o @ izrte
2 _.

H(Z) D~ et
L

These asymptotic forms show that if we constrain Imv/A < 0, Hél) (v/Ax) diverges
as x — 00. We therefore set D = 0 and obtain

Al(WAx) + CYo(WAx), x<¢&
g= @ (2.179)
BH, (VAx), x>E

Determining the remaining three coefficients requires three conditions. The con-
tinuity and jump conditions at x = & will provide two conditions. To produce
the third, we consider the limit circle case at x = 0. The leading terms in the
expansion of the Bessel and Neumann functions are given by [16]

Jo@®)=1+---
2
yo(t)=_1ny_t_...
T 2

where In y is Euler’s constant. Since we have the limit circle case, we know a priori
that both of these functions are square integrable over (0, £). Therefore, invoking
the requirement that the solution be in £;(0, £) does not evaluate a coefficient,
as was the case for limit points. We do have, however, a condition that we can
invoke from physical principles. Bessel’s equation with forcing function at x =
& normally results from considerations of the radial dependence in problems in
cylindrical coordinates. In such problems, we shall find in Chapter 4 that, based
on physical grounds, the solution must remain finite as x — 0. The Neumann
function does not meet such a condition at x = 0, and we therefore set C = 0 and
obtain
Ah(WAx), x<&

= (2.180
8 BHé”(«/Xx), x> & )

The continuity condition at x = & yields

AJo(VAg) = BHP (V) (2.181)
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The jump condition gives

2)
[BdHO VAx) AdJo(ﬁx)] __! (2.182)
dx dx x=t §

Performing the indicated derivatives and solving (2.181) and (2.182) simultane-
ously for A gives

o
A[RWVAOHP (VAg) - W (VROHP (VRE) | = ﬁ’—jx—‘fﬁ (2.183)

By a well-known Wronskian relationship [17], we have

2
LhOHP @) - h(HP @) = =

Using this relation in (2.183), we obtain

T L

A= =H (V1)

2i

Substitution of this result into (2.181) gives
T
B = - Jo(/1)

Therefore,

gy = & | BT, k<t

2.184
2| HP(WVA0h(RE), x> & G189

We note that the Green’s function is symmetric, g(x,§) = g(§,x). A useful
specialization of the result in (2.184) can be obtained by taking the limitas§ — 0,
with the result

g(x,0) = %Héz’(ﬁx) (2.185)
n

We have noted in the above example that the Green’s function is
symmetric. We are led to inquire if the operator that produced the Green’s
function is self-adjoint. Consider first the case where we have the Sturm—
Liouville operator L with the limit circle case at x = a and a regular
unmixed boundary condition at x = b. This case has been clarified by
Kaper, Kwong, and Zettl [18], who have proved the following: The operator
L is self-adjoint if u € Dy, and if:
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1. u satisfies an unmixed condition at the regular boundary x = b.
2. u exists and is finite as 4 — a, the limit circle boundary.

In addition, they show that the finiteness condition is mathematically equiv-
alent to the condition

lim [p(x)u’(x)] =0

(This equivalence is important in making the connection between the phys-
ically appealing finiteness condition and the classical Weyl theory.) This
important result has been extended [14] to show that the self-adjoint prop-
erty is retained when the regular point at x = b is replaced by a limit point,
as in the previous example. We consider another example.

EXAMPLE 2.22 Consider the following Green’s function problem on x €

(0, 00):
-i _d Z_dg —k2p = 8G —§)
5 [ (x )] kg = R keC (2.186)

This problem is in the limit circle case at x = 0 and the limit point case as
x — 00. We therefore invoke a finiteness condition at x = 0 and the following
limit condition as x — o0:

Jlim g(x,§) =0
Equation (2.186) is the spherical Bessel equation of order zero [19). Its solution is

given by linear combinations of spherical Bessel, spherical Neumann, and spherical
Hankel functions. We therefore write

Ajokx) + Ch? (kx),
J°§ %)+ Chq (lx) *<£ (2.187)
Bh{ (kx) + Dh{"(kx), x> &
where
ink
jolkx) = 20X (2.188)
kx
hO (kx) = et (2.189)
0 “ ikx '
@ e-—ikx
B (kx) = - (2.190)

ikx
To preserve finiteness as x — 0, we set C = 0. To satisfy the limit condition at
infinity, we adopt the constraint

Im(k) <0 (2.191)
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and therefore set D = 0. With these conditions, we find that

_ [ Ajo(kx), x <&

N (2.192)
BhP(kx), x>¢&
The continuity condition at x = § yields
Ajo(kg) = Bhg (kE) (2.193)
The jump condition gives
(2) :
(kx) d jo(kx) 1
[ dx Ix =g (2.194)
x=§
Solving for A in (2.193) and substituting into (2.194), we have
djokg)  dhP (k k
[,,m(ks) b)) ] _ i) 0199

The expression in square brackets in (2.195) is one of many Wronskian expressions
involving the spherical Bessel functions. In this case, we find [20] that

_ i
W Jy =k o= — (2.196)

where all arguments are with respect to z and differentiation is with respect to
argument. Using (2.196) in (2.195) gives

B = —ikjo(k&) (2.197)
Substitution into (2.193) yields
A = —ikh® k&) (2.198)

Substitution of (2.197) and (2.198) into (2.192) yields the Green'’s function

Jokn)RP(KE),  x < &

A (2.199)
JokE)RP (kx), x> &

&§=-

An alternate form can be obtained by using (2.188) and (2.190). We have

1 | e *sinkx, x<£&

8§=7T-7¢ .
kx§ | e~ikrsinké, x> &

(2.200)
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We note that in the limit as £ — 0, we produce the result

—ikx

Jim g(x, §) = (2.201)

We shall use this important result in Chapter 4.
|

In dealing with the singular point in limit circle cases, we have not
been able to evaluate a coefficient by invoking the requirement that the
solution be in £,. Instead, we have invoked a condition based on physical
grounds. The self-adjoint property of L results in a Green'’s function that
is symmetric.

The above examples all concern operators that are self-adjoint. We
next present an example where the operator manifold contains two unmixed
conditions, but the operator is not self-adjoint.

EXAMPLE 2.23 Consider the following differential equation on x € (0, 00):
—u" —ru=f (2.202)
where

u'(0) = au(0), aecC (2.203)

and where we assume that u, A, f are complex. The boundary x = 0 is a regular
point. As x — oo, we have the limit point case. We therefore apply the limit
condition

lim u(x) =0 (2.204)
X—=>00

In addition, since a is complex, the problem is not an extension to a finite interval
self-adjoint problem. (See Example 2.12 for a discussion.) We therefore proceed
using (2.139). Applying the boundary and limit conditions given in (2.203) and
(2.204), we obtain

o . - dh(0,
u(§) = fo f(x)h(x, &)dx + u(0) [ah(O, &) — ¢(ix S)] (2.205)
where we have chosen
Jlim h(x,£)=0 (2.206)
If we now choose
dh0.8) _ ah(0, £) (2.207)
dx

we obtain
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u(§) = fo fOOR(x, £)dx

91

(2.208)

We note that the boundary conditions on /(x, £) are identical to the boundary
conditions on u(x). If we recall that the boundary conditions on the Green’s
function g(x, &) are always identical to the boundary conditions on u(x), we find

that
h(x, &) = g(x,§)

We therefore have

u) = ](; f(x)g(x, §)dx

where we must solve

dg? _
I3 —Ag=08(x—§)
dg(0,§)
o - 0.9

lim g(x,£8) =0
X=—>00
We write

Acos vAx + Bsinv/ax, x <&

&= Ce—iﬁx’

x>¢§
where we have applied the limit condition as x — oo and have chosen
Im(v2) <0

Applying the boundary condition at x = 0, we obtain

a
Al cosvAx + —sin «/xx) , x <
( 7 :

g =
Ce‘i‘/'—“, x>E&
Invoking the continuity and jump conditions at x = & results in
—iv/At
A= ¢
ivi+a
cos /AL + L sin Vg
C =
ivA+a

(2.209)

(2.210)

(2.211)

(2.212)

(2.213)

(2.214)

(2.215)
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Therefore, the Green’s function is given by

e'i‘/’—‘g (cos Ax + 2 sin «/:x) , x <§

1 7
g(x9$)= ﬁ
Wita e—iﬁx(cosﬁ§+-‘x—sinx/)_t§>, x>§
7
2.216)

We note that, although the operator in this problem is not self-adjoint, we still have

8(x,8) =g, x)

and, therefore, interchanging x and £ in (2.210), we have

u(x) = fo FE)g(x. £)dE

We remark that if an operator is self-adjoint, the Green’s function is symmetric.
However, if the operator is not self-adjoint, it does not necessarily follow that the
Green’s function is not symmetric. This seemingly small distinction has a marked
effect on characteristics of eigenvalues, as will be discussed in the next chapter.

[ ]
In certain cases, determination of the limit point or limit circle is

dependent on parameters in the differential equation. We illustrate this fact
with the following example.

EXAMPLE 2.24 Consider the following Green’s function problem associated
with Bessel’s equation of order v in £,(0, 00):

Slx —
(L—ng =208 2.217)
x
where
1[d d 2
L=——]|—|x— — 2.218
x [dx (xdx)] + x2 ¢ )
and where v and A are complex parameters. We assume that
Re(v) > 0 (2.219)
We define the inner product for the space to be
o0
(u, v) = / uvxdx (2.220)
0

We note that both endpoints are singular points. Proceeding as in Example 2.17,
we pick an interior point x = £ and examine limit point or limit circle conditions
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on two intervals £ < x < o0oand 0 < x < &. For A = 0, the homogeneous
equation (L — A)u = 0 has the two independent solutions

uy =x' (2.221)
and

Uy =x"" (2.222)
Consider the interval £ < x < 0o. We first examine whether u; is in £5(&, 00).

We have
[o¢] [o¢]
j x"x"xdx = / xZReMI+ gy
3 13

By (2.219), this integral diverges and u; is not in £;(§, 00). We therefore have
the limit point case as x — oo and assign the limit condition

lim g(x,8) =0 (2.223)

The situation on the interval 0 < x < & is more delicate. We first examine whether
uy is in £,(0, §). We have

4 §
/ xvxvxdx = / x2Re(v)+ldx
0 0

This integral exists when 2Re(v) + 1 > —1 or Re(v) > —1. Replacing v by
—v, we find that u; is in £;(0, &), provided that Re(—v) > —1 or Re(v) < 1.
Combining these two results, we find that both solutions are in £;(0, &), provided
that —1 < Re(v) < 1. We therefore have the limit circle case as x — 0 for
—1 < Re(v) < 1 and the limit point case otherwise. In either case, we shall
demand satisfaction of the physically motivated limit condition

lin}) 8(x, &) finite (2.224)

The Green’s function problem defined by (2.217) and (2.218) with limiting con-
ditions given by (2.223) and (2.224) yields the solution

. HP(VA6)J,(Vax), x<¢& 2.225)
8\x.5) = :
2i HO(VAx)J,(VAE), x> &

where
Im(v/A) <0

That this is the solution for g(x, &) can be determined by construction in the usual
manner. We defer the details until Example 3.6 in the next chapter.

The limit point and limit circle cases in SLP3 problems are a subject
of continuing interest to mathematicians. We have only considered the
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portion of the theory of interest to us in our application to electromagnetic
boundary value problems. For an in-depth discussion of limit point and
limit circle cases, as well as a well-compiled bibliography, the reader is
referred to [14] and [21].

We have now completed our discussion of the solution to linear, ordi-
nary, second-order differential equations by the Green’s function method.
In the next chapter, we shall discuss an alternate method where we shall de-
termine the solution to (L — A)u = f by finding the spectral representation
associated with the differential operator L.

PROBLEMS
2.1. For the pulse function p.(x — xg), defined in (2.2), show that

Pe(x — x0) = pe(xo — x)

2.2. By substituting (2.23)—(2.25) into (2.22), verify that the Sturm-Liouville
differential equation is transformed into the general form in (2.21).

2.3. The Chebyshev differential equation is defined on the interval x € (-1, 1),
as follows:

(U =xu" +xu' —ntu=f
Transform to Sturm-Liouville form.
2.4. Transform the Laguerre differential equation

—xu’' —(1—x)u' —nu=f
to Sturm-Liouville form.

2.5. In SLP1, the following are restrictions on u(x):

(a) u € Ly(a, b);
(b) u € Dr;
(c) u satisfies two boundary conditions, By (u) = 0, B(u) = 0.

Show that these restrictions define a linear manifold M; C £;(a, b).
2.6. Solve the following differential equation:;

d?g(x,§)
a0
g(0,) = ————-—dgf}’g) =0

X

2.7. Verify that (2.93) satisfies the requirements for the Green’s function given in
(2.83)-(2.87).
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2.8. Solve the following differential equation:

d’g(x,£)
= =86 =)
dg(0.§) _dg(L.§) _
dx ~  dx

2.9. Consider the following differential equation:
—u" = f(x), x€(©,L)
with f(x) real and with boundary conditions

u0) = «, aeR
W(L)=0

(a) Show that, if a solution exists, it is unique.
(b) Construct the solution by the Green’s function method.

2.10. Given the differential equation Lu = f on the interval x € (0, L) with f(x)
real and with the following boundary conditions:

u(0) = au'(0), a>0
u'(Ly=0
Show that this problem is self-adjoint.

2.11. Show that the solution given in (2.111) satisfies the differential equation and
the boundary conditions in Example 2.10.

2.12. Solve the following SLP1 differential equation on the interval x € (0, L):

_ull _ k2u = f
W0 =0
u'(L)=p

2.13. Consider the following differential equation:

du(l)
dx

u@©) =

du© =a, aeR
dx

where x € (0, 1) and where f is a real-valued function of x. Solve the
differential equation by the Green’s function method.
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2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.

Problems Chap. 2

For SLP2, show that the operator L is not self-adjoint for the case of initial
conditions.

For SLP2, show that the operator L is self-adjoint for periodic conditions,
provided p(a) = p(b).

Repeat Problem 2.12 for the case where k € C and f(x) is complex so that
the problem becomes SLP2.

Repeat Problem 2.9 for the case where f(x) is complex so that the problem
becomes SLP2.

Consider the following SLP2 Green’s function problem:

dg
-2 2 _ o= -

with periodic boundary conditions

£(0,8) =g(2m, §)

dg(0,£) _ dg(m, §)
dx dx

Show that the solution is
cos [s/)_t(lx —-&| - n')]
2/Asin VA

Consider the following SLP3 boundary-value problem, defined on the interval
x € (0,1):

gx,§) =~

where A € C and where the following boundary conditions apply:

W) —au(0) =0, aeC
u(l)=0
(a) Show that the operator L is not self-adjoint.
(b) Find the Green’s function g(x, &), the adjoint Green’s function h(x, §),

and the conjugate adjoint Green’s function A (x, £).
(¢) Solve the differential equation.

Consider the following SLP3 boundary-value problem, defined on the interval
x € (0, o0): .
—u' —Ku=f
W@0)=0
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where k € C and Im(k) < 0. Obtain the solution in terms of the appropriate
Green’s function g(x, §) by demanding that

xlingo[u(x)] =0

2.21. Consider the Green’s function problem

d’*g
I —Arg=08(x—§)

with boundary conditions

8(0,8) =g(b,§) =0

Obtain the result in (2.172) by solving this problem and then taking the limit
asb — oo.
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3

The Spectral
Representation Method

3.1 INTRODUCTION

In this chapter, we continue our discussion of linear ordinary differential
equations of second order. We begin with a discussion of eigenvalues and
eigenfunctions. We follow with a description of the method of solution
for self-adjoint SLP2 problems in terms of the eigenfunctions. We include
a discussion of the determination of the eigenfunctions directly from the
Green’s function for the problem. This determination leads to a spectral
representation of the delta function specific to a particular operator and its
domain. We next consider problems on unbounded intervals (SLP3). We
are able to expand our analysis to produce the appropriate spectral represen-
tations for many important unbounded interval problems. We conclude the
chapter by emphasizing the connection between solutions by the Green’s
function method, and by the spectral representation method.

3.2 EIGENFUNCTIONS AND EIGENVALUES

A complex number u is called an eigenvalue of the linear operator L if
there exists a nonzero vector v in the domain of L such that

Lv=puv 3.1

The vector v is called an eigenfunction of the linear operator L. We remark
that, although an eigenfunction is by definition nonzero, it can be associated
with a zero eigenvalue.

99
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So far, it is unclear whether or not there are any eigenfunctions and
eigenvalues associated with a specific operator. However, if eigenvalues
and eigenfunctions do exist, they have remarkable properties. We first
show that if uy, us, ..., u, are eigenfunctions corresponding to different
eigenvalues Aj, A2, ..., A,, associated with the operator L, then {u;} is a
linearly independent sequence. Our proof is by induction. Let n = 1 and
examine

(031731 =0

Since u; is an eigenfunction, u; # 0, and therefore «; = 0. We now
suppose that the linearly independent assertion is true for n — 1 and examine

i AUy = 0
k=1

Operating on both sides with L — A,, we obtain

n n—1
0=(L—An) ) otk =) (A — An)ug
k=1 k=1

Since the n — 1 length sequence has been supposed independent,
(e — An) =0, k=1,2,...,n—1

which implies that
o =0, k=1,2,...,n-1

The expression
n
Z QU = 0
k=1

then reduces to
aply, =0

which implies that a, = 0. What we have shown is that if the (n — 1)-
length sequence is independent, then the n-length sequence is independent.
We have established the result for n = 1, and therefore it must be true for
n = 2. By induction, it must therefore be true for arbitrary n. Further,
since n is arbitrary, the countably infinite sequence u,, u,, ... is linearly
independent.

In the above proof of linear independence of the eigenfunctions, we
assumed nothing about the operator L except linearity. If the linear oper-
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ator L is self-adjoint, however, we may show that its eigenvalues are real.
Indeed, let i be an eigenvalue associated with the eigenfunction v. Then,

plv, v) = (pv, v) = (Lv, v)
But, since L is self-adjoint,
piv, v) = (v, Lv) = (v, uv) = (v, v)
Therefore,
(=), v) =0
Since v # 0, (v, v) > 0 and we must have
u—p=0

which implies that 1 € R.
We next establish that eigenfunctions of a self-adjoint operator cor-
responding to different eigenvalues are orthogonal. Indeed, let

Luym = Apum

Lu, = Aup
where A,, # A, Then,

Am{Ums Un) = (Amlm, Un) = (L, Up)
Since L is self-adjoint,
A (Ui, Un) = (U, Litn) = (U, Anltn) = An(hm, Un)
But, we have established that A, is real. Therefore,
Am(tm, Un) = An(itm, Un)

and
Am — A»n)(uma Up) = 0

Since A, # An, we must have (uy,, u,) = 0.

We next state a central result for Hilbert space £3(a, b). It can be
shown that the eigenfunctions u; of a self-adjoint operator form an orthog-
onal basis in £3(a, b). Therefore, any u € £;(a, b) can be expanded:

00
u= Z Uk
k=1
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The equality is interpreted in the sense that
n
Jim flu — kz_:]akukll =0

The proof of this property involves the theory of integral equations and
is beyond the scope of this book. The interested reader is referred to the
literature [1].

The fact that the eigenfunctions form an orthogonal basis allows us
to solve the self-adjoint SLP2 problem in terms of the eigenfunctions u, of
the operator L. We begin by noting that the eigenfunctions can always be
normalized, so that we shall assume that they are orthonormal. Therefore,
if

u= Zanu,, (3.2)
n
then by (1.58), the Fourier coefficients are given by
oy = (U, Up) 3.3)

where the index n runs over all of the eigenfunctions. On the interval
x € (a, b), consider the following SLP2 problem:

L-Nu=f 3.4)

with associated boundary conditions
Bi(u) =0 @3.5)
B(u) =0 3.6)

We assume that the operator L is self-adjoint. We associate with this SLP2
problem the following eigenproblem:

Lup, = Ay 3.7
where A, € R. We assign to u, the same boundary conditions as those we
have assigned to u in (3.5) and (3.6), viz.

Bi(us) =0 (3.8)

By(un) =0 (3.9
The subscript n is an integer indexing the sequences {u,} and {A,}. We
form the following inner product relation:
b
((L = M, un) = (u, (L = Dun) + J (0, un) (3.10)

a
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From the self-adjoint property, the conjunct J is zero. Substituting (3.4)
and (3.7) into (3.10), we obtain

(fiun) = (u, Ay — ):)un) = An = A)u,up) = Ay — Ay
Therefore,
(f, un)
An— A
Substituting (3.11) into (3.2) gives the solution in terms of the eigenvalues
and eigenfunctions, viz.

3.11)

u=3 ;f f"i e (3.12)

EXAMPLE 3.1 Using the eigenfunction—eigenvalue method, we wish to solve
the following differential equation on x € (0, a):

(L-Nu=f (3.13)

where f and A are complex and where

d2
L= (3.14)
and
W) =u@ =0 (3.15)

The problem is of class SLP2. The operator L with the given unmixed boundary
conditions is self-adjoint. The associated eigenproblem is given by

—Uy, = Anlty (3.16)
with
u,0)=u,(@=0 3.17)
The orthonormal solutions to the eigenproblem are given by
1/2
un=(2)"e0s 22, n=0,1,... (3.18)
a a
where
nm\2
Ay = (_a_) (3.19)
and where €, is Neumann’s number, given by
1, n=20
€n = (3.20)
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The solution in (3.18) can be easily verified by substitution into (3.16). We note

that the factor \/€,/a normalizes the eigenfunctions. Substitution of (3.18) and
(3.19) in (3.12) yields

uw =3y 2 Jo S&)cos Br s’ nx (3.21)

= R @

In Example 3.1, we have solved the differential equation in (3.13)—
(3.15) by the eigenfunction—eigenvalue method. The method is also called
the spectral representation method. The reader should compare the solu-
tion in Example 3.1 to the solution by Green’s function methods, given in
Example 2.13. It appears that the Green’s function method might always
be preferred since the spectral representation method contains a summa-
tion that must be performed before the mathematics can be reduced to a
numerical answer. There are, however, many reasons why the spectral rep-
resentation is important. First, consider (3.21) in a slightly different form,
viz.

u(x) = ZA cos—— (3.22)
n=0
where

)dx' (3.23)

a

An= a—[—(—”—)—]f 76 cos(=

We interpret (3.22) as a Fourier sum over the natural modes of the system
with modal coefficients A,. We note that it is the interaction between
the forcing function f(x) and the modes in (3.23) that determines the
modal coefficients. Second, in dealing with multidimensional problems
in later chapters, we shall encounter partial differential equations whose
solutions are rarely expressible in terms of closed-form Green’s functions.
However, proper combination of the spectral representation and Green’s
function methods results in a powerful tool to solve many partial differential
equations appearing in electromagnetic problems.

There is a variation on the procedure used to produce the result in
(3.12). This variation results in a more direct approach to the solution of
differential equations by the eigenfunction—eigenvalue method. In addi-
tion, the variation is very useful in the solution to the partial differential
equations considered in later chapters. We proceed as follows. Suppose L
is self-adjoint with associated orthonormal eigenfunctions u,. Then,
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U=y iy (3.24)
n

ap = (U, up) (3.25)

We say that (3.25) is a transformation of the function u(x) € L;(a, b)
into coefficients «,. Conversely, (3.24) is the inverse transformation of the
coefficients «, into the function u(x). We represent this transformation
relationship by u(x) <= «,. We now show that if L is self-adjoint and

U< a, (3.26)
then,
Lu < A,ay (3.27)
Indeed, forming the transformation defined in (3.25), we have
(Lu,un) = (u, Lup) = Ap(u, up) = Apnay (3.28)

Having established the basic result in (3.27), we reconsider the original
problem stated in (3.4)—(3.6), which we repeat here for convenience, viz.

(L=MNu=f (3.29)

with associated boundary conditions
Bi(u) =0 (3.30)
By(u) =0 (3.31)

where we assume that L is self-adjoint. If u, are eigenfunctions and A, are
eigenvalues of L, then

U&= a, (3.32)
and
Lu &= A, (3.33)
If we define
fx) < B (3.39)
then (3.29) transforms into
(An — A)atn = Bn (3.35)
Solving for a,,, we obtain
— ﬂn — <f9 un)
R W S .

Substitution of this result into (3.24) yields (3.12).
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3.3 SPECTRAL REPRESENTATIONS FOR SLP1
AND SLP2

In Example 3.1, we assumed that we had somehow obtained the eigen-
functions given by (3.18). In this section, we shall present a method of
obtaining the eigenfunctions and eigenvalues of a self-adjoint operator di-
rectly from the Green’s function for the problem. Since SLP1 is a special
case contained in SLP2, we shall confine our attention to SLP2.

Note that the solution in (3.12) in terms of the eigenfunctions and
eigenvalues is parametrically dependent on A, viz.

u(x,\) = — Z ;f’_u;)u,,

Consider
f u(x,Ada
Cr

where Cp is a circle of radius R centered at the origin in the complex
A-plane (Fig. 3-1). We have

di
§ uC == Y funn §

where the sum is over those eigenvalues A, contained within the circle.
The singularities of the integrand are simple poles with residue of unity
at all A = A, within the contour. We note that since L is self-adjoint, the
poles must lie on the real axis in the A-plane. Taking the limit as R — oo,
we enclose all of the singularities and obtain by the Residue Theorem [2]

R—o0 Jog

lim ¢ u(x,\)dA = —2mi ) (f, un)ttn (3.37)

where the sum is now over all of the eigenfunctions. The summation
is simply the Fourier expansion of the forcing function in terms of the
eigenfunctions. Therefore, we find that

1
— f u(x, Ndh = — f(x) (3.38)
2ni Je

where C is the contour at infinity obtained in the limiting operation in
(3.37). There is an important special case to the result in (3.38). We
note that the general forcing function f(x) produces the response u(x, A).
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Therefore, the specific forcing function §(x — &)/w(x) must produce the
Green’s function g(x, &, A). We therefore obtain

1 _ -8
-2;;@ gx, & i = -

The solution to the contour integral in (3.39) for a specific Green'’s function
associated with a specific operator L and boundary conditions is called the
spectral representation of the delta function [3] for the operator L. We
shall demonstrate the utility of this result in an example.

(3.39)

Im(a)

A A-plane

% »—=Re(A)

Fig. 3-1 Circular contour of radius
R centered at the origin in
the complex A-plane. The
xindicate possible simple
pole locations at A = A,.

EXAMPLE 3.2 Consider the following operator defined on x € (0, a):

d2
=-7 (3.40)
with boundary conditions
W) =u'(a)=0 (3.41)

The Green'’s function associated with L, with these boundary conditions has been
previously derived in Example 2.13. We repeat it here for convenience, viz.

EE) 1 cosvAxcosvi(a—§), x<¢& 3.42)
X, 8, =T :
8% Visinv/2a | cos VAEcosvA(@a—x), x>¢&

First, consider the case x < &, so that

cos v/Ax cos vA(a — £)

EAN)=— 3.43
8.8 1) VAsinv/Aa (3.43)
Substitution into (3.39) gives
1 cos v/Ax cos vA(a — £)
S(x — €)= — di 3.44
(=8 2mi fi: VA sinvAa 349
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In order to solve this closed contour integral by the residue theorem, we first inves-
tigate the singularities of the integrand. Since +/A is a multiple-valued function,
we might expect that the integrand contains a branch cut with a branch point at
A = 0. We may show, however, that although +/A has a branch cut, g(x, &, A) does
not. Indeed, define

A=Ae?,  2r>¢>0 (3.45)
so that
Vi =A"292 7 > % >0 (3.46)
This definition of A results in a branch cut in +/A along the positive-real axis in the
A-plane (Fig. 3-2). In fact,
lim VA = |A]'/2
¢—0
lim VA = —|A|'/?
¢—2r
Applying this result to (3.43), we find that
cos |A|2x cos |A|/%(a — &)
[AY2sin |A|/2a
cos(~|A|"/2x) cos[~[A|'2(a - £)]

—[A|"2 sin(~|A|'2a)
Some minor algebraic manipulation shows that

‘}sl_r)%g(x9§’ A)= -

Jggﬂ g(x, &%) =

gg})g(x,ﬁ,k) =¢grg”g(x,$,k)

We conclude that, although there is a branch cut in N/ along the positive-real axis,
the Green’s function is continuous there. We next consider the possible location
and order of poles of g(x, &, A). Since the numerator of the Green’s function in
(3.43) is finite throughout the complex A-plane, it is sufficient to search for poles
caused by the denominator. Let

O = L = Y
Jisin/aa  q@)

f

where
p) =1
qA) = Visinvia
By a well-known theorem of complex analysis [4], f(A) has a simple pole at
A = A, if p(Ay) # 0, q(A,) = 0, and g’ (A,) # 0. In addition, the residue at the
simple pole location is given by
p(An)

R A A} =
es{ £ ;) = £
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Im(A)

Fig. 3-2 Polar representation of
A in the complex A-plane
showing branch cut for
VA along positive-real
axis (thick line).

