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In Memoriam

“Do you think anyone will ever read it?” our father
asked with equal parts hope and terror as the first
complete version of the first manuscript of this

book ground slowly off the dot matrix printer.

Dad envisioned his book as one that teachers would
not just read but use as a toolkit and guide in helping
students discover math. With that vision in mind, he
had spent nearly two years pouring his heart, soul,
and everything he knew about teaching mathematics
into “the book.” In the two decades since that first
manuscript rolled off the printer, “the book” became a
part of our family—sort of a child in need of constant
love and care, even as it grew and matured and made
us all enormously proud.

Many in the field of math education referred to

our father as a “rock star,” a description that utterly
baffled him and about which we mercilessly teased . . .
him. To us, he was just our dad. If we needf:d any “ B elleve 1mn klds ! 7
proof that Dad was in fact a rock star, it came in the —Fohn A. Van de Walle
stories that poured in when he died—from countless
teachers, colleagues, and most importantly from
elementary school students about how our father had
taught them to actually do math. Through this book, millions of children all over the world will be able to
use math as a tool that they understand, rather than as a set of meaningless procedures to be memorized
and quickly forgotten. Dad could not have imagined a better legacy.

Our deepest wish on our father’s behalf is that with the guidance of “the book,” teachers will continue
to show their students how to discover and to own for themselves the joy of doing math. Nothing would

honor our dad more than that.

i, Fhl ok fik L
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—Gretchen Van de Walle and Bridget Phipps
(daughters of John A. Van de Walle)



Dedication

As many of you may know, John Van de Walle passed away suddenly after the release of the sixth edition.

It was during the development of the previous edition that we (Karen and Jennifer) first started writing

for this book, working toward becoming coauthors for the seventh edition. Through that experience, we
appreciate more fully John’s commitment to excellence—thoroughly considering recent research, feedback
from others, and quality resources that had emerged. His loss was difficult for all who knew him and we
miss him greatly.

We believe that our work on this edition reflects our understanding and strong belief in John’s
philosophy of teaching and his deep commitment to children and prospective and practicing teachers.
John’s enthusiasm as an advocate for meaningful mathematics instruction is something we keep in the
forefront of our teaching, thinking, and writing. In recognition of his contributions to the field and his
lasting legacy in mathematics teacher education, we dedicate this book to John A. Van de Walle.
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Opver the past 20 years, many of us at Pearson Allyn & Bacon and Longman have had the privilege to
work with John Van de Walle, as well as the pleasure to get to know him. Undoubtedly, Elemzentary

and Middle School Mathematics: Teaching Developmentally has become the gold standard for elementary
mathematics methods courses. John set the bar high for math education. He became an exemplar of
what a textbook author should be: dedicated to the field, committed to helping all children make sense
of mathematics, focused on helping educators everywhere improve math teaching and learning, diligent
in gathering resources and references and keeping up with the latest research and trends, and meticulous
in the preparation of every detail of the textbook and supplements. We have all been fortunate for the
opportunity to have known the man behind “the book”—the devoted family man and the quintessential
teacher educator. He is sorely missed and will not be forgotten.

—Pearson Allyn & Bacon
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University. He was a mathematics education consultant who regularly

gave professional development workshops for K-8 teachers in the United
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Teacher Educators (AMTE) and chair of the NCTM Emerging Issues
Committee.
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WHAT YOU WILL FIND IN THIS BOOK

If you look at the table of contents, you will see that the chapters are separated into two distinct
sections. The first section, consisting of seven chapters, deals with important ideas that cross
the boundaries of specific areas of content. The second section, consisting of 16 chapters, offers
teaching suggestions for every major mathematics topic in the pre-K-8 curriculum. Chapters in
Section I offer perspective on the challenging task of helping children learn mathematics. The
evolution of mathematics education and underlying causes for those changes are important com-
ponents of your professional knowledge as a mathematics teacher. Having a feel for the discipline
of mathematics—that is, to know what it means to “do mathematics”—is also a critical component
of your profession. The first two chapters address these issues.

Chapters 2 and 3 are core chapters in which you will learn about a constructivist view of learn-
ing, how that is applied to learning mathematics, and what it means to teach through problem
solving. Chapter 4 will help you translate these ideas of how children best learn mathematics into
the lessons you will be teaching. Here you will find practical perspectives on planning effective
lessons for all children, on the value of drill and practice, and other issues. A sample lesson plan is
found at the end of this chapter. Chapter 5 explores the integration of assessment with instruction
to best assist student learning.

In Chapter 6, you will read about the diverse student populations in today’s classrooms in-
cluding students who are English language learners, are gifted, or have special needs. Chapter 7
provides perspectives on the issues related to using technology in the teaching of mathematics. A
strong case is made for the use of handheld technology at all grade levels. Guidance is offered for
the selection and use of computer software and resources on the Internet.

Each chapter of Section II provides a perspective of the mathematical content, how children
best learn that content, and numerous suggestions for problem-based activities to engage children
in the development of good mathematics. The problem-based tasks for students are integrated
within the text, not added on. Reflecting on the activities as you read can help you think about the
mathematics from the perspective of the student. Read them along with the text, not as an aside.
As often as possible, take out pencil and paper and try the problems so that you actively engage in
your learning about children learning mathematics.

SOME SPECIAL FEATURES OF THIS TEXT

By flipping through the book, you will notice many section headings, a large number of figures,
and various special features. All are designed to make the book more useful as a textbook and as a
long-term resource. Here are a few things to look for.

M[W/ MyEducationLab »

New to this edition, you will find margin notes that connect chapter ideas to the
MyEducationLab website (www.myeducationlab.com). Every chapter in Section I
connects to new video clips of John Van de Walle presenting his ideas and activities
to groups of teachers. For a complete list of the new videos of John Van de Walle, see
the inside front cover of your text.

Think of MyEducationLab as an extension of the text. You will find practice test
questions, lists of children’s literature organized by topic, links to useful websites, class-
room videos, and videos of John Van de Walle talking with students and teachers. Each
of the Blackline Masters mentioned in the book can be downloaded as a PDF file. You will
also find seven Expanded Lesson plans based on activities in the book. MyEducationLab is
easy to use! In the textbook, look for the MyEducationLab logo in the margins and follow links
to access the multimedia assignments in MyEducationLab that correspond with the chapter
content.

y

myeducationlal?)

Go to the Activities and Ap-
plication section of Chapter
3 of MyEducationLab. Click
on Videos and watch the
video entitled “John Van
de Walle on Teaching
Through Problem Solving”
to see him working on a
problem with teachers dur-
ing a training workshop.

Xix
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XX Preface

Big Ideas
Much of the research and literature espousing a student-centered approach suggests that
teachers plan their instruction around “big ideas” rather than isolated skills or concepts. At
the beginning of each chapter in Section I, you will find a list of the key mathematical ideas
associated with the chapter. Teachers find these lists helpful for quickly getting a picture of the

mathematics they are teaching.

