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Preface

This book is written for the serious student of electromagnetic theory.
It is a principal product of my experience over the past 25 years interacting
with graduate students in electromagnetics and applied mathematics at the
University of Arizona.

A large volume of literature has appeared since the latter days of
World War II, written by researchers expanding the basic principles of
electromagnetic theory and applying the electromagnetic model to many
important practical problems. In spite of widespread and continuing in­
terest in electromagnetics, the underlying mathematical principles used
freely throughout graduate electromagnetic texts have not been systemati­
cally presented in the texts as preambles. This is in contrast to the situation
regarding undergraduate electromagnetic texts, most of which contain pre­
liminary treatments of fundamental applied mathematical principles, such
as vector analysis, complex arithmetic, and phasors. It is my belief that
there should be a graduate electromagnetic theory text with linear spaces,
Green's functions, and spectral expansions as mathematical cornerstones.
Such a text should allow the reader access to the mathematics and the elec­
tromagnetic applications without the necessity for consulting a wide range
of mathematical books written at a variety of levels. This book is an effort
to bring the power of the mathematics to bear on electromagnetic problems
in a single text.

Since the mastery of the foundations for electromagnetics provided
in this book can involve a considerable investment of time, I should like
to indicate some of the potential rewards. When the student first begins a

lx



x Preface

study of electromagnetic theory at the graduate level, he/she is confronted
with a large array of series expansions and transforms with which to re­
duce the differential equations and boundary conditions in a wide variety
of canonical problems in Cartesian, cylindrical, and spherical coordinates.
Often, it seems to the student that experience is the only way to determine
specifically which expansions or transforms to use in a given problem. In
addition, convergence properties seem quite mysterious. These issues can
be approached on a firm mathematical base through the foundations pro­
vided in this book. Indeed, the reader will find that different differential
operators with their associated boundary conditions lead to specific expan­
sions and transforms that are "natural" in a concrete mathematical sense for
the problem being considered. My experience with graduate students has
been that mastery of the foundations allows them to appreciate why certain
expansions and transforms are used in the study of canonical problems.
Then, what is potentially more important, the foundations allow them to
begin the more difficult task of formulating and solving problems on their
own.

I first became interested in Green's functions and spectral representa­
tions during my graduate studies at UCLA in the 1960s. I was particularly
influenced by the treatment of the spectral representations of the delta
function by Bernard Friedman [1], whose book at that time formed the
cornerstone of the Applied Mathematics Program at UCLA in the College
of Engineering. Subsequently, examples of spectral representations began
appearing in texts on electromagnetic theory, such as [2]-[4], and, more
recently, [5]. However, no text specifically devoted to Green's functions
and spectral expansions and their application to electromagnetic problems
has been forthcoming.

The material in this book forms a two-semester sequence for graduate
students at the University of Arizona. The first three chapters contain the
mathematical foundations, and are covered in a course offered every year
to electrical engineering and applied mathematics graduate students with
a wide range of interests. Indeed, the first three chapters in this book
could be studied by applied mathematicians, physicists, and engineers with
no particular interest in the electromagnetic applications. The fourth and
fifth chapters are concerned with the electromagnetics, and are covered
in a course on advanced electromagnetic theory, offered biennially. In
this book, I have presumed that the reader has a working knowledge of
complex variables. In addition, in the last two chapters, I have assumed
that the reader has studied an introductory treatment of electromagnetics at
the graduate level, as can be found, for example, in the texts by Harrington
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[6], Ishimaru [7], or Balanis [8]. I have therefore felt no necessity to include
a chapter on Maxwell's equations or a chapter on analytic function theory,
presupposing reader familiarity.

Chapter 1 is an introduction to modem linear analysis. It begins with
the notion of a linear space. Structure is added by the introduction of the
inner product and the norm, With the addition of suitable convergence
criteria, the space becomes a Hilbert space. Included in the discussion
of Hilbert space are the concepts of best approximation and projection.
The chapter concludes with a discussion of operators in Hilbert space.
Emphasis is placed on the matrix representation of operations, a concept
that leads naturally to the Method of Moments, one of the most popular
techniques for the numerical solution to integral equations occurring in
electromagnetic boundary value problems.

Chapter 2 covers Green's functions for linear, ordinary, differential
operators of second order. The chapter begins with a discussion of the
delta function. The Sturm-Liouville operator is introduced and discussed
for three cases, which we title SLPI, SLP2, and SLP3. A clear distinction
is made between self-adjoint and nonself-adjoint operators. In addition, the
concepts of limit point and limit circle cases are introduced and explored
through examples applicable to electromagnetic problems.

Chapter 3 introduces the spectral representation of the delta function.
The theory is applied by example to various operators and boundary con­
ditions. Included are important representations associated with the limit
point and limit circle cases introduced in the previous chapter. A wide va­
riety of spectral representations are presented in a form suitable for use in
solving electromagnetic boundary value problems in multiple dimensions.
These representations are augmented by further examples in the Problems.

Chapter 4 contains a discussion of fundamental electromagnetic
sources represented by delta functions. The sources are analyzed us­
ing spectral representations and Green's functions in Cartesian, cylindri­
cal, and spherical conditions. A variety of useful alternative representa­
tions emerge. Included are sheet sources, line sources, ring sources, shell
sources, and point sources.

In Chapter 5, the ideas developed in the previous chapters are applied
to a sample of electromagnetic boundary value problems. No attempt
is made to produce an exhaustive collection. Rather, the purpose of the
chapter is to demonstrate the power of the structure developed in the first
three chapters. Static problems included involve the rectangular box and
rectangular cylinder. Dynamic problems include propagation in a parallel
plate waveguide, scattering by an iris obstacle in a parallel plate waveguide,
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aperture diffraction, and scattering by a conducting cylinder. Emphasis has
been placed on the power of alternative representations by including useful
alternatives in the examples on the parallel plate waveguide and scattering
from a conducting circular cylinder.

My graduate students over the past 25 years have had a major influ­
ence on this book. All have contributed through classroom and individual
discussions. Many too numerous to mention have made suggestions and
corrections in early drafts. Specifically, I should like to acknowledge some
special help. In the early 1980s, K. A. Nabulsi and Amal Nabulsi painstak­
ingly typed a portion of my handwritten class notes. These typed notes
were produced before the advent of modem computational word proces­
sors, and formed the basis for my subsequent writing of Chapters 1-3 of
this book. Dr. Nabulsi, now a Professor in Saudi Arabia, sent me a gifted
student, Muntasir Sheikh, for doctoral training. Mr. Sheikh has critically
read the entire book manuscript and offered suggestions and corrections.
In addition, Charles Trantanella, Michael Pasik, and Jacob Adopley have
carefully read portions of the manuscript.

In the mid-1970s, I had the good fortune to be a part of the creation
of the now greatly successful Program in Applied Mathematics at the Uni­
versity of Arizona. W. A. Johnson was my first student to graduate through
the program. Because of him, I became acquainted with three professors
in the Department of Mathematics, C. L. DeVito, W. M. Greenlee, and W.
G. Faris. These four mathematicians have had a lasting influence on the
way I have come to consider many of the mathematical issues involved in
electromagnetic theory.

Among my colleagues, there are several who have had a marked
influence on this book. R. E. Kleinman, University of Delaware, has con­
sistently encouraged me to pursue my mathematical interests applied to
electromagnetic theory. L. B. Felsen, Polytechnic University, has influ­
enced me in many ways, scientifically and personally. In addition, his
comments concerning modem research applications led me to some im­
portant additions in Chapter 5. K. J. Langenberg, University of Kassel,
has read in detail the first three chapters and offered important advice and
criticism. R. W. Ziolkowski, University of Arizona, has taught a course
using the material contained in Chapters 1-3 and offered many suggestions
and corrections. I. Stakgold, University of Delaware, made me aware of
the recent mathematical literature on limit point and limit circle problems.

Many reviewers, anonymous and known, have made comments that
have led me to make changes and additions. I would particularly like to
mention Ehud Heyman, Tel Aviv University, whose comments concerning
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alternativerepresentationsled me to strengthen this material in Chapter 5.
I would also like to thank Dudley Kay and the staff at IEEE Press whose
competence and diligence have been instrumental in the production phase
of this book project.

With Chalmers M. Butler, Clemson University, a distinguished ed­
ucator and cherished friend, I have had the good fortune to have a 20­
year running discussionconcerningmethods of teachingelectromagnetics
to graduate students. Part of the fun has been that we have not always
agreed. However, one issue upon which there has been no disagreement is
the importanceof presentingelectromagnetics to students in a structurally
organized manner, stressing the common links between wide ranges of
problems. I have drawn strength, satisfaction,and pleasure from our asso­
ciation.

My family has always seemed to understandmy many interests, and
this bookhas been a majorone for moreyears thanI should like to recall. It
is with loveand affectionthat I acknowledge my wife,MarjorieA. Dudley;
my children, Donald L. Dudley and Susan D. Benson; and the memory of
my former wife, MarjorieM. Dudley. Love truly does "make the worldgo
'round."

Finally, it is with gratitude that I dedicate this book to my teacher,
mentor,and friend, Robert S. Elliott, Universityof Californiaat Los Ange­
les, a consummatescholarwithoutwhomnoneof thiswouldhaveoccurred.
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1
Linear Analysis

1.1 INTRODUCTION

Fundamental to the study of many of the differential equations describing
physical processes in applied physics and engineering is linear analysis.
Linear analysis can be elegantly and logically placed in a mathematical
structure called a linear space.

We begin this chapter with the definition of a linear space. We then
begin to add structure to the linear space by introducing the concepts of
inner product and norm. Our study leads us to Hilbert space and, finally,
to linear operators within Hilbert space. The characteristics of these oper­
ators are basic to the ensuing development of the differential operators and
differential equations found in electromagnetic theory.

Throughout this chapter, we shall be developing notions concerning
vectors in a linear space. These ideas make use ofboth the real and complex
number systems. A knowledge of the axioms and theorems governing real
and complex numbers will be assumed in what follows. We shall use this
information freely in the proofs involving vectors.

1.2 LINEAR SPACE

Let a, b, C, ••• be elements of a set S. These elements are called vectors.
Let a, p, ... be elements of the field of numbers F. In particular, let Rand

1



2 LinearAnalysis Chap. 1

C be the field of real and complex numbers, respectively. The set S is a
linearspace if the following rules for addition and multiplication apply:

I. Rules for additionamong vectors in S:

a. (a+b)+c=a+(b+c)
b. There exists a zero vector 0 such that a + 0 = 0 + a = a.
c. For every a E S, there exists -a E S such that a + (-a) =

(-a) +a = O.
d. a +b = b-e a

II. Rules for multiplication of vectors in S by elements of F:

a. a(fJa) = (afJ)a
b. la = a
c. ata + b) = aa + ab
d. (a + fJ)a = aa + fJa

EXAMPLE 1.1 Consider Euclidean space Rn • Define vectors a and b in R, as
follows:

(1.1)

(1.2)

where ak and fJk, the components of vectors a and b, are in R, k = 1, 2, ... , n.
Define addition and multiplication as follows:

a + b = (aI,.·., an) + (13t, ... , 13n)

= (at + f3t, . · . , an + 13n)

aa = a(at, , an)

= (aal, , aQ n )

(1.3)

(1.4)

where Q E R. If we assume prior establishment of rules for addition and multipli­
cation in the field of real numbers, it is easy to show that R, is a linear space. We
must show that the rules in I and II are satisfied. For example, for addition rule d,

a + b = (al + f31, , an + fJn)

= ({3t + at, , f3n + an)

=b+a (1.5)

We leave the satisfaction of the remainder of the rules in this example for Problem
1.2. Note that R is also a linear space, where we make the identification R = R I .

•



Sec. 1.2 Linear Space 3

EXAMPLE 1.2 Consider unitary space Cn • Vectors in the space are given
by (1.1) and (1.2), where ak and 13k, k = 1,2, ... , n are in C. Addition and
multiplication are defined by (1.3) and (1.4) where a E C. Proof that C, is a linear
space follows the same lines as in Example 1.1. Nole that C is a linear space,
where we make the identification C = Ct.

•
EXAMPLE 1.3 Consider C(O,I), the space of real-valued functions continuous
on the interval (0, I). For f and g in C(O,I) and a E R, we define addition and
multiplication as follows:

(f + g)(~) = f(~) + g(~)

(af)(~) = af(~)

(1.6)

(1.7)

for all ~ E (0,1). Ifwe assume prior establishment of the rules for addition of two
real-valued functions and multiplication of a real-valued function by a real scalar,
it is easy to establish that C(O,I) is a linear space by showing that the rules in I and
II are satisfied. For example, for addition rule d,

(f + g)(~) = f(~) + g(~)

= g(~) + f(~)

= (g + f)(~)

We leave the completion of the proof for Problem 1.3.

(1.8)

•
In ordinary vector analysis over two or three spatial coordinates, we

are often concerned with vectors that are parallel (collinear). This concept
can be generalized in an abstract linear space. Let Xl, X2, ••. .x; be ele­
ments of a set of vectors in S. The vectors are linearly dependent if there
exist Clk E F, k = 1, 2, ... , n, not all zero, such that

(1.9)

If the only way to satisfy (1.9) is ak = 0, k = 1, 2, ... , n, then the elements
Xk are linearly independent. The sum

is called a linear combination of the vectors xi,
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EXAMPLE 1.4 In Rz, let Xl = (1, 3), Xz = (2, 6). Wetest Xl and X2 for linear
dependence. Weform

from which we conclude that

al + 2az = 0

3al +6az =0

These two equations are consistent and yield al = -2az. Certainly,al = a2 = 0
satisfiesthis equation,but there is also an infinitenumberof nonzeropossibilities.
The vectors are therefore linearly dependent. Indeed, the reader can easily make
a sketch to show that Xl and X2 are collinear.

•
EXAMPLE 1.5 InC(O,l), let a set of vectorsbe definedby fk(~) = J2sinkJr~,

k = 1, 2, ... , n. Wetest the vectors fk for linear dependence. We form

n

LakJ2sinkJr~ = 0
k=l

(1.10)

where ak E R. The fk' defined above, form an orthonormal set on ~ E (0, 1).
That is,

k#m

k=m
(1.11)

Multiplicationof both sides of (1.10) by J2 sin mtt~, m = 1, 2, ... , n and inte­
gration over (0,1) give, with the help of (1.11), am = 0, m = 1,2, ... , n. The
vectors fk are therefore linearly independent.

•
In Example 1.5, we note that the elements fk are finite in number.

We recognize them as a finite subset of the countably infinite number of
elements in the Fourier sine series [». k = 1, 2, .... A question arises
concerning the linear independence of sets containing a countably infinite
number of vectors. Let Xl, X2 ••• be an infinite set of vectors in S. The
vectors are linearly independent if every finite subset of the vectors is
linearly independent. In Example 1.5, this requirement is realized, so that
the infinite set of elements present in the Fourier sine series is linearly
independent.
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(1.12)

In an abstract linear space S, it would be helpful to have a measure
of how many and what sort of vectors describe the space. A linear space
S has dimension n if it possesses a set of n independent vectors and if
every set of n + 1 vectors is dependent. If for every positive integer k we
can find k independent vectors in S, then S has infinite dimension. The
set Xl, X2, ••• .x; is a basis for S provided that the vectors in the set are
linearly independent, and provided that every XES can be written as a
linear combination of the xi, viz.

n

X =Lakxk
k=l

The representation with respect to a given basis is unique. If it were not,
then, in addition to the representation in (1.12), there would exist 13k E F,
k = 1, 2, ... , n such that

n

X = Lf3kxk
k=l

Subtraction of (1.13) from (1.12) yields

n

o= L(ak - fJk)Xk

k=l

Since the Xk are linearly independent, we must have

(1.13)

(1.14)

k = 1,2, ... , n (1.15)

which proves uniqueness with respect to a given basis. Finally, if S is
n-dimensional, any set of n linearly independent vectors Xl, X2, .•• , Xn

forms a basis. Indeed, let XES. By the definition of dimension, the set
x, xl, X2, ... , Xn is linearly dependent, and therefore,

n

ax + Lakxk = 0
k=l

where we must have ex '# O. Dividing by a gives

n (-ex.k )x=L - Xk
k=l ex.

Therefore, the set Xl, X2, ••• , Xn is a basis.

(1.16)

(1.17)



6 LinearAnalysis Chap. 1

EXAMPLE 1.6 Consider Euclidean space Rn • We shall show that the vectors
el = (1,0, ... ,0), e2 = (0,1, ... ,0), , en = (0,0, ... ,1) satisfy the two
requirements for a basis. First, the set el, .e; is independent (Problem 1.8).
Second, if a E Rn ,

= al (1,0, ... ,0) + a2(0, 1, ... ,0) + ... + an (0, 0, ... ,1)

(1.18)

Therefore, any vector in the space can be expressed as a linear combination of
the eke A special case of this result is obtained by considering Euclidean space
R3• The vectors el = (1,0,0), e2 = (0,1,0), e3 = (0,0,1) are a basis. These
vectors are perhaps best known as the unit vectors associated with the Cartesian
coordinate system.

•
EXAMPLE 1.7 It would be consistent with notation if the dimension ofR, were,
in fact, n. We now show that both requirements for dimension n are satisfied. First,
since we have established an n-term basis for R, in Example 1.6, the space has a
set of n independent vectors. Second, we must show that any set of n + 1 vectors
is dependent. Let ai, a2, ... , an, an+l be an arbitrary set of n + 1 vectors in Rn •

We form the expression

n+l
LYmam = 0
m=l

(1.19)

where we must show that there exist Ym e R, m = 1, 2, ... , n + 1, not all zero,
such that (1.19) is satisfied. We express each of the members of the arbitrary set
as a linear combination of the basis vectors, viz.

m = 1,2, ... , n + 1 (1.20)

Substitution of (1.20) into (1.19) and interchanging the order of the summations
gives

n (n+l )6 ~Yma~m) ek =0

Since the ek are linearly independent,

(1.21)

n+l

" (m) 0LYmak = ,
m=l

k = 1,2, ... , n (1.22)
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Expression (1.22) is a homogeneous set of n linear equations in n + 1 unknowns.
The set is underdetermined, and as a result, always has a nontrivial solution [1].
There is therefore at least one nonzero coefficient among Ym, m = 1, 2, ... , n + 1.
The result is that the arbitrary set aI, ... , an, an+ I is linearly dependent and the
dimension of R, is n.

•
1.3 INNER PRODUCT SPACE

A linear space 5 is a complex innerproductspace if for every ordered pair
(x, y) of vectors in 5, there exists a unique scalar in C, symbolized (x, y),
such that:

a. (x, y) = (y, x)

b. (x + y, z) = (x, z) + (y, z)
c. (ax, y) = a(x, y}, ex E C
d. (x, x) ~ 0, with equality if and only if x = 0

In a, the overbar indicates complex conjugate. Similar to the above is the
real innerproductspace, which we produce by eliminating the overbar in
a and requiring in c that a be in R. For the remainder of this section, we
shall assume the complex case. We leave the reader to make the necessary
specialization to the real inner product.

EXAMPLE 1.8 We show from the definition of complex inner product space
that

(0, y) =0 (1.23)

Indeed, the result follows immediately if we substitute a = 0 in rule c above.

•
EXAMPLE 1.9 Given the rules for the complex inner product in a-d, the fol­
lowing result holds:

Indeed,

(x, ay) = ci{x, y)

(x,ay) = (ay,x)

=a(y,x)

=a(y,x)

= a(x, y}

(1.24)

•



8 Linear Analysis Chap. 1

EXAMPLE 1.10 Given the rules for the inner product space, we may show that

n n

(Lakxk, y) = Lak{Xk, y)
k=l k=l

The proof is left for Problem 1.9.

(1.25)

•

(1.26)

(1.27)

EXAMPLE 1.11 In the space Cn , with a and b defined in Example 1.2, define
an inner product by

n

(a, b) = L ak~k
k=l

Then, C, is a complex inner product space. To prove this, we must show that rules
a-d for the complex inner product space are satisfied. For rule d, there are three
parts to prove. First, we show that the inner product (a, a) is nonnegative. Indeed,

n

(a, a) = L lakl 2 2: 0
k=l

Second, we show that (a, a) = 0 implies that a = O. We have

n

o= (a, a) = L lakl2

k=l

Since all the terms in the sum are nonnegative, ak = 0, k = 1,2, ... , n, and
therefore a = O. Third, we must show that a = 0 implies (a, a) = O. We leave
this for the reader. We also leave the reader to demonstrate that rules a-e for the
inner product space are satisfied.

•
EXAMPLE 1.12 Let f and g be two vectors in C(a, {3). Define an inner product
by

(f, g) =lfj f(~)g(~)d~

Then, Ci«, fJ) is a real inner product space. We leave the proof for Problem 1.10.

•
One of the most important inequalities in linear analysis follows from

the basic rules for the complex inner product space. The Cauchy-Schwarz­
Bunjakowsky inequality is given by

(1.28)
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Herein, we refer to (1.28) as the CSB inequality. To prove the CSB in­
equality, we first note that for I(x, Y) I = 0, there is nothing to prove. We
may therefore assume Y -:j:. 0, with the result (y, y) # 0, and define

(x, y)
a=--

(y, y)

from which we have the result

I(x, Y}1 2 (x, Y)(Y, x)
=(y, y) (y, y)
=a(y,x)

=a(x, y}

= laI 2 (y , y) (1.29)

With the help of rule d, we form

°S (x - oy, x - ay) = (x, x) + laI 2 (y , y} - a(x, y} - a(y, x)

= (x, x) _ I(x, Y)1
2

(y, y)

from which the result in (1.28) follows.
Two concepts used throughout this book involve the notions of or­

thogonality and orthonormality. The concepts are generalizations of the
ideas introduced in Example 1.5. Two vectors x and yare orthogonal if

{x, y} =° (1.30)

The set Zk, k = 1, 2, ... is an orthogonal set if, for all members of the set,

{Zi, Zj} = 0,

The set is an orthonormal set if

i =I j (1.31 )

where

(1.32)

{
I, i = j

oij = 0, i =1= j (1.33)

An orthogonal set is called proper if it does not contain the zero vector. We
can show that a proper orthogonal set of vectors is linearly independent.
Indeed, we form
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n

LakZk = 0
k=l

Taking the inner product of both sides with u gives

n

(L akZk, Zj) = (0, Zi)
k=l

Using (1.25) and (1.31), we obtain

ex i (Zi, Zi) =°
from which we conclude that a, = 0, i = 1, 2, ... , n and the set is linearly
independent. Further, if the index n is arbitrary, the countably infinite set
Zk, k = 1,2, ..., is linearly independent.

1.4 NORMED LINEAR SPACE

A linear space S is a normed linear space if, for every vector XES, there
is assigned a unique number IIx II E R such that the following rules apply:

a. IIx II ~ 0, with equality if and only if x = 0

b. [ox] = lalllxll, a E F
c. !lxl + x211 ~ IIxlll + IIx211 (triangle inequality)

Although there are many possible definitions of norms, we use exclusively
the norm induced by the inner product, defined by

IIxll = J(x, x} (1.34)

Using (1.34), we find that the CSB inequality in (1.28) can be written

I(x, Y}I s IIxlillYIl (1.35)

It is easy to show that the norm defined by (1.34) meets the require­
ments in rules a, b, and c above. We leave the reader to show that a and b
are satisfied. For c, for x and Y in S, we have

IIx + YII 2 = (x + Y, x + y)

= (x, x) + (y, y) + (x, y) + (y, x)

= IIxll2+ IIYII2+ 2Re(x, y}

Since the real part of a complex number is less than or equal to its magnitude,

IIx + YII 2 ~ IIxll2 + IIYII2 + 21(x, Y)I
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Using the CSB inequality, we obtain

11

Takingthe square root of both sides yields the result in c.

EXAMPLE 1.13 From the basic rules for the normand the definition in (1.34),
we can showthat

(1.36)

Indeed,

IIx + yI!2 + IIx - yl!2 = (x + y, x + y) + (x - y, x - y)

= 2(x, x} + 2(y, y)

from which the result in (1.36) follows.

•
EXAMPLE 1.14 For unitary space en, with inner product defined by (1.26),
the nonn of a vectora in the space is easily found to be

n

lIall = L lakl 2

k=l

Unitary space is therefore a Donned linear space.

(1.37)

•
EXAMPLE 1.15 For the real linear spaceCta, fJ), with inner product defined
by (1.27), the normof a vector f in the space is

(1.38)

The spaceC(a, 13) is thereforea nonned linear space.

•
One of the useful consequences of the normed linear space is that it

provides a measure of the "closeness" of one vector to another. We note
from rule a that IIx - YII = 0 if and only if x = y. Therefore, closeness
can be indicatedby the relation IIx - Y II < E. This observationbrings us to
the notion of convergence. Among the many forms of convergence, there
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are two forms whose relationship is crucial to placing finn "boundaries"
on the linear space. The type of boundary we seek is one that assures that
the limit of a sequence in the linear space also is contained in the space.

In a normed linear space S, a sequence of vectors {Xk}~l converges
to a vector XES if, given an E > 0, there exists a number N such that
IIx - Xk II < E whenever k > N. We write Xk ~ x or

lim Xk = x
k-o oo

(1.39)

Note that if Xk ~ x, IIx - xkll ~ o.
Fundamental to studies of approximation of one vector by another

vector, to be studied later in this chapter, is the notion of continuityof the
inner product. We show that if {Xk}~l is a sequence in S converging to
XES, then

(1.40)

where h is any vector in S. To prove (1.40), it is sufficient to show that

(Xk, h) - (x, h) ~ 0

or
(Xk - x, h) -+ 0

By the form of the CSB inequality in (1.35), we have

I(Xk - X, h)1 2
:::: IIxk - xll 211hll 2

But, since Xk ~ X,

(1.41)

IIxk -xII ~ 0

so that (1.41) is verified. We remark that another useful way of writing
(1.40) is as follows:

lim (Xk, h) = (lim xi, h)
k-+-oo k-+-oo

(1.42)

This relationship indicates that, given Xk, the order of application of the
limit and the inner product with h can be interchanged.

In S, a sequence (Xk}~l converges in the Cauchy sense if, given
an E > 0, there exists a number N such that IIxm - Xn II < E whenever
min(m, n) > N. We write

lim IIxm - x; II =0
m,n-+-oo

(1.43)
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We can show that convergence implies Cauchy convergence. Indeed, let
XES be defined as the limit of a sequence, as in (1.39). Then, by the
triangle inequality,

UXm - xn II :s Ilxm - x] + "x - Xn "

Since Xk ~ x, there exists a number N such that for n > N

~

IIx -xnll ~"2

and therefore, for min(m, n) > N,

which proves the assertion. Unfortunately, the converse is not always true.
The interpretation is that it is possible for two members of the sequence to
become arbitrarily close without the sequence itself approaching a limit in
S. A nonned linear space is said to be complete if every Cauchy sequence in
the space converges to a vector in the space. The concept of completeness
is an important one in what is to follow. Although it is beyond the scope of
this book to include a detailed treatment, we shall give a brief discussion.

In real analysis, the space of rational numbers is defined [2] as those
numbers that can be written as p /q, where p and q are integers. It is a
standard exercise [3],[4] to produce a sequence of rational numbers that has
the Cauchy property and yet fails to converge in the space. (We consider
an example in Problem 1.15.) This incompleteness is caused by the fact
that in between two rational numbers, no matter how close, is an infinite
number of irrational numbers; often, a sequence of rationals can converge
to an irrational. The solution to this problem is a procedure due to Cantor
[5] whereby the irrationals are appended to the rationals in such a manner
so as to produce a complete linear space called the space of real numbers
R. We shall assume henceforth that R is complete, and direct the reader to
the literature in real analysis for details.

EXAMPLE 1.16 WecanshowthatEuclidean spaceR, iscomplete. Forvectors
a and b in the space,defined by (1.1) and (1.2), we definean innerproductby

n

(a, b) = L (Xk{3k
k=l

Let am,m = 1, 2, ... be a Cauchysequence in Rn , where

(
(m) (m) (m»)am = (XI '(X2 , ••• , (Xn

(1.44)
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Then,
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1

Ilam - apll =It[a~m) - a~p)rl ~ s EO

k=l

for min(m, p) > N. Since all the terms in the sum are nonnegative, we must have

la~m) - a~p)1 ~ EO, k = 1, 2, ... , n

for min(m, p) > N. Since the space of real numbers R is complete, then as
m~ 00,

k = 1,2, ... , n

and therefore am ---+ a.

•
EXAMPLE 1.17 We can show that the normed linear space C(a, f3) with norm
given by (1.38) is incomplete. We shall consider a well-known [6],[7] Cauchy
sequence that fails to converge to a vector in the space. Without loss of generality,
let (a, fJ) be (-1,1). Consider the sequence

0, -1 s es o
fk(~) = k~, O~~~t (1.45)

1, t~~~1

where k = 1, 2, .... This sequence is continuous, and therefore is in the linear
space C(-I,I). We show that this sequence is Cauchy. We form the difference
between two members of the sequence. For m > k,

1m - Ik =

0,

(m - k)~,

(1 - k~),

0,

-1 s ~ s 0

O:s~~~

l<l:<!
m - S - k

i:S~~1

We display the two sequence members Ik and 1m in Fig. 1-1. Note that the
difference 1m - fk is always less than unity. It follows that unity is an upper bound
on (fm - fk)2. We therefore must have

Although the above result has been obtained for m > k, an interchange of m and
k gives the general result
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lim IIfm-fkll=O
m.k-otx:

15

whichprovesthatthesequenceisCauchy. However, it is apparentthat thesequence
fk converges to the Heaviside function H (~), defined by

{

0,
H(~) =

I,
(1.46)

But, H(~) ¢ C(-I,I). Therefore,the spaceC(a, fJ) is not complete.

y

t

11m 11k

Fig. I-I Twomembers fk and f m ofsequencein (1.45)forthecase
m > k.

1.5 HILBERT SPACE

•

A linear space is a Hilbert space if it is complete in the norm induced by
the inner product. Therefore, in any Hilbert space, Cauchy convergence
implies convergence. From Example 1.16, Euclidean space R, is complete
in the norm induced by the inner product in (1.44). Therefore, R, is a
Hilbert space. In a similar manner, it can be shown that unitary space en
is complete. However, from Example 1.17, C(a, (3) is incomplete. In a
manner similar to the completion of the space of rational numbers, C can
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(1.47)

be completed. The result is L,2(a, fJ), the Hilbert space of real functions
f(~) square integrable on the interval (a, fJ), viz.

LP
f2(~)d~ < 00

In (1.47), the integration is to be understood in the Lebesgue sense [8].
Although the Lebesgue theory is essential to the understanding of the proof
of completeness, in this book such proofs will be omitted. For discussions
of the issues involved, the reader is directed to [9],[10].

In linear analysis, we are often concerned with subsets of vectors in
a linear space. One such subset is called a linear manifold. If 5 is a linear
space and a, fJ E F, then M is a linear manifold in 5, provided that ax + fJy
are in M whenever x and yare in M. It is easy to show that M is a linear
space. The proof is left for Problem 1.16.

EXAMPLE 1.18 In R2, the set of all vectors in the first quadrant is not a linear
manifold. Indeed, for x and y in the first quadrant, it is easy to find a, f3 E R such
that ax + f3y is not in the first quadrant.

•
EXAMPLE 1.19 Let Xk, k = 1,2, ... , n be a linearly independent sequence of
vectors in the Hilbert space fl. Define M to be the set of all linear combinations
of the n vectors, viz.

n

Lakxk
k=l

Then, M is a linear manifold. We leave the proof for Problem 1.17. M is called
the linear manifold generated by Xk, k = 1, 2, ... , n.

•
The results in Example 1.19 raise an interesting issue. Can the same

linear manifold be generated by more than one sequence of vectors? We
shall show that indeed this is the case. We consider the Gram-Schmidt
orthogonalization process. Let {Xl, ••• , Xn } be a linearly independent se­
quence of vectors generating the linear manifold M c H. The Gram­
Schmidt process is a constructive procedure for generating an orthonormal
sequence tel, ... , en} from the independent sequence. To begin, let

and

Zl = Xl

Zl
et=--

IIz111

(1.48)

(1.49)
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The next member of the sequence is generated by

and
Z2

e2=--
IIz211

For the third member, we form

and

17

(1.50)

(1.51 )

(1.52)

Z3
e3 = IIz311 (1.53)

This process continues until the final member of the sequence is produced
by

and

n-l

Zn = Xn - L(xn , ek}ek
k=I

(1.54)

Zn
en = IIZn II (1.55)

We leave the reader to show that the sequence {et, , en} possesses the
orthonormal property. In addition, each ei, k = 1, , n is a linear com-
bination of Xl, ..• ,Xk. We conclude that any linear combination

is also a linear combination
n

t:».
k=l

The original sequence and the orthornormal sequence obtained from it
therefore generate the same linear manifold.

EXAMPLE 1.20 Given the sequence {I, r. '[2, ...} E L2(-I, 1), we use the
Gram-Schmidtprocedure to produceanorthonormal sequence. Indeed, wedefine
an innerproductby

(f. g) = [II!(T)g(T)dT
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Then,
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Zl (r ) = 1

el(r) = 1/11111 = u-Ji
Z2(r) = r - (r, l/h)(I/h) = r

e2(r) = /372 r

Z3(r) = r 2 - 1/3

e3(r) = J45/8 (r2
- 1/3)

This process continues for as many terms in the orthonormal sequence as we
wish to calculate. We remark that the members of the sequence so produced are
proportional to the orthogonal sequence ofLegendre polynomials, whose first few
members are

Po(r) = 1

P1(r) = r

1 2
P2(r) = 2(3r - I)

P3( r: ) = ~(5r3 - Jr:)
2

1
P4(1') = 8(35r4

- 301'2 + 3)

1
Ps(1') = 8(631's - 701'3 + 151')

The Legendre functions, orthogonal but not orthonormal, are constructed in such
a way that Pn(±I) = ±l.

•
We next discuss a characteristic associated with linear manifolds that

plays a central role in approximation theory. A linear manifold M is said
to be closedif it contains the limits of all sequences that can be constructed
from the members of M. It is easy to demonstrate that not all linear
manifolds are closed. For example, the space C(a, fJ) is a linear manifold
since a linear combination of two continuous functions is a continuous
function. However, in Example 1.17, we have given a sequence of vectors
in Cthat fails to converge to a vector in C. The linear manifold Cis therefore
not closed.

An interesting result occurs if a closed linear manifold is contained
in a Hilbert space. Specifically, if 1-£ is a Hilbert space and M is a closed
linear manifold in H, then M is a Hilbert space. Indeed, let {Xk}~l be a
Cauchy sequence in M. Then, since M is contained in the Hilbert space
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'H, Xk ~ X E 11. But M is closed, and therefore x E M. We conclude
that M is a Hilbert space.

1.6 BEST APPROXIMATION

Within the structure of the Hilbert space, it is possible to generalize the
concepts of approximation of vectors and functions. Let x be a vector in a
Hilbert space 1-£ and let {zklk'::1 be an orthonormal set in 'H. We form the
sum

m

Xm =L akZk (1.56)
k=1

This sum generates a linear manifold M C 'H. Different members of the
linear manifold are produced by assigning various values to the sequence
of coefficients {aklk'::l. We should like to determine what choice of coeffi­
cients results in Xm being the "best" approximation to x. Specifically, let us
make Xm "close" to x by adjusting the coefficients to minimize IIx - Xm II.
We expand the square of the norm as follows:

IIx - x m 11 2 = (x - x m , X - Xm )

= (x, x) + (xm , Xm ) - (xm , x) - (x, Xm )

m m m

= IIxII2 + L lakl 2
- Lak(X, Zk} - Lak(X, Zk)

k=1 k=1 k=1

Completing the square, we obtain

m m

IIx - x m U
2 = IIxII2 + L (ak - (x, Zk}) (ak - (x, Zk}) - L l(x, zk}1 2

k=1 k=l
(1.57)

Since the sum in (1.57) containing the coefficients ak is nonnegative, the
norm-squared (and hence the norm) is minimized by the choice

k = 1,2, ... .m (1.58)

Expression (1.58) defines the Fourier coefficients associated with orthonor­
mal expansions. Note that once we have made the selection given in (1.58),
we can define an error vector em by

em =x -Xm
m

=X - L(x, Zk}Zk
k=l

(1.59)
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Taking the inner product with any member Zj of the orthonormal sequence,
we find that

m

(em,Zj) = (x,Zj) - L(X,Zk)(Zk,Zj) =0,
k=l

j = 1,2, ... ,m (1.60)

Since Xm is a linear combination of members of the sequence {Zj }J'=}, we
must have

(em, xm) = 0

We summarize these results as follows:

(1.61)

a. The vector x E 'Hhas been decomposed into a vector Xm E M C
'H plus an error vector em, viz.

x = Xm +em (1.62)

b. The error vector em is orthogonal to the approximation vector Xm •

EXAMPLE 1.21 We consider the Fourier sine series in Example 1.5. Let f(~) E

£2 (0, 1) with inner product

(j, g) =11

!(~)g(~)d~ (1.63)

Let {-J2 sin k1f~}k:l be an orthonormal set generating a linear manifold M c H.
Then, by (1.56) and (1.58), the "best" approximating function fm E M to f(~) is
given by

m

fm(~) = LakJ2sink1f~
k=l

where

at =11

!(T/)J2sink:TrT/ d 11

which is the classical Fourier result.

(1.64)

(1.65)

•
The above results for the approximation of a vector x E 'Hby a vector

Xm E M C H can be generalized. We shall need the concept of a manifold
that is orthogonal to a given manifold. If M is a linear manifold, then the
vector e E 11 is a member of a set MJ.. if it is orthogonal to every vector in
M. The set M J.. is a linear manifold since linear combinations of vectors
in MJ.. are also orthogonal to vectors in M. In fact, MJ.. is also closed.
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Indeed, let {ek}~l be a sequence in M1. converging to a vector e in 'H.
We have

(ek,x) = 0

for all x E M. But, by continuity of the inner product,

lim (ek, x) = (e, x) = 0
k-+oo

so that e E M1., which is therefore closed. The closed linear manifold
M1. is called the orthogonal complement to M.

We now can produce a result called the Projection Theorem. Let x
be any vector in the Hilbert space 'H, and let M c 'Hbe a closed linear
manifold. Then, there is a unique vector Yo E M c 'Hclosest to x in the
sense that IIx - Yo II ~ IIx - YII for all Y in M. Furthermore, the necessary
and sufficient condition that Yo is the unique minimizing vector is that
e = x - Yo is in M 1.. The proof of this important theorem is deferred to
Appendix A.I at the end of the chapter. The vector Yo is called the projection
of x onto M. The vector e is called the projection of x onto M.l. The
ideas inherent to the projection theorem have a well-known interpretation
in two- and three-dimensional vector spaces, as in the following example.

EXAMPLE 1.22 Let a = (ai, a2) be anyvector in R2 • Let M be the set of all
vectors b in R2 with second component equal to zero, viz.

Since linear combinations of vectors in M are also in M, the set M is a linear
manifold. In addition, the manifold is closed. Indeed, let b l , bz. ... be a sequence
in M converging to b E H, where

Since bk ~ b E H, fJ~k) ~ fJI. Therefore, b E M. By the projection theorem,

among all vectors b E M, the vector bclosest to a can be obtained from

(a - b, b) = 0

where

Solving this equation, employing the usual definition of inner product for R2, we
obtain
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Since fJI is arbitrary,fil = al. This result can be visualized (Fig. 1-2) by drawing
the vector a and noting that the vector b lies along the x-axis. The "best" b is then
obtained by dropping a perpendicular from the tip of a to the x-axis. The result is
a vector b, called the projection of a onto the x-axis. Note that the error vector e
is such that it is orthogonal to any vector along the x -axis and that a = b+ e, as
required by the projection theorem.

y

t
I
I
I
I
I
I
I
I

.1
I
I -..x

Fig. 1-2 Illustration of the projection theorem in R2, as given in
Example 1.22.

•
In (1.56)-(1.58), we introduced best approximation in terms of or­

thonormal expansion functions generating a linear manifold. With the aid
of the projection theorem, we next generalize the concept of best approxi­
mation to include expansion functions that are linearly independent but not
necessarily orthogonal. Let Y E 11, and let {Yj It!=l be a linearly indepen­
dent sequence of vectors in 'H. We form the sum

M

y = L:ajYj (1.66)
j=l

We wish to approximate Y with y by suitable choice of the coefficients
aj. We have already indicated in Example 1.19 (Problem 1.17) that linear
combinations of the type in (1.66) form a linear manifold M. In fact,
since the limit of sequences of vectors in M must necessarily be in M, the
manifold is closed and therefore meets the requirements of the projection
theorem. Since Yj E M, j = 1,2, ... , M, the projection theorem gives

(y - 9, Yk) =0, k = 1,2, ... , M (1.67)
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Substituting (1.66) and rearranging, we have

23

M
Laj(Yj, Yk) = (Y, Yk),
j=l

We write (1.68) in matrix form as follows:

k=1,2, ... ,M (1.68)

al (y, YI)
a2 (y, Y2)

= (1.69)

Inversion of this matrix yields the coefficients aj, j = 1, 2, ... , M. These
coefficients then determine y in (1.66). The square matrix on the left-hand
side of (1.69) is the transpose of a matrix called the Gram matrix. In
addition to its appearance in best approximation, it also finds use in proofs
of linear independence (Problem 1.21). Note that the result in (1.69) is
a generalization of the Fourier coefficient result in (1.58). Indeed, for
cases where the independent sequence Yj, j = 1, 2, ... , M is orthogonal,
the matrix in (1.69) diagonalizes. Inversion then produces the Fourier
coefficient result.

One of the classic problems of algebra is the approximation of a
function by a polynomial. This problem is easily cast as best approximation
in the following example.

EXAMPLE 1.23 In the Hilbert space £2(0, 1), consider the approximation of
a function I(r:) by a polynomial. Let {r:n- t l:=l be a sequence in £2(0, 1). The
sequence is linearly independent. Indeed, by the fundamental theorem of algebra,
the equation

N

LfJnr:n- 1 =0
n=l

can have at most N - 1 roots. Therefore, the only solution valid for all r E (0, 1)
is fJn = 0, n = 1,2, ... , N. We wish to approximate f(r) by

N

/(1:) = Lanr:n- 1

n=l
(1.70)

All possible such linear combinations form a closed linear manifold so that the
projection theorem applies. Comparing (1.66), we identify

(1.71)
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Define an inner product for £2(0, 1) by

11

!(r)g('r)dr

We then have
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(1.72)

(Ym, Yn) = t r m - 1rn- 1dr = __1__
10 m +n-l

(Y, Ym) =11

r m
-
1!(r)dr

Substitution of (1.73) and (1.74) into (1.69) gives

1 1 1 Jo1
j(-r)d-r2 N at

1 1 1 Jo
1

r f (r )d-r2 3 N+l a2
=

1 1 1 aN Jo
1

-r N- 1f(r)drN N+I 2N-l

Inversion of this matrix equation yields the best approximation.

1.7 OPERATORS INHILBERT SPACE

Consider the following transformation in R3:

~1 = al1~1 + a12~2 + a13~3

~2 = a21~1 + a22~2 + a23~3

~3 = a31~1 + a32~2 + a33~3

Using the usual matrix notation, we let

z = [~1 ~2 ~3]T

X = [~1 ~2 ~3]T

where T indicates matrix transpose. We then have

Ax =Z

where

(1.73)

(1.74)

(1.75)

•
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The solution is given formally by

x = A-1z

The matrix operation is linear. Indeed, given Xl, X2, zi, and Z2, we have by
ordinary matrix methods

A(axt + fiX2) = aAxt + fiAx2 = aZt + fiZ2

The concepts of linearity and inversion for matrices can be generalized to
linear operators in a Hilbert space.

An operator L is a mapping that assigns to a vector XES another
vector Lx E S. We write

Lx = y (1.76)

The domain of the operator L is the set of vectors x for which the mapping
is defined. The range of the operator L is the set of vectors y resulting
from the mapping. The operator L is linear if the mapping is such that for
any Xl and X2 in the domain of L, the vector alXI + a2X2 is also in the
domain and

L (alxl + a2 x2) = atLXI + a2Lx2 (1.77)

A linear operator L with domain V L C 'H is boundedif there exists a real
number y such that

for all u E V L .

IILull ~ Yllull (1.78)

EXAMPLE 1.24 Let Roo be the space of all vectors consisting of a countably
infinite set of real numbers (components), viz.

(1.79)

where ak E R. If b = (fJI, fJ2, fJ3, ...), define an inner product for the space by

00

(a, b) = L akfJk
k=l

(1.80)

Let the norm for the space be induced by the inner product. We restrict Roo to
those vectors with finite norm, Define the right shift operator AR in Roo by

ARa = (0, aI, a2, ...)