We note that p(A) # 0 anywhere, and that g(A) = 0 wherever Via = 0, +7,
+2m,.... We conclude that g(A) = O whenever

l,,=(%:£)2, n=012,...

Differentiating the denominator, we find that

qg'Q) = % (cos Via + Sin ﬁa)

Via

from which
q'An) = (=1)" (;a-) n=0,1,...

where ¢, is Neumann’s number, defined in (3.20). We have shown that the singu-
larities at A, are simple poles. For the residues, we have

Res{ f(A); An) = (—1)"2—”

Returning to (3.44), we now have

Sx—§&)= Zcos——cos——(a — E)Res{ f(A); A}

n=0
= Z( 1)"— cos —_— cos -—(a —£)

and finally,

o0
S(x — &) = Z—" cos 5'-:—x cos 78 (3.47)

n=0 a



110 The Spectral Representation Method Chap. 3

Equation (3.47) is the spectral representation of the delta function associated with
the operator L = —d?/dx* with boundary conditions u’(0) = u’(a) = 0. Recall
that our result is for x < &. To produce the result for x > &, we interchange x and
& in (3.47). Since this interchange produces no change in the result, (3.47) holds
for all x and £ on the interval (0, a@). The reader is cautioned that the series on the
right side of (3.47) does not converge. Itis, however, an extremely useful symbolic
equality, as has been discussed in Section 2.2. Indeed, we may show that (3.47)
is merely a disguised form of the Fourier cosine series. For any s(x) € £(0, a),
we have, from (2.9),

s(x) = /(; 8(x —&)s(8)dE (3.48)

Substituting (3.47), we obtain, after an interchange of integration and summation,

€ nmx
s(x) = Za,, cos _—

n=0

o, = s(!,f)\/_‘cos iziidt;‘

We note that we have produced the eigenfunctions and eigenvalues inferred in
(3.18) and (3.19) directly from the Green’s function associated with the operator
L and its boundary conditions.

where

In the example spectral representation in (3.47), each term in the sum
consists of the product of the orthonormal eigenfunction as a function of x
with the same orthonormal eigenfunction as a function of £. We may show
that this result can be generalized to all self-adjoint operators on SLP2.
Indeed, if the forcing function in (3.12) is the delta function, we have

(=B (x")) 0
’ 3)\ =
g(x, & 1) Z W

U, (x)

where, as indicated, the inner product is with respect to x’. Performing the
integration gives

5 )T E) 3.49)

8(x,§) = B Y

This form of the Green’s function is called the bilinear series form [5].
Substitution of (3.49) into (3.39) gives

M = —-— Zu"('x)u"(s)f

w(x)

A'n_)\.
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or
8(x —§)

w(x)

=) un (XU (§) (3.50)

Equation (3.50) gives the general spectral representation for self-
adjoint operators on SLP2. The procedure for solving self-adjoint SLP2
problems by the spectral representation method can now be summarized
as follows:

1. For a given self-adjoint operator L and given boundary conditions,
solve the Green’s function problem L g(x, &, X) = §(x—£&)/w(x).

2. Substitute the Green’s function g(x, &, A) into (3.39) and solve for
the spectral representation of the delta function. The resulting form
should appear as in (3.50).

3. Substitute the normalized eigenfunctions and their eigenvalues,
obtained in the spectral representation, into (3.12) to produce the
solution u(x).

In addition to Example 3.2, we have included in the problems several
common examples to illustrate the method.

3.4 SPECTRAL REPRESENTATIONS FOR SLP3

The spectral representation of the delta function takes on a different charac-
ter when the interval along the real axis becomes unbounded. Consider the
problem in Example 3.2, defined on the interval x € (0, a). The Green’s
function g(x, &, A) was shown to have simple poles at A = (nr/a)?. Note
that as a becomes larger, the poles become closer together. In the limit
as a — o0, the poles become arbitrarily close. This behavior leads us
to inquire into the form of the singularity along the positive-real axis in
the A-plane in this limiting case. We shall illustrate the obtaining of the
spectral representation with an example.

EXAMPLE 3.3 Consider the following SLP3 differential equation:
—u’ —Au=f, reC 3.51)
u@ =0 (3.52)

This problem is in the limit point case as x — 00. We therefore assign the limit
condition

lim u(x) =0 (3.53)
X—>00

The associated Green’s function problem is
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d’g
——5 =8k -8
80,6€)=0

Jim ¢65,6) =0

We have previously obtained this Green’s function in (2.172) and repeat it here for
convenience, viz.

1 e V3 gin Viax, x<§&
g(x' S) N ﬁ e‘i‘/x" sin \/XE, X > S (354)
where
Imv1 <0 (3.55)
To produce the restriction in (3.55), we define
A=|rle?, 2m<¢<4m (3.56)
so that
Vi = M2 g o< % <2 (3.57)

The angular definition in (3.56) defines a Riemann sheet of the A-plane. The
angular restriction in (3.57) indicates that ImV/A < 0 everywhere on this sheet.
We shall refer to this sheet as the proper Riemann sheet. We note that once (3.55)
has been invoked, any result with Im+/A > 0 would violate the requirement for
the proper Riemann sheet. The definition of A in (3.56) results in a branch cut in
V/A along the positive-real axis in the A-plane (Fig. 3-2). In this case,

lim VA = —[A|'?

¢—>2r

lim VA = [A]'?

¢—4n
Unlike the situation in Example 3.2, however, the branch cut in +/A produces a
branch cut in g(x, &, 1) along the positive-real axis. Indeed, for x < &,

&M% gin |A|V/2x
lim g(x,&,A) =
¢_>2”g( £, 1) W
e~ M gin |A|/2x
| M] /2
Since the exponential changes sign, g(x, &, ) is discontinuous across the positive-
real axis. The result for x > £ is the same, except that x and £ are interchanged.

i #0560 =
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We next produce the spectral representation by considering the closed
contour in the complex A-plane shown in Fig. 3-3. Since the contour excludes
the branch cut and since g(x, £, A) has no other singularities, Cauchy’s theorem
gives

f glx,E,0)dr =0 (3.58)
Cr+C1+Cp+Cy

We examine the contributions from the various portions of the contour in the limit
asp —> 0,R — oo,and I' — 0. Consider Cg. From (3.39), we have

lim lim / g(x, &, )dA = -2mid(x - &) (3.59)
Cr

r'-0R—00

where we have assumed that, even in the presence of the branch cut, the integral
around the circle of infinite radius centered at the origin produces the delta-function
contribution. Consider C,. Letting A = p exp(i¢), we have

24+l o 1/2,i¢/2 ‘
, sin(p'/“e'®/“x) —i(p o) i
g(x’g’)")dA- = lpf —_— e tp e d¢
‘/;p 4 r pl/2e1¢/2

Since the integrand on the right side is bounded as p — O and I' — 0, the integral
is bounded and

lim lim g(x,&,A)dr =0 (3.60)
r-0p-0 c,
Im(A)
A A-plane
Cp
C,
Cp [- r
- Re(A)
r
R Cy

Fig.3-3 Contour for evaluation of the spectral representation for Ex-
ample 3.3.
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Consider the integral along Cy and C,. On Cj, let

A= rei(47r—[‘)

On G, let

A= re @D

We obtain

o012 ,i(2n—T/2
f 8(x,§,M)dA = f ? sinlr” e.l( Px] e—ilr @ TE) idn—T) 4
C1+C 2 r12¢Ci-T7D

R 1/2 ,i(x+T/2) .
f Slﬂ[r e x] e_i[rlﬂex(n+l'/2)s]ei(2"+r)dr
p

P1/2i(n+T/2)
(3.61)
Taking the limits, we have
lim lim lim g(x, £, \)dh = / sinr'Px -inng g,
p—0 R—>00'—0 Ci+C; 00
smr’/2 ir'2
§
+ /(; 7 dr
00 0 1/2.y qiv 172
Y sin(r/“x) sin(r'/4§) dr (3.62)
A 2

Combining the results in (3.58)—(3.62), we obtain

% sin(r'/2x) sin(r!/2§)

—2mis(x — £) +2i / dr =0 (3.63)

o 12
We let
k=rl?
so that
dr
dk = 217

We substitute into (3.63) and produce the following spectral representation:
2 (v o}
S(x—¢&) = - / sin kx sin kEdk (3.64)
0
In a similar manner to that in Example 3.2, we now show that (3.64) is merely

a disguised form of the Fourier sine transform. Indeed, for f(x) € £,(0, 00), we
have

fx) = fo 5(x — ) f(£)dE
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Substituting (3.64), we obtain, after an interchange of integrations,

2 (o)
fx) = = / F (k) sinkxdk (3.65)
0
where
o0
F(k) = / f(&)sinkédg (3.66)
0
We indicate the Fourier sine transform relationship symbolically by
fx) & F(k) (3.67)

We now return to the solution to the differential equation considered in (3.51)-
(3.53), repeated here for convenience. Consider £,(0, 0o) with inner product

(u, v) =/ u(x)v(x)dx (3.68)
0
Consider
—u" —lu=f, reC (3.69)
xl_lglo u(x)=0 (3.71)

From Example 2.18 and the discussion following, this problem is self-adjoint.
Using the results in (3.66) and (3.67), we expand u(x) as follows:

ulx) = Z f U (k) sinkxdk (3.72)
T Jo

where o
U(k) = (u, sinkx) = [ u(€) sink&dg (3.73)
0

Expression (3.72) is the equivalent to (3.24), except in this case we have an integral,
rather than a sum. We note that sin kx plays the role that the eigenfunction u,, plays
in (3.24). In(3.73), U (k) is similar to the Fourier coefficient in (3.25), where sin kx
plays the same role as the eigenfunction u, in (3.25). To further investigate the
similarity to the eigenfunction u,, we note that

d?sinkx
dx?

= k?sinkx (3.74)

so that sin kx appears to be an eigenfunction of the self-adjoint operator —d?/dx?
with eigenvalue k2. However, sin kx is not in £5(0, 00), and therefore cannot be an
eigenfunction. We shall adopt the notation of Friedman [6] and call sin kx an im-
proper eigenfunction with improper eigenvalue k2. Fortunately, the procedure we
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adopted in (3.24)—(3.36) for solving differential equations by the eigenfunction—
eigenvalue method can be extended to apply to improper eigenfunctions. We begin
by showing that if

ue=U (3.75)
then
d*u
—_— KU .
o = (3.76)
Indeed, following (3.28), we form
d*u . d?sinkx . g
(_Eri’ sinkx) = (u, — i Y+ J(u, sinkx) .
o0
2 du .
=kU + I sinkx + kucoskx 3.77)
0
Using the conditions in (3.70) and (3.71), we have
2
d
(=22 sinkx) = kU — lim = sinkx (3.78)
dx? x—00 dx

We note that the improper eigenfunction sin kx does not vanish in the limit as x —
oo. This behavior is contrary to what we found when dealing with eigenfunctions
on finite intervals. Fortunately, in electromagnetic problems, when we have

lim u(x) =0
X—=00

then also
lim du(x) _
x—00 dx
For example, if u is a component of the electric field, then du/dx is a component of
the magnetic field; if the E-field vanishes at infinity, then the H -field also vanishes.
Therefore, in the usual cases in electromagnetics, we obtain

0

d2
dx?’

which establishes (3.76). As a footnote, we remark that there are mathemati-
cal theorems that generalize this result to classes of functions possessing certain
continuity and absolute integrability properties. The interested reader is referred
to [7].

We now are able to solve the original differential equation in (3.69) using the
spectral representation. Taking the Fourier sine transform of both sides of (3.69),
we obtain

( sinkx) = k*U (3.79)

(k* = DU (k) = F(k) (3.80)
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Dividing both sides by (k* — 1) and taking the inverse transform, we obtain

2 [® Fk) .
u(x)_;/o P_—Asmkxdk (3.81)

In the above example, we have indicated explicitly the various limiting
operations involved in evaluating the integral of the Green’s function around
the closed contour indicated in Fig. 3-3. In subsequent discussions, we
shall, whenever appropriate, simplify the contour (Fig. 3-4) such that the
limiting operations have already taken place. The contour in Fig. 3-4 is
to be interpreted as follows. The contour segments C; and C; are straight
lines that are the result of limits as we approach the branch cut from below
and above, respectively. By Cauchy’s Theorem, if there are no singularities
inside the contour, then the integral along Cg is the negative of the integral
along C; + C,. Therefore, we have

2mid(x —
[ swend==[ gxe0ar= ZE=D G
Ci+C Ck w(x)
In (3.82), we have assumed that there is no contribution obtained from the
integral along C,, (Fig. 3-3) in the limit as p — 0. We use this abbreviated
method in the following example.

Im(A)
A A-plane
Cp
C,
4 —— - Re(A)
R Cy

Fig. 3-4 Simplified contour for evaluation of the spectral represen-
tation of the delta function for SLP3 problems.
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EXAMPLE 3.4 Consider Hilbert space £,(—00, 00) with inner product

(u,v) = /oo u(x)v(x)dx (3.83)
—00
We seek the spectral representation for the self-adjoint operator
L =—d*/dx? (3.84)
with limiting conditions
x_lilyoou(x) = xlggo u(x)=0 (3.85)

In Example 2.20, we considered the following Green’s function problem:

dzg

——= —ag=8(x-8), ImV/A<0 (3.86)
dx?
lim g(x,§) = lim g(x,§) =0 (3.87)
X—>—00 xX—>00
The solution to this problem was given in (2.175), viz.
e—iﬁlx—fl 2.88
X, E)= —— 8
8(x,8) YWY (3.88)

The singularities of g(x, &) involve the branch cut associated with v/A. We define
this branch cut using (3.56) and (3.57), and find for x > &

M)

JH& gx, &, 1) = 2 (3.89)
e~ IMa—8)

¢l_i51n gx,6,A) = R (3.90)

Therefore (Fig. 3-4), there is a branch cut in g (x, &, A) along the positive-real axis.
Using (3.82), we obtain

0 o=l (x~E) 0 A (x~E)
2nid(x - &) = —_—dA - —dA 391
wiste =8 = [ St [ S G
We let
k= |A|'/? (3.92)
and find that
0 n o .
2w8(x — &) = — [ e~ kE-Ogf 4 f e*x=Hgk (3.93)
oo 0

Replacing k by —k in the first integral gives the final result, viz.
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[o.]
S(x—§&) = % / =gk (3.94)

—00
We have obtained this result for the case x > &£. However, this restriction can be
removed. Indeed, to obtain the case x < &, we merely interchange x and £ in
(3.94). However,
dx—-§)=8¢-x

which means that we can again reverse the interchange and reclaim the result in
(3.94).

We next use the spectral representation in (3.94) to produce the Fourier
transform. We write

o0
u(x) =[ u(§)é(x — &)dé (3.95)
—00
Substitution of (3.94) followed by a change in the order of integration yields
1 [* ;
u(x) = — f U (k)e'**dk (3.96)
21 J_ oo
where
w . .
Uk) = f u(x)e *dx = (u, e (3.97)
—00

In (3.96) and (3.97), we identify exp(ikx) as an improper eigenfunction with im-
proper eigenvalue k2. We indicate the Fourier transform relationship symbolically
by
u(x) &= U(k) (3.98)
We may use the Fourier transform to solve the following differential equation
by the spectral representation method:

—u" —Au = f, reC (3.99)
lim u(x)=0 (3.100)
X —00
lim u(x) =0 (3.101)
X=>00
We begin by showing that if
u(x) < Uk)
then
—u"(x) & k*U (k) (3.102)
Indeed,
. 2 ikx . 0
(—u”t elkX) = (u’ - ) + J(u’ e‘kx)
dx? oo
[o.¢]

= kU (k) + (—w'e™™* — ikue™™**) (3.103)

—00
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Using the conditions in (3.100) and (3.101), we have

o]
(_ull, eikX) = sz(k) _ (ule—ikx)

-00
From the discussion associated with (3.78), we know that in the usual cases in
electromagnetics, (3.100) and (3.101) imply that

.
i, ) =0

and therefore,
(—u", e*y = KU (k) (3.104)

which proves (3.102). We now take the Fourier transform of both sides of (3.99)
and obtain

(K = NU k) = F(k)
Dividing both sides by (k? — A) and taking the inverse Fourier transform, we have

1 [® Fk)
u(x) = o= /:oo ) _le dk (3.105)

We note that the result in (3.102) could also be obtained by twice differentiating
(3.96), provided that we can interchange differentiation and integration on the right
side. Our method of proof provides a justification of this interchange in this case.

We next provide two examples leading to solutions involving Bessel
functions. These examples will be useful in problems in cylindrical coor-
dinates to be considered in later chapters.

EXAMPLE 3.5 Consider the following differential equation on x € (0, 00):

(L=Nu=f (3.106)

17d d

From Example 2.21, this problem is in the limit circle case as x — 0 and the limit
point case as x — 00. Furthermore, the operator L is self-adjoint. We invoke

where

lim u(x) =0 (3.108)
xX—>00

lin‘(l) u(x) finite (3.109)
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We seek the spectral representation of the operator in (3.107) with the limiting
conditions given in (3.108) and (3.109). The Green’s function associated with
this operator has been obtained previously in (2.184) and is repeated here for
convenience, as follows:

n | HOWe)h(Vrx), x<&

8(x.§) = HOWih(iE), x> & (3.110)
where
ImvA <0 @3.111)
To assure the condition in (3.111), we restrict A as follows:
A=[Ae?, -2m<$<0 (3.112)
so that
VA= |AY242 g < % <0 (3.113)

We may show that this definition produces a branch cut in g(x, &, 1) along the
positive-real axis in the A-plane. Consider the case x > §. Approaching the
positive-real axis from above, we have

SJim HP (Vax)Jo(Vag) = HP (e |M2x) Jo(e ™ IA]2E)  (3.114)
- -2

But, using a well-known Bessel function identity [8], we have
Jo(e™™|A|'726) = Jo(IA|'%€) (3.115)

and using a well-known Hankel function identity [9], we have

HP (7™ A1 /2x) = — Hg" (A1'/%x) (3.116)
so that
Jim G (VA Jo(/ag) = —Hg (A12x) Jo(1A126) 3.117)

On the other hand, approaching the positive-real axis from below, we have
lim Ho? (VAx)Jo(VAE) = Hq” (1M'2x) Jo(121'1%¢) (3.118)
We note that (3.117) and (3.118) indicate a jump in the Green’s function as we cross

the positive real axis. To produce the spectral representation, we again consider
the contour in Fig. 3-3 and write

Cr+C1+Cp+C
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In a manner similar to Example 3.3, we may show that the contribution along C,
vanishes as I’ — 0 and p — 0. We leave this for the reader to verify. Along
C, + C,, we have

p—>0R—>o00 >0

0
lim lim lim f 8(x,§,l)dl=£~|:[ HP (1) Jo(IA] /28 )d
C+Cy 2l o0
00
- /0 Hg"(m‘/2x)Jo(IAI‘/2$)d>»]

= -7:* fow Jo(IA12x) Jo(IA/2E)d

(3.120)
Along Cg, we have
8 —
lim lim f 2(x, £, ydh = —2mi 2E %) (.121)
r-0R-00 Cr X

Taking the appropriate limits in (3.119) and substituting (3.120) and (3.121), we
obtain

fx=86) _1 f JoUA1Y2x) Jo (A /2E)d A (3.122)
X 2 0
Letting k = |A|"/2, we find that
J(xx—- 5 _ f > Jo(kx) Jo(k&)kdk (3.123)
0

which is the required spectral representation. Although this representation has
been obtained with the restriction x > &, the restriction can now be removed in the
same manner as in Example 3.3 because of the symmetry of the Green’s function.

The representation in (3.123) leads to the Fourier-Bessel Transform of order
zero. Indeed, consider a Hilbert space £, (0, oo) with inner product

(s, t) = /oos(x)t(x)xdx (3.124)
0
For any s(x) € £;(0, 00), we have
oo 8 —
s(x) = /0 s() ("x 8 e (3.125)

Substituting (3.123) into (3.125), we produce the Fourier-Bessel transform pair

S(k)=/ s(x)Jolkx)xdx (3.126)
0
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s(x)=/ S(k) Jo(kx)kdk (3.127)
0

Symbolically, we write
s(x) < S(k)

A very useful relation is obtained by noting that for u(x) € £,(0, 00),

(]2 [ g (L[ 000
i ()] = [ v [
- f [—k2U (k)] Jo (kx)kdk (3.128)
0

Therefore,

1[d d

12 (22| = —Kum (3.129)
x dx \ dx

We note that the result in (3.128) depends on the interchange of differentiation
and integration. This operation can be justified by using the procedure followed
in (3.76)—(3.79) and in (3.102)—(3.104). The details are left for the problems.

[ |
EXAMPLE 3.6 We wish to find the spectral representation of the operator

N Y (R | ey
- x[dx(dx)] *k)?,  Im(k) <0 (3.130)

on £,(0, 00). By examining (2.22), we identify p(x) = x and w(x) = 1/x. The
Green'’s function differential equation associated with L, is given by

d (d
—x [5 ( ﬁ.)] — (kx)2g — Ag = x8(x — £) (3.131)

where we have identified §(x — &§)/w(x) = xé(x — §). We investigate limit point
and limit circle conditions as x — 0 and as x — 0o by examining solutions to the
homogeneous equation

d ( du 2 _
—x [‘—1; (xz_i;)] —kx)*u—2u=0

For A = 0, two independent solutions are given by
Uy = Héz) (kx)

and
uy = H" (kx)
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Let & be an arbitrary interior point on the interval x € (0, 00). As x — 0, both
u) and u, are logarithmically singular. The singularity is weak enough, however,
that they are both in £;(0, £). We therefore have the limit circle case as x — 0.
The solution u; diverges exponentially as x — 00, and thus is not in £;(§, 00).
We therefore have the limit point case as x — 0o0. We invoke the limit conditions

lim u(x) =0 (3.132)
X—=>00
lin?) u(x) finite (3.133)
x—
The limit conditions associated with the Green’s function are
lim g(x,£) =0 (3.134)
X—>00
lin}) g(x, &) finite (3.135)
X—>
Define a parameter v by
v=e"VX =iV (3.136)

Then, for x # &, we have

4 (48 2_ 2, =
x[dx(xdx)]+[(kx) v]g=0 (3.137)

We identify (3.137) as Bessel’s equation of order v and argument kx [10]. The
Green’s function can be composed of linear combinations of various Bessel func-
tions as follows:

_ l AJ,(kx) + CJ_, (kx), x<§ (3.138)

BH®(kx) + DH  (kx), x>¢&

where J,, J_,, H®, and H{" are linearly independent solutions to Bessel’s equa-
tion of order v [10]. For Im(k) < 0, H{" diverges as x — oo [11). Therefore,
D = 0. We may set C = 0 by using the following argument. For x — 0, we have

(kx)"
2vp!

2V (kx)™"
(=v)!

Therefore, if we choose Re(v) > 0, J_, diverges as x — 0 and we mustset C = 0.
The Green’s function can now be written as follows:

Jy (kx) —

J_y(kx) —

AJ,(kx),
¢ = (kx) *<¥§ (3.139)
BH®(kx), x>¢
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The evaluation of the coefficients A and B proceeds in a manner similar to that in
Example 2.21. Invoking the continuity and jump conditions at x = &, we find that

A= HO® k)
2i
b4

B = -271.,(k§)

Substitution into (3.139) gives

)
g= £ H‘, (k&) J, (kx), x <& (3.140)
2i | HO(kx)J,(kg), x>&
where
Im(k) <0 (3.141)
Re(v) > 0 (3.142)

The last step in the determination of the Green’s function involves making the
transformation from v to A in accordance with (3.136). If we define

A=A, 0>¢>-2n (3.143)
then
Vi= V242 0> 923 > —n (3.144)
This result implies that
ImvA <0 (3.145)

Substituting (3.144) into (3.136) gives

v = |A|26i@+m/2 T, o+ >-Z (3.146)

2 2 2

The angular range in (3.146) is consistent with the restriction on v in (3.142). We
therefore have

()}
g(x, &, 1) =g_. Hi«/i(kg)"iﬁ(kx)v x< &

; P (3.147)
HO k)], sKE), x> ¢
where the branch cut in +/A lies along the positive-real axis and is explicitly de-
termined by (3.143).

Our next step is to determine the spectral representation of x§(x — &) by
integrating over the Green’s function with respect to A in a similar manner to that
performed in Example 3.5. We first consider the case x < £. We find that the
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branch cut in +/A, defined in (3.143), produces a branch cut in g(x, &, A) along the
positive-real axis. Indeed,

Jm HI ke, f06x) d = HE, o (k) iy (k)

lim H{ 76, /3 0kx) = Hijun (kE) Jiapa (k)

Since J, and J_, are linearly independent for any v € C, we conclude that there is
a jump in the Green’s function across the positive-real axis, resulting in a branch
cut. The appropriate contour is the one shown in Fig. 3-4. Substituting (3.147)
into (3.82), we find forx < §

2mix8(x — &)
ull W e
= - Hi A2 (k&).’,’ml/l (kx)dl + H—i A2 (k&)l_iml/z (kx)d)»
2 | Joo W 0 A
(3.148)
But [12], -
H®, n = e ™D (3.149)
Substituting (3.149) into (3.148) and combining integrals gives
—4x8(x — §) = [° eI HD | (kt)
[Iinpathx) = =D gy ) | d (3.150)
But for any v € C [13],
L@ - €™ gy = S (3.151)
Y i csc(vrr)

Substitution into (3.150) gives

00
axd(x —§) =i fo e~ ™MD sin(ir || ) Hin o (kE) Himyp (kx)dA. (3.152)

Let
B =il (3.153)
Then,
x8(x - £) = % /o 7 (e — 1) HP (k) HD (k) Bp (3.154)

We note that this result is not altered by interchanging x and &. Therefore, our re-
striction x < & can be removed. Equation (3.154) gives the spectral representation
of the delta function for the operator defined in (3.130)-(3.133).
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The representation in (3.154) leads to the Kantorovich-Lebedev Transform
[14],[15]. Indeed, consider a Hilbert space £,(0, oo) with inner product

(s, 1) = f B S(x)t(x)d—x (3.155)
0 X
For any s(x) € £;(0, 0o), we have
s(x) = f sE)xb(x — $)% (3.156)
0

Substituting (3.154) into (3.156), we produce the Kantorovich-Lebedev transform
pair

Fo) = [ ronPen s G3.157)
0
fix) = % fo ' (€7 — 1) F(B)H,? (kx)Bdp (3.158)
Alternately, we can manipulate (3.158) to produce
1 —ioo
0= [ FOH G088 (3.159)
100

The details of producing (3.159) from (3.158) are left for Problem 3.6. We indicate
the Kantorovich-Lebedev transform relationship by

fx) <= F(B) (3.160)

If we apply the operator L in (3.130) to both sides of (3.159), we produce the
useful relationship

{-—x [i (x%)] - (kx)2] f(x) <= —B2F(B) (3.161)

The interchange of differentiation and integration used to produce (3.161) can be
justified in the same manner as in the procedure in (3.76)—(3.79) and in (3.102)-
(3.104). The details are left for the problems. The Kantorovich-Lebedev trans-
form is useful in solving certain electromagnetic problems in cylindrical coordi-
nates, as we shall discover in the next chapter.