Mathematics Content Connections
Following the Big Ideas lists are brief descriptions of other content areas in mathematics that
are related to the content of the current chapter. These lists are offered to help you be more
aware of the potential interaction of content as you plan lessons, diagnose students’ difficulties,
and learn more yourself about the mathematics you are teaching.

388  Chapter 19 Developing Measurement Concepts

of required precision. (Would you measure your lawn to

need practice in using common sense in the selection of
appropriate standard units.

3. Knowledge of relationsbips between units. Students
should know those relationships that are commanly used,
such as inches, feet, and yards or millliters and liters. Te
dious conversion exercises do little to enhance measur
ment sense.

Standard area units are in terms of lengths such as
square inches or square feet, so familiarity with lengths is
important. Familiarity with a single degree is not as impor-
tant as some idea of 30, 45, 60, and 90 degrees.

The second approach to unit familiarity is to begin with
very familiar items and use their measures as references or
benchmarks. A doorway is a bit more than 2 meters high
and a doorknob is about 1 meter from the floor. A bag of
flour is a good reference for § pounds. A paper clip weighs
about a gram and is about 1 centimeter wide. A gallon of

milk weighs a litle less than 4 kilograms.

Aoﬁw‘f?/ 19.22

Familiar References

Use the book Measuring Penny (Leedy, 2000) to get
students interested i th variety of ways Failar
items can be measured. In this book, the author

Developing Unit Far . Two types of activities can
help develop familiarity with standard units: (1) compari-
sons that focus on a single unit and (2) activities that de-
velop personal referents or benchmarks for single nits or
casy multiples of units.

onvoprgoecmaitumoerserse 333 P bridges between nonstandard (e.g., dog biscits) and

standard units to measure Penny the pet dog. Have
forsudns o e o hebeiing el e Jour students use the idea of measuring Penny to find
b A F a standard unit, and have something at home (or in class) to measure in as many

The caleulator can also play 3 significan role in deci-
playa s that measure about the same.

mple, to develop familiarity

ways as they can think using standard units. The mea-
sures should be rounded to whole numbers (unless
fents a piece of rope 1 meter children suggest adding a fractional unit to be more
sts of things that are about 1 precise). Discuss in dlass the familiar items chosen and
s for things that are a little their o

35 long (or half as long). En- are shared.

| amiliar tems in their daily

ths, be sure to include curved
, students can try to predict
5 more than, less than, or

mal concept development.

Aa‘way 17.3

Calculator Decimal Counting .
Now have s

Of special interest for length are benchmarks found
on our bodies. These become quite familiar over time and
can be used as approximate rulers in many situations. Even
though young children grow quite rapidly, it is useful for
them to know the approximate lengths that they carry
be done with other unit lengths. oo 1% O

5 help students find familiar dis-
Aa‘wa‘?/ 19.23

nile or about 1 kilometer. Sug-

check the distances around the

sol or shopping center, or along

paths. If possible, send home (or Personal Benchmarks

I-yard trundle wheel to measure Measure your body. About how long is your foot, your
stride, your hand span (stretched and with fingers to-
gether), the width of your finger, your arm span (fin-
ger to finger and finger to nose), the distance around

your wrist and around your waist, and your height to

waist, to shoulder, and to head? Some may prove to

be useful benchmarks, and some may be excellent

models for single units. (The average child’s fingernail

0.001 to ge o 0.01 and 1000 counts to reach 1.

h as cup, quart, and liter, students
ds or has a marking for a single
dother containers at home and at
nuch, more, and less. Remember
sers can be very deceptive when

The fact that the caleulaor counts 0.5, 09, 1, 1L in-
stead of 08, 0.9,0.10, 0.1 should give rise to the question
“Docs this make sense? 1fs0, why?”

Caleulators that permit entry of fractions also have
a fraction-decimal conversion key. On some caleulators a
decimal such a5 0.35 will convert to the base-ten fraction

Jeuttors con b s 10 sh e comerson . hts of gram, kilogram, ounce, and width is about 1 cm, and most people can find a
o without simplifcation. The abiliy of - are objects on a two-pan balance 10-cm length somewhere on their hands.)

units. Tt may by t©

punces. Students can be encour- “To help remember these references, they must be used

bjccts from home to compare on i activities in which lengths, volumes, and so on are com-
pared to the benchmarks to estimate measurements.

forth
decimals makes them 3 valusble tool as students begin to
conneet raction and decimal symbolis

the classroom scale.

Investigations in Number,
Data, and Space and
Connected Mathematics »™

In Section II, four chapters include features that
describe an activity from the standards-based cur-
riculum Investigations in Number; Data, and Space (an
elementary curriculum) or Connected Mathematics
Project (CMP 1I) (a middle school curriculum). These
features include a description of an activity in the
program as well as the context of the unit in which it is
found. The main purpose of this feature is to acquaint
you with these materials and to demonstrate how the
spirit of the NCTM Standards and the constructivist
theory espoused in this book have been translated into
existing commercial curricula.

nd Ared encofidess
e ]

e develop™ S

Context gc(\ViwLO“““\‘C;;\ int mu,(\css:1 e
imeter o At c g
The perime™® | carement: a the ¢4 1 ot the

< Activities

The numerous activities found in every chapter of Section
II have always been rated by readers as one of the most
valuable parts of the book. Some activity ideas are described
directly in the text and in the illustrations. Others are
presented in the numbered Activity boxes. Every activity
is a problem-based task (as described in Chapter 3) and is
designed to engage students in doing mathematics. Some
activities incorporate calculator use; these particular activi-
ties are marked with a calculator icon.

Teaching Considerations 281
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Assessment Notes »

Assessment should be an integral part of in-

struction. Similarly, it makes sense to think

about what to be listening for (assessing) as

you read about different areas of content devel-
opment. Throughout the content chapters, you will
see assessment icons indicating a short description of
ways to assess the topic in that section. Reading these
assessment notes as you read the text can also help you
understand how best to help your students.

Tech Notes »

An icon marks each Tech Notes section, which discuss
how technology can be used to help with the content
just discussed. Descriptions include open-source soft-
ware, interactive applets, and other Web-based resources.
Note that there are suggestions of NCTM e-Examples that cc
full lessons on the NCTM Illuminations website. (Inclusion of
website in these notes should not be seen as an endorsement.)

Chapter End Matter »

goal,

The end of each chapter is reorganized to include two major 3 . TS o gy 1
subsections: Reflections, which includes Writing to Learn b :

and For Discussion and Exploration; and Resources, which 2»i"é’eﬁf;:::qn.mv;;'7C‘Zi7:;§‘37,’§iﬁiﬂ‘€;e,gsm,ex, it g,

includes Literature Connections (found in all Section IT chap- o s i L e h; ?)m'q'},,lfmimid

Ise e
 cach s By

ters), Recommended Readings, Online Resources, and Field
Experience Guide Connections.

e book PIEES 0 220
Writing to Learn ) o

<o o o

To help you focus on the important pedagogical ideas, a list of

focusing questions is found at the end of every chapter under

the heading “Writing to Learn.” These study questions are

designed to help you reflect on the main points of the chap-

ter. Actually writing out the answers to these questions in

your own words is one of the best ways for you to develop P —
your understanding of each chapter’s main ideas. i i %7 i Do,

e T I o

o

b
o S oy -
e ! st

5 article gy,
ice j
. ncludes

b collecry,

For Discussion and Exploration

These questions ask you to explore an issue, reflect on :
observations in a classroom, compare ideas from this In iy "2 Half B i cw,,&l‘i"ﬂifi;,ﬁj",ﬁj}hm
book with those found in curriculum materials, or ;

perhaps take a position on a controversial issue. There

are no “right” answers to these questions, but we el ey

hope that they will stimulate thought and cause spirited
conversations.