The right shift operator AR is linear. The proof is easy and is omitted. In addition,
A R is bounded. Indeed,
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Therefore, the operator A R is bounded in Roo. Indeed, the least upper bound on y
is unity.

•
EXAMPLE 1.25 On the complex Hilbert space £2(0, 1), we consider the fol­
lowing integral equation:

11

u(~/)k(~, ~/)d~' = f(~)

This equation can be written in operator notation as follows:

Lu = f

(1.81)

(1.82)

where L is the linear operator given by

L =11

( • )k(~, ~/)d~'

We shall show that the operator L is bounded if

1111

Ik(~, OI2d~d~' < 00 (1.83)

This property of the kernel k(~, ~') is called the Hilbert-Schmidt property, and the
operator L it generates is called a Hilbert-Schmidt operator. To show that L is
bounded, we form

where

If(~)12 = IIIu(~/)k(~, ~/)d~f

s 11

lu(OI2d~'11

Ik(~, ~/)12df

= lIull211

Ik(~, ~/)12d~'
It follows that

and finally,

IILull s Mllull
where M is the bound on the double integral.

•
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A linear operator L with domain V L C 11, is continuous if given an
€ > 0, there exists a 8 > 0 such that, for every Uo E V L, IILuo - Lu II < €,

for all u E V L satisfying II Uo - u II < 8. We can interpret this definition to
mean that when an operator is continuous, Lui, is close to Lu whenever Uo
is close to u. There is an important theorem on interchange of operators
and limits that follows immediately from the above definition. A linear
operator L with domain V L C 'H is continuous if and only if for every
sequence {un}~l E V L converging to Uo E'DL ,

Lui, = L lim Un = lim LUn
n~oo n~oo

(1.84)

The proof is in two parts. First, we suppose that L is continuous and
€ > 0 is given. We may select a 8 according to the definition of continuity
and suppose that lIuo - Un II < 8. Since Un is a member of a converging
sequence, II Uo - Un II < 8 for all n ~ N. Therefore,

and

II L uo - Lunll < €,

Luo = lim LU n
n~oo

n~N

This first part of the proof shows that, if an operator is continuous, the
operator and the limit can be interchanged. In the second part of the proof,
we must show that if the operator and limit can be interchanged, the operator
is continuous. This part is not essential to our development and is omitted.
The interested reader is referred to [12].

We now give a theorem linking the boundedness and continuity of
operators. A linear operator L with domain 'DL C 11, is bounded if and
only if it is continuous. The proof is in two parts. In the first part, we show
that if the operator is bounded, it is continuous. Indeed, if L is bounded
and Uo E'D L ,

IIL uo - Lull = IIL(uo - u)1I

~ylluo-ull

for all u E 'DL. Then, given any f > 0, it is easy to find a 8 > 0 such that

IILuo - Lull < f

whenever

lIuo - ull < 8

Indeed, the choice 8 = f / y is sufficient. In the second part of the proof,
we must show that if an operator is continuous, it is bounded. This part is
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n = 1,2, ...

not essential to our development and is omitted. The interested reader is
referred to [13].

It is straightforward to show that the differential operator L = d /d;
is unbounded. The proof is by contradiction. We suppose that d / d~ is
bounded. Then, it is continuous. Therefore, for any Un ~ U, we must
have

Lu = L lim Un = lim LUn
n--+oo n--+oo

But, if we choose Un as a member of the sequence

cosn1C~
U n = - - -

n

we have
lim u; = 0

n--+oo

and therefore,
L lim Un = 0

n--+oo

But,
lim LUn = lim (-1rsinn1r~)

n--+oo n--+oo

and this limit is undefined. We therefore have arrived at a contradiction,
and we conclude that d/d~ is unbounded.

Given the concepts ofcontinuity and boundedness of a linear operator,
we can show that a bounded linear operator is uniquely determined by a
matrix. Indeed, let {Zk}~l be a basis for 'H. Let L be a bounded linear
operator with

Lu = f
We expand U in the basis as follows:

n

U = lim LakZk
n--+oo k=l

Since boundedness implies continuity,

n n

Lu = L lim LakZk = lim L L(X,kZk
n--+oo k=l n--+oo k=l

By the linearity of the operator L, we then have

(1.85)

(1.86)
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We take the inner product of both sides of (1.86) with a member of the
basis set to give

j = 1,2, ...

By continuity of the inner product and the rules for inner products, we
obtain

j = 1,2, ... (1.87)

Equation (1.87) is a matrix equation that can be written in standard matrix
notation as follows:

(LZ2,ZI) ... ] [at] [(f,ZI)]
(LZ2, Z2) · · · a2 = (f, Z2)

· .. .· .. .· .. .
(1.88)

If this matrix can be inverted to give the coefficients aI, a2, ... , substitution
into (1.85) completes the determination of u.

EXAMPLE 1.26 On the real Hilbertspace[,2 (0, 1), considerthe integral equa-

° :'5 ~ :'5 ~'

~' :'5 ~ s 1

tion

where

f(~) = -/Lu(~) +11

k(~. ~')u(Od~'

k(~, ~') = { ~(1 - ~/),
~'(1 - ~),

(1.89)

(1.90)

In operatornotation,

(L - JLl)u = I, ~ E (0, 1) (1.91)

where I is the identityoperator. The operator L - JLl is bounded. We leave the
proof for Problem 1.26. Wewish to obtain the matrix representation and thereby
solve the integralequation. Wedefinethe innerproductfor the spaceas in (1.63).
For basis functions, we choose

Zn = sinn1C~, n = 1,2, ... (1.92)

Then, operatingon any memberof the basis set, we obtain

(L - /LI)z" = -/L sinn1r~ +11

k(~. ~') sin n1r~'d~' (1.93)
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(1.94)

But, using (1.90), we find that

1\ k(~. n sinn1r~'d~' = (l -~) 1~ ~' sinn1r~'d~' +~ i\ (l - ~') sinn1r~'d~'

After some elementary integrations, we obtain the general matrix element in the
square matrix in (1.88), viz.

(L - ILI)Zn. Zm) = [(n~)2 - IL] (Zn. Zm)

= ~ [(n~ )2 - IL] ~nm
where the inner product is the usual inner product for £2(0, 1) and ~nm has been
defined in (1.33). The matrix representation in (1.88) therefore diagonalizes, and
the inversion yields

k = 1,2, ...
2

ak = 1 (f, Zk),
(k1r)Z - JL

Substitution of (1.95) into (1.85) yields the final result, viz.

00 ~
1 f (~/) sin k1r~'d~'

u(~) = 2 L 0 1 sink1r~
k=l (k1r)2 - JL

(1.95)

(1.96)

•
In the above example of representation of an operator by a matrix, the

choice of the basis functions resulted in diagonalization of the matrix and,
therefore, trivial matrix inversion. There are many operators, however, that
do not have properties that result in this diagonalization. These concepts are
better understood after a study of operator properties and resulting Green's
functions and spectral representations in the next two chapters.

An important collection of operators for which there are established
convergence criteria are nonnegative, positive, and positive-definite oper­
ators. The reader is cautioned that there is little uniformity of notation
concerning these operators in the literature. For the purposes herein, an
operator L is nonnegative if (Lx, x) ~ 0, for all x e VL. An operator is
positive if (Lx, x) > 0, for all x # 0 in VL. Anoperator is positive-definite
if lLx, x) ~ c2 11 x 1l 2 , for c > 0 and x e V L• An operator L is symmetric
if iLx, x) = (x, Lx). It is easy to show that nonnegative, positive, and
positive-definite operators are symmetric. In fact, any operator having the
property that tLx, x) is real is symmetric. Indeed,

(x, Lx) = (Lx, x) = (Lx, x)
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A special inner product and norm [17], associated with positive and
positive-definite operators, are useful in relatingconvergence criteria. De­
fine the energy innerproduct with respectto the operator L by

[x, y] = iLx, y) (1.97)

With this inner product definition, V L becomes a Hilbert space ?-iL. The
associated energy norm in 1-lL is givenby

Ixl=J(Lx,x) (1.98)

Weemphasizethat the operatorL mustbe positive for (1.98)to satisfythe
basic definitions of a norm. Indeed, the energy inner product and norm
defined in (1.97)and (1.98)mustbe shownin each case to satisfythe rules
for innerproductsandnorms. Forpositive-definite operators, wecanprove
the following importantrelationship betweennorms:

Indeed,

Therefore,

1
IIxll s -Ixlc

(1.99)

1
IIxll2 s 21xl2

c
Taking the squareroot of both sides yields the desired result.

Amongthemanyformsofconvergencecriteria,thereareseveral types
that are particularly useful in numerical methodsin electromagnetics. For
a sequence {un} C H, Un converges to u is written

Un ~ U

and means that

lim lIun - u] = 0
n~oo

The statementUn converges in energy to u is written

e
Un ~u

and means that

lim IU n - -l= 0
n~oo

(1.100)

(1.101)

(1.102)

(1.103)
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The statement Un converges weakly to U is written

w
Un~U

and means that for every g E 'H

lim l{un-u,g)I=O
n~oo

LinearAnalysis Chap. 1

(1.104)

(1.105)

It is straightforward to show the following relationships among the types
of convergence:

A. If II LUn II is bounded, convergence implies convergence in energy.

B. Convergence implies weak convergence.

C. Convergence in energy implies LUn .z, f. The weak conver­
gence is for thoseg, definedby (1.105), in1iL. If, however, IILun ll
is bounded, then LUn~ f in 'H.

D. If L is positive-definite, convergence in energy implies conver­
gence.

We first prove Property A. We have

IU - unl2 = I(L(un - u), Un - u}1 :s IIL(un - u)lIl1u n - u]

= IILun - Lullilun - ull .:::: (IlLunll + IILull) lIun - ull
Since, by hypothesis, II LUn II is bounded and Un ~ u, a limiting operation
gives

lim IU n - U12 = 0
n~oo

To prove Property B, we use the CSB inequality to give

I{un -u,g}1 ~ lIun -ulIlIglI
for any g in H. Takingthe limit yields the desired result, viz.

lim l{un-u,g)I=O
n~oo

To prove Property C, we have

I(Lun - f, g}1 = I(L(un - u), g)1 = I[un - U, g]1 ~1Un - ullgl
where we have used the CSB inequalityon Hilbert space 'HL. By hypoth­
esis, we have convergence in energy. Therefore,

lim I(Lu n - f, g)1 = 0
n--+-oo
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for g E HL. This procedure proves the first half of Property C. The proof
of the second half is based on the Hilbert space HL being dense in Hand
is omitted. (See [17, p. 24-25].) To prove Property 0, we write

1
lIun -ull ~ -Iun -ul

c

Taking the limit as n ~ 00 yields the desired result.

1.8 METHOD OF MOMENTS

The purpose of this section is to introduce the Method of Moments in a
general wayanddevelopvariousspecialcases. Emphasis is on convergence
and error minimization.

If L is a linear operator, an approximate solution to Lu = f is given
by the following procedure. For L an operator in 'H, consider

Lu - f = 0 (1.106)

where u E V L, 1 E RL. Define the linearly independent sets {Q>k}k=l C
V L and {Wk}k=l' where Q>k and Wk are called expansion functions and
weightingfunctions, respectively. Define a sequence of approximants to u
by

n

Un = LClk<Pk, n = 1,2,... (1.107)
k=l

A matrix equation is formed in (1.106) by the condition that, upon replace­
ment of u by Un, the left side shall be orthogonal to the sequence {Wk}. We
have

(Lun - I, wm ) = 0, m = 1,2, ... , n (1.108)

Substitution of (1.107) into (1.108) and use of (1.25) gives the matrix
equation of the Method 01Moments [18],[19], viz.

(1.109)m=1,2, ... ,n
n

L Clk(L<pk, w m ) = 'J. wm ) ,

k=l

Note that the exactoperator equation (1.106) in a Hilbert space 'Hhas been
transformed into an approximate operator equation on Hilbert space en,
viz.

Ax =b (1.110)

where, in usual matrix form,

X=(Cll Cl2 ••• Cln)T (1.111)
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b = «(f, WI) (f, W2)

A = [amk]

(f, wn ) )T (1.112)

(1.113)

where T denotes transpose and amk are the individual matrix elements,
given by

(1.114)

We note the following interesting result. If the operator L is bounded, if
Wk=<Pk, and if the sequence l/Jk, k = 1, 2, ... is a basis for the Hilbert space,
then taking the limit as n ~ 00 in (1.109) reproduces the result in (1.87).
We therefore view the Method ofMoments given by (1.109) as an extension
to the matrix representation result for bounded operators in (1.87). There
remains, however, a basic question concerning the convergence of (1.107)
when the sequence {ak} is determined by solution of the matrix equation
(1.110).

In the special case where the expansion functions are identical to the
weighting functions, the result is Galerkin's Method [17], viz.

n

L ak (Ll/Jk, l/Jm) = (f, l/Jm),
k=1

m = 1,2, ... , n (1.115)

If nothing is known about the mathematical properties of the operator L
other than its linearity, nothing in general can be said concerning the con­
vergence of the approximants Un to the solution u. Unfortunately, most
of the interesting and practical problems in electromagnetics involve op­
erators that are neither positive nor positive-definite. Therefore, most of
the large body of solutions to electromagnetic problems by the Method of
Moments lack any sort of mathematical convergence criteria.

If, however, the operator L is positive, we may define the Hilbert
space 1iL with the norm given by (1.98). We then write (1.115) as follows:

n

L ak[tPk, tPml = [u, tPml,
k=1

m=I,2, ... ,n (1.116)

We further assume that the sequence {tPk} is complete in 'HL. We may show
that, under these circumstances, Galerkin's Method results in convergence
in energy. Indeed, since the complete sequence {tPk} defines 1i L , we may
apply the Gram-Schmidt orthononnalization procedure. Assuming that
the tPm are orthonormal in (1.116), we obtain

(1.117)
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Substitution into (1.107)gives

n

Un = L[u, 4>k]4>k
k=1

3S

(1.118)

whichis the Fourierseriesexpansion in 'ltL of Un withFouriercoefficients
givenby (1.117). Therefore,

lim IUn -ul=O
n-+oo

(1.119)

ByPropertyC,theresultin(I.119)impliesthatLun .z, f. Unfortunately,
nothingcanbe saidaboutthenearness of Un to u. If, however, L is positive­
definite, PropertyD states that the approximants converge, viz.

lim lIun - ull = 0
n-+oo

(1.120)

In the Galerkin procedure, if the operator L is positive and the sequence
{4>k} is complete in 'ltL, the method is called the Rayleigh-Ritz method.
For a classical treatment of the Rayleigh-Ritz method, the reader should
consult [17],[20].

Forthemoregeneraloperators oftenencountered inelectromagnetics,
a positive operatorcan be produced by the following procedure. Consider

Lu=f

Let the adjoint operator L * be defined by

iLu, v) = (u, L *v)

(1.121)

(1.122)

for u E 'DL, V E 'DL•. Then, if the adjoint L* exists, operating on both
sides of (1.121)with L* produces

L*Lu = L*f (1.123)

for any f E 'DL*- Provided that Lu = 0 has none but the trivial solution,
it is easy to show that the operator L*L is positive. Indeed, (L*Lu, u) =
IILull2 > 0, unless Lu = O. But, Lu = 0 impliesu = O.

The Methodof Moments appliedto L*L gives

nL at(L· L4>k' wm ) = (L· f, wm ) ,
k=1

m = 1,2, .. _, n (1.124)
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The Galerkin specialization follows immediately, viz.

n

L ak(L *u; tPm) = (L* f, <Pm),
k=l

m = 1,2, ... ,n (1.125)

Since L *L is positive, if the sequence {tPk} is complete in V L*L, (1.125) is

the Rayleigh-Ritz method and convergence in energy Un ~ U is assured,
viz.

lim IUn - UI= 0
n-+oo

(1.126)

where the energy norm is with respect to the operator L *L. By properties
of the adjoint, (1.125) can also be written

(1.127)m = 1,2, ... .n
n

Lak(Ll/Jk, Ll/Jm) = (f, Ll/Jm),
k=l

which is the result in the Method ofLeast Squares, more usually derived
[20] by minimization of

IILun - /11 2

It is easy to show that (1.126) implies that

lim IILun - fll =0
n-+oo

(1.128)

so that LUn ~ f. Unless the operator L *L is positive-definite, nothing
can be said concerning the convergence of Un to u.

A.1 APPENDIX-PROOF OF PROJECTION
THEOREM

In this Appendix, we prove the Projection Theorem, considered in Section
1.6. We restate the theorem here for convenience. Let x be any vector in
the Hilbert space H, and let M c 1i be a closed linear manifold. Then,
there is a unique vector Yo E M c 'H. closest to x in the sense that

(A.I)~ = inf IIx - YII = IIx - Yoll
yeM

where in! is the greatest lower bound, or infimum. In other words, Yo
is closest to x in the sense that IIx - Yoll ~ IIx - yll for all y in M.
Furthermore, the necessary and sufficient condition that Yo is the unique
minimizing vector is that e = x - Yo is in M..L. The vector Yo is called the
projection ofx onto M. The vector e is called the projection ofx onto M-L.
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In proving the Projection Theorem, we begin by noting that the first
equality in (A.I) makes sense. Indeed, IIx - YII is bounded below by zero,
and therefore has a greatest lower bound. We next show that there exists
at least one vector Yo closest to x. We begin by asserting that there exists
a vector Yn E M such that by the definition of infimum,

1
8 ~ IIx - Ynll < 8 + ­

n

Taking the limit as n -+ 00, we find that

lim IIx - Yn II = 8
n--.oo

(A.2)

(A.3)

Therefore, we can always define a sequence {Yn} E M such that IIx - Yn II
converges to 8. In (1.36), if we replace x by x - Yn and Y by x - Ym, we
obtain [21], after some rearrangement,

Since M is a linear manifold, (Yn + Ym)/2 E M, and we may assert that

Therefore,

llYn - Ym 11
2 ~ 211x - Yn 11

2 + 211x - Ym 11
2

- 482 (A.5)

In the limit as m, n ~ 00, the right side goes to 282 + 282 - ~2 = 0, and
we conclude that the sequence {Yn) is Cauchy. Since 'H is a Hilbert space
and M is closed, M is a Hilbert space and Cauchy convergence implies
convergence. Therefore, Yn ~ Yo EM.

We next show that Yo is unique [22]. Suppose it is not unique. Then,
we must have at least two solutions Yo and 'Yo satisfying IIx - Yoll ­
IIx - Yoll = 8. Then,

lIyo - 9011 2 = 211x - Yoll 2 + 211x - 9011 2
- 411x - ~(Yo + 90)112

~ 282 + 282
- 482 =0

(A.6)
Therefore, Yo = Yo.
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Finally, we show that e = x - Yo E M..L. We must show that e is
orthogonal to every vector in M. Suppose that there exists a vector Z E M
that is not orthogonal to e. Then, we would have [23]

(e, z) = (x - Yo, z) = A # 0,

We define a vector zo e M such that

A
zo =Yo + IIzll2z

Then,

zeM (A.7)

(A.8)

2 A A
IIx - zo] = (x - Yo - IIzll2z, X - Yo - IIzll2z)

2 A A IAI2

= IIx - Yoll - IIz11 2(x - Yo, z) - liz 11 2(z, x - Yo) + IIzll2

IAI2

=IIx-YoIl 2
- -

IIzll2
(A.9)

Therefore,

IIx - lOll < IIx - Yoll
which, by (A.I), is impossible.

PROBLEMS

(A.IO)

1.1. Using the rules defining a linear space, show that Oa = 0 and -la = -a.

1.2. Show that R, is a linear space.

1.3. Show that C(O,l) is a linear space.

1.4. As an extension to Example 1.4, inR2, let Xl = (1,3), X2 =(2,6.()()()()()()ol).
Show that Xl and X2 are linearly independent. Comment on what might
occur in solving this problem on a computer with eight-digit accuracy. (This
problem is indicative of the difficulties that can arise in establishing linear
independence in numerical experiments in finite length arithmetic.)

I.S. If Xl, X2, ••• , X n is a linearly dependent set, show that at least one member of
the set can be written as a linear combination of the other members.

1.6. Show that if 0 is a member of the set Xl, X2, ••• , X n , the set is linearly depen­
dent.

1.7. Show that if a set containing n vectors is linearly dependent, and if m addi­
tional vectors are added to the set, the resulting set of n +m vectors is linearly
dependent.
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1.8. Show that in R, the set of vectors

el = (1,0, ... ,0), e2 = (0, 1, ... ,0), ... , en =(0,0, ... ,1)

is linearly independent. Is the same conclusion valid in en? Is the set of
vectors a basis for en?

1.9. Given the basic definition of an inner product space, show that

n n

{La/CXIe, y} = Lale(xle, y)
Ie=l Ie=l

1.10. Show that C(a, (3) with inner product defined by (1.27) is a real inner product
space.

1.11. Consider the linear space of real continuous twice differentiable functions
over the interval (0, 1). As a candidate for an inner product for the space,
consider

(I, g) =11

f"(-r)g"(-r)d-r

where f and g are members of the space and "primes" indicate differentiation.
Determine whether tJ. g) is a legitimate inner product.

1.12. Prove the following corollary to the CSB inequality in (1.35):

t(x, y)l = IIxtl nyU
if and only if x and y are linearly dependent.

1.13. Prove the following identity:

I /lxll - lIy/l t s /Ix - YII

1.14. Consider a complex inner product space with norm induced by the inner
product. If x and y are members of the space, prove that

i
(x, y) - (y, x) = 2 (lIx + iYII2 - IIx - iY1l2)

and
1

(x, y) + (y, x) =2(lIx + YII2
- IIx - Y1I 2

)

1.1S. Given the following sequence in the space of rational numbers:

n 1
x -,,-

n - {;r (k - I)!

First, show that the sequence is Cauchy; next, show that the sequence does
not converge in the space. (Indeed, it converges to e; the details can be found
in [4].)
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1.16. Show that if S is a linear space, a linear manifold M c S is also a linear
space.

1.17. Let xi, k = 1, 2, ... , n be a linearly independent sequence of vectors in the
Hilbert space 'H. Define M to be the set of all linear combinations of the n
vectors. Prove that M is a linear manifold.

1.18. Let Roo be the space of all vectors consisting of a countably infinite set of real
numbers (components), viz.

where ak E R. Let M be the set of vectors in Roo with only a finite number
of the countably infinite number of components different from zero. Show
that M is a linear manifold. Show that M is not closed. Hint: Consider the
concept of closedas applied specifically to the sequence of vectors

Xn = (1, i,~, ...,~,o,o•.. .)

1.19. The Legendre functions Pn (~), n = 0, 1, 2, ... , are orthogonal on ~ E

(-1, 1), but they are not orthonormal, Create a sequence of orthonormal­
ized Legendre functions Pn(~), n = 0, 1, 2, ....

1.20. Given that in R3, Xl = (1,2,0), X2 = (0, 1,2), X3 = (1,0,1).

(a) Prove that {Xl t X2t X3} is a linearly independent set of vectors.
(b) From the linearly independent set, produce thefirst two members of the

associate orthonormal set using the Gram-Schmidt procedure.

1.21. Show that the determinant of the Gram matrix in (1.69) is nonzero if and only
if the sequence of vectors {Yk}~l is linearly independent [11].

1.22. Let Roo be the space described in Problem 1.18. If b = (fJlt fJ2t ...), define
an inner product for the space by

00

(a, b) = L akf3k
k=l

Let the norm for the space be induced by the inner product. We restrict Roo
to those vectors with finite norm, Define the operator A in Roo by

Aa = (a l • ia2. ~a3"'.)
Test the operator A for boundedness.

1.23. On the Hilbert space L,2(-a, a), with inner product

fa d~

(f. g) = f(~)g(~) J 2 2
-a a - ~
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consider the following integralequation:

This integralequationoccursin diffraction by a slit in a perfectlyconducting
screen. It can be shown[14] that the operator

fa . d~

L = (·)In 171 - ~I--;::::==
-a Ja2_~2

is bounded. Solve the integralequationby using the Chebyshev polynomials
Tn(~ fa) as a basis for £2(-a, a) and obtainingthe matrixrepresentation. for
L. Hint: The following are useful integralrelations[15]:

n=O

n>O

m#n

m=n=;=O

m=n=O

1.24. Let L = d / d~, and considerthe sequenceof partial sums

n 1
Un =L - cosk1r~

k=l k

It is well-known [16] that

II~~ "II = - In ( 2 sin 1f; )
Show that limn-.oo LUn is undefined. The problem is that L is unbounded.
This result is an example of the fact that a Fourier series cannot always be
differentiated term by term,

1.25. Let L = dfd~, and consider the sequenceof partial sums

n 1
Un = L 2' cosk1r~

k=l k

Using well-known series summation results [16], show that, although L is
unbounded, in this case the operatorand limit can be interchanged.
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1.26. Show that the operator in (1.91) with kernel defined in (1.90) is bounded.

1.27. Consider Hilbert space £2( -1, 1) with inner product

where all functions are real-valued. Consider the following function f(~):

Construct a function g(~) orthogonal to f(~). Adjust g(~) such that it has
unit norm

IIg(~)1I = 1

1.28. Given that, in R3, XI = (1, 1,0), X2 = (0, 1, 1), X3 = (1,0,1).

(a) Prove that {XI, X2, X3} is a linearly independent set of vectors.
(b) Using the Gram-Schmidt procedure, produce the first two members

{el, e2} of the orthonormal set obtained from this linearly independent
set.

1.29. Given Hilbert space [,2 (0, 21r) with inner product

1
21Z'

(u, v) = 0 u(~)v(~)d~

where members of the space are complex functions.

(a) Show that the sequence
{ei n~ }OO

n=-oo

is an orthogonal sequence.
(b) Produce an orthonormal (O.N.) sequence from the orthogonal sequence.
(c) Using the members of the O.N. sequence contained on -N ~ n ~ N,

where N is a positive integer, find the best approximation to

(~ -2a)
f(~) = sin -2- , aeR

in the sense given in Section 1.6, BestApproximation.

1.30. Consider the real Hilbert space £2(-1,1). For f(~), g(~) e £2(-1,1),
define an inner product

/

1 d~
(I, g) = -1 f(~)g(~)~

Determine whether this definition results in a legitimate inner product.
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1.31. Consider the real Hilbert space [,2(0, 1) with inner product

(I. g) =11

I(~)g(~)d~

where f(~), g(~) E [,2(0, 1). Suppose that
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I(~) = 1 - i
2

(a) By the method of best approximation, approximate f(~) by i(~), where
i(~) is a linear combination constructed from the orthonormal set
{JEk' COSkll'~}l=o in [,2(0,1). In the orthonormal set, Ek is 1 for k = 0
and 2 for k =1= o.

(b) Calculate the norm of the error IIf(~) - i(~)II.

1.32. Consider Euclidean space R4 • Define vectors a and b in R4 by

a = (at, · . · , a4)

b = ({3t, .. · , (34)

Define an inner product for the space by

4

(a, b) = L aktJk

k=1

Consider those vectors a in R4 restricted by

(a) Show that all vectors with this restriction form a linear manifold M.
(b) Find all vectors b that are members of M 1. •
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The Green's Function
Method

2.1 INTRODUCTION

In this chapter, we begin our study of linear ordinary differential equations
of second order. Our goal is to develop a procedure whereby we can
solve the differential equations using fundamental solutions called Green's
functions.

We begin with a brief discussion of the delta function. We follow
with a description of the Sturm-Liouville operator L and its properties.
We define three types of Sturm-Liouville problems and investigate their
properties. In all three types, we examine the role of the operator L and its
adjoint operator L". These operators are used to define the Green's func­
tion and the adjoint Green's function, respectively. Our study culminates
in a procedure for applying the Green's function and/or the adjoint Green's
function in solving the differential equation Lu = f.

2.2 DELTA FUNCTION

The concept of the delta function arises when we wish to fix attention on
the value of a function f (x) at a given point xo. Mathematically, we seek
an operator T that transforms a function !(x), continuous atxo, into !(xo),
the value of the function at XQ. In equation form, we require T such that

T [f(x)] = f(xo) (2.1)

4S
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Xo - E < X < Xo + E

otherwise

We begin by considering the pulse function p€ (x - xo), defined by

PE (x - xo) = { 2
1E'

0,
(2.2)

Note that, regardless of the value of E, the area under the pulse is unity.
Indeed, if (a, b) is any interval containing (xo - E, Xo + E),

I
b lxo+€ 1

PE (x - xo)dx = - dx = 1
a xo-€ 2E

(2.3)

An important property of the pulse function is that it is even about xo, viz.

(2.4)

This property can be proved by interchanging x and Xo in (2.2). The details
are left for the problems. Multiplying the pulse function by ! (x) and
integrating over any interval containing the pulse gives (Fig. 2-1)

Ib 1 l xo
+€!(X)PE(X - xo)dx = - f(x)dx

a 2E Xo-€
(2.5)

By the mean value theorem for integrals [1], if f is the mean value of f(x)

on the interval x E (xo - f, Xo + E),

1/2&

/Pe(X-XQI

------=-,

f(x)

(2.6)

-+-----+---+-------+---~x

XO-B

Fig.2-1 Pulse function Pf(X - xo) and function f(x).
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Taking the limit as € --+ 0, we have

lim l b
!(X)PE(X - xo)dx = !(xo), Xo E (a, b) (2.7)

~--+O a

The integrationfollowedby the limitingoperation in (2.7) transforms f (x)
to f (Xo), the value of the function at xo.

EXAMPLE 2.1 Let /(x) = x 2, Xo = 0, and Xo E (a, b). In this case, f(x) is
continuous at x = 0 and we have

limlb
!(X)PE(X - xo)dx = lim[~ jf X

2dX]
f~O a f~O 2f -f

= lim(f
2

) = 0
f~O 3

Since /(0) = 0, we have verified (2.7).

•
EXAMPLE 2.2 Let f(x) = cosx, Xo = 1r/3, and Xo E (a, b). In this case,
f (x) is continuous at x =n /3 and we have

l b
1 i j

+
f

lim /(X)Pf(X - xo)dx = lim -2 cosx dx
f~O a f~O f 1- f

=!~I;E [sin (} + E) - sin(} - E)]I= ~
Since /(1f /3) = 1/2, we have again verified (2.7).

•
Expression (2.7) forms the cornerstone of our definition of the delta

function, as follows:

lb
!(x)8(x - xo)dx = lim lb

!(X)PE(X - xo)dx (2.8)
a f-+O a

so that lb
!(x)8(x - xo)dx = !(xo) (2.9)

for any Xo in the interval (a, b). Note in (2.2) that as € becomessmaller, the
pulse function becomes narrower and higher while maintaining unit area.
If the limit in (2.7) could be taken under the integral, we would have

~(x - xo) b lim[Pf(x - xo)] (2.10)
f--+O
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Since this limit does not exist, the interchange of limit and integration in
(2.8) is not valid. We have therefore placed an "s" over the equality in
(2.10) to indicate symbolic equality only.

The delta function 8(x - xo) has two remarkable properties. Symbol­
ically, it is a function that is zero everywhere except at x = Xo, where it is
undefined. Second, when integrated against a function f that is continuous
at Xo, it yields the value of the function at xo. We note that (2.9) defines the
operator T we were seeking in (2.1). Indeed, comparing (2.1) and (2.9)
yields

T = l b
(.)~(x - xo)dx (2.11)

where (e) indicates the position of the function upon which T operates.
From the basic definition of the delta function in (2.9), we obtain

some additional relations. If we set Xo equal to zero, we find

lb
/(x)~(x)dx = /(0)

Also, if in (2.9) we set f (x) = 1, we obtain

lb
~(x - xo)dx = 1

Finally, from (2.4) and (2.8), we conclude symbolically that

~(x - xo) b ~(xo - x)

(2.12)

(2.13)

(2.14)

In concluding our development of the delta function and its properties,
we remark that there are certain difficulties with the definitions. Indeed,
any function that is zero everywhere except at one point must produce zero
when Riemann integrated over any interval containing the point. The result
in (2.13), for example, is therefore unacceptable in the Riemann sense. To
interpret the integral, it seems that we must return to the basic definition
in (2.8). The mathematical acceptability of integrals involving the delta
function have, however, been formalized in the Theory of Distributions,
introduced by Schwartz [2]. In the theory, the delta function is called a
generalized function, and the integral in (2.9) is said to exist in the distri­
butional sense. Although the theory is beyond the scope of this book, the
interested reader can find introductory treatments in [3],[4].

The central role played by the delta function in the solution to cer­
tain differential equations becomes apparent in the following argument.
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Suppose we wish to solve the equation

Lu = f

49

(2.15)

where L is a differential operator. Formally, the solution is given by mul­
tiplying both sides of (2.15) by the inverseoperator,viz.

L-1Lu=L- 1!

or
(2.16)

Since L is a differential operator, we shall assume that its inverse is an
integraloperator with kernel g(x, ~), so that

u(x) = f g(x, ~)f(~)d~

Substitution into (2.15) gives

!(x) = L[u(x)]

= Lf g(x, ~)f(nd~

=f Lg(x, ~)f(nd~

(2.17)

(2.18)

where we have assumed, without proof, that we can move the operator L
inside the integral. But, from the properties of the delta function, we have

f(x) = i b
c5(x - ~)f(~)d~ (2.19)

for x E (a, b). Comparing (2.18) and (2.19), we identify

Lg(x,~) = 8(x -~) (2.20)

Presumably, if we can solve (2.20), then the solution to (2.15) is given
explicitly by (2.17). The kernel g(x, ~) is called the Green'sfunction for
the problem.

It is the purposeof thischapterto formalizeandstructurethe introduc­
tory ideas above. The result willbe the solutionto a class of linearordinary
differentialequations of second order by the Green'sfunction method.
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2.3 STURM-LIOUVILLE OPERATOR THEORY

Consider the following linear, ordinary, differential equation of second
order:

a<x<b

(2.21)
whereAis, ingeneral,acomplexparameterindependentofx. Thefunctions
ao, at, and a2 are real and assumedto have the following properties [5],[6]:

a. oi. daiLdx, and d2ao/dx2 are continuous in a ::s x ::s b

b. ao =1= 0 in a < x < b

In (2.21), we also require that u(x) be twice differentiable and that f(x)
be piecewisecontinuous. We may always recast this differential equation
in Sturm-Liouville form, as follows:

1 d [ dU(X)]
- w(x) dx p(x)~ + q(x)u(x) - AU(X) = f(x)

The necessarycoefficienttransformations are given by [7]

(2.22)

(2.23)

(2.25)

(2.24)

q(x) = a2(x)

[IX at (t) ]
p(x) = exp --dt

ao(t)

p(x)
w(x) =---

ao(x)

We may verify these transformations by substituting (2.23)-(2.25) into
(2.22) to produce (2.21). The details are left for the problems. We rewrite
(2.22) in operator notation as follows:

(L - A)U = f

where we identify the Sturm-Liouville operator L, viz.

1 d [ d ]L =--- p(x)- +q(x)
w(x) dx dx

(2.26)

(2.27)

For the remainderof this chapter,without loss of generality, L will always
mean the Sturm-Liouville operator in (2.27).
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EXAMPLE 2.3 Consider Bessel's equation of order v, given by

" 1, (V2 2)-u - -u + - - k u = f
X x 2

(2.28)

where "prime" indicates differentiation with respect to x. Comparing to (2.21),
we identify

ao =-1

at = -(ljx)

a2 = (vjx)2

To transform to Sturm-Liouville form, we use (2.23)-(2.25) and obtain

v 2

q(x) =­
x 2

p(x) = X

w(x) = x

so that

1 " (V2 2)--(xu) + - - k u = f
X x2 (2.29)

•
EXAMPLE 2.4 Consider Bessel's equation, given by (2.28), in a slightly dif-
ferent form, viz.

-x 2u" - xu' - [(kx)2 - v 2
] u = i (2.30)

We note that (2.30) is obtained simply by multiplying both sides of (2.28) by x 2•

In this case, we identify

at =-x

a2 = _(kx)2

Using (2.23)-(2.25), we obtain

q(x) = _(kx)2

p(x) = x
1

w(x) = -
x
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so that in Sturm-Liouville form,
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, , 2 2 "
-x(xu) - (kx) u + v u = f (2.31)

We note, in particular, that the weighting function w (x) differs from that in Ex­
ample 2.3.

•
It might appear that the distinction between (2.29) and (2.31) is trivial

since the lattercan be obtained from the fonner bydividingbyx 2• However,
the difference in the weightingfunctions between (2.29) and (2.31)changes
the Hilbert space, and makes a major difference in spectral representations
associated with the radial portion of the Helmholtz equation in cylindrical
coordinates [8], as we shall find in Chapter 4.

EXAMPLE 2.5 Consider Legendre's equation on the interval x E (-1, 1), as
follows:

-(1 - x 2)u" + 2xu' - n(n + l)u = f
We identify

A = n(n + 1)

ao = -(1 - x2 )

al =2x

a2 = 0

Using (2.23)-(2.25), we obtain

q(x) = 0

p(x) = 1 - x 2

w(x) = 1

so that in Sturm-Liouville form,

[ 2 ']'- (1 - x)u - n(n + l)u = f

(2.32)

(2.33)

•
The Sturm-Liouville form of the second order differential equation,

given by (2.22), plays a central role in the solution of electromagnetic
boundary value problems. We distinguish three forms of the Sturm­
Liouville problem, which we consider in the next three sections.
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(2.34)

2.4 STURM-LIOUVILLE PROBLEM OF THE FIRST
KIND

For the first form of the Sturm-Liouville problem, we consider (L - A)U =
f over a finite interval x E (a, b) and for real A and real f. For -00 <
a < b < 00, consider the Hilbert space L,2(a, b) with real inner product

(u, v) = lb
u(x)v(x)w(x)dx

for all u, v E L2(a, b). We define the Sturm-Liouville Problem oftheFirst
Kind, abbreviated SLPl, as follows:

where

a<x<b (2.35)

and where

(2.36)

(2.37)L = __l_.!!- [P(X).!!-] + q(x)
w(x) dx dx

We impose the following restrictions [9]:

a. p; p', q, ware real and continuous for a ~ x ~ b

b. p(x) > 0, w(x) > °for a ::: x ::: b

c. Ais real and independent of x

In addition, we require u(x) E V L C L,2(a, b), where V L is the domain
of the operator L. Because we are dealing with second-order differential
operators, the domain is restricted to those functions that are twice differ­
entiable. Finally, we require that u(x) satisfy two boundary conditions as
follows:

B; (u) = a = Ctllu(a) + Ct12u'(a) + Ct13U(b) + Ct14U'(b)

B2(U) = f3 = a21 u (a ) + a22 u' (a) + a23 u(b) + a24u'(b)

(2.38)

(2.39)

where, for SLPl, a, fJ, and aij are real. Typically, in (2.38), if a is nonzero,
the boundary condition is said to be inhomogeneous. If a = 0, the boundary
condition is homogeneous.

Thereare several important special cases contained in the boundary
conditions in (2.38) and (2.39). A boundary condition is unmixed if it
involves conditions on u(x) at one boundary only. If SLPI involves an
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unmixed condition at one end of the boundary and an unmixed condition at
the other end, we refer to this case as SLPI with unmixed conditions. The
most general case of unmixed boundary conditions is (113 = (114 = (121 =
(122 = 0, so that

(2.40)

B2(U) = fJ = (123 U(b) + a24 u ' (b) (2.41)

The relations in (2.38) and (2.39) are said to be initial conditions if all =
(122 = 1 and all other aij coefficients are zero, so that

B}(u) = ex = u(a)

B2(U) = fJ = u'(a)

(2.42)

(2.43)

The two conditions in (2.38) and (2.39) are periodic if the value of the
function u (x) at one boundary is identical to the value at the other boundary,
and if the value of the derivative u' (x) at one boundary is identical to the
value at the other boundary. To produce the periodic conditions, we require
all = -a13 = a22 = -a24 = 1 and all other coefficients zero, so that

u(a) = u(b)

u'(a) = u'(b)

(2.44)

(2.45)

EXAMPLE 2.6 Consider the following differential equation on x E (0, 1):

k E R

with two homogeneous unmixed boundary conditions

u(O) = u(l) = 0

We identify p(x) = w(x) = 1, q(x) = 0, A = k2, a = 0, b = 1, a = fJ = O.
In the boundary conditions in (2.38) and (2.39), all coefficients a;j = 0, except
all = a23 = 1. We find that all requirements for SLPI are satisfied.

•
The operator L in SLPI has aformal adjoint, which we construct by

the following procedure. For u, v E L,2(a, b), we form

l b
{ 1 d [dU(X)] }(Lu, v) = --- p(x)-- + q(x)u(x) v(x)w(x)dx

a w(x) dx dx
(2.46)
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Integrating by parts twice, we obtain

lb { 1 d [dV(X)] }(Lu, v) = u(x) ---d p(x)-- + q(x)v(x) w(x)dx
a w(x) X dx

b

- {P(X) [V(X)d:~) - U(X)d~~)]}
a

5S

(2.47)
We write this result in inner product notation as

(Lu, v) = (u, L*v) + J(u, v) I:
where J(u, v) is called the conjunct and is given by

J(u, v) = -p(u'v - uv')

(2.48)

(2.49)

The operator L *, produced in the integration by parts operation, is called
the formal adjoint to L. We note that

L* = L (2.50)

When (2.50) is true, we say that L is formally self-adjoint. We conclude,
in general, that the Sturm-Liouville operator for SLPI is formally self­
adjoint.

In our search for a solution, or solutions, to (2.35), we shall first
assume that the boundary conditions in (2.38) and (2.39) are homoge­
neous. We then follow with the extension to the inhomogeneous case.
Accordingly, if u(x) is to be a solution to (2.35), we require the following
restrictions:

a. u E L,2(a, b)

b. u E V L

c. u satisfies two boundary conditions, B} (u) =0, B2(U) = 0

These restrictions define a linear manifold ML C L,2(a, b). The proof is
left for the problems. We next consider the function v(x) in (2.48). We
place the following restrictions on v(x):

a. v E L,2(a, b)

b. v E V L*

c. v satisfies two adjoint boundary conditions, Bi(v) = 0, Bi(v) = 0
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(2.51)

Since v(x) is unspecified in the original problem statement in (2.35), we
are free to choose the adjoint boundary conditions in any manner we wish,
consistent with the integration by parts operation in (2.48). We define the
adjoint boundary conditions to be those conditions Bi(v) =0, Bi(v) =0
that, when coupled with the boundary conditions on u(x), result in the
vanishing of the conjunct, viz.

J(u, v) 1:=0
These restrictions on v(x) define a linear manifold M L* C L2(a, b). At
present, it is not clear that it is possible to define the adjoint boundary
conditions such that (2.51) is satisfied. We next show explicitly the adjoint
boundary condition result for the unmixed, initial, and periodic cases.

We have defined the unmixed boundary case in (2.40) and (2.41). For
the homogeneous case, they become

(2.52)

(2.53)

We use these expressions in the conjunct to eliminate u'(a) and u'(b), viz.

I

b
[a23 ] [all ]J(u, v) = p(b)u(b) -v(b) + v'(b) - p(a)u(a) -v(a) + v'(a)

a a24 al2
(2.54)

In this case, (2.51) is satisfied if we choose the following adjoint boundary
conditions:

B;(v) = al1v(a) + a12v'(a) = 0

Bi(v) = (l23 V(b) + a24 v' (b) = 0

(2.55)

(2.56)

We note that in the unmixed boundary case, the boundary conditions on
v(x) in (2.55) and (2.56) are identical to those on u(x) in (2.52) and (2.53).
Therefore, for the case of unmixed boundary conditions, the linear mani­
fold M L is the same as the linear manifold ML*. A formally self-adjoint
operator with ML = ML* is said to be self-adjoint. We shall find subse­
quently that self-adjoint problems possess remarkable properties.

For homogeneous initial conditions, we have

u(a) = 0

u'(a) = 0

(2.57)

(2.58)
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Substitution into the conjunct gives
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J(u, v) 1:= -p(b) [u'(b)v(b) - u(b)v'(b)] (2.59)

In this case, (2.51) is satisfied if we choose adjoint boundary conditions

B;(v) = v(b) = 0

B;(v) = v'(b) =0

(2.60)

(2.61)

We note that for initial conditions, the boundary conditions on vex) in
(2.60) and (2.61) are not the same as those on u(x) in (2.57) and (2.58).
Therefore, M L =I M L., and the initial condition case is never self-adjoint.