In the mathematical literature, the spectral contribution resulting from
pole contributions, such as in (3.47), is called the discrete spectrum, whereas
the contribution from the branch cut, such as in (3.64), is called the contin-
uous spectrum. We next inquire if it is possible to have both a continuous
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and discrete spectrum associated with an operator. The example we choose
involves an operator that is not self-adjoint. The theory of nonself-adjoint
operators is both difficult and incomplete. However, in the simple example
to follow, we are able to obtain the spectral representation in a straightfor-
ward manner.

EXAMPLE 3.7 We consider the spectral representation of the operator L =
—d?/dx?, with boundary and limiting conditions

Jrl_i_}ngo u(x)=0 (3.162)
u' (0) = au(0), Re(a) <0 (3.163)

Since a is complex, the operator L is nonself-adjoint. The associated Green’s
function problem is given by

d*g
) —-Ag=48(x-§)

dg(0.8)
= =ag(0.6)

Jim g(x,£) =0

We have previously obtained this Green’s function in Example 2.23. We repeat
the result given in (2.216) for convenience, viz.

e~ V™ (cos VAE + %- sinv/Af), x>¢&

1 N/
g(x, &)= ——— _ (3.164)
ivi+a e"ﬁe(cosﬁx+—oi-sinﬁx), x <&
/x
where
ImVA <0 (3.165)

The restriction in (3.165) can again be assured by defining /X as in (3.56) and
(3.57) so that, once again (Fig. 3-2),

lim VA = —|A|'/?
¢~

lim VA = [A|'2
¢—4n

The branch cut in /A along the positive-real axis results in a branch cut in the
same location in g(x, &, A). Indeed, for x < &, we obtain in (3.164)

ilx'2g o
. __c - 1/2 @ 172
¢l_1}r¥"g(x, E,1) = PRV (cos|A|“x + NE sin |A|/“x)
—i|A) 2

o
(cos |A|'%x + sin |x|'/2x)

Jim g(x.£.2) = TG

o+ i|A|1/2
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The result for x > & is obtained by interchanging x and £. In addition to the
branch cut on the positive-real axis, g(x, &, ) has an isolated singularity at the
location Ao, given by solving

i«/x+a=0

with the result

XQ = —a2

We now show that this singularity is on the proper Riemann sheet. Indeed, we
have /Ao = iar. From this relationship, we easily find that the relation Imv/A < 0
implies that Re(a) < 0, as assumed in the problem statement.

We now show that this singularity is a simple pole. For x < &, we write
8(x, &, 0) = fid) falx, §,4) (3.166)

where
1

i«/x-i-a

frx, £, ) = e~ V™ (cos /Ax + % sin v/Ax) (3.168)

i) =

(3.167)

We note that f,(x, &, 1) is regular at Ay. Consider

p(A)
HQ) = PTE)
where p(A) = 1 and
q}) = ix/x +a
We have

q(-a?) =0

1
’—.2=__
q (—a®) 3

We conclude that fj(A) has a simple pole at Ao with residue

R Aol =
es{ fi(A); Ao} 700)

To obtain the spectral representation, we integrate the Green’s function
g(x, &, 1) around the closed contour shown in Fig. 3-5. For x > £, we have

fg(x, &,0M)dA = 2miRes{g(x, §, A); Ao}
=2mie* [cos(ia&) — i sin(iaE)]Res{ fi(A); Ao}

= 21i (Qa)e* ™+ (3.169)



130 The Spectral Representation Method ~ Chap. 3

lm‘(‘A) A-plane
Cr
X C
Re(A)
R o

Fig. 3-5 Contour for evaluation of the spectral representation for
Example 3.4. Contour includes the simple pole (x) at A.

The integral around the closed contour (Fig. 3-5) consists of the integral around the

circle of radius R plus the integrals along either side of the branch cut. Therefore,
in the limit as R — oo, we obtain

1
—8(x — &)+ — lim g(x, &, M)dA = 20e®*H®) (3.170)
2mi R—o0 Ci+C;

Evaluating the integrals along C; and C; in a similar manner to the process in
Example 3.3, we obtain

li =2 A2 1/2
Rgnoo/;ﬁcz lf (cos |A]“x + Ill'/z sin |A|/“x)

- (cos |A|'2E + — IM‘ 5 sin |A|'/25)“2'+ i (3.171)

We let k = |A|!/2 and obtain for the spectral representation
8(x —£) = —2e®*+9 4 % ](; (coskx + T sinkx)(cos k& + — sink§) ———— zdiz
(3 172)

The first term on the right side gives the discrete spectral contribution, while the
second term gives the continuous spectral contribution. Although the delta function
representation has been obtained with the restriction x > &, we note in (3.164)
that the case x < & can be obtained by interchanging x and £. Since such an
interchange leaves the result in (3.172) unaltered, the restriction can be removed.
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In Problem 5.6 given at the end of Chapter 5, the spectral representation in
(3.172) will be used to characterize a source over a flat surface characterized by a
surface impedance. We shall discover that we may associate the first term with a
surface wave bound to the surface and the second term with radiation carried away
from the surface.

We remark that we assumed Re(a) < 0 in the problem statement. In addi-
tion, we found that Im+/A < 0 implies Re() < 0, as required. If the problem had
stated that Re(a) > 0, the pole at A9 = —a? would have been on the improper
Riemann sheet and the discrete spectral term in (3.172) would be missing.

In a similar manner to that in Examples 3.2 and 3.3, we now cast (3.172) in
a form that we shall call the impedance transform. For u(x) € £,(0, 00), we have

u(x) =/; 8(x — E)u(§)dE (3.173)

Substituting (3.172) and interchanging the order of integration, we obtain

ax 2 [*® a k2dk
u(x) = —2ue Uo + ;](; U(k)(coskx + Z SlnkI)m—ai (3.174)
where
00
Up = / u(x)e™ dx (3.175)
0
® a

Uk) = f u(x)(coskx + T sinkx)dx (3.176)

0

Equations (3.175) and (3.176) comprise the impedance transform, yielding the

spectral coefficients Uy and U (k). Equation (3.174) is the inverse impedance
transform. We call (3.175) the zeroth-order impedance transform, while (3.176)
is the kth-order impedance transform. In (3.174), we identify

eax

as an eigenfunction of the operator —d?/dx? with boundary conditions given in
(3.162) and (3.163). In addition,

coskx + % sinkx

is an improper eigenfunction of the same operator with the same boundary condi-
tions. We define an inner product for the space by

(u,v) = / oc’u(x)i(x)dx
0

With this definition, we may write (3.175) and (3.176) as follows:
Up = (u, &%) (3.177)
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Uk) = (u, coskx + % sin kx) (3.178)
We identify

eax

as an adjoint eigenfunction of the operator —d?/dx? with adjoint boundary con-
ditions given by
v'(0) = @v(0)
l'glgo v(x)=0 (3.179)

In addition,

coskx + % sinkx

is an improper adjoint eigenfunction of the same operator with the adjoint boundary
condition given in (3.179).
We next use the impedance transform to solve the following SLP3 problem:

~u" —du=f AreC (3.180)

with boundary condition

u'(0) = au(0), Re(x) <0 (3.181)

This problem is in the limit point case as x — 00. We therefore invoke the limiting
condition

lim u(x) =0 (3.182)
X—>00

In order to solve the differential equation in (3.180) by the use of the impedance
transform, we require the zeroth-order and kth-order impedance transform of
—d?u/dx?. For the zeroth order, we have

2

= da* d &
(_u//’ eax> = (u, ___eax)+(_u/eax + uzi_eax)) = _a2(u’ eaX) = _aZUo
X

dx? o
(3.183)
where we have used (3.181), (3.182), and
lim ¢** =0
xX—=>00
Symbolically, we indicate this zeroth-order transform by
n 9 2
—u' = —a’l (3.184)

Similarly, for the kth-order transform, we have
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— 2 —
(—u" cos kx+%sinkx)=(u, —Zg(coskx + % sinkx))

(¢ ¢]

d
+|—u'(cos kx+ 2 sin kx)+u—(coskx+ 2 sinkx
k dx k

0

= kz(u, coskx + % sinkx) = k2U (k)

(3.185)
where we have used (3.181) and (3.182). In addition, we have used the fact that,
in the usual cases in electromagnetics,

lim u(x) =0

X—>00
implies that

lim «'(x) =0

X—00
Symbolically, we indicate this transform by

—u" = KU (k) (3.186)
We now apply the zeroth-order transform to (3.180) to give
—(@*+ MU = F

where Fj is the zeroth-order transform of f(x). Rearranging, we have

Fo
Up = T (3.187)
Similarly, for the kth-order transform, we find that
k* = VDU k) = F(k)
where F (k) is the kth-order transform of f(x). Rearranging, we have
F(k)
k) = .188
UM = 55 (3.188)
Substituting these results into (3.174) gives the final result, viz.
e Fy 2 [*® (coskx + % sinkx) k2dk
- = F(k 3.189
u(x) a2+ A + ,/0 ® k2 -2 k? + a2 ( )
[ |

We have now concluded our presentation of the spectral represen-
tation method. This method and the Green’s function method together
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comprise a powerful tool for the solution of many of the partial differential
equations found in electromagnetic radiation, scattering, and diffraction.
In subsequent chapters, we shall study electromagnetic source representa-
tions, and then develop the solution methods for a large class of electro-
magnetic problems. We shall conclude this chapter with a brief discussion
of the connection between the Green’s function method and the spectral
representation method.

3.5 GREEN’'S FUNCTIONS AND SPECTRAL
REPRESENTATIONS

There is an important connection between the Green’s function method and
the spectral representation method. Indeed, consider the result in Example
3.3, given in (3.81), viz.

2 (o F(k) .
u(x) = ;/; .,;-i—_l sinkxdk (3.190)
where oo
F(k) = fo F(&) sinkEdE (3.191)

If we substitute (3.191) into (3.190) and interchange the order of integration,
we obtain

oo 2 % sinkx sink
ww=["1® [— [ —T—ﬁdk] de (3.192)
0 m Jo k4 —x
We identify the term in square brackets as the Green’s function
% sinkx sink
g(x, &) = _2_/ .S_‘“_"_Sﬁdk (3.193)
n Jo k2 — X

We compare this result with the Green’s function obtained in Example 2.18,
given in (2.172), viz.

1 | e sinvax, x<&
Vv e'i‘/x‘sinﬁé, x>£
Although (3.193) and (3.194) appear very different, they are different rep-

resentations of the same Green’s function. Indeed, comparing (3.193) and
(3.194), we must have

gix, &) = (3.194)

/°° sin kx sin k& 4 l e V™sinvix, x<& (3.195)
A .

dk = — .
k2= 2Vh | e V™ sinVAE, x> &
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as we could easily verify by the calculus of residues. Since (3.193) requires
an integration and (3.194) does not, it would appear that the spectral rep-
resentation is not as useful in practice. Its utility, however, becomes clear
as soon as we begin considering partial rather than ordinary differential
equations in subsequent chapters.

3.1

3.2,

PROBLEMS

For the operator L = —d?/dx? and boundary conditions u(0) = u(a) =
begin with the Green’s function for L, and show that the spectral representa-
tion of the delta function is given by

dx—-§&)= Zsmn—ﬂ-)ﬁsmﬂg

Use this spectral representation to obtain the solution to the differential equa-
tion

LAu = f
with the operator L and the boundary conditions given above.

For the operator L = —d?*/dx? and boundary conditions u(0) = u(27) and
u'(0) = u'(2m), the Green’s function for L, was found in Problem 2.18. The
result is repeated here for reference, viz.

1 cosﬁ(é—-x—rr), x <&
2V/AsinvAr | cosvVA(x —&—m), x>&

Beginning with this Green’s function, show that the spectral representation
of the delta function is given by

g(x,8) =~

1 1 &
dx—-§)= = Z(cosnx cos n¢ + sinnx sin n&)
n=1

By using Euler’s identity, show that an alternate representation is given by

S —§) == Z et

n——oo

Show that this alternate representation leads to the complex Fourier series

fx) = Z anf

n=-00

27! 1 .
a, = f(x)y] —e'™dx
0 2



136

33.

34.

3.5.

Problems Chap. 3

For the operator L = —d?/dx? with boundary condition ’(0) = 0 and
limiting condition
lim u(x) =
X—>00
begin with the Green’s function for L, and show that the spectral representa-
tion of the delta function is given by

2 o)
S(x—-§&)= ;](; cos kx cos kEdk

Use this spectral representation to obtain the solution to the differential equa-
tion
L U= f
with the operator L and the boundary conditions given above.
In Example 3.5, it was shown that

17d du\] _ dJo(kx)
;[a(‘a)] “{xdx[ ]]’“‘"

= / [—k2U (k) Jo(kx)kdk
0

1[d du
Lx(d)]“”ﬂw“

This result involves the interchange of differential operator and integration.
Justify this result by following the procedure used in (3.76)-(3.79) and in
(3.102)—(3.104).

Consider the following Green’s function problem associated with Bessel’s
equation of order v:

and therefore,

(L-Ng=

L= 17d d +v2
T xldx xdx x2

with limiting condition

dx —¥§)
X

where

xlgglo gx,8§)=0

where A is complex. By invoking the condition that g must be finite as x — 0,
show that

HP VA6 J,(VAx), x<¢&

gl b 1) = [ HP(VAx)J,(VAE), x> &
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3.6.

3.7.

3.8.

Note: This result can be obtained directly from Example 3.6 by identifying A
above with k? in (3.131) in Example 3.6. By integrating the Green’s function
around the closed contour in the complex A-plane, as described in (3.119),
show that the spectral representation of the delta function for the operator L
and boundary conditions given above is given by

sx—8) _

X

/00 Ju(kx)J, (k§)kdk
0

Show that this representation leads to the Fourier-Bessel Transform of order
v, given by the pair

S(k) = fws(x)lv(kx)xdx
0

s(x) = foo S(k)J, (kx)kdk
0

Produce the following Fourier-Bessel transform pair:

17d d v 2
[_; [Z‘. (xa>] + F} s(x) <= k*S(k)

In the development of the Kantorovich-Lebedev transform, carefully com-
plete the steps necessary to produce (3.159) from (3.158).

Justify the result in (3.161) by following the procedure used in (3.76)—-(3.79)
and (3.102)-(3.104).

In the development of the Kantorovich-Lebedev transform in Example 3.6,
we considered the operator

N BV N | B
L= x[dx('dx)] (kx)”, Im(k) <0

where
lim u(x) =0
X—=>00
lim u(x) finite
x—0

In [14], Stakgold considers the Kantorovich-Lebedev problem for a slightly
different operator, viz.

L,——x[d—;(xa)]+ux, u>0

His resulting spectral representation is given by

2 o0
x8(x —§) = ;/; sinh B Kg(/1x) Kig(/10€)Bdp (3.196)
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where K, (y) is the modified Bessel function of the second kind, Ath order
[16]). By making the appropriate transformation between k and (., show that
the spectral representation in (3.154) transforms to (3.196).
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4

Electromagnetic Sources

4.1 INTRODUCTION

In this chapter, we introduce electromagnetic source representations. We
begin by collecting expressions for the delta function in cylindrical and
spherical coordinates. We follow with a discussion of time-harmonic repre-
sentations of functions and vectors. We next introduce the electromagnetic
model in the time domain, and then specialize to the time-harmonic case.
We begin our study of electromagnetic sources with a consideration of the
sheet current source. We then, in sequence, study the line source, the ring
source, and the point source. Throughout, we shall utilize the Green’s func-
tion method and the spectral representation method, developed in Chapters
2 and 3, respectively, in order to obtain alternative representations of the
fields from various sources.

4.2 DELTA FUNCTION TRANSFORMATIONS

In what follows, we shall require delta function representations in two and
three dimensions. Depending on the particulars of the analysis, it will be
convenient to express the results in different coordinate systems. In partic-
ular, we consider rectangular, polar, cylindrical, and spherical coordinates.

We begin with a point source in two dimensions (Fig. 4-1), located at
the point Q(x’, y’). We represent this point source by §(x — x")8(y — y')

139
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yr-—————————= Qx\y)

P(x,y)
¢ £ Fig. 4-1 Point source in two di-
¢ - x mensions, located at
X' &', 9.

and seek a corresponding representation in polar coordinates. Since the
polar coordinate point corresponding to (x’, y’) is (o', ¢'), we write

8(x = x)8(y =) = filp, $)o(p — p)é(p — ") 4.1
The function f)(p, ¢) allows for the possibility of an additional factor
other than the delta functions that might be introduced by the Jacobian

in the coordinate transformation. Integrating both sides of (4.1) over the
xy-plane gives

2r poo
1= [" [" fi0. 81860 = 025@ - #)pdpdp  42)
Equation (4.2) is reduced to an identity by the choice

1
filp, ¢) = P 4.3)

Substitution into (4.1) gives

=5w—dM@—W)
o

8(x —x")8(y — ¥

4.4)

Equation (4.4) gives the polar representation of a point source in a plane as
long as the source is at a location other than the origin. For a point source at
the origin, we have §(x)3(y). In transforming this representation to polar
coordinates, we note that the origin in polar coordinates is given by p = 0,
independent of ¢. We say that the coordinate ¢ is ignorable at the origin
[1] and write

8(x)8(y) = f2(p)é(p) 4.5
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Integrating (4.5) over the xy-plane gives

2r poo
1= fo /0 F2(0)8(0)pdpdeb

[e o]
= [ eronebe)dp “6)
Equation (4.6) is reduced to an identity by the choice
1
fa(p) = . @.7
mp
Substitution into (4.5) gives
3(p)
$(x)8(y) = — 4.8
(x)8(y) 2p (4.8)

The proper transformations in three dimensions between rectangular and
cylindrical coordinates require no further analysis since the z-coordinate
remains the same in both systems. We have

_ 8(p—p")8(¢p —¢)o(z~7)
0

8(p)8(2)
2mp
In transformations to spherical coordinates, there are three cases of

interest. We begin with a point source (Fig. 4-2) at the location Q(x', y’, z")
and write

$(x—=x"8(y—=y)8(z—2") = f3(r,6,9)8(r—r)3(6-6"8(¢—¢") (4.11)

Integrating both sides over all space gives

8(x = x"8(y —y)o(z—7)) 4.9)

8(x)8(y)8(2) =

(4.10)

2T pm pOO
_ . o o
1-/0 /0 /0 f3(r, 0, 8)8(r —r")8(0 — 6')8(¢p — ¢')r* sin6drdfd¢

(4.12)
Equation (4.12) is reduced to an identity by the choice
f3(r,0,¢) = g (4.13)
Therefore,
8(r—r")8(0 —6"8(p — ¢’
5(x — X)8(y — Y)8(z — 2y = 2= NO=0N@=8) 1y

r2sinf
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P(x,y, 2)

’

Y. 2')

)
>

<
N

/£, S

X

Fig. 4-2 Point source in three dimensions, located at (x', y’, z’).

In the case where the point source is located along the z-axis, the coordinate
¢ is ignorable. We have

$(x)8(3)é(z — 2) = fa(r,0)8(r — r)3(9) (4.15)
Integrating over all space gives

2t pm poO
| = fo fo fo Fa(r, 0)8(r — r')8(0)r? sin0drdode

b4 [e ]
= / f [R2rrr? sin@f4(r, 0)18(r — r')5(0)drdo (4.16)
o Jo
Equation (4.16) is reduced to an identity by the choice
1
fa(r,0) = mriens (4.17)
Substitution into (4.15) gives
3(r —r')s(o

BB(8(z - ) = L 20 @.18)

2nr?sinf
In the case where the point source is at the origin (0, 0, 0), the coordinates
0 and ¢ are both ignorable. We have

8(x)8(y)é(z) = fs(r)d(r) (4.19)

Integrating over all space gives
2r pm poo

1= f / f F5(r)8(r)r? sindrdode
o Jo Jo

- /0 " @ £ (18 (r)dr (4.20)
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Equation (4.20) is reduced to an identity by the choice

1
fs(r) = -4—7;-2- 4.21)
Substitution into (4.19) gives
_ 8(r)
818 = - (4.22)

4.3 TIME-HARMONIC REPRESENTATIONS

In subsequent considerations of the electromagnetic model, we shall be
dealing with quantities that vary harmonically with time ¢. The time-
harmonic representation is useful in the determination of the cosinusoidal
steady-state behavior of the electromagnetic fields. The representation can
also be directly extended to give the response for more general forms of
source input [2]. An excellent treatment of time-harmonic representations
is given in [3]. We shall include herein only the major results. A time-
harmonic function f (¢) has the form

f(@) = Fycos(wt + ¢) (4.23)

where w is radian frequency and where Fj and ¢ are real and time-indepen-
dent. We write this function in terms of the real-part operator as follows:

f(@t) =Re (Fe"w‘) (4.24)
where

F = Fye'? (4.25)

That (4.24) is equivalent to (4.23) can be demonstrated by substituting
(4.25) into (4.24) and performing the real-part operation. The details are
left to the reader. We may show the following relation for derivatives:

df _ . iwt
Tl Re(iwFe'™") (4.26)

The proof is straightforward and is left for the problems.

The real-part operator has the following useful properties [4]: For
z,21,22€Canda,t €R,

Re(z1) + Re(z2) = Re(z; + 22) 4.27)
Re(az) = aRe(z) (4.28)
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G 0z
™ [Re(z)] =Re ('37) (4.29)

[ Re(z)d! = Re ( f zdt) (4.30)

These real-part relationships are easily verified. The details are left for the
problems. An additional relationship involving the real-part operator is the
following: If A, B € C and are time-independent, and if

Re(Ae'') = Re(Be'™), all ¢ 4.31)

then
A=B (4.32)

Indeed, let t = 0. Then Re(A) = Re(B). Let wt = /2. Then Re(iA) =
Re(i B), which implies that In(A) = Im(B). Since A and B are time-
independent, the above equality of their real parts and their imaginary
parts must be true for all ¢, and thus A = B.

The complex representation of time-harmonic functions can be ex-
tended to vectors. Indeed, let £(¢) be a real, time-varying vector with
time-harmonic components, viz.

E(t) = XE, cos(wt +¢x) + YE, cos(wt +¢y) + 2E, cos(wt +¢,) (4.33)

where X, y, Z are unit vectors in the three Cartesian coordinate directions
and E,, Ey, E;, ¢x, ¢y, ¢, are real and time-independent. In the same
manner as in the above treatment of complex functions, complex vectors
can be written in terms of the real-part operator, as follows:

£(t) = Re(Ee') (4.34)

where . ' '
E = REe'% + JE "% + {E,e'* (4.35)
The equivalence of (4.34) and (4.33) can be verified by substituting (4.35)

into (4.34) and performing the real-part operation. The details are left for
the reader.

4.4 THE ELECTROMAGNETIC MODEL

The macroscopic model for the behavior of electromagnetic fields is given
by the following set of equations:

Vx£=—%—?——M (4.36)
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VxH=aa'—tD+J 4.37)
V-D=p (4.38)
V-B=pn (4.39)

v.g=-2 (4.40)
3on
V-M=-—t (4.41)

where the symbols are defined as follows:

€ electric field intensity (volts/meter)

‘H magnetic field intensity (amps/meter)

D electric flux density (coulombs/meter?)
B magnetic flux density (webers/meter?)

J electric current density (amps/meter?)

M magnetic current density (volts/meter?)
p electric charge density (coulombs/meter>)
om magnetic charge density (webers/meter’)

In performing dimensional analyses, it is helpful to have the following
equalities:

coulomb=amp - second
weber=volt - second
ohm=volt/amp
All field and source quantities vary with both space and time. Typically,
for the electric field, we have E(x, y, z, t), which we write in shorthand
notation as £(r, t). The magnetic charge p, (r, t) and the magnetic current
M(r, t) have not been shown to exist in nature, but can be defined as

equivalent sources in equivalence theorems involving the electric fields
[5]. We shall assume that all quantities vary time-harmonically. Typically,

E(r,1) =Re [E(r, w)e"w'] (4.42)
Then, in (4.36), we have

V x [Re(Ee“‘")] = —% [Re(Be‘W')] — Re(Me'®) (4.43)
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Using the real-part operator relationships in (4.26)~(4.29), we obtain
Re [V x (Ee”‘”’)] = —Re [(in + M)e"“"] (4.44)
But, by a well-known vector identity,
V x (E€'“") = (V x E)e' (4.45)
Substituting (4.45) into (4.44) and applying (4.31) and (4.32), we obtain
VXE=-iwB-M (4.46)
A similar procedure in (4.37)—-(4.41) yields

VxH=iwD+] (4.47)
V.-D=p (4.48)
V-B = pn (4.49)

V.J=—iwp (4.50)
VM= —iwpn (4.51)

We remark that, in keeping with usual practice, we have used the same sym-
bols for electric charge density in both the time and frequency domains, and
similarly for magnetic charge density. Which domain we are considering
will be clear in context.

In a simple medium, the electric flux density D is simply related to
the electric field intensity E by

D =¢E (4.52)

where € is the permittivity of the medium in farads/meter. Similarly, for
the magnetic field,

B=uH (4.53)

where u is the permeability of the medium in henrys/meter. The basic units
of farads can be deduced from the units of D and E in (4.52), and similarly
for the units of henrys in (4.53).

Equations (4.46)—(4.53) constitute the electromagnetic model in sim-
ple media. We shall use the model in what follows to develop representa-
tions of electromagnetic sources. In Chapter 5, we shall use the model to
develop solutions to some example boundary value problems.
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4.5 THE SHEET CURRENT SOURCE

Consider a planar electric current sheet in the xy-plane (Fig. 4-3). We
assume linear polarization in the x-direction and no variations in either x
or y. The mathematical representation of this current sheet involves the
electric current density J(z) in amps/m?2, given by

J(2) = X J508(2) (4.54)

where X is a unit vector in the x-direction and Jyq is a constant surface cur-
rent density in amps/m. We write Maxwell’s curl equations by substituting
(4.52) into (4.47) and (4.53) into (4.46) to give

VxE=—iopH-M (4.55)
VxH=iweE+]J (4.56)

In general, the permittivity is complex and is given by [6]
o
€=€+— (4.57)
lw

where o is the conductivity in mhos/m and €, is the permittivity of a
perfect dielectric (6 = 0). The complex permittivity accounts for losses
in the medium. For the case where the losses are negligible, the complex
permittivity reduces to the perfect dielectric permittivity €.

Since the source, given by (4.54), varies only with z, and since there
are no scattering objects present, we conclude that 3/3x = 3/dy = 0.
Substituting this result and (4.54) into Maxwell’s equations, settingM = 0,
and expanding in Cartesian coordinates, we obtain

dH
——2 = J,08(2) + iweE, (4.58)
dz

dH,
dzx = iweE, (4.59)
0= iweE, (4.60)

dE, |
— =iwuH, 4.61)

dz

dE _

—dz" = —iwpH, (4.62)

0=iwuH, (4.63)
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Fig. 4-3 Electric current sheet located in the xy-plane and linearly
polarized in the x-direction. Current sheet extends over
entire xy-plane.

From (4.60) and (4.63), we find that

The remaining equations decouple into two independent sets. The first set
is given by

dE .
-d-Tx = --ta)tu (4.65)
dH, .
——‘-17 = J508(2) + iwe E, (4.66)
The second set is given by
dE
— = iwpH, (4.67)
dz
dH
_dTX = iweEy (4.68)

Note that the first set contains E, Hy, and Jso, while the second set contains
E,, H,, and no sources. Since the second set is source-free throughout all
space and is not coupled in any manner to the first set, we must conclude
that the only solution to (4.67) and (4.68) is the trivial solution, viz.