(=0
—

XX| Preface

Literature Connections

Section II chapters contain end-of-chapter Literature Connections sections. These have been
completely updated and expanded. For each children’s literature title suggested, there is a brief

description of how the mathematics concepts in the chapter can be connected to the story. These
sections will get you started using this exciting vehicle for teaching mathematics.

Recommended Readings

In this section, you will find an annotated list of articles and books to augment the information
found in the chapter. These recommendations include NCTM articles and books, and other pro-
fessional resources designed for the classroom teacher. (In addition to the Recommended Readings,
there is a References list at the end of the book for all sources cited within the chapters.)

A more complete listing of books and articles related to each chapter of the book can be found
on the MyEducationLab site for this book at www.myeducationlab.com.

Online Resources

Today there are many mathematics-learning resources available free on the Internet. Most are in
the form of interactive applets that allow students to explore a specific mathematics concept or skill.
At the end of each chapter, you will find an annotated list of some of the best of these resources

along with their website addresses. Exploring these Web-based resources will be a learning experi-
ence for you as well as your students.

An easy method of accessing these sites is to visit the MyEducationLab site for this book.
There, each Web-based resource and applet can be accessed with a simple click of the mouse.
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Teaching Today (NCTM, 2007a)
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Expanded Lesson
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CHANGES IN THIS EDITION

Some changes are more obvious; for others you have to look closely. No chapter was left
untouched. All features from the sixth edition remain, although some have been revised
and expanded. Recommendations for additional resources are now shorter and more
focused, and Literature Connections are found at the end of the content chapters with
the other resources. Also, there are new MyEducationLab features, including video of
John Van de Walle working with teachers. In addition, each chapter now concludes with
a section connecting to the Field Experience Guide. Following are highlights of the changes
in the seventh edition.

Doing and Understanding Mathematics

You will immediately note that there is one fewer chapter. Chapters 2 and 3 in the sixth
edition separated the doing and understanding of mathematics. Now Chapter 2 connects
the theories of learning “why do” to the implementation of “doing” mathematics. The
theories of constructivism and sociocultural theory are concisely and clearly described,
followed by implications for teaching. Many reviewers requested this melding of the two
chapters, and the resulting chapter explicitly ties theory to practice.

Problem Solving

Although problem solving is integrated throughout the book, in Section I chapters you
will find a new emphasis on teaching problem solving with a focus on the work of George
Polya. Because we recognize that many teachers are using a curriculum that may not
include the same focus on problem solving as espoused in the book, there is an excellent
section in Chapter 3 on how to adapt textbooks to promote problem solving.

Diversity

The emphasis on diversity will be obvious to those who have used the book in the past.
Discussions that focus on diversity include differentiating instruction (including tiered
lessons) and the advantages of flexible grouping (in Chapter 4), a new component of the
lesson planning process (Chapter 4), and working with families who have diverse lin-
guistic and cultural backgrounds (Chapters 4 and 6). Chapter 6, “Teaching Mathematics
Equitably to All Children,” contains several new features, including an expanded sec-
tion for working with students with special needs that discusses adapting the response
to intervention (RTT) model for use with students in the mathematics classroom, and a
revised section offering research-based strategies for students with mild and significant
disabilities. Finally, in Section II there is an intentional effort to weave considerations
for working with students from diverse backgrounds into the discussions of concepts and
methods.

Technology

Not surprisingly, there are many changes in the world of technology since the last edition
and it will be challenging to keep up even as this edition is published. There is a more
inclusive definition of technologies including digital tools, collaborative authoring tools,
podcasts, and dynamic software. This is in light of the thinking about Technological
Pedagogical Content Knowledge, which reflects the need to infuse technology in ev-
ery lesson. In Chapter 7, there are guidelines on how to select and evaluate Internet
resources, something that previous readers and reviewers requested. There is a distinct
effort throughout the book to focus on software you do not need to buy, but can instead
access online.

Algebraic Thinking

One of the most important changes in this edition is the treatment of algebraic thinking
in Chapter 14, “Algebraic Thinking: Generalizations, Patterns, and Functions. ” Although



revised in the sixth edition, the chapter is now reorganized aro
algebraic thinking: generalization from arithmetic and from patt
ics, meaningful use of symbols, study of structure in the number
and functions, and the process of mathematical modeling, which
In addition, there is increased attention to developing meanin
thinking across grades pre-K-8, including connections to other

Statistics and Data Analysis

Since the sixth edition, the American Statistical Association pub
Assessment and Instruction in Statistics Education (GAISE) Report. T’
outlines a process for doing statistics that provides the foundatio
data analysis remains an essential focus of this chapter, there are
posing questions, data collection, and drawing inferences.

Developing as a Professional

There is also a new emphasis on your long-term professional gr
abreast of the most current documents in mathematics educatio
in Chapter 1 that invites you to grow and learn as you become a
In Chapter 1, you will be introduced to the Curriculum Focal Poin
aware of all new NCTM position statements, thinking on Grade
the results of major national and international assessments. In ad
section in Chapter 1 that emphasizes your responsibility to devel
edge of mathematics, persistence, positive attitude, readiness fo
disposition. These are the elements of becoming a lifelong learn:

Other Changes

Here are some other highlights new to the seventh edition:

* Chapter 5, “Building Assessment into Instruction,” now inc
mative and summative assessment, rubrics that are clearly f
of evidence, and a section on diagnostic interviews to support
students who are struggling.

¢ Chapter 10, “Helping Children Master the Basic Facts,”
place more emphasis on the Make 10 strategy, which resea
fective. In addition, a new section on what to do and what
guidance to teachers about how to implement the strategies

* Chapter 15, “Developing Fraction Concepts,” now includes
of fractions and gives a list of strategies to remember when

* Chapter 19, “Developing Measurement Concepts,” now incl
that was previously discussed in the chapter on place value.

* Chapter 22, “Exploring Concepts of Probability,” includ
engaging contexts for exploring probability, as well as an
important concepts of sample size and variability.
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SUPPLEMENTS

Qualified college adopters can contact their Pearson sales representatives for informa-
tion on ordering any of the supplements below. The instructor supplements are all
available for download from the Pearson Instructor Resource Center at www.pearson
highered.com/irc.