For periodic conditions, we substitute (2.44) and (2.45) into the con­
junct to give

J(u, v) I:= -p(b) [u'(a)v(b) - u(a)v'(b)]

+pea) [u'(a)v(a) - u(a)v'(a)]

=u'(a) [p(a)v(a) - p(b)v(b)]

- u(a) [p(a)v'(a) - p(b)v'(b)] (2.62)

In this case, (2.51) is satisfied if we choose adjoint boundary conditions

B;(v) = p(a)v(a) - p(b)v(b) = 0 (2.63)

Bi(v) = p(a)v'(a) - p(b)v'(b) = 0 (2.64)

We note that for the general form of L in (2.37) and for periodic conditions,
the boundary conditions on vex) in (2.63) and (2.64) are not the same as
those on u(x) in (2.44) and (2.45). However, if the operator L is such
that pea) = ptb), the conditions are identical and the problem becomes
self-adjoint.

To produce the solution to SLPI by the Green's function method,
we define two auxiliary problems: the Green'sfunction problem and the
adjointGreen'sfunctionproblem. The Green's function problem is defined
as follows:

8(x - ~)
LAg(X,~) = ,a < ~ < b (2.65)

w(x)

s, (g) = 0 (2.66)

B2(g) =0 (2.67)
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(2.71)

where w(x) is the weight function defined in (2.25) and (2.27) and appear­
ing in the inner product definition in (2.34). We note that, by definition,
the boundary conditions on g are identical to the boundary conditions on
u. The adjoint Green's function problem is defined as follows:

~(x -~)
LAh(x,~) = ,a < ~ < b (2.68)

w(x)

B;(h) = 0 (2.69)

Bi(h) = 0 (2.70)

We note that, by definition, the boundary conditions on h are identical to
the boundary conditions on v. We also note that the boundary conditions
associated with the Green's function and the adjoint Green's function are
always homogeneous.

The solution to SLPI by the Green's function method is obtained by
taking the inner product of LAu with h, viz.

(LAu, h) = (u, LAh) + leu, h) 1:::
where the integrations indicated by the inner products are with respect to
x. From (2.49), the conjunct J(u, h) is given by

J(u, h) = - p(x) [dU(X) hex, ~) _ u(x) dh(x, ~)]
dx dx

Substitution of (2.35) and (2.68) into (2.71) gives

u(n = (j, h) - leu, h) I:
Of, explicitly,

(2.72)

(2.73)

u(~) =ib
f(x)h(x, ~)w(x)dx

{ [
dU(X) dh(X,~)]}+ p(x) ~h(x,~) - u(x) dx

x=b

x=a

(2.74)

Equation (2.74) is the formal solution to SLPl, provided that we can solve
the adjoint Green's function problem, given in (2.68)-(2.70). For ho­
mogeneous boundary conditions B, (u) = 0, B2(U) = 0, the selection
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B;(h) =0, Bi(h) = 0 reduces the second term in (2.74) to zero. The ex­
tension to the inhomogeneous case, however, is now available. We simply
apply the given boundary conditions Bl (u) = ex, 82 (u) = f3 in conjunction
with the adjoint boundary conditions Bi (h) = 0, B2(h) = O. We illustrate
these results with an example.

EXAMPLE 2.7 Consider the following differential equation on x E (a, b):

-u" - AU = f
with boundary conditions

u(a) = a

u'(a) = fJ

In this case, p(x) = w(x) = 1, and (2.74) yields

l
b dh(a,~)

u(~) = f(x)h(x, ~)dx + a - fJh(a,~)
a dx

where we have applied the boundary conditions u(a) = a, u'(a) = fJ and the
adjoint boundary conditions

h(b, ~) = dh(b, ~) =0
dx

Note that for homogeneous boundary conditions, a = fJ = 0, the conjunct van­
ishes and

u(~) = l b

f(x)h(x, ~)dx

•
We should note that in (2.74) and in Example 2.7, the solution is given

in terms of the variable ~ , with x as the dummy variable of integration. This
notation causes no difficulty since ~ simply refers to a point of evaluation
of u on the interval (a, b). We shall subsequently obtain the solution u in
terms of x with ~ as the dummy integration variable by a simple interchange
of x and ~. The reader is cautioned, however, to withhold performing this
step until after explicit evaluation of the adjoint Green's function. This
evaluation is the next subject for discussion.

We now show that it is never necessary to find the adjoint Green's
function h(x,~) directly from (2.68)-(2.70). Indeed, if we determine the
Green's function g(x, ~), defined by (2.65)-(2.67), the adjoint Green's
function follows immediately. The details follow. We form

(LAg(x, ~), h(x, ~'» = (g(x, ~), LAh(x, ~'» + J(g, h) 1::: (2.75)
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where integrations in the inner products are with respect to x. Application
of (2.66), (2.67), (2.69), and (2.70) reduces the conjunct to zero, viz.

J(g, h) 1:::= 0

Using this result and (2.65) and (2.68) in (2.75) gives

h(~, ~/) = g(~/, ~)

A simple variable change gives

h(x,~) = g(~, x) (2.76)

We conclude that, if we can find the Green's function g(x, ~), the adjoint
Green's function h(x, ~) follows immediately by an interchange of x and
~. Substitution of h(x, ~) into (2.74) completes the solution to SLP 1.

A further simplification occurs if the Green's function problem is self­
adjoint. In this case, the operator and boundary conditions for the Green's
function and the adjoint Green's function are identical, and we must have
h = g. Therefore,

h(x,~) = g(x,~) = g(~, x) (self-adjoint case) (2.77)

(2.78)
x=a

x=b

When g(x,~) = g(~, x), the Green's function g is said to be symmetric.
Substituting (2.77) into (2.74) gives, for the self-adjoint case,

u(~) =lb
j(x)g(x, ~)w(x)dx

{ [
dU(X) dg(x,~)]}+ p(x) ~g(x,~) - u(x) dx

We note that in the self-adjoint case, we have produced the useful result
that it is unnecessary to consider any aspect of the adjoint problem. Indeed,
(2.78) involves the Green's function g(x,~) rather than the adjoint Green's
function h(x, ~).

The only remaining step in the solution to SLPI is the specific deter­
mination of g(x, ~). The differential equation that describes the Green's
function is given by (2.65). We write this equation for x -# ~ as follows:

(2.79)

This homogeneous second-order equation can be solved in the following
two regions:
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a. Region 1: a < x < g
b. Region 2: g < x < b

61

Since the equation is of second order, the solution in Region 1 will contain
two as yet undetermined coefficients. In Region 2, the solution will contain
two additional undetermined coefficients. These four coefficients require
four constraints on the Green's function for their determination. The con­
ditions B} (g) = 0 and B2(g) = 0 provide two constraints. The remaining
two are provided by conditions joining together the two regions at x = ~.

Recall that in seeking a solution u(x) to (L - A)U = i, we have required
that U (x) be twice differentiable. In the solution to (2.65), however, we
relax this requirement so that the Green's function is required to be simply
differentiable on the interval a < x < b. This relaxation is logical since
the second differentiation of the Green's function produces a singularity
function 8(x - g) at x = ~. Since a differentiable function is continuous,
the third constraint on the Green's function is that it must be continuous at
x = g. For the fourth constraint, we write explicitly the Sturm-Liouville
operator in (2.65), viz.

{__l__d [p(X)_d] + q(x) _ A} g(x,~) = _8(x_-_~_)
w(x) dx dx w(x)

(2.80)

(2.81)

We multiply by w(x) and integrate over the region (~ - €, ~ + e) to give

1
~+€ d(dg ) 1~+€- - p- dx + (q - A)gwdx = 1
~-€ dx dx ~-€

In the second integral, since q, g, and w are continuous, (q - A)gW is
continuous over the interval [g - €, ~ + e]. Since the interval is closed and
bounded, the continuous function (q - )...)gw is bounded on the interval.
Let M be the upper bound on I(q - )...)gwl. Then,

It~:E (q - A)gWdxl s 2EM

and therefore,

lim I {HE (q - A)gWdxl = 0
€-.o J~-€

Performing the integration in the first integral in (2.81) and taking the limit
as € ~ 0 gives the fourth constraint, viz.

dg I _dg I 1
dx ~+ dx;- p(~)

(2.82)
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(2.87)

(2.83)

(2.84)

(2.85)

(2.86)

where we have used the continuity of p(x) at x = ~. Typically, our notation
~ - indicates the limit as x ~ ~ from below. We collect the characteristics
of the Green's function g(x, ~) that allow for its determination as follows:

Bt(g) = 0

B2(g) = 0

gl~- = gl~+

dg I _ dg I 1
dx ~+ dx t: - p(~)

We summarize the procedure for determining the Green's function as fol­
lows:

1. Solve (2.83) for x < ~ and for x > ~. The result will contain four
as yet undetermined coefficients.

2. Apply the boundary conditions indicated in (2.84) and (2.85).
These two conditions will result in determination of two of the
four coefficients.

3. Apply the continuity condition (2.86) and the jump condition (2.87).
These two conditions will result in the determination of the final
two coefficients.

We demonstrate the procedure in several examples.

EXAMPLE 2.8 Considerthe following Green's functionproblemon x E (0, b):

d2g
-- - k2g = a(x -~) (2.88)

dx2

g(O. ~) = dg(O, ~) = 0 (2.89)
dx

Weshall solvefor theGreen's functiong(x, ~) by using (2.83)-(2.87). For x =1= ~,

(2.88) becomes

d2g
- dx 2 - k2g =0, x =1= ~ (2.90)

A solution to (2.90) can be written for the two regions bisected by x = ; as follows:

{

A sinkx + B cos kx ;
g(x,~) =

C sin kx + D cos kx ,

x < ~

x>~

(2.91)
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This result can be verified by substituting (2.91) into (2.90) to show that the differ­
ential equation is satisfied. We apply the two boundary conditions, given explicitly
by (2.89). The result is A = B =0, so that

{
0,

g(x,~)=

Csinkx.+ Dcoskx,

x<~

x>~

(2.92)

The remaining two coefficients C, D are evaluated by applying the continuity and
jump conditions. Continuity gives

C sin k~ + D cos k~ = 0

Jump gives
k(Ccosk~ - Dsink~) =-1

Solving simultaneously gives

C = _cosk~
k

sink~
D=--

k

Substitution into (2.92) and application of a trigonometric identity yields

(2.93)
x>~

x < ~

{

0,
g(x,~) = sink(~ - x)

k '

It is instructive to verify that (2.93) satisfies the requirements for the Green's
function given in (2.83)-(2.87). The details are left for the problems.

•

(2.94)

EXAMPLE 2.9 Consider the following Green's function problem on x E (0, a):

d2g
-- - k2g = ~(x -~)

dx2

g(O, ~) = g(a, ~) = 0 (2.95)

Proceeding as in Example 2.8, we obtain

{

A sin kx + B cos kx,
g(x,~) =

C sink(a - x) + Dcosk(a - x),

x < ~

x > ~

(2.96)

Note that the form of solution for x > ~ is chosen so that the arguments for the
sine and cosine are equal to zero at the boundary x = a. This form satisfies (2.90),
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whilemakingtheevaluation of theundetermined coefficients C and D easier. (The
readershouldverifythat selectionof the form C sinkx + D coskx wouldyield the
sameresult;but the processof coefficient evaluation wouldbe morecomplicated.)
Applyingthe boundaryconditionsgiven in (2.95), we obtain B = D = 0, and

(

A sinkx ; x < ~
g(x,~) = (2.97)

Csink(a -x), x > ~

The remaining twocoefficients C, D are evaluated by applyingthe continuityand
jump conditions. The results are

sink~
C=-­

k sinka

A = _sin_k_(_a_-_~_)

k sinka
Substitutioninto (2.97) yields

{

sin k(a - ~) sin kx ;
g(x,~) =-k.1 k

SIn a
sink(a -x)sink~,

x<~

x>~

(2.98)

(2.99)

(2.100)

Note that the Green's functionderivedin (2.100)is symmetric, g(x,~) = g(~, x),
a result that we anticipatefrom the unmixedboundaryconditionsin (2.95)and the
self-adjointproperty in (2.77).

•
We next summarize the steps for solving the differential equation

L'Au = f by the Green's function method. We distinguish two cases.

Nonself-Adjoint Green's Function Problem

1. Write the solution in the form given by (2.74).

2. Substitute the boundary conditions B} (u) = a, B2(U) = fJ into
(2.74).

3. Substitute the adjoint boundary conditions B;(h) = 0, Bi(h) =0
into (2.74).

4. Solve the Green's function problem given by (2.65)-(2.67).

5. Obtain the adjoint Green's function through (2.76) and substitute
into (2.74).

6. Interchange the variables x and g in (2.74).
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(2.101)

Self-Adjoint Green's Function Problem

1. Write the solution in the form given by (2.78).

2. Substitute the boundary conditions Bl(u) = a, B2(U) = fJ into
(2.78).

3. Substitute the boundary conditions B, (g) = 0, B2(g) = 0 into
(2.78).

4. Solve the Green's function problem given by (2.65)-(2.67) and
substitute into (2.78).

5. Interchange the variables x and ~ in (2.78).

We remark again that, in the self-adjoint case, there is no necessity for
considering any aspect of the adjoint problem. We next illustrate these
procedures with some examples.

EXAMPLE 2.10 Consider the following differential equation on x E (0, b):

-u" - k2u = f
with boundary conditions

u(O) = ex

u'(O) = f3

These boundary conditions define an initial value problem, which we know is
never self-adjoint. We therefore use (2.74) and obtain

lb dh(O,~)
u(~) = j(x)h(x, ~)dx + a - (3h(O,~)

o dx

where the adjoint Green's function equation is given by

d 2h
-- - k2h = 8(x - ~)

dx 2

and where we have used the adjoint boundary conditions

h(b, ~) = dh(b, ~) =0
dx

(2.102)

(2.103)

(2.105)

(2.104)

As shown in (2.76), we can obtain the adjoint Green's function h(x,~) directly
from the Green's function problem, given in this case by

d2g
-- - k2g = 8(x -~)

dx2

g(O, ~) = dg(O, ~) =°
dx
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But, we have obtained this Green's function in (2.93), Example 2.8, as follows:

{

0,
g(x,~) = sink(~ - x)

k '

x < ~

x>~

(2.106)

Application of (2.76) yields the adjoint Green's function, viz.

{

0,
h(x,~) = sink(x - ~)

k

From (2.107), we also obtain

x>~

x<~

(2.107)

h(O, ~) = _Si:k~

dh(O, ~) =cosk~
dx

Substitution of (2.107)-(2.109) into (2.101) gives

(~ sink(x -~) sink~
u(~)= 10 f(x) k dX+fJ-k-+acosk~

An interchange of x and ~ yields the final solution, viz.

(X sink(~ - x) sinkx
u(x) = 10 f(~) k d~+fJ-k-+acoskx

(2.108)

(2.109)

(2.110)

It is important to assure that our solution in (2.110) satisfies the differential equation
and the boundary conditions. To do so, it is necessary to twice differentiate (2.110).
This differentiation requires some care. Wenote that the integral in (2.110) involves
a variable upper limit. To differentiate, we make use of a theorem [10], as follows:
"The derivative of the definite integral of a continuous function with respect to
the upper limit of integration is equal to the value of the integrand function at
this upper limit." In (2.110), however, the variable x occurs not only in the upper
limit, but also under the integral sign. To remedy this problem, we write (2.110)
as follows:

1 [ .k (X .k~] sin kx
u(x) = kIm e- I

x 10 f(~)e' d~ +fJ-
k-

+acoskx (2.111)

Since real differentiation and the imaginary part operator can be interchanged, it
is now straightforward to show that this solution satisfies the original differential
equation and the boundary conditions. The details are left for Problem 2.11.

•
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EXAMPLE 2.11 Consider the following differential equationon x E (0, 1):

-u"=!

with boundaryconditions

u(O) = a

u(l) = 0

The associatedGreen'8 functionproblemis

d 2g
--=~(x-~)

dx 2

g(O,~) = g(I,~) = 0

Since the boundaryconditionsare unmixed, the Green's function problemis self­
adjoint. Wethereforeuse (2.78). After application of the boundaryconditionson
u(x) and g(x, ~), we have

11 dg(O,~)
u(~) = !(x)g(x, ~)dx +a--

o dx

Using the procedurefor Green's function evaluation, we find that

(2.112)

and

{

( I - ~)x,
g(x,~) =

(1 - x)~,

x < ~

x>~

dg(O,n = 1-~
dx

Substitutioninto (2.112) followed by an interchangeof variables yields

u(x) =(l - x) l x

U(~)d~ + x11

(l - ~)f(nd~ + a(l - x)

Weleaveit to the readerto showthat this solutionsatisfies thedifferential equation
and the boundaryconditions.

•
In this section, we have defined the requirements for SLPI and have

given a procedure for its solution by the Green's function method. Note
that the parameter Aand the forcing function f (x) were constrained to be
real. In many of the interesting problems of electromagnetic theory, Aand
f (x) are complex. We consider this case in the next section.
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(2.113)

2.5 STURM-LIOUVILLE PROBLEM
OF THE SECOND KIND

For the second form of the Sturm-Liouville problem, we consider (L ­
A)U = lover a finite interval x E (a, b) and for complex Aand complex
I. Since we are now dealing with complex quantities, the Hilbert space
L2(a, b) is now defined with complex inner product

(u, v) = ib

u(x)v(x)w(x)dx

for all u, v E L2(a, b). We define the Sturm-Liouville Problem of the
Second Kind, abbreviated SLP2, as follows:

where

and where

L)..u = I, -00 < a < x < b < 00 (2.114)

(2.115)

(2.116)L = __1_~ [P(X)~] + q(x)
w(x) dx dx

We impose the following restrictions

a. p, p', q, ware real and continuous for a ::s x ::s b

b. p(x) > 0, w(x) > Ofora ~ x ~ b

c. Ais complex and independent of x

In addition, we require u(x) E DL ). C L2(a, b), where DL ). is the domain
of the operator LA. Because we are dealing with second-order differential
operators, the domain is restricted to those functions that are twice differ­
entiable. Finally, we require that u(x) satisfy two boundary conditions as
follows:

B1(u) = a = cx'11u(a) + a12u'(a) + a13u(b) + (X14U'(b)

B2(U) = {3 = a21 u(a) +a22 u' (a ) +a23 u (b) +a24 u' (b)

(2.117)

(2.118)

where the (Xij are real. Because of the generalization of A and I (x) to
include complex values, we anticipate that the solution u (x) to (2.114) will
be a complex function. Since u (x) is complex, (2.117) and (2.118) will, in
general, generate complex values of a and {3. We note, however, that the
operator L is real; that is,
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Lu = Lu
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(2.119)

In a similar manner to the SLP1 development, we may show that the
operator L in SLP2 is formally self-adjoint. Indeed, for u, v E L2(a, b),
we find that

l b
{ 1 d [dU(X)] }(Lu, v) = ---- p(x)-- + q(x)u(x) v(x)w(x)dx

a w(x) dx dx

l
b

{ 1 d [dii(X)] _}= u(x) --- p(x)-- + q(x)v(x) w(x)dx
a w(x) dx dx

b

_ {P(X) [V(X)d~~) _u(X) d~~)]}
a

=(u, Lv) + leu, v) I:
(2.120)

where we have used L ii = L v and where, for SLP2,

leu, v) = -p(u'ii - uv') (2.121)

Weshall require the same restrictions on U and v as those developed
for SLPI. For homogeneous boundary conditions, we place the following
restrictions on u(x):

a. u E £2(a, b)

b. u E VL
c. U satisfies two boundary conditions, Bl(U) = 0, B2(U) = 0

Weplace the following restrictions on v(x):

a. v E L2(a, b)

b. v E V L*

c. v satisfies twoadjointboundary conditions, B;(v) = 0, Bi(v) = 0

Wedefinetheadjointboundaryconditionstobe thoseconditionsBi (v) = 0
Bi(v) = 0 that, whencoupledwiththeboundaryconditionson u(x), result
in the vanishing of the conjunct,viz.

leu, v) I:= 0 (2.122)
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We note in (2.121) that the conjunct involves V, rather than v. However, the
conditions on v are easily produced from the conditions on v. We define
the conjugate adjointboundary conditions by

a;tv(a) + a;2v'(a) + a;3v(b) + a;4v'(b) = 0 (2.123)

a2t v(a) +a22 v'(a) + Cl23 v(b) +a24v'(b) = 0 (2.124)

where the a~ 's are chosen so that (2.122) is satisfied. Taking the complex
conjugate of (2.123) and (2.124) and noting that the Cl'0 's are real, we obtain

a;t v(a) + Cl;2 v'(a) + Cl;3 v(b) + Cl;4V'(b) = 0 (2.125)

a2t v(a) + a22 v'(a) + Cl23 v(b) + Cl24V'(b) = 0 (2.126)

We conclude that, because the Clij's are real in SLP2, the conjugate adjoint
boundary conditions and the adjoint boundary conditions are identical.

We next consider specific conditions that result in L being self-adjoint
in SLP2. For the unmixed boundary case, we again have

attu(a) + a12u'(a) = 0 (2.127)

a23u(b) + Cl24U'(b) = 0 (2.128)

We use these expressions in the conjunct to eliminate u'(a) and u'(b), viz.

J(u, v) Ib= p(b)u(b) [a23
v(b) + V'(b)] - p(a)u(a) [all v(a) + V'(a)]

a a24 al2
(2.129)

(2.130)

(2.131)a23v(b) + a24v'(b) = 0

which, in SLP2, always implies that

Clttv(a) + Clt2v'(a) = 0 (2.132)

Cl23V(b) + Cl24V'(b) = 0 (2.133)

We note that, in SLP2, the unmixed boundary case yields boundary con­
ditions on v(x) identical to those on u(x). Therefore, the linear manifold
ML is the same as the linear manifold ML*. We conclude that unmixed
boundary conditions in SLP2 yield a self-adjoint operator just as in SLPI.
We remark that this result depends on the restriction to real aij' We shall
find in the next chapter that this restriction has a dramatic effect on the
eigenvalues of the operator L.

The conjunct in (2.129) vanishes provided

all v(a) + a12v' (a) = 0
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EXAMPLE 2.12 We consider characteristics of the following differential equa­
tion on x E (0, 1):

(L - A)U = f
with L = _d2 / dx 2 and with boundary conditions

u'(O) - au(O) = 0

u(l) = 0

where A and f are complex and a is real. We note that the problem meets all of
the requirements for SLP2. In addition, the boundary conditions are unmixed. We
therefore conclude that the operator L is self-adjoint. We stress that a different
result would have been obtained if a E C. Indeed, for u, v E L,2(a, b), we have

lLu, v) = (u, Lv) - u'(I)v(l) - u(O) [v'(O) - av(O)]

where we have applied the boundary conditions on u. The conjugate adjoint
boundary conditions that reduce the conjunct to zero are

v'(O) - av(O) = 0

v(l) = 0

Taking the complex conjugate, we have

v'(O) - av(O) = 0

v(l) = 0

We conclude that the conditions on v are not the same as the conditions on u,
and therefore the operator L is no longer self-adjoint. We shall investigate the
distinction between real and complex a in this example again in the next chapter.

•
We next consider homogeneous initial conditions. Following a simi­

lar procedure to that in (2.127)-(2.133), we find that the initial condition
case is not self-adjoint in SLP2. The details are left for the problems. For
periodic conditions in SLP2, a similar procedure shows that the operator
L is self-adjoint, provided that p(a) = p(b). Again, the details are left for
the problems.

The solution procedure for SLPI has been given in (2.71)-(2.74).
We now show that the solution to SLP2 follows along similar lines, with
modification to accommodate complex A and f(x). We take the inner
product of LAu with the adjoint Green's function h and integrate by parts
twice to give
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where

and

(L)..u, h) = (u, Lrh) + J(u, h) 1:::

J(u, h) = -p(x) [_d~_~_)h(x,~) _ U(X)_dh_~_;~-)]

(2.134)

(2.135)

(2.136)

The adjoint Green's function problem is given by

L*h = l5(x - ~)
A w(x)

Substitution of (2.137) into (2.134) gives

u(~) = (j, h) - J(u, h) 1::
or, explicitly,

u(~) =lb
f(x)h(x, ~)w(x)dx

+ Ip(x) [ d~~) h(x, n - u(x) dh~; ~)]I
x=b

x=a

(2.137)

(2.138)

(2.139)

We note that (2.139) is the solution to SLP2, provided that we can deter­
mine the conjugate adjoint Green's function h(x, ~). Taking the complex
conjugate of both sides of (2.137), we obtain

* - 8(x~~)
L)..h(x,~) = L)..h(x,~)=) (2.140)

w(x
B;(ii) = 0 (2.141)

Bi(h) = 0 (2.142)

Similar to the SLPI case, the selection of the boundary conditions pro­
ceeds as follows. We first assume that the boundary conditions on u are
homogeneous. Then, Bi(h) and Bi(h) are chosen such that the conjunct
in (2.138) vanishes. The extension to the inhomogeneous case, however, is
now available. We simply apply the given boundary conditions B, (u) = a,
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B2(u) = fJ in conjunction with the conjugate adjoint boundary conditions
Bt(h) = 0, Bi(h) = O.

As in the case of SLP 1, we can show that it is never necessary to find
the conjugate adjoint Green's function directly. Indeed, we form

(L}.g(x, ~), h(x, ~'») = (g(x, ~), Lrh(x, ~'») + J(g, h) 1::: (2.143)

from which

ii(~, ~') = g(~', ~)

or, with a variable change,

h(x,~) = g(~, x) (2.144)

We shall always proceed to find the Green's function g(x, ~), and then
produce the conjugate adjoint Green's function h(x,~) from (2.144). Sub­
stitution of ii(x , ~) into (2.139) completes the solution to SLP2.

A further simplification occurs when the operator L is self-adjoint.
We have

and

~(x -~)
LAg(X,~)=-­

w(x)
Bt(g) = 0

B2(g) = 0

- ~(x-~)

L}.h(x,~) = w(x)

B 1(h) =0

B2(h) = 0

(2.145)

(2.146)

(2.147)

(2.148)

(2.149)

(2.150)

The fact that the boundary conditions on ii are identical to the boundary
conditions on g is deduced as follows. First, the conditions on g and h are
identical from the self-adjoint property of L; second, the conditions on h
and Iiare always identical in SLP2. We conclude from (2.145)-(2.150)
that g(x,~) =h(x, ~), and therefore, using (2.144), we find that

g(x,~) = h(x,~) = g(~, x) (self-adjoint case) (2.151)

Substitution into (2.139) gives, for the self-adjoint case,
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u(n =lb

!(x)g(x, ~)w(x)dx

{ [
dU(X) dg(x,~)]}+ p(x) ~g(x,~) - u(x) dx

x=b

x=a

(2.152)

We shall summarize the steps for solving SLP2 by the Green's function
method. We distinguish two cases.

Nonself-Adjoint Green's Function Problem

1. Write the solution in the form given by (2.139).

2. Substitute the boundary conditions B} (u) = a, B2(U) = f3 into
(2.139).

3. Substitute the adjoint boundary conditions Bi(h) = 0, Bi(h) = 0
into (2.139).

4. Solve the Green's function problem given by (2.65)-(2.67).

5. Obtain the conjugate adjoint Green's function h through (2.144)
and substitute into (2.139).

6. Interchange the variables x and ~ in (2.139).

Self-Adjoint Green's Function Problem

1. Write the solution in the form given by (2.152).

2. Substitute the boundary conditions B}(u) = a, B2 (u) = f3 into
(2.152).

3. Substitute the boundary conditions B} (g) = 0, B2(g) = 0 into
(2.152).

4. Solve the Green's function problem given by (2.65)-(2.67) and
substitute into (2.152).

5. Interchange the variables x and ~ in (2.152).

It is interesting and extremely useful to note that for L self-adjoint, the pro­
cedure for obtaining the solution to SLPI and SLP2 is identical. Indeed,
we have proved that in both of these cases, we may obtain the solution in
terms of the Green's function g(x,~) rather than the adjoint Green's func­
tion (SLPl) or the conjugate adjoint Green's function (SLP2). Specifically,
(2.78) and (2.151) are identical. It is only in the cases of nonself-adjoint
operators where we use the adjoint Green's function (SLPl) or the con­
jugate adjoint Green's function (SLP2), respectively. We illustrate these
ideas in the following examples.
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EXAMPLE 2.13 Consider the following differential equation on x E (0, a):

(L - A)U = f
d 2

L=-­
dx 2

with boundary conditions

u'(O) = 0

u'(a) = 0

where f and Aare complex. The problem is of class SLP2. Since the boundary
conditions are unmixed, the operator L is self-adjoint with respect to the complex
inner product

(u. v) =1a

u(x)ii(x)dx

Because of the self-adjoint property of L, the form of the solution is given by
(2.152). In this case,

u(~) = 1° f(x)g(x, ~)dx

The self-adjoint property produces a symmetric Green's function, so that

u(x) =1a

f(~)g(x. ~)d~

where we require the solution to the Green's function problem

d2g
- dx2 - Ag = d(X - ~)

with boundary conditions

dg(O, ~) = dg(a, ~) = 0
dx dx

We form

{

A cos .J):x, x < ~
g-

- Bcos..Ji(a -x), x > ~

where we have applied the boundary conditions at x = 0 and x = a to eliminate
two coefficients. Application of the continuity and jump conditions at x = ~ yields

cos .J"£(a - ~)
A=------

.J"£ sin.J):a

cos .J"£~
B=-----

.J"£ sin .J"£a
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The Green's function therefore is given by

1 { cos,Jix cos ,Ji(a - o,
g(x,~) =----

J): sin -Jia cos ,Ji~ cos ,Ji(a - x),

x < ~

x>~

As expected from the self-adjoint property, the Green's function is symmetric.

•
EXAMPLE 2.14 Consider the following differential equation on x E (0, b):

"k2 f-u - u =

with boundary conditions

u(O) = a

u'(O) = fJ
where k, a, fJ, f are complex. The problem is of class SLP2. It is identical to
Example 2.10 except for the extension to complex k, a, fJ, f. Since the boundary
conditions define an initial value problem, it is not self-adjoint. We therefore use
(2.139) and find that

l b - dii(O, ~) -
u(;) = f(x)h(x, ;)dx + a - f3h(O, ;)

o dx

where the conjugate adjoint Green's function equation is given by

2-

-~ - k2h = e5(x - ~)
dx 2

and where we have used the conjugate adjoint boundary conditions

_ dii(b t:)
h(b, ~) = 'S = 0

dx

We note that the conjugate adjoint Green's function problem is identical to the ad­
joint Green's function problem in Example 2.10. The solution therefore proceeds
identically, and we produce the following result:

l
x

sink(~ - x) sinkx
u(x) = f(~) d~ +fJ-- +acoskx

o k k

Although the form of solution is the same as in Example 2.10, complex k, a, {J, f
produces a complex solution u(x).

•
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In our study of SLPI and SLP2 problems, SLPI could properly be
considered as SLP2, with the specialization that all quantities are real. We
now take that point of view and classify all problems so far studied in this
chapter as SLP2.

Green's function problems classified as SLP2 do not nearly exhaust
all of the cases of practical interest. There are many problems of interest
in electromagnetics that do not satisfy the requirements of SLP2. Such
problems are classified SLP3 and are considered in the next section.

2.6 STURM-LIOUVILLE PROBLEM OF THETHIRD
KIND

In defining the Sturm-Liouville Problem of the Third Kind, abbreviated
SLP3, we again consider the following differential equation:

where

and where

a<x<b

AEC

(2.153)

(2.154)

(2.155)

(2.156)

1 d [ d ]L =--- p(x)- +q(x)
w(x) dx dx

In SLP2, we demanded that the interval (a, b) be finite and that the coeffi­
cients in (2.155) satisfy the following conditions:

a. p, p', q, ware real and continuous for a ::s x ::s b
b. p(x) > 0, w(x) > 0 for a ::s x ::s b

If the interval (a, b) is not finite, or if any of the above conditions on
the coefficients is violated, the problem is SLP3. In the mathematical
literature, SLP2 problems are termed regular Sturm-Liouville problems,
while SLP3 problems are termed singular [11]. We consider the SLP3
problem in Hilbert space L2(a, b) with inner product

(f, g) = l b

j(x)g(x)w(x)dx

There are several classes of SLP3 problems that are important in
electromagnetic applications, defined by the following situations:

1. The interval is semi-infinite. In this problem, there is a singular
point as x ~ 00.
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2. The interval is finite, but p(x) = 0 at an endpoint. In this problem,
there is a singularpoint at the endpoint where p(x) vanishes.

3. The intervalis (-00, (0). In thisproblem,therearesingularpoints
asx ~ ±oo.

4. The interval is semi-infinite, and p(x) vanishes at the finite end­
point. In this problem, there are singularpoints as x ~ 00 and at
the finite endpoint.

Weshallclassifysingularproblemsbyconsideringthe homogeneous equa­
tion associatedwith (2.153),viz.

(2.157)

Accordingto Weyl's theorem [12]:

1. If for a particularvalueof A, everyu that is a solutionto (2.157) is
in L,2(a, b), then for all A, every u is in L,2(a, b).

2. ForeveryAwith Im(A) =/:- 0, thereexists at least one u E L,2(a, b).

Weomit the proofof this theoremand refer the reader to [12]. The theorem
effectively divides singular problems into two mutually exclusive cases
[13]:

1. The limit circlecase: All solutionsu are in L,2(a, b) for all A.

2. The limit point case: There is either one solution or no solutions
in L,2(a, b), according to the following:

a. If Im(A-) =F 0, there exists exactly one solutionu in L,2(a, b).
b. If Im(A-) = 0, there is either one solution or no solutions in

L,2(a, b).

Wenote that we can determinethe limit point or limit circle case by exam­
ination of the solutions to (2.157) at a single value of A. If all solutions u
are in L2(a, b), the limit circle case applies. If not, by exclusion, the limit
point case applies.

EXAMPLE 2.15 Consider the following differential equation in £2(0, (0):

(-~ -A)U =0
dx2

(2.158)

The endpoint x = 0 is a regular point. The endpoint x ~ 00 is a singular point.
To determine the limit point or limit circle case, we examine solutions to (2.158)
for A = O. Two linearly independent solutions are Ul = 1 and "2 = x, neither
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of whichis absolutely square integrable over (0, 00). Therefore, the solutions are
not in L,2 (0, 00) and we have the limitpoint case.

•
EXAMPLE 2.16 ConsiderBessel's equationof order zero in L,2(0, a):

[- ~~ (x~) -A] U = 0,
x dx dx

O<a<oo (2.159)

The endpointx =a is a regularpoint. Since p(x) =x =0 at x =0, theendpoint
x = °is a singular point. To determine the limit point or limit circle case, we
examinetwo linearlyindependent solutions to (2.159)for A = 0, namely, Ul = 1
and U2 = logx. Although U2 is logarithmically singular at x = 0, both Ul and
U2 are absolutely square integrable over (0, a). Therefore, both solutions are in
L2(0, a), and we have the limit circle case.

•
EXAMPLE 2.17 ConsiderBessel's equationof order zero in L,2(0, 00):

[- ~~ (x~) -AJU =0
x dx dx

(2.160)

Both endpoints are singularpoints. In suchcases, we pick an interiorpoint x = ~

and examine limit point or limit circle conditions on two intervals: ~ < x < 00

and 0 < x < ~. From Example2.16, we havethe limit circlecase on 0 < x < ~.

For ~ < x < 00, the endpoint x = ~ is regular and the endpoint x -+ 00 is
singular. Further, neither U1 = 1 nor U2 = logx is absolutely square integrable
over (~, (0), and thereforeneither is in £2(~, (0). Weconcludethat we have the
limitpoint case. Wesay that Bessel's equationof order zero in L,2(0, 00) is in the
limit circle case at x = 0 and the limit point case as x -+ 00.

•
The method of construction of the Green's function for SLP3 prob­

lems is directly related to the limit point and limit circle classifications.
We shall proceed by considering a few examples, and follow with some
conclusions and generalizations.

EXAMPLE 2.18 Consider the following Green's function problem on the in­
tervalx E (0, (0):

with the boundary condition

g(O,~) = 0

AEC (2.161)
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(2.163)

In the beginning, we shall not assign a boundary condition as x ~ 00. However,
the method for dealing with this deficiency will emerge as we proceed. From
Example 2.15, we have the limit point case. We begin the construction of the
Green's functionby consideringsolutions to the homogeneousequation for x =I ~,

viz.

d 2g
- dx2 - Ag = 0, x =F ~ (2.162)

Possible forms of solution to this equation are sin ..;Ix, cos ..;Ix, exp(i ..;Ix), and
exp(-i..;Ix). Since the problem is a limit point problem, we know from Weyl's
Theorem that, if Im()...) -:/= 0, there is exactly one solution in [,2(0, 00). Our task
is to find it. (We shall have no need to consider the case where Im(A) = 0 since
we can always approach this case by taking a limit as Im(A) ~ 0.) Since neither
sin..;Ix nor cos..;Ix is absolutely square integrable over (0, (0), neither is in
[,2(0, (0). Consider the two exponential solution forms, We have

100

le- iv'Ix,2dx =100

e2(Im..!Alxdx

and

100

leiv'Ix
1
2dx =100

e-2(Im..!Alxdx (2.164)

Whichof these two exponentialsolution forms is in £2(0, 00) depends on whether
Im(..;I) is negative or positive. Since Xis a parameter specified in the problem
statement, we shall choose for definiteness

With this choice

Im(~) < 0 (2.165)

100

!e-iv'Ix
1
2dx < 00 (2.166)

and we conclude that exp(-i ..;Ix) is the one solution to (2.162) in [,2(0, 00). We
now proceed with the construction of the Green's function in the usual manner.
We write

{

A sin Jix + C cos Jix,
g(x,~)= ./\ « r:

Be-'VAX + De'VAX,

x < ~

x>~

(2.167)

Application of the boundary condition at x = 0 results in C = 0, with the result

{

A sinJix,
g(x,~) = Be-iv'Ix + Dei..!Ax,

x < ~

x>~

(2.168)
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In SLPI or SLP2 problems, we would next apply asecond boundary condition
to eliminate another coefficient. In the limit point case in SLP3, however, we
replace the second boundary condition with the requirement that the solution be in
£2(0, 00). Since sin .J'£x, as used in (2.168), has support only on (0, ~), the only
part of the solution in (2.168) that is not in £2(0, (0) is exp(i.J'£x). We therefore
choose D = 0 and obtain

{
A sinJix,

g(x,~) = . r:
Be-IV).,x,

x<~

x>~

(2.169)

We next apply the continuity and jump conditions at x = ~ in the usual manner
and obtain

e-iJi~
A=--

~

sin .J'£~
B=---

~

Substitution of these constants into (2.170) gives

1 { e-iJ'£~ sinJix,
g(x,~) = - .

~ e-IJ'£x sin Ji~ ,

(2.170)

(2.171)

(2.172)

where .J'£ is constrained by (2.165). We note that the Green's function derived in
(2.172) is symmetric, g(x,~) = g(~, x).

•
Example 2.18 suggests the following procedure for dealing with

Green's functions associated with problems in the limit point case at one
boundary, say x = b, and regular at the other boundary. First, we write
the solution to the Green's function problem in the usual manner, in terms
of four undetermined coefficients, as in (2.167). To determine one of the
four coefficients, we apply the boundary condition at the regular endpoint.
Next, to determine a second coefficient, we apply the requirement that the
solution on the interval ~ < x < b must be in L2(a, b). The remaining
two coefficients are determined in the usual manner by the continuity and
jump conditions at x = ~.

Mathematically, for the limit point case, we may show that for Im(A) "I­
0, the single solution to Liu = 0 in L,2(a, b) is always obtained simply
by invoking the [,2 requirement. In addition, if an unmixed boundary con­
dition is applied at the regular endpoint, this condition, together with the
£2 requirement, renders the problem self-adjoint. No boundary condition
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is required at the limitpoint boundary. The proof of this crucial result is
contained in a review paper by Hajmirzaahmad and Krall [14]. As we have
shown, the self-adjoint property results in a symmetric Green's function.

There is an alternate method leading to the determination of the
Green's function in Example 2.18 [15]. Indeed, if we invoke in (2.168)
the physically reasonable condition that the Green's function vanishes as
x -+ 00, we produce the same result as we do by invoking the £2(0,00)
requirement. That is, we can invoke a limit condition

lim g(x,~) = 0
x-+oo

in place of the second "boundary" condition in the statement of the problem.
This is an appealing procedure since such an unmixed limit condition can
be viewed as an extension of the regular boundary condition

g(b,~) =0

Indeed, consider the Green's function problem

with boundary conditions

g(O, ~) = g(b, ~) = 0

The result in (2.172) can be obtained by solving this problem and then
taking the limit as b -+ 00. The details are left for the problems.

In summary, for the case of a regular unmixed boundary condition
at x = a and the limit point case at x = b, the £2 requirement takes the
place of a boundary condition at x = b. Furthermore, the problem is self­
adjoint. In the case where b -+ 00, we may use the alternate procedure
of applying a limit condition in place of the £2 requirement. We remark
that it is sufficient to have a procedure that picks out the one £2 solution
required in the mathematical proofs, such as those in [14]. Invoking the
limit condition is such a procedure. We consider these ideas further in the
following example.

EXAMPLE 2.19 Consider the following differential equation on x E (0, (0):

with boundary condition

-u" -AU = f

u(O) =0

(2.173)
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whereu, I,Aare complex. Wechoose the innerproduct

(u, v) =100

u(x)v(x)dx

83

From Example2.18, we knowthat this problemis singularin the limit point case
as x --+ 00. Wethereforeinvoke the limit condition

lim u(x) = 0
x.....00

The problemis self-adjoint and the Green's function is symmetric. We therefore
use (2.152)which, specialized to this case, yields

x=ooroo [dU(X) dg(X'~)]
u(~) = 10 f(x)g(x, ~)dx+ ~g(x,~) - u(x) dx (2.174)

x=o

Weapply the boundaryconditionand limit conditionon u(x) and choose

g(O,~) = 0

lim g(x,~) = 0
x"'"00

and findthat

u(~) = 100

f(x)g(x, ~)dx

Finally, after interchanging x and ~, we obtain

u(x) =100

f(~)g(x,~)d~

where the Green's function g(x,~) is givenby (2.172).

•
We note that the result in (2.174) is an extension to the result for

self-adjoint operators in SLP2. Specifically, the arguments for the SLP2
unmixed boundary case given in (2.122)-(2.133) carry over to the SLP3
limit point case at infinity, provided again that the aij 's are constrained to be
real. We may establish this result simply by observing that the arguments
in (2.122)-(2.133) are not altered by taking the limit as a 4- -00 or
b ~ 00, or both. Since the problem is self-adjoint, the Green's function
is symmetric, and the result in (2.174) is assured before solving for the
specific Green's function. We shall illustrate this important point in an
additional example.
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EXAMPLE 2.20 Consider the following differential equation on x E (-00, 00):

where

(L - A)U =!, Im(.J"i) < 0

d2

L=--
dx2

This problem is in the limit point case asx ~ 00 and as x ~ -00. Our procedure
in dealing with limit points at both ends of the interval along the real line is to
pick an interior point x = ~. Since Im(A) :/; 0, there is exactly one solution to
LAu = 0 in .c2(-oo,~) and exactly one solution in .c2(~' (0). These two solutions
to the homogeneous equation form the building blocks for the construction of the
Green's function. Hajmirzaahmad and Krall [14] prove the following: For the
Sturm-Liouville operator L with the limit point case at both ends of the interval,

1. No boundary conditions need be invoked.

2. L is self-adjoint.

Again, in lieu of the £2 requirement, we shall invoke limiting conditions, one at
each end of the interval, viz.

lim u(x) = 0
x-+-oo

lim u(x) = 0
x-+oo

We assume that u, A, f are complex. Since L is self-adjoint, the Green's function
is symmetric. The solution to the differential equation is therefore given by

u(x) =L: f(~)g(x, ~)d~

where the Green's function must satisfy

(L - A)g(X,~) = 8(x -~)

lim g(x,~) = lim g(x,~) = 0
x-+-oo x-+oo

We write the solution for the Green's function as

x>~

x < ~

where
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and wherewe have invokedthe two limit conditions. Wenote that, consistent with
the limitpoint case and Im(A) =1= 0, our two limitconditionshaveproducedexactly
one solution in £2(-00,~) and exactly one solution in £2(~, (0). Applying the
continuity and jump conditions at x = ~, we obtain

ei.;r~

A=--
2i0.
e-i.ji~

B=--
2i0.

Therefore,

g(x,~) = _1_ {
2i0.

or, more compactly,

-i.;r(x-~)e ,
-;-Ji(~-x)e ,

x>~

x < ~

e-;.Jrlx-~I

g(x,~) =--­
2i0.