E,=H,=0 (4.69)
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The problem is therefore completely described by (4.65) and (4.66), to-
gether with appropriate conditions as z — +00. We take the derivative of
(4.65) with respect to z and substitute (4.66) to obtain the following set:

d*E,

—Z 4 K2E; = iwpJs08(2) (4.70)
dz?
1 dE,
=—— 4.71
Y iop dz @.71)
where the wavenumber k is given by
k=ky/1—iS 4.72)
with
s=-2 4.73)
we€q
and
kg = w./ueg 4.74)

The wavenumber kg is the wavenumber that would be present in a perfect
dielectric (0 = 0). In the engineering literature, S is called the loss tangent
[7]. We note that, if the second-order, linear, ordinary differential equation
in (4.70) can be solved for the electric field E,, the magnetic field Hy can
be found by the simple differentiation indicated in (4.71). For limiting
conditions, we demand that, for k € C,

lim E, =0 (4.75)

z—>+o00
To solve the differential equation in (4.70), we let
E, = —iwnlyg 4.76)

Substitution into (4.70) yields

d’s .,
—2 ko= 4.77
a2 ke (@) (4.77)
with limiting conditions
lim g=0 (4.78)
z—>+o00

We recognize this as a Green’s function problem in SLP3. In general,
the Green’s function is associated with the delta-function source §(z — ¢).
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This source would produce a Green’s function g(z, ¢). Inthe case in (4.77),
¢ = 0and we obtain g(z, 0). The solution to this Green’s function problem
has been given in Example 2.20, viz.

—iklz|
g8(z,0) = ——, Im(k) <O (4.79)
2ik
Substitution into (4.76) gives
0 _
Ex(2) = =5 Jioe (4.80)
We may normalize this result by letting
2k
Joo = —— (4.81)
wp
We then have
Ex(z) = et (4.82)

Substitution of this result into (4.71) yields the accompanying magnetic
field, viz.

—ikz

et z>0
Hy,(2) = - . 4.83
y( ) n _ ezkz’ 7 < 0 ( )
where the intrinsic impedance 7 is given by
= ‘_",.(‘i (4.84)

The solution to (4.77) with limiting conditions in (4.78) has been
obtained by the Green’s function method. Alternately, the solution can
also be obtained by spectral methods. From the result in Example 3.4, the
spectral representation of the delta function for the operator —d?/dz? with
limiting conditions given by (4.78) is given by

8(z—1¢) = 51; f_ * eP0qp (4.85)

This spectral representation defines the Fourier transform. Applying this
transform to the Green’s function, we have

2(z,0) = :2.1; f_ Z G(B,0)eP*dp (4.86)
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w .
G0 = [ g0 dz 487
—00
Taking the Fourier transform of (4.77) and rearranging gives
1
G(B,0) = m (4.88)
Taking the inverse Fourier transform yields the alternative solution form
0= [ 4 4

g(z’)—g.f_wﬂz——k—zﬂ (4.89)

Substituting into (4.76) and applying (4.81), we find that
ik e
Ei(z) =—— =P ———dp (4.90)

Since the solution to (4.70) is unique, we may equate the two results in
(4.82) and (4.90) to give the following useful relationship:

. ik [ e
o—iklzl _ f]_r_ / hdﬂ, Im(k) < 0 (4.91)
—00 -

We remark that the result in (4.91) can also be obtained by contour inte-
gration techniques, as we show in the following example.

EXAMPLE 4.1 We shall show that
oo eiﬂz bie —ikizl
/;oomdﬂ=ne z, Im(k)<0

Consider

?{ e 4.92)
e, PP @

around a closed contour (Fig. 4-4) along the real axis from —R to R and a semi-
circle of radius R through the upper half-plane. We constrain R such that R > |k|.
The denominator of (4.92) has simple poles at § = +k. We have Im(k) < 0. It
can be shown that this selection of the sign of the imaginary part, together with
the definition of k in (4.72), implies that Re(k) > 0. The details are left for the
problems. Therefore, the pole at 8 = —k is enclosed by the contour, and the
residue theorem gives

lﬂz eiﬂz
fmc, Fdh = ZmRes[ ﬂz_kz;—k] (4.93)
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Im(B)
A B-plane
Cr
R
—K
[ ]
> » Re
z Y (8)
Fig.4-4 Contour for the evaluation
of the contour integral in
4.92).
Evaluating the residue and splitting the contour integral into two pieces gives
R iz iBz
e e T
———d, —dB = —e ik 4.94
[ermee+ [ oo =5 @59
We now show that
) eiﬁz
Rl-l-»“c}o /;R mdﬂ =0, z>0 (495)
Indeed, on Ckg, let
B = Re®® (4.96)
Then,
eiﬁz n eichosGe—zR sinoiReiode
———df| = -
/;'n ﬁz — k2 ﬂ ‘/(; R2¢i26 _ 2
R 4 .
< -zR sm9d9
= Rk /0 ‘
<_Fr (4.97)
= R kP '

In the last inequality, we have used the fact that zR sinf > 0,0 < 6 < & to bound
the integrand with unity. Therefore, in the limit as R — oo, the integral around
Cr approaches zero. Taking the limit in (4.94) gives

0o eiﬁz T it
f mdﬂ = ﬁ‘-e-’ z, z>0 (498)
—00

Equation (4.98) gives the result for z > 0. For z < 0, we close the contour
C, along a semi-circle through the lower half-plane. The details are left for the
problems.
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4.6 THE LINE SOURCE

Consider a line current source located along the z-axis (Fig. 4-5) and extend-
ing from z = —00 to z = 0o. We represent the current density associated
with this source by

J(p) = 21o8(x)8(y) (4.99)

where /j is a constant current in amps. We begin our study of the fields
produced by this current source by considering the problem in cylindrical
coordinates. From (4.8), the cylindrical coordinate representation of the
current J(p) is given by

. 8

J(p) = zloﬁ (4.100)
2np

Since the current source is independent of ¢ and z, and since there are no

scattering objects, we must have /3¢ = 3/dz = 0. Maxwell’s curl equa-

tions in (4.55) and (4.56) can therefore be written in cylindrical coordinates

by

E,=H,=0 4.101)
‘% = _iweE, (4.102)

17d .

p [2; (PEg) | = —iwpH, (4.103)

Fig. 4-5 Electric line current located along the z-axis and extending
from z = —oo to z = o0.



154 Electromagnetic Sources Chap. 4

gd% =iwuHy (4.104)
1[d .
> [2; (pH¢)] = J; +iweE, (4.105)
where
J, = 10§_(ﬁ)_ (4.106)
2np

We note that (4.102) and (4.103) are source-free and independent of (4.104)
and (4.105). Therefore,

H,=E4=0 (4.107)
We conclude that (4.104) and (4.105), together with appropriate boundary
and/or limiting conditions, completely characterize the problem. We mul-

tiply (4.104) by p, take the derivative with respect to p, multiply by 1/p,
and then divide by iwu to obtain

1 [d(dEz)] l[d ]
— | —{p—)|=-|—(pH (4.108)
iopp Ldp \" dp p Ldp (oHy)
Substitution of (4.108) into (4.105) produces the following set:
—|—(p— k°E, = Io— 4.10
P [dp ('o dp )] +1 dz Hok %2mp @109
Hy= — % 4.110
¢ iou dp ( )
To solve the differential equation in (4.109), we let
g = s @4.111)
iouly
and obtain
17d ( d )
- [— (p—g)] PO 4.112)
p Ldp \" dp P
with limiting condition
pangOg =0 (4.113)

To solve (4.112), we first consider a result from Example 2.21. In that
example, we considered

17d d 8(p—p'
S (o) #re=—"222 g
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with the limiting condition given in (4.113) and a finiteness condition at the
origin. The solution was given in (2.184) and is repeated here with some
trivial changes in notation, viz.

HY (ko' Jotkp),  p < o/

$0=5\ nPaprnt), o> o 1
Taking the limit as p’ — 0 yields the solution to (4.112), viz.
8(0.0) = = Hi" (ko) (4.116)
Substituting (4.116) into (4.111) and solving for E,, we obtain
E, = —“’Z“ HP (kp) (4.117)
Substitution of this result into (4.110) gives
Hy = ”;"’ H® (kp) 4.118)

The solution to (4.114) with limiting condition (4.113) atinfinity and a
finiteness condition at the origin has been obtained by the Green’s function
method. Alternately, the solution can also be obtained by spectral methods.
From Example 3.5, the spectral representation of the differential operator
in (4.114) with the given limiting and finiteness conditions is given by

8(p—p)
P

As found in Example 3.5, this representation gives the Fourier—Bessel trans-
form pair

= fo % JoOv0) Jo(Ap")AdA (4.119)

o0
FQ) = fo £(0)Jo(Ap)pdp (4.120)
o0
(o) = /0 F(\)Jo(ho)AdA (4.121)
Taking the Fourier-Bessel transform of both sides of (4.114) gives
(=22 + k)G, o) = —Jo(Ap") (4.122)

where G(A, p’) is the Fourier-Bessel transform of g(po, p’). Solving for G
and taking the inverse Fourier-Bessel transform gives

o Jo(Ap)Jo(Ap'
g(p,p,)=f o(Ap)Jo(Ap")

T2 AdA (4.123)
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To produce the solution to (4.112), we take the limit as o’ — 0 and obtain

_ [ Jorp)
8(p,0) = Y _kz)LdA (4.124)

Substitution into (4.111) yields

ioply [ Jo(Ap)
21 Jo A2 —k2

E, = AdA (4.125)

Comparing (4.125) to (4.117), we obtain the following integral represen-
tation of the Hankel function [8]:

2i [ Jo(Ap)
H® (kp) = — hm (4.126)

Taking the Fourier-Bessel transform gives the relation

L lfoo HE (kp) Jo(Ap)pd 4.127)
kz—k2—2i0 0 poppp .
We have obtained two representations of the electric field E, produced
by aline current located along the z-axis. These representations are given by
(4.117)and (4.125). Further representations can be obtained by considering
the same problem in Cartesian coordinates. Since 3/3z = 0, Maxwell’s
curl equations reduce to

OF: _ _iwuH, (4.128)
dy
9E,
Ktﬁ = za)p,Hy (4.129)
9By OEx _ _iwuH, (4.130)
dx ay
H
OH: _ iweE, (4.131)
dy
oH,
9Hy BHx _ 1 50)8(y) +ieE, (4.133)
0x ay

These six equations can be grouped into two independent sets, as follows:
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Setl: TM,
0L _ iwuH, (4.134)
dy
dE, .
—a—xi =iwuH, (4.135)
dH, 0H
—2 X = [o8(x)8(y) + iweE, (4.136)
ax ay
Set2: TE,
H.
: _ e, 4.137)
ay
dH .
—zﬁ = —iweE, (4.138)
E
9B, 9E: _ _iwuH, (4.139)
dax ady

Set 1 is labeled T M, since it contains no magnetic field component in the
z-direction. In a similar manner, Set 2 is T E,. We note that the two sets
are not coupled and that Set 2 is source-free. Therefore, the only solution
to Set 2 consists of the null fields, viz.

H,=E,=E, =0 (4.140)

To solve for the T M, fields, we differentiate (4.134) with respect to y,
(4.135) with respect to x, add the result, and substitute (4.136) to obtain

3’E, 9%E,

2 .
ax2 + el +k“E, = ioplpd(x)s(y) (4.141)
1 9E
H, = —‘—a—z- (4.142)
iopn 3y
1 9E,
=—— 4.143
> iop dx ( )
We consider (4.141), together with the limiting conditions
lim E,(x,y)=0 (4.144)
x—>+o00

lim E,(x,y)=0 (4.145)
y—>+oo ’
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To reduce (4.141), we combine the spectral representation and Green'’s
function methods. First, from Example 3.4, the spectral representation of
82 /3x? with limiting condition in (4.144) is given by

1 poo
8= x) = o / k=X gp (4.146)
—00

Multiplying both sides of (4.146) by E,(x’,y) and integrating over
(—00, 00) gives the spatial Fourier transform pair

1 [>® . .
By = [ Eulk y)etra, (4.147)
2 —00
A w .
Eulln) = [ Eutxy)e*oax (4.148)
—00
We therefore take the Fourier transform of both sides of (4.141) and produce
d*E .
—2 4 K2E, = iwplod(y) (4.149)
dy? y

where

ky = k2 — k2 (4.150)

and where E;(x, y) and E :(kx, y) are Fourier transform pairs. We let

= —- E: (4.151)
ionly
so that
d? 2

- (2;2. + ky) G, =48(®) (4.152)

where
lim Gy(ke,y)=0 (4.153)

y—>+o00

We have previously produced the solution to this Green’s function problem
in (4.79). In this case, we have

e‘i kylyl
2k,

G = Im(k,) <0 (4.154)

Substituting into (4.151), solving for E > and taking the inverse Fourier
transform, we obtain

ikyx
**dk 4.155
ar o ky e x (4.155)

Ez(xs y) =
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Equation (4.155) gives another form of solution to the line source
problem. If we compare (4.117) and (4.155), we produce the following
integral representation of the Hankel function:

—l'(kz-—kz)lnly[
@2, 212l 1 [*e * ikex
H? (kG2 +y)'?] = = /_w ek @159

where
Im(k2 — k%12 <0 (4.157)
Taking the transform of both sides of (4.156) yields
e~ itk =kD)'y| © ol 2 2 ,
— = 12 —ikyx
BT 3 [ H@ [k + 2] eheax @1se)
We note in (4.141), (4.144), and (4.145) that the x and y differential op-
erators and their manifolds are identical. We therefore could have taken
the Fourier transform with respect to y. The result can be immediately
obtained by interchanging x with y and &, with k,.

We now have three representations of the electric field from the line
current source along the z-axis, given by (4.117), (4.125), and (4.155). A
fourth representation can be obtained by taking the Fourier transforms of
(4.141) with respect to x and y to obtain

(—k2 = K2+ ) E, = iwply (4.159)

where E,(x,y) and l;‘z(kx, k,) are two-dimensional Fourier transform

pairs. Solving for E, and taking the two-dimensional inverse transform
gives

o0 et(kxx+kyy)
E,(x,y) = ;w;uo( )/ / dk dk,  (4.160)

Comparing (4.117) and (4.160), we obtain the following double-integral
representation of the Hankel function:

00 pilkextkyy)
H® [k(x +y2)‘/2 / / e dk dk, (4.161)
-0

Taking the two-dimensional transform, we obtain

1
" 4/ / H(z) k(x +y2)1/2] e~ r ) g
(4.162)
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We next move the line source away from the z-axis (Fig. 4-6) by
defining a current

J=2Id(x —x)6(y — ')

- z*zoﬁ(—’fp;’ﬂaw — &) (4.163)

where we have used (4.4) to make the delta function coordinate transfor-
mation. We expand Maxwell’s curl equations in cylindrical coordinates

and obtain
10H,

;F(;. = i(l)GEp (4°164)
oH
-—ij = -—iweE¢ (4.165)
170 JdE
p [%(pE‘t) - a—;—] = —iopH, (4.166)
10E
;3&5 = —iwpH, (4.167)
JoF
—é;z =iwuHy (4.168)
170 oH
: [$(9H¢) _ —af] = J, +iweE, (4.169)
V4
4\
lo
s >y
N y
RN s
A

Fig. 4-6 Electric line current located at (x, y’) and extending from
Z=—001t0Zz = 00.
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where we have used 3/90z = 0 in making the expansions. We have arranged
the six equations above such that the first three are TE, and the second
three are T M,. We note that the T E, and T M, fields are not coupled, and
that the T E, fields are source-free. We therefore conclude that the TE,
fields are zero. For the T M, set, we multiply (4.168) by p and differentiate
with respect to p to give

] BEZ) )
—(p—2) = —(pH, 4.170
% (p % iop % (pHy) ( )
Next, we differentiate (4.167) with respect to ¢ to give
13%E, 3H,
—— = —lop—- 4.171
P wp— " ( )

Using (4.170) and (4.171) in (4.169) to eliminate Hy and H, yields the
following:

3(p—p)o(p—¢
V2, E, + RE, = ioulp 2~ 200 = ¢) “172)
where, from (4.167) and (4.168), we have
1 9E,
Hy= —— 4.173
= ion 3p ( )
1 OE,
Hy=———* 4.174
7 iwpp 3¢ @179
and where
178/ 9 1 92
V2, = — [_( _)] —_—— 4.175
0= 5130 \P3p) | T 23g2 @1
The boundary and limiting conditions associated with E, are as follows:
pll)ngo E, =0 (4.176)
lim E, = finite 4.177)
p—0
E, |¢=¢0= E, |¢=¢0m (4.178)
gﬁz_ = 9E, (4.179)




162 Electromagnetic Sources ~ Chap. 4
where ¢y is any fixed angle. Let

E,
ioply

Substitution of (4.180) and (4.175) into (4.172) yields the two-dimensional
Green’s function problem

11 3_8] 198% o _ 8(p-p)
p[ (p )+p23¢2+kg" P ———8(—¢) (4.181)

do \' dp
plgrgo g=0 (4.182)
lim g finite (4.183)
p—0
g |¢=¢o= g ‘¢=¢0+2” (4.184)
g:g. - gﬁ (4.185)
¢ d=ho ¢ ¢=¢o+2n

In order to separate the p-operator from the ¢-operator, we multiply both
sides of (4.181) by p? and obtain

9 ( 3g a%g 2, _ _
0|55 (p52)|+ 505 + W0 = =080 = P25 - 8) (4180

A perhaps more descriptive way of writing (4.186) is as follows:

(Lp+ Lg)g = pd(p — 0)5(6 — ¢) (4.187)
where
d ] 2
Lo,=—-p [:’i; (p-{)—p;)] — (kp) (4.188)
32
Ly = —W (4.189)

The operator L, with boundary and limiting conditions given in (4.182)
and (4.183), is called the Kantorovich-Lebedev operator and leads to the
Kantorovich-Lebedev transform considered in Example 3.6. The operator
L 4 with periodic boundary conditions givenin (4.184) and (4.185) produces
the complex Fourier series considered in Problem 3.2. To solve for the
Green’s function g (p, ¢, p’, ¢’), we have the choice of applying a complex
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Fourier series expansion or the Kantorovich-Lebedev transform. We shall
consider both choices in turn. We begin by choosing the complex Fourier
series.

Using the complex Fourier expansion in Problem 3.2, we expand the
Green’s function as follows:

00 1 .
glp. 0.0, ¢)= ) an(p,p’,¢')\/;e'"¢ (4.190)

n=-00

The coefficient a, is given by

2n 1 .
a(p.p'.¢)= | 8(p.9.0". 9, -2——e"""’d¢
0 b4
= (g, Un) (4.191)

where u,, is the normalized eigenfunction

Up = ‘/—l—ei"¢ (4.192)
2

and where we have defined the complex inner product

2n
o) = [ u@yoi@)ds (4.193)
We symbolize the transform from g to a, given in (4.191) by

8§ == an (4.194)

Since the operator L is self-adjoint, we use the procedure in (3.24)-(3.27)
and find that

Lyg = n’a, (4.195)
Also,
[1 .4
S5 —¢) = [-—e (4.196)
27

Using these results to transform (4.187), we obtain

(L, +nYa, = ps(p - p')‘/%r-e_i’"ﬁ' (4.197)
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Substituting (4.188) and dividing both sides by p? gives
179 ( 0 2 8(p—p'
iy [_ (,o__)] -l 220 p) (4.198)
p Ldp \" dp P o

by = —n (4.199)

[ 1 ,—ing’
2ne ¢

For limiting conditions associated with b,, we choose

where

lim b, =0 (4.200)
p—>00
lim b, = finite (4.201)
p—0

The reader should verify that this choice of limiting conditions is consistent
with the limiting conditions associated with g given in (4.182) and (4.183).

We now solve (4.198) by the Green’s function method. This particular
Green’s function problem has been previously considered in Example 3.6.
Using the results therein, we may immediately write

x| H2 ko Iuko),  p <p'
2| HP (ko) Inko'), o> o’

Substituting (4.202) into (4.199), solving for a,, and substituting the result
into (4.190) yields

b, (4.202)

1 & .
g(p’¢apl7¢,)=ﬂ Z eln(¢ 9

n=-—00

{ HP® (ko) Jukp),  p < 0’

HP(kp)Ju ko), p> p’
(4.203)
Finally, this result substituted into (4.180) gives

o | HOUp ko),  p< g
E, = _M Z £ne=¢" n " (4.204)
A= H® (kp)Jnko"), o> p’

We recall from (4.117) that the electric field from a line source located at
the origin is given by

wpl
E, = -2 HY (ko)
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A coordinate transformation x — x — x’, y — y — ' gives, in cylindrical

coordinates,

wp,Io
4

E, = HP (k(lp — pl) (4.205)

where

o=l = —x)2+ (5 — y)2 = /o2 + p — 2pp’ cos(s — ¢)
(4.206)
Since (4.204) and (4.205) must yield the same result, we may equate them
to give

o | HOko)Jukp), p < p’
HOWp—pl)= Y e} ™

n=—oo HP (kp)Jukp'),  p > p’
(4.207)
which is the Addition Theorem for the Hankel function.
We next obtain an alternative representation of the solution for the
electric field by applying the Kantorovich-Lebedev transform to (4.186).
If g(p, ¢, 0, ¢") and G(B, ¢, p’, ¢') are Kantorovich-Lebedev transform

pairs, then the transform applied to (4.186) gives
d’G
a7 TFC=—H ()8~ ) (4.208)

where we have used the transform in (3.157) and the derivative transform
in (3.161). We define

A 2 G(ﬂ, d’v p” ¢,)
GB, ¢, )= —5—— 4.209
6,090 == o (4.209)
and obtain
d2é 2A /
a5 THG=-06-9 (4210)
with the boundary conditions
G(B. d0.8) = G(B, do + 27, ) 4.211)
dG(B, ¢o, ¢')  dG(B, ¢o + 2, ¢') 4212)

do - do
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From Problem 2.18, the solution to this Green’s function problem is given

by

cos[B(l¢ — ¢'| — m)]
2B sinnf

We substitute (4.213) into (4.209), solve for G, and use the inverse

Kantorovich-Lebedev transform given in (3.159) to obtain

G=-

(4.213)

800,000 =3 [ ~ico H{® (ko) B (ko) cos[B(1 — ¢/) = )]

8 sinfB

dag

4.214)
Substituting into (4.180) and solving for E, gives the electric field at (p, ¢)
caused by an electric line current source at (o', ¢'), viz.

iouly /—foo D (ko) H (kp") cos[B(I¢ — ¢'| — )]

E, =
¢ 8 Jio sinp

dp

(4.215)
Equation (4.215) gives an alternative representation to (4.204) for the elec-
tric field. By comparison with (4.205), we obtain the following integral rep-
resentation alternative to the Hankel function addition theorem in (4.207):

L1 i HP (kp) HP (ko') cos[B(ip — ¢'| — )]
H{? (klp — pl) = Efioo : ’ sin7p

dp

4.216)
For further discussion of the Kantorovich-Lebedev transform, the reader
is referred to [9]. The transform is particularly useful in the solution to

electromagnetic problems involving conducting wedges [10].

4.7 THE CYLINDRICAL SHELL SOURCE

Consider a circularly-cylindrical shell current source (Fig. 4-7), located
symmetrically about the z-axis and extending over z € (—00, 00). We
represent the current by

8(p—p")

= 71
J 0 mp

(4.217)

The factor 27 has been included so that the total current is Iy, viz.

fz"f [8(p p’)] ododé = Iy
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Fig. 4-7 Electric cylindrical shell >y
current located symmet-
rically about the z-axis
and extending from z =
—00 10 Z = 00Q. X

This problem is independent of both ¢ and z. Therefore, using (4.109) and
(4.110), we have

1[d [ dE -0
—[— (p ‘)]+sz = iwuly X —P) (4.218)
p Ldp dp | dE 2np
Hy= ——2 4219
¢ iou dp ( )
Let
g= -k (4.220)
ioply
so that
l[d ( dg)] 8(p —p')
2 4k =-_22"F) (4.221)
p Ldp dp 8 [

with the limiting condition
. AN
plg,ngo g(p,p) =0

and a finiteness condition at the origin. The solution to this Green’s function
problem has been given in (4.115), viz.

Hy (ko) Jolkp), o < p/
o) =21 " , , (4.222)
HP (ko) Joke),  p> p
Substituting into (4.220) and solving for E,, we obtain
(2) ’ /
ko) Jo(k, <
E, = _opl 2( 0 )Jokp), p<p 4223)
4 | HP ko)doko'), o> o'
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Note that
_oply 2
lim E, = — 2 ——Hy" (kp) (4.224)

p'—0

which reproduces the result for the line current at the origin, given in
(4.117). The reader should compare the development of the cylindrical
shell source in this section to the treatment in [11].

4.8 THE RING SOURCE

Consider a magnetic ring source M, located symmetrically about the z-axis
(Fig. 4-8). We describe the source by

M= p, PP
o

(z—2)¢ (4.225)

where 43 is a unit vector in the ¢-direction and P, is a magnetic current
momentin volt - meters. Since the problem is symmetric in ¢, we must have
d/0¢ = 0. With this restriction, Maxwell’s curl equations in cylindrical
coordinates reduce to

dHy

——* —iweE 4.226
a7 eTe (4.226)
13
;—(pH¢)_zweEz (4.227)
dE, OE, :
e Tt My —iwuH 4.228
3z % ¢ —lwuHg ( )
dH, dH,
—r_ E 4.229
% % iweEy ( )
J0E
—? = iwuH, (4.230)
0z
19
;—(pE,,) = —iwuH, (4.231)

We have arranged the six equations above so that the first three are T E4 and
the second three are T My. We note that the T Ey and T My fields are not
coupled, and that the T M fields are source-free. We therefore conclude
that the T My, fields are zero. For the T E set, we differentiate (4.226) with
respect to z and (4.227) with respect to p to obtain

_3Hy . 3E,

— 4.232
3z iwe 3z ( )
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C? M,

Fig. 4-8 Magnetic ring current
source located symmetrically about

X the z-axis.
] [1 ] dE,
—( )] = iwe—r (4.233)
3p Lp dp PHs ap
Subtracting (4.232) from (4.233) and substituting (4.228), we obtain
a1 3%*H,
—2 L K®Hy = iweM, 4.234
ap[pap(p ¢)]+ 2 +k*Hy = iweMy ( )
But,
) [1 9 19 ( dHy\ H,
—(pH, )] ( —) - = (4.235)
o lode T 500 \Pop o?
Substituting (4.235) into (4.234), we obtain
V2, Hy + (k" - ;15) Hy = iweM, (4.236)
where
19/ 8 92
V2 =-—( —) — 4.237
2= 5op \"op * *.237)
and
My =P -(pp—p) ~7) (4.238)

Once we have solved (4.236), the electric field components can be obtained
from (4.226) and (4.227), viz.

9H,
E,= __1 34, (4.239)
iwe 0z
1 9
E, = ———(pHy) (4.240)
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By suitably normalizing Hg, we may obtain the following Green’s function
problem:

6 — n!
(L,, +L, - k2) g= -(%f—)a(z ~7) (4.241)
where
19 a 1
Ly=——— (p—) + = (4.242)
P pap\Tdp)  p?
32
and where
Hy
= 4.244
8= Tiwep (4.244)
The associated limiting conditions are
lim g finite (4.245)
p—0
lim g =0 (4.246)
pP—> 00
zi“inoo g=0 4.247)

As shown in Problem 3.5, the operator L, in (4.242) with limiting condi-
tions in (4.245) and (4.246) leads to the Fourier—-Bessel transform of order
one. As shown in Example 3.4, the operator L, in (4.243) with limiting
conditions in (4.247) leads to the Fourier transform. We therefore have the
choice of applying either of these transforms. We shall consider each in
turn, beginning with the Fourier transform.