Instructor Supplements

Instructor’s Manual Written by the authors, the Instructor’s Manual for the seventh edition
includes a wealth of resources designed to help instructors teach the course, including chap-
ter notes, activity suggestions, suggested assessment and test questions, and instructor
transparency masters.

Computerized Test Bank The Computerized Test Bank contains hundreds of challenging
questions in fill-in-the-blank, multiple-choice, true/false, and essay formats. Instructors can
choose from these questions and create their own customized exams.

PowerPoint™ Presentation Ideal for instructors to use for lecture presentations or stu-
dent handouts, the PowerPoint presentation provides dozens of ready-to-use graphic and

text images tied to the text. Also included are the transparency masters from the Instructor’s
Manual.

Resources for Teachers of Elementary and Student Supplemen ts

o e Middle School Mathematics

< Field Experience Guide This guidebook for both practicum experiences
and student teaching at the elementary and middle school levels has been re-
E LEM E NTARY AND vised for the seventh edition. The author, Jennifer Bay-Williams, has developed
M | DDLE SCH 0 OL this guide to directly address the NCATE accreditation requirements. It con-
tains numerous field-based assignments. Each includes reproducible forms to
M ATH E M ATl CS record your experiences to turn in to your instructor. The guide includes ad-
Teaching Developmentally ditional activities for students, full-size versions of all of the Blackline Masters
Savextn EERY in this text, and 24 additional Expanded Lesson plans that guide teachers from
planning to implementing student-centered lessons.
If this Field Experience Guide did not come packaged with your book, you
may purchase it online at www.mypearsonstore.com.

<« MyEducationLab Think of MyEducationLab as an exten-
sion of the text. You will find practice test questions, lists of
children’s literature organized by topic, links to useful web-
sites, classroom videos, and videos of John Van de Walle talk-
ing with students and teachers. Each of the Blackline Masters
mentioned in the book can be downloaded as a PDF file. You
will also find seven Expanded Lesson plans based on activities
in the book.
New to this edition you will find integration of the
Scott Foresman-Addison Wesley enVisionMATH K—6 mathe-
matics program. MyEducationLab features topics from the
enVisionMATH teacher’s edition e-book correlated to the
text. This K-6 curriculum includes daily problem-based
interactive learning followed by visual learning strategies.
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This curriculum is designed to deepen conceptual unders
connections for students and delivering strong, sequential visu
the Visual Learning Bridge in every lesson. Ongoing diagno
data-driven differentiation ensure that enVisionMATH gives
to succeed. The MyEducationLab website offers 16 topics
teachers an opportunity to explore this mathematics curricul
classrooms throughout the country.

MyEducationLab is easy to use! In the textbook, look fo
the margins and follow links to access the multimedia assi
correspond with the chapter content.

If the access code for MyEducationLab did not come
may purchase access at www.myeducationlab.com.
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In this changing world, those who understand and can do
mathematics will bave significantly enbanced opportunities
and options for shaping their futures. Mathematical compe-
tence opens doors to productive futures. A lack of mathemat-
ical competence keeps those doors closed. . . . All students
should have the opportunity and the support necessary to
learn significant mathematics with depth and understand-
ing. There is no conflict between equity and excellence.
NCTM (2000, p. 50)

Someday soon you will find yourself in front of a class of
students, or perhaps you are already teaching. What gen-
eral ideas will guide the way you will teach mathematics? This
book will help you become comfortable with the mathemat-
ics content of the pre-K-8 curriculum. You will also learn
about research-based strategies for helping children come to
know mathematics and be confident in their ability to do
mathematics. These two things—your knowledge of math-
ematics and how students learn mathematics—are the most
important tools you can acquire to be an effective teacher of
mathematics. However, outside influences and research will
affect the mathematics teaching in your classroom as well.
Foratleast two decades, mathematics education has been
undergoing slow but steady changes. The impetus for these
changes, in both the content of school mathematics and the
way mathematics is taught, can be traced to various sources,
including knowledge gained from research. One significant
factor in this change has been the professional leadership of
the National Council of Teachers of Mathematics NCTM),
an organization of teachers and mathematics educators. An-
other factor is the public or political pressure for change in
mathematics education due largely to less-than-stellar U.S.
student performance in international studies. In reaction,
state standards and the No Child Left Behind Act (NCLB)
press for higher levels of achievement, more testing, and
increased teacher accountability. The reform agendas of
NCTM and those of the political sector often seem to press

teachers in different directions. Although high expectations
for students are important, testing alone is not an appropri-
ate approach to improved student learning. According to
NCTM, “Learning mathematics is maximized when teach-
ers focus on mathematical thinking and reasoning” (www
.nctm.org). The views of NCTM are clearly reflected in the
ideas discussed in this book.

As you prepare to help children learn mathematics, it
is important to have some perspective on the forces that
affect change in the mathematics classroom. This chapter
addresses the leadership that NCTM provides for mathe-
matics education and also the major pressures on math-
ematics education from outside influences.

Ultimately, it is you, the teacher, who will shape math-
ematics for the children you teach. Your beliefs about what
it means to know and do mathematics and about how chil-
dren come to make sense of mathematics will affect how you
approach instruction. These beliefs will undoubtedly be af-
fected, directly or indirectly, by the significant ideas on math-
ematics education that you will read about in this chapter.

The National Standards-

Based Movement

SO In April 2000, the National Council of Teachers of

Mathematics (NCTM) released Principles and Standards for
School Mathematics, an update of its original standards docu-
ment released 11 years earlier in 1989. With this most impor-
tant document, the council continues to guide a revolutionary
reform movement in mathematics education, not just in the
United States and Canada but also throughout the world.
The momentum for reform in mathematics education
began in the early 1980s in response to a “back to basics”
movement that emphasized “reading, writing, and arith-
metic.” As a result, problem solving became an important
strand in the mathematics curriculum. The work of Jean

1
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Piaget and other developmental psychologists helped to fo-
cus research on how children can best learn mathematics.

This momentum came to a head in 1989, when NCTM
published Curriculum and Evaluation Standards for School
Mathematics and the standards movement or reform era in
mathematics education began. It continues today. No other
document has ever had such an enormous effect on school
mathematics or on any other area of the curriculum. In
1991, NCTM published Professional Standards for Teaching
Mathematics. The Professional Standards and the companion
document Mathematics Teaching Today articulate a vision of
teaching mathematics and build on the notion found in the
Curriculum Standards that significant mathematics achieve-
ment is a vision for all children, not just a few. NCTM com-
pleted the package with the Assessiment Standards for School
Mathematics in 1995 (see Chapter 5). The Assessment Stan-
dards shows clearly the necessity of integrating assessment
with instruction and indicates the key role that assessment
plays in implementing change.