(2.175)

II

Wehaveestablished in the aboveparagraphs a procedure for deriving
theGreen'sfunction inlimitpointproblems. Wenowtum toaconsideration
of the limit circle case. Webegin with two examples.

EXAMPLE 2.21 Consider the following Green's function problem on x E

(0, (0):

_~ [.!!- (x d g ) ] _ Ag = c5(x - ~) ,
x dx dx x

AEC (2.176)

From the results in Example 2.17, we have the limit circle case at x = 0 and the
limit point case as x --+ 00. Webegin our constructionof the Green's function in
the usual manner by considering the homogeneousequation

-~ [.!!- (x dg
) ] - Ag = 0, x# ~

x dx dx

which is Bessel's equationof order zero. Solutionscan be constructedfrom linear
combinations of the Bessel function Jo(0.x), the Neumann function Yo(0.x),
and the two Hankel functions Hril)(0.x) and Hri2)(0.x). We write

g={ AJo(...{ix) + CYo(...{ix),

BHJ2)(...{ix) + DHJl)(...{ix),

x<~

x>~

(2.177)
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We may evaluate one of the coefficients in (2.177) by following our procedure for
dealing with limit points. We therefore invoke the following limiting condition as
x ~ 00:

lim g(x,~) =0
x-.oo

The asymptotic forms of the two Hankel functions are given by [16]

(2.178)

These asymptotic forms show that if we constrain Im.J): < 0, Hci1
) ( .J):x) diverges

as x ~ 00. We therefore set D =0 and obtain

g = { A Jo(-J"f.x) + CYo (-J"f.x),

BHci2) (-J"f.x) ,
(2.179)

Determining the remaining three coefficients requires three conditions. The con­
tinuity and jump conditions at x = ~ will provide two conditions. To produce
the third, we consider the limit circle case at x = O. The leading terms in the
expansion of the Bessel and Neumann functions are given by [16]

Jo(t) = 1 + ...
2 yt

Yo(t) = - In - - .. ·
:tr 2

where In y is Euler's constant. Since we have the limit circle case, we know apriori
that both of these functions are square integrable over (0, ~). Therefore, invoking
the requirement that the solution be in [,2(0, ~) does not evaluate a coefficient,
as was the case for limit points. We do have, however, a condition that we can
invoke from physical principles. Bessel's equation with forcing function at x =
~ normally results from considerations of the radial dependence in problems in
cylindrical coordinates. In such problems, we shall find in Chapter 4 that, based
on physical grounds, the solution must remain finite as x ~ O. The Neumann
function does not meet such a condition at x = 0, and we therefore set C = 0 and
obtain

g = {AJO(-J"f.X), x < ~
BHri2)(-J"f.x ), x > ~

The continuity condition at x = ~ yields

(2.180)

(2.181)
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The jump condition gives
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(2.182)[
B d HJ2)(./i.X) _ A dJO(./i.X)] = _!

dx dx x=~ ~

Performing the indicated derivatives and solving (2.181) and (2.182) simultane­
ously for A gives

(2.183)

By a well-known Wronskian relationship [17], we have

Using this relation in (2.183), we obtain

Substitution of this result into (2.181) gives

Therefore,

x < ~

x>~

(2.184)

We note that the Green's function is symmetric, g(x,~) = g(~,x). A useful
specialization of the result in (2.184) can be obtained by taking the limit as ~ ~ 0,
with the result

(2.185)

•
We have noted in the above example that the Green's function is

symmetric. We are led to inquire if the operator that produced the Green's
function is self-adjoint. Consider first the case where we have the Sturm­
Liouville operator L with the limit circle case at x = a and a regular
unmixed boundary condition at x = b. This case has been clarified by
Kaper, Kwong, and Zettl [18], who have proved the following: The operator
L is self-adjoint if u E VL, and if:
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1. u satisfies an unmixed conditionat the regularboundary x = b.

2. u exists and is finite as u ~ a, the limit circle boundary.

Inaddition, theyshowthat the finiteness conditionismathematically equiv­
alent to the condition

lim [p(x)u'(x)] = 0
x-+-a

(Thisequivalence is importantin makingtheconnectionbetweenthephys­
ically appealing finiteness condition and the classical Weyl theory.) This
importantresulthas been extended[14] to showthat the self-adjoint prop­
erty is retainedwhenthe regularpointat x = b is replacedby a limitpoint,
as in the previous example. Weconsideranotherexample.

EXAMPLE 2.22 Consider the following Green's function problem on x e
(0, (0):

keC (2.186)

This problem is in the limit circle case at x = 0 and the limit point case as
x -+ 00. We therefore invoke a finiteness condition at x = 0 and the following
limit condition as x -+ 00:

lim g(x,~) = 0
x-.oo

Equation (2.186) is the spherical Bessel equation of order zero [19]. Its solution is
given by linear combinations ofspherical Bessel, spherical Neumann, and spherical
Hankel functions. We therefore write

where

g={ Aio(kx) + Ch~2)(kx),

Bh~2)(kx) + Dh~l)(kx),

x < ~

x>~

(2.187)

sinkx
io(kx) = ---,;;- (2.188)

eikx
h(l)(kx) = - (2.189)
o ikx

-Lkx
h(2)(kx) = __e _ (2.190)

o ikx

To preserve finiteness as x -+ 0, we set C = O. To satisfy the limit condition at
infinity, we adopt the constraint

Im(k) < 0 (2.191)
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and therefore set D = O. Withtheseconditions, we find that
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{

Ajo(kx),
g=

Bh~2)(kx),

The continuity conditionat x = ~ yields

x < ~

x>~

(2.192)

The jump conditiongives

[
dh~2)(kx) diO(kX)] 1

B dx - A dx = - ~2
x=~

Solvingfor A in (2.193)and substituting into (2.194), we have

B [h~2) (k~) dj~~~) _ dh~;;k~) jO(k~)] = jo~~~)

(2.193)

(2.194)

(2.195)

(2.196)

Theexpression insquarebrackets in (2.195)isoneofmanyWronskian expressions
involving the spherical Besselfunctions. In this case, we find [20] that

h(2) ., h(2)'. i
o Jo - 0 Jo = 2"z

where all arguments are with respect to z and differentiation is with respect to
argument. Using (2.196) in (2.195) gives

Substitution into (2.193)yields

B = -ikjo(k~) (2.197)

(2.198)

Substitution of (2.197)and (2.198) into (2.192)yields the Green's function

__ . { jo(kx)h~2)(k~),
g - ik (2)

jo(k~)ho (kx),

x<~

x>~

(2.199)

An alternateformcan be obtainedby using (2.188)and (2.190). Wehave

1 {e-;k~sinkX'
g = kx~ e-ikx sink~,

x < ~

x>~

(2.200)
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We note that in the limit as ~ ~ 0, we produce the result

-ikx

lim g(x,~) = _e_
~~o x

We shall use this important result in Chapter 4.

(2.201)

In dealing with the singularpoint in limit circle cases, we have not
been able to evaluate a coefficient by invoking the requirement that the
solution be in £2. Instead, we haveinvoked a condition basedon physical
grounds. The self-adjoint property of L results in a Green's function that
is symmetric.

The above examples all concernoperators that are self-adjoint. We
nextpresentanexample wheretheoperatormanifold contains twounmixed
conditions, but the operatoris not self-adjoint.

EXAMPLE 2.23 Consider the following differential equation on x E (0, (0):

where

-u" -AU = f (2.202)

u'(O) = au(O), aEC (2.203)

and where we assume that u, A, f are complex. The boundary x =0 is a regular
point. As x ~ 00, we have the limit point case. We therefore apply the limit
condition

lim u(x) = 0
x~oo

(2.204)

In addition, since a is complex, the problem is not an extension to a finite interval
self-adjoint problem. (SeeExample 2.12 for a discussion.) We therefore proceed
using (2.139). Applying the boundary and limit conditions given in (2.203) and
(2.204), we obtain

rOO _ [ _ dh(O, ~)]
u(~) = 10 f(x)h(x, ~)dx + u(o) ah(O,~) - dx

where we have chosen

lim h(x,~) = 0
x~oo

If we now choose

dh(O, ~) =ah(O, ~)
dx

we obtain

(2.205)

(2.206)

(2.207)
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u(~) =100

f(x)h(x, ~)dx
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(2.208)

We note that the boundary conditions on h(x,~) are identical to the boundary
conditions on u(x). If we recall that the boundary conditions on the Green's
function g(x, ~) are always identical to the boundary conditions on u (x), we find
that

h(x,~) = g(x,~)

We therefore have

u(~) = 100

f(x)g(x, ~)dx

where we must solve

dg 2

-- - Ag = 8(x - ~)
dx 2

dg(O,~) = ag(O,~)
dx

lim g(x,~) = 0
x-+oo

We write

g=!

A cos JIx + B sin JIx, x<~

Ce-i,J'ix, x>~

(2.209)

(2.210)

(2.211)

(2.212)

(2.213)

(2.214)

where we have applied the limit condition as x ~ 00 and have chosen

Im(JI) < 0

Applying the boundary condition at x = 0, we obtain

g = { A (cosJIx + :x sin./ix),

Ce-i~,

x < ~

x>~

(2.215)

Invoking the continuity and jump conditions at x = ~ results in

e-i~
A=--­

i./i+a

cos ./i~ + -jr sin v'£~
C=-------

iv'£ + a
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Therefore, the Green's function is given by

1
g(x,~) = 1\

ivA+a

e-i-.!it; (cos.Jix + 5x sin.Jix) ,

e-i..n.x. (cos.Ji~ + 5x sin .Ji~) ,

x<~

x>~

(2.216)
We note that, although the operator in this problem is not self-adjoint, we still have

g(x,~) =g(~, x)

and, therefore, interchanging x and ~ in (2.210), we have

u(x) =100

f(~)g(x,~)d~

We remark that if an operator is self-adjoint, the Green's function is symmetric.
However, if the operator is not self-adjoint, it does not necessarily follow that the
Green's function is not symmetric. This seemingly small distinction has a marked
effect on characteristics of eigenvalues, as will be discussed in the next chapter.

•
In certain cases, determination of the limit point or limit circle is

dependent on parameters in the differential equation. We illustrate this fact
with the following example.

EXAMPLE 2.24 Consider the following Green's function problem associated
with Bessel's equation of order v in £2(0, 00):

(L - J..)g = 8(x - ~)
x

where

L = _~ [.!!- (x'!!-)] + v2

x dx dx x 2

and where v and A are complex parameters. We assume that

Re(v) > 0

(2.217)

(2.218)

(2.219)

(2.220)

We define the inner product for the space to be

(u, v) =100

uiixdx

We note that both endpoints are singular points. Proceeding as in Example 2.17,
we pick an interior point x = ~ and examine limit point or limit circle conditions
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on two intervals ~ < x < 00 and 0 < x < ~. For A = 0, the homogeneous
equation (L - A)U = 0 has the two independent solutions

and

U2 = x "

(2.221)

(2.222)

Consider the interval ~ < x < 00. We first examine whether Ul is in [,2(~, 00).

We have

lOO xVxvxdx = loo x 2Re(vl+ldx

By (2.219), this integral diverges and Ul is not in [,2(~, 00). We therefore have
the limit point case as x ~ 00 and assign the limit condition

lim g(x,~) = 0
x-+oo

(2.223)

The situation on the interval 0 < x < ~ is more delicate. We first examine whether
"1 is in [,2(0, ~). We have

1~ xVxvxdx = 1~ x 2Re(v)+ldx

This integral exists when 2Re( v) + 1 > -lor Re( v) > -1. Replacing v by
-v, we find that "2 is in [,2(0, ~), provided that Re( -v) > -lor Re(v) < 1.
Combining these two results, we find that both solutions are in [,2(0, o. provided
that -1 < Re( v) < 1. We therefore have the limit circle case as x ~ 0 for
-1 < Re( v) < 1 and the limit point case otherwise. In either case, we shall
demand satisfaction of the physically motivated limit condition

lim g(x, ~) finite
x-+o

(2.224)

The Green's function problem defined by (2.217) and (2.218) with limiting con­
ditions given by (2.223) and (2.224) yields the solution

x < ~
(2.225)

x > ~

where
Im(J"i) < 0

That this is the solution for g (x, ~) can be determined by construction in the usual
manner. We defer the details until Example 3.6 in the next chapter.

•
The limit point and limit circle cases in SLP3 problems are a subject

of continuing interest to mathematicians. We have only considered the
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portionof the theoryof interestto us in our application to electromagnetic
boundary value problems. For an in-depth discussion of limit point and
limit circle cases, as well as a well-compiled bibliography, the reader is
referred to [14] and [21].

Wehavenowcompleted our discussion of thesolutionto linear, ordi­
nary, second-order differential equations by the Green's function method.
In thenextchapter, weshalldiscussan alternate methodwherewe shallde­
tennine thesolutionto (L - A)U = f by finding the spectralrepresentation
associated with the differential operatorL.

PROBLEMS

2.1. For the pulse function PE (x - xo), defined in (2.2), show that

PE(X - xo) = PE(XO - x)

2.2. By substituting (2.23)-(2.25) into (2.22), verify that the Sturm-Liouville
differentialequation is transformedinto the general form in (2.21).

2.3. The Chebyshevdifferential equation is defined on the interval x E (-I, 1),
as follows:

-(1 - x2)u" + xu' - n2u = f
Transformto Sturm-Liouville form.

2.4. Transform the Laguerre differentialequation

-xu" - (1 - x)u' - nu = f

to Sturm-Liouville form,

2.5. In SLPI, the followingare restrictionson u(x):

(a) u e £2(a, b);
(b) U E'DL;

(c) u satisfiestwo boundaryconditions, BI (u) = 0, B2(U) =O.

Show that these restrictionsdefine a linear manifold ML C L,2(a, b).

2.6. Solve the followingdifferentialequation:

_ d
2g(x,

~) =8(x -~)
dx2

g(O, n = dg(l, ~) = 0
dx

2.7. Verify that (2.93)satisfiesthe requirementsfor the Green's function given in
(2.83)-(2.87).
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2.8. Solve the following differential equation:

d
2
g(x . ~) = o(x -~)
dx2

dg(O, ~) = dg(L, ~) = 0
dx dx

2.9. Consider the following differential equation:

95

-u" = [tx), x E (0, L)

with! (x) real and with boundary conditions

u(O) =a, a E R

u'(L) = 0

(a) Show that, if a solution exists, it is unique.
(b) Construct the solution by the Green's function method.

2.10. Given the differential equation Lu = ! on the interval x E (0, L) with !(x)
real and with the following boundary conditions:

u(O) = au'(O), a > 0

u'(L) = 0

Show that this problem is self-adjoint.

2.11. Show that the solution given in (2.111) satisfies the differential equation and
the boundary conditions in Example 2.10.

2.12. Solve the following SLPI differential equation on the interval x E (0, L):

-u" -k2u =!
u'(O) = °
u'(L) = f3

2.13. Consider the following differential equation:

d2u
- dx2 =!

u(O) = du(l)
dx

du(O) =a. a E R
dx

where x E (0, 1) and where f is a real-valued function of x. Solve the
differential equation by the Green's function method.
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2.14. For SLP2, show that the operator L is not self-adjointfor the case of initial
conditions.

2.15. For SLP2, show that the operator L is self-adjoint for periodic conditions,
providedp(a) = p(b).

2.16. Repeat Problem 2.12 for the case where k E C and f(x) is complex so that
the problembecomesSLP2.

2.17. Repeat Problem2.9 for the case where f(x) is complexso that the problem
becomesSLP2.

2.18. Consider the following SLP2 Green's function problem:

d2g
- dx 2 -}..,g = 8(x -~)

with periodicboundaryconditions

g(O,~) = g(2Jr,~)

dg(O,~) dg(2Jr,~)
=---

dx dx

Showthat the solution is

cos [,JI(lx - ~I- ]f)]
g(x, ~) = - --z-,JI-}..,-s-in-,JI-}..,-Tl--

2.19. Considerthefollowing SLP3boundary-value problem,definedon the interval
x E (0, I):

(L - }..,)u = f
d 2

L=-­
dx 2

where A E C and where the following boundaryconditionsapply:

u'(O) - au(O) = 0, a E C

u(l) = 0

(a) Show that the operator L is not self-adjoint.
(b) Find the Green's function g(x, ~), the adjoint Green's function h(x, ~),

and the conjugateadjointGreen's function h(x, ~).

(c) Solve the differential equation.

2.20. Considerthe following SLP3boundary-value problem,definedon the interval
x E (0,00):

-u" - k2u = f
u'(O) = 0
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wherek E C and Im(k) < O. Obtainthe solutionin termsof the appropriate
Green's function g(x,~) by demanding that

lim [u(x)] = 0
x-+ooo

2.21. Considerthe Green's function problem

with boundary conditions

g(O, ~) = g(b, ~) = 0

Obtain the result in (2.172)by solvingthis problemand then takingthe limit
as b --1- 00.
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3

The Spectral
Representation Method

3.1 INTRODUCTION

In this chapter, we continue our discussion of linear ordinary differential
equations of second order. We begin with a discussion of eigenvalues and
eigenfunctions. We follow with a description of the method of solution
for self-adjoint SLP2 problems in terms of the eigenfunctions. We include
a discussion of the determination of the eigenfunctions directly from the
Green's function for the problem. This determination leads to a spectral
representation of the delta function specific to a particular operator and its
domain. We next consider problems on unbounded intervals (SLP3). We
are able to expand our analysis to produce the appropriate spectral represen­
tations for many important unbounded interval problems. We conclude the
chapter by emphasizing the connection between solutions by the Green's
function method, and by the spectral representation method.

3.2 EIGENFUNCTIONS AND EIGENVALUES
A complex number J.L is called an eigenvalue of the linear operator L if
there exists a nonzero vector v in the domain of L such that

Lv = J.LV (3.1)

The vector v is called an eigenfunction of the linear operator L. We remark
that, although an eigenfunction is by definition nonzero, it can be associated
with a zero eigenvalue.

99
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So far, it is unclear whether or not there are any eigenfunctions and
eigenvalues associated with a specific operator. However, if eigenvalues
and eigenfunctions do exist, they have remarkable properties. We first
show that if U 1, U2, ••• , Un are eigenfunctions corresponding to different
eigenvalues AI, A2, ... , An, associated with the operator L, then {Uk} is a
linearly independent sequence. Our proof is by induction. Let n = 1 and
examine

alUl = 0

Since Ul is an eigenfunction, Ul :/= 0, and therefore al = O. We now
suppose that the linearly independentassertion is true for n - 1and examine

Operating on both sides with L - An, we obtain

n n-l

o= (L - An) L akUk = L CXk(Ak - An)Uk
k=l k=l

Since the n - 1 length sequence has been supposed independent,

k = 1, 2, ... , n - 1

which implies that

k = 1, 2, ... , n - 1

The expression

then reduces to

which implies that an = O. What we have shown is that if the (n - 1)­
length sequence is independent, then the n-length sequence is independent.
We have established the result for n = 1, and therefore it must be true for
n = 2. By induction, it must therefore be true for arbitrary n. Further,
since n is arbitrary, the countably infinite sequence Ul, U2, ... is linearly
independent.

In the above proof of linear independence of the eigenfunctions, we
assumed nothing about the operator L except linearity. If the linear oper-
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ator L is self-adjoint,however, we may show that its eigenvalues are real.
Indeed, let /t be an eigenvalue associated with the eigenfunction v. Then,

ui», v) = (/Lv, v) = (Lv, v)

But, since L is self-adjoint,

ut», v) = (v, Lv) = (v, /tv) = iit», v)

Therefore,
(/t - {i)(v, v) = 0

Since v =1= 0, (v, v) > 0 and we must have

which implies that /t E R.
We next establish that eigenfunctions of a self-adjoint operator cor­

responding to different eigenvalues are orthogonal. Indeed, let

where Am =F An Then,

Am(Um, Un) = {AmUm, Un) = (Lum,u n)

Since L is self-adjoint,

Am(Um, un) = (um, Lun) = (um, Anun) = £n(u m, Un}

But, we have established that An is real. Therefore,

Am(um, un) = An(Um, un)

and
(Am - An)(um , Un) = 0

Since Am :I An, we must have (um , un) = O.
We next state a central result for Hilbert space L,2(a, b). It can be

shownthat the eigenfunctionsUk of a self-adjointoperator form an orthog­
onal basis in L,2(a, b). Therefore, any U E L,2(a, b) can be expanded:
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The equality is interpreted in the sense that
n

lim lIu - Lcxkukll =0
n--.oo k=l

The proof of this property involves the theory of integral equations and
is beyond the scope of this book. The interested reader is referred to the
literature [1].

The fact that the eigenfunctions form an orthogonal basis allows us
to solve the self-adjointSLP2problem in terms of the eigenfunctionsUn of
the operator L. We begin by noting that the eigenfunctionscan always be
normalized,so that we shall assume that they are orthonormal, Therefore,
if

then by (1.58), the Fourier coefficients are given by

an = (u, un)

(3.2)

(3.3)

where the index n runs over all of the eigenfunctions. On the interval
x E (a, b), consider the following SLP2 problem:

(L - A)u = f
with associatedboundaryconditions

(3.4)

Bt(u) = 0 (3.5)

B2(U) = 0 (3.6)

Weassumethat the operatorL is self-adjoint. Weassociate with this SLP2
problem the followingeigenproblem:

(3.7)

where An E R. We assign to Un the same boundary conditions as those we
have assigned to u in (3.5) and (3.6), viz.

s,(un) = 0 (3.8)

B2(Un ) = 0 (3.9)

The subscript n is an integer indexing the sequences {un} and {An}. We
form the following inner product relation:

(L - A)U, un) = (u, (L - i)un) + J(u, Un) I: (3.10)
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(3.12)

From the self-adjoint property, the conjunct J is zero. Substituting (3.4)
and (3.7) into (3.10), we obtain

(f, un) = (u, (An - i)un) = (An - A)(U, Un) = (An - A)an

Therefore,

ex - (/, un) (3.11)
n - An - A

Substituting (3.11) into (3.2) gives the solution in terms of the eigenvalues
and eigenfunctions, viz.

u = L (f, un) Un
n An - A

EXAMPLE 3.1 Using the eigenfunction-eigenvalue method, we wish to solve
the following differential equation on x E (0, a):

(L - A)U = f
where f and A are complex and where

and

(3.13)

(3.14)

u'(O) = u'(a) = 0 (3.15)

The problem is of class SLP2. The operator L with the given unmixed boundary
conditions is self-adjoint. The associated eigenproblem is given by

with

u~(O) = u~(a) = 0

The orthonormal solutions to the eigenproblem are given by

(3.16)

(3.17)

(€n) 1/2 n1C x
un = - COS-,

a a

where

(
n 1f )2

An = ­
a

and where €n is Neumann's number, given by

n = 0,1, ... (3.18)

(3.19)

{

I ,
~n =

2,

n=O

n;60
(3.20)
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The solution in (3.18) can be easily verified by substitution into (3.16). We note
that the factor JEn/a normalizes the eigenfunctions. Substitution of (3.18) and
(3.19) in (3.12) yields

00 En foa f (X') COS n:x'dx' nxX
U(X) = L - 2 cos - (3.21)

n=O a ( n; ) - A a

•
In Example 3.1, we have solved the differential equation in (3.13)­

(3.15) by the eigenfunction-eigenvalue method. The method is also called
the spectral representation method. The reader should compare the solu­
tion in Example 3.1 to the solution by Green's function methods, given in
Example 2.13. It appears that the Green's function method might always
be preferred since the spectral representation method contains a summa­
tion that must be performed before the mathematics can be reduced to a
numerical answer. There are, however, many reasons why the spectral rep­
resentation is important. First, consider (3.21) in a slightly different form,
viz.

where

00 nrrx
u(x) = L Ancos--

n=O a
(3.22)

€n la I nttx' I
An = [ 2 ] f(x ) cos(-)dx (3.23)

a (n:)_A 0 a

We interpret (3.22) as a Fourier sum over the naturalmodesof the system
with modal coefficients An. We note that it is the interaction between
the forcing function f (x) and the modes in (3.23) that determines the
modal coefficients. Second, in dealing with multidimensional problems
in later chapters, we shall encounter partial differential equations whose
solutions are rarely expressible in terms of closed-form Green's functions.
However, proper combination of the spectral representation and Green's
function methods results in a powerful tool to solve many partial differential
equations appearing in electromagnetic problems.

There is a variation on the procedure used to produce the result in
(3.12). This variation results in a more direct approach to the solution of
differential equations by the eigenfunction--eigenvalue method. In addi­
tion, the variation is very useful in the solution to the partial differential
equations considered in later chapters. We proceed as follows. Suppose L
is self-adjoint with associated orthonormal eigenfunctions Un. Then,
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(3.24)

an = (u, un) (3.25)

We say that (3.25) is a transformation of the function u(x) E L,2(a, b)
into coefficients an. Conversely, (3.24) is the inverse transformation of the
coefficients an into the function u(x). We represent this transformation
relationship by u(x) ¢=} an. We now show that if L is self-adjoint and

(3.26)

(3.27)
then,

Lu ¢=} Anan

Indeed, forming the transformation defined in (3.25), we have

(Lu, un) = (u, Lun) = An(U, Un} = Anan (3.28)

Having established the basic result in (3.27), we reconsider the original
problem stated in (3.4)-(3.6), which we repeat here for convenience, viz.

(L - A)U = /
with associated boundary conditions

Bt(u) =0

B2(U) = 0

(3.29)

(3.30)

(3.31)

where we assume that L is self-adjoint. If Un are eigenfunctions and An are
eigenvalues of L, then

(3.32)

and

If we define
I(x) ¢=} fJn

then (3.29) transforms into

Solving for an, we obtain

fJn tJ. un)
an = - - = - -

An - A An - A

Substitution of this result into (3.24) yields (3.12).

(3.33)

(3.34)

(3.35)

(3.36)



106 The Spectral Representation Method Chap. 3

3.3 SPECTRAL REPRESENTATIONS FOR SLP1
ANDSLP2

In Example 3.1, we assumed that we had somehow obtained the eigen­
functions given by (3.18). In this section, we shall present a method of
obtaining the eigenfunctions and eigenvalues of a self-adjoint operator di­
rectly from the Green's function for the problem. Since SLPI is a special
case contained in SLP2, we shall confine our attention to SLP2.

Note that the solution in (3.12) in terms of the eigenfunctions and
eigenvalues is parametrically dependent on A, viz.

L
(f, un)

u(x A) = - --u, A- A n
n n

Consider

1. u(x, A)dAi,
where CR is a circle of radius R centered at the origin in the complex
A-plane (Fig. 3-1). We have

1. u(x, A)dA = - L(f, un)u n 1. ~
fCR n feR A - An

where the sum is over those eigenvalues An contained within the circle.
The singularities of the integrand are simple poles with residue of unity
at all A = An within the contour. We note that since L is self-adjoint, the
poles must lie on the real axis in the A-plane. Taking the limit as R ~ 00,

we enclose all of the singularities and obtain by the Residue Theorem [2]

(3.37)

(3.38)

where the sum is now over all of the eigenfunctions. The summation
is simply the Fourier expansion of the forcing function in terms of the
eigenfunctions. Therefore, we find that

~ 1. u(x, A)dA = - f(x)
21r1 rc

where C is the contour at infinity obtained in the limiting operation in
(3.37). There is an important special case to the result in (3.38). We
note that the general forcing function f(x) produces the response u(x, A).
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(3.39)

Therefore, the specific forcing function 8(x .- ~) / w (x) must produce the
Green's function g(x,~, A). We therefore obtain

_1_. 1. g(x,~, J..)dJ.. = __8(x_-_~_)
21l'1 rc w(x)

The solution to the contour integral in (3.39) for a specific Green's function
associated with a specific operator L and boundary conditions is called the
spectral representation of the delta function [3] for the operator L. We
shall demonstrate the utility of this result in an example.

Im(A)

Fig. 3-1 Circular contour of radius
R centered at the origin in
the complex A-plane. The
x indicate possible simple
pole locations at A= An.

EXAMPLE 3.2 Consider the following operator defined on x E (0, a):

d2

L =-- (3.40)
dx 2

with boundary conditions

u'(O) = u'(a) = 0 (3.41)

The Green's function associated with LA with these boundary conditions has been
previously derived in Example 2.13. We repeat it here for convenience, viz.

1 { cos Jix cos Ji(a - ~), x < ~
g(x, ~, >..) = ..Ii. .;r (3.42)

Asin Aa cos Ji~ cos Ji(a - x), x > ~

First, consider the case x < ~, so that

cos..li.x cos v1(a - ~)
g(x , ~, A) = - 1'. I'

V Asin v Aa

Substitution into (3.39) gives

1 i cos v1x cos v1(a - ~)d
8(x -~) = - A

'Isti c ..J£ sin ..J£a

(3.43)

(3.44)
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In order to solve this closed contour integralby the residue theorem, we first inves­
tigate the singularities of the integrand. Since~ is a multiple-valued function,
we might expect that the integrand contains a branch cut with a branch point at
A= O. Wemay show,however,that although~ has a branchcut, st». ~, A) does
not. Indeed, define

so that

21l' > 4J > 0 (3.45)

J). = 1"A1'/2ei l/>/2, 1f > P. > 0 (3.46)
2

This definitionof ).. results in a branch cut in~ along the positive-realaxis in the
A-plane (Fig. 3-2). In fact,

lim J). = IA1 1
/
2

q,~o

lim J). = _1)..1 1/2

q,-+21l'

Applying this result to (3.43), we find that

. cos IAI 1/2X cos IAI 1/ 2(a - ~)
lim g(x t: A) =---------
q,-+o ' s' IAI1/2 sin IAP/2a

. cos(-IAI1/2x)cos[-IAI1/ 2(a - ~)]
hm g(X,~,A) =-----------

q,-+21l' -IAJI/2 sin(-IA(l/2a )
Some minor algebraic manipulation shows that

limg(x,~,A)= lim g(X,~,A)
1/>-.0 1/>-.21l'

Weconclude that, althoughthere is a branch cut in~ along the positive-realaxis,
the Green's function is continuous there. We next consider the possible location
and order of poles of g(x,~, A). Since the numerator of the Green's function in
(3.43) is finite throughout the complex A-plane, it is sufficient to search for poles
caused by the denominator. Let

f(A) = 1 = p("A)
~sinJIa q(A)

where
p(A) = 1

q(A) = J). sin J).a

By a well-known theorem of complex analysis [4], f(J..) has a simple pole at
A= An if p(A n ) # 0, q(A n ) = 0, and q'(A n ) ¥- O. In addition, the residue at the
simple pole location is given by

p(An )
Res{f(J..); An} =-­

q'(A n )
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Im(A)

A-plane

IAI

109

Fig. 3-2 Polar representation of
A in the complex A-plane
showing branch cut for
0. along positive-real
axis (thick line).

We note that p(A) i= 0 anywhere, and that q(A) = 0 wherever 0.a = 0, ±1l',
±21l', .... We conclude that q(A) = 0 whenever

(n1l' )2
An = --;; , n =0, 1,2, ...

Differentiating the denominator, we find that

a ( r: sin 0.a )
q'(A) = 2 cos v Aa + 0.a

from which

n = 0,1, ...

where En is Neumann's number, defined in (3.20). We have shown that the singu­
larities at An are simple poles. For the residues, we have

Returning to (3.44), we now have

~ nnx nn
8(x -~) = LJ cos - cos -(a - ~)Res{f(A); An}

n=O a a

ex>
~ n En nnx nit= LJ(-I) - COS - COS-(a -~)

n=O a a a

and finally,
~ En nnx n1f~

d(X -~) = £...J - COS --COS-
n=O a a a

(3.47)
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Equation (3.47) is the spectral representation of the delta function associated with
the operator L = -d2/ dx2 with boundary conditions u' (0) = u' (a) = O. Recall
that our result is for x < ~' To produce the result for x > ~, we interchange x and
~ in (3.47). Since this interchange produces no change in the result, (3.47) holds
for all x and ~ on the interval (0, a). The reader is cautioned that the series on the
right side of (3.47) does not converge. It is, however, an extremely useful symbolic
equality, as has been discussed in Section 2.2. Indeed, we may show that (3.47)
is merely a disguised form of the Fourier cosine series. For any s(x) E £2(0, a),
we have, from (2.9),

s(x) = 1° 8(x - ~)s(~)d~ (3.48)

Substituting (3.47), we obtain, after an interchange of integration and summation,

~ ~n nitxs(x) = £...J an - cos--
n=O a a

where

La ~n n7{~an = s(~) - cos -d~
o a a

We note that we have produced the eigenfunctions and eigenvalues inferred in
(3.18) and (3.19) directly from the Green's function associated with the operator
L and its boundary conditions.

•
In the example spectral representation in (3.47), each term in the sum

consists of the product of the orthonormal eigenfunction as a function of x
with the same orthonormal eigenfunction as a function of ~. We may show
that this result can be generalized to all self-adjoint operators on SLP2.
Indeed, if the forcing function in (3.12) is the delta function, we have

( c5(x'-i) (')}
~ w(x') , Un X x'

g(x,~, A) = £...J un(x)
n An - A

where, as indicated, the inner product is with respect to x', Performing the
integration gives

g(X,~) = L un(x)it,;(~) (3.49)
n An - A

This form of the Green's function is called the bilinear series form [5].
Substitution of (3.49) into (3.39) gives

8(x -~) 1 - i d);
() = --2· Lun(x)un(n '- ,

W X xInC r-n A.
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(3.50)
o(x-~)" _
--- = L,Un(X)Un(~)

w(x) n

Equation (3.50) gives the general spectral representation for self­
adjoint operators on SLP2. The procedure for solving self-adjoint SLP2
problems by the spectral representation method can now be summarized
as follows:

1. For a given self-adjoint operator L and given boundary conditions,
solvetheGreen'sfunctionproblemLAg(x,~,A) = ~(x-~)/w(x).

2. Substitute the Green's function g(x, ~, A) into (3.39) and solve for
the spectral representation of the delta function. The resulting form
should appear as in (3.50).

3. Substitute the normalized eigenfunctions and their eigenvalues,
obtained in the spectral representation, into (3.12) to produce the
solution u (x).

In addition to Example 3.2, we have included in the problems several
common examples to illustrate the method.

3.4 SPECTRAL REPRESENTATIONS FOR SLP3

The spectral representation of the delta function takes on a different charac­
ter when the interval along the real axis becomes unbounded. Consider the
problem in Example 3.2, defined on the interval x E (0, a). The Green's
function g(x, ~, A) was shown to have simple poles at A = tnn / a)2. Note
that as a becomes larger, the poles become closer together. In the limit
as a ~ 00, the poles become arbitrarily close. This behavior leads us
to inquire into the form of the singularity along the positive-real axis in
the A-plane in this limiting case. We shall illustrate the obtaining of the
spectral representation with an example.

EXAMPLE 3.3 Consider the following SLP3 differential equation:

-U" - AU <I,

U(O) = 0

A E C (3.51)

(3.52)

This problem is in the limit point case as x ~ 00. We therefore assign the limit
condition

lim u(x) = 0
x~oo

The associatedGreen's functionproblem is

(3.53)
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d 2g
- dx 2 - Ag = ~(x - ~)

g(O,~) = 0

lim g(x,~) = 0
x--+-oo

Chap. 3

We have previously obtained this Green's function in (2.172) and repeat it here for
convenience, viz.

where

x < ~

x>~

(3.54)

1mv'i < 0

To produce the restriction in (3.55), we define

A = IAleitl>, 21l' < c/J < 41l'

so that

(3.55)

(3.56)

v'i = IAI1/2ei 4>/2, rr < ~ < 2rr (3.57)

The angular definition in (3.56) defines a Riemann sheet of the A-plane. The
angular restriction in (3.57) indicates that Im-JI < 0 everywhere on this sheet.
We shall refer to this sheet as the properRiemann sheet. We note that once (3.55)
has been invoked, any result with Im-JI > 0 would violate the requirement for
the proper Riemann sheet. The definition of A in (3.56) results in a branch cut in
-JI along the positive-real axis in the A-plane (Fig. 3-2). In this case,

lim v'i = -IAI 1
/
2

tP-+211'

lim v'i = IA1 1
/
2

tI>-+411'

Unlike the situation in Example 3.2, however, the branch cut in -JI produces a
branch cut in g (x, ~, A) along the positive-real axis. Indeed, for x < ~,

• eiIAI1/2~ sin IA1 1/ 2x
4>~~g(X.~.A)= IA1 1/ 2

• e-iIAI1/2~ sin IA1 1/ 2x

4>~ItJ1r g(x, ~. A) = IAjI/2

Since the exponential changes sign, g (x, ~, A)is discontinuous across the positive­
real axis. The result for x > ~ is the same, except that x and; are interchanged.
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We next produce the spectral representation by considering the closed
contour in the complex A-plane shown in Fig. 3-3. Since the contour excludes
the branch cut and since g(x,~, A) has no other singularities, Cauchy's theorem
gives

J g(x,~, )")d)"=0 (3.58)Tc R+ct+ cp+c 2

Weexamine the contributionsfrom the variousportionsof the contour in the limit
as p ~ 0, R ~ 00, and r ~ O. Consider CR. From (3.39), we have

lim lim r g(x,~, )")d)" = -21ri8(x -~)
r-soR-+oo JCR

(3.59)

where we have assumed that, even in the presence of the branch cut, the integral
aroundthecircleof infiniteradiuscenteredat theoriginproducesthedelta-function
contribution. Consider Cpo Letting A= p exp(ic/J ), we have

Since the integrandon the right side is boundedas p ~ 0 and r --+ 0, the integral
is bounded and

lim lim r g(x,~, )")d)" = 0
r-sop-+o lc,

Im(A)
A-plane

(3.60)

----t----+-...,.---...---~Re(A)

Fig.3-3 Contourfor evaluationof the spectralrepresentationfor Ex­
ample 3.3.
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Considerthe integralalong CI and C2. On CI, let

We obtain

1 lp • [ 1/2 ;(21f-r/2) ]
(

I: A)dA = sin rex _;[rI/2ei(21r-r/2)~) ;(41f-r)d
g x, s' 1/2 ;(21f-r/2) e e r

Cl+C2 R r e

l
R • [ 1/2 ;(1f+r/2) ]

Sin rex _;[rl/2ei(Jl'+r/2)~] i(21f+r)d
+ r I /2e i( 1f+ r /2) e e r

p
(3.61)

Taking the limits, we have

1 10 sinrl/2x .
lim lim lim g(x,~, A)dA = 1/2 e-"I{2~dr
p-+O R-+oo r-+o C1+C2 00 r

1
00 . 1/2

SIDr x irl/2~d+ 1/2 e ro r_.1 00 sin(r I /2x) sin(rI/2~)
- 21 1/2 dr

o r

Combiningthe results in (3.58)-(3.62), we obtain

100 sin(rI/2x) sin(rl/2~)
-21'Ci8(x - ~) + 2i 1/2 dr = 0

o r

Welet

so that

(3.62)

(3.63)

dr
dk = 2r1/2

We substituteinto (3.63) and produce the following spectral representation:

2100

~(x -~) = - sinkx sink~dk
1C 0

(3.64)

In a similarmannerto that inExample3.2, wenowshowthat(3.64)is merely
a disguisedform of the Fouriersine transform. Indeed, for f(x) E £2(0, (0), we
have

!(x) = 100

~(x - ~)!(~)d~
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Substituting (3.64),we obtain, after an interchange of integrations,

2100

f(x) = - F(k) sinkxdk
1r 0

where

F(k) =100

f(~) sink~d~

Weindicatethe Fouriersine transform relationship symbolically by

f(x) <=> F(k)

(3.65)

(3.66)

(3.67)

(3.68)

We now return to the solution to the differential equation considered in (3.51)­
(3.53), repeatedhere for convenience. Consider£2 (0, 00) with innerproduct

(u, v) =100

u(x)v(x)dx

Consider
-U" - AU = f, A E C

u(O) = 0

lim u(x) = 0
x~oo

(3.69)

(3.70)

(3.71)

From Example 2.18 and the discussion following, this problem is self-adjoint.
Using the results in (3.66)and (3.67),we expandu(x) as follows:

where

2100

u(x) = - U(k) sinkxdk
1r 0

(3.72)

(3.74)

U(k) = (u, sinkx) =100

u(~) sink~d~ (3.73)

Expression (3.72)is theequivalent to (3.24),exceptin thiscasewehavean integral,
ratherthana sum. Wenotethatsinkx playstherolethat theeigenfunction Un plays
in (3.24). In (3.73),U(k) is similarto theFouriercoefficient in (3.25),wheresinkx
plays the same role as the eigenfunction Un in (3.25). To further investigate the
similarity to the eigenfunction Un, we note that

d 2 sinkx k 2 • k
dx 2 = sm x

so that sinkx appearsto be an eigenfunction of the self-adjoint operator-d2/ dx 2

witheigenvalue k2• However, sinkx is not in L,2(0, 00), andtherefore cannotbe an
eigenfunction. Weshall adopt the notationof Friedman[6] and call sinkx an im­
proper eigenfunctionwith impropereigenvaluek2 • Fortunately, the procedurewe
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adopted in (3.24)-(3.36) for solving differentialequations by the eigenfunction­
eigenvalue methodcan be extendedto applyto impropereigenfunctions. Webegin
by showing that if

u {::=} U

then
d 2u
-- {::=} k2U

dx 2

Indeed, following (3.28), we form

(3.75)

(3.76)

d2u
(--2' sinkx) = (u,

dx
d

2
sin kx . 1

00

dx 2 ) + Jtu, sinex) 0

00

=k
2U + (- ~: sinh + ku COSh)

o

Using the conditions in (3.70) and (3.71), we have

d 2u . 2 du .
{- d 2' sinkx} = k U - lim - smkx

x x.-+oo dx

(3.77)

(3.78)

(3.79)

Wenote that the impropereigenfunctionsin kx does not vanishin the limit as x --+
00. This behavior is contrary to what we found when dealing with eigenfunctions
on finite intervals. Fortunately, in electromagneticproblems, when we have

lim u(x) = 0
x.-+oo

then also

lim du(x) = 0
x-+oo dx

Forexample,if u is a componentof the electricfield,then au/ax is a componentof
the magneticfield; if the E-fieldvanishesat infinity, then the H -fieldalso vanishes.
Therefore, in the usual cases in electromagnetics, we obtain

d2u
(- - sinkx) = k2U

dx2 '

which establishes (3.76). As a footnote, we remark that there are mathemati­
cal theorems that generalize this result to classes of functions possessing certain
continuity and absolute integrabilityproperties. The interested reader is referred
to [7].

Wenoware able to solve theoriginaldifferentialequation in (3.69) using the
spectral representation. Taking the Fourier sine transformof both sides of (3.69),
we obtain

(k 2 - A)U(k) = F(k) (3.80)
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Dividing both sides by (k2 - A) and taking the inverse transform, we obtain

21 00
F(k)u(x) = - -2-- sinkxdk

]f 0 k-A
(3.81)

•
In the above example, we have indicated explicitly the various limiting

operations involved in evaluating the integral ofthe Green's function around
the closed contour indicated in Fig. 3-3. In subsequent discussions, we
shall, whenever appropriate, simplify the contour (Fig. 3-4) such that the
limiting operations have already taken place. The contour in Fig. 3-4 is
to be interpreted as follows. The contour segments C1 and C2 are straight
lines that are the result of limits as we approach the branch cut from below
and above, respectively. By Cauchy's Theorem, if there are no singularities
inside the contour, then the integral along CR is the negative of the integral
along C1 + C2. Therefore, we have

(3.82)1 1 2rri8(x - ~)
g(x,~, A)dA = - g(x,;, 'A)dA =---

C1+C2 CR w(x)

In (3.82), we have assumed that there is no contribution obtained from the
integral along Cp (Fig. 3-3) in the limit as p ~ O. We use this abbreviated
method in the following example.