Using the Fourier transform over the z-variable in (4.241), we obtain

138 (3G 1 80— o
-2 (p5—> - (k}, - —2) G=e 3PP g
P p o

p dp
where g(p, z, 0, Z') and G(p, k;, p’, Z') are Fourier transform pairs and
2 _ 12 2

ky =k* —k; (4.249)

We let
- C 4.250

H="=z (4.250)

and obtain

16( 3H> (2 1) 5(p-p")
———\p— )|k - = = > 4.251)
pdp \" dp Lop? p
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We may satisfy the limiting conditions in (4.245) and (4.246) by
requiring

lin}) H finite (4.252)
p—>

lim H=0 (4.253)
p—>00

The solution to (4.251) with conditions in (4.252) and (4.253) has been
previously considered in Problem 3.5. We find that

o [ HPUeo)Dilkop), o<
2| HP (kpp) 1kop), 0> p'
Substituting (4.254) into (4.250) and the result into (4.244), we obtain

(4.254)

Hy = —

= /°° dk,etk@1) [ H‘(Z)(kppl)-ll(kpp)a p<p
€
—00

4 HP (kop) 1 kop')s  p> 0/
(4.255)
We may obtain an alternative representation by taking the Fourier—
Bessel transform of order one in (4.241). From the results in Problem 3.5,
we may write the following Fourier-Bessel transform pair:

R 00
G2.0.2) = [ 8020, )Ii000dp (4.256)
with inverse
w ~
g, z,0,7)= /0 G(A,z, 0", 2)J1(Ap)AdA (4.257)
From Problem 3.5, we have the following Fourier—Bessel transform pair:
1d ( d ) 1 ] 2 A
———|p— )+t S |gE=1rGC (4.258)
[ pdp \"dp) " 028
Applying (4.256) and (4.258) in (4.241), we obtain
d?H .
——— —BH=8(z-72) (4.259)
dz?
where R
A G
H = (4.260)
Ji(Ap")
and

B =k 2 (4.261)
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To satisfy the limiting condition in (4.247), we require

lim H=0 (4.262)

z—>t00

We have previously considered this Green’s function problem in Example
2.20. The result applied to (4.259) is as follows:

. e—iBlz=7|
H= - , Im(B8) <0 (4.263)
2ip
Substituting (4.263) into (4.260) and the result into (4.257), we obtain
00 g—iBlz=7|
g= [ S he) G (4.264)
o 2B

Finally, the magnetic field can be obtained by substituting (4.264) into
(4.244), viz.

. ’
00 e—tﬂlz—z |

2iB

Hy = —iwe Py / JL(A0") 1 (Ap)AdA (4.265)
0

4.9 THE POINT SOURCE

Consider an electric point source located at the origin (Fig. 4-9) and po-
larized in the z-direction. We assume that the source radiates in empty
space and that there is a small amount of loss present so that we may apply
limiting conditions on the fields as we approach +oo in x, y, and z. We
may describe the source in terms of its current moment /o as follows:

J = zIpté(r) (4.266)
where the units of /y€ are amp - meters and where
3(r) =8(x)8(»)8(2) (4.267)

The fields from such a source can be described conveniently by use of the
magnetic vector potential A, as follows:

- (v2 + kz) A=ul (4.268)

The magnetic and electric fields are obtained from the vector potential by
the following two relationships:

H= %v x A (4.269)
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Ioe a4
Fig. 4-9 Electric current point
source located at the
origin. X
) 1
E=-iw|A+ P—V(V -A) (4.270)

Since the current is in the z-direction, the magnetic vector potential is also
z-directed, viz.

A =14, 4.271)

The z-component of (4.268) yields a differential equation for determining
the vector potential A, viz.

- (v2 + k2) A, = plols(r) 4.272)
We let
g = A 4.273)
plo
and obtain
- (v2 + kz) g = &(r) 4.274)

We first consider the solution to the point source problem in Cartesian
coordinates. Expanding (4.274), we have

? 9 3
—|—=+—=+—+k)g=56x)(y)8 4.275
(ax2 taptaat )g 13(»8() (4.275)
From the results in Exampe 3.4, the spectral representation of each of the
three differential operators in (4.275), with limiting conditions at £00,
yields the Fourier transform. Typically, for the operator —32/dx? with
limiting conditions
lim g=0

x—> o0
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we have

1 o . ,
8(x—x’)=—2—; e =g (4.276)

—00

Taking the Fourier transform in (4.275) over x, y, z, we obtain

— (- K-k +K)G=1
where g <=> G is atriple Fourier transform pair over (x, y, ), (kx, ky, k).
Solving for G, we obtain

1

G=-
kz—k%—kg—kf

Taking the inverse transform over ky, ky, k, yields

'(kxx+k,y+kzz)
= dk,dk,dk 4.277
8 (271)3 Loo/ oo k2 — k% _kzz xGKyak; ( )

Using (4.273), we obtain, for the magnetic vector potential,

pnlol l(kx1+kyy+k,z)
A, = / f f — kgdkxdk,dkz (4.278)

T @n)?

An alternative form in Cartesian coordinates can be obtained by taking
the Fourier transform over any two Cartesian variables. In (4.275), if we
take the Fourier transform over x and y, we obtain

d2
- (2—2 + k2 — k2~ k2> =48(2) (4.279)

where g < G is a double Fourier transform pair over (x, y), (kx, ky).
The one-dimensional Green’s function problem in (4.279) is identical to
that posed in (4.152) and (4.153). The solution is given by

eIzl

2iB

A

G=

Im(B) <0 (4.280)

where
B=k—ki-k2 (4.281)
Taking the inverse Fourier transform over k,, ky yields

o0 e lﬁ
£= (27:)2/ [ 2ip BT ks, @28
o0
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Using (4.273), we obtain the magnetic vector potential A, as follows:

#Ioef f°°e ALl RICESTS)
x dky 4.283
4= o ) ) 208 ks (4.283)

We next consider the point source problem in cylindrical coordinates.
We note that, in cylindrical coordinates, the Green’s function problem in
(4.274) is a function of p and z and independent of ¢. Expanding (4.274),

we obtain 5

10/ 9 d 3(p)é(2)

pdp \" dp 9z 2rp
The spectral representation of the p-operator produces the Fourier-Bessel
transform of order zero, while the spectral representation of the z-operator
produces the Fourier transform. We shall derive three forms of solution
in cylindrical coordinates. For the first form, we apply the Fourier-Bessel
transform to (4.284) and obtain.

(4.284)

d2G 8@)
—— —T26G 4.2
dz? G= o (4.285)
where
- 00
G2 = [~ 80, alho)odp (4.286)
and
I'=vk2-22 (4.287)
The solution to (4.285) with limiting conditions
lim G=0
z—>+o0
is the same as (4.263), viz
. e-illl
2nG = ———, Im(T) <0 (4.288)
2iT
Taking the inverse Fourier-Bessel transform yields
e—iTlzl
80,0 =5 [~ S dond (4.289)

Using (4.273), we produce the magnetic vector potential

A, =
Y 2ir

Jo(Ap)AdA (4.290)
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The second form of solution is obtained by taking the Fourier trans-
form of (4.284) with respect to z, with the result

19 ( 3G\ L, &)
| p— | -1 =L 4.291
pap (pap> i 2np ( )
where
A w _-k
Gm¢a=/ g(p, 2)e"*2dz (4.292)
-0
and

v =, /k2 - k2 (4.293)

We now use (2.185) and write the solution to (4.291) as follows:
hé=§%%m) (4.294)
1

Taking the inverse Fourier transform, we obtain

= L [7 B®@petar 4.2
8=gm ). Ho (tp)e 2 (4.295)
Using (4.273), we have, for the magnetic vector potential,

It (> .
=5 [T HO (2p)eikidr, (4.296)
8mi —00
The third form of solution is obtained by taking the Fourier-Bessel
transform with respect to p and the Fourier transform with respect to z,
with the result )
Mk -kG = —
(A" +k; )G o
Solving for G and taking the inverse Fourier—Bessel transform and the
inverse Fourier transform gives

00 ik A
— f [ 5 J°( 0 Adadk, (4.297)
T4 0

Finally, we consider the point source problem in spherical coordi-
nates. We note that the Green’s function problem posed by (4.274) is
symmetric in spherical coordinates over both § and ¢. Therefore, the op-

erator V2 is given totally by its radial component. We therefore may write
(4.274) as follows:

117d [ ,dg _ 8(r)
[dr (r = )] +Rg= - (4.298)
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where we have used (4.22) for the spherical coordinate representation of the
delta function at the origin. We have obtained the solution to this Green’s
function problem previously in Example 2.22. Using (2.201), we obtain

e—-ikr
g= (4.299)
4mr
Again using (4.273), we obtain the magnetic vector potential, as follows:
Iof —ikr
A =B (e ) (4.300)
4 r

We may exhibit five identities from the alternative representations of
the point source. Comparing (4.299) and (4.277), we obtain

—1kr :(k,x+k,y+k;z)
5 / / f — dkxdk dk, (4.301)

From (4.299) and (4.282), we have

—lkr 00 o= iBlz|
-2 f / S kXN g dk, (4.302)
—00 l
where
B = k?— kf - k§ (4.303)
From (4.299) and (4.289), we have
e—tkr oo ,—illz|
. =2 /0 T Jo(Ap)AdA (4.304)
where
= vk2 -2 (4.305)
From (4.299) and (4.295), we have
—ikr 1 00 .
¢ — = f HP (zp)e*dk, (4.306)
l J-o0
where

T =k - k2 (4.307)

From (4.299) and (4.297), we have

—xkr ’k‘z.]o(lp)
— =5 35 MAdk, 4.308
./ / N+ k2—k? k2 - ¢ )
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PROBLEMS

Given the time-harmonic representation of f(¢) in (4.23), show that

d )
d—{ = Re(iwFe'™)

Verify the four relations for the real-part operator, given in (4.27)-(4.30).
Hint: To prove the two relations for derivatives and integrals, begin with the
basic definition of a derivative and a Riemann integral.

One of the important theorems of electromagnetic theory is the principle of
duality [12],{13]. Using duality, make the necessary changes in (4.80)—(4.83)
to obtain the fields produced by the magnetic sheet source

M(z) = xMp8(2)

where My is a constant magnetic surface current density in volts/m.
From (4.72), the wavenumber with loss is given by

k=kyv1-iS

Show that the requirement Im(k) < O implies that Re(k) > 0. Hint: Write
ik in terms of its real and imaginary parts, viz.

ik=a+if =ikgvV1—iS

Solve for « and 8 by squaring both sides and discarding the extraneous root.
Note that Im(k) < Oimplies Re(a) > 0. From the sign of a, it is then possible
to infer the sign of S.

In (4.98), we obtained

®©  gibe T
—  _dB=— -:kz’ 0
[ 7—me= 5 ¢

By contour integration and the calculus of residues, obtain the result for
2 < 0. Hint: In Example 4.1, we closed the contour on a semi-circle through
the upper half of the B-plane. For z < 0, close the contour through the lower
half of the B-plane.

An interesting variation [14] on the line source problem examined in Section
4.3 is the line source located at (x’, y’) parallel to the z-axis and polarized in
the p-direction (Fig. 4-10). Such a source can be represented by

I=5 “("p”)aw )
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Show that the magnetic field radiated by this source is given by

00

o S e | HOG)IGkp), p < p
4p' & HP (kp)Ju(ko'), p> p

Show that, despite the presence in the sum of the multiplicative factor n, the
series converges as n — £00.

z

A h

Fig. 4-10 Line source parallel to z-axis and p-polarized.
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5

Electromagnetic Boundary
Value Problems

5.1 INTRODUCTION

In this chapter, we consider electromagnetic boundary value problems. We
apply the concepts developed in the first four chapters, concentrating on
the application of the mathematical ideas to a representative set of electro-
magnetic examples. Our principal objective is structure. Once the reader
understands how the concepts in linear spaces, coupled with the theories
of Green’s functions and spectral expansions, can be applied to examples,
it should become apparent how the methods are used to approach the study
of electromagnetic propagation, scattering, and diffraction in an organized,
logical manner.

We begin by extending the Green’s function method to three dimen-
sions. We next consider the case where the three-dimensional geometry
is independent of one spatial coordinate so that the problem reduces to
two dimensions. We then present a series of examples. We shall find that
we may construct solutions in two and three dimensions by using com-
binations of the one-dimensional Green’s functions and one-dimensional
spectral representations discussed in Chapters 2 and 3, respectively.

One of the important solution characteristics that emerges in the ex-
amples is the fact that there exist alternative representations for the solu-
tions. In particular, we exhibit alternative representations for the fields in a
parallel plate waveguide and the fields scattered by a perfectly conducting

181
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cylinder. These solutions not only have important physical interpretations,
but also are useful in different portions of the frequency spectrum.

5.2 SLP1 EXTENSION TO THREE DIMENSIONS

We begin by considering the negative Laplacian operator L = —V? on a
three-dimensional closed and bounded region V. This region is surrounded
by a surface S whose parts may or may not be contiguous. For example
(Fig. 5-1), the surface S might consist of an external surface S, and two
internal surfaces S and S, with

In this case, the region V consists of the volume internal to S, but external
to S; and ;. By convention, the unit normal vector 7 points outward from
V. Our interest is in the three-dimensional partial differential equation

Lu=f (6.1
where f is a real function and where
Li=L-x=-V2-}, AeR (5.2)
The functional dependence of 4 and f is
u = u(r)
f=f

where r € V. In Cartesian coordinates, for example, u(r) stands for
u(x,y, 2). Letu(r) and v(r) be members of a Hilbert space H with inner
product

(u, v) =‘/;/u(r)v(r)dV (5.3)

for all u, v € H. The three-dimensional problem involving (5.1) can be
stated as follows: Given the partial differential equation in (5.1) and a
suitable boundary condition involving u(r) and its normal derivative on
the surface S, determine u(r) throughout V. We shall require that u(r)
have the following specification on S:

B(u) = ayu|g+ arVul|g- A =a (5.4)

where the coefficients «, a), a; are real and where 1 is the outgoing normal
from the surface S. Our notation u | ¢ indicates the function u(r) evaluated
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at points on S. In addition, Vu| - # indicates the normal derivative of u(r)
evaluated at points on S. The condition in (5.4) has two important special
cases. If @y = 0and a7 = 1, we have

Bu)=u|g =« (5.5)

Equation (5.1), coupled with boundary condition (5.5), is called the Dirich-
let problem, and (5.5) is referred to as the inhomogeneous Dirichlet bound-
ary condition [1]. (If « = 0, the boundary condition is homogeneous.) If
a; = 0and oy = 1, we have

B(u) =Vu|;-i=«a (5.6)

Equation (5.1), coupled with boundary condition (5.6), is called the Neu-
mann problem, and (5.6) is referred to as the inhomogeneous Neumann
boundary condition. The general case in (5.4) is called the mixed problem.
We point out that it is perfectly reasonable to have one type of boundary
condition (Dirichlet, Neumann, or mixed) on a portion of the surface S and
a different type of boundary condition (Dirichlet, Neumann, or mixed) on
the remainder.

3>

Fig.5-1 Three-dimensional region
V surrounded by surface
S. In this case, S = S,+
S+ 5.

We recognize the above collection of problems as a three-dimensional
extension to SLP1, considered in Section 2.4. Most of the concepts devel-
oped in one dimension in Section 2.4 carry over to the present case, as we
shall now demonstrate.

The operator L = —WV2 has a formal adjoint. For u, v € H, we form
(Lu,v) = f (-V2u)vdV (5.7

14
In the one-dimensional case, the adjoint was found by integrating by parts

twice. The extension to three dimensions can be obtained by integrating
by parts over all three coordinates comprising V. A more direct and com-
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pact method, however, employs Green's theorem [2]. In the case of the
Laplacian operator, Green’s theorem is given by

/(—Vzu)vdV =/ u(—-Vzv)dV+f(—vVu+qu)-ﬁdS (5.8)
v 14 s

We write this result in inner product notation as

(Lu,v) = (u, L*v) + J(u, v) (5.9)
s
where the conjunct J (4, v) | is given by
s
Jwv) | = f (~vVu + uVv) - AdS (5.10)
s Js

The operator L* produced by Green’s theorem in (5.9) is the formal adjoint
to L. We observe in (5.8) that

L*=L (.11

and therefore, the operator L = —V? is formally self-adjoint.

As was the case in Chapter 2, we shall assume initially that the bound-
ary condition on u is homogeneous, B(u) = 0. We now choose the bound-
ary condition on v to be that condition B*(v) = 0 which, when coupled
with the boundary condition on u, results in the vanishing of the conjunct,
viz.

Ju,v)| =0 (5.12)
S

In general, the boundary conditions associated with v are different from
those associated with u. When they are the same, however, the operator L
is self-adjoint.

EXAMPLE 5.1 Consider the homogeneous Dirichlet problem. Then, B(u) =
u|g =0, and (5.12) gives
0= [ vVu.-ndS
s

To satisfy this relationship, we choose B*(v) = vl s = 0. Since the boundary
condition on v is identical to the boundary condition on u, the operator L for the
Dirichlet problem is self-adjoint.
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EXAMPLE 5.2 Consider the homogeneous Neumann problem. Then, B(x) =
Vu|g - /i =0,and (5.12) gives

O=quv~ﬁdS
s

To satisfy this relationship, we choose B*(v) = Vv| s -7 = 0. Since the boundary
condition on v is identical to the boundary condition on u, the operator L for the
Neumann problem is self-adjoint.

To produce the solution to (5.1), we define two auxiliary problems:
the Green’s function problem and the adjoint Green’s function problem.
The Green’s function problem is defined as follows:

Lygr,X)=68(r—r) (5.13)

B(g) =0 (5.14)

where L, is defined in (5.2). We note that, by definition, the boundary
condition on g is identical to the homogeneous boundary condition on u.
The adjoint Green’s function problem is defined as follows:

Lyh(r,r)=8(r—7r) (5.15)

B*(h) =0 (5.16)

We note that, by definition, the boundary condition on 4 is identical to the
boundary condition on v.

In the same manner as in Section 2.4, the solution to (5.1) is obtained
by taking the inner product of L,u with h, viz.

(Lau, h) = (u, Lyh) + J (u, b) | (5.17)
S

where the integrations are with respect to the unprimed coordinates. Sub-
stitution of (5.1) and (5.15) into (5.17) gives

u() = (f, h) — J(u, b) l (5.18)
S
or, explicitly,

u) = L f@h,r)dVv + /s [A(r, ¥)Vu(r) — u(r)Vh(r,r)] - ndS
(5.19)
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We note that (5.19) is the solution to (5.1), provided that we can determine
the adjoint Green'’s function A(r, r’).

In a manner similar to the Green’s function method developed in
Section 2.4, we can show that it is never necessary to find the adjoint
Green’s function directly. Indeed, we form

(Lkg(l', rl)s h(l', r”)> = (8("’ l',), Llh(ra l'”)) + J(g1 h) s (5'20)

We are given the boundary conditions on g. We choose the boundary
conditions on & so that

J(g,h) = 0 (53.21)
Then, substitution of (5.13), (5.15), and (5.21) into (5.20) gives
h(v',r") = g(", r)
or, with a change in variables,
h(r,r) =g, 1) (5.22)

Therefore, the adjoint Green’s function is given simply by interchanging r
and r’ in the expression for the Green’s function g(r, r’). In cases where
L is self-adjoint, the boundary conditions on h are the same as those on g,
and we must have

h(r,r) =g(r,r) =g, r) (5.23)

Therefore, the Green’s function is symmetric. For the self-adjoint case, we
may substitute (5.23) into (5.19) to obtain

u@) = /v f@gr,r)ydv +/S[g(r, r)Vu(r) — u(r)Vg(r,r')] - idS

(5.24)
For the case presently under consideration, where the boundary conditions
on u are homogeneous, the term involving the conjunct in (5.24) vanishes,
and we are left with

u(') = /V F(O)gr,r)dV (5.25)

To extend the results to the inhomogeneous case, we simply apply the
inhomogeneous boundary conditions to (5.24), with the result that some
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of the terms in the conjunct will survive. The final step in the solution
involves the interchange of the primed and unprimed coordinates, in the

same manner as in Section 2.4. We demonstrate these concepts in the
following example.

EXAMPLE 5.3 Consider a rectangular box (Fig. 5-2) with dimensions a, b, c.
It is required to find the solution to —V2u = f in the region V inside the box,
where it is given that u satisfies the Dirichlet condition B(u) = u[ s = 0 on the
boundary. The formulation of the problem is as follows:

~Viu=f inV (5.26)
u(©,y,z) =u(a,y,2) =0 (5.27)
u(x,0,z) =u(x,b,2) =0 (5.28)
u(x,y,0) =u(x,y,c)=0 (5.29)

We know that the operator L = —V? with Dirichlet boundary conditions is self-
adjoint. We may therefore use (5.25) rather than (5.19), viz.

u(r') = f f(Dg(r,r)dv (5.30)
v
where we require the solution to
B gtary ) =86 = X080~y D)
ax2 ay2 azz gx,)’yz,x,}’ ,Z - )’ )’ Z Z
(5.31)
with
gl =gl =0 (5.32)
gl =g =0 (5.33)
y=0 y=b
gl =g =0 (5.34)
z=0 2=c

where we have chosen the boundary conditions on g to be identical to the boundary
conditions on u. We begin the solution to (5.31) by invoking the spectral repre-
sentation of §(x — x). As we found in Problem 3.1, this representation produces
the orthonormal eigenfunctions

2
U (x) = /; sin "'—Zf (5.35)

and leads to the Fourier sine series, viz.
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b
c
a XA y
z Fig. 5-2 Rectangular box problem.
’ w ’
86,3, 25,5, )= an(y, 2,4,y Dun(x) (5.36)
m=1
where
a
an(y, 2%y, 7) = / g, v, 2, X,y um(x)dx (5.37)
0

In a manner similar to (3.24) and (3.25), we note that (5.37) transforms the Green’s
function g into the coefficient a,,, viz.

g = apn (5.38)

Also, (5.36) provides the inverse transformation of a,, into g, viz.

g = ap (5.39)
Since the operator
a2
Ly =-—
ax2

is self-adjoint, (3.27) and (3.28) give
mi\2
Lg = (—) O (5.40)
a

We also easily establish that

a

/ 8(x — X (x)dx = upm(x")
0

so that

8(x —x") => up(x") (5.41)
Using (5.38), (5.40), and (5.41) to transform (5.31), we obtain

92 32 mi\2 ) / ’
B [672 +32- () ]"’”“y’ 2,5,y 7) =un(x)80 — ¥z — )
(5.42)
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Equation (5.42) is a partial differential equation whose solution yields a,,. To
solve (5.42), we invoke the spectral representation of §(y — y'). The operator
(—8%/8y?) with boundary conditions

an©0,2,%",y,7) =anb,2,x',y,7) =0

results in orthonormal eigenfunctions that we may again obtain from the results in
Problem 3.1, viz.

2 . nm
va(y) = ‘/; sin —by- (5.43)

These eigenfunctions lead to a Fourier sine series representation of o, viz.

00
(32,555, ) =) Bz ¥,y )0n(y) (5.44)
n=]
where
’ b ’
Bmn(z, X',y 2) = f n(y, 2, %',y , 2 va(y)dy (5.45)
0
Since the operator
32
RO

is self-adjoint, we proceed in the same manner as in the above treatment of L,.
With respect to the transformation given in (5.45), we have

U == Bmn
nmw\2
Lya, = (7) Bmn
8(y —y) =>va(y)

We use these relations to transform (5.42), with the result

d? , ,
- (d—z—z - )’,3,.) Brn(z, X',y 7)) = um(x")vn(y )8(z — 2) (5.46)

where

Yo = (ﬁ:-)2 - (%)2 (5.47)

We let
Brn(z, X',y ) = Bun(Z, Yt (x" )00 (¥") (5.48)
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and obtain the ordinary differential equation

d? .
( dz 4.2 + }’mn) Bmn = 8(z — 7) (5.49)

We associate the following boundary conditions with (5.49):

n
= ﬂmn

=0

A
Brmn

=0 (5.50)
I=c
It is easy to show that satisfaction of (5.50) satisfies (5.34). The Green’s function
problem posed by (5.49) with boundary conditions in (5.50) can be solved by the
standard Green’s function methods developed in Chapter 2. The details are left
for the problems. The results are as follows:

R . 1 sinh Yma(c — ') sinh ypmpz, 2<7
Bmn(2,7) = T h— (5.51)
Ymn S YimnC | sinh Y, (¢ — 2) sinh Ypn2’ 72> 7

Substitution of (5.51) into (5.48), (5.48) into (5.44), and (5.44) into (5.36) yields
the required Green’s function, viz.

g= i f: U (X)Un () (0 (p) | SIONYmn(c = 2)simh Yz, 2 <2
m=1 n=1 Vrn SIDh Y€ Sinh Yppu (¢ — 2) sinh Ypp2’, 2> 2

(5.52)
We note in (5.52) that the Green’s function is symmetric, g(r, r') = g(r, r), as
predicted by the self-adjoint property of the negative Laplacian operator. Substitu-
tion of (5.52) into (5.30), followed by an interchange of the primed and unprimed
coordinates, yields the final solution, viz.

Um (x)vn(y) N RPN I ¢
u(x,y,2) = ZZ =y A e )fo um(x)[smhymn(c—z)[o

m=1 n=1

f(', ', 7) sinh Ypn2'd2’ + sinh Yz

c
' f F&',y', ) sinh Yma(c — z')dZ']d"'dy’
4

(5.53)
In the production of the Green’s function, we chose to begin with a spectral expan-
sion over the x-coordinate, followed by a spectral expansion over the y-coordinate.
In a manner similar to many of the multiple-dimension cases considered in Chap-
ter 4, alternate representations are possible. Other forms could be obtained by
expanding spectrally over y and z or over x and z. Another possibility is to expand
spectrally over all three coordinates.
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5.3 SLP1 IN TWO DIMENSIONS

In many of the interesting problems in electromagnetics, the assumption is
made that the fields are independent of one of the three spatial coordinates,
with the result that the problem to be solved is two-dimensional. To solve
two-dimensional problems, we modify the Green’s function method de-
veloped for three dimensions in the previous section. The starting point is
again the application of Green'’s theorem to the negative Laplacian operator,
asin (5.8), viz.

f(—Vzu)vdV =/ u(—Vzv)dV+/(—vVu +uVv)-ndS (5.54)
14 14 s

In the two-dimensional case, the Laplacian is two-dimensional. For ex-
ample, if the problem is independent of z, we would write the negative
Laplacian as —V,zcy. In addition, the volume V and the surface S become
degenerate, in the sense that the integration over one of the coordinates
involved in both the volume and the surface integrals is trivial. For exam-
ple, if the problem is independent of z, the integrations over z in all three
integrals in (5.54) will cancel. We illustrate these ideas in the following
example.