From 1989 to 2000, these three documents guided
the reform movement in mathematics education, directly
leading in 2000 to the publication of Principles and Stan-
dards for School Mathematics, which is an update of all three
original standards documents and further articulates the
ideals, processes, and content that should be emphasized in
pre-K through grade 12 classrooms and programs. In 2006,
NCTM released Curriculum Focal Points, a little publicatio
with a big message—mathematics at each gr: ]ﬁg Qed
to focus, go into more depth, and show connections. With
continued guidance from NCTM and the sustained hard
work of teachers and mathematics educators at all levels,
mathematics teaching and learning will continue to improve
and move the country forward to a curriculum that is more
challenging and meaningful to students. In the following
sections, we discuss these documents, especially the Prin-
ciples and Standards, as well as other reports, because their
message Is critical to your work as a mathematics teacher.

Principles and Standards
. for School Mathematics

" Principles and Standards for School Mathematics (2000)
is designed to provide guidance and direction for teach-
ers and other leaders in pre-K-12 mathematics education.
After almost 10 years, Principles and Standards remains the
most significant reference for these educators on mathe-
matical knowledge. While it is important that teachers read
and reflect on the actual document, the next few pages will
provide you with an idea of what you will find there.

The Six Principles

One of the most important features of Principles and Stan-
dards for School Mathematics is the articulation of six princi-
ples fundamental to high-quality mathematics education:

® Equity ® Learning
e Curriculum ® Assessment
e 'Teaching e Technology

According to Principles and Standards, these principles must
be “deeply intertwined with school mathematics programs”
(NCTM, 2000, p. 12). The principles make it clear that
excellence in mathematics education involves much more
than simply listing content objectives.

The Equity Principle

Excellence in mathematics education requires equity—
high expectations and strong support for all students.

(NCTM, 2000, p. 12)

The strong message of the Equity Principle is high expecta-
tions for all students. All students must have the opportu-
nity and adequate support to learn mathematics “regardless
of personal characteristics, backgrounds, or physical chal-
lenges” (p. 12). The message of high expectations for all is
interwoven throughout the document as a whole.

The Curriculum Principle

A curriculum is more than a collection of activities: it must
be coherent, focused on important mathematics, and well
articulated across the grades. (NCTM, 2000, p. 14)

oh t tfxe importance of building instruc-
tion %nhaﬁ?;e%’ both in the curriculum and in daily
classroom instruction. Students must be helped to see that
mathematics is an integrated whole, not a collection of iso-
lated bits and pieces.

Mathematical ideas are “important” if they help in the
development of other ideas, link ideas one to another, or
serve to illustrate the discipline of mathematics as a human
endeavor.

The Teaching Principle

Effective mathematics teaching requires understanding
what students know and need to learn and then challeng-
ing and supporting them to learn it well. (NCTM, 2000,

p- 16)

What students learn about mathematics almost entirely de-
pends on the experiences that teachers provide every day in
the classroom. To provide high-quality mathematics educa-
tion, teachers must (1) understand deeply the mathematics
they are teaching; (2) understand how children learn math-
ematics, including a keen awareness of the individual math-
ematical development of their own students; and (3) select
instructional tasks and strategies that will enhance learning.

Standards are listed with permission of the National Council of
Teachers of Mathematics (INCTM). NCTM does not endorse the
content or validity of these alignments. Reprinted with permis-
sion from Principles and Standards for School Mathematics, copyright
© 2000 by the National Council of Teachers of Mathematics.



“Teachers’ actions are what encourage students to think,
question, solve problems, and discuss their ideas, strategies,
and solutions” (p. 18).

The Learning Principle

Students must learn mathematics with understanding, ac-
tively building new knowledge from experience and prior

knowledge. (NCTM, 2000, p. 20)

The learning principle is based on two fundamental ideas.
First, learning mathematics with understanding is essential.
Mathematics today requires not only computational skills
but also the ability to think and reason mathematically in
order to solve the new problems and learn the new ideas
that students will face in the future.

Second, the principle states quite clearly that students
can learn mathematics with understanding. Learning is en-
hanced in classrooms where students are required to evalu-
ate their own ideas and those of others, are encouraged
to make mathematical conjectures and test them, and are
helped to develop their reasoning skills.

The Assessment Principle

Assessment should support the learning of important
mathematics and furnish useful information to both teach-
ers and students. (NCTM, 2000, p. 22)

In the authors’ words, “Assessmeﬁﬁaxaeyt rE@FE)e
done to students; rather, it should 'also done for stu-
dents, to guide and enhance their learning” (p. 22). Ongo-
ing assessment highlights for students the most important
mathematics concepts. Assessment that includes ongoing
observation and student interaction encourages students to
articulate and, thus, clarify their ideas. Feedback from daily
assessment helps students establish goals and become more
independent learners.

Assessment should also be a major factor in making
instructional decisions. By continuously gathering infor-
mation about student growth and understanding, teachers
can better make the daily decisions that support student
learning. For assessment to be effective, teachers must use
a variety of assessment techniques, understand their math-
ematical goals deeply, and have a good idea of how their
students may be thinking about or misunderstanding the
mathematics that is being developed.

The Technology Principle

Technology is essential in teaching and learning mathe-
matics; it influences the mathematics that is taught and
enhances students’ learning. (NCTM, 2000, p. 24)

Calculators, computers, and other technologies should
be seen as essential tools for doing and learning mathemat-
ics in the classroom. Technology permits students to focus
on mathematical ideas, to reason, and to solve problems in
ways that are often impossible without these tools. Technol-
ogy enhances the learning of mathematics by allowing for

Enl'/']cer
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increased exploration and enhanced representation of ideas.
It extends the range of problems that can be accessed.

The Five Content Standards

Principles and Standards includes four grade bands: pre-K-2,
3-5,6-8, and 9-12. The new emphasis on preschool recog-
nizes the need to highlight the critical years before children
enter kindergarten. Rather than use different sets of math-
ematical topics for each grade band, the authors agreed on
a common set of five content standards throughout the
grades (see Appendix A). Section 2 of this book (Chapters
8 through 23) is devoted to elaborating on each of the con-
tent standards listed below:

Number and Operations
Algebra

Geometry

Measurement

Data Analysis and Probability

Each content standard includes a small set of goals ap-
plicable to all grade bands. Then, each grade-band chapter
provides specific expectations for what students should know.
These grade-band expectations are also concisely listed in the
appendix to the Standards and in Appendix A of this book.

Pavse and Pe%[ea‘

Pause now and turn to Appendix A. Spend a few min-
utes with these expectations for the grade band in which you
are most interested. How do these expectations compare with
the mathematics you experienced when you were in school?

Although the same five content standards apply across
all grades, you should not infer that each strand has equal
weight or emphasis in every grade band. Number and Op-
erations is the most heavily emphasized strand from pre-K
through grade 5 and continues to be important in the
middle grades, with a lesser emphasis in grades 9-12. That
same emphasis is reflected in this book, with Chapters 8 to
13 and 15 to 18 addressing content found in the Number
and Operations standard.

Algebra is clearly intended as a strand for all grades.
"This was likely not the case when you were in school. Today,
most states and provinces include algebra objectives at every
grade level. In this book, Chapter 14 addresses this strand.

Note that Geometry and Measurement are separate
strands, suggesting the unique importance of each of these
two areas to the elementary and middle grades curriculum.