Im(A)
A-plane

----+-------i~-------.. Re(A)

Fig. 3-4 Simplified contour for evaluation of the spectral represen­
tation of the delta function for SLP3 problems.
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ImJI < 0

EXAMPLE 3.4 Consider Hilbert space£2(-00, 00) with innerproduct

(u, v) =L: u(x)iJ(x)dx

Weseek the spectral representation for the self-adjointoperator

with limitingconditions

lim u(x) = lim u(x) = 0
x ..... -oo x-+oo

In Example2.20, we consideredthe following Green's functionproblem:

d 2g

- dx 2 - Ag = ~(x - ~),

lim g(x,~) = lim g(x,~) = 0
x ..... -oo x ..... 00

The solutionto this problemwas given in (2.175),viz.

e-;Jilx-~I

g(x,~) =--­
2iJI

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

The singularities of g(x,~) involve the branchcut associatedwith JI. Wedefine
this branchcut using (3.56) and (3.57), and find for x > ~

• e;IAI1/2(x-~)

I(l~ g(x,~, >..) = -2il>..jl/2 (3.89)

-;IAlll2(x-~)

i~n g(x,~, >..) = e 2i\>..P/2 (3.90)

Therefore(Fig.3-4), there is a branchcut in g (x , ~, A)along the positive-real axis.
Using (3.82), we obtain

(3.91)

Welet

(3.92)

and findthat

2rr&(x - ~) = - f~ e-ilc(x-t>dk +100

eilc(x-t)dk (3.93)

Replacingk by -k in the first integralgives the final result, viz.
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(3.94)

(3.96)

1 100

<S(x -~) =- e;k(X-~)dk
21l' -00

We have obtained this result for the case x > ~. However, this restriction can be
removed. Indeed, to obtain the case x < ~, we merely interchange x and ~ in
(3.94). However,

<S(x - ~) = <S(~ - x)

which means that we can again reverse the interchange and reclaim the result in
(3.94).

We next use the spectral representation in (3.94) to produce the Fourier
transform. We write

u(x) =i: u(~)c5(x - ~)d~ (3.95)

Substitution of (3.94) followed by a change in the order of integration yields

1 100

u(x) = -2 U(k)eikxdk
1l' -00

where

U(k) = i: u(x)e-ilcxdx = (u, e ilcx) (3.97)

In (3.96) and (3.97), we identify exp(ikx) as an improper eigenfunction with im­
propereigenvaluek2• Weindicate the Fourier transformrelationshipsymbolically
by

u(x) <=> U(k) (3.98)

Wemayuse the Fouriertransformto solvethe followingdifferentialequation
by the spectral representation method:

-U" - AU = j, A E C

lim u(x) = 0
x-+-oo

lim u(x) = 0
x-+oo

We begin by showing that if
u(x) <=> U(k)

then

Indeed,

-00

(3.99)

(3.100)

(3.101)

(3.102)

(3.103)
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Using the conditions in (3.100) and (3.101), we have

(-u".eikx) = k2U(k) - (u1e-ikx)[oo

From the discussion associated with (3.78), we know that in the usual cases in
electromagnetics, (3.100) and (3.101) imply that

lim u'(x) = 0
x-+±oo

and therefore,

(3.104)

(3.105)

which proves (3.102). We now take the Fourier transform of both sides of (3.99)
and obtain

(k 2
- A)U(k) = F(k)

Dividing both sides by (k2 -).,) and taking the inverse Fourier transform, we have

u(x) = _1 foo F(k) eikxdk
21l' -00 k2 - A

We note that the result in (3.102) could also be obtained by twice differentiating
(3.96), providedthat we can interchange differentiation and integration on the right
side. Our method of proof provides a justification of this interchange in this case .

•
We next provide two examples leading to solutions involving Bessel

functions. These examples will be useful in problems in cylindrical coor­
dinates to be considered in later chapters.

EXAMPLE 3.5 Consider the following differential equation on x E (0, 00):

where

(L - A)U = f (3.106)

(3.107)L = -~ [.!!- (x'!!-)]
x dx dx

From Example 2.21, this problem is in the limit circle case as x ~ 0 and the limit
point case as x ~ 00. Furthermore, the operator L is self-adjoint. We invoke

lim u(x) = 0
x-+oo

lim u(x) finite
x-+o

(3.108)

(3.109)
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We seek the spectral representation of the operator in (3.107) with the limiting
conditions given in (3.108) and (3.109). The Green's function associated with
this operator has been obtained previously in (2.184) and is repeated here for
convenience, as follows:

x < ~

x>~

(3.110)

where

ImJI < 0

To assure the condition in (3.111), we restrict Aas follows:

(3.111)

-21l' < tP < 0 (3.112)

so that

.Ji. = IAI1/2i "'/2, -Jr < ! < 0 (3.113)
2

We may show that this definition produces a branch cut in g(x,~, A) along the
positive-real axis in the A-plane. Consider the case x > ~. Approaching the
positive-real axis from above, we have

But, using a well-known Bessel function identity [8], we have

Jo(e- i
ll' IAll/2~) = Jo(IAll/2~)

and using a well-known Hankel function identity [9], we have

HJ2) (e- i1rIAI1/2x ) = -HJl)(IAI 1/ 2x )

so that

(3.114)

(3.115)

(3.116)

(3.117)

On the other hand, approaching the positive-real axis from below, we have

(3.118)

We note that (3.117) and (3.118) indicate ajump in the Green's function as we cross
the positive real axis. To produce the spectral representation, we again consider
the contour in Fig. 3-3 and write

(3.119)



122 The Spectral Representation Method Chap. 3

In a manner similar to Example 3.3, we may show that the contributionalong Cp

vanishes as r ~ 0 and p ~ O. We leave this for the reader to verify. Along
CI + C2, we have

Along CR, we have

lim lim 1g(x,~, A)dA = _21Ci_t5(_x_-_~_)
r~OR~oo CR x

(3.121)

Taking the appropriate limits in (3.119) and substituting (3.120) and (3.121), we
obtain

e5(x - ~) = ~ roo JO(IAII/2x)Jo(IAII/2~)dA
x 2 Jo

Letting k = IAll /2, we find that

_8(x_-_~_) = roo Jo(kx)Jo(k~)kdk
x Jo

(3.122)

(3.123)

which is the required spectral representation. Although this representation has
beenobtainedwith the restrictionx > t. the restrictioncan nowbe removedin the
same manneras in Example 3.3 because of the symmetryof the Green's function.

The representation in (3.123)leads to theFourier-Bessel Transform of order
zero. Indeed,consider a Hilbert space [,2 (0, (0) with inner product

(s, t) =100

s(x)t(x)xdx

For any s(x) E [,2(0, (0), we have

100 8(x -~)
s(x) = s(~) ~d~

o x

(3.124)

(3.125)

Substituting(3.123) into (3.125), we produce the Fourier-Bessel transform pair

S(k) =100

s(x)Jo(kx)xdx (3.126)
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s(x) =100

S(k)Jo(kx)kdk

123

(3.127)

Symbolically, we write
s(x) {=::} S(k)

A very useful relation is obtained by noting that for U (x) E [,2 (0, 00),

l[d(dU)] 100 {1d[dJo(kX)]1- - x- = U(k) -- x kdk
x dx dx 0 x dx dx

=100

[-k2U(k)]Jo(kx)kdk

Therefore,

1 [d ( dU)] 2- - x- {=::} -k U(k)
x dx dx

(3.128)

(3.129)

We note that the result in (3.128) depends on the interchange of differentiation
and integration. This operation can be justified by using the procedure followed
in (3.76)-(3.79) and in (3.102)-(3.104). The details are left for the problems.

•
EXAMPLE 3.6 We wish to find the spectral representation of the operator

L = -x [~ (x~)] - (kx)2 • Im(k) < 0 (3.130)

(3.131)

on £2(0, 00). By examining (2.22), we identify p(x) = x and w(x) = l/x. The
Green's function differential equation associated with LA is given by

-x [:x (x ~~)] - (kx)2 g - Ag = x8(x -~)

where we have identified ~(x - ~)/w(x) = x~(x - ~). We investigate limit point
and limit circle conditions as x ~ 0 and as x ~ 00 by examining solutions to the
homogeneous equation

For A= 0, two independent solutions are given by

Ul = HJ2)(kx)

and
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Let ~ be an arbitrary interior point on the interval x E (0, (0). As x ~ 0, both
uland U2 are logarithmically singular. The singularity is weak enough, however,
that they are both in £2(0, ~). We therefore have the limit circle case as x --+ o.
The solution U2 diverges exponentially as x ~ 00, and thus is not in .c2(~, (0).
Wethereforehave the limit point case as x ~ 00. We invokethe limit conditions

lim u(x) = °
x~oo

lim u(x) finite
x~o

The limit conditions associatedwith the Green's function are

lim g(x,~) = 0
x-.+oo

lim g(x, ~) finite
x-.+o

Definea parameter v by

Then, for x # ~, we have

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

We identify (3.137) as Bessel's equation of order v and argument kx [10]. The
Green'8 function can be composedof linear combinationsof variousBessel func­
tions as follows:

x < ~

x>~

(3.138)

where J», J- v , HS2) , and HSl) are linearly independentsolutions to Bessel's equa­
tion of order v [10]. For Im(k) < 0, HSl) diverges as x ~ 00 [11]. Therefore,
D =0. Wemay set C =0 by using the following argument. For x --+ 0, we have

(kx)V
Jv(kx) ~ 2V v !

2V(kx )- V
l-v(kx) ~ --­

(-v)!

Therefore,if wechooseRe(v) > 0, J- v divergesas x ~ 0 and we mustset C = o.
The Green's functioncan now be written as follows:

g={ AJv(kx),

BH~2)(kx),

x<~

x>~

(3.139)
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The evaluation of the coefficients A and B proceeds in a mannersimilar to that in
Example2.21. Invoking the continuity andjump conditions at x = ~, we findthat

A = ~ H~2)(k~)

1t
B = 2i Jv(k~)

Substitution into (3.139) gives

g= ~ {

where

H~2)(k~)Jv(kx),

H~2)(kx)Jv(k~),

Im(k) < 0

Re(v) > 0

(3.140)

(3.141)

(3.142)

The last step in the determination of the Green's function involves making the
transformation from v to Ain accordance with (3.136). If we define

o > t/J > -21l' (3.143)

then
t/J

0> - > -1l'
2

(3.144)

This result implies that

ImJi < 0

Substituting (3.144) into (3.136) gives

(3.145)

1t cP+1t n
- > -- >--
222

(3.146)

The angularrange in (3.146) is consistentwith the restriction on v in (3.142). We
therefore have

x < ~

x>~

(3.147)

where the branch cut in Ji lies along the positive-real axis and is explicitly de­
terminedby (3.143).

OUf next step is to determine the spectral representation of x~(x - ~) by
integrating over the Green's function with respect to Ain a similarmanner to that
performed in Example 3.5. We first consider the case x < ~. We find that the
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branchcut in J)., defined in (3.143), produces a branchcut in g(x, ~, A) alongthe
positive-real axis. Indeed,

Since J; and I-v are linearlyindependent for any v E C, we concludethat there is
a jump in the Green's function across the positive-real axis, resultingin a branch
cut. The appropriate contour is the one shown in Fig. 3-4. Substituting (3.147)
into (3.82), we findfor x < ~

But [12],
H

(2) _ e-i1r(i IAI1/2) H(2)
-il),I'/2 - ;1),1'/2

Substituting (3.149) into (3.148) and combining integralsgives

-4x8(x - ~) =1000 e-iJr (i IAI
1
/
2
) Hi~~I/2 (k~)

·[Li \At!/2(kx) - ill'(iIAI
1/2)

JiIAII/2(kx) ] o:

But for any v E C [13],

J () _ itrllJ ( ) _ HJ2>(Z)
-v z e II Z - -.--­

I cscfvrr)

(3.149)

(3.150)

(3.151)

Substitution into (3.150)gives

4x8(x - ~) = iLoo
e-i

ll'(i IA\I/2) sin(i1r 1'A11/2)Hi~~I/2 (k~)Hi~~I/2 (kx)d'A (3.152)

Let
(3.153)

(3.154)

Then,

x8(x -~) = ~ too (e-i211'P - 1) H~2)(kx)H~2)(knfJdfJ
410

Wenote that this result is not alteredby interchanging x and ~. Therefore,our re­
strictionx < ~ can be removed. Equation(3.1S4) givesthespectralrepresentation
of the delta functionfor the operatordefinedin (3.130)-(3.133).
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The representation in (3.154) leads to the Kantorovich-Lebedev Transform
[14],[15]. Indeed, consider a Hilbert space £2(0, (0) with inner product

100 dx
(s, t) = s(x)t(x)-

o x

For any s(x) E [,2(0, (0), we have

fOO d~
s(x) =10 s(~)x8(x - ~)T

(3.155)

(3.156)

Substituting (3.154) into (3.156), we produce the Kantorovich-Lebedev transform
pair

1
00 d

F(f3) = f(x)H~2)(kx)..!.
o x

11;00
f(x) =- (e-i21r/1 - 1) F(f3)H~2)(kx)fJdfJ

4 0

Alternately, we can manipulate (3.158) to produce

11-;00
f(x) = - F(fJ)H~2)(kx)fJdfJ

4 ;00

(3.157)

(3.158)

(3.159)

The details ofproducing (3.159) from (3.158) are left for Problem 3.6. We indicate
the Kantorovich-Lebedev transform relationship by

f(x) <=} F(fj) (3.160)

If we apply the operator L in (3.130) to both sides of (3.159), we produce the
useful relationship

{-x [d: (x ~)] - (kx)2} f(x) <=} _f32 F(f3) (3.161)

The interchange of differentiation and integration used to produce (3.161) can be
justified in the same manner as in the procedure in (~.76)-(3.79) and in (3.102)~

(3.104). The details are left for the problems. The Kantorovich-Lebedev trans­
form is useful in solving certain electromagnetic problems in cylindrical coordi­
nates, as we shall discover in the next chapter.

•
Inthemathematical literature, thespectralcontribution resulting from

polecontributions, suchasin(3.47),iscalledthediscrete spectrum, whereas
the contribution from the branchcut, suchas in (3.64), is called the contin­
uous spectrum. Wenext inquire if it is possibleto haveboth a continuous



128 The Spectral Representation Method Chap. 3

anddiscretespectrumassociatedwithan operator. Theexamplewechoose
involves an operator that is not self-adjoint. The theoryof nonself-adjoint
operatorsis bothdifficult and incomplete. However, in the simpleexample
to follow, we are able to obtain the spectral representation in a straightfor­
ward manner.

EXAMPLE 3.7 We consider the spectral representation of the operator L =
-d2/ dx 2, with boundary and limiting conditions

lim u(x) = 0
x~oo

u'(O) = au(O), Re(a) < 0

(3.162)

(3.163)

Since a is complex, the operator L is nonself-adjoint. The associated Green's
function problem is given by

d2g
- dx 2 - Ag = 8(x - ~)

dg(O.~) =ag(O,~)
dx

lim g(x,~) =0
x~oo

We have previously obtained this Green's function in Example 2.23. We repeat
the result given in (2.216) for convenience, viz.

{

e-i.../Ax (cos.Ji.~ + ~ sin .Ji.~), x > ~

g (x •~) = ..Ji.l a (3.164)
I A. + a e-i ../4(cos.fix + .Ji. sin .fix), x < ~

where

Im.Ji. < 0 (3.165)

The restriction in (3.165) can again be assured by defining ,JI as in (3.56) and
(3.57) so that, once again (Fig. 3-2),

lim .fi = -IAI1
/
2

"'~21r

lim .fi = IAI I
/
2

"'~41r

The branch cut in ,JI along the positive-real axis results in a branch cut in the
same location in g(x,~, A). Indeed, for x < ~,we obtain in (3.164)

;IA11/2~
. e 1/2 a. 1/2

lim g(x,~, A) = . 1/2 (cos tAl x + ~/2 sin IAI x)
"'~21r a - 'IAI IAI

-iIAII/2~
. e 1/2 a. 1/2

11m g(x,~, A) = . 1/2 (cos IAI x + ~/2 sin IAI x)
t/J~41C a + ,IAI IAI
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The result for x > ~ is obtained by interchanging x and ~. In addition to the
branch cut on the positive-real axis, g(x, ~, A) has an isolated singularity at the
location Ao, given by solving

i-Ji+a=O

with the result

Ao = _a 2

We now show that this singularity is on the proper Riemann sheet. Indeed, we
have A = ia. From this relationship, we easily find that the relation ImJI < 0
implies that Re(a) < 0, as assumed in the problem statement.

We now show that this singularity is a simple pole. For x < ~, we write

where
1

/1 (A) = r:
ivA+a

h(x,~. 'A) = e-i,,(it (cos -Jix + ~ sin -Jix)

We note that f2(X, ~, A) is regular at Ao. Consider

f (A) = p(A)
) q(A)

where p(A) = 1 and

q(A) = i-Ji + a

We have

(3.166)

(3.167)

(3.168)

I 2 1
q (-a) = 2a

We conclude that /1 (A) has a simple pole at Ao with residue

p(AO)
Res{!l (A); Ao} = -- = 2a

q'(AO)

To obtain the spectral representation, we integrate the Green's function
g(x,~, A) around the closed contour shown in Fig. 3-5. For x > ~,we have

fst». ~. 'A)d'A =2rriRes{g(x. ~. A); 'AoJ

= 21l'ieax[cos(ia~) - i sin(ia~)]Res{fl (A); Ao}

= 21l" i (2a )ea(x+~) (3.169)
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Im(A)
A-plane

(3.170)

(3.171)

---4------I __-------~Re(A)

Fig. 3-5 Contour for evaluation of the spectral representation for
Example3.4. Contourincludesthe simplepole (x) at AO.

The integralaroundtheclosedcontour(Fig.3-5)consistsof the integral aroundthe
circleof radius R plus the integrals alongeither side of the branchcut. Therefore,
in the limit as R ~ 00, we obtain

-8(x -~) + 2
1

. lim 1 g(x,~, A)dA = 2aea(x+~)
n I R-+-oo C1+C2

Evaluating the integrals along CI and C2 in a similar manner to the process in
Example3.3, we obtain

lim ( = 2i I" (cos 1J..1 1
/
2x + ~/2 sin IAI1/

2x)
R-+-oo JCI +C2 Jo IAI

a IAI1/2dA
· (cos IAII/2~ + -- sin IAII/2~) _

IAJI/2 a2 + lA-I

Welet k = IA1 1/2 and obtainfor the spectralrepresentation

21 00
a ex k

2dk

cS(x-~) = -2aea(xH)+- (coskx+-sinkx)(cosk~+-sink~)2 k21t 0 k k a +
(3.172)

The first term on the right side gives the discrete spectralcontribution, while the
secondtermgivesthecontinuous spectralcontribution. Although thedeltafunction
representation has been obtained with the restriction x > ~, we note in (3.164)
that the case x < ~ can be obtained by interchanging x and ~. Since such an
interchange leavesthe result in (3.172)unaltered, the restriction can be removed.
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(3.173)

In Problem 5.6 given at the end of Chapter 5, the spectral representation in
(3.172)will be used to characterizea source over a flat surfacecharacterized by a
surface impedance. We shall discover that we may associate the first term with a
surfacewavebound to the surfaceand the secondtermwith radiationcarriedaway
from the surface.

We remark that we assumedRe(a) < 0 in the problem statement. In addi­
tion, we found that 1mv'): < 0 impliesRe(a) < 0, as required. If the problemhad
stated that Re(a) ~ 0, the pole at AO = -a2 would have been on the improper
Riemannsheet and the discrete spectral term in (3.172) wouldbe missing.

In a similarmanner to that in Examples3.2 and 3.3, we now cast (3.172) in
a form that we shallcall the impedance transform. For u(x) E [,2(0, (0), we have

u(x) =100

cS(x - nu(~)d~

Substituting(3.172) and interchanging the order of integration, we obtain

21 00
a k

2dk

u(x) = -2ae" XUo+ - U(k)(coskx + -k sinkx) 2 2
1{ 0 k +a

where

(3.174)

(3.177)

Uo =100

u(x)eaXdx (3.175)

U(k) = 100

u(x)(coskx + i sinkx)dx (3.176)

Equations (3.175) and (3.176) comprise the impedance transform, yielding the
spectral coefficients Vo and U(k). Equation (3.174) is the inverse impedance
transform, We call (3.175) the zeroth-order impedance transform, while (3.176)
is the kth-order impedance transform. In (3.174),we identify

as an eigenfunction of the operator -d2/ dx 2 with boundary conditionsgiven in
(3.162) and (3.163). In addition,

a .
coskx + k slnkx

is an impropereigenfunction of the same operatorwith the same boundarycondi­
tions. Wedefinean inner product for the space by

(u, v) =100

u(x)v(x)dx

With this definition, we may write (3.175) and (3.176) as follows:

Uo = (u, e ax)
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U(k) = (u, cos kx + k SInkx)

Chap.3

(3.178)

as an adjoint eigenfunction of the operator -d2 / dx 2 with adjoint boundary con­
ditions given by

In addition,

v' (0) = av(O)

lim v(x) = 0
x-+oo

(3.179)

coskx + ~ sinkx

is an improper adjoint eigenfunction ofthe same operator with the adjoint boundary
condition given in (3.179).

We next use the impedance transform to solve the following SLP3 problem:

with boundary condition

-u" -AU = j,

u'(O) =au(O),

AEC

Re(a) < 0

(3.180)

(3.181)

This problem is in the limit point case as x --+ 00. We therefore invoke the limiting
condition

lim u(x) = 0
x-.oo

(3.182)

In order to solve the differential equation in (3.180) by the use of the impedance
transform, we require the zeroth-order and kth-order impedance transform of
-d2u / dx 2• For the zeroth order, we have

(3.183)
where we have used (3.181), (3.182), and

Symbolically, we indicate this zeroth-order transform by

,,0 2"-u ==> -a uo

Similarly, for the kth-order transform, we have

(3.184)
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- d2 -"a a .(-u ,coskx+-sinkx) ={u, --2 (coskx + - slnkx»)
k dx k

[
a d a Joo

+ -u'(coskx+k sinkx)+u dx (cos kx +'k sinkx~

o

=k2(u. coskx + ~ sinkx) = k2U(k)

(3.185)
where we have used (3.181) and (3.182). In addition, we have used the fact that,
in the usual cases in electromagnetics,

lim u(x) = 0
x--+-oo

implies that
lim u'(x) = 0

x--+-oo

Symbolically, we indicate this transformby

(3.186)

We now apply the zeroth-order transformto (3.180) to give

_(a 2 + A)UO = Fo

where Fo is the zeroth-order transform of f(x). Rearranging, we have

Fo
Uo=--­

a 2 + A

Similarly, for the kth-order transform, we find that

(k 2 - A)U(k) = F(k)

where F(k) is the kth-order transform of f(x). Rearranging, we have

Substituting these results into (3.174) gives the final result, viz.

2aeax Fo 2100 (coskx + i sinkx) k2dk
u(x) = + - F(k)-------

a 2 + A n 0 k2 - A k2 + a 2

(3.187)

(3.188)

(3.189)

•
We have now concluded our presentation of the spectral represen­

tation method. This method and the Green's function method together
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comprise a powerful tool for the solution of many of the partial differential
equations found in electromagnetic radiation, scattering, and diffraction.
In subsequent chapters, we shall study electromagnetic source representa­
tions, and then develop the solution methods for a large class of electro­
magnetic problems. We shall conclude this chapter with a brief discussion
of the connection between the Green's function method and the spectral
representation method.

3.5 GREEN'S FUNCTIONS AND SPECTRAL
REPRESENTATIONS

(3.190)

There is an important connection between the Green's function method and
the spectral representation method. Indeed, consider the result in Example
3.3, given in (3.81), viz.

21 00 F(k) .u(x) = - -2-- suvkxdk
1C 0 k -A

where

F(k) = 100

f(~) sink~d~ (3.191)

If we substitute (3.191) into (3.190) and interchange the orderofintegration,
we obtain

u(x) = roo f(~) [~ roo sinh sink~dk] d~
10 n 10 k2 - "-

We identify the term in square brackets as the Green's function

(3.192)

(3.195)

(3.193)

x < ~

x>~

2100 sinh sink~dk
g(x, ~) = - k2 '\

1r 0 - I\.

We compare this result with the Green's function obtained in Example 2.18,
given in (2.172), viz.

X
= _1_ { e-i~~ sinJIx, x < ~

g( ,n JI e-iv"it sinJI~, x > ~ (3.194)

Although (3.193) and (3.194) appear very different, they are different rep­
resentations of the same Green's function. Indeed, comparing (3.193) and
(3.194), we must have

100 sinkx.sink~ 1C {e-i.j).~ sinJIx,
----dk=-- .

o k2 - A 2.J£ e-'.j).x sin JI~,
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as wecouldeasilyverifybythecalculusof residues. Since(3.193) requires
an integration and (3.194) does not, it wouldappear that the spectral rep­
resentation is not as useful in practice. Its utility, however, becomes clear
as soon as we begin considering partial rather than ordinary differential
equations in subsequent chapters.

PROBLEMS

3.1. For the operator L = -d2/dx 2 and boundary conditions u(O) = u(a) = 0,
beginwith the Green's function for LA and showthat the spectralrepresenta­
tion of the delta function is givenby

2~ . nx x . nTC ~
~(x-~)= - L..Jsln-sln-

a n=1 a a

Use this spectralrepresentation to obtainthe solutionto thedifferential equa­
tion

LAu = f
with the operatorL and the boundary conditions givenabove.

3.2. For the operator L = -d2/ dx 2 and boundaryconditions u (0) = U(211') and
u'(O) = u'(21l'), the Green's function for LA was foundin Problem2.18. The
result is repeatedhere for reference, viz.

1 Icos .J):(~ - x - n ),
g(x,~) = --20.-A-s-in-0.-A-1r cos .J):(x - ~ - Jr),

x<~

x>~

Beginning with this Green's function, show that the spectral representation
of the delta function is givenby

1 1~ .. 1:)8(x -~) = - + - L..J(cosnx cosn~ + Slnnx Slnns
21l' Tt n=1

By using Euler's identity, showthat an alternaterepresentation is givenby

1 00
~(x - ~) = - L e;n(x-~)

2Jr n=-oo

Showthat this alternaterepresentation leads to the complexFourierseries

OOfff(x) = L an _einx

n=-oo 211'

12" ff'an = f(x) -e-,nxdx
o 2Tt
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3.3. For the operator L = -d2/ dx 2 with boundary condition u'(0) = 0 and
limiting condition

lim u(x) = 0
z-e-oo

beginwith the Green's function for LA and showthat the spectralrepresenta­
tion of the delta function is givenby

2100

~(x -~) = - coskx cosksdk
1f 0

Usethis spectralrepresentation to obtainthe solutionto the differential equa­
tion

LAu = f
with the operatorL and the boundary conditions givenabove.

3.4. In Example 3.5, it was shownthat

~ [!!- (x
dU

) ] = (00 U(k) {~!!- [xdJo(kX)]} kdk
x dx dx 10 x dx dx

= l°O[-k2U(k)]Jo(kX)kdk

and therefore,

~ [!!- (x dU)] <==> -J(lU(k)
x dx dx

This result involves the interchange of differential operator and integration.
Justify this result by following the procedure used in (3.76)-(3.79) and in
(3.102)-(3.104).

3.5. Consider the following Green's function problem associated with Bessel's
equationof order v:

(L - J..)g = ~(x - ~)
x

where

L = _~ [!!- (x!!-)] + v2

x dx dx x2

with limitingcondition

lim g(x,~) = 0
x-+oo

whereAiscomplex. By invoking theconditionthatg mustbe finite as x ~ 0,
showthat

x < ~

x>~
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Note: This resultcan be obtaineddirectlyfromExample3.6 by identifying A
abovewith k2 in (3.131) in Example3.6. By integrating the Green's function
around the closed contour in the complex A-plane, as described in (3.119),
show that the spectralrepresentation of the delta function for the operator L
and boundaryconditions givenaboveis givenby

_8(x_-_~_) = l" Jv(kx)Jv(k~)kdk
x 10

Showthat this representation leads to the Fourier-Bessel Transform of order
v, givenby the pair

S(k) =100

s(x)Jv(kx)xdx

s(x) =100

S(k)Jv(kx)kdk

Producethe following Fourier-Besseltransform pair:

{ _~ [!!-. (x!!-')] + V
2

} s(x) ¢::::> k2S(k)

x dx dx x 2

3.6. In the development of the Kantorovich-Lebedev transform, carefully com­
plete the steps necessary to produce (3.159) from (3.158).

3.7. Justify the result in (3.161) by following the procedure used in (3.76)-(3.79)
and (3.102)-(3.104).

3.8. In the development of the Kantorovich-Lebedev transform in Example 3.6,
we considered the operator

Im(k) < 0

where
lim u(x) = 0

.1-+00

lim u(x) finite
.t-+o

In [14], Stakgoldconsidersthe Kantorovich-Lebedev problemfor a slightly
differentoperator, viz.

His resultingspectralrepresentation is givenby

(3.196)
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where K>..(y) is the modified Bessel function of the second kind, A.th order
[16]. By making the appropriate transformation between k and u, show that
the spectral representation in (3.154) transforms to (3.196).
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4

Electromagnetic Sources

4.1 INTRODUCTION

In this chapter, we introduce electromagnetic source representations. We
begin by collecting expressions for the delta function in cylindrical and
spherical coordinates. We follow with a discussion of time-harmonic repre­
sentations of functions and vectors. We next introduce the electromagnetic
model in the time domain, and then specialize to the time-harmonic case.
We begin our study of electromagnetic sources with a consideration of the
sheet current source. We then, in sequence, study the line source, the ring
source, and the point source. Throughout, we shall utilize the Green's func­
tion method and the spectral representation method, developed in Chapters
2 and 3, respectively, in order to obtain alternative representations of the
fields from various sources.

4.2 DELTA FUNCTIONTRANSFORMATIONS

In what follows, we shall require delta function representations in two and
three dimensions. Depending on the particulars of the analysis, it will be
convenient to express the results in different coordinate systems. In partic­
ular, we consider rectangular, polar, cylindrical, and spherical coordinates.

We begin with a point source in two dimensions (Fig. 4-1), located at
the point Q(x', y'). We represent this point source by 8(x - x')8(y - y')
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P(x,y)

~-~-_-.a._--"--------t~ X

x'

Fig. 4-1 Point source in two di­
mensions, located at
(x', y').

and seek a corresponding representation in polar coordinates. Since the
polar coordinate point corresponding to (x', y') is (p', l/J'), we write

t5(x - x')t5(y - y') = 11 (p, lfJ)8(p - p')8(l/J -lfJ') (4.1)

The function 11 (p, l/» allows for the possibility of an additional factor
other than the delta functions that might be introduced by the Jacobian
in the coordinate transformation. Integrating both sides of (4.1) over the
xy-plane gives

r: roo
1 = 10 10 /1 (p, (/J}!J(p - p')!J(t/J - t/J')pdpdt/J

Equation (4.2) is reduced to an identity by the choice

Substitution into (4.1) gives

~( ')~( ') 8(p - p')8(¢ - ¢')
oX-X oy-y =-------

p

(4.2)

(4.3)

(4.4)

Equation (4.4) gives the polar representation of a point source in a plane as
long as the source is at a location other than the origin. For a point source at
the origin, we have 8(x)8(y). In transforming this representation to polar
coordinates, we note that the origin in polar coordinates is given by p = 0,
independent of cPo We say that the coordinate l/J is ignorable at the origin
[1] and write

8(x)8(y) = f2(P)8(p) (4.5)



Sec. 4.2 Delta Function Transformations

Integrating (4.5) over the xy-plane gives

1 = l21r loo h(p)~(p)pdpd</J

=loo [21CPh(p)]~(p)dp

Equation (4.6) is reduced to an identity by the choice

1
f2(p) =-

2rrp

Substitution into (4.5) gives
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(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

~(x)~(y) = ~2(P)
rrp

The proper transformations in three dimensions between rectangular and
cylindrical coordinates require no further analysis since the z-coordinate
remains the same in both systems. We have

r( ')r( ')r( ') 8(p - p')8(l/J -l/J')8(z - Z')oX-X oy-y oz-z =---------
p

~(x)~(y)~(z) = ~(p)~(z)
2rrp

In transformations to spherical coordinates, there are three cases of
interest. We begin with a point source (Fig. 4-2) at the location Q(x', v'. z')
and write

8(x - x')8 (y - y')8 (z - z') = /3(r, (), c/J)8 (r - r')8 «(J - (J')8 (c/J -l/J') (4.11)

Integrating both sides over all space gives

[21C [1C [00
1 = 10 10 10 13(r, 0, </J)~(r - r')~(O - O')~(</J - </J')r 2

sin OdrdOd</J

(4.12)
Equation (4.12) is reduced to an identity by the choice

1
13 (r, 0, </J) = 2 . 0

r SIn

Therefore,

~ (r r')8 (0 (J')8 (A. ,1.1)
r ( ') r ( ') r ( ') 'Y 'YoX-X 0Y-Y oz-z = .

r 2 sin (J

(4.13)

(4.14)
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P(X,y,z)
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" I

" I
" I

" I
<, I

......

(J

~----"'t-----+----~ Y

x

Fig.4-2 Point source in three dimensions, located at (x', v', z').

In thecase wherethepoint sourceis locatedalongthe z-axis, thecoordinate
cP is ignorable. Wehave

~(x)<5(y)~(z - z') = 14(r, 8)<5(r - r/)~(8) (4.15)

Integrating over all space gives

1 =L21rL1r Loo
/4(r, 8)8(r - r')8(8)r 2 sin8drd8d¢

= L1r Loo

[21l'r 2 Sin 8/ 4(r , 8)]8(r - r ' )8(8)dr d8 (4.16)

Equation (4.16) is reduced to an identity by the choice
1

/4(r,8) = 2 2' 8 (4.17)nr sin
Substitutioninto (4.15) gives

8(x)8(y)8(z - z') = 8(r - r'~8(8) (4.18)
21fr 2 sin ()

In the case where the point source is at the origin (0, 0, 0), the coordinates
() and t/J are both ignorable. Wehave

~(x)~(y)~(z) = /5(r)<5(r) (4.19)

Integrating over all space gives

1 = L2JrL1r Loo
/s(r)8(r)r 2 sin8drd8d¢

=Loo
[41l'r2 /s(r)]8(r)dr (4.20)
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Equation (4.20) is reduced to an identity by the choice

1
15(r) = 4rrr 2

Substitution into (4.19) gives

~(r)
~(x)8(y)8(z) = -42

1tr

4.3 TIME-HARMONICREPRESENTATIONS
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(4.21)

(4.22)

In subsequent considerations of the electromagnetic model, we shall be
dealing with quantities that vary harmonically with time t. The time­
harmonic representation is useful in the determination of the cosinusoidal
steady-state behavior of the electromagnetic fields. The representation can
also be directly extended to give the response for more general forms of
source input [2]. An excellent treatment of time-harmonic representations
is given in [3]. We shall include herein only the major results. A time­
harmonic function /(t) has the form

f(t) = Focos(wt + t/» (4.23)

where to is radian frequency and where Fo and t/> are real and time-indepen­
dent. We write this function in terms of the real-part operator as follows:

(4.24)

where

F = Foeil/> (4.25)

That (4.24) is equivalent to (4.23) can be demonstrated by substituting
(4.25) into (4.24) and performing the real-part operation. The details are
left to the reader. We may show the following relation for derivatives:

df .- =Re(iwFe,wt
) (4.26)

dt

The proof is straightforward and is left for the problems.
The real-part operator has the following useful properties [4]: For

z, Zl, Z2 E C and a, t E R,

Re(Zt) + Re(Z2) = Retz, + Z2)

Re(az) = aRe(z)

(4.27)

(4.28)



144 Electromagnetic Sources Chap. 4

:t [Re(z)] = Re ( :;) (4.29)

1Re(z)dt = Re (I Zdt) (4.30)

These real-part relationships are easily verified. The details are left for the
problems. An additional relationship involving the real-part operator is the
following: If A, BEe and are time-independent, and if

Re(Ae iwt
) = Re(Be iwt

) , all t (4.31)

then
A = B (4.32)

Indeed, let t = O. Then Re(A) = Re(B). Let cot = n /2. Then Re(i A) =
Re(i B), which implies that Im(A) = Im(B). Since A and B are time­
independent, the above equality of their real parts and their imaginary
parts must be true for all t , and thus A = B.

The complex representation of time-harmonic functions can be ex­
tended to vectors. Indeed, let e(t) be a real, time-varying vector with
time-harmonic components, viz.

e(t) =xEx cos(wt +¢x) + fEy cos(wt +¢y) + ts, cos(wt +¢z) (4.33)

where x, y, i are unit vectors in the three Cartesian coordinate directions
and Ex, Ey , Ez, ¢x, ¢y, tPz are real and time-independent. In the same
manner as in the above treatment of complex functions, complex vectors
can be written in terms of the real-part operator, as follows:

(4.34)

where
E = xExeict>x + yEyeil/Jy + iEzeil/Jz (4.35)

The equivalence of (4.34) and (4.33) can be verified by substituting (4.35)
into (4.34) and performing the real-part operation. The details are left for
the reader.

4.4 THE ELECTROMAGNETIC MODEL

The macroscopic model for the behavior of electromagnetic fields is given
by the following set of equations:

as
vxe=---Mat (4.36)
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(4.41)

(4.40)

(4.37)

(4.38)

(4.39)

av
\lx1t=-+:1at

v·1)=p

\I. B = Pm
ap

V·:1=-­at
aPmv·M=-­at

where the symbols are defined as follows:

e electric field intensity (volts/meter)

1t magnetic field intensity (amps/meter)

1) electric flux density (coulombs/meter')

B magnetic flux density (webers/meter')

:r electric current density (amps/mete~)

M magnetic current density (volts/meter')

P electric charge density (coulombs/meter')

Pm magnetic charge density (webers/meter')

In performing dimensional analyses, it is helpful to have the following
equalities:

coulomb-amp · second

weber=volt · second

ohm=volt/amp

All field and source quantities vary with both space and time. Typically,
for the electric field, we have e(x, y, Z, t), which we write in shorthand
notation as e(r, t). The magnetic charge Pm(r, t) and the magnetic current
M(r, t) have not been shown to exist in nature, but can be defined as
equivalent sources in equivalence theorems involving the electric fields
[5]. We shall assume that all quantities vary time-harmonically, Typically,

(4.42)E(r, t) = Re [E(r, w)e iwt
]

Then, in (4.36), we have

V x [Re(Ee iwt
) ] = - :t [Re(Be iwt

) ] - Re(Me iwt
) (4.43)



146 Electromagnetic Sources Chap. 4

(4.44)

Using the real-part operator relationships in (4.26)-(4.29), we obtain

Re [V x (Eeicut
) ] = -Re [(iwB + M)eicut

]

But, by a well-known vector identity,

V x (Ee iwt
) = (V x E)e iwt (4.45)

Substituting (4.45) into (4.44) and applying (4.31) and (4.32), we obtain

v « E= -iwB-M

A similar procedure in (4.37)-(4.41) yields

V x H = iwD+J

yr·D=p

\l·B=Pm

\l.J = -iwp

\l. M = -iwPm

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

Weremark that, in keeping with usual practice, we have used the same sym­
bols for electric charge density in both the time and frequency domains, and
similarly for magnetic charge density. Which domain we are considering
will be clear in context.

In a simple medium, the electric flux density D is simply related to
the electric field intensity E by

D=EE (4.52)

where E is the permittivity of the medium in farads/meter. Similarly, for
the magnetic field,

B = J-LH (4.53)

where J.l is the permeability of the medium in henrys/meter. The basic units
of farads can be deduced from the units of D and E in (4.52), and similarly
for the units of henrys in (4.53).

Equations (4.46)-(4.53) constitute the electromagnetic modelin sim­
ple media. We shall use the model in what follows to develop representa­
tions of electromagnetic sources. In Chapter 5, we shall use the model to
develop solutions to some example boundary value problems.
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Consider a planar electric current sheet in the xy-plane (Fig. 4-3). We
assume linear polarization in the x-direction and no variations in either x
or y. The mathematical representation of this current sheet involves the
electric current density J (z) in amps/rrr", given by

J (e) =xJso~ (z) (4.54)

where xis a unit vector in the x-direction and Jso is a constant surface cur­
rent density in amps/me We write Maxwell's curl equations by substituting
(4.52) into (4.47) and (4.53) into (4.46) to give

\l x E = -iwJLH - M

\l x H = iWEE + J

In general, the permittivity is complex and is given by [6]

0'
E = Ed + -:­

lW

(4.55)

(4.56)

(4.57)

where 0' is the conductivity in mhos/m and Ed is the permittivity of a
perfect dielectric (0" = 0). The complex permittivity accounts for losses
in the medium. For the case where the losses are negligible, the complex
permittivity reduces to the perfect dielectric permittivity Ed.

Since the source, given by (4.54), varies only with z, and since there
are no scattering objects present, we conclude that a/ax = a/ay = o.
Substituting this result and (4.54) into Maxwell's equations, setting M = 0,
and expanding in Cartesian coordinates, we obtain

an,-- = Jso~(z) + iWEExdz
an,-- = iWEEdz Y

0= iWEEz
dEy-- = iWJLHxdz

dEx
dz = -Ltou.H,

o= iWJLHz

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)
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Fig.4-3 Electric current sheet located in the xy-plane and linearly
polarized in the x-direction. Current sheet extends over
entire xy-plane.

From (4.60) and (4.63), we find that

(4.64)

The remaining equations decouple into two independent sets. The first set
is given by

dEx-- = -iwJLHdz y

an,--- = J so8(z) + iWfExdz
The second set is given by

(4.65)

(4.66)

(4.67)
dEy .-- = lwJ.,tHxdz

dHx .- = lWfEy (4.68)
dz

Note that the first set contains Ex, Hy , and lso, while the second set contains
Ey , Hx , and no sources. Since the second set is source-free throughout all
space and is not coupled in any manner to the first set, we must conclude
that the only solution to (4.67) and (4.68) is the trivial solution, viz.

Ey = Hx = 0 (4.69)
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(4.70)

The problem is therefore completely described by (4.65) and (4.66), to­
gether with appropriate conditions as z~ ±oo. We take the derivative of
(4.65) with respect to z and substitute (4.66) to obtain the following set:

d2E

-2
x + k2Ex = iw~Jsoo(z)

dz

1 as,
H=---

y iWJL dz

where the wavenumber k is given by

(4.71)

(4.72)

with
(J

s=­
Wfd

(4.73)

and

(4.74)

The wavenumber kd is the wavenumber that would be present in a perfect
dielectric «(J =0). In the engineering literature, S is called the losstangent
[7]. We note that, if the second-order, linear, ordinary differential equation
in (4.70) can be solved for the electric field Ex, the magnetic field Hy can
be found by the simple differentiation indicated in (4.71). For limiting
conditions, we demand that, for k E C,

lim Ex = 0
z-+±oo

(4.75)

To solve the differential equation in (4.70), we let

(4.76)

Substitution into (4.70) yields

d2g
-- - k2g = o(z)

dz 2
(4.77)

(4.78)
with limiting conditions

lim g =0
z-+±oo

We recognize this as a Green's function problem in SLP3. In general,
the Green's function is associated with the delta-function source o(z - {).
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This source would produce a Green's function g(e, ~). In the case in (4.77),
{ = 0 and we obtain g(z, 0). The solution to this Green's function problem
has been given in Example 2.20, viz.

e-iklzl
g(z, 0) = 2ik' Im(k) < 0

Substitution into (4.76) gives

(4.79)

ltJJ.,t °kl IEx(z) = -2iJsoe-1 Z

We may normalize this result by letting

(4.80)

2k
Jso=-­

WJ.,t
(4.81)

We then have

Ex(z) = e-iklzl (4.82)

Substitution of this result into (4.71) yields the accompanying magnetic
field, viz.

(4.84)

(4.83)
z>O
z<O

1 { e-ikz
,

Hy(z) = - tk
11 -e' z,

where the intrinsic impedance 11 is given by

WJ.L
11=­

k

The solution to (4.77) with limiting conditions in (4.78) has been
obtained by the Green's function method. Alternately, the solution can
also be obtained by spectral methods. From the result in Example 3.4, the
spectral representation of the delta function for the operator -d 2/ dz 2 with
limiting conditions given by (4.78) is given by

(4.85)

This spectral representation defines the Fourier transform. Applying this
transform to the Green's function, we have

1 100

g(z, 0) = -2 G(fi,O)ei/Jzdfi
1C -00

(4.86)
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G(fJ, 0) = I:g(z, O)e-i/Jzdz

Taking the Fourier transform of (4.77) and rearranging gives

1
G(fJ, 0) = fJ2 _ k2

(4.87)

(4.88)

(4.89)

Taking the inverse Fourier transform yields the alternative solution form

1 /00 ei/3 z
g(z, 0) = 2Jr -00 fJ2 _ k2dfJ

Substituting into (4.76) and applying (4.81), we find that

(4.90)

(4.91)Im(k) < 0

Since the solution to (4.70) is unique, we may equate the two results in
(4.82) and (4.90) to give the following useful relationship:

ik /00 ei /3 ze-iklzl = - dfJ,
n -00 fJ2 - k2

We remark that the result in (4.91) can also be obtained by contour inte­
gration techniques, as we show in the following example.