EXAMPLE 5.4 Consider a rectangular cylinder (Fig. 5-3) with cross-sectional
dimensions a and b. It is required to find the solution to —nyu = f in the region
V interior to the cylinder, where it is assumed that f is independent of z. Since the
geometry is also independent of z, the solution u# will be z-independent. Suppose
it is given that homogeneous Dirichlet boundary conditions apply on the surfaces
bounding the cylinder, except for the surface at y = b, where it is given that the
inhomogeneous boundary condition
uly:b =a

applies, where « is a real constant. We state the problem as follows:

~Viu=f (5.55)
u©,y) =u(a,y)=ux,00=0 (5.56)
u(x,b) =« (5.57)
a
v b
YA
Fig. 5-3 Rectangular cylinder _

problem. X
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The associated Green’s function problem is as follows:
~Vig=8(x—x)8(-y) (5.58)

8lx=0 = 8lx=a = g|y=0 = g'y=b =0 (5.59)
where, consistent with the discussion associated with (5.13) and (5.14), we have
chosen the boundary conditions associated with g to be the same as the homo-
geneous form of the boundary conditions associated with u. The homogeneous
Dirichlet boundary condition case associated with (5.55) is a self-adjoint problem.
We therefore formulate in terms of the Green’s function g(x, y, x’, y'). In this
case, (5.54) becomes

f(—Vzu)ng = f u(-V2g)dv +f(—gVu +uVg)-ndS (5.60)
v v s

The surface integral S consists of integrals over the surfaces bounding the cylinder
atx =0,x =a,y =0, and y = b, plus the integrals over the cylinder cross
sections at z - —oo and z — oo. Application of the boundary conditions
specified in (5.56) and (5.59) reduces all surface integrals to zero, except over the
surface at y = b and over the surfaces at z — —oo and z — 00. Consider the
integral at z — 0. We have

du

Yy -f= —
u-n az
. 0g
Vo -h = =
g 9z

By hypothesis, there are no variations with respect to z, and these partial derivatives
vanish. The integral at z — —oo vanishes in a similar manner. The only remaining
surface integral contribution is over the surface at y = b, and (5.60) reduces to the
following:

00 b pa 00 b pa
/ f f (-V*u)gdxdydz = f [ f u(—V2%g)dxdydz
—o00J0 JO -00J0 JO

[e ¢} a
+a f f (Vg - y‘)| dxdz  (5.61)
—00 JO y=b

Since the integrands in all three integrals are independent of z, the z-integrations
cancel and we have

b pa b pa aag
~V2 w)edxd =f / —V2 ¢)dxd +a/ =| dx (562
/0 fo (= V5, w)gdxdy A u(—V,,8)dxdy | ayly=b (5.62)

where we have used 3/3z = 0 to reduce the Laplacian to two dimensions. Substi-
tuting (5.55) and (5.58) and performing the delta function integration, we obtain

, b pra , “9g(x,b,x',y")
u(x,y)=/ff(x,y)g(x,y,x,y)dxdy—af o8, %.x,%) 3y 24 dx
0 Jo 0
(5.63)
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To complete the solution, we must solve the Green’s function problem given in
(5.58) and (5.59). Inthe same manner as in Example 5.3, the spectral representation
in the x-direction leads to a Fourier sine series, viz.

o0
8,3, %,y =) an(y, X',y )um(x) (5.64)
m=1
am(y, x',y) = /(; g0, v, %', y Y (x)dx (5.65)
where
2 . mnx
Um(x) = 4/ —sin (5.66)
a a

With respect to the transformation given in (5.65), we have
g = anm
Using the same procedure as in (5.37)—(5.41), we obtain
dg mm\2
g = ()
S(x —x') = up(x)

Using these relations to transform (5.58), we obtain

d? mm\2 , ,
=+ (55) [an0n ) = unGDB -y 56D
dy a
We associate the following boundary conditions with (5.67):
an(0,%',y") = am(b, x',y) =0 (5.68)

Application of these Dirichlet boundary conditions satisfies the boundary condition
requirements in (5.59) at y = 0 and y = b. The solution to (5.67) is available
immediately from the result previously obtained in (5.51), viz.

Uy (x') sinh 2Z¢=2) giph 12y <y’ (5.69)
T omroginhmEb | ®-y) ' ' ’
a Simh Z2= | sinh PE2 D ginh 22 y >y
Substitution in (5.64) yields the Green’s function
2 & sin X gjp mEX sinh'—"L""’—Ilsinhm, y<y
g(xy yyxlyy ) = _Z m”a. mn: . m?((:'— ) . m”a' ’
a. - TSlnhT smh——a—l-smh -—E!—, y>y

(5.70)
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Equation (5.70) gives the Green’s function required in the first integral in (5.63).
In the second integral in (5.63), we require dg/dy evaluated at y = b. Performing
the required differentiation in (5.70) yields

3g(x, b 2 ’ sinh 22
M—) Zsm 72 sin T 8 (5.71)

a sinh "‘T""

Substitution of (5.70) and (5.71) into (5.63), followed by an interchange of the
prime and unprimed coordinates, yields the following result:

12X, mnx . mux' sinhm )
ux,y)=a | ;lem P sin — oy 2t ”mb dx dy' f(x',y)
m=
i sin s sin max [ sinh =) ginh Yy <y
’ mu oot mub ,
ot TSRS | gph G gy mt -y
(5.72)

It is easy to show that (5.72) satisfies the boundary conditions at x = 0, x = a,
and y = 0. The details are left for the reader. We now show that (5.72) satisfies
the inhomogeneous boundary condition at y = b required by (5.57). Indeed, at
y = b, the second term vanishes and we have

! a
u(x,b) = a/ Zsm X sin 0% gy’ = ot/ §(x —xdx' =a (5.73)
a 0

where we have used the spectral representation of the delta function

W 2 mrx | mux
Sx —x)= - sin —— sin
a a

m=1

a

It is also important to show that the solution in (5.72) satisfies the original differ-
ential equation in (5.55). The details are left for the Problems.

5.4 SLP2 AND SLP3 EXTENSION TO THREE
DIMENSIONS

In this section, we consider complex f, complex A, and admit the pos-
sibility of unbounded regions. We produce an SLP2 and SLP3 exten-
sion to three dimensions. We again confine our attention to the three-
dimensional negative Laplacian operator and consider the partial differen-
tial equation
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Liu=f (5.74)

where
Ly=L-2X, reC (5.75)

and where L is the Laplacian operator
L=-V (5.76)

Define the three-dimensional inner product

(.8)= [ repmav (5.77)
The Green’s function problem associated with (5.74) is given by
Lyg =8(r—r) (5.78)

Extending our analysis in Sections 2.5 and 2.6, we solve (5.74) by
taking the inner product with the adjoint Green’s function A(r, r’), as fol-
lows:

(Lyu, h) =f

; [(—v2 - A) u]ﬁdv = fv (~V2u)hdV + fv (—Au)hdV

(5.79)
To produce the adjoint operator L} and the conjunct J (u, h), we again use
Green’s theorem. In the case of the Laplacian operator, we have

A (—=V2uWhdV = fv u(—=V2h)dv + fs (—Evu+uvﬁ) -AdS (5.80)

where S is the surface bounding V and 7 is the unit normal to S in the
direction outward from V. But,

fu(-vzﬁ)dv =f u(—=V2h)dV = (u, —V?*h) (5.81)
14 v
and
f (—Au)dV = / w(=3R)dV = (u, —Xh) (5.82)
1% 1%

Substituting (5.81) in (5.80) and then (5.80) and (5.82) into (5.79), we
obtain

(Lau, h) = (u, LYh) + J(u, h) (5.83)
s
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where

Liu=-V2 -} (5.84)
Ju, k) ' = f (EVu - uvﬁ) hdS (5.85)
S S

We note that (5.83) is the three-dimensional extension of (2.134). We may
solve for u in (5.83) by considering the adjoint Green’s function problem
given by

Lih=48(r—r') (5.86)
Substitution of (5.74) and (5.86) into (5.83) yields

u() = (f, h) — J(u, b) ] (5.87)
S

or, explicitly,

u(r') = /v f@h,r)dV + /; [E(r, r)Vu(r) — u(r)Vh(r, r’)] -AdS

(5.88)
We note that (5.88) is the solution to (5.74), provided that we can deter-
mine the conjugate adjoint Green’s function A(r, r’). Taking the complex

conjugate of both sides of (5.86), we obtain a partial differential equation
for A, viz.

LIh(r, ') = Lyh(r,v') = 8(r — 1) (5.89)

As in Chapter 2, we can show that it is never necessary to find the
conjugate adjoint Green'’s function directly. Indeed, we form

(Lag(r, ), h(r,¥")) = (g(r, 1), L3h(r,*")) + J (g, h) ; (5.90)

We are given the boundary conditions on g. We choose the boundary
conditions on A so that

J(g, h) e 0 (5.91)
Then, substitution of (5.78), (5.86), and (5.91) into (5.90) gives
A, r") =g, 1)
or, with a change in variables,

h(r,r')=g@@,r) (5.92)
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Therefore, the conjugate adjoint Green’s function is given simply by in-
terchanging r and r’ in the expression for the Green’s function g(r, r’). In
cases where the Green’s function is symmetric, g(r, r') = g(r’, r) and

h(r,r) = g(r,r) =g(’,r)  (symmetric case) (5.93)

We shall find that the Green’s function is symmetric in many of the inter-
esting cases to follow. It is certainly symmetric in cases where the operator
L is self-adjoint. In addition, we shall find symmetry, as we have previ-
ously found in Chapter 2, when examining many problems containing limit
points and limit circles. For the symmetric Green’s function case, we may
substitute (5.93) into (5.88) to obtain

u(r') = f f@gr,rhav + / [g(r, r)Vu(r) — u(r)Vg(r,r")] - idS
v s
(5.94)
We shall summarize the steps for solving (5.74) by the above-described
extension to the one-dimensional Green'’s function method. We distinguish
two cases, dependent on whether or not the Green’s function is symmetric.
Nonsymmetric Green’s Function Case
1. Write the solution in the form given by (5.88).

2. Substitute the boundary conditions for u on the surface S into
(5.88).

3. Substitute the conjugate adjoint boundary conditions for % on the
surface S into (5.88).

4. Solve the Green’s function problem given by (5.78) with boundary
conditions on S the same as the homogeneous form of the boundary
conditions on u.

5. Obtain the conjugate adjoint Green’s function / through (5.92) and
substitute into (5.88).

6. Interchange the variables r and r’ in (5.88).

Symmetric Green’s Function Case

1. Write the solution in the form given by (5.94).

2. Substitute the boundary conditions for u on the surface S into
(5.94).

3. Substitute the boundary conditions for g on the surface S into
(5.94).
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4. Solve the Green’s function problem given by (5.78) with boundary
conditions on S the same as the homogeneous form of the boundary
conditions on u and substitute into (5.94).

5. Interchange the variables r and r’ in (5.94).

5.5 THE PARALLEL PLATE WAVEGUIDE

In this section, we consider the propagation of electromagnetic waves in
a parallel plate waveguide. We consider a waveguide of uniform cross
section with no scattering objects.

Suppose that the waveguide is formed from two parallel, perfectly
conducting plates (Fig. 5-4), separated by a distance d and extending from
—00 to 00 in the y-direction and the z-direction. Assume that the medium
between the parallel plates is free space. We shall choose the source of the
electromagnetic field to be independent of y. Since the structure is also
independent of y, we must have

0
— =0 (5.95)
dy
We begin with Maxwell’s curl equations, given in (4.55) and (4.56). If €
is the permittivity of free space, we have

VxH=J]+iweE (5.96)
VxE=-M—-iwuH 5.97)

We expand these two equations in Cartesian coordinates and group them
into two sets as follows:

Setl: TM, SH
—2 = —J, —iweE, (5.98)
9z
dE, OE )
az" - —872 = —M, — iwpuoH, (5.99)
dH
Set2: TE,
JE, .
dH, dH, .
-t E 102
e " O Jy + iw€Ey (5.102)
9By M, - iouoH, (5.103)

dax
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O =+ 00
ko &y
X a
Fig. 5-4 Parallel plate waveguide. o= >z

We note that the transverse magnetic (T M,) set is not coupled to the trans-
verse electric (T E;) set. It is therefore possible to excite one set inde-
pendent of the other by appropriate selection of the J and M sources. We
produce second-order partial differential equations governing each set by
the following procedure. We differentiate (5.98) with respect to z, (5.100)
with respect to x, add the result, and substitute (5.99) to obtain the follow-
ing:

Set1: TM,
aJ, dlJe
2 2 :
(V2, + k) H, = iwegM, + B_xZ - az" (5.104)
1 [0H
Ey=—— (—’ + Jx) (5.105)
LWE 9z
1 H
E,= — (3—’ - Jz) (5.106)
iwep \ 0x
where
2 9
2
x2 = 373 5;5 (5.107)
and
k? = w*poeo (5.108)
A similar procedure applied to (5.101)-(5.103) yields
Set2: TE,
oM, oM
2 2 :
(Vi +kEy = iwpoly — ax’ az" (5.109)
1 0E
Hy= — (——l - M,) (5.110)
iopg \ 92
H,= —— (QE—MMZ) 6.111)
iopg \ 9x
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We remark that the sources My, J,, J, excite the T M, set, whereas the
sources Jy, My, M, excite the T E, set. We shall consider the T M, case.

To excite the T M, fields only, we set J, = M, = M, = 0 since
these sources excite T E, modes. We are left with three options to excite
the T M, modes, namely, My, J,, or J;. Since M, enters into (5.104) in the
least complicated manner of the three, we choose M, and set J, = J, = 0.
This choice results in Ey, = Hy = H, = 0 and

(V2, + k) H, = iwegM,, (5.112)
1 3H
Ey=—-——-—2 (5.113)
iwey 07
1 9H
E,=—-2 (5.114)

i iweo ox
At present, the only restriction on the source M, is that it is independent

of y. Associated with the Laplacian operator in (5.112) are the following
boundary and limiting conditions on the field Hy(x, z):

z_l’nrinoo Hy(x,z) =0 (5.115)

0Hy(0,z) 0H,(a,z) _

ox - ox -

Equation (5.116) arises from the fact that E, is tangential to the perfectly
conducting waveguide surfaces at x = 0 and x = qa, and therefore must
vanish. Substituting this informationin (5.114) yields (5.116). The Green’s
function problem associated with (5.112), (5.115), and (5.116) is as follows:

0 (5.116)

—(VL + kg =8(x —x)8(z - 2) (5.117)
; AN
Jim g(x, z,x',2) =0 (5.118)

98(0,z,x',2) _ dg(a,z,x',2)
ax - ax

To solve for the T M, fields, we shall solve (5.112) by the Green’s
function method given in Section 5.4. In the present case, however, the
problem is independent of y. We introduce this simplification by beginning
with (5.83), which gives, in this case,

=0 (5.119)

(LiaHy, h) = (H,, Lh) + J(H,y, h) (5.120)
N
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Explicitly,

fv[(_vz ~©) B, ]Rav = /VHy (-9 ¥ Rav
+ fs (H Vi —%VH,)-idS  (5.121)

We anticipate, and will verify, that the Green’s function will be symmetric,
and use (5.93) to write

[ - lasv = ()
+ fs (H,Vg — gVH,)-AdS  (5.122)

The volume V is that region between the parallel plates. The surface S con-
sists of the surfaces of the two parallel plates and the cross-sectional planar
surfaces at 7 — +o00 and y — Z00. The surface integral contributions at
y — £o00 vanish since

N d
Vg-n = i——g~ =0
y—+00 dy y—>+00
) aH,
VHy -n =3-—= =
y—+o00 ay y—to0

where we have used (5.95). The contributions on all remaining surfaces
vanish with application of (5.115), (5.116), (5.118), and (5.119). The result
is

[v (-7 =) H, ] gav = /V Hy (V2 - ) gdv  (5.123)

Because of the absence of y-variations, the dy portion of the volume inte-
grals cancel and the del-operator reduces to V,,, with the result

/ f k2 Hy gdxdz = ] f iz - kz) gdxdz

(5.124)
Substituting (5.112) and (5.117) and performing the right-side integration,
we obtain

H,(x',7) = —ino/A My(x,2)g(x, z,x'. 2')dxdz
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where A indicates the area occupied by the source. An interchange of
primed and unprimed coordinates gives

Hy(x,2) = —iweo/ My(x',2)g(x,z, x', 2 )dx'd7’ (5.125)
A

where we have again assumed that the Green’s function is symmetric.
Equation (5.125) gives the H,-field everywhere inside the parallel plates,
provided we can solve for the Green’s function g, which we consider next.
To solve for the Green’s function, defined by (5.117)-(5.119), we
expand in terms of the spectral representation over the x-coordinate, viz.

gx,2,%,2) =) Bu(z, X', un(x) (5.126)

n=0

where the normalized eigenfunction u,(x) is given by

u(x) = ‘/z—zcos mx (5.127)
a a

and €, is Neumann’s number. The coefficient 8, is given by

a
Bn(z, X', 2) = / g(x,z,x', 2 un(x)dx (5.128)
0
With respect to the transformation in (5.128), we have
g = Bn

Using the procedure in (5.37)-(5.41), we have

82g nm\?
T (—) i
3(x — x') = up(x')

Using these relations to transform (5.117), we obtain

2
(3‘% + kf) Ba(z, X', 7)) = —un(x)8(z — 2) (5.129)

where

2
K=k - (ﬂ) (5.130)
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Let
Bn
= 5.131

W= ( )

With this definition, (5.129) becomes
e,
(d2+k)y,,=—8(z—z) (5.132)

We associate the following limiting conditions with (5.132):

lim y,=0 (5.133)

z—+o00

These conditions are consistent with those in (5.118). The solution to this
one-dimensional Green’s function differential equation has been obtained
previously in Example 2.20. Applied to (5.132), we find that

e—ik:lz=7|
Y= —, Im(k;) <0 (5.134)
2ik,
Substituting (5.134) into (5.131) and the result into (5.126) gives
o &€ ekl ppx opmx!
gx,z,x',7) = Z_(:)(-;) 5K, cos p cos p (5.135)

We note that the Green’s function is symmetric, as anticipated. Substituting
this result into (5.125) gives the magnetic field Hy, viz.

Hy(x,z7)

ek~ gy nwx
= —zweoz [[ My(x',z ( ) cos dx'd7 | cos —
a a

for 2ik,
(5.136)
The electric fields E, and E, associated with (5.136) can be calculated
from (5.113) and (5.114), respectively.
We examine the modal structure of (5.136) by specializing the source
M, as follows:

My (', 7) = Myy(x')8(2 — £) (5.137)

where M, is a magnetic surface current in volts/m. Substituting (5.137)
into (5.136) and performing the indicated z’-integration, we obtain

-lkz z—¢|
Hy(x,2) = —iweo 3 By \/: cos = (5.138)

n=0
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where B, is a modal coefficient, given by

a ’
B, = / Mey(x') /2 cos =2 ax’ (5.139)
0 a a

The representation of the H,-field in (5.138) shows the decomposition of
the field into the familiar TEM (n = 0) and T M (n > 0) modes described
in the undergraduate texts ([3],[4], for example). By making different
choices of M;,, we may adjust the coefficient B, associated with each
mode. For example, we may excite only the TEM mode by choosing

1
My, = \/;Mo (5.140)

where M is a constant. This choice gives

0, 0
B, = n# (5.141)
Mo, n=0
Substituting into (5.138), we obtain
1 e-ikz—tl
Hy(x, 2) = —iweo,| ~ Mo—— (5.142)

which is a pure T E M wave traveling away from the source location z = £.
For z < ¢, the wave travels right to left; for z > £, the wave travels left to
right. If we are interested specifically in the region z > ¢, we may select
the constant My to produce a unit left-to-right 7 EM wave. Indeed, the
choice

_inOeikl -1
My = (-Tl:/—;k_— (5.143)
produces
Hyx,z) =, 2> (5.144)

In (5.126), we chose to expand the Green’s function in a spectral
expansion over the x-coordinate. This expansion led to the Fourier cosine
series, and produced a solution for the magnetic field H, in terms of the
waveguide modes. An alternative representation is possible. We shall
begin by expanding the Green’s function in a spectral expansion over z,
rather than x. In (5.117), the spectral representation of the delta function
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associated with —32/3z2 subject to the limiting condition in (5.118) leads

to the Fourier transform pair

w .
Gx, k;x',2) = / g(x,z,x', 2)e"*dz
—00

1 [® .
g(xv Z, x,a Z,) = f G(x’ ka x’a Z’)elkdekz
27[ —00
We represent the transform pair by
8(x,z2,x',2) = G(x, k;, ', 2)

and easily find that

3%g 2
—5'27 <~ sz

a(z _ Z/) <=> e_ikZZ'
Applying (5.145) and (5.147)—(5.149) to (5.117), we obtain

a2, g
— k2 — ¥
_(E;+kx)G_e d(x —x')
where
1/2
ky = (k2 - kzz) /
We let
G = Ge'k?
and obtain
d2 2) A /
- 5—2_+kx G=3(X—X)
with boundary conditions inferred from (5.119), viz.
G| _d6| _ .
dx T dx -
x=0 x=a

(5.145)

(5.146)

(5.147)

(5.148)

(5.149)

(5.150)

(5.151)

(5.152)

(5.153)

(5.154)

The solution to this differential equation and associated boundary condi-

tions has been obtained previously in Example 2.13, viz.

G =
’

1 cosk,x cosk,(a — x'), x<x
ky sink.a

cosk,x' cosky(a — x) x>x

(5.155)
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Using (5.152) and taking the inverse Fourier transform, we have

2 x ) 1 foo ek @k,

x’ ] 'x b - - ——-——

gix.z ¢ 2 J_oo kysink.a
coskyx coske(a — x), x <x (5.156)
cosk,x' cosky(a — x) x>x' '

This representation of the Green'’s function is an alternative to the repre-
sentation given in (5.135), which we repeat here for convenience, viz.

00 —ik,|z—2'| ’

, €\ € nmx nmx
,2,X,2) = E — - cos cos 5.157
8.z, %, 2) n=0(a) 2ik, a a ( )

Although these two representations lead to the same Green’s function
g(x, z, x', 7'}, their forms are quite different. In(5.157), the cross-sectional
waveguide modes are displayed explicitly. In (5.156), we find no explicit
modal display. However, (5.156) is the starting point for constructing
waveguide ray representations [5]. These ray representations are partic-
ularly useful in cases where the frequency is so high that a large number
of modes can propagate in the waveguide. In addition, Felsen and Kamel
have shown that the Green’s function forms in (5.156) and (5.157) can be
combined to produce what are called hybrid ray-mode formulations. The
hybrid forms effectively exhibit the useful features in both the modal and
ray formulations. The details can be found in [5].

In this section, we have studied formulations describing the propa-
gation of the TEM and TM modes in a parallel plate waveguide. We
leave the production of a modal series describing the T E modes for the
problems. In the next section, we shall consider an obstacle in a parallel
plate waveguide. We shall demonstrate the decomposition of the fields into
incident, transmitted, and reflected waves.

5.6 IRIS IN PARALLEL PLATE WAVEGUIDE

In Section 5.5, we solved for the fields in a parallel plate waveguide. In
this section, we add an iris to the waveguide interior. The waveguide has
cross-sectional dimension a (Fig. 5-5), and contains an infinitesimally thin,
perfectly conducting iris connected to the top plate at x = a, z = 0 and ex-
tending perpendicular to the plate and into the waveguide interior. The iris
effectively divides the interior of the waveguide into two regions: Region
1, z < 0; Region 2, z > 0. The regions are connected electromagnetically
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$
Region 1 1 Region 2

/Jao,é'o a b

N R E—

[amd

Fig. 5-5 Iris in parallel plate waveguide.

through an aperture, located atz = 0, x € (0, b). We note that the insertion
of the iris does not change the y-independence of the waveguide geometry.
Therefore, Maxwell’s equations again separate into a TE, setand a T M,
set, in the same manner as in Section 5.5. We shall cause excitation of the
T M, set by placing a constant magnetic sheet current source at z = —d in
Region 1, viz.

My = Myé(z + d) (5.158)

Such a choice will produce a TEM wave incident from left to right in Region
1. As we shall discover in the ensuing analysis, this TEM wave, when
encountering the iris, will cause TEM and TM waves to scatter from the
iris into both Region 1 and Region 2. Using (5.112)—(5.114), we write the
equations describing the T M, fields in Region 1 and Region 2 as follows:

Region 1:
(V2, + k) Hy = iveM, (5.159)
1 3H
En =i BZ" (5.160)
1 8H
En = o T (5.161)
Region 2:
(V2, +k)Hy =0 (5.162)
1 9H
1 98Hy
= 5.164
2 iweg 0x ( )

We first consider Region 1. Using the Green’s function method and antici-
pating that the Green’s function will be symmetric, we adapt (5.122) to the
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present case as follows:

/V‘ [(—Vz - k2) Hyl] gidV = [V. H,, (__Vz 3 kz) gdV

+ /;. (Hy,Vgl - g;VHyl) . ﬁdS
1

(5.165)
where g; is the Green’s function in Region 1, governed by

—(VZ, +Kk)g1 = 8(x — x)8(z - 2) (5.166)

with boundary and limiting conditions yet to be determined. The volume
V1 consists of Region 1. The surface S; consists of the following parts:

1. The surfaces of the two parallel plates in Region 1 (z < 0,x =0
andz < 0,x = a).
2. The cross-sectional planar surfaces at z > —o00, x € (0, a) and
y = fo00,x € (0, a).
3. The surface of the iris and aperture, z = 0, x € (0, a).
By the same reasoning as in the previous section, the surface integrals at

y — o0 vanish. Inaddition, we have the following boundary and limiting
conditions governing the Hy;-fields:

lim Hy, =0 (5.167)
—>—00
0Hn (0,2 _ dHy(@,2) _ (5.168)
0x ox
Hy(x,
IHy1(x,0) _ 0, xe(ba) (5.169)

a9z

We choose the following boundary and limiting conditions for the Green’s
function g;:

Jim_gi(x,2,x',2) =0 (5.170)
/ / / /
92100,z,x',7) _ dgi1(a,z,x',7) ~0 (5.171)
ox dx
d ,0,x', 7
L"az-x—z—) =0, xe(,a) (5.172)

We note that the Green’s function boundary and limiting conditions are
the same as those associated with the Hy,-field, with one important excep-
tion. In (5.169), the boundary condition on Hy is over the iris, whereas in
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(5.172), the boundary condition is over the iris and the aperture. We there-
fore have a Green’s function problem (Fig. 5-6) for a parallel plate waveg-
uide extending from z — —o0 and terminating in a perfect conductor at
z = 0. Before commenting on this choice, we substitute (5.167)—(5.172)
into (5.165) and obtain

/v. [(-92 - ¥) By | 1av = / Hyr (—9° ~ &) giav
dxdy

/ / (31“‘> T 6am)

Because of the invariance with y, the integrations with respect to y cancel
in all terms. In addition, the del-operator reduces to V,, and we have

0 a
/ f v2 — k2 yl] gidxdz = / / Hy, (—viz—kz) gidxdz
—00J0
b/ 8H
-[} (#75.")
0 9z _

dx

(5.174)
Substituting (5.159) and (5.166), doing the delta-function integrations, and
rearranging, we obtain

Hy (X', 7)) = —iweg fA My(x,2)g1(x, 2, x', 2)dxdz
OHy(x,0)
0z

Anticipating the symmetry of the Green’s function, we interchange the
primed and unprimed coordinates and then substitute (5.158) and (5.160)
to obtain
X
T+ T

b
+ /0 g1(x,0,x',2)

T =0
)

—»2Z
T=—x%

Fig. 5-6 Green’s function problem for Region 1.
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a
Hy(x,2) = —iweoMo/ g1(x, 2, x', —d)dx' — iweg
0

b
: f 01(x, 2, ', 0) Exi (', 0)dx’ (5.175)
0

Our choice of the boundary condition in (5.172) deserves some com-
ment. If we had chosen this condition to be the same as that governing the
H-field derivative in (5.169), we would have produced a Green’s function
problem with an unspecified boundary condition over x € (0, b), z = 0.
Our choice completes the specification of the Green’s function in Region
1, and has the added advantage of simplifying the problem solution by
eliminating a portion of the surface integral.