The Five Process Standards

Following the five content standards, Principles and Stan-
dards lists five process standards:

® Problem Solving
® Reasoning and Proof
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¢ Communication
e (Connections
® Representation

The process standards refer to the mathematical pro-
cess through which students should acquire and use math-
ematical knowledge. The statement of the five process
standards can be found in Table 1.1.

These five processes should not be regarded as separate
content or strands in the mathematics curriculum. Rather,
they direct the methods or processes of doing all mathemat-
ics and, therefore, should be seen as integral components of
all mathematics learning and teaching.

To teach in a way that reflects these process standards
is one of the best definitions of what it means to teach “ac-
cording to the Standards.”

The Problem Solving standard clearly views prob-
lem solving as the vehicle through which children develop
mathematical ideas. Learning and doing mathematics as you
solve problems is probably the most significant difference in
the Standards approach versus previous methodologies.

If problem solving is the focus of mathematics, the
Reasoning and Proof standard emphasizes the logical
thinking that helps us decide if and why our answers make
sense. Students need to develop the habit of providing a
rationale as an integral part of every answer. It is essential
for students to learn the value of justifying ideas through
logical argument.

The Communication standard points to the impor-
tance of being able to talk about, write about, describe, and
explain mathematical ideas. Learning to communicate in
mathematics fosters interaction and exploration of ideas in
the classroom as students learn in an active, verbal environ-
ment. No better way exists for wrestling with or cementing
an idea than attempting to articulate it to others.

The Connections standard has two separate thrusts.
First, it refers to connections within and among mathemati-
cal ideas. For example, fractional parts of a whole are con-
nected to concepts of decimals and percents. Students need
opportunities to see how mathematical ideas build on one
another in a useful network of connected ideas.

Second, mathematics should be connected to the real
world and to other disciplines. Children should see that
mathematics plays a significant role in art, science, language
arts, and social studies. This suggests that mathematics
should frequently be integrated with other discipline ar-
eas and that applications of mathematics in the real world
should be explored.

The Representation standard emphasizes the use of
symbols, charts, graphs, manipulatives, and diagrams as
powerful methods of expressing mathematical ideas and
relationships. Symbolism in mathematics, along with visual
aids such as charts and graphs, should be understood by
students as ways of communicating mathematical ideas to

Ap ag 9] PDIZthea@haMp@'le from one representation to another

Table 1.1

The Five Process Standards from Principles and Standards for School Mathematics

Problem Solving Standard
Instructional programs from prekindergarten
through grade 12 should enable all students to—

* Build new mathematical knowledge through problem solving
* Solve problems that arise in mathematics and in other contexts
* Apply and adapt a variety of appropriate strategies to solve problems

* Monitor and reflect on the process of mathematical problem solving

Reasoning and Proof Standard
Instructional programs from prekindergarten
through grade 12 should enable all students to—

* Recognize reasoning and proof as fundamental aspects of mathematics
* Make and investigate mathematical conjectures
* Develop and evaluate mathematical arguments and proofs

® Select and use various types of reasoning and methods of proof

Communication Standard
Instructional programs from prekindergarten

through grade 12 should enable all students to— and others

¢ Organize and consolidate their mathematical thinking through communication
¢ Communicate their mathematical thinking coherently and clearly to peers, teachers,

* Analyze and evaluate the mathematical thinking and strategies of others
® Use the language of mathematics to express mathematical ideas precisely

Connections Standard
Instructional programs from prekindergarten
through grade 12 should enable all students to—

* Recognize and use connections among mathematical ideas
¢ Understand how mathematical ideas interconnect and build on one another to produce
a coherent whole

® Recognize and apply mathematics in contexts outside of mathematics

Representation Standard
Instructional programs from prekindergarten
through grade 12 should enable all students to—

¢ Create and use representations to organize, record, and communicate mathematical ideas
* Select, apply, and translate among mathematical representations to solve problems
* Use representations to model and interpret physical, social, and mathematical phenomena

Source: Standards are listed with permission of the National Council of Teachers of Mathematics (NCTM). NCTM does not endorse
the content or validity of these alignments. Reprinted with permission from Principles and Standards for School Mathematics,
copyright © 2000 by the National Council of Teachers of Mathematics, Inc. www.nctm.org.
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is an important way to add depth of understanding to a
newly formed idea.

Throughout this book, this icon will alert you
m to specific information in Principles and Stan-

dards relative to the information you are read-
ing. However, these notes and the brief descriptions you
have just read should not be a substitute for reading the
Standards documents. Members of NCTM have access on-
line to the complete Principles and Standards document as
well as the three previous standards documents. Nonmem-
bers can sign up for 120 days of free access to the Principles
and Standards at www.nctm.org. The website also contains
a number of free applets (referred to as “e-Examples”),
which are interactive tools for learning about mathematical
concepts. ¢

Curriculum Focal Points:
%A Quest for Coherence

The goals established by states are sometimes broad
and numerous (discussed more thoroughly later in this
chapter in the section “Grade-Level Expectations”), often
covering many topics in 1 year without clearly indicat-
ing how those topics should be £onpes ,
NCTM responded to the needs ex ess y teachers of
mathematics, state curriculum leaders, and other educators
ata variety of agencies to pinpoint mathematical “targets”
for each grade level that specify the big ideas for the most
significant concepts and skills. NCTM brought together a
variety of experts who researched this topic and wrote The
Curriculum Focal Points for Prekindergarten through Grade §
Mathematics: A Quest for Coberence (2006). This document
is organized by grade level and NCTM content strands,
emphasizing for each grade three essential areas (Focal
Points) as the primary focus of that year’s instruction. The
topics relating to that focus are organized to show the
importance of a coberent curriculum rather than a curricu-
lum with a list of isolated topics. The expectation is that
those focal points along with integrated process skills and
connecting experiences would form the fundamental core
content of that grade. The Curriculum Focal Points are,
in fact, a stimulus for conversations among teachers, ad-
ministrators, families, and other
interested stakeholders about the
emphasis, depth, and sequence
of key ideas for their child, class-
room, school, or state. Not sur-
prisingly, over half the states are
already aligning their curriculum
with the Focal Points. Besides fo-
cusing instruction, the document
provides guidance to profession-

plication section of Chapter
1 of MyEducationLab. Click
on Online Resources and
then on the link entitled
“Curriculum Focal Points”
to explore mathematical
topics for each grade level.

y
myeducationlal;)

Go to the Activities and Ap- |

als about ways to refine and streamline the existing cur-
riculum in light of competing priorities.

The Professional Standards
for Teaching Mathematics
and Mathematics Teaching

* Today

Although Principles and Standards incorporates prin-
ciples of teaching and assessment, the emphasis is on cur-
riculum. In contrast, The Professional Standards for Teaching
Mathematics (1991) (available free online to NCTM mem-
bers) and its companion document, Mathematics Teaching
Today (2007) (see Appendix B), focus on teaching. Through
detailed classroom stories (vignettes) of real teachers, the
documents articulate the careful, reflective work that must
go into the teaching of mathematics.