EXAMPLE 4.1 We shall show that

f
oo ipz

e dR. = ~e-iklzl
-00 fJ2 - k2 P ik '

Im(k) < 0

Consider

(4.92)i eiPz
--dfJ

CR+Cl fJ2 - k2

around a closed contour (Fig. 4-4) along the real axis from -R to R and a semi­
circle of radius R through the upper half-plane. We constrain R such that R > IkI.
The denominator of (4.92) has simple poles at f3 = ±k. We have Im(k) < O. It
can be shown that this selection of the sign of the imaginary part, together with
the definition of k in (4.72), implies that Re(k) > O. The details are left for the
problems. Therefore, the pole at f3 = -k is enclosed by the contour, and the
residue theorem gives

(4.93)
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Im(l3)

_..600.- ~....--&--~Re(p)

Fig.4-4 Contour for the evaluation
of the contour integral in
(4.92).

(4.94)

Evaluating the residue and splitting the contour integral into two pieces gives

j R eifJz 1 e ifJ z Jr.
df3 + dfJ - _e- l kz

-R -fJ-2 ---k-2 CR fJ2 - k2 - ik

We now show that

1
eifJz

lim 2 2 dfJ =0,
R~oo CR fJ - k

Z>O (4.95)

Indeed, on CR, let

(4.96)

Then,

(4.98)Z>O

I
f eiPZ dfJl = Ir eiZRCOS6e-~Rsin6iRej(Jd() I

JC
R

fJ2 - k2 Jo R2e,20- k2

R l 1f

< e-zR sinOdO
- R2 -lkl2 0

RJr
~ R2 _ Ikl2 (4.97)

In the last inequality, we have used the fact that zR sin 0 > 0, 0 < () < Jr to bound
the integrand with unity. Therefore, in the limit as R ~ 00, the integral around
CR approaches zero. Taking the limit in (4.94) gives

J
OO eifJz Jr.

dfJ - _e- l kz
-00 -f3-2 ---k-2 - i k '

Equation (4.98) gives the result for z > O. For z < 0, we close the contour
C1 along a semi-circle through the lower half-plane. The details are left for the
problems.

•
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Consider a line current source located along the z-axis (Fig. 4-5) and extend­
ing from z = -00 to z = 00. We represent the current density associated
with this source by

J(p) = z/08(x)8(y) (4.99)

where /0 is a constant current in amps. We begin our study of the fields
produced by this current source by considering the problem in cylindrical
coordinates. From (4.8), the cylindrical coordinate representation of the
current J (p) is given by

" 8(p)
J(p) = zIo­

21CP
(4.100)

Since the current source is independent of l/J and z, and since there are no
scattering objects, we must have 8j8(j> = 8j8z = O. Maxwell's curl equa­
tions in (4.55) and (4.56) can therefore be written in cylindrical coordinates
by

(4.101)

(4.102)

(4.103)

--------~y

x

Fig. 4-5 Electric line current located along the z-axis and extending
from z = -00 to z = 00.
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where

(4.104)

(4.105)

(4.106)J - l. ~(p)
z - 021rp

Wenotethat (4.102)and(4.103)are source-free and independent of (4.104)
and (4.105). Therefore,

Hz = Et/J = 0 (4.107)

Weconcludethat (4.104)and (4.105), togetherwith appropriate boundary
and/or limitingconditions, completely characterizethe problem. Wemul­
tiply (4.104)by p, take the derivative with respect to p, multiply by 1/p,
and then divide by uop. to obtain

iW~P [~ (p ~')]= ~ [:p (PH~)]
Substitutionof (4.108) into (4.105) producesthe following set:

.!. [!!- (p dE,)] + k2E, = iwl-t1o ~(p)
p dp dp 21rp

1 dE z
H~ = iwJ.L dp

To solve the differential equation in (4.109), we let

21r E,
g=---

iWJ.L1o

and obtain

.!. [!!- (p dg ) ] + k2g = _ ~(p)
p dp dp P

with limitingcondition

(4.108)

(4.109)

(4.110)

(4.111)

(4.112)

lim g = 0 (4.113)
p~oo

To solve (4.112), we first consider a result from Example 2.21. In that
example,we considered

~ [!!- (p dg ) ] + k2g = _~(p - p')
p do dp p

(4.114)
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with the limitingconditiongivenin (4.113)and a finiteness conditionat the
origin. The solution was given in (2.184) and is repeated here with some
trivial changes in notation,viz.

I n { Hci2)(kp') Jo(kp ),
g(p, p ) = -:

2l Hci2)(kp ) Jo(kp') ,

p < p'

p > p'
(4.115)

Takingthe limit as p' ~ 0 yields the solution to (4.112),viz.

g(p, 0) = ~ Hci2) (kp) (4.116)

Substituting (4.116) into (4.111)and solving for E z, we obtain

Ez = - wp,IoHJ2} (kp) (4.117)
4

Substitutionof this result into (4.110)gives

ik10 (2)
H~ = -4H1 (kp) (4.118)

Thesolutionto (4.114)withlimitingcondition(4.113)at infinity anda
finiteness conditionat the originhas been obtainedby the Green's function
method. Alternately, the solutioncan alsobe obtainedby spectralmethods.
From Example 3.5, the spectral representation of the differential operator
in (4.114)with the given limitingand finiteness conditionsis givenby

8(p - p') = (00 Jo(Jl.p)Jo('Ap')>"d>"
P Jo

(4.119)

AsfoundinExample3.5,thisrepresentation givestheFourier-Besseltrans­
form pair

F(>..) = !oo f(p)Jo(>..p)pdp (4.120)

f(p) =Loo
F(')..) Jo()..p)')..d').. (4.121)

Takingthe Fourier-Bessel transformof both sides of (4.114) gives

(_A,2 + k2)G(A" p') = -Jo('Ap') (4.122)

where G('A, p') is the Fourier-Bessel transformof g(p, p'). Solvingfor G
and taking the inverseFourier-Bessel transformgives

( ') = (00 Jo(')..p) Jo(')..P') >..d')..
gp,p 10 A,2-k2

(4.123)
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To produce the solution to (4.112), we take the limit as p' ~ 0 and obtain

100 Jo(J...p)
g(p, 0) = 2 2 AdA

o A-k
(4.124)

(4.125)

Substitution into (4.111) yields

iw~Io roo Jo(J...p)
s, =-~ 10 A2 _ k2AdA

Comparing (4.125) to (4.117), we obtain the following integral represen­
tation of the Hankel function [8]:

n(2) (kp) = 2i roo JO(Ap) AdA
o n 10 A2-k 2

Taking the Fourier-Bessel transform gives the relation

1 1r roo (2)
A2 _ k2 = 2i 10 Ho (kp)Jo(Ap)pdp

(4.126)

(4.127)

(4.128)

Wehave obtained two representations of the electric field E z produced
by a line current located along the z-axis, These representations are given by
(4.117) and (4.125). Further representations can be obtained by considering
the same problem in Cartesian coordinates. Since a/az = 0, Maxwell's
curl equations reduce to

ee,- = -iw~Hxay
ee,ax = itou.H; (4.129)

aEy aEx .- - - = -lw~Hz (4.130)ox oy
aHz- = itoeE; (4.131)ay

en,- = -ricoe E (4.132)ax y

aHy aHx .- - - = lo8(x)8(y) + Iw€E z (4.133)ax ay
These six equations can be grouped into two independent sets, as follows:
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Set 1: T Mz
es,- = -iwJLHxay
ee,- = iWJLHox y

en, en,- - - = Io~(x)~(y) + iw€E zox oy
Set 2: T s,

157

(4.134)

(4.135)

(4.136)

sn,- = iox E; (4.137)oy
en,- = -iw€E (4.138)ax y

aE y oEx .- - - = -lwJLHz (4.139)ax ay

Set 1 is labeled T Mz since it contains no magnetic field component in the
z-direction. In a similar manner, Set 2 is T Ez• We note that the two sets
are not coupled and that Set 2 is source-free. Therefore, the only solution
to Set 2 consists of the null fields, viz.

Hz = Ex = Ey = 0 (4.140)

(4.141)

To solve for the T M, fields, we differentiate (4.134) with respect to y,
(4.135) with respect to x, add the result, and substitute (4.136) to obtain

a2 E a2 E--T + --T + k2Ez = iWJLlo~{x)~{y)ax ay
1 ee,

Hx = - - ­
iWJL ay

1 ee,
H=--

y iWJL ax

We consider (4.141), together with the limiting conditions

lim Ez(x, y) = 0
x~±oo

lim Ez{x, y) = 0
y~±oo

(4.142)

(4.143)

(4.144)

(4.145)
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(4.146)

To reduce (4.14"1), we combine the spectral representation and Green's
function methods. First, from Example 3.4, the spectral representation of
a2/ax2 with limiting condition in (4.144) is given by

1 foo ,o{x - x') = - eikx(x-x )dkx
21l' -00

(4.147)

(4.149)

Multiplying both sides of (4.146) by Ez(x', y) and integrating over
(-00, (0) gives the spatialFourier transform pair

1 foo " ike.«, y) = -2 Ez{kx , y)e' xXdkx
1l' -00

Ez(kx • y) = i: Ez(x. y)e-ikxXdx (4.148)

We therefore take the Fourier transform ofboth sides of (4.141) and produce

2 "d E z 2"
d

y
2 + kyE z = iWf.L108(y )

where

(4.151)

ky =Jk2 - k; (4.150)

and where Ez(x, y) and Ez(kx , y) are Fourier transform pairs. We let

Ez01 =--­
i(J)~Io

so that

(4.152)

where

(4.154)Im{ky) < 0

lim Gl (kx , y) = 0 (4.153)
y-+±OO

We have previously produced the solution to this Green's function problem
in (4.79). In this case, we have

e-ik,lyl

Gl = 2ik
y

l

(4.155)

Substituting into (4.151), solving for Ez, and taking the inverse Fourier
transform, we obtain

wJL10 foo e-ik,!y! °

Ez(x, y) = --- e'kxxdkx41l' -00 ky
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Equation (4.155) gives another form of solution to the line source
problem. If we compare (4.117) and (4.155), we produce the following
integral representation of the Hankel function:

1 00 _i(k2_k 2)1/2IYI

H(2) [k(x2 + y2)1/2] = _ f e x eikxxdk (4.156)
o 1C -00 (k2 - k;) 1/2 x

where
Im(k 2 - k;)1/2 < 0 (4.157)

Taking the transform of both sides of (4.156) yields

_i(k2_k 2)1/2IYI 1 00

e x = _ f H(2) [k(x2 + y2)1/2] e-ikxxdx (4.158)
(k2 - k;) 1/2 2 -00 0

We note in (4.141), (4.144), and (4.145) that the x and y differential op­
erators and their manifolds are identical. We therefore could have taken
the Fourier transform with respect to y. The result can be immediately
obtained by interchanging x with y and kx with ky •

We now have three representations of the electric field from the line
current source along the z-axis, given by (4.117), (4.125), and (4.155). A
fourth representation can be obtained by taking the Fourier transforms of
(4.141) with respect to x and y to obtain

(-k; - k; + k2
) i; = iWIL10 (4.159)

where Ez(x, y) and Ez(kx , ky ) are two-dimensional Fourier transform

pairs. Solving for Ez and taking the two-dimensional inverse transform
gives

(
1 )2

1
00 100 ei(kxx+kyY)

Ez(x, y) = iWIL10 2Jr -00 -00 k2 _ k; _ k~dkxdky (4.160)

Comparing (4.117) and (4.160), we obtain the following double-integral
representation of the Hankel function:

1 foo foo ei(kxx+kyY)
HJ2) [k(x 2 + y2)1/2] = 72 k2 _ k2 _ k2dkxdky (4.161)

11C -00 -00 x Y

Taking the two-dimensional transform, we obtain

1 . 00 00

---- = ~ f f HJ2) [k(x2 + y2)1/2] e-i(kxx+kYY)dxdy
k2 - k; - k; 4 -00 -00

(4.162)
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We next move the line source away from the z-axis (Fig. 4-6) by
defining a current

J = i 108(x - x')8(y - y')

= ZIo 13(p - p') 13(4J - 4J/)
p

(4.163)

where we have used (4.4) to make the delta function coordinate transfor­
mation. We expand Maxwell's curl equations in cylindrical coordinates
and obtain

(4.164)

(4.165)

(4.166)

(4.167)

(4.168)

(4.169)

z

y'

x

Fig. 4-6 Electric line current located at (x', y') and extending from
z = -00 to z = 00.
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(4.170)

(4.171)

where we have used 8/8z = 0 in making the expansions. We have arranged
the six equations above such that the first three are T E, and the second
three are T Mz • We note that the TE; and TM, fields are not coupled, and
that the T Ez fields are source-free. We therefore conclude that the T Ez
fields are zero. For the T M, set, we multiply (4.168) by p and differentiate
with respect to p to give

!-. (paEz ) = if.tJJ-L!-'(PHI/»
8p 8p 8p

Next, we differentiate (4.167) with respect to l/J to give

1 a2Ez • 8Hp--- = -IWJ,L-
P 8l/J2 8l/J

Using (4.170) and (4.171) in (4.169) to eliminate Hq, and Hp yields the
following:

02 E + k2E -' I. ~(p - p')~(l/J -l/J')
v pq, z z - I WJ.L 0

p

where, from (4.167) and (4.168), we have

1 BEz
HI/> = iWJ-L ap

1 8EzH =-----
P iWJ,LP 8l/J

and where

(4.172)

(4.173)

(4.174)

V~I/> = ; [a: (pa:)] + :2 a~2 (4.175)

The boundary and limiting conditions associated with E, are as follows:

lim E, = 0
p~oo

lim Ez = finite
p~O

e,I =e,ItP=t/>o tP=cPo+21r

aEz _ aEz

ai/J I/>=t/Jo - ai/J l/>=t/Jo+27C

(4.176)

(4.177)

(4.178)

(4.179)
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where l/Jo is any fixed angle. Let
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(4.180)
£'1.

g=---
iWIl10

Substitution of (4.180) and (4.175) into (4.172) yields the two-dimensional
Green's function problem

~ [!- (p 8g)] + ~ 8
2g + k2g = _ l3(p - p') l3(fIJ - fIJ')

p 8p 8p p2 8l/J2 P

lim g ee O
p-+oo

lim g = finite
p-+o

g I - g I
t/>=l/Jo t/>=l/Jo+21r

(4.181)

(4.182)

(4.183)

(4.184)

8g = 8g (4.185)
all> t/>=l/Jo all> t/>=l/Jo+21r

In order to separate the p-operator from the l/J-operator, we multiply both
sides of (4.181) by p2 and obtain

[ a (a g ) ] a2
g 2p - p- + - + (kp) g = -plJ(p - p')lJ(lI> -lI>')

8p ap 8t/J2

A perhaps more descriptive way of writing (4.186) is as follows:

(L p + Lt/»g = plJ(p - p')lJ(</> - t/J')

where

(4.186)

(4.187)

L = -p [!- (p!-)] - (kp)2 (4.188)
p 8p 8p

82

L~ = - 8f1J2 (4.189)

The operator Lp , with boundary and limiting conditions given in (4.182)
and (4.183), is called the Kantorovich-Lebedev operator and leads to the
Kantorovich-Lebedev transform considered in Example 3.6. The operator
Lt/> with periodic boundary conditions given in (4.184) and (4.185) produces
the complex Fourier series considered in Problem 3.2. To solve for the
Green's function g(p, </>, p', l/J'), we have the choice of applying a complex
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Fourier series expansion or the Kantorovich-Lebedev transform. We shall
consider both choices in tum. We begin by choosing the complex Fourier
series.

Using the complex Fourier expansion in Problem 3.2, we expand the
Green's function as follows:

The coefficient an is given by

(2Jr (l .
an(p, p', 4>') = 1

0
g(p, 4>, o', 4>')V 2ie-ln~d4>

= (g, Un)

where Un is the normalized eigenfunction

and where we have defined the complex inner product

{21f
(u, v) = 10 u(4))1i(4>)d4>

We symbolize the transform from g to an given in (4.191) by

(4.190)

(4.191)

(4.192)

(4.193)

(4.194)

Since the operator Lq, is self-adjoint, we use the procedure in (3.24)-(3.27)
and find that

Also,

If oAt.'o(t/> - t/>') ==> _e- l n",
21l'

Using these results to transform (4.187), we obtain

(L p + n2)a
n = p8(p - P')J 1 e-in~'

21l'

(4.195)

(4.196)

(4.197)
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Substituting (4.188) and dividing both sides by p2 gives

where
an

bn = - - - -
(le-in4J'V2ii

For limiting conditions associated with bn , we choose

lim b; = 0
p~oo

(4.198)

(4.199)

(4.200)

lim b; = finite (4.201)
p~O

The reader should verify that this choice of limiting conditions is consistent
with the limiting conditions associated with g given in (4.182) and (4.183).

Wenow solve (4.198) by the Green's function method. This particular
Green's function problem has been previously considered in Example 3.6.
Using the results therein, we may immediately write

1C { H~2)(kp')Jn(kp),

b
n = 2i HP>(kp)In(kp'),

p < p'

p > p'
(4.202)

p < p'

p » p'
(4.203)

Substituting (4.202) into (4.199), solving for an,and substituting the result
into (4.190) yields

I I 1 ~ in(4J-4J') { H~2)(kp')Jn(kp),
g(p, ¢, p , ¢ ) = --; £....J e

4z n=-oo H~2)(kp)Jn(kp'),

Finally, this result substituted into (4.180) gives

e, = - w{l-lo f: ein(cf> - 4l ) { H~2)(kp')Jn(kp),
4 n=-oo HJ2) (kp)Jn (kp') ,

p < p'

p » p'
(4.204)

We recall from (4.117) that the electric field from a line source located at
the origin is 'given by
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A coordinate transformation x ~ x - x', y ~ y - y' gives, in cylindrical
coordinates,

(4.205)

where

Ip - p'l = J(x - x')2 + (y - y')2 = Jp2 + pl2 - 2pp' cos(</> - </>')
(4.206)

Since (4.204) and (4.205) must yield the same result, we may equate them
to give

(2) , ~ in«(j>-(j>') { H~2)(kp')Jn(kp),
Ho (kip - p I) = L" e

n=-oo H~2)(kp)Jn(kp'),

p < p'

p » p'
(4.207)

(4.208)

which is the AdditionTheorem for the Hankel function.
We next obtain an alternative representation of the solution for the

electric field by applying the Kantorovich-Lebedev transform to (4.186).
If g(p, l/J, p', l/J/) and G (fJ, l/J, p', l/J/) are Kantorovich-Lebedev transform
pairs, then the transform applied to (4.186) gives

d 2G
- + fJ 2G = -H(2)(kp')8(l/J _l/J/)
dl/J2 fJ

where we have used the transform in (3.157) and the derivative transform
in (3.161). We define

G(fJ, </>, </>') = G(fJ, </>, p', </>')
H?)(kp')

and obtain

d2{; A- + fJ 2G = -8(l/J _l/J/)
dl/J2

with the boundary conditions

A I" I
G(fJ, l/Jo, l/J ) = G(fJ, l/Jo + 2rr, 4> )

(4.209)

(4.210)

(4.211)

dG(fJ, cPo, l/J/)

dl/J

d(; (fJ, l/>o + 2rr, l/J')
- d4>

(4.212)



166 Electromagnetic Sources Chap. 4

From Problem 2.18, the solution to this Green's function problem is given
by

G= _ cos[P<I<I> - <1>'1- Jr)] (4.213)
2fJ sin n fJ

We substitute (4.213) into (4.209), solve for G, and use the inverse
Kantorovich-Lebedev transform given in (3.159) to obtain

I I _ u: H?) (kp) H?) (kp') cos[P(I<I> - <1>'1 - Jr)]
g(p, 4>, p ,4» - --8 . P dP

ioo sin 1'(

(4.214)
Substituting into (4.180) and solving for Ez gives the electric field at (p, <p)
caused by an electric line current source at (p', <P'), viz.

iWJL10 [-iOO H~2)(kp)H~2)(kp') cos[P<I<I> - <1>'1 - Jr)]
Ez =-- . dfJ

8 ioo sin 1CfJ
(4.215)

Equation (4.215) gives an alternative representation to (4.204) for the elec­
tric field. By comparison with (4.205), we obtain the following integral rep­
resentation alternative to the Hankel function addition theorem in (4.207):

(2) I 1 t: H?) (kp)H~2)(kp') cos[P<I<I> - <1>'1 - Jr)]
Ho (kip - P I) = -2' , P dP

I ;00 sin 1'(

(4.216)
For further discussion of the Kantorovich-Lebedev transform, the reader
is referred to [9]. The transform is particularly useful in the solution to
electromagnetic problems involving conducting wedges [10].

4.7 THE CYLINDRICAL SHELL SOURCE

Consider a circularly-cylindrical shell current source (Fig. 4-7), located
symmetrically about the z-axis and extending over z E (-00, (0). We
represent the current by

J il, lJ(p - p')
=Zo---

21CP

The factor 'ln has been included so that the total current is 1o, viz.

(211" (00 [lJ(P - pI)]
10 10 /0 2Jrp pdpd<l> = /0

(4.217)
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Fig. 4-7 Electric cylindrical shell
current located symmet­
rically about the z-axis
and extending from z =
-00 to z = 00. x

z
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(4.219)

(4.218)

This problemis independentof both 4> and z. Therefore,using (4.109)and
(4.110), we have

.!. [_d (p_dE_z)J +k2Ez = iltJJ.L10-8(-P---p-')
p dp dp 2Tlp

1 as,
H, = iwJ.t dp

Let
21re,

g=--­
iWJ.L1o

so that

! [!!- (p dB)] + k2g= _8(p - p')
p dp dp P

with the limiting condition

lim g(p, p') = 0
p-+oo

(4.220)

(4.221)

anda finiteness conditionat theorigin. The solutionto thisGreen's function
problem has been given in (4.115), viz.

1C { HJ2) (kp') Jo(kp),
g(p, p') = --:

21 HJ2) (kp)Jo(kp'),

p < p'

p > p'
(4.222)

Substituting into (4.220) and solving for Ez, we obtain

p < p'

p> p'
(4.223)
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Note that
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(4.224)1· E wJL10 H(2) (k )1m z = --- 0 P
p'-+o 4

which reproduces the result for the line current at the origin, given in
(4.117). The reader should compare the development of the cylindrical
shell source in this section to the treatment in [11].

4.8 THE RING SOURCE

Consider a magnetic ring source M, located symmetrically about the z-axis
(Fig. 4-8). We describe the source by .

M = Po ~(p - p') ~(z - z')~ (4.225)
p

where ~ is a unit vector in the ¢-direction and Po is a magnetic current
moment in volt · meters. Since the problem is symmetric in ¢, we must have
ala¢ = O. With this restriction, Maxwell's curl equations in cylindrical
coordinates reduce to

- 8H4J = iw€E (4.226)az p

1 a
--(pHt/J) = iw€E z (4.227)pap

8E p 8Ez- - - = -Mq, - iWJLHq, (4.228)
8z 8p

8Hp 8Hz •- - - = lw€Et/J (4.229)
8z 8p

aEq,- = iWJLHp (4.230)az
1 a
--(pEq,) = -iltJJlHz (4.231)
pap

We have arranged the six equations above so that the first three are T Eq, and
the second three are T Mt/J. We note that the T Eq, and T Mq, fields are not
coupled, and that the T Mt/J fields are source-free. We therefore conclude
that the T Mq, fields are zero. For the T Eq, set, we differentiate (4.226) with
respect to Z and (4.227) with respect to p to obtain

82Hq, . aEp--- = IW€- (4.232)
8z2 8z
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z

J-------~y

x
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Fig. 4-8 Magnetic ring current
source located symmetrically about
the z-axis.

(4.233)a [1 a ] se,- --(pH4J) = iWE-
ap pap ap

Subtracting (4.232) from (4.233) and substituting (4.228), we obtain

But,

(4.234)

~ [!.-~(PH~)] = ~~ (p OH¢) _ H4J
ap p ap p ap ap p2

Substituting (4.235) into (4.234), we obtain

where

and

(4.235)

(4.236)

(4.237)

8(p - p') I
M4J = Po ~(z - z ) (4.238)

p

Once we have solved (4.236), the electric field components can be obtained
from (4.226) and (4.227), viz.

(4.239)

(4.240)
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By suitably normalizing Hq" we may obtain the following Green's function
problem:

(L p + L, - k2) g = ~(p - p') ~(z - z')
p

where

L = _.!.~ (p~) + 2-
p p 8p 8p p2

82

t., = --2
8z

and where
Ht/Jg=---

iWfPo
The associated limiting conditions are

(4.241)

(4.242)

(4.243)

(4.244)

(4.245)

(4.246)

(4.247)

(4.248)

lim g finite
p~o

lim g = 0
p~oo

lim g = 0
z~±oo

As shown in Problem 3.5, the operator L p in (4.242) with limiting condi­
tions in (4.245) and (4.246) leads to the Fourier-Bessel transform of order
one. As shown in Example 3.4, the operator Lz in (4.243) with limiting
conditions in (4.247) leads to the Fourier transform. We therefore have the
choice of applying either of these transforms. We shall consider each in
tum, beginning with the Fourier transform.

Using the Fourier transform over the z-variable in (4.241), we obtain

_.!.~ (p OG) _ (k2 _2-) G = e-ik,Z'~(P - p')
p 8p 8p P p2 P

where g(p, z.p', Z') and G(p, kz, p', z') are Fourier transform pairs and

k~ = k2
- k; (4.249)

We let
G

H=-­
e-ikzz'

and obtain

_~~ (p OR) _(k2 _2-) R= ~(p - p')
p 8p 8p P p2 P

(4.250)

(4.251)
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We may satisfy the limiting conditions in (4.245) and (4.246) by
requiring

lim H finite
p-+O

lim H =0
p-+oo

(4.252)

(4.253)

The solution to (4.251) with conditions in (4.252) and (4.253) has been
previously considered in Problem 3.5. We find that

p < p'

p > p'
(4.254)

Substituting (4.254) into (4.250) and the result into (4.244), we obtain

ltJEPo /00 Ok (_ ') {Hi2)(kpP')Jl(kpP), P < P'
H4> = --- dk.e' z z z

4 -00 H~2)(kpp)J1(kpp'), P > P'
(4.255)

We may obtain an alternative representation by taking the Fourier­
Bessel transform of order one in (4.241). From the results in Problem 3.5,
we may write the following Fourier-Bessel transform pair:

Gp.. ,z,p',z') =koo
g(p,z,p',z')JICJ..p)pdp

with inverse

g(p, z, p', z') =koo
GO.. ,z, p', z')Jl('J..p»)...d)...

(4.256)

(4.257)

From Problem 3.5, we have the following Fourier-Bessel transform pair:

[ l d( d) 1] 2'"--- P- + - g {:==} A G
pdp dp p2

Applying (4.256) and (4.258) in (4.241), we obtain

2 ".
d H 2 ". ,
-- - fJ H = tS(z - z )

dz 2

where
". G
H=-­

J1 (Ap')
and

(4.258)

(4.259)

(4.260)

(4.261)
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To satisfy the limiting condition in (4.247), we require

lim fJ = 0
z.... ±oo

(4.262)

We have previously considered this Green's function problem in Example
2.20. The result applied to (4.259) is as follows:

" e-ifllz-z'l
H=---

2ifJ
Im(,B) < 0 (4.263)

(4.265)

Substituting (4.263) into (4.260) and the result into (4.257), we obtain

l oo e-itJlz-z'l
g = 2' JI CAp')JI CAp) "Ad "A (4,264)

o IfJ

Finally, the magnetic field can be obtained by substituting (4.264) into
(4.244), viz.

ioo -itJlz-z'le I
H~ = -iw€Po 2' JI("Ap )JI("Ap)"Ad"A

o IfJ

4.9 THE POINT SOURCE

Consider an electric point source located at the origin (Fig. 4-9) and po­
larized in the z-direction. We assume that the source radiates in empty
space and that there is a small amount of loss present so that we may apply
limiting conditions on the fields as we approach ±oo in x, y, and z. We
may describe the source in tenns of its current moment lof as follows:

J = zlol~(r)

where the units of lof are amp · meters and where

~(r) = o(x)t5(y)t5(z)

(4.266)

(4.267)

The fields from such a source can be described conveniently by use of the
magnetic vector potential A, as follows:

(4.268)

The magnetic and electric fields are obtained from the vector potential by
the following two relationships:

1
H= -\Ix A

JL
(4.269)
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Fig. 4-9 Electric current point
source located at the
origin. x

z

lol------~ Y

173

E = -L» [A + :2 V(V· A)] (4.270)

Since the current is in the z-direction, the magneticvectorpotential is also
z-directed,viz.

A = iAz (4.271)

The z-component of (4.268)yields a differential equationfor determining
the vector potential Az, viz.

(4.272)

Welet

(4.273)

and obtain

(4.274)

Wefirstconsiderthe solutionto thepoint sourceproblemin Cartesian
coordinates. Expanding(4.274), we have

(
a2 a2 a2 )

- -2 + -2 + -2 + k2 g = l5(x)l5(y)l5(z)ax ay az (4.275)

From the results in Exampe 3.4, the spectral representation of each of the
three differential operators in (4.275), with limiting conditions at ±oo,
yields the Fourier transform, Typically, for the operator -a2/ax2 with
limitingconditions

lim g=O
x-+±oo
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we have

(4.276)8(x - x') = _1_ foo eikx(x-x')dkx
21r -00

Takingthe Fourier transform in (4.275) over x, y, z, we obtain

- (-k2 - k2
- k2 + k2

) G = 1x Y z

whereg <=> G is a tripleFouriertransfonn pair over (x, y, z), (kx , ky, kz).
Solving for G, we obtain

1
G=-------

k2 - k2 - k2 - k2
x y z

(4.277)

(4.278)

Taking the inverse transformover kx, k y , k z yields

1 foo foo i. ei(kxx+kyy+kzz)
g = - (2 )3 k2 _ k2 _ k2 _ k2dkxdkydkz

1r -00 -00 -00 x y z

Using (4.273), we obtain, for the magnetic vector potential,

J-L1ol 100 100 100 ei(kxx+kyy+kzz)
Az = - --3 2 2 2 k2dkxdkydkz

(21r) -00 -00 -00 k - kx - ky - z

An alternative form in Cartesian coordinates can be obtained by taking
the Fourier transform over any two Cartesian variables. In (4.275), if we
take the Fourier transformover x and y, we obtain

(4.279)

(4.280)Im(tJ) < 0

where g <=> Gis a double Fourier transform pair over (x, y), (kx , ky).
The one-dimensional Green's function problem in (4.279) is identical to
that posed in (4.152) and (4.153). The solution is given by

" e-iPlzl

G = 2i{3 l

where

f3 = Jk2 - k; - k~
Takingthe inverseFourier transform over kx , ky yields

1 foo foo e-iPlzlg = -- --ei(kxx+kYY)dkxdky
(21l')2 -00 -00 2itJ

(4.281)

(4.282)
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(4.285)

Using (4.273),we obtain the magnetic vectorpotential Az as follows:

III l 100 100 e-i~lzlAz =~ -.-ei(kxx+kYY)dkxdky (4.283)
(21r) -00 -00 21 fJ

Wenextconsiderthepointsourceproblemin cylindrical coordinates.
We note that, in cylindrical coordinates, the Green's function problem in
(4.274)is a function of p and z and independent of 4>. Expanding (4.274),
we obtain

_-!.~ (p (jg) _ (j2g _ k2g = cS(p)cS(z) (4.284)
p 8p 8p 8z2 2Tlp

The spectralrepresentation of the p-operatorproduces the Fourier-Bessel
transform of order zero, while the spectralrepresentation of the z-operator
produces the Fourier transform. We shall derive three forms of solution
in cylindrical coordinates. For the first form, we apply the Fourier-Bessel
transform to (4.284) and obtain.

2 -
_ d G _ r 2G= cS(z)

dz 2 2Tl

where

GO., z) =koo
g(p, z)JoO..p)pdp

and

r = Jk2 _)...2

The solutionto (4.285)with limitingconditions

lim G= 0
z-+-±oo

(4.286)

(4.287)

is the same as (4.263),viz.

_ e-irlzl

2JrG = 2ir ' Im(r) < 0 (4.288)

Taking the inverse Fourier-Bessel transform yields

1 roo e-irlzl
g(p, z) = 2Jr Jo 2ir JoCAp»)"d)"

Using (4.273),we produce the magnetic vector potential

JL10l (00 e-irlzl
Az = 2Jr Jo 2ir Jo()..p» ..d)..

(4.289)

(4.290)
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The second form of solution is obtained by taking the Fourier trans­
form of (4.284) with respect to Z, with the result

_!-~ (p ao) _7:20 = 8(p) (4.291)
p 8p 8p 21CP

where

(4.292)

(4.296)

(4.295)

(4.298)

(4.297)

and

7: = Jk 2 - k; (4.293)
We now use (2.185) and write the solution to (4.291) as follows:

A 1C (2)
21fG = 2i Ho (7:p) (4.294)

Taking the inverse Fourier transform, we obtain

1 100

g = -. HJ2) (rp)eiklZdkz
81f1 -00

Using (4.273), we have, for the magnetic vector potential,

A = /1- 101 1°O n(2)(t'p)e ikzZdk
Z 8. 0 Z1CI -00

The third form of solution is obtained by taking the Fourier-Bessel
transform with respect to p and the Fourier transform with respect to z,
with the result

1
(A2 + k2

- k2
)(} = -

Z 21f
Solving for 9 and taking the inverse Fourier-Bessel transform and the
inverse Fourier transform gives

1 100 loo eikzZ
Jo(Ap)g = - 'Ad'Adkz41f 2

-00 0 'A2 + k; - k2

Finally, we consider the point source problem in spherical coordi­
nates. We note that the Green's function problem posed by (4.274) is
symmetric in spherical coordinates over both fJ and </J. Therefore, the op­
erator \12 is given totally by its radial component. We therefore may write
(4.274) as follows:

~ [!!- (r2dg ) ] + k2g = _ 8(r)
r2 dr dr 4rrr2
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(4.300)

(4.302)

where we have used (4.22) for the spherical coordinate representation of the
delta function at the origin. We have obtained the solution to this Green's
function problem previously in Example 2.22. Using (2.201), we obtain

«":
g = - (4.299)

4rrr

Again using (4.273), we obtain the magnetic vector potential, as follows:

JL10l (e- ikr
)A z = - - --

4rr r

We may exhibit five identities from the alternative representations of
the point source. Comparing (4.299) and (4.277), we obtain

e-ikr 1_/00 /00 /00 ei(kxx+kyy+ktz)

r - 2rr2 -00 -00 -00 k2 - k~ _ k; _ k;dkxdkydk z (4.301)

From (4.299) and (4.282), we have

e- ikr 1 /00 /00 e-iJjlzl-- = - -.-ei(kxx+kYY)dkxdky
r rr -00 -00 21 f3

where

fJ = Jk2 - k~ - k;

From (4.299) and (4.289), we have

e-ikr ioo e-irlzl- = 2 -.-JO(Ap)AdA
r 0 2,r

where

r = Jk2 - A2

From (4.299) and (4.295), we have

e-
ikr

1 100
-- =~ HJ2} (rp)eikZZdkz

r 2'-00
where

T: = Jk2 - k;
From (4.299) and (4.297), we have

e-ikr 1 /00 100 eik
1.
ZJO(Ap)-- = - AdAdkz

r n -00 0 A2 + k; - k2

(4.303)

(4.304)

(4.305)

(4.306)

(4.307)

(4.308)
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PROBLEMS

Problems Chap. 4

4.1. Giventhe time-harmonic representation of f(t) in (4.23), showthat

df .
- = Re(iwFe,wt

)
dt

4.2. Verify the four relations for the real-part operator, given in (4.27)-(4.30).
Hint: To prove the two relations for derivatives and integrals, begin with the
basicdefinition of a derivative and a Riemann integral.

4.3. One of the important theorems of electromagnetic theory is the principleof
duality [12],[13]. Usingduality, makethenecessary changesin (4.80)-(4.83)
to obtain the fields producedby the magnetic sheet source

M(z) = xMso8(z)

where Mso is a constantmagnetic surfacecurrentdensity in volts/me

4.4. From (4.72), the wavenumber with loss is givenby

Show that the requirement Im(k) < 0 implies that Re(k) > O. Hint: Write
ik in termsof its real and imaginary parts, viz.

Solvefor a and fJ by squaringboth sides and discarding the extraneous root.
NotethatIm(k) < oimpliesRe(a) > O. Fromthesignofa,itisthenpossible
to infer the sign of {3.

4.5. In (4.98), we obtained

1
00 eijjz rr·

d~ - e-l kz
-00 -fj2-_-k-2 ,., - ik ' z>O

By contour integration and the calculus of residues, obtain the result for
z < O. Hint: In Example4.1, we closed the contouron a semi-circle through
the upperhalf of the {3-plane. For z < 0, close the contour throughthe lower
half of the fj-plane.

4.6. An interesting variation [14] on the line sourceproblemexamined in Section
4.3 is the line source locatedat (x', y') parallel to the z-axis and polarized in
the p-direction(Fig. 4-10). Such a sourcecan be represented by

J =plo~(p - p') ~(</> - </>')
p
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Show that the magnetic field radiated by this source is given by

179

10 Loo
in(q,-q,')IH~2)(kp')Jn(kp),H =-- ne

z 4p' -00 H~2)(kp)Jn(kp'),

p < p'

p> p'

Show that, despite the presence in the sum of the multiplicative factor n, the
series converges as n ~ ±oo.

z

y'

x

/
/

/
//x'

/

Fig.4·10 Line source parallel to z-axis and p-polarized.
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5
Electromagnetic Boundary
Value Problems

5.1 INTRODUCTION

In this chapter, we consider electromagnetic boundary value problems. We
apply the concepts developed in the first four chapters, concentrating on
the application of the mathematical ideas to a representative set of electro­
magnetic examples. Our principal objective is structure. Once the reader
understands how the concepts in linear spaces, coupled with the theories
of Green's functions and spectral expansions, can be applied to examples,
it should become apparent how the methods are used to approach the study
of electromagnetic propagation, scattering, and diffraction in an organized,
logical manner.

We begin by extending the Green's function method to three dimen­
sions. We next consider the case where the three-dimensional geometry
is independent of one spatial coordinate so that the problem reduces to
two dimensions. We then present a series of examples. We shall find that
we may construct solutions in two and three dimensions by using com­
binations of the one-dimensional Green's functions and one-dimensional
spectral representations discussed in Chapters 2 and 3, respectively.

One of the important solution characteristics that emerges in the ex­
amples is the fact that there exist alternative representations for the solu­
tions. In particular, we exhibit alternative representations for the fields in a
parallel plate waveguide and the fields scattered by a perfectly conducting

181



182 Electromagnetic Boundary Value Problems Chap. 5

cylinder. These solutions not only have important physical interpretations,
but also are useful in different portions of the frequency spectrum.

5.2 SLP1 EXTENSION TOTHREE DIMENSIONS

We begin by considering the negative Laplacian operator L = - \12 on a
three-dimensional closed and bounded region V. This region is surrounded
by a surface S whose parts mayor may not be contiguous. For example
(Fig. 5-1), the surface S might consist of an external surface S, and two
internal surfaces 81 and ~ with

In this case, the region V consists of the volume internal to S, but external
to S1 and S2. By convention, the unit normal vector;" points outward from
V. Our interest is in the three-dimensional partialdifferential equation

where f is a real function and where

LA = L - A= - \12 - A,

The functional dependence of u and ! is

u = u(r)

AER

(5.1)

(5.2)

! = !(r)

where rEV. In Cartesian coordinates, for example, u(r) stands for
u(x, y, z). Let u(r) and v(r) be members of a Hilbert space 'H with inner
product

(u, v) = fv u(r)v(r)dV (5.3)

for all u, v E 'H. The three-dimensional problem involving (5.1) can be
stated as follows: Given the partial differential equation in (5.1) and a
suitable boundary condition involving u(r) and its normal derivative on
the surface S, determine u(r) throughout V. We shall require that u(r)
have the following specification on S:

(5.4)

where the coefficients a, a}, Ct2 are real and where;" is the outgoing normal
from the surface S. Our notation ul s indicates the function u(r) evaluated
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at points on S. In addition, VuIs· nindicates the normalderivative of u (r)
evaluated at points on S. The condition in (5.4) has two important special
cases. If a2 = 0 and at = 1, we have

B(u) = ul s = a (5.5)

Equation (5.1), coupled with boundary condition (5.5), is called the Dirich­
letproblem, and (5.5) is referred to as the inhomogeneous Dirichlet bound­
ary condition [1]. (If a = 0, the boundary condition is homogeneous.) If
at = 0 and a2 = 1, we have

(5.6)

v

Equation (5.1), coupled with boundary condition (5.6), is called the Neu­
mann problem, and (5.6) is referred to as the inhomogeneous Neumann
boundary condition. The general case in (5.4) is called the mixedproblem.
We point out that it is perfectly reasonable to have one type of boundary
condition (Dirichlet, Neumann, or mixed) on a portion of the surface Sand
a different type of boundary condition (Dirichlet, Neumann, or mixed) on
the remainder.

1\

n

Fig. 5-1 Three-dimensional region
V surrounded by surface
S. In this case, 5 = Se+
SI + 52.

We recognize the above collection of problems as a three-dimensional
extension to SLPl, considered in Section 2.4. Most of the concepts devel­
oped in one dimension in Section 2.4 carry over to the present case, as we
shall now demonstrate.

The operator L = - \'2 has a formal adjoint. For u, v E H, we form

(Lu, v) = [(-V2U)Vd V (5.7)

In the one-dimensional case, the adjoint was found by integrating by parts
twice. The extension to three dimensions can be obtained by integrating
by parts over all three coordinates comprising V. A more direct and com-
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pact method, however, employs Green's theorem [2]. In the case of the
Laplacian operator, Green's theorem is given by

[(-',PU)VdV= [U(-V2V)dV+ h(-Vvu+uVV).ndS (5.8)

We write this result in inner product notation as

{Lu, v} = {u, L*v} + J(u, v) Is (5.9)

(5.10)

where the conjunct J(u, v) Is is given by

J(u, v) Is= h(-Vvu+uVV).ndS

The operator L* produced by Green's theorem in (5.9) is the formal adjoint
to L. We observe in (5.8) that

L* = L (5.11)

and therefore, the operator L = - V2 is formally self-adjoint.
As was the case in Chapter 2, we shall assume initially that the bound­

ary condition on u is homogeneous, B(u) = O. We now choose the bound­
ary condition on v to be that condition B*(v) = 0 which, when coupled
with the boundary condition on u, results in the vanishing of the conjunct,
viz.

J(u,v) Is=O (5.12)

In general, the boundary conditions associated with v are different from
those associated with u. When they are the same, however, the operator L
is self-adjoint.

EXAMPLE 5.1 Consider the homogeneous Dirichlet problem. Then, B(u) =
ul s=0, and (5.12) gives

0= l vVu ondS

To satisfy this relationship, we choose B*(v) = vis == O. Since the boundary
condition on v is identical to the boundary condition on u, the operator L for the
Dirichlet problem is self-adjoint.

•
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EXAMPLE 5.2 Consider the homogeneous Neumann problem. Then, B(u) =
Vuls . n= 0, and (5.12) gives

o=luvvonds

To satisfy this relationship, we choose B*(v) = Vvls· n= O. Since the boundary
condition on v is identical to the boundary condition on u, the operator L for the
Neumann problem is self-adjoint.

•
To produce the solution to (5.1), we define two auxiliary problems:

the Green's function problem and the adjoint Green's function problem.
The Green's function problem is defined as follows:

LAg(r, r') = 8(r - r')

B(g) = 0

(5.13)

(5.14)

where LA is defined in (5.2). We note that, by definition, the boundary
condition on g is identical to the homogeneous boundary condition on u.
The adjoint Green's function problem is defined as follows:

LAh(r, r') = 8(r - r')

B*(h) = 0

(5.15)

(5.16)

(5.17)

(5.18)

We note that, by definition, the boundary condition on h is identical to the
boundary condition on v.

In the same manner as in Section 2.4, the solution to (5.1) is obtained
by taking the inner product of LAu with h, viz.

(LAu, h) = (u, LAh) + J(u, h) Is
where the integrations are with respect to the unprimed coordinates. Sub­
stitution of (5.1) and (5.15) into (5.17) gives

u(r') = (f, h) - J(u, h) Is
or, explicitly,

u(r') = [f(r)h(r, r')dV + L[h(r, r')Vu(r) - u(r)Vh(r, r')] 0 ndS

(5.19)
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We note that (5.19) is the solution to (5.1), provided that we can determine
the adjoint Green's function h(r, r').