We now consider Region 2. In a manner similar to our treatment in
Region 1, we obtain

];,2 [(—V2 _ k2) Hyz] gdV = _/;/2 Hy2 (_.VZ _ kz) g2dV

+ fs; (Hy2Vg2 - ngHyz) -ndS

(5.176)
where g; is the Green’s function in Region 2, governed by

—(V2, + kg = 8(x — x")8(z — ) (5.177)

The volume V; consists of Region 2. The surface S, consists of the fol-
lowing parts:

1. The surfaces of the two parallel plates in Region2 (z > 0, x =0
and z > 0, x = a).

2. The cross-sectional planar surfaces at z — o0, x € (0, a) and
y = +00, x € (0, a).

3. The surface of the iris and aperture, z = 0, x € (0, a).

Again, the surface integrals at y — %00 vanish. In addition, we have the
following boundary and limiting conditions governing the H,,-fields:

lim Hyp =0 (5.178)
—>00
dHy»(0, z) _ dHyz(a, 2) =0 (5.179)
ax ax

0z
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We choose the following boundary and limiting conditions for the Green’s
function g;:

: PN
zgrlgogz(x, 2,x,7)=0 (5.181)
A 7 / A
38200, z,x',7) _ dga(a, z,x',7) _0 (5.182)
ox ax
a 9, , ,’ l
—igz—(xaLz—) =0, xe€(0,a) (5.183)
Z

We therefore have a Green’s function problem (Fig. 5-7) for a parallel plate
waveguide extending to z — oo and terminating in a perfect conductor at
Z = 0. We substitute (5.178)—(5.183) into (5.176) and obtain

/V 2 [(—-V2 -1 Hyz] gdV = fv Hy (-v - 1) gaav
+ f°° /b (82&2)‘ dxdy
—-00 JO az =0

(5.184)
Again, the integrations with respect to y cancel in all terms and the del-
operator reduces to V,,. We have

o0 pa
/o fo [(—Viz—k Hy, gzdxdz— f f y2 "kZ)gzdxdz
+/ (gz——) dx
= (5.185)

Substituting (5.162) and (5.177), doing the delta-function integrations, and
rearranging, we obtain

dH,5(x,0) dx
0z

X
? T = ®

b
Hp(x', ) = — fo 2:(x,0, %, 7)

T—+©
a

Ho: &
Fig.5-7 Green’s function problem —_L_ >z

for Region 2. T
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Anticipating the symmetry of the Green’s function, we interchange the
primed and unprimed coordinates and substitute (5.163) to obtain

b
H(2) = ioco [ 2052, ¥, 0B, 0ds  (5186)
0

We next consider the determination of the Green’s functions. In Region
1, we wish to solve (5.166) with boundary conditions given by (5.170)-
(5.172). As we found in Example 3.2, the spectral representation of
(—92/3x%) with Neumann boundary conditions given in (5.171) results
in the Fourier cosine series. We therefore expand the Green’s function

o0
81(x,2,x,2) =) an(z, x', 2 )un(x) (5.187)
n=0

where u,(x) is the orthonormal eigenfunction

U (x) = [ cos X (5.188)
a a
and where
a
an(z,x’,z’)=f0 g1(x,z, %", u, (x)dx (5.189)

Equation (5.189) defines the transformation

g1 = ay, (5.190)
Using the procedure in (5.37)—(5.41), we establish that

2 2
e (E) o, (5.191)
dx? a
§(x —x") => u,(x') (5.192)
We use (5.190)—(5.192) to transform (5.166), with the result
d2
— == + &) anlz, ¥', 2) = un(x")b(z - 2) (5.193)
dz2 ¢

where

2
Ly (ﬁ’f—) (5.194)



Sec. 5.6 Iris in Parallel Plate Waveguide 213

We define
/ /
Bolz, 5, 7 = X2 2) (5.195)
Un(x')
and obtain
d2
- (—2- + kf) Bn(z,x',7) =8(z—2) (5.196)
dz
We assign the boundary and limiting conditions
lim B.(z,x',2)=0 (5.197)
7> —00
d n 09 ,, !
Bn0.x.2) o xe@a) (5.198)

dz
Satisfaction of these two conditions results in the satisfaction of the con-
ditions in (5.170) and (5.172). The differential equation in (5.196) with
conditions in (5.197) and (5.198) is solved by the standard Green'’s function
methods developed in Chapter 2. The details are left for the problems. The
result is

Bu(z,x',2) = . [

ektcosk,z’, z<7
A , (5.199)
ik, | e%% coskz, 7>z

where
Im(k,) <0

Substituting (5.199) into (5.195), solving for «,, and substituting the result
into (5.187) gives

, o X € nax  nmx' | ekicosk, z<?
gl(xyZ,X,Z)=Z, cos cos e )
= ik.a a a e'"% cosk,z, z2>2

(5.200)

To obtain the Green’s function g, for Region 2, we note that the geometry
in Fig. 5-7 can be obtained from Fig. 5-6 by reflection through the z = 0
plane. We therefore can obtain g, from g; by replacing z by —z and z’ by
—7/, with the result

Lo & e ntx  nax' | ekicosk,r!,  z>7
g2(x,2,x',7') = ) ——cos — cos g ,
10 tkea a a |ekZcoskz, z<z

(5.201)
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We note that the anticipated symmetry of the Green’s functions occurs for

both g; and g;. In the solution for the fields, we shall need the Green’s

functions with z/ = 0. We obtain
(oY)

[ ntx  nax’'
g1(x,2,x',0) = ) —"—e* cos —— cos —— (5.202)
— ik,a a a
n=0""2
2, € . ntx  nux’
g(x,z,x',0) = Z ,—".«:""ZZ CcOS —— COS (5.203)
ik,a a
n=0
We also need the Green’s function in Region 1 evaluated with 7/ = —d.

Confining our interest to regions to the right of the source, we obtain

o0 !/

€ nex  nnx _;

g1(x,z,x',—d) = Z —"_ cos cos e~ %4 cosk,z,
noika  a a (5.204)

-d<z<0

We note that in (5.202)—(5.204), care must be taken to select the proper
cases for the Green’s functions g; and g;. In (5.202), z < Z/; in (5.203),
z> 7;and, in (5.204),z > 7/ = —d.

The magnetic current source in Region 1, given by (5.158), has been
chosen to produce a TEM wave incident from left to right. We may show
this by substituting (5.204) into the first term in (5.175) to give

My _. b
Hy(x,2) = _ 0k pos k7 — iweo/ g1(x,z,x',0)Ex1(x’, 0)dx’
n 0

(5.205)
As a normalization, we choose
My = =24 (5.206)
and obtain
2coskz | b , , ,
Hy(x,7) = — iwe f 810, 2, ', ) Exi (¢, 0)dx’  (5.207)
0

This normalization is used to produce a unit-strength incident electric field.
Indeed, consider the limiting case where the size of the aperture shrinks to
zero. We have

: 1 ikz —ikz
Ill_l;l"l)Hyl(X,Z) —;T-(e +e )
Substituting into (5.160) gives

kz __ —ikz

lim Ex (x,2) = € e
b—0
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Therefore, in the limit, we produce a unit-strength electric field, incident
from left to right and reflecting from a perfect conductor at z = 0.

As a final step in the problem formulation, we note in (5.186) and
(5.207) that

Eq(x',0) = Ep(x',0), 7' €(0,b) (5.208)
which is a statement that the tangential electric field is continuous in the

aperture. We symbolize this aperture field by E 4 (x") and write (5.186) and
(5.207) as

2coskz

b
- icoeof g1(x,z,x',0)Eo(x")dx’  (5.209)
0

b
Hya(x, ) = ioeo [ g2(x.2, %, O Ealx')dx (5.210)
0
Substitution of (5.202) and (5.203) gives

2coskz kX €,

. b '
N 2= kza a Jo a
(5.211)
k & . b ’
HyZ(x, ) =-— Z _fle—lkzz cos fﬂ / EA(XI) cos let_x_dx/ (5.212)
n n=0 kza a 0 a

These two expressions give the magnetic fields everywhere in the two
regions. We note, however, that the electric field E4 in the aperture is as
yet unknown. We have, however, one additional boundary condition that
we have not utilized, namely, the continuity of the tangential magnetic field
in the aperture. We invoke this continuity by equating (5.211) and (5.212)
in the aperture and obtain

00 k b !
1= 22 cos T2 f Ea(x') cos = dx’ (5.213)
=0 ak; a Jo a
or
b
1 =f EA(x")G(x, x")dx’' (5.214)
0
where
o0 k 1]
Glx,x") = 2 cos T cos PPE (5.215)
b ak a a

Expression (5.214) is an integral equation whose solution yields the aper-
ture field E4. Once E,4 is known, the result can be substituted into
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(5.211) and (5.212) to yield the magnetic fields. The corresponding electric
fields can be obtained by substitution of these results into (5.160), (5.161),
(5.163), and (5.164).

Unfortunately, the integral equation in (5.214) cannot be solved an-
alytically. A popular method for finding an approximate solution for the
aperture field E 4 is the Method of Moments (MOM), introduced in Section
1.8. Although the approximate solution to (5.214) is beyond the central
theme of this book, a few comments are in order.

The kernel G(x, x”) for the integral equation in (5.214) is logarithmi-
cally singular. Therefore, care must be taken in dealing with the limit as
x" — x. For a discussion of the issues involved, the reader is referred to
[6]-[8]. The series contained in G(x, x") is slowly converging. For meth-
ods to speed the convergence, the reader is referred to [6]-[10]. Finally,
the aperture field possesses an edge singularity [6],[11] in its behavior
as x — b. This singularity must be considered in evaluations involving
MOM. For a discussion, the reader is referred to [6],[8],[12].

5.7 APERTURE DIFFRACTION

We next consider the classic problem of diffraction by an aperture in a per-
fectly conducting screen. A perfectly conducting screen (Fig. 5-8) divides
unbounded empty space into two regions: Region 1, y < 0; Region 2,
y > 0. An aperture interrupts the screenaty = 0, x € (—a/2, a/2). Elec-
tromagnetic fields are excited by a z-directed magnetic current source M, in
Region 1. Itis assumed that the source and the geometry are z-independent,
so that

]
— =0 (5.216)
0z

Expanding Maxwell’s curl equations in Cartesian coordinates and invoking
(5.216), we have

0: _ ek, (5.217)
dy
S = —iaxoky (5:218)
3y OH: ek, (5.219)
ax ay
9E: _ iwpoH, (5.220)

ay
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—

@ P(x, y)

Region 1 r () Region 2

a +—»y

r

nxE=0

Fig. 5-8 Aperture in a perfectly conducting screen.

JdE .
—8-x—z = iwpuoH, (5.221)
JdE 0FE
x _02Y _ M. 4 iopoH, (5.222)
ay ox

The set comprised of (5.217), (5.218), and (5.222) is excited by M, and
is decoupled from the unexcited set comprised of (5.219)-(5.221). We
therefore have H, = H, = E, = 0. Differentiating (5.217) with respect

to y, (5.218) with respect to x, adding, and then substituting (5.222) gives
the following set:

(V2, +#2) H, = iveoM, (5.223)
1
_ L 3 (5.224)
iweg dy
1 9H,
Ey=—-——2Z (5.225)
iwey 9x

where k is given by (5.108). We next specialize the above equations to
Regions 1 and 2 as follows:
Region 1:

(V2, + k) Hoy = iweoM, (5.226)

1= 7
* iweg dy

(5.227)
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1 aHzl
Ey=——0o 5.228
N iweg 0x ( )
Region 2:
(Viy + k2) Hy=0 (5.229)
1 0H,
=2 (5.230)
iwey dy
1 oH,
Ep=-—2="22 (5.231)
iwey 0x

We first consider Region 1. Using the Green’s function method and antic-
ipating symmetry of the Green’s function, we adapt (5.165) to the present
case as follows:

j;,l [(—-V2 - k2) Hzl] gdV = [V. H; (_V2 _ kz) adV

+/; (H: Vg — g1VH,) - ndS
1

(5.232)
where g; is the Green’s function in Region 1, governed by

— (7, +8) &1 = 8(x —x)8(y — ) (5.233)

with boundary and limiting conditions to be determined. The volume V)
is Region 1. The surface S consists of the following parts:

1. The surface of the screen and aperture at y = 0.
2. The planar surface at y — —o00.

3. The planar surfaces at x — o0, y < 0.

4. The planar surfaces at z - 00, y < 0.

By the same reasoning as in the treatment of the parallel plate waveguide,
the surface integrals at z — =00 vanish. In addition, we have the following
boundary and limiting conditions governing the H;;-fields:

lim H, =0 (5.234)
y—>—00
dim Hy=0,  ye(-00,0) (5.235)
H; (x,
A0 _ o g (—as2.a02) (5.236)

ay
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Inspection of (5.227) indicates that the condition in (5.236) is equivalent
to the vanishing of the tangential electric field on the surface of the screen.

We choose the following boundary and limiting conditions for the Green'’s
function g;:

lim g (x,y,x,y)=0 (5.237)
y——00
lim gi(x,y,x', yl) =0, y € (=00, 0) (5.238)
x—t00

3g1(x,0,x,y)

ay -

We note that the Green’s function boundary and limiting conditions are the

same as those associated with the H,;-field, with one exception. Aty = 0,

the boundary condition on H;; is over the screen, whereas the boundary

condition on g; is over the screen and the aperture. Therefore, the Green’s

function problem is for the half-space y < 0 with a perfectly conducting
surface at y = 0. We substitute (5.234)—(5.239) into (5.232) and obtain

/v. (-~ 1) Ha) g1V = fV‘ Ho (—9 ) g1dv

oo paf oH
- / f P yrdz  (5.240)
—00 J—a/2 y

0 (5.239)

0

Because of the invariance with z, the integrations with respect to z cancel
in all terms. In addition, the del-operator reduces to V,, and we have

/-(:o [_Z [(_sz - k2) del] gi1dxdy

0 00 a/2 oH.
= f / Hzl (—Viy - k2) gldxdy - 81 zldx
—00 J—00

—-a/2 dy
(5.241)
Substituting (5.226) and (5.233), doing the delta-function integrations, and
rearranging, we obtain

H,(x,y) = —iwe fA M (x, y)g1(x,y,x', y )dxdy

a/2 . 0H,1(x,0
+ gl(x,O,x’»)’ )_z'l_(—_)dx

-a/2 dy

Anticipating the symmetry of the Green’s function, we interchange the
primed and unprimed coordinates and substitute (5.227) to obtain
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Hy(x, y) = —iweo [A My(x', y)g1(x, y, X',y )dx'dy’

-—a

a2
+ iweo[ g1(x,y,x',0)Ex1(x’, 0)dx’ (5.242)
2

We now consider Region 2. In a manner similar to Region 1, we
obtain

/V 2 (-7~ %) Ho] g2V = fv Ha (-9 - ¥) g2V

+ /SZ (HpVg2 — g2VHy) - AdS

(5.243)
where g, is the Green’s function in Region 2, governed by

- (Viy +K?) g2 = 8(x = x)8(y = ¥ (5.244)

with boundary and limiting conditions to be determined. The volume V,
is Region 2. The surface S, consists of the following parts:

1. The surface of the screen and aperture at y = 0.
2. The planar surface at y — oo.

3. The planar surfaces at x — +o00, y > 0.

4. The planar surfaces at z - +o00,y > 0.

Again, the surface integrals at z — $o00 vanish. In addition, we have the
following boundary and limiting conditions governing the H,-fields:

lim Hy =0 (5.245)
y—>00
xlig:loo Hp =0, y € (0, 00) (5.246)
Hp(x, 0
%_) =0, xd(-a/2a/2 (5.247)

We choose the following boundary and limiting conditions for the Green’s
function g;:

ylggogz(x, y,x,y)=0 (5.248)
lim g (x,y,x',y) =0, y € (0, 0) (5.249)
x—>+00

3g2(x,0,x',y)

0 (5.250)
dy
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We therefore have a Green’s function problem for a half-space y > 0 with
a perfectly conducting surface at y = 0. We substitute (5.245)—(5.250)
into (5.243) and obtain

2
dxdz

N a/2( 6sz)
/ fa/z T (5.251)

Again, the integrations with respect to z cancel in all terms and the del-
operator reduces to V,,. We have

[o ¢] o0
fo f [(=V2, - ¥) Hep] godxdy
—00
0o poo a/2 oH
= [ / sz (—sz —_ kz) gzdxdy + (gz z2)
0 J-o -a/2 ay =0

(5.252)
Substituting (5.229) and (5.244), doing the delta-function integrations, and
rearranging, we obtain

dx

' a/2 1 0Hp(x,0)
Ha'y) == [ ga(x,0,8',y) =8 22y
—a/2 3y
Anticipating the symmetry of the Green’s function, we interchange the
primed and unprimed coordinates and substitute (5.230) to obtain

a/2
Hp(x,y) = —iweof //2 82(x,y,x',0)E 2 (x, 0)dx’ (5.253)
-—a

At this point in the development, we have two remaining tasks, namely,
the specification of boundary conditions at points in the aperture and the
selection of a specific magnetic current source. We first require that the
tangential electric field in the aperture be continuous. We symbolize the

aperture electric field by E 4 (x) and write

Ex1(x,0) = Ex2(x,0) = Ea(x),  x€(-a/2,a/2) (5.254)

We next specialize the source M, to be a line source located atx’ = £,y =
n, Viz.

My (x',y") = Mod(x' = £)5(y — 1) (5.255)
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We substitute (5.254) into both (5.242) and (5.253). Also, we substitute
(5.255) into (5.242) and perform the indicated delta-function integrations
to give

aj2
Hy(x, y) = —iweoMogy(x, y, £, n)+iweo [ 810600, 2 BN
—-a
(5.256)
a2
Hp(x, y) = —iweo / 8202, y, x', 0)E4(x')dx’ (5.257)
—-a/2

Expressions (5.256) and (5.257) give the magnetic fields everywhere, pro-
vided that we know the Green’s functions g; and g; and provided we can
find the aperture electric field E4. We shall derive the Green’s functions
subsequently. The aperture field E 4 is obtained by requiring the tangential
magnetic field in the aperture to be continuous, viz.

H;(x,0) = Ho(x,0),  x€(-a/2,a/2) (5:258)

Substituting (5.256) and (5.257) into (5.258) yields the integral equation

a/2
Mog1(x,0,&,n) = f [81(x,0,x",0) + g2(x, 0, x', 0)] Ea(x")dx’

" (5.259)
Once the Green'’s functions have been determined, an approximate solution
to the integral equation (using Method of Moments, for example) yields
an approximation to the aperture field E4. The aperture field can then be
substituted into (5.256) and (5.257) to give the magnetic fields everywhere.
Once the magnetic fields are known, the electric fields can be obtained by
differentiation in (5.227), (5.228), (5.230), and (5.231). We next consider
the Green’s functions g; and g;.
We may determine g; from (5.244) and (5.248)—(5.250), which we
reproduce here for convenience, viz.

__32 —_ _82 k2 =8(x x’)8( ’) (5 260)
x2  9y? 82 = y—y ’
lim g(x,y,x',y) =0, y € (0, o0) (5.261)
x—>300

9g2(x,0,x,y)
ay -

. / N
Jlim ga2(x, 3, %', y) =0 (5.263)

0 (5.262)
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The spectral representation of (—d2/9x2) with limiting conditions in
(5.261) leads to the Fourier transform, as given in Example 3.4. In this
case, we have

g2(x, 9, %',y & Galke,y,x',y) (5.264)
)
- — k}f(;2 (5.265)
§(x —x') = ¥ (5.266)
Applying these relationships to (5.260) gives
d? 2\ A ,
<—d—y§ - ky) G, =8(y—y) (5.267)
where
ky = \/k2 — k2 (5.268)
G, = e ¥, (5.269)

The boundary and limiting conditions associated with (5.267) are as fol-
lows: . )
dG2(kx, 0’ xla )’ ) —

dy
. A ’ ! _
yl_’."éo Ga(x,y,x,y)=0 (5.271)

0 (5.270)

Invoking these conditions is consistent with the conditions on g;. The so-
lution to (5.267) with the above associated conditions can be inferred from
the Green’s function problem discus§ed previously in (5.196)—-(5.199). If
in(5.199) weletz —» —y,z’ - —y , and k, — k,, we obtain
A 1 | e cos kyy, y<y
Gy =— ‘ ) ,
iky | e=bYcoskyy', y>y

Expanding the cosine terms into exponentials gives the following useful
alternate form:

G, = __1__ [e—”‘yl)’-yll + e_iky()’+)’/)] (5.272)
2iky
Substituting this result into (5.269) and then taking the inverse Fourier
transform, we have
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g2 = — g, (5273)

1 o e=ibly=y'l 4 omiky+y)
4ri f

From (4.156), we have the following identity:
1 [0 e—ikylylpikex
H? (k,/x2 + y2) == f e—k—e——dkx (5.274)

Therefore,

= [ Hy” [kJ(x — X+ (y - y’)Z]

HP [k\/ (x—x)2+(y+ y')2]] (5.275)

Referring to the development in Section 4.6, we recognize (5.275) as a
description of the radiation from a line source located at x = x’,y = y',
plus a line source at the image location x = x’, y = —y’, with respect to
the ground plane.

Consider g;. We may obtain the solution for g; directly from the
above solution for g, by replacing y by —y and y’ by —y’. Such replace-
ment does not change the solution, and we therefore have

82 =281 (5.276)

The above determination of the Green’s functions completes the formula-
tion of the problem.

In many applications, the source M, is located at a distance far enough
from the aperture so that a plane wave approximation can be invoked.
To accomplish this, we consider the Green’s function in the first term in
(5.256), viz.

1
gl(x,y,é,n)=4[ m[h/(x £2 +(y - n)z]

HP® [k\/(x E)2+(y+n)2]} (5.277)

Rewriting this expression in cylindrical coordinates, we have

1
810, 9,0, ¢") = 41[ HP [k\/p + 02 — 2pp’ cos(¢ — ¢)]

+HP [k\/p + 0 = 2pp’ cos( +d>’)]
(5.278)
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where (o', ¢’) marks the position of the line source (Fig. 5-9). We may
locate the line source at a distance remote from the aperture by letting o’
become very large, in which case

2 7”2 / 2 1/2 / ’
[0+ 02 =200 cos@ F¢)] " —> 0’ —peos@F¢) (5279

Furthermore, using the large argument approximation for the Hankel func-
tion, given in Example 2.21, we have

2i
b1 4,914

HP [k [p' — pcos F ¢)]} ~ ¢~ike' gikocos@F) (5980

Using (5.280) in (5.278), we obtain

V[ 2 Lt L .
gl(p,¢.,0', ¢/) ~ Z; Nkp,e ikp [erkpcos(¢ ¢') +etkpcos(¢+¢ )]

1 2i —ikp’ ik / .
=iVt P 2e'*x <8¢ cos(ky sin ¢')
(5.281)
Let »
—CDG() 2i —ikp'
My = —e 282
0 l: 4 Jrkp’e ] (5.282)

Region 1 Region 2

Qlp'.¢)

Fig. 5-9 Aperture in a perfectly conducting screen, cylindrical
coordinates.
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We substitute (5.275), (5.276), (5.281), and (5.282) into (5.256) and (5.257)
and obtain

Hyi(x,y) = 2e** cos ¢/ cos(ky sin ¢')

k af2 @
+ o H, [k\/(x —-x)2 + yz] Es(x')dx’'
n

—a/2
(5.283)
k a/2 @) I I
Hp(x,y) = —— Hy” |ky/(x —x")2 + y2 | Ea(x")dx’ (5.284)
2n J-ap2
where we have used

k

wey = —
We note that in the limit as the aperture length approaches zero, we have
lim Hy(x,y) = 2e/kx 08¢’ co5(ky sin ¢')
= gikxcos¢’ (eiky sin ¢’ + e—ikysin¢') (5.285)

which represents a unit magnitude plane wave approaching the screen at
angle ¢’ and reflecting according to Snell’s law of reflection. Continuity
of the tangential H-field in the aperture gives the integral equation

2n . , af2
~Zle et = [ HP(klx - ¥ DEa )y’ (5.286)
—-a/2

which completes the problem formulation for the case of plane wave inci-
dence.

Again, the integral equation in (5.286) cannot be inverted analytically.
The aperture field E 4 therefore must be determined approximately using
numerical methods. We note, however, that for the aperture size a small
enough, the Hankel function Héz) (k|x —x'|) can be approximated by In |x —
x'|, in which case an analytical solution is possible in terms of Chebyshev
polynomials. The resulting integral equation is considered in Problem 1.23.
The details are given in [13],[14].

5.8 SCATTERING BY A PERFECTLY CONDUCTING
CYLINDER

Consider an electric current J, that excites a surface current on a perfectly
conducting cylinder of uniform cross section (Fig. 5-10). We assume that
the cylinder geometry and the source are independent of z, so that

d

— =0 (5.287)
9z
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P(?)

Fig. 5-10 Electric current J, exciting a perfectly conducting
cylinder.

We require the fields at a point P(p). We begin with Maxwell’s curl
equations, viz.

Vx H=2J,+iweE (5.288)

VxE = —-iwuH (5.289)

The curl operator in (5.288) and (5.289) is composed of components trans-
verse to the z-direction, plus a z-component, viz.

.0
V=Vt+Z—
9z

In this case, because of (5.287), we have

V=V, (5.290)

We divide the electric and magnetic fields into transverse and z-components,
viz.

H=H, +iH, (5.291)
E=E, +E, (5.292)
Substituting (5.290)-(5.292) into (5.288) and (5.289), we obtain
Vi xH, +V, x ZH, = 7J, + iwegE (5.293)
Vi xE +V, x ZE, = —iwuoH (5.294)

Equating transverse components and z-components on either side of (5.293)
and (5.294), we produce the following two sets:
Setl: TM,
Vi xHy =2 (J, + iweE;) (5.295)

V, x ZE; = —iouoH; (5.296)
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Set2: TE,
V, x E; = —ZiouoH, (5.297)

V: x ZH, = iwegE, (5.298)

Set 1 is excited by the source J,, while Set 2 is unexcited. We therefore
have E;, = H, = 0. We take the curl of (5.296) and substitute (5.295) to
obtain

—iwpoZ (J; + iweE,) = V, x V, x ZE,
=[Vi (Vi -2E) - VIGE)|  (5:299)

where we have used a well-known vector identity to expand the double-curl.
But,

V} * fEZ = 0 (5‘3m)
and thus Set 1 becomes
V2E, + k*E, = iouoJ, (5.301)
1 1
H=-—V,xZE,=—2Zx V,E, (5.302)
iwpo oo

where k is defined in (5.108). The procedure is now to solve the partial dif-
ferential equation in (5.301) to yield E,. The result can then be substituted
into (5.302) to produce the magnetic fields H,.

Anticipating the symmetry of the Green’s function, we adapt (5.122)
to the present case and obtain

/ g (v2 +k2)E dv _f v2 +k2 gdv+f (gVE, — E,Vg)-AdS

Y (5.303)
The volume V consists of all space exterior to the cylinder. The surface S
is the surface of the cylinder S, plus the surface at infinity. By the same
reasoning as in the case of the parallel plate waveguide, the surface integrals
at z — Foo vanish. The Green’s function g is governed by

—(v2+#) g = ("p”)w S =sp—p)  (5304)

with boundary and/or limiting conditions to be determined. The conditions
on E, are as follows:
E;ls. =0 (5.305)
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pll)noxo E,=0 (5.306)
We choose the following condition for the Green’s function g:
pl_lggo g=0 (5.307)

Therefore, the Green'’s function problem is for two-dimensional free space.
We substitute (5.305)—-(5.307) into (5.303) and obtain

f g (V24 k) Eav = / E, (V2 + 1) gV + / gVE, - idS
|4 14 S
We note that we did not require

gls. =0

Although such a requirement would eliminate the surface integral, we
would be unable to find an analytical solution for the Green’s function,
except in the special case where the cross section is circular. (We shall
consider the circular case subsequently.) Because of the invariance with
z, the integrations with respect to z cancel in all terms. In addition, from
(5.290), the del-operator reduces to V; and we have

f g (v2 +4?) E.dA = f (V7 +42) gda +f gV.E, - Ads
(5.308)
where s, is the arc-length integration around the cross section of the cylinder
and A is the planar area external to s.. We shall consider the ds integrationin
some detail subsequently. Substitution of (5.301) and (5.304) into (5.308)
gives, after some rearrangement,

E,(p') = —iwpo fA g(p. )1, (p)dA + f g(p. P)V,E,(p) - nds
Se

(5.309)
However, from (5.302), we have

Z x ViE, = iouoH,
so that
Zx (Zx VEy) = iwuoZ x H,
But,
Ix (I x ViE,) = =V, E,
where we have used the vector triple product identity and the fact that

E'V;EZ=O
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Taking the inner product with the normal vector 7 gives
n-ViE;, =iowuon -H, x Z = iowuoZ - (n x Hy) = iopels;  (5.310)

where Jg, is the equivalent surface current in the z-direction in amps/m.
Substituting this result into (5.309) and interchanging the primed and un-
primed coordinates, we obtain

Ey(p) = —iwuo [A g(p. )1 ()dA + iwpo [ g(p, 0)Jex(p)ds’
Sc

(5.311)
The Green’s function problem given in (5.304) and (5.307) has been pre-
viously solved in (4.116), followed by the coordinate transformation indi-
cated in (4.205). We have, including 27 from (4.10),

1
8(p. p) = 3-H;” (klp ~ ') (5.312)

We shall specialize the source J, to be a line source of strength I amps,
located at p’ = py, viz.