Shifts in the Classroom Environment

The introduction to Mathematics Teaching Today lists six ma-
jor shifts in the environment of the mathematics classroom
that are necessary to allow students to develop mathemati-

B Entiericets

Communities that offer an equal opportunity to learn
to all students

® A balanced focus on conceptual understanding as well
as on procedural fluency

® Active student engagement in problem solving, reason-
ing, communicating, making connections, and using
multiple representations

® Well-equipped learning centers in which technology is
used to enhance understanding

® Incorporation of multiple assessments that are aligned
with instructional goals and practices

® Mathematics authority that lies within the power of
sound reasoning and mathematical integrity (NCTM,
2007, p. 7).

The Teaching Standards

Mathematics Teaching Today contains chapters on (1) teach-
ing and learning; (2) observation, supervision, and improve-
ment of mathematics teaching; (3) education and continued
professional growth of teachers; (4) working together to
achieve the vision; and (5) questions for the reflective prac-
titioner. In the teaching and learning section there are seven
mathematics teaching standards:

1. Knowledge of Mathematics and General Pedagogy
2. Knowledge of Student Mathematical Learning
3. Worthwhile Mathematical Tasks
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4. Learning Environment

5. Discourse

6. Reflection on Student Learning
7. Reflection on Teaching Practice

Mathematics Teaching Today (and its predecessor) is
an excellent resource to help you envision your role as a
teacher in creating a classroom that supports the Principles
and Standards.

I

J The seven teaching standards are located in Appendix
B of this book. Take a moment now to look over this one-page
listing. Select one or two of the standards that seem especially
significant to you. Put a sticky note on the page to remind you
to return to these important ideas from time to time as you
work through this book.

Influences and Pressures
* on Mathematics Teaching

" NCTM has provided the major leadership and vi-
sion for reform in mathematics education. However, no

Pavse and Pe%lea‘

and educators to measure the overall improvement of U.S.
students over time. Reported in what s called the “Nation’s
Report Card,” NAEP examines both national and state-
level trends. NAEP rates students in grades 4, 8, and 12 us-
ing four performance levels: Below Basic, Basic, Proficient,
and Advanced (with Proficient and Advanced represent-
ing substantial grade-level achievement). The criterion-
referenced test is designed to reflect current curriculum.
In the most recent assessment in 2007, less than half of all
U.S. students in grades 4 and 8 performed at the desirable
range between Proficient and Advanced (39 percent in each
case) (U.S. Department of Education, 2008). Although the
No Child Left Behind legislation expects that all students
will be at or above the Proficient level by 2014, NAEP data
suggest that goal is probably not attainable. Most troubling,
approximately 18 percent of fourth-grade students and 29
percent of eighth-grade students were at the Below Basic
level. Despite small gains in the NAEP scores over the last
30 years, U.S. students’ performance has remained at dis-
couraging levels of competency (full information can be
found at http://nationsreportcard.gov/math_2007).

Trends in International Mathematics and Science
Study. In 1995 and 1996, 41 nations participated in
the Third International Mathematics and Science Study
(TIMSS), the largest study of mathematics and science edu-

single factor controls the direction of changg. National anjD I?ti ever conducted. Data were gathered in grades 4, 8,
Ap D andCE

international comparisons of student perfo @gr@nu
to make headlines, provoke public opinion, and pressure
legislatures to call for tougher standards backed by testing.
The pressures of testing policies exerted on schools and ul-
timately on teachers may have an impact on instruction that
is different from the vision of the NCTM Standards. In ad-
dition to these pressures, there is also the strong influence
of the textbook or curriculum materials that are provided to
teachers, which may not be aligned with state standards.

National and International Studies

Large studies that tell the American public how the nation’s
children are doing in mathematics receive a lot of attention.
They influence political decisions as well as provide useful
data for mathematics education researchers. Why do these
studies matter? Because international and national assess-
ments provide strong evidence that mathematics teaching
must change if our students are to be competitive in the
global market and able to understand the complex issues
they must confront as responsible citizens.

National Assessment of Educational Progress. Since
the late 1960s and at regular intervals (2 and 4 years), the
United States gathers national data on how students are
doing in mathematics (and other content areas) through
the National Assessment of Educational Progress (NAEP).
These data provide an important tool for policy makers

aﬂ@(etrldents as well as from teachers. The
most widely reported results are that U.S. fourth-grade stu-
dents are above the average of the TIMSS countries, below
the international average at the eighth grade, and signifi-
cantly below average at the twelfth grade (U.S. Department
of Education, 1997a).

In 1999 (38 countries), 2003 (46 countries), and 2007
(63 countries), repeat TIMSS studies were conducted. (The
acronym TIMSS now standing for Trends in International
Mathematics and Science Study.) The most recent version
analyzed (2003) finds that although the rank ordering for
fourth grades places the United States above the aver-
age, 11 countries (or parts of countries) have significantly
higher scores (Singapore, Hong Kong, Japan, Chinese
Taipei, Flemish Belgium, Netherlands, Latvia, Lithuania,
Russian Federation, England, and Hungary). Only 7 per-
cent of U.S. fourth graders would fall in the Advanced
International Benchmark. This is in stark contrast with
Singapore at 44 percent, Chinese Taipei at 38 percent,
and Japan at 24 percent (Mullis, Martin, Gonzales, &
Chrostowski, 2004).

A major finding of the original TIMSS curriculum
analysis called the U.S. mathematics curriculum “a mile
wide and an inch deep” (Schmidt, McKnight, & Raizen,
1996, p. 62), meaning it was found to be unfocused, pur-
suing many more topics than other countries while yet
involving a great deal of repetition. The U.S. curriculum
attempted to do everything and, as a consequence, rarely
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provided depth of study, making reteaching all too common
(Schmidt et al., 1996). In response, the purpose of the Cur-
riculum Focal Points is to assist states and districts in moving
away from this “mile wide, inch deep” curriculum to one
that is focused and goes into depth at each grade level.

One of the most interesting components of the 1999
study was the inclusion of a video study conducted in eighth-
grade classrooms in the United States, Australia, and five
of the highest-achieving countries. The results indicate that
teaching is a cultural activity, and the differences for countries
were often striking despite many similarities. In all countries
problems or tasks were frequently used to begin the lesson.
However, as a lesson progressed, the way these problems
were handled in the United States was in stark contrast to the
high-achieving countries. Analysis revealed that although the
world is for all purposes unrecognizable from what it was 100
years ago, the U.S. approach to teaching mathematics during
the same time frame was essentially unchanged.