In a manner similar to the Green's function method developed in
Section 2.4, we can show that it is never necessary to find the adjoint
Green's function directly. Indeed, we form

(LAg(r, r'), h(r, r")} = (g(r, r'), un«, r")} + J(g, h) Is (5.20)

We are given the boundary conditions on g. We choose the boundary
conditions on h so that

J(g, h) Is=O (5.21)

Then, substitution of (5.13), (5.15), and (5.21) into (5.20) gives

h (r', r") = g(r", r')

or, with a change in variables,

h(r, r') = g(r', r) (5.22)

Therefore, the adjoint Green's function is given simply by interchanging r
and r' in the expression for the Green's function g(r, r'), In cases where
L is self-adjoint, the boundary conditions on h are the same as those on g,
and we must have

h(r, r') = g(r, r') = g(r', r) (5.23)

Therefore, the Green's function is symmetric. For the self-adjoint case, we
may substitute (5.23) into (5.19) to obtain

u(r') = [f(r)g(r, r')dV + £[g(r, r')'Vu(r) - u(r)'Vg(r, r')] · hdS

(5.24)
For the case presently under consideration, where the boundary conditions
on u are homogeneous, the term involving the conjunct in (5.24) vanishes,
and we are left with

u(r') = [f(r)g(r, r')dV (5.25)

To extend the results to the inhomogeneous case, we simply apply the
inhomogeneous boundary conditions to (5.24), with the result that some
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of the terms in the conjunct will survive. The final step in the solution
involves the interchange of the primed and unprimed coordinates, in the
same manner as in Section 2.4. We demonstrate these concepts in the
following example.

EXAMPLE 5.3 Considera rectangularbox (Fig. 5-2) with dimensions a, b, c.
It is required to find the solution to - V2U = f in the region V inside the box,
where it is given that U satisfies the Dirichletcondition B(u) = u Is = 0 on the
boundary. The formulation of the problemis as follows:

-v2u = i, in V

u(O, y, z) = u(a, y, z) = 0

u(x, 0, z) = u(x, b, z) = 0

u(x, y, 0) =u(x, y, c) = 0

(5.26)

(5.27)

(5.28)

(5.29)

We know that the operator L = - V2 with Dirichlet boundaryconditions is self­
adjoint. Wemay thereforeuse (5.25) rather than (5.19), viz.

u(r') = Iv f(r)g(r, r')dV

where we require the solutionto

(5.30)

(
a2 a2 a2) , 1 , , 1 ,

- CJx 2 - CJ
y

2 - CJ
Z

2 g(x, y, z,x ,y ,Z ) =8(x - x )8(y - y )8(z - z )

(5.31)
with

gl =gl =0 (5.32)
x=O x=a

gl =gl = 0 (5.33)
y=O y=b

gl = gl = 0 (5.34)
z=o z=c

wherewe havechosentheboundaryconditionson g to be identicalto theboundary
conditions on u. We begin the solution to (5.31) by invoking the spectral repre­
sentationof ~(x - x'). As we found in Problem 3.1, this representation produces
the orthonormal eigenfunctions

~
. mtt x

um(x) = - SIn--
a a

and leads to the Fourier sine series, viz.

(5.35)
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z Fig. 5-2 Rectangular box problem.

where

00,', ~ .,',g(x, y, z,x ,y ,Z ) = L.J am(y, z,x ,y ,Z )um(x)
m=l

(5.36)

, " fa , , I
am(y, z, X , Y ,Z ) = 10 g(x, y, z,X ,y ,Z )um(x)dx (5.37)

In a manner similar to (3.24) and (3.25), we note that (5.37) transforms the Green's
function g into the coefficient am, viz.

(5.38)

Also, (5.36) provides the inverse transformation of am into g, viz.

(5.39)

Since the operator

02
L --­

x - ox2

is self-adjoint, (3.27) and (3.28) give

(5.40)

We also easily establish that

La 8(x - x')um(x)dx = um(x')

so that

8(x - x') ==> um(x') (5.41)

Using (5.38), (5.40), and (5.41) to transform (5.31), we obtain

- [88;2 + ::2 - (rna1t" f] am(y, z, x', y', Z') =um(x' )8(y - y')8(z - z')

(5.42)
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Equation (5.42) is a partial differential equation whose solution yields am. To
solve (5.42), we invoke the spectral representation of 8(y - y'). The operator
(-8 2/8y2) with boundary conditions

CXm(O, Z, x'; y', Z/) = am(b, z,x', v. z') = 0

results in orthonormal eigenfunctions that we may again obtain from the results in
Problem 3.1, viz.

!r . ntty
vn(Y) = - SIn--

b b
(5.43)

These eigenfunctions lead to a Fourier sine series representation of am, viz.

00

I 'I '"' I' I(Xm(Y, Z, X ,y , Z) = £...J fJmn(Z, X ,Y ,Z )Vn(Y)
n=l

where

l
b

, , I I ' I
(Jmn(Z, x ,y ,Z) = 0 (Xm(Y, Z, X ,y , Z )vn(y)dy

Since the operator

(5.44)

(5.45)

82

L ---y - 8y 2

is self-adjoint, we proceed in the same manner as in the above treatment of Lx.
With respect to the transformation given in (5.45), we have

We use these relations to transform (5.42), with the result

(
d2 2 ) " , " ,- dz 2 - Ymn (Jmn(Z, x , y ,Z) = Um(x )Vn(Y )~S(z - z')

where

2 (m1f)2 (nrr )2
~ = - + -mn a b

We let

(5.46)

(5.47)

(5.48)
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and obtain the ordinarydifferential equation

(
d2 2 ) " I

- dz 2 + Ymn fJmn = 8(z - z )

We associatethe following boundaryconditionswith (5.49):

~mnl = Pmnl = 0
z=O z=c

(5.49)

(5.50)

It is easy to show that satisfactionof (5.50) satisfies (5.34). The Green's function
problemposed by (5.49) with boundaryconditions in (5.50) can be solvedby the
standard Green's function methods developed in Chapter 2. The details are left
for the problems. The results are as follows:

" 1 { sinhYmn(c - z')sinh YmnZ,
f3mn (z, z') =--.--

Ymn SInh Ymn c sinhYmn(c - z) sinh YmnZ'

Z < Z'

z > Z'

(5.51)

Substitutionof (5.51) into (5.48), (5.48) into (5.44), and (5.44) into (5.36) yields
the requiredGreen's function, viz.

g =t t Um(X)Vn(Y~Um(X')Vn(y'). { sinhYmn(c - z') sinh YmnZ,

m=l n=l Ymn SInh Ymn c sinhYmn(c - z) sinh YmnZ',

Z < z'

z > Z'

(5.52)
We note in (5.52) that the Green's function is symmetric, g(r, r') = g(r', r), as
predictedby the self-adjointpropertyof thenegativeLaplacianoperator. Substitu­
tion of (5.52) into (5.30), followed by an interchangeof the primed and unprimed
coordinates, yields the final solution,viz.

U(X, y, z) =t t Um(~)Vn(Y) t' vn(y') r Um(X')[SinhYmn(c - z) r
m=l n=l Ymn SInh Ymn C 10 10 10
·f(x', v', z') sinh ymnz'dz' + sinh YmnZ

.[e f(x', y', z')sinhYmn(c - Z')dZ']dX'dY'

(5.53)
In the productionof the Green's function, we chose to beginwitha spectralexpan­
sionoverthex-coordinate,followedby a spectralexpansionover the y-coordinate.
In a mannersimilar to manyof the multiple-dimension cases consideredin Chap­
ter 4, alternate representations are possible. Other forms could be obtained by
expandingspectrallyovery and zor overx and z. Anotherpossibilityis to expand
spectrallyover all three coordinates.

•
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(5.55)

(5.56)

(5.57)

5.3 SLP1 IN TWODIMENSIONS
In many of the interesting problems in electromagnetics, the assumption is
made that the fields are independent of one of the three spatial coordinates,
with the result that the problem to be solved is two-dimensional. To solve
two-dimensional problems, we modify the Green's function method de­
veloped for three dimensions in the previous section. The starting point is
again the application ofGreen's theorem to the negative Laplacian operator,
as in (5.8), viz.

[(-V2U)VdV = [U(-V2V)dV + Is (-vVu + uVv)· ndS (5.54)

In the two-dimensional case, the Laplacian is two-dimensional. For ex­
ample, if the problem is independent of z, we would write the negative
Laplacian as - V;y. In addition, the volume V and the surface S become
degenerate, in the sense that the integration over one of the coordinates
involved in both the volume and the surface integrals is trivial. For exam­
ple, if the problem is independent of z, the integrations over z in all three
integrals in (5.54) will cancel. We illustrate these ideas in the following
example.

EXAMPLE 5.4 Considera rectangular cylinder(Fig. 5-3) with cross-sectional
dimensions a and b. It is requiredto findthe solutionto - V;yU = f in the region
V interiorto thecylinder, whereit is assumedthat f is independent of z. Sincethe
geometry is also independent of z, the solutionu will be z-independent. Suppose
it is giventhat homogeneous Dirichletboundary conditions applyon the surfaces
bounding the cylinder, except for the surfaceat y = b, where it is given that the
inhomogeneous boundary condition

Uly=b = a

applies,wherea is a real constant. Westate the problemas follows:

_\72 u = fxy

u(O, y) = u(a, y) = u(X, 0) = 0

u(x, b) = a

a

Fig. 5-3 Rectangular cylinder
problem.

y

x

v b



192 Electromagnetic Boundary Value Problems Chap. 5

The associatedGreen's functionproblem is as follows:

-V;yg = 8(x - x')8(y - y) (5.58)

glx=o = glx=a = gl,=o = g(y=b =° (5.59)

where, consistentwith the discussion associated with (5.13) and (5.14), we have
chosen the boundary conditions associated with g to be the same as the homo­
geneous form of the boundary conditions associated with u, The homogeneous
Dirichletboundaryconditioncase associatedwith (5.55)is a self-adjointproblem.
We therefore formulate in terms of the Green's function g(x, y, x', y'). In this
case, (5.54)becomes

[(-V2u)gdV =[ u(-V2g)dV +1(-gVu + uVg)· ndS (5.60)

The surfaceintegralS consistsof integralsover the surfacesboundingthe cylinder
at x = 0, x = a, y = 0, and y = b, plus the integrals over the cylinder cross
sections at z ~ -00 and z ~ 00. Application of the boundary conditions
specified in (5.56)and (5.59) reducesall surface integralsto zero, except over the
surface at y = b and over the surfaces at z ~ -00 and z ~ 00. Consider the
integralat z ~ 00. Wehave

'" au
Vu·n =-az

'" ag
Vg·n =-

8z
Byhypothesis, therearenovariations withrespectto Z, andthesepartialderivatives
vanish. The integralat z~ -00 vanishesin a similarmanner. Theonly remaining
surfaceintegralcontribution is over the surfaceat y =b, and (5.60) reducesto the
following:

100 r r(-V2u)gdxdydz =100 r ru(-V2g)dxdydz
-00 10 10 -00 10 10

+alOO

r(Vgoy)! dxdz (5.61)
-00 10 y=b

Since the integrands in all three integralsare independentof z, the z-integrations
cancel and we have

1
b
la 1b1a 1a

ag(-V;yu)gdxdy = u(-V;yg)dxdy + a -I dx (5.62)
o 0 0 0 0 ay y=b

wherewe have used a/a z = 0 to reduce the Laplacianto two dimensions. Substi­
tuting (5.55) and (5.58) and performingthe delta functionintegration, we obtain

, fb fa , , fa 8g(x,b,x',y')
utx', y ) = 10 10 f(x, y)g(x, y, X • Y )dxdy - a 10 ily dx

(5.63)
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To complete the solution, we must solve the Green's function problem given in
(5.58)and(5.59). Inthesamemanneras inExample5.3, thespectralrepresentation
in the x -direction leads to a Fourier sine series, viz.

00
I' ~ I'g(x, y, x ,y ) = £...J cxm(Y, x ,y )um(x)

m=l

L
a

I ' I 'am(y, X ,y ) = 0 g(x, y, X ,y )um(x)dx

where

~
. mnx

um(x) = - sIn--
a a

With respect to the transformation given in (5.65), we have

Using the same procedure as in (5.37)-(5.41), we obtain

_(J2 g ~ (m1f)2 am
8x 2 a

8(x - x') ===} um(x ')

Using these relations to transform(5.58), we obtain

Weassociate the following boundary conditionswith (5.67):

cxm(O, x', y') = cxm(b, x', y') = 0

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

Applicationof theseDirichletboundaryconditionssatisfiestheboundarycondition
requirements in (5.59) at Y = 0 and y = b. The solution to (5.67) is available
immediately from the result previouslyobtained in (5.51), viz.

Um(x') {Sinh mJr(~-") sinh m;"
CXm = mtr sinh mtrb • h mtr(b-y) • h mtry'

a a sin a sin a'

Substitution in (5.64) yields the Green's function

y<y

y>y
(5.69)

, 2 00 sin!!!!!.! sin m1rx' { sinh m1r(b- y ') sinh~
g(x, y, x', y ) =- L m/. h mJr: (:) a "

a m=l 7 sin -a- sinh mtr a -y sinh m:
y

,

y<y

y>y
(5.70)
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Equation (5.70) gives the Green's function required in the first integral in (5.63).
In the second integral in (5.63), we require ag lay evaluated at y = b. Performing
the required differentiation in (5.70) yields

ag(x, b, x', y') 2 Loo
• mtt x . mnx' sinh m:r'

----- = -- sin -- sin ------
ay a m=l aa sinh m:b

(5.71)

y<y

y>y

Substitution of (5.70) and (5.71) into (5.63), followed by an interchange of the
prime and unprimed coordinates, yields the following result:

l
a 2 00 m1C x m1C x' sinh !!!!!.1. 21bl a

u(x,y)=a -Lsin--sin--. m~bdx'+- dx'dY'f(x',y)
o a m=l a a sInh -a- a 0 0

00 • mnx • mnx' { sinh m1r(b-y') sinh~
'"' SIn-a- sin -a- a a '

· i-J mn inh mnb '- SI - inh m1r(b-y) inh mny
m=l a a SI a SI -a-'

(5.72)
It is easy to show that (5.72) satisfies the boundary conditions at x = 0, x = a,
and y = O. The details are left for the reader. We now show that (5.72) satisfies
the inhomogeneous boundary condition at y = b required by (5.57). Indeed, at
y = b, the second term vanishes and we have

L
a2 00 mttx 'm1rX' La

u(x, b) = ex - L sin -- sin --dx' = ex 8(x -x')dx' = ex (5.73)
o a m=l a a 0

where we have used the spectral representation of the delta function

I 2 00 .m1CX . mttx'
<5 (x - x ) = - L sm -- sm --

a m=l a a

It is also important to show that the solution in (5.72) satisfies the original differ­
ential equation in (5.55). The details are left for the Problems.

•
5.4 SLP2 AND SLP3 EXTENSION TOTHREE

DIMENSIONS
In this section, we consider complex f, complex A, and admit the pos­
sibility of unbounded regions. We produce an SLP2 and SLP3 exten­
sion to three dimensions. We again confine our attention to the three­
dimensional negative Laplacian operator and consider the partial differen­
tial equation



Sec. 5.4 SLP2 and SLP3 Extension to Three Dimensions

where

195

(5.74)

L).. = L - A,

and where L is the Laplacian operator

L = _\72

AEC (5.75)

(5.76)

Define the three-dimensional inner product

(j, g) = [!(r)g(r)dV

The Green's function problem associated with (5.74) is given by

LAg = 8(r - r')

(5.77)

(5.78)

Extending our analysis in Sections 2.5 and 2.6, we solve (5.74) by
taking the inner product with the adjoint Green's function h(r, r'), as fol­
lows:

u.,«. h) = [[(_V2 -A)u]hdV = [<-V2U)hdV + [<-AU)hdV

(5.79)
To produce the adjoint operator Lr and the conjunct J (u, h), we again use
Green'stheorem. In the case 01 the Laplacian operator, we have

[(-V2U)hdV = [u(-V2h)dV +L(-hVu + uVh) · hd S (5.80)

where S is the surface bounding V and nis the unit normal to S in the
direction outward from V. But,

and

i (-Au)hdV = i u(-Ih)dV = (u, -Ih) (5.82)

Substituting (5.81) in (5.80) and then (5.80) and (5.82) into (5.79), we
obtain

(5.83)
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2 -
L~u = - '\l - A (5.84)

J(u, h) Is= - Is (iiVu - uVh) · hd S (5.85)

We note that (5.83) is the three-dimensional extension of (2.134). We may
solve for u in (5.83) by considering the adjoint Green's function problem
given by

L~h = tS(r - r')

Substitution of (5.74) and (5.86) into (5.83) yields

u(r') = (f, h) - J(u, h) Is

(5.86)

(5.87)

or, explicitly,

u(r') = [f(r)h(r, r')dV + Is [h(r, r')Vu(r) - u(r)Vh(r, r')J : irdS

(5.88)
We note that (5.88) is the solution to (5.74), provided that we can deter­
mine the conjugate adjoint Green's function h(r, r'), Taking the complex
conjugate of both sides of (5.86), we obtain a partial differential equation
for Ii, viz.

Lrh(r, r') = LAh(r, r') = tS(r - r') (5.89)

As in Chapter 2, we can show that it is never necessary to find the
conjugate adjoint Green's function directly. Indeed, we form

(L>.g(r, r'), h(r, r")} = (g(r, r'), Lfh(r, r")} + J (g, h) Is (5.90)

We are given the boundary conditions on g. We choose the boundary
conditions on h so that

J(g,h) Is=O (5.91)

Then, substitution of (5.78), (5.86), and (5.91) into (5.90) gives

h(r', r") = g(r", r')

or, with a change in variables,

h(r, r') = g(r/, r) (5.92)
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Therefore, the conjugate adjoint Green's function is given simply by in­
terchanging rand r' in the expression for the Green's function g(r, r'), In
cases where the Green's function is symmetric, g(r, r') = g(r', r) and

h(r, r') = g(r, r') = g(r', r) (symmetric case) (5.93)

We shall find that the Green's function is symmetric in many of the inter­
esting cases to follow. It is certainly symmetric in cases where the operator
L is self-adjoint. In addition, we shall find symmetry, as we have previ­
ously found in Chapter 2, when examining many problems containing limit
points and limit circles. For the symmetric Green's function case, we may
substitute (5.93) into (5.88) to obtain

u(r') = Iv j(r)g(r, r')dV + l [g(r, r')Vu(r) - u(r)Vg(r, r')] ·ndS

(5.94)
We shall summarize the steps for solving (5.74) by the above-described

extension to the one-dimensional Green's function method. We distinguish
two cases, dependent on whether or not the Green's function is symmetric.

Nonsymmetric Green's Function Case

I. Write the solution in the form given by (5.88).

2. Substitute the boundary conditions for u on the surface S into
(5.88).

3. Substitute the conjugate adjoint boundary conditions for Ii on the
surface S into (5.8S).

4. Solve the Green's function problem given by (5.78) with boundary
conditions on S the same as the homogeneous form ofthe boundary
conditions on u.

5. Obtain the conjugate adjoint Green's function ii through (5.92) and
substitute into (5.88).

6. Interchange the variables rand r' in (5.88).

Symmetric Green's Function Case

1. Write the solution in the form given by (5.94).

2. Substitute the boundary conditions for u on the surface S into
(5.94).

3. Substitute the boundary conditions for g on the surface S into
(5.94).
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4. Solvethe Green's function problemgivenby (5.78)withboundary
conditions on S thesameas thehomogeneous formof theboundary
conditions on u and substituteinto (5.94).

5. Interchange the variables rand r' in (5.94).

5.5 THE PARALLEL PLATE WAVEGUIDE

In this section, we consider the propagation of electromagnetic waves in
a parallel plate waveguide. We consider a waveguide of uniform cross
sectionwith no scattering objects.

Suppose that the waveguide is formed from two parallel, perfectly
conducting plates (Fig.5-4), separatedby a distanced and extending from
-00 to 00 in the y-directionand the z-direction. Assumethat the medium
betweenthe parallelplates is free space. Weshallchoosethe sourceof the
electromagnetic field to be independent of y. Since the structure is also
independent of y, we must have

(5.99)

(5.98)

(5.103)

(5.102)

(5.101)

(5.100)

aEy •- = Mx + ImJ.LoHxoz
8Hx 8Hz-- - - = J + iw€oEaz ax Y Y

se,- = -Mz - iWJLoHzax

Set 2: T s,

!- = 0 (5.95)oy
Webegin with Maxwell's curl equations, given in (4.55) and (4.56). If €o
is the permittivity of free space, we have

V x H = J + iw€oE (5.96)

V x E = -M - iWJLoH (5.97)
We expand these two equations in Cartesiancoordinates and group them
into two sets as follows:

Set 1: T M,
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0'.... 00

f
x a_t t__

Fig. 5-4 Parallel plate waveguide. 0'.... 00
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We note that the transverse magnetic (TMz) set is not coupled to the trans­
verse electric (TE z) set. It is therefore possible to excite one set inde­
pendent of the other by appropriate selection of the J and M sources. We
produce second-order partial differential equations governing each set by
the following procedure. We differentiate (5.98) with respect to z,(5.100)
with respect to x, add the result, and substitute (5.99) to obtain the follow­
ing:

Set 1: TMz

2 2 es, aJex
(V'xz + k )Hy = iWfoMy + - - --ax az

1 (aHy )Ex = --.- -- + J x
IWfO az

s, = _.1_ (aHy - J z)
IWfo ax

where

and

k
2 = w2

JLO€O

A similar procedure applied to (5.101)-(5.103) yields
Set 2: TEz

2 2 aMz aMx
(Vxz + k )E y = iWJLoJ y - - + -a-ax z

n, = _.1_ (aEy - Mx )
IWILo az

1 (8Ey )Hz = - -. - -+Mz
IWI-Lo ax

(5.104)

(5.105)

(5.106)

(5.107)

(5.108)

(5.109)

(5.110)

(5.111)



200 Electromagnetic Boundary ValueProblems Chap. 5

We remark that the sources My, lx, lz excite the T M, set, whereas the
sources ly, Mx , M, excite the T E, set. We shall consider the T M, case.

To excite the T M, fields only, we set ly = M; = M, = 0 since
these sources excite T Ez modes. We are left with three options to excite
the T Mz modes, namely, My, lx, or lz. Since My enters into (5.104) in the
least complicated manner of the three, we choose My and set Jx = J, = O.
This choice results in Ey = H, = Hz = 0 and

(V;z + k2)H
y = iWEoMy (5.112)

1 en,
Ex = --- (5.113)

iox« az
1 en,

Ez = -- (5.114)
iWEo ax

At present, the only restriction on the source My is that it is independent
of y. Associated with the Laplacian operator in (5.112) are the following
boundary and limiting conditions on the field Hy(x, z):

lim Hy(x, z) = 0
z-+±oo

(5.115)

aHy(O, z) aHy(a, z)
ax = ax =0 (5.116)

Equation (5.116) arises from the fact that E, is tangential to the perfectly
conducting waveguide surfaces at x = 0 and x = a, and therefore must
vanish. Substituting this information in (5.114) yields (5.116). The Green's
function problem associated with (5.112), (5.115), and (5.116) is as follows:

-(V;z + k2)g = 8(x - x')8(z - z')

lim g(x,z,x',z') =0
z-+±oo

(5.117)

(5.118)

(5.119)
ag(O, z, x', Z') = ag(a, z,x', Z') = °

ax ax
To solve for the T Mz fields, we shall solve (5.112) by the Green's

function method given in Section 5.4. In the present case, however, the
problem is independent of y. We introduce this simplification by beginning
with (5.83), which gives, in this case,

(5.120)
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[ [(- V2
- k2

) Hy] hdV = [Hy ( - V2
- k2

) hdV

+ L(HyVli-hVHy).;'dS (5.121)

Weanticipate, and will verify, that the Green's function will be symmetric,
and use (5.93) to write

[[(-V2-k2)Hy]gdV= [Hy(-V2-k2)gdV

+ h(HyVg - gVHy) · sas (5.122)

The volume V is that region between the parallel plates, The surface S con­
sists of the surfaces of the two parallel plates and the cross-sectionalplanar
surfaces atz ~ ±oo and y ~ ±oo. The surface integral contributions at
y ~ ±oo vanish since

"I aglVg-n =±- =0
y~±oo ay y~±oo

"I aHylVHy·n =±- =0
y~±oo ay y~±oo

where we have used (5.95). The contributions on all remaining surfaces
vanish with application of (5.115), (5.116), (5.118), and (5.119). The result
is

(5.123)

Because of the absence of y-variations, the dy portion of the volume inte­
grals cancel and the del-operator reduces to V'xz, with the result

L: ~a [ ( - V;z - k
2

) n,]gdxdz = L: ~a n, (- V;z - k
2

) gdxdz

(5.124)
Substituting (5.112) and (5.117) and performing the right-side integration,
we obtain

Hy(x', z') = -iWEo i My(x, z)g(x, z, x', z')dxdz
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(5.125)

where A indicates the area occupied by the source. An interchange of
primed and unprimed coordinates gives

Hy(x, z) = -iw€o LMy(x', z')g(x, z, x', z')dx'dz'

where we have again assumed that the Green's function is symmetric.
Equation (5.125) gives the Hy-field everywhere inside the parallel plates,
provided we can solve for the Green's function g, which we consider next.

To solve for the Green's function, defined by (5.117)-(5.119), we
expand in terms of the spectral representation over the x-coordinate, viz.

00

g(x, z, x', z') = L fJn(Z, x', z')un(x)
n=O

where the normalized eigenfunction Un (x) is given by

~
n nitx

un(x) = - cos--
a a

and €n is Neumann's number. The coefficient fJn is given by

f3n(Z,x',z') = ~a g(x,z,x',z')un(x)dx

With respect to the transformation in (5.128), we have

g ==} fJn

Using the procedure in (5.37)-(5.41), we have

a2g (n1C)2
- 8x 2 ==} ~ f3n

~(x - x') ==} un(x')

Using these relations to transform (5.117), we obtain

(::2 + k;) f3n(Z, x', z') = -u n(x')<5(z - z')

where

(5.126)

(5.127)

(5.128)

(5.129)

(5.130)
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Let

fJn
Yn =-(')u; X

With this definition, (5.129) becomes

(::2 + k; ) Yn = -e5(Z - Z')

Weassociate the following limitingconditions with (5.132):

lim Yn = 0z-.±oo

203

(5.131)

(5.132)

(5.133)

These conditions are consistentwith those in (5.118). The solutionto this
one-dimensional Green's function differential equationhas been obtained
previously in Example 2.20. Appliedto (5.132), we find that

e-ikl.lz-z'l
Yn = Im(kz) < 0

2ikz

Substituting (5.134) into (5.131)and the result into (5.126) gives

(5.134)

(5.135)

(5.138)

00 (€n) e-ikzlz-z'l n1C x nttx'
g(x,z,x',z') = L - 2. cos--cos--

n=O a ik; a a

WenotethattheGreen's function is symmetric, asanticipated. Substituting
this result into (5.125)givesthe magnetic field By, viz.

Hy(x, z)

00 [1 (€ ) e-ikl.lz-z'l nnx' ] n1C x=-iw€o L My(x', z')"!!' . cos --dx'dz' cos--
n=O A a 2lkz a a

(5.136)
The electric fields Ex and Ez associated with (5.136) can be calculated
from (5.113)and (5.114), respectively.

Weexaminethe modalstructureof(5.136) by specializing thesource
My as follows:

My(x', z') = Msy(x')~(z' -l) (5.137)

where Msy is a magnetic surface current in volts/me Substituting (5.137)
into (5.136)and performing the indicated z'-integration, we obtain

00 e-ikt.IZ-il~ nnx
Hy(x, z) = -iw€o L Bn . -!!.. cos--

n=O Zik; a a
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where B; is a modalcoefficient, given by

La , ~n nJrx',
Bn = Msy(x) - cos --dx

o a a
(5.139)

(5.140)

The representation of the By-field in (5.138) shows the decomposition of
the field into the familiar T EM (n = 0) and TM (n > 0) modes described
in the undergraduate texts ([3],[4], for example). By making different
choices of Msy, we may adjust the coefficient Bn associated with each
mode. For example, we may excite only the TEM mode by choosing

u., = IfMO
where M« is a constant. This choice gives

{
0,

B; =
Mo,

Substituting into (5.138), we obtain

n;afO

n=O
(5.141)

If e-iklz-ll
Hy(x, z) = -iw€o -Mo Ok

a 21
(5.142)

which is a pure TEM wave traveling away from the source location z = i:
For z < i, the wave travels right to left; for z > t; the wave travels left to
right. If we are interested specifically in the region z > l, we may select
the constant Mo to produce a unit left-to-right T EM wave. Indeed, the
choice

produces

_ (_iW€oeikl)-l
Mo - 2iJQk (5.143)

Hy(x,z)=e-ikz, z>l (5.144)

In (5.126), we chose to expand the Green's function in a spectral
expansion over the x-coordinate. This expansion led to the Fourier cosine
series, and produced a solution for the magnetic field Hy in terms of the
waveguide modes. An alternative representation is possible. We shall
begin by expanding the Green '8 function in a spectral expansion over z,
rather than x. In (5.117), the spectral representation of the delta function
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associated with -a2/az2 subject to the limiting condition in (5.118) leads
to the Fourier transform pair

=0

G( k ' ') foo ( ") -ikl.Zdx, z,x,z = _oogx,z,x,z e z

( ") 1 foo G( k ' ') ikl.Zdkgx,z,x,Z =-2 x, z,x,z e Z
1r -00

We represent the transform pair by

g(x, z.x', z') <===> G(x, kz, x', z')

and easily find that

_a2
g <===> k2G

az2 Z

8(z - z') <===> e-ikl.Z'

Applying (5.145) and (5.147)-(5.149) to (5.117), we obtain

_(d2
+ k2) G = e-ikl.Z'8(x - x')

dx 2 x

where

We let

and obtain

(
d2 2) A I- - + k G = «5 (x - x )

dx2 x

with boundary conditions inferred from (5.119), viz.

dG dG
dx x--o- dx

X=Q

(5.145)

(5.146)

(5.147)

(5.148)

(5.149)

(5.150)

(5.151)

(5.152)

(5.153)

(5.154)

The solution to this differential equation and associated boundary condi­
tions has been obtained previously in Example 2.13, viz.

A 1 {COSkxXCOSkx(a -x'),
G=----

kx sinkxa coskxx' coskx(a - x)

x < x'

x > x'
(5.155)
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(5.157)

Using (5.152) and taking the inverse Fourier transform, we have

1 foo eikt(z.-z')dk
g(x, z, x', z') = --2 k' k Z

7C -00 x SIn xa

. { coskxx coskx(a - x'), x < x' (5.156)
coskxx' coskx(a - x) x > x'

This representation of the Green'8 function is an alternative to the repre­
sentation given in (5.135), which we repeat here for convenience, viz.

00 (En) e-iktlz.-z'l n1CX nnx'
gt», Z, X', Z') = L - 2. cos -- cos--

n=Oa ik, a a

Although these two representations lead to the same Green'8 function
g (x, z, x', z'), their forms are quite different. In (5.157), the cross-sectional
waveguide modes are displayed explicitly. In (5.156), we find no explicit
modal display. However, (5.156) is the starting point for constructing
waveguide ray representations [5]. These ray representations are partic­
ularly useful in cases where the frequency is so high that a large number
of modes can propagate in the waveguide. In addition, Felsen and Kamel
have shown that the Green's function forms in (5.156) and (5.157) canbe
combined to produce what are called hybrid ray-mode formulations. The
hybrid forms effectively exhibit the useful features in both the modal and
ray formulations. The details can be found in [5].

In this section, we have studied formulations describing the propa­
gation of the T EM and T M modes in a parallel plate waveguide. We
leave the production of a modal series describing the T E modes for the
problems. In the next section, we shall consider an obstacle in a parallel
plate waveguide. Weshall demonstrate the decomposition of the fields into
incident, transmitted, and reflected waves.

5.6 IRISIN PARALLEL PLATE WAVEGUIDE

In Section 5.5, we solved for the fields in a parallel plate waveguide. In
this section, we add an iris to the waveguide interior. The waveguide has
cross-sectional dimension a (Fig. 5-5), and contains an infinitesimally thin,
perfectly conducting iris connected to the top plate at x = a, Z = 0 and ex­
tending perpendicular to the plate and into the waveguide interior. The iris
effectively divides the interior of the waveguide into two regions: Region
1, z < 0; Region 2, z > O. The regions are connected electromagnetically
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Fig. 5-5 Iris in parallel plate waveguide.

through an aperture, located at Z = 0, x E (0, b). We note that the insertion
of the iris does not change the y-independence of the waveguide geometry.
Therefore, Maxwell's equations again separate into a T Ez set and a T Mz
set, in the same manner as in Section 5.5. We shall cause excitation of the
TM, set by placing a constant magnetic sheet current source at Z = -d in
Region 1, viz.

My = Mo8(z + d) (5.158)

Such a choice will produce a rEM wave incident from left to right in Region
1. As we shall discover in the ensuing analysis, this TEM wave, when
encountering the iris, will cause TEM and TM waves to scatter from the
iris into both Region 1 and Region 2. Using (5.112)-(5.114), we write the
equations describing the TM; fields in Region 1 and Region 2 as follows:

Region 1:

Region 2:

(V;z + k2)H
Y1 = iw€oM y

1 aRyl
E XI =--.--­

1WEO az
1 aHy 1

EZI = -.--­
1lUfO ax

(5.159)

(5.160)

(5.161)

(V';z + k2)H
Y2 = ° (5.162)

1 aHy 2
Ex2 = --a--- (5.163)

lWfO 8z

1 aHy 2
Ez2 = -.--- (5.164)

1lUfO ax
We first consider Region 1. Using the Green's function method and antici­
pating that the Green's function will be symmetric, we adapt (5.122) to the
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{ [(-V2 - k2
) Hyl] gldV = { n., (_V2 - k2) gldV

l~ l~

+ { (HYlVgl - gl VHyl) · ndSlSI
(5.165)

where gl is the Green's function in Region 1, governed by

-(V';, + k2)gl = 8(x - x')8(z - z') (5.166)

(5.167)

(5.168)

(5.169)

(5.171)

(5.172)

(5.170)

with boundary and limiting conditions yet to be determined. The volume
VI consists of Region 1. The surface Sl consists of the following parts:

1. The surfaces of the two parallel plates in Region 1 (z < 0, x = °
andz<O,x=a).

2. The cross-sectional planar surfaces at z ~ -00, x E (0, a) and
y ~ ±oo,x E (0, a).

3. The surface of the iris and aperture, z = 0, x E (0, a).

By the same reasoning as in the previous section, the surface integrals at
y ~ ±oo vanish. In addition, we have the following boundary and limiting
conditions governing the Hy1-fields:

lim Hyl = 0
,-+-00

OHyl(O, z) = oHyl(a, z) = 0
ax ax

aHyl (x, 0) __ 0,
x E (b,a)

8z
We choose the following boundary and limiting conditions for the Green's
function gl:

lim 81 (x, Z, x', z') = 0
,-+-00

ogl (0, z, x', z') = ogl (a, z, x', z') = 0
ax ax

ogl(X, 0, x', z') = 0, X E (0, a)
az

We note that the Green's function boundary and limiting conditions are
the same as those associated with the Hyl-field, with one important excep­
tion. In (5.169), the boundary condition on Byl is over the iris, whereas in
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(5.172), the boundary condition is over the iris and the aperture. We there­
fore have a Green's function problem (Fig. 5-6) for a parallel plate waveg­
uide extending from z ~ -00 and terminating in a perfect conductor at
z = O. Before commenting on this choice, we substitute (5.167)-(5.172)
into (5.165) and obtain

{[(-V2 - k2)Hy1]gldV= { HYl(-V
2 - k2)gldV

J~ J~

foo r ( en 1)
- -00 10 s, a: z=odxdy

(5.173)
Because of the invariance with y, the integrations with respect to y cancel
in all terms. In addition, the del-operator reduces to Vxz and we have

l b
( aH I)- gl---Y- dx

o az z=O
(5.174)

Substituting (5.159) and (5.166), doing the delta-function integrations, and
rearranging, we obtain

Hyl(x', z') = -icv€o LMy(x , Z)gl(x, z, x', z')dxdz

i
b

I I aHy1(x, 0)+ gt(x,O,x,z) dx
o 8z

Anticipating the symmetry of the Green's function, we interchange the
primed and unprimed coordinates and then substitute (5.158) and (5.160)
to obtain

u ... oo

u-+oo

a

x

t
u ....oo

Fig. 5-6 Green '8 function problem for Region 1.
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Hyl (x, z) = -iWEoMoka
gl (x, z,x', -d)dx' - iWEO

'kb
gl(x,z,x',O)Exl(X',O)dx' (5.175)

Our choiceof the boundaryconditionin (5.172)deserves somecom­
ment. If we had chosen this conditionto be the same as that governing the
H-field derivative in (5.169), we wouldhaveproduceda Green's function
problem with an unspecified boundary condition over x E (0, b), Z = o.
Our choice completes the specification of the Green's function in Region
1, and has the added advantage of simplifying the problem solution by
eliminating a portionof the surface integral.

Wenow considerRegion 2. In a manner similar to our treatment in
Region 1, we obtain

{ [(_V2 - k2) HY2] g2 d V = { Hy2 (_V2 - k2) g2d V
JV2 JV2

+ f~ (Hy2Vg2 - g2VHy2) · ndS

(5.176)
where g2 is the Green's functionin Region2, governed by

-(V;z + k2)g2 = <5(x - x')<5(z - z') (5.177)

The volume V2 consists of Region 2. The surface S2 consists of the fol­
lowingparts:

1. The surfaces of the two parallel plates in Region 2 (z > 0, x = 0
andz>O,x=a).

2. The cross-sectional planar surfaces at Z ~ 00, X E (0, a) and
y ~ ±oo,x E (0, a).

3. The surfaceof the iris and aperture, z = 0, X E (0, a).

Again, the surfaceintegrals at y ~ ±oo vanish. In addition,we have the
following boundary and limitingconditionsgoverning the Hy2-fields:

lim Hy2 = 0
Z~OO

a8 y2(0 , z) = aHy2(a , z) = 0
ax ax

aHy2(X, 0) -- 0,
X E (b, a)

8z

(5.178)

(5.179)

(5.180)
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We choose the following boundary and limiting conditions for the Green's
function g2:

lim g2(X, z. x', Z/) = 0
z-+oo

(5.181)

8g2(O, Z, x', z') = 8g2(a, Z, x', z') = 0 (5.182)
ax ax

og2(X, 0, x', Z/) __ 0,
x E (0, a) (5.183)az

We therefore have a Green's function problem (Fig. 5-7) for a parallel plate
waveguide extending to z ~ 00 and terminating in a perfect conductor at
z = 0. We substitute (5.178)-(5.183) into (5.176) and obtain

( [(_V2 - k2) HY2] g2dV = ( Hy2(-V2 - k2) g2dVJV2 JV2

+ i:Lb

(g28::2
) z=odxdy

(5.184)
Again, the integrations with respect to y cancel in all terms and the del­
operator reduces to Vxz. We have

L
oo

La [(- V;z - k2) HY2] g2dxdz = L
oo

La Hy2 (- V;z - k2) g2dxdz

+ Lb

(g28::2
) z=odx

(5.185)
Substituting (5.162) and (5.177), doing the delta-function integrations, and
rearranging, we obtain

I I lb
I I OHy 2(X, 0)Hy2(X ,Z) = - g2(X, 0, x ,Z) dx

o 8z

x

t
0'-+00

a

Fig. 5-7 Green's function problem
for Region 2. -------....-- --.z0'-+00
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(5.186)

Anticipating the symmetry of the Green's function, we interchange the
primed and unprimed coordinates and substitute (5.163) to obtain

Hy2(X, z) = iw€o £b g2(X, Z, x', O)Ex2(X' , O)dx'

We next consider the determination of the Green's functions. In Region
1, we wish to solve (5.166) with boundary conditions given by (5.170)­
(5.172). As we found in Example 3.2, the spectral representation of
(-a 2/ax2) with Neumann boundary conditions given in (5.171) results
in the Fourier cosine series. We therefore expand the Green's function

00

gl (x, Z, x', Z') = L an(z, x', Z')Un(X)
n=O

where Un (x) is the orthonormal eigenfunction

~
n nttx

un(x) = - cos--
a a

and where

an(z,x',Z') = La gl(x,z,x',z')un(x)dx

Equation (5.189) defines the transformation

Using the procedure in (5.37)-(5.41), we establish that

a2
g 1 (nrr)2

--- ===} - an
8x 2 a

8(x - X') ===} un(x ')

We use (5.190)-(5.192) to transform (5.166), with the result

-(::2 + k;) an(z, x', z') = un(x')<s(z - z')

where

(5.187)

(5.188)

(5.189)

(5.190)

(5.191)

(5.192)

(5.193)

(5.194)
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We define

R. ( x' ') = an(z, x', Z')
pn Z, , Z ( ')

Un X

and obtain

(
d2 2) " ,- dz 2 + kz f3n(Z, x , Z) = 8(z - z )

We assign the boundary and limiting conditions

lim fJn (z, x', z') = 0
z~-oo

213

(5.195)

(5.196)

(5.197)

df3n(O, x', z') = 0, x E (0, a) (5.198)
dz

Satisfaction of these two conditions results in the satisfaction of the con­
ditions in (5.170) and (5.172). The differential equation in (5.196) with
conditions in (5.197) and (5.198) is solved by the standard Green's function
methods developed in Chapter 2. The details are left for the problems. The
result is

where

1 { ei kzz cos k z'
fJn(Z, x', Z') = :-k ok' z,

I Z e' zZ cos k.z,
z < z'
z > z'

(5.199)

Im(kz) < 0

Substituting (5.199) into (5.195), solving for an, and substituting the result
into (5.187) gives

00 € nttx nst x' { eik'l.Z cos k z'I ,n Z ,
gl(x,z,x,z)=L~k cos--cos-- ik-r'

n=O I za a a e' 'l.Z coskzz,

z < z'
z > Z'

(5.200)
To obtain the Green's function g2 for Region 2, we note that the geometry
in Fig. 5-7 can be obtained from Fig. 5-6 by reflection through the z = 0
plane. We therefore can obtain s: from gl by replacing z by -z and z' by
-z', with the result

00 € nit x nit x' {e-ikl. Z cos k z', , n ,I, Z ,
g2(X, z,x, z') = L -.-cos -- cos -- tk '

n=O ik.a Q a e:' 'l.Z cos kzz,

z > Z'

Z < z'
(5.201)
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(5.202)

(5.204)

We note that the anticipated symmetry of the Green's functions occurs for
both gl and g2. In the solution for the fields, we shall need the Green's
functions with z' = O. We obtain

00 En. n1CX n1CX 'gt (X, z,X', 0) = L -._e'kl. z cos --cos--
n=O'kza a a

00 En. n1'C X n1'C X'
g2(X, z.X', 0) = L -._e-lkl. z cos -- cos -- (5.203)

n=O ik.a a a

We also need the Green's function in Region 1 evaluated with z' = -d.
Confining our interest to regions to the right of the source, we obtain

00 En n1'C X n1'C X' .
gt (X, z,X', -d) =L -.- cos -- cos __e- l kzd coskzz,

n=O ik-a a a

-d < z < 0

We note that in (5.202)-(5.204), care must be taken to select the proper
cases for the Green's functions gt and g2. In (5.202), z < z', in (5.203),
Z > z': and, in (5.204), z > Z' = -d.

The magnetic current source in Region 1, given by (5.158), has been
chosen to produce a TEM wave incident from left to right. We may show
this by substituting (5.204) into the first term in (5.175) to give

Byl (x, z) = - Mo e-ikd cos kz - iw€o {b gl (x, z.x', O)Exl (x', O)dx'
~ 10

(5.205)
As a normalization, we choose

Mo = _2ei kd (5.206)

and obtain

2coskz · ib
I "Hyl (X, Z) = -IWEO gt(x,z,X,O)E xl(X,O)dx (5.207)

~ 0

This normalization is used to produce a unit-strength incident electric field.
Indeed, consider the limiting case where the size of the aperture shrinks to
zero. We have

lim Byl (x, z) = ! (e i kZ + e- i kZ)
b-+O ~

Substituting into (5.160) gives

lim E (x z) = ei kz - e- i kz
b-+O xl ,



Sec. 5.6 Iris in Parallel Plate Waveguide 215

Therefore, in the limit, we produce a unit-strength electric field, incident
from left to right and reflectingfrom a perfect conductor at z = 0.