J. = 1od(p' — py) (5.313)
Substituting (5.312) and (5.313) into (5.311), we have

iwwoly iw
Ei(p) = ——=Hy (Klp = pol) +—— at [ H® (klp — p'1) Jez(p)ds’

(5.314)
This equation gives the electric field E, everywhere exterior to the cylinder,
provided that we can determine the surface current J;, on the surface of
the cylinder. We accomplish this by forming an integral equation. We let
p approach a general point on the surface of the cylinder p € s.. Since
E, = 0 on the cylinder surface, we have

H® (klp — pol) = f HP (klp - P'l) J(p)ds',  pesc
Se
(5.315)
Equations (5.314) and (5.315) complete the formulation of the problem.
Considerable care must be taken in the evaluation of the arc-length

integral in (5.314) and (5.315). In Cartesian coordinates, the differential
element can be represented by

2 172
ds' = (dx’2 +dy ) (5.316)
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We shall parametrize with respect to the polar angle ¢’ (Fig. 5-10), as

follows:
d ay'\1 1"
AN :
ds' = l:(dd") + (dd;’) ] d¢ (5.317)

Wellocate the origin of the coordinate system (Fig. 5-10) internal to s..
Substituting (5.317) into (5.314) and (5.315), we produce

wpolo
E(p) = ———H;" (kP = pol)

"2
a ) RCYRP (')2"_& '
+0 ), B Ee-p) )| (35) + 35 ) | 40
(5.318)
and for p € s,

O (o= po) = [ HP (16~ ) 1)

dx'\* (dy’ ks
.[(w) +<Z<F)] d¢' (5319

As in the previous problems in this chapter, we must solve the integral
equation to determine the unknown quantity under the integral, in this
case, Js;. In general, numerical methods must be employed to obtain an
approximation to the solution. In the case where the cylindrical cross
section is circular, however, we may invert the integral equation in (5.319)
analytically. Indeed, consider a perfectly conducting circular cylinder of
radius a (Fig. 5-11). In this case,

x' = p'cos¢’

y =p'sing’
dx' Y
dT" = —p sing
d ’

d;’ p' cos¢’

Substitution in (5.317) produces the usual cylindrical representation of the
arc-length integration

ds' = p'd¢’ (5.320)
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P(p)

Fig. 5-11 Electric current J, excit-
ing a perfectly conduct-
ing circular cylinder.

We shall employ the addition theorem for the Hankel function from (4.207),
viz.

(2)

(klp = p'l) Z £in(- ¢)[ HP (kp"YJu(kp), o < p’

H®(kp)Juko'), p>p'
(5.321)
Substituting (5.320) and (5.321) into (5.319) and rearranging, we have

n=-—00

o0
Y. [Ioe-""%H,52>(kpo)1,,(ka)]e‘"¢
n=-—00
% 2 o .
=y [ Jso(a, ¢)e "¢ ad¢’H,§2>(ka)J,.(ka)] e
n=-—00 0

(5.322)
To obtain (5.322), since p € s., we have chosen the p < p’ case in (5.321).
We recognize each side of (5.322) as a complex Fourier series on (0, 27).
We equate coefficients and rearrange to give

2 o TIoe™i"% H® (kpo)
Jie(a, ¢)e™"0 dg’ = .
¥ aH® (ka)

We shall use this result to find the electric field E, by noting that, in (5.318),

(5.323)

2 ?) / / /
[ B (1= p') Ju(p)ade

2n
= Z e" HO (kp)J, (ka) I (a, ¢e " adg’

n=-—00

& Jn(ka)
=1 PG H(z)(kp)H(z)(kpo)
T
(5.324)
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Substituting this result and (5.320) into (5.314), we obtain the following
expansion for the electric field E:

wpolo N
E(p) = ————= {H (klp — pol) — Y €@~

4 n=—00
Jn(ka)
e H® (kp) H® (ko)
H® (ka) "

(5.325)
which is the classical ¢-directed eigenfunction expansion for the electric
field [15].

In the above example of the circular cylinder, we were able to invert
the integral equation analytically. This event occurred because the surface
Sc was a coordinate surface, in this case, p = a. Incases where the cylinder
does not conform to a complete coordinate surface, the integral equation
in (5.315) must be inverted numerically. We include a specific case, the
rectangular cylinder, in the problems.

5.9 PERFECTLY CONDUCTING CIRCULAR
CYLINDER

In the previous section, we derived the fields associated with scattering from
a perfectly conducting circular cylinder by beginning with the conducting
cylinder of arbitrary cross section. We obtained an integral equation in
(5.319). For the case of circular cross section, we were able to invert
the integral equation and obtain an expression for the electric field E;, in
(5.325). It is, however, possible to proceed more directly. In this section,
we derive the fields scattered from a perfectly conducting cylinder of cir-
cular cross section when the excitation is an electric current line source.
We are able to verify the result obtained in (5.325). Next, we obtain an
alternative representation, useful in describing scattering in the form of
creeping waves.

We again consider the geometry in Fig. 5-11. The source is given
explicitly in (4.163) and the differential equation describing the E,-field in
(4.180) and (4.181), which we repeat here for convenience, viz.

178 3_8)] 19% o __80=p)8@—¢)
p[ap ("ap TR TS . (5.326)

g=- (5.327)
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From the results in Problem 3.2, we may expand the Green’s function g in
terms of the spectral representation with respect to ¢, viz.

00 1 .
glo. ¢, 08N =Y anlp, 0, ¢'),/5;e'"¢ (5.328)
n=-—00
We write this transformation
§ & an (5.329)
and easily find that
62
~3 ¢2 n a,l (5.330)
’ 1 —ing’
8¢p—-9¢) = 7e (5.331)
Applying (5.329)-(5.331) to (5.326), we obtain
17d [ db, 2 5(p—p'
L[5 rn- Tt
where

/1 o
a, = E;e-""f’ by (5.333)

So far, the development is identical to that in (4.190)—(4.198), except that
the boundary and limiting conditions are now

b, =0 (5.334)
p=a

lim b, =0 (5.335)

p—>00

We write the solution for b, as a linear combination of Bessel and Hankel
functions, as follows:

) /
- { AJy(kp) + CH® (kp), p<p (5.336)

BH® (ko) + DH (kp),  p > p'
The limiting condition in (5.335) results in D = 0. At p = a, we have

AJy(ka) + CH® (ka) = 0
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Solving for C and substituting into (5.336), we have

Alnko) — caHOGp)], o <o
BH® (kp), p>p

n:

(5.337)

where
Jn(ka)
H® (ka)

Invoking the continuity and jump conditions at p = p’ allows us to evaluate
the coefficients A and B, as follows:

(5.338)

Cp =

A= %H,fz)(kp') (5.339)
b/
= 2 [Intke)) = ca B ko) (5.340)
where we have used the Bessel function identity
2
JWH® — 1'H® = (5.341)
imx

where the prime indicates differentiation with respect to x. Therefore,
HA (kep) [ I ko) - cn HO (ko) |, o < 9’

" HP (ko) [1nko") = c HO K], p > pf
Substitution of (5.342) into (5.333) and the result into (5.328) gives

N
g=— Z RUICE )[_anéz)(kp)H,sz)(kpl)

4i =

HPkp")In(kp),  p < p’
HOUp)Inkp),  p > o/

Use of (5.327) and the addition theorem given in (4.207) again produces
the result in (5.325), which we display here for reference, viz.

(5.342)

(5.343)

wpol
Ez<p>=——‘ff—°[ HY (- pol) = . "W

n=—oo
Jn(ka)
H?® (ka)

Hé”(kp)Hn‘z’(kpo)] (5.344)
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It is instructive to consider the important special case of a plane wave
incident on the cylinder. In (5.344), the first term in the brackets is the
incident field, given by

_ wopolo
4

We expand |p — p'| in cylindrical coordinates and obtain

Ey = ————Hy (klp— p') (5.345)

2
o= p1=[0?+ 0% =200 cos(d ~ 8] (5.346)

The plane wave case is produced by allowing the line source to be very far
removed from the cylinder. Mathematically, o’ >> p and

p 1/2
o Pl [1 —2 (;) cos(@ - )]
=p' —pcos(p — @) (5.347)

where we have discarded terms in p/ o’ higher than first order, and where we
have used the first two terms in the Taylor series expansion for 4/(1 + x).
Substituting (5.347) into (5.345), and using the large argument approxima-
tion for the Hankel function given in Example 2.21, we obtain

iouoly | 2i

Eim: —
z 4i ko'

o~ iklp'~pcos(¢—9") (5.348)

We let the incident wave arrive from left to right along the x-axis (Fig. 5-11),
so that ¢’ = 7 and

ia)[,LoIo 2i

Einc — _
z 4i ko'

—ike' g-ikpcose (5.349)

To produce a unit magnitude plane wave from left to right, we adjust the
intensity /o as follows:

-1
iopoly | 2i —ikp'
=|- —e! 5.350
fo [ 4i rrkp’e ( )

so that
Ein = e—ikpcosd _ —ikz (5.351)
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In obtaining the fields for T M propagation between parallel plates in
Section 5.5, we found that there was an alternative representation for the
Green'’s function, useful at high frequencies. In the case under consider-
ation here, we may again obtain a useful alternative representation. We
begin by writing the differential equation describing the Green’s function
in (5.326) in the form that separates the p-operator from the ¢-operator.
This form is given in (4.187)—(4.189) and is repeated here for convenience,
viz.

(L + Log = (o — 0)8(6 — ¢') (5.352)
where
a d
L,=—p [5 (,;5;)] — (ko) (5.353)
62
Li=—35 (5.354)

We require the spectral representation of the operator L,. The Green’s
function problem associated with this spectral representation is

(L, — V)G = pb(p — p) (5.355)
G =0 (5.356)
=a
lim G=0 (5.357)
pP—>00

The reader should carefully compare this problem to the problem in Exam-
ple 3.6. The only difference is in the boundary condition at the lower end
of the interval. In Example 3.6, we had a finiteness condition at p = 0. In
this case, we have a Dirichlet condition at p = a. We still have the limit
point case as p — 00, but the condition at p = a is regular. We write the
solution as

AJ, (ko) + CHD (kp), p<p
G = Y i (5.358)
BH®(kp) + DHO (kp), o> p'
where
v=ivA (5.359)

in the same manner as in (3.136). Application of the limiting condition
in (5.357) results in D = 0. From this point, the solution for the Green’s
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function follows the development in (5.337)—(5.342). The result is

o [ HO ) [1tk0) - . HOGp)], o <o
= % (5.360)
| HO®o) [ 160y — c HP G|, 0> 0

where the branch cut in /A lies along the positive real axis and is explicitly
determined by (3.143).

Our next step is to determine the spectral representation of pé(p —
p') by integrating the Green’s function with respect to A by the methods
developed in Chapter 3. We first consider the case p < p’. We have

. (ka
G = ZHO (0 | Sk - D @ ) | 5361)
2 H J—(ka)
ivA

where we have used (5.338) and (5.359). We define the branch cut asso-
ciated with +/A by using (3.143) and (3.144), and produce a cut along the
positive-real axis in the A-plane. Following the development in Example
3.6, we now investigate whether the branch cut in /A produces a branch

cutin G. As we approach the positive- real axis from above and below, we
have, respectively,

T H (?(kp') @ @
i - _ _ k
4,.!»"312710 H H(z)(k ) [J (kp)H (ka) — J_(ka)H ' ( p)]
(5.362)
n H® (ko'

. @y @
lim G = > o [J:6c0) H® (ka) - J, (ka) H{ ko)) (5363)

where
T = i|A|/? (5.364)
But, from [16], we have
1
Jo=3 [H® + H?)] (5.365)
J.=1 [e"’"H“) + e-"’"Hm] (5.366)

and, from (3.149),
H? = ¢ " H® (5.367)
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We substitute (5.365) into (5.363); in addition, we substitute (5.366) and
(5.367) into (5.362). After some routine algebra, we find that

lim G= llm G (5.368)
¢——2r

Therefore, there is no branch cut in G along the positive- real axis. Since
G has no branch cut singularities, the spectral representation of the delta
function is given by (3.39), viz.

1
~pb(p = 0) = 5— f G(p, o', N)dA (5.369)

where the only possible singularities in G are poles. Our analysis of the
pole contributions is based on the treatments in [17] and [18]. We write
the expression for G given in (5.361) as

G=G+G, (5.370)

where
G = ——H(z) O (ko')J, /5 (ko) (5.371)
G, = ik pa o YO (kp') (5.372)

2, H(z) (k ) h/_

There are no poles contained in Gl, there are, however, a countably infinite
number of simple poles [18] in G, whenever

‘2) 2 (ka) = (5.373)

Therefore, by Cauchy’s Theorem, only the second term in (5.361) con-
tributes to the contour integral in (5.369), and we have

__1 fJinka) HO) @
po(o - p) == fHa, D oy AP 5378

Using the residue theorem, we obtain

o 1
P80 =)= 3.3 4, kB (o) HY) o Res |~ 3,
p=1 ; «/-l;
(5.375)

where

Res[f(2); z]
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signifies the residue of f(z) evaluated at z, and where the sum is over
the zeros evaluated in (5.373). Using the relationship between A and v in
(5.359), we obtain

o0
p5(p — 0 = 3 ®,(k0) B, (k) (5.376)
p=1
where 12
Jy, (k
&, (ko) = | i 22 &) HP (kp) (5.377)

i [#P 0]
Expression (5.376) gives the required spectral representation for the delta
function. We note that the result is symmetric with respect to p and p'.
Therefore, the restriction p < p’ can be removed.

Using the methods in Chapter 3, we may develop the spectral rep-
resentation in (5.376) into a Fourier expansion useful for solving (5.352).
For f(p) € L2(a, 00), we have

o0 00 d /
1@ = [ 1@%0-pie = [~ 1) o506 - )% 5.378)

Since p'8(p — p') = pd(p — p’), we may substitute (5.376) and obtain

[e2]
f(p) =) a,®,(kp) (5.379)
p=1
where
00 dp
a= [ 10,007 (5.380)
a
We next use this Fourier expansion to solve (5.352). Let
00
g= a,(0', 4, ¢)P,(ko) (5.381)
p=1

Substitution into (5.352) gives

d2
(W + vf,) a, = —,kp")5(¢ — ¢ (5.382)
This Green’s function problem with periodic boundary conditions has been
solved in Problem 2.18. The result applied here is
__cosu,(lp — ¢/| - m)]

2v, sinvpm

ap &, (kp") (5.383)
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We substitute into (5.381) and find that

g=— i cosvp(I¢ — ¢'| = m)]

2vp sinv,

®,(kp) ®, (ko') (5.384)
p=1

Using (5.327), we produce the electric field
o cos[vp(|¢ — ¢'| — )]

E, =iougly Z s
= Vp Sin v,

®,(ko)D, (ko) (5.385)

We again specialize to the case where a plane wave is incident from left to
right along the x-axis (Fig. 5-11). Let

¢ =m, —r<¢<nm (5.386)

so that
cos[vp(l¢p — ¢'| — )] = cos v,¢ (5.387)
Let p’ become large enough so that the Hankel function can be approxi-
mated by
2i
ko'

HP (kp') ~ ive= ke’ (5.388)

Then,

£ - _wp,onlo 2i o=k ii"" Jup(ka)H‘ff)(kp) Cos V¢
e 2 wkp' £

= SHP ka)y, sinvpn
(5.389)
To produce a unit plane wave incident, we use (5.350) and produce

o J, (ka)H® (kp) cos v,¢
E,(p,¢) =2n Zi"" % e P

= 2HP (ka)),, sinvym

(5.390)

The reader may wish to compare this result with [17, eq. (129)] by using
(5.365) and (5.373). In [17], James has used the classic residue series
approach to produce the representation for the electric field that we give
in (5.390). We have used the alternative spectral representation, a method
also used in [18].

The alternative spectral representation is useful for obtaining solu-
tions at high frequencies where summing the series in (5.344) requires a
large number of terms for convergence. The alternative representation is
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particularly suited for the so-called shadow region [19] behind the cylinder,
away from the side directly illuminated by the incoming plane wave. Here,
the field is given in the form of creeping waves [17], [20]. For a thorough
discussion of the zeros of the Hankel function needed in (5.373), the reader
is referred to [18] and [21].

5.10 DYADIC GREEN’S FUNCTIONS

In the electromagnetic problems in this chapter, the geometry and source
in each case have been independent of one coordinate dimension. These
two-dimensional problems have been chosen as models to illustrate the
use of spectral expansions and Green’s functions. Indeed, many of the
interesting and useful problems in electromagnetic theory can be modeled
in two spatial dimensions. Additional two-dimensional examples directly
using the methods developed in this book can be found in [7]-[9].

There are, however, many electromagnetic problems where it is not
feasible to assume that the problem is independent of one spatial dimension.
In these three-dimensional cases, the analysis in this book may be directly
and elegantly extended using a dyadic form of Green’s theorem. The dyadic
method is presented in detail in the book by Tai [22].

Dyadic analysis is based on the formulation of dyadic spectral rep-
resentations of the delta function and the derivation of problem-dependent
dyadic Green’s functions. The interested reader is referred to [22] for
a description of the procedures, as well as application to some classical
problems, such as waveguide propagation, scattering from cylinders, and
interactions with plane stratified media. In addition, the book by Collin
[23] provides a logical, systematic presentation of dyadic Green'’s functions
and their use in electromagnetics.

Dyadic analysis can be applied to boundary value problems where
the solution depends on inverting an integral equation. In these cases, the
reader is cautioned that the analysis of the singularities associated with
dyadic kernels in integral equations is a delicate matter. For a discussion,
the reader is referred to [23],[24].

PROBLEMS

5.1. Using the Green’s function method, show that (5.51) is 6the solution to (5.49)
with the boundary conditions in (5.50).
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5.2
5.3.

S.4.

5.5,

5.6.

Show that the solution in (5.72) satisfies the differential equation in (5.55).

Beginning with the T E, equation set in (5.109)—(5.111), derive a modal series
dual to the modal series describing the T M, modes in (5.138).

Using the Green’s function method, show that (5.199) is the solution to (5.196)
with the boundary conditions in (5.197) and (5.198).

In the problem describing the scattering from a perfectly conducting cylinder
given in Section 5.8, assume that the cylinder cross section is rectangular. For
this specific case, specialize the expression for the electric field in (5.318) and
the form of the integral equation in (5.319).

Consider a y-directed magnetic current source M, above an impedance plane
(Fig. 5-12). Let the current source be independent of y, so that

3
— =0
dy

Assume that the boundary condition at the impedance plane is given by

lim (Ei) =iwL
x—0 Hy

where L > 0 is the inductance of the impedance sheet.

(a) Show that the only nonzero field components are H,, E,, E,.
(b) Using Green’s theorem, formulate an expression for the magnetic field
H,. Solve explicitly for the Green’s function by two methods:
1. Use a spectral expansion in z, followed by a closed form solution in
X.
2. Use a spectral expansion in x, followed by a closed form solution in
z. Note: This spectral expansion utilizes the impedance transform
derived in Chapter 3.
(c) Specialize the solution to the case where the magnetic current source is
a line source on the x-axis at a distance d above the impedance plane.

@

X

—z
Impedance plane

Fig. 5-12  Magnetic current M, above an impedance plane.
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A

Addition, rules for, for vectors, 2
Addition Theorem for the Hankel
function, 165
Adjoint boundary conditions, 69
Adjoint Green’s function problem, 57
Adjoint operator, 35, 45, 54
Alternative representation, 150-51,
155-56, 158-59, 164, 166,
171-72, 17477, 204, 237
Aperture diffraction, 216-26
Approximate operator equation, 33
Approximation theory, 18

Basis, 5

Bessel’s equation, 51, 79
Bessel function expansions, 86
Best approximation, 19-24, 42

Cc

Cauchy convergence, 13, 15
Cauchy-Schwarz-Bunjakowsky
inequality, 8-9

Cauchy’s theorem, 113

Chebyshev polynomials, 41, 226

Collinear vectors, 3

Complete normed linear space, 13

Components of vectors, 2

Conjugate adjoint, 70-73
boundary conditions, 70
Green’s function, 72

Conjunct, 55
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Continuity condition, 62
Continuity of inner product, 12
Continuous spectrum, 127
Convergence, 12-13, 31-32

Cauchy, 12

in energy, 31

weak, 32
Creeping waves, 233, 242
Cylindrical shell source, 16668

D

Delta function, 4549
spectral representation of, 107
transformations, 13943
Dimension, 5
Dirichlet boundary condition, 183, 237
Dirichlet problem, 183
Discrete spectrum, 127
Distributions, theory of, 48
Domain, 25
Duality, principle of, 178
Dyadic analysis, 242

E

Eigenfunction-eigenvalue method. See
spectral representation method
Eigenfunctions, 99-105
improper, 115
Eigenvalues, 99-105
improper, 115
Electromagnetic boundary value
problems, 181-82
aperture diffraction, 216-26
dyadic Green’s functions, 242
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iris in parallel plate waveguide,
206-16
parallel plate waveguide, 198-206
perfectly conducting circular
cylinder, 23342
scattering by perfectly conducting
cylinder, 226-33
SLP1 extension to three dimensions,
182-90
SLP1 in two dimensions, 191-94
SLP2 and SLP3 extension to three
dimensions, 194-98
Electromagnetic model, 144-46, 146
time-harmonic representations,
145-46
Electromagnetic sources, 139
cylindrical shell source, 168-72
delta function transformations,
139-43
line source, 153-66
point source, 172-77
sheet current source, 147-52
Energy inner product, 31
Energy norm, 31
Euclidean space, 2
Expansion functions, 33

F

Formal adjoint, 54
Formally self-adjoint, 55
Fourier-Bessel transform, 122, 137,
171
of order one, 170
Fourier coefficients, 19
Fourier sine series, 4
Fourier transform, 119

G

Galerkin’s method, 34, 35
Galerkin specialization, 36
Generalized function, 48
Gram matrix, 23

247

Gram-Schmidt orthogonalization
process, 16-17, 34
Greatest lower bound, 36
Green’s functions
dyadic, 242
and spectral representations, 13435
Green’s function method, 45
delta function, 45-49
Sturm-Liouville operator theory,
50-52
Sturm-Liouville problem of the first
kind, 53
Sturm-Liouville problem of the
second kind, 68-77
Sturm-Liouville problem of the
third kind, 77-94
Green’s function problem, 57
Green’s theorem, 184, 195

H

Hankel function, 156, 159, 226
addition theorem for, 165
asymptotics for, 86

Helmbholtz equation, 52

Hilbert-Schmidt operator, 26

Hilbert-Schmidt property, 26

Hilbert space, 1, 15-19
operators in, 24-33

Homogeneous boundary condition, 53,

69
Hybrid ray-mode formulations, 206

Impedance transform, 131, 243

Improper eigenfunction, 115

Improper eigenvalue, 115

Infimum, 36

Inhomogeneous boundary condition,
53

Inhomogeneous Dirichlet boundary
condition, 183
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Inhomogeneous Neumann boundary
condition, 183

Initial conditions, 54

Inner product space, 7

J

Jump condition, 62

K

Kantorovich-Lebedev operator, 162-63

Kantorovich-Lebedev transform, 126,
137, 165-66

kth-order impedance transform, 131

L

Laplacian operator, 195
Least squares, method of, 36
Lebesgue theory, 16
Legendre polynomials, 18
Legendre’s equation, 52
Limit circle, 78
Limit condition, 82
Limit point, 78
Linear analysis, 1
best approximation, 19-24
Hilbert space, 15-19
inner product space, 7-10
linear space, 1-7
method of moments, 33-36
normed linear space, 10-15
operators in Hilbert space, 24-33
proof of projection theorem, 36-38
Linear combination, 3
Linear dependence, 3, 4
Linear independence, 3, 4
Linear manifold, 16
Linear space, 1-7
normed, 10-15
Line source, 153-66
Loss tangent, 149

Index

M

Maxwell’s curl equations, 156

Maxwell’s equations, 147

Method of Least Squares, 36

Method of Moments (MOM), 33-36,
216

Mixed problem, 183

Modal coefficients, 104

Multiplication, rules for, for vectors, 2

N

Natural modes, 104

Neumann problem, 183

Neumann’s number, 1034

Nonnegative operator, 30

Nonself-adjoint Green’s function
problem, 64, 74

Nonself-adjoint operators, 128

Nonsymmetric Green’s function case,
197

Normed linear space, 10-15

Norm induced by the inner product, 10

o

Operator, 25
bounded, 25
continuous, 27
differential, 28
Hilbert-Schmidt, 26
in Hilbert space, 24-33
right shift, 25
Orthogonal complement, 21
Orthogonal vectors, 9
Orthonormalized Legendre functions,
40
Orthonormal set, 4, 9

P

Parallel plate waveguide, 198-206
iris in, 206-16
Parallel vectors, 3
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Perfectly conducting circular cylinder,
233-42

Periodic boundary conditions, 54
Point source, 172-77
Positive-definite operator, 30
Positive operator, 30
Projection, 21, 36
Projection theorem, 21

proof of, 36-38
Proper Riemann sheet, 112, 129
Proper orthogonal set, 9
Pulse function, 46

R

Range, 25

Rational numbers, 13
Rayleigh-Ritz method, 35, 36
Ray representations, 206
Real inner product space, 7
Rectangular box, 187-90
Rectangular cylinder, 191-94
Residue theorem, 106
Riemann sheet, 112

Right shift operator, 25

Ring source, 168-72

S

Scattering by perfectly conducting
cylinder, 226-33
Self-adjoint Green’s function problem,
65,74
Self-adjoint operator, 56
formally, 56
Self-adjoint property, 75
Set
orthonormal, 4, 9
proper, 9
Shadow region, 242
Sheet current source, 147-52
Simple medium, 146
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Singular point, 77
SLP1. See Sturm-Liouville Problem of
the First Kind
SLP2. See Sturm-Liouville Problem of
the Second Kind
SLP3. See Sturm-Liouville Problem of
the Third Kind
Snell’s law of reflection, 226
Spatial Fourier transform pair, 158
Spectral representation method,
99-105
eigenfunctions and eigenvalues,
99-105
Green’s functions and spectral
representations, 134-35
spectral representations for SLP3,
111
spectral representations for SLP1 and
SLP2, 106-11
Spectral representations
of delta function, 107
for SLP1, 106-11
for SLP2, 106-11
for SLP3, 111-34
Spherical Bessel equation, 88
Spherical Bessel function, 88
Spherical Hankel function, 88
Spherical Neumann function, 88
Sturm-Liouville form, 50
Sturm-Liouville operator, 45, 50
Sturm-Liouville operator theory, 50-52
Sturm-Liouville Problem of the First
Kind (SLP1), 53-67
extension to three dimensions,
182-90
spectral representations for, 106-11
in two dimensions, 191-94
Sturm-Liouville Problem of the Second
Kind (SLP2), 68-77
extension to three dimensions,
194-98
spectral representations for, 10611
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Sturm-Liouville Problem of the Third U
Kind (SLP3), 77-94
extension to three dimensions,
194-98
spectral representations for, 111-34

Unitary space, 3
Unmixed conditions, 54

Symbolic equality, 48 v
Symmetric Green'’s function case, Vectors, 1
197-98 components of, 2
Symmetric operator, 30 orthogonal, 9
rules for addition among, 2
T rules for multiplication of, 2
Three dimensions w
SLP1 extension to, 182-90
SLP2 extension to, 194-98 Weighting functions, 33
SLP3 extension to, 194-98 Weyl’s theorem, 78
Time-harmonic representations, Weyl theory, 88
14344

Transpose of a matrix, 23 z
Two dimensions, SLP1 in, 191-94 Zeroth-order impedance transform, 131
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