As a final step in the problem formulation, we note in (5.186) and
(5.207) that

Ext (x', 0) = Ex2(X' , 0), Z' E (0, h) (5.208)

(5.210)

(5.209)

(5.213)

which is a statement that the tangential electric field is continuous in the
aperture. Wesymbolizethis aperture fieldby EA (x') and write (5.186)and
(5.207) as

2cos kz ib
, "Hyl (X, Z) = -iWEo 81(X,Z,x,O)E A (x )dx

T1 0

Hy2(X, z) = iWfo ~b g2(X, z, x', O)EA (x')dx'

Substitution of (5.202) and (5.203) gives

2coskz k ~ En ik nn x ib
I nrcx',

Hyl (X, Z) = - - L..J -e zZ cos -- EA(X) COS --dx
T1 T1 n=O kza a 0 a

(5.211)

k 00 €n· nn x ib nnx'Hy2(X, z) = - L -k e-,kzz cos - EA(X /) cos --dx' (5.212)
T1 n=O za a 0 a

These two expressions give the magnetic fields everywhere in the two
regions. We note, however, that the electric field EA in the aperture is as
yet unknown. We have, however, one additional boundary condition that
we havenot utilized, namely,the continuityof the tangentialmagnetic field
in the aperture. We invokethis continuity by equating (5.211) and (5.212)
in the aperture and obtain

00 E k nnx lb nn x'
1 = L -!!"-cos-- EA(XI)cos--dx '

n=O a kz a 0 a

or

(5.214)

where
I 00 En k ntt x nn x'

Q(X,X) = L --cos-cos- (5.215)
n=O a kz a a

Expression (5.214) is an integral equation whose solution yields the aper­
ture field EA. Once EA is known, the result can be substituted into
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(5.211) and (5.212) to yield the magnetic fields. The corresponding electric
fields can be obtained by substitution of these results into (5.160), (5.161),
(5.163),and (5.164).

Unfortunately, the integral equation in (5.214) cannot be solved an­
alytically. A popular method for finding an approximate solution for the
aperture field EA is the Method of Moments (MOM), introduced in Section
1.8. Although the approximate solution to (5.214) is beyond the central
theme of this book, a few comments are in order.

The kernel Q(x, x') for the integral equation in (5.214) is logarithmi­
cally singular. Therefore, care must be taken in dealing with the limit as
x' ~ x. For a discussion of the issues involved, the reader is referred to
[6]-[8]. The series contained in Q(x, x') is slowly converging. For meth­
ods to speed the convergence, the reader is referred to [6]-[10]. Finally,
the aperture field possesses an edge singularity [6],[11] in its behavior
as x ~ b. This singularity must be considered in evaluations involving
MOM. For a discussion, the reader is referred to [6],[8],[12].

5.7 APERTURE DIFFRACTION

We next consider the classic problem of diffraction by an aperture in a per­
fectly conducting screen. A perfectly conducting screen (Fig. 5-8) divides
unbounded empty space into two regions: Region 1, y < 0; Region 2,
y > O. An aperture interrupts the screen at y = 0, x E (-a/2, a/2). Elec­
tromagnetic fields are excited by a z-directed magnetic current source Mz in
Region 1. It is assumed that the source and the geometry are z-independent,
so that

a
- = 0 (5.216)
8z

Expanding Maxwell's curl equations in Cartesian coordinates and invoking
(5.216), we have

(5.217)

(5.218)

(5.219)

(5.220)
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Fig. 5-8 Aperture in a perfectly conducting screen.

aE zax = iWlLoHy (5.221)

se, ee,
- - - = Mz + iWJLoHz (5.222)ay ax

The set comprised of (5.217), (5.218), and (5.222) is excited by M, and
is decoupled from the unexcited set comprised of (5.219)-(5.221). We
therefore have Hx = By = E; = O. Differentiating (5.217) with respect
to y, (5.218) withrespect to x, adding, and thensubstituting (5.222) gives
the following set:

(V;y + k2
) Hz = iw€oM z (5.223)

1 sn,
Ex = - - (5.224)

iw€o ay
1 en,

Ey = - iw€o ax (5.225)

where k is given by (5.108). We next specialize the above equations to
Regions 1 and 2 as follows:

Region 1:

(V;y + k2
) HZl = iClJ€oM z

1 . aHz1
Ext = -.--­

IW€O 8y

(5.226)

(5.227)
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Region2:

E 1 = __I_aHzl
y iw€o ax

(5.228)

(V;y + k2
) Hz2 = 0 (5.229)

1 8Hz2
E x2 = -.- -- (5.230)

IW€O 8y

1 8Hz2
E y2 = - iw€o a;- (5.231)

WefirstconsiderRegion 1. Using the Green's function methodand antic­
ipating symmetryof the Green's function, we adapt (5.165) to the present
case as follows:

{[(-V2-k2)Hzt]gtdV= { Hzt(-V
2-k2)gldV

JVl JVI
+ { (HztVgt-gIVHzl)·ndSlSI

(5.232)
where gl is the Green's function in Region 1, governed by

- (V;y + k2 ) gl = 8(x - x')8(y - y') (5.233)

with boundary and limiting conditions to be determined. The volume VI
is Region 1. The surface 81consistsof the following parts:

1. The surfaceof the screen and apertureat y = o.
2. The planar surfaceat y ~ -00.

3. The planar surfacesat x ~ ±oo, y < o.
4. The planar surfacesat z -. ±oo, y < O.

By the same reasoningas in the treatmentof the parallel plate waveguide,
the surfaceintegralsat z ~ ±oo vanish. Inaddition,wehavethefollowing
boundaryand limitingconditionsgoverning the HZ1-fields:

lim HzI = 0
y-+-oo

lim Hz l = 0, y E (-00,0)
x-+±oo

aHz1(x,0) -- 0, x ¢ (-aj2, aj2)ay

(5.234)

(5.235)

(5.236)
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Inspection of (5.227) indicates that the condition in (5.236) is equivalent
to the vanishing of the tangential electric field on the surface of the screen.
We choose the following boundary and limiting conditions for the Green's
function gl: . , '11m gI (x, y, x , y ) = 0

Y-'-OO
(5.237)

. , '
hm gl(X,y,x,y)=O,

x-.±oo
Y E (-00,0) (5.238)

(5.239)

(5.240)

agt(X,O,x',y') =0
ay

We note that the Green's function boundary and limiting conditions are the
same as those associated with the Hz I-field, with one exception. At y = 0,
the boundary condition on HZl is over the screen, whereas the boundary
condition on gl is over the screen and the aperture. Therefore, the Green's
function problem is for the half-space y < 0 with a perfectly conducting
surface at y = O. We substitute (5.234)-(5.239) into (5.232) and obtain

{ [(_V2 _ k2)Hzt]gtd V = { Hzt(-V
2 - k2)gldV

lVI l~

f
oo fa/2 aH 1

- gt---Z-dxdz
-00 -a/2 ay

Because of the invariance with z, the integrations with respect to z cancel
in all tenns. In addition, the del-operator reduces to Vxy and we have

L: L: [(-V;y - k
2

) dHzt] gidxdy

fo foo f a/2 aH 1= Hzt (-V;y - k2) gidxdy - gt_Z-dx
-00 -00 -a/2 ay

(5.241)
Substituting (5.226) and (5.233), doing the delta-function integrations, and
rearranging, we obtain

" · r ' ' dHz1(x ,y) = -IWEO JA Mz(x,y)gt(x,y,x ,y )dx y

ja/2 , ,aHzl (X, O)+ gl (x, 0, X , y )--a-- dx
-a~ y

Anticipating the symmetry of the Green's function, we interchange the
primed and unprimed coordinates and substitute (5.227) to obtain
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(5.242)

( I' I ' I 'HZ1(X, y) = -iWfo JA Mz(x, y )gl(X, y,x, y )dx dy

+iw€o ja/2 gl (x, y, x', 0)E x1(x', O)dx'
-a/2

We now consider Region 2. In a manner similar to Region 1, we
obtain

{ [(-V2-k2)Hz2]g2dV= { HZ2(-V2_k2)g2dV
JV2 JV2

+ ISJ. (Hz2Vg2 - g2V Hz2) · hd S

(5.243)
where g2 is the Green's function in Region 2, governed by

- (V;y + k2) g2 = <5(x - x')<5(y - y') (5.244)

with boundary and limiting conditions to be determined. The volume V2
is Region 2. The surface ~ consists of the following parts:

1. The surface of the screen and aperture at y = o.
2. The planar surface at y --+ 00.

3. The planar surfaces at x --+ ±oo, y > o.
4. The planar surfaces at z --+ ±oo, Y > o.

Again, the surface integrals at z --+ ±oo vanish. In addition, we have the
following boundary and limiting conditions governing the HZ2-fields:

lim HZ2 =0
y~oo

lim Hz2 = 0, Y E (0,00)
x~±oo

(5.245)

(5.246)

aHZ2(X, 0) -- 0, x ¢ (-a/2, a/2) (5.247)ay
We choose the following boundary and limiting conditions for the Green's
function g2:

• I 'lim g2 (x, y, x , y ) = 0
y~oo

lim g2(X, y, x', y') = 0, Y E (0,00)
x~±oo

O I 'ag2(X, ,x,y) =0
ay

(5.248)

(5.249)

(5.250)
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(5.253)

We therefore have a Green's function problem for a half-space y > 0 with
a perfectly conducting surface at y = O. We substitute (5.245)-(5.250)
into (5.243) and obtain

r [(-V2-k2)Hz2]g2dV= r HZ2(-V2_k2)g2dV
JV2 JV2

+ JOO ja/2 (g2 OHZ2) dxdz
-00 -a/2 oy z=o

(5.251)
Again, the integrations with respect to z cancel in all terms and the del­
operator reduces to Vxy • We have

koo L: [(-V;z - k
2)

HZ2] g2dxdy

= roo JOO HZ2 (-V;z _k2) g2dxdy +t: (g2 OHZ2) dx
Jo -00 -a/2 oy z=O

(5.252)
Substituting (5.229) and (5.244), doing the delta-function integrations, and
rearranging, we obtain

I' t: I ,aHz2(X, 0)Hz2(X , y ) = - g2(X,0,x,y) dx
-a~ ay

Anticipating the symmetry of the Green's function, we interchange the
primed and unprimed coordinates and substitute (5.230) to obtain

t:Hz2(X, y) = -;W€o g2(X, y, x', 0)E x2(X' , O)dx'
-a/2

At this point in the development, we have two remaining tasks, namely,
the specification of boundary conditions at points in the aperture and the
selection of a specific magnetic current source. We first require that the
tangential electric field in the aperture be continuous. We symbolize the
aperture electric field by E A (x) and write

x E (-a/2, a/2) (5.254)

We next specialize the source M, to be a line source located at x' = ~, y' =
11, viz.

MZ(x', y') = MO~(X' - ~)~(Y' - TJ) (5.255)
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(5.257)

We substitute (5.254) into both (5.242) and (5.253). Also, we substitute
(5.255) into (5.242) and perform the indicated delta-function integrations
to give

t:HZI (x, y) = -iW€oMOgl (X, y, ~, 1J)+iw€o gl (X, y, x', O)E A(x')dx'
-a12

(5.256)

t:Hz2(X, y) = -iw€o g2(X, y, x', O)EA(x')dx'
-a12

Expressions (5.256) and (5.257) give the magnetic fieldseverywhere,pro­
vided that we know the Green's functions gl and g2 and provided we can
find the aperture electric field EA. We shall derive the Green's functions
subsequently. The aperture field E A is obtained by requiring the tangential
magnetic field in the aperture to be continuous, viz.

x E (-a/2, a/2) (5.258)

Substituting (5.256) and (5.257) into (5.258) yields the integral equation

r:MOgl(x, O,~, 1J) = [gl (x, 0, x', 0) + g2(X, 0, x', 0)] EA (x')dx'
-a12

(5.259)
Once the Green's functionshavebeen determined,an approximatesolution
to the integral equation (using Method of Moments, for example) yields
an approximation to the aperture field EA. The aperture field can then be
substitutedinto (5.256)and (5.257) to give the magnetic fieldseverywhere.
Once the magnetic fields are known, the electric fieldscan be obtained by
differentiation in (5.227), (5.228), (5.230), and (5.231). We next consider
the Green's functions gl and s»

We may determine g2 from (5.244) and (5.248)-(5.250), which we
reproduce here for convenience,viz.

(
82 82 2) I'-- - - - k g2 = ~(x - x )l5(y - y )ox2 8y2

(5.260)

. , '11m g2(X,y,x,y)=0,
x-+±oo

y E (0,00) (5.261)

8g2(X, 0, x', y') =0
oy

. , '11m g2(x, y, x , y ) = 0
y-+oo

(5.262)

(5.263)
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The spectral representation of (-a 2jax 2) with limiting conditions in
(5.261) leads to the Fourier transform, as given in Example 3.4. In this
case, we have

_ 8
2

g2 {::=} k2Gox2 x 2

~(x - X') {::=} e- ikxx'

Applying these relationships to (5.260) gives

(
d2 2) A ,

- - - k G2 = ~ (y - y )dy2 Y

where

ky = Jk2 -ki

G2 = e-ikxx' G2

(5.264)

(5.265)

(5.266)

(5.267)

(5.268)

(5.269)

The boundary and limiting conditions associated with (5.267) are as fol­
lows:

• A I'
11m G2(x, y, x , y ) = 0

Y-+-OO

(5.270)

(5.271)

Y<Y
y>y

(5.272)

Invoking these conditions is consistent with the conditions on 82. The so­
lution to (5.267) with the above associated conditions can be inferred from
the Green's function problem discussed previously in (5.196)-(5.199). If
in (5.199) we let z ~ _y,z' ~ -y',andkz ~ ky,weobtain

G __1_ { e-ikyy' coskyY,
2 - iky e-ikyY coskyY',

Expanding the cosine terms into exponentials gives the following useful
alternate form:

A 1 [ , , ]G
2

= _._ e-ikyly-Y I + e-iky(Y+Y )
21k y

Substituting this result into (5.269) and then taking the inverse Fourier
transform, we have
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(5.273)

(5.274)

1 100 e-ikyly-y'l + e-iky(Y+Y'). ,
82 =-. e,kx(X-X )dkx

41l'l -00 ky

From (4.156), we have the following identity:

2 (/ ) 1 100 e-ikylYleikxxHJ) kyx2+ y2 = - dk,
n -00 ky

Therefore,

g2 = :; {HJ2) [kJ(x - x')2 + (y - y')2]

+ HJ2) [kJ(x - x')2 + (y + y')2]} (5.275)
Referring to the development in Section 4.6, we recognize (5.275) as a
description of the radiation from a line source located at x = x', y = s',
plus a line source at the image location x = x', y = - v', with respect to
the ground plane.

Consider 81. We may obtain the solution for 81 directly from the
above solution for 82 by replacing y by - y and y' by - y'. Such replace­
ment does not change the solution, and we therefore have

g2 = gl (5.276)

The above determination of the Green's functions completes the formula­
tion of the problem.

In many applications, the source Mz is located at a distance far enough
from the aperture so that a plane wave approximation can be invoked.
To accomplish this, we consider the Green's function in the first term in
(5.256), viz.

gl(X, y,~, TJ) = :; {HJ2) [kJ(x - ~)2 + (y - TJ)2]

+HJ2) [kJ(x - n2 + (y + TJ)2]I (5.277)

Rewriting this expression in cylindrical coordinates, we have

gl (p, <p, p', <p') = :; {HJ2) [kJp2 + pl2 - 2pp' cos(<p - <PI)]

+ HJ2) [kJp2 + pl2 - 2pp' cos(<p + <PI)]I
(5.278)
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where (p', cP') marks the position of the line source (Fig. 5-9). We may
locate the line source at a distance remote from the aperture by letting p'
become very large, in which case

[ ]
1/2

p2 + p,2 - 2pp' cos(cP =f cP') ---+ p' - P cos(cP =f cP') (5.279)

Furthermore,using the largeargumentapproximationfor the Hankel func­
tion, given in Example 2.21, we have

H(2) {k [p' - p cos(4) 1= 4>')]} '" J 2i e- ikp' eikpcos(~=f4>/) (5.280)
o itkp'

Using (5.280) in (5.278), we obtain

gl (p, 4>, p', 4>') '" :iJ1C~p,e-ikP' [eikPCOS(t/>-tfl) + eikPCOS(H~/)]

1 Rbi ·k'·k A.'= ---; __ e- l P2e' xcos~ cos(kysin</>')
41 nkp'

(5.281)
Let

II [-l1J€oRbi _ikP,]-1
1Y10= -- --e

4 nko'

x

t

p

(5.282)

Region 1

Q(p',4>')

pi

+~y

4>'

Region 2

Fig. 5-9 Aperture in a perfectly conducting screen, cylindrical
coordinates.
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Wesubstitute(5.275),(5.276),(5.281),and(5.282)into(5.256)and(5.257)
and obtain

Hzl (X, y) = 2eikxcost/J' cos(kysinq,')

+~ ja/2 HJ2) [kJ(x - x')2 + y2] E A (x')dx'
271 -a/2

(5.283)

Hz2(X, y) = -~ la
/
2

HJ2) [kJ(x - x')2 + y2] EA(X')dx' (5.284)
271 -a/2

where we have used
k

WEo = ­
71

Wenote that in the limit as the aperture length approaches zero, we have

lim HZl (x, y) = 2e ikx cost/J' cos(ky sin tIJ')
a--.O

= eikxcosiP' (eikYsiniP' + e-ikYSiniP') (5.285)

which represents a unit magnitude plane wave approaching the screen at
angle 4>' and reflecting according to Snell's law of reflection. Continuity
of the tangential H-fieldin the aperture gives the integralequation

211 ja/2
__eikxcost/J' = Hri2)(klx - x'DEA(X')dx' (5.286)

k -a/2

whichcompletes the problem formulation for the case of plane waveinci­
dence.

Again,the integralequationin (5.286)cannotbe invertedanalytically.
The aperture field E A therefore must be determinedapproximately using
numerical methods. We note, however, that for the aperture size a small
enough,theHankelfunctionHJ2) (klx -x'l) canbe approximated by InIx­
x'], in whichcase an analyticalsolution is possible in terms of Chebyshev
polynomials. TheresultingintegralequationisconsideredinProblem1.23.
The details are given in [13],[14].

5.8 SCATTERING BY A PERFECTLY CONDUCTING
CYLINDER

Consideran electriccurrent J z that excitesa surfacecurrent on a perfectly
conductingcylinderof uniform cross section (Fig. 5-10). Weassume that
the cylindergeometryand the source are independentof z, so that

a- = 0 (5.287)
8z
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y
p

"'::.----.L.----'---:I~ X

u ....oo

(5.290)

(5.291)

(5.292)

Fig. 5-10 Electric current J z exciting a perfectly conducting
cylinder.

We require the fields at a point P(p). We begin with Maxwell's curl
equations, viz.

v x H = ilz + iWfoE (5.288)

V x E = -iwJLoH (5.289)

Thecurloperatorin (5.288) and (5.289) is composed of components trans­
verse to the z-direction, plus a z-component, viz.

A a
V= VI +z­

8z
In this case, because of (5.287), we have

V= Vt

Wedividetheelectricandmagnetic fields intotransverse andz-components,
viz.

H = u, +iHz

E = E t +iEz

Substituting (5.290)--(5.292) into (5.288) and (5.289), we obtain

VI x HI + Vt x iHz = ilz + iWfoE (5.293)

Vt x E, + Vt x iEz = -iwJLoH (5.294)

Equating transverse components andz-components oneithersideof(5.293)
and (5.294), we producethe following two sets:

Set 1: Tu,
Vt x HI = i (J z + iWfoE z)

Vt x ts, = -iwJLoH t

(5.295)

(5.296)
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Set 2: T s,
Vt x E, = -ziWILoHz

'Vt x tu, = iw€oE t

(5.297)

(5.298)

Set 1 is excited by the source J z, while Set 2 is unexcited. We therefore
have E, = Hz = O. We take the curl of (5.296) and substitute (5.295) to
obtain

(5.299)

where we have used a well-known vector identity to expand the double-curl.
But,

(5.300)

and thus Set 1 becomes

\I;s, + k2s, = iWJ.LoJ z (5.301)

1 A 1 A

H, = --.-Vt x zEz = -.-z x \ltEz (5.302)
IlJJJ.Lo IlJJJ.Lo

where k is defined in (5.108). The procedure is now to solve the partial dif­
ferential equation in (5.301) to yield Ez• The result can then be substituted
into (5.302) to produce the magnetic fields H t •

Anticipating the symmetry of the Green's function, we adapt (5.122)
to the present case and obtain

Iv g (V2 + k
2)E

zdV =Iv Ez(V
2 + k

2)gdV+~ (gVEz - e,Vg)·ndS

(5.303)
The volume V consists of all space exterior to the cylinder. The surface S
is the surface of the cylinder s; plus the surface at infinity. By the same
reasoning as in the case of the parallel plate waveguide, the surface integrals
at z ~ ±oo vanish. The Green's function g is governed by

- (vi' + k2) g = /)(p ~ p') /)(4) - 4>') = /)(p - p') (5.304)

with boundary and/or limiting conditions to be determined. The conditions
on E z are as follows:

(5.305)
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lim E, = 0 (5.306)
p~oo

We choose the following condition for the Green's function g:

lim g = 0 (5.307)
p--.oo

Therefore, the Green's function problem is for two-dimensional free space.
We substitute (5.305)-(5.307) into (5.303) and obtain

{ g (V2 + k2) EzdV = { e, (V2 + k2
) gdV + { gVEz· ndSJv Jv J~

We note that we did not require

glsc = 0

Although such a requirement would eliminate the surface integral, we
would be unable to find an analytical solution for the Green's function,
except in the special case where the cross section is circular. (We shall
consider the circular case subsequently.) Because of the invariance with
z, the integrations with respect to z cancel in all terms, In addition, from
(5.290), the del-operator reduces to Vt and we have

{ g (v; + k2
) EzdA = { e, (Vt

2 + k2
) gdA +1gVtEz · hdsJA JA SC

(5.308)
where Sc is the arc-length integration around the cross section ofthe cylinder
and A is the planar area external to s., We shall consider the ds integration in
some detail subsequently. Substitution of (5.301) and (5.304) into (5.308)
gives, after some rearrangement,

Ez(p') = -;WlJ,o ( g(p, p')lz(p)dA +1g(p, p')VtEz(p) · nds
JA SC

(5.309)
However, from (5.302), we have

Zx VtEz = il.VJLoHt

so that

But,
z x (z x VtEz) = -VtEz

where we have used the vector triple product identity and the fact that

z·VtEz=O
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(5.312)

P E Sc

Takingthe inner product with the normal vectorngives

n · \ltEz = iWJ.Lon · H, x i = iwJ.Loz· (n x Ht) = iWJ.LoJ sz (5.310)

where Jsz is the equivalent surface current in the z-direction in amps/me
Substituting this result into (5.309) and interchanging the primed and un­
primedcoordinates, we obtain

Ez(p) = -iwJLo ( g(p, p')}z(p')dA' + iWJlo1g(p, p')Jsz(p')ds'JA ~
(5.311)

The Green's function problem given in (5.304) and (5.307) has been pre­
viously solved in (4.116), followedby the coordinatetransformation indi­
cated in (4.205). Wehave, including21r from (4.10),

g(p, p') = :i HJ2) (kip - p'!)

We shall specialize the source J z to be a line source of strength 10 amps,
located at p' = Po, viz.

J, = lolJ(p' - Po) (5.313)

Substituting(5.312) and (5.313) into (5.311), we have

Ez(p) = - iW:~Io HJ2) (kIp - Pol)+iW4~ol HJ2) (kip - p't) Jsz(p')ds'
I l Sc

(5.314)
ThisequationgivestheelectricfieldE z everywhere exteriorto thecylinder,
provided that we can determine the surface current J sz on the surface of
the cylinder. We accomplishthis by forming an integral equation. We let
p approach a general point on the surface of the cylinder p ESe. Since
E, = 0 on the cylindersurface,we have

IoHJ2) (kip - Pol) =1HJ2) (kip - p'l) Jsz(p')ds',
sc

(5.315)
Equations (5.314) and (5.315)complete the formulation of the problem.

Considerable care must be taken in the evaluation of the arc-length
integral in (5.314) and (5.315). In Cartesian coordinates, the differential
elementcan be representedby

(
2)1/2

ds' = dx t2 + dy' (5.316)
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(5.317)

We shall parametrize with respect to the polar angle 4>' (Fig. 5-10), as
follows:

[
2 ' 2] 1/2, dx' dy ,

ds = (d4>') + (d4>') d4>

We locate the origin of the coordinate system (Fig. 5-10) internal to s.,
Substituting (5.317) into (5.314) and (5.315), we produce

wJ.Lolo (2)
Ez{p) = ---Ho (kip - Pol)

4

[
2 '2] 1/2

+ w~ok21r

HJ2l(kip - p'!) Jsz(p') (~;:) + (~~,) d4>'

(5.318)
and for p ESe,

(2:n:
IoHJ2) (kip - Pol) = 10 HJ2l (kip - p'!) Jsz(p')

(5.319)

As in the previous problems in this chapter, we must solve the integral
equation to determine the unknown quantity under the integral, in this
case, J sz • In general, numerical methods must be employed to obtain an
approximation to the solution. In the case where the cylindrical cross
section is circular, however, we may invert the integral equation in (5.319)
analytically. Indeed, consider a perfectly conducting circular cylinder of
radius a (Fig. 5-11). In this case,

x' = p' cos cf>'

y' = p' sin C/>'

dx' ,.,
d4>' = -p sin e

dy'
- = p' cos cf>'
dtjJ'

Substitution in (5.317) produces the usual cylindrical representation of the
arc-length integration

ds' = p'd¢' (5.320)
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Q(i1o)

-__ --&o-o---+-_...A--~X

Fig. 5-11 Electriccurrent t, excit­
ing a perfectly conduct­
ing circularcylinder.

n(2) (kl _ 'I) = ~ in(4)-q/) { HJ2) (kp')Jn(kp) ,
o p p '--" e (2) ,

n=-oo Hn (kp)Jn(kp),

(5.323)

Weshallemploytheadditiontheoremfor theHankelfunctionfrom(4.207),
viz.

p < p'

p > o'
(5.321)

Substituting (5.320)and (5.321) into (5.319) and rearranging, we have

ntoo[loe-in<t>o H~2)(kPo)Jn(ka) }inlP

=nt[i
2Jf

Jsz(a,¢/)e-inl/>'ad¢IH~2)(ka)Jn(ka)]incP
(5.322)

Toobtain (5.322), since p ESc, we havechosenthe p < p' case in (5.321).
Werecognizeeach side of (5.322) as a complexFourier series on (0, 2rr).
Weequate coefficients and rearrange to give

1
2Jr l e-intPo H(2) (kp )

J ( ~') -in</J'd~' _ 0 n 0
sza''Y e 'Y - (2)

o aHn (ka)

Weshalluse this result to findtheelectricfieldE; by notingthat, in (5.318),
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Substituting this result and (5.320) into (5.314), we obtain the following
expansion for the electric field Ez:

Ez(p) = - wJLolo IHJ2) (kip - Pol) - f: ein(t/J-t/Jo)
4 n=-oo

. I n(ka) H(2) (kp) H(2) (kPo) I
H~2)(ka) n n

(5.325)
which is the classical fjJ-directed eigenfunction expansion for the electric
field [15].

In the above example of the circular cylinder, we were able to invert
the integral equation analytically. This event occurred because the surface
Sc was a coordinate surface, in this case, p = a. In cases where the cylinder
does not conform to a complete coordinate surface, the integral equation
in (5.315) must be inverted numerically. We include a specific case, the
rectangular cylinder, in the problems.

5.9 PERFECTLY CONDUCTINGCIRCULAR
CYLINDER

In the previous section, we derived the fields associated with scattering from
a perfectly conducting circular cylinder by beginning with the conducting
cylinder of arbitrary cross section. We obtained an integral equation in
(5.319). For the case of circular cross section, we were able to invert
the integral equation and obtain an expression for the electric field Ez in
(5.325). It is, however, possible to proceed more directly. In this section,
we derive the fields scattered from a perfectly conducting cylinder of cir­
cular cross section when the excitation is an electric current line source.
We are able to verify the result obtained in (5.325). Next, we obtain an
alternative representation, useful in describing scattering in the form of
creeping waves.

We again consider the geometry in Fig. 5-11. The source is given
explicitly in (4.163) and the differential equation describing the Ez-field in
(4.180) and (4.181), which we repeat here for convenience, viz.

~ [~ (p 8
g)]+ ~ CJ2 g + k2g= _ fJ(p - p')fJ(cP - cP')

p CJp CJp p2 CJcP 2 p (5.326)

Ezg = - (5.327)
iw~olo
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From the results in Problem 3.2, we mayexpand the Green's function g in
terms of the spectral representation with respect to </>, viz.

(5.328)

We write this transformation

and easily find that

a2g 2
- 8c/J2 <==> n an

n; ·,hlf>(lj) - lj)') <==> _e-,n",
2rr

Applying (5.329)-(5.331) to (5.326), we obtain

.!. [~ (p dbn ) ] + k2b
n

_ n
2

b
n

= _8(p - pi)
P dp dp p2 P

where

(5.329)

(5.330)

(5.331)

(5.332)

(5.333)n; ·,hlan = _e-,n", bn2rr
So far, the development is identical to that in (4.190)-(4.198), except that
the boundary and limiting conditions are now

bnl =0
p=a

lim b« = 0
p~oo

(5.334)

(5.335)

We write the solution for bn as a linear combination of Bessel and Hankel
functions, as follows:

b _ { AJn(kp) + CHJ2) (kp) ,
n - BH~2)(kp) + DH~l)(kp),

p < p'

p > p'
(5.336)

The limiting condition in (5.335) results in D = O. At p = a, we have

AJn(ka) + CH~2)(ka) = 0
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Solving for C and substituting into (5.336), we have
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where

A [In(kp) - cn HP )(kp)] ,

BH~2)(kp),

p < p'

p > p'
(5.337)

en = In(ka) (5.338)
H~2)(ka)

Invoking the continuity and jump conditions at p = p' allows us to evaluate
the coefficients A and B, as follows:

A = ~ H~2) (kp')

B = ~ [In(kp') - Cn H~2) (kp') ]

where we have used the Bessel function identity

J H(2)' - J 'B(2) = ~
n n n n inx

(5.339)

(5.340)

(5.341)

where the prime indicates differentiation with respect to x. Therefore,

n { H~2)(kp') [In(kp) - cnH~2)(kp)],

b; = 2i HP)(kp) [In(kp') - cnHP)(kp')] ,

p < p'

o » p'
(5.342)

(5.343)

(5.344)

Substitution of (5.342) into (5.333) and the result into (5.328) gives

g = :i nf;oo ein(~-~') [ -Cn H~2) (kp) H~2) (kp')

+ IH~2)(kp')Jn(kp), p < p' ]

H~2)(kp)Jn(kp'), p > p'

Use of (5.327) and the addition theorem given in (4.207) again produces
the result in (5.325), which we display here for reference, viz.

Ez(p) = - wJ.Lolo IHJ2) (kip - Pol) - f: ein(~-t/Jo)
4 n=-oo

. In(ka) H(2)(kP)H(2)(kPo)!HA2)(ka) n n
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It is instructive to consider the important special case of a plane wave
incident on the cylinder. In (5.344), the first term in the brackets is the
incident field, given by

(5.345)

We expand Ip - p'l in cylindrical coordinates and obtain

[
2 2 ] 1/2Ip- p't = p + p' - 2pp' cos(c/> - c/>') (5.346)

The plane wave case is produced by allowing the line source to be very far
removed from the cylinder. Mathematically, p' > > p and

Ip- p'l ~ pi [1 -2(;,) cos(<p - <p')f/2
~ p' - pcos(¢ - ¢') (5.347)

(5.348)

where we have discarded terms in p/ p' higher than first order, and where we
have used the first two terms in the Taylor series expansion for J (1 + x).
Substituting (5.347) into (5.345), and using the large argument approxima­
tion for the Hankel function given in Example 2.21, we obtain

E i nc = _ ;wJ.Lolo J 2; e-ik[p'-pcos(~-t/l)l
z 4i itkp'

We let the incident wave arrive from left to right along the x -axis (Fig. 5-11),
so that l/J' = x and

inc iWILO/0l!bi -ikp' -ikpcosQ>E = - --e e
z 4i itkp'

(5.349)

To produce a unit magnitude plane wave from left to right, we adjust the
intensity 10 as follows:

so that

[
iWILO/0l!bi _ikP,].-l10= - --e

4i nkp'
(5.350)

(5.351)
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In obtaining the fields for T M propagation between parallel plates in
Section 5.5, we found that there was an alternative representation for the
Green's function, useful at high frequencies. In the case under consider­
ation here, we may again obtain a useful alternative representation. We
begin by writing the differential equation describing the Green's function
in (5.326) in the fonn that separates the p-operator from the ljJ-operator.
This form is given in (4.187)-(4.189) and is repeated here for convenience,
viz.

where

(L p + Ll/»g = p8(p - p')8(ljJ - ljJ') (5.352)

L = -p [~ (p~)] - (kp)2 (5.353)
p ap ap

a2

L tP = - o(j>2 (5.354)

We require the spectral representation of the operator Lp • The Green's
function problem associated with this spectral representation is

(L p - A)G = p8(p - p')

GI =0
p=a

lim G =0
p-+oo

(5.355)

(5.356)

(5.357)

The reader should carefully compare this problem to the problem in Exam­
ple 3.6. The only difference is in the boundary condition at the lower end
of the interval. In Example 3.6, we had a finiteness condition at p = O. In
this case, we have a Dirichlet condition at p = a. We still have the limit
point case as p --+ 00, but the condition at p = a is regular. We write the
solution as

where

G={
AJv(kp) + CH~2)(kp),

BHS2)(kp) + DHS1) (kp) ,

v =iv'i

p < p'

o » p'
(5.358)

(5.359)

in the same manner as in (3.136). Application of the limiting condition
in (5.357) results in D = O. From this point, the solution for the Green's
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function follows the development in (5.337)-(5.342). The result is

n { HS2}(kp/) [Jv(kp) - cvHS2)(kp)] ,

G = 2i HJ2}(kp) [Jv(kp/) _ CvHJ2}(kp/)] ,

p < p'

p > p'
(5.360)

(5.361)

wherethebranchcut in JI lies alongthe positivereal axis and is explicitly
determined by (3.143).

Our next step is to determine the spectral representation of pfJ (p ­
p') by integrating the Green's function with respect to A by the methods
developed in Chapter3. Wefirst consider the case p < p', Wehave

x (2) I [ JiJ).(ka) (2) ]
G = 2i Hi.n.(kp) Ji.n.(kp) - Hi<Jr.(ka) Hi.n.(kp)

where we have used (5.338) and (5.359). We define the branch cut asso­
ciated with JI by using (3.143) and (3.144), and producea cut along the
positive-real axis in the A.-plane. Following the development in Example
3.6, we now investigate whether the branch cut in JI produces a branch
cut in G. As we approach the positive- real axis from aboveand below, we
have, respectively,

• 1f H~~ (kp') [(2) (2) ]11m G = ---: (2) J_r(kp)H_ r (ka) - J_r(ka)H_r: (kp)
t/J-+--21r 21 H_r (ka)

(5.362)

lim G = Jr. HS;:}(k
p/)

[Jr(kp)Hi
2}(ka) - Jr(ka)Hi

2}(kp)] (5.363)
t/J~O 21 H; (ka)

where
r = ilA-I I/ 2 (5.364)

But, from [16], we have

(5.365)

(5.366)

and,from (3.149),

(5.367)
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We substitute (5.365) into (5.363); in addition, we substitute (5.366) and
(5.367) into (5.362). After some routine algebra, we find that

lim G = lim G
q,--+ - 2Jr 4>--+ 0

(5.368)

(5.369)

Therefore, there is no branch cut in G along the positive- real axis. Since
G has no branch cut singularities, the spectral representation of the delta
function is given by (3.39), viz.

I 1 J '-p8(p - p ) = 2Td j G(p, P , A)dA

where the only possible singularities in G are poles. Our analysis of the
pole contributions is based on the treatments in [17] and [18]. We write
the expression for G given in (5.361) as

where

G = Gl + G2 (5.370)

(5.371)

(5.373)

(5.374)

(5.372)G = _!!... Jj"fi.(ka) H(2) (k )H(2) (k ')
2 2i H(2) (k. a) iJI p iJI p

i./i.

There are no poles contained in G 1; there are, however, a countably infinite
number of simple poles [18] in G2 whenever

8(2) (ka) = 0;0.
Therefore, by Cauchy's Theorem, only the second term in (5.361) con­
tributes to the contour integral in (5.369), and we have

1f J. ,,(ka)plJ(p - p') =-- i-J): H.(2) (kp)H.(2) (kp')dA
4 H(2) (ka) ,-II ,-II

iJ'£
Using the residue theorem, we obtain

, 1C LOO

(2) (2), [1.]p8(p - p ) = -2. J. rr-(ka)H. r:;-(kp)H. r:;-(kp )Res -(2) ,Ap
l '.yAp '.yAp '.yAp H

p=l i~

(5.375)

where
Res[f(z); zl
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signifies the residue of f(z) evaluated at z, and where the sum is over
the zeros evaluated in (5.373). Using the relationship between A and v in
(5.359), we obtain

00

plJ(p - p') = L cPp(kp)cPp(kp')
p=l

(5.376)

(5.377)

where

{ }

1/2

. vpJ vp (ka) (2)
cPp(kp) = 1(1 a [(2)] Hvp (kp)

av Hv (ka)
Vp

Expression (5.376) gives the required spectral representation for the delta
function. We note that the result is symmetric with respect to p and p',
Therefore, the restriction p < p' can be removed.

Using the methods in Chapter 3, we may develop the spectral rep­
resentation in (5.376) into a Fourier expansion useful for solving (5.352).
For f(p) E L2(a, (0), we have

1
00 100 dp'f(p) = f(p')fJ (p - p')dp' = f(p') [p' fJ (p - p')] -, (5.378)

a a p

Since p'fJ(p - p') = pfJ(p - p'), we may substitute (5.376) and obtain
00

f(p) = L ClpcPp(kp)
p=l

(5.379)

where

100 dp
Clp = f(p)cPp(kp)-

a p
We next use this Fourier expansion to solve (5.352). Let

(5.380)

(5.381)
00

g = L Clp(p', 4>, q/)4>p(kp)
p=l

Substitution into (5.352) gives

(
d2 2) I Idl/J2 + Vp a p = -<I>p(kp )8(l/J -l/J ) (5.382)

This Green's function problem with periodic boundary conditions has been
solved in Problem 2.18. The result applied here is

a = _COs[ vp(ll/J - l/J'I - 1l')]<I> (kp') (5.383)
p 2v sin v n pp p
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We substitute into (5.381) and find that

Using (5.327), we produce the electric field

E _. I, ~ cos[vp(ll/J -l/J't - 1r)]m (k )m (k ')
z - 1lJ)~O 0 L..J 2. 'Vp P 'Vp P

p= 1 Vp SIn Vp 1r
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(5.384)

(5.385)

We again specialize to the case where a plane wave is incident from left to
right along the x-axis (Fig. 5-11). Let

so that

</J' = x, (5.386)

cos[vp(l¢ - ¢'I - 1r)] = cos vpl/J (5.387)

Let p' become large enough so that the Hankel function can be approxi­
mated by

(5.388)

(5.390)

Then,

E - - WJLoJr1o J 2i -ikp'~ 'Vp JVp(ka)HJ;)(kp)cosvptP
z - 2 k ' e £...J I 0 (2)

1T P p=l ov [Hv (ka)]v p sin Vp 1r
(5.389)

To produce a unit plane wave incident, we use (5.350) and produce

~ 'VpJ vp(ka)HJ;) (kp) cos vptP
Ez(p, ep) = 21l' L..J l 0 (2) .

p=l ov[Hv (ka)]v p sIn Vp 1l'

The reader may wish to compare this result with [17, eq. (129)] by using
(5.365) and (5.373). In [17], James has used the classic residue series
approach to produce the representation for the electric field that we give
in (5.390). We have used the alternative spectral representation, a method
also used in [18].

The alternative spectral representation is useful for obtaining solu­
tions at high frequencies where summing the series in (5.344) requires a
large number of terms for convergence. The alternative representation is
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particularly suited for the so-called shadowregion [19] behind the cylinder,
away from the side directly illuminated by the incoming plane wave. Here,
the field is given in the form of creeping waves [17], [20]. For a thorough
discussion of the zeros of the Hankel function needed in (5.373), the reader
is referred to [18] and [21].

5.10 DYADIC GREEN'S FUNCTIONS

In the electromagnetic problems in this chapter, the geometry and source
in each case have been independent of one coordinate dimension. These
two-dimensional problems have been chosen as models to illustrate the
use of spectral expansions and Green's functions. Indeed, many of the
interesting and useful problems in electromagnetic theory can be modeled
in two spatial dimensions. Additional two-dimensional examples directly
using the methods developed in this book can be found in [7]-[9].

There are, however, many electromagnetic problems where it is not
feasible to assume that the problem is independent of one spatial dimension.
In these three-dimensional cases, the analysis in this book may be directly
and elegantly extended using a dyadic form of Green's theorem. The dyadic
method is presented in detail in the book by Tai [22].

Dyadic analysis is based on the formulation of dyadic spectral rep­
resentations of the delta function and the derivation of problem-dependent
dyadic Green's functions. The interested reader is referred to [22] for
a description of the procedures, as well as application to some classical
problems, such as waveguide propagation, scattering from cylinders, and
interactions with plane stratified media. In addition, the book by Collin
[23] provides a logical, systematic presentation of dyadic Green's functions
and their use in electromagnetics.

Dyadic analysis can be applied to boundary value problems where
the solution depends on inverting an integral equation. In these cases, the
reader is cautioned that the analysis of the singularities associated with
dyadic kernels in integral equations is a delicate matter. For a discussion,
the reader is referred to [23],[24].

PROBLEMS

5.1. Using the Green's function method, show that (5.51) is 6the solution to (5.49)
with the boundary conditions in (5.50).
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5.2. Show that the solution in (5.72) satisfies the differential equation in (5.55).

5.3. Beginning with the T E, equation set in (5.109)-(5.111), derive a modal series
dual to the modal series describing the T Mz modes in (5.138).

5.4. Using the Green's function method, show that (5.199) is the solution to (5.196)
with the boundary conditions in (5.197) and (5.198).

5.5. In the problem describing the scattering from a perfectly conducting cylinder
given in Section 5.8, assume that the cylinder cross section is rectangular. For
this specific case, specialize the expression for the electric field in (5.318) and
the form of the integral equation in (5.319).

5.6. Consider a y-directed magnetic current source My above an impedance plane
(Fig. 5-12). Let the current source be independent of y, so that

8
-=0
8y

Assume that the boundary condition at the impedance plane is given by

. (Ez )lim - =iwL
x-.o By

where L > 0 is the inductance of the impedance sheet.

(a) Show that the only nonzero field components are By, Ex, Ez•

(b) Using Green's theorem, formulate an expression for the magnetic field
By. Solve explicitly for the Green's function by two methods:

1. Use a spectral expansion in z, followed by a closed form solution in
x.

2. Use a spectral expansion in x, followed by a closed form solution in
z. Note: This spectral expansion utilizes the impedance transform
derived in Chapter 3.

(c) Specialize the solution to the case where the magnetic current source is
a line source on the x -axis at a distance d above the impedance plane.

x

Impedance plane

Fig.5-12 Magnetic current My above an impedance plane.
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SphericalBessel equation,88
SphericalBessel function, 88
SphericalHankel function, 88
SphericalNeumannfunction, 88
Sturm-Liouville form, SO
Sturm-Liouville operator, 45, 50
Sturm-Liouville operatortheory, So-S2
Sturm-Liouville Problemof the First

Kind (SLPl), 53-67
extensionto three dimensions,

182-90
spectral representations for, 106-11
in two dimensions, 191-94

Sturm-Liouville Problemof theSecond
Kind (SLP2),68-77

extensionto three dimensions,
194-98

spectral representations for, 106-11
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Sturm-Liouville Problem of the Third
Kind (SLP3), 77-94

extension to three dimensions,
194-98

spectralrepresentations for, 111-34
Symbolic equality, 48
Symmetric Green's function case,

197-98
Symmetric operator, 30

T

Threedimensions
SLPI extension to, 182-90
SLP2extension to, 194-98
SLP3extension to, 194-98

Time-harmonic representations,
143-44

Transpose of a matrix,23
Twodimensions, SLPI in, 191-94
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components of, 2
orthogonal, 9
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w
Weighting functions, 33
Weyl's theorem, 78
Weyl theory, 88

z
Zeroth-order impedance transform, 131


	1
	2
	3
	4
	5
	6
	7