Does the following typical U.S. lesson sound at all fa-
miliar? The teacher begins with a review of previous ma-
terials or homework and then demonstrates a problem at
the board. Students practice similar basic problems at their
desks, the teacher checks the seatwork, and then assigns
further problems for either the remainder of the class ses-
sion or homework. In more than 99.5 percent of the U.S.
lessons the teacher reverts to showing students how to solve
the problems. In not one of the lnge ta edsérbps—
sons was any high-level mathem ﬂ@rﬁob ; In
contrast, 30 to 40 percent of lessons in Germany and Ja-
pan contained high-level content. As we stated previously,
the teachers knew the research team was coming to video-
tape; nevertheless, 89 percent of the U.S. lessons consisted
exclusively of low-level content. In the Czech Republic,
Hong Kong, and Japan, lessons incorporated a variety of
methods, but they frequently began with a problem-solving
approach and continued in that spirit with an emphasis on
conceptual understanding and true problem solving (Hie-
bert et al., 2003). Teaching in the high-achieving coun-
tries more closely resembles the recommendations of the
NCTM Standards than does the teaching in the United
States.

State Standards

The term standards was popularized by NCTM in 1989.
Today it is used by nearly every state in the nation to re-
fer to a grade-by-grade listing of very specific mathematics
objectives. These state standards or objectives vary con-
siderably from state to state. Even the grade level at which
basic facts for each of the operations are expected to be
mastered varies by as much as three grade levels. Although
the NCTM Standards document lists goals for each of four
grade bands, it is not a national curriculum. The United
States and Canada are the only industrialized countries in
the world without a national curriculum.
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Grade-Level Expectations. In 2001 the legislation com-
monly known as No Child Left Behind (NCLB) was en-
acted, requiring highly qualified teachers in every classroom,
proficiency from all students by 2014, incremental annual
achievement based on assessments of adequate yearly prog-
ress (AYP), and development by states of content standards
that are rigorous and specific. These grade-level learning
expectations (GLEs) help guide textbook selection, inform
the topics taught and assessed at different grades, and even-
tually direct what is taught to prospective teachers at uni-
versities. But as you might suspect, GLEs vary from state
to state—sometimes dramatically (Reys & Lappan, 2007).
For example, just in total numbers alone, at the fourth-
grade level Florida has 89 GLEs in mathematics and North
Carolina has 26. Textbook publishers try to cover as many
states’ requirements as possible, particularly populous states,
in order to maximize sales of textbooks. However, this bur-
dens teachers who must sort through many topics and corre-
sponding lessons in a given book to eliminate some materials
while sometimes needing to supplement the text with other
resources to cover missing topics. Researchers also point
out that textbooks’ “limited overlap” and “large number of
unique learning expectations” result in shallow treatment of
many topics (Reys, Chval, Dingman, McNaught, Regis, &
"Togashi, 2007, p. 11). As more states consider such research
in combination with the NCTM Curriculum Focal Points, we

Enl}tgge that collaboration may yield consensus and a narrow-

@fgig}@srs or focus will occur.

Assessments. Associated with every set of state stan-
dards is some form of testing program. Publicly reported
test scores place pressure on superintendents, then on prin-
cipals, and ultimately on teachers, who feel enormous pres-
sure to raise test scores at all costs (Schmidt et al., 1996).
For a teacher who has little or no experience with the spirit
of the Standards, it is very difficult to adopt the student-
centered approach to mathematics when preoccupied with
preparing for high-stakes tests. Unfortunately for children,
the resulting drill, review, and practice tests produce math-
ematics experiences with little or no high-level thinking,
problem solving, or reasoning.

Are state standards incompatible with the Standards?
Good mathematics teaching is about helping children un-
derstand concepts and become confident in their abilities
to do mathematics and solve problems. There are many
wonderful examples of teaching in the spirit of the NCTM
standards. Children in these classrooms achieve quite well,
even on the most traditional of standardized tests.

Curriculum

In most classrooms, the textbook is the single most influ-
ential factor in determining the what, when, and how of
actual teaching. What is becoming increasingly compli-
cated is how teachers and school systems attempt to align
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the textbook or other curriculum . Z
materials with the mandated state myeducatlonlaE)
pre-standards. Though possibly Go to the Activities and Ap-

plication section of Chapter
1 of MyEducationLab. Click
on Online Resources and
then on the link entitled
“Standards-Based Curric-
ula” for a list of standards-
based curricula and their
developers, publishers, and
Internet contacts.

an oversimplification, mathemat-
ics curriculum materials that are
used in pre-K-8 classrooms can
be categorized as either traditional
or standards-based—meaning re-
flecting the spirit of the NCTM
Standards.

Traditional Curricula. The term “traditional textbook”
is used here to describe books that are developed by major
publishing companies based on market research. Though
traditional textbooks vary in some ways among one another,
there are several characteristics that tend to be true for all of
them. First, traditional textbooks reflect publishers’ efforts to
cover the topics in every state’s curriculum documents. Since
states vary widely in the topics they include at a particular
grade level, this approach of including everything results in
a very large textbook with many, many topics. Second, be-
cause there are so many topics, most of them are covered in
a one-day lesson, which may be inadequate in developing
a deep understanding. Third, traditional texts incorporate
the implied instructional model of the teacher demonstrat-
ing and explaining how to do the mathematics and students
then practicing those procedures. Fourth, and perhaps mos
challenging in terms of the international re&@ﬁr&ﬂ
discussed, is the traditional emphasis on mathematical pro-
cedures at the expense of conceptual understanding. For
example, in a unit on fractions, a traditional text is likely to
focus on showing students how to do the computation rather
than focus on when that computation might be needed or
how that topic is related to other mathematics strands.

Textbooks greatly influence teaching practice. A
teacher using a traditional textbook is more likely to cover
many topics, spend one day on each topic, use a teacher-
directed instructional approach, and focus on procedures.
If a teacher wants to devote more time to a concept, teach
it more deeply, or focus on conceptual understanding, for
example, he or she may need to adapt and extend the lessons
in the textbook.

Standards-Based Curricula. In contrast to traditional
textbooks, standards-based textbooks are not based on
market research but on research related to how students
learn mathematics and how concepts should develop over
time. Therefore, they tend to cover fewer topics, spend
more time on each concept, and make connections among
concepts. Many of the standards-based programs are de-
signed for students to learn through inquiry-oriented
approaches—not through teacher explanation. Finally, all
of the standards-based programs have a strong emphasis
on conceptual understanding (not just procedures) and on
solving problems.

At present, there are three elementary and four middle
school programs commonly recognized as standards-based
curricula. A hallmark of these standards-based or alterna-
tive programs is student engagement. Children are chal-
lenged to make sense of new mathematical ideas through
explorations and projects, often in real contexts. Written
and oral communication is strongly encouraged.

Data concerning the effectiveness of standards-based
curricula as measured by traditional testing programs
continue to be gathered. It is safe to say that students
in standards-based programs perform much better on
problem-solving measures and at least as well on tradi-
tional skills as students in traditional programs (Bell, 1998;
Boaler, 1998; Fuson, Carroll, & Drueck, 2000; Hiebert,
2003; Reys, Robinson, Sconiers, & Mark, 1999; Riordin &
Noyece, 2001; Stein, Grover, & Henningsen, 1996; Stein &
Lane, 1996; Wood & Sellers, 1996, 1997).

Because textbooks are so central in current teaching,
use of a standards-based textbook strongly influences what
teachers do. Interesting and meaningful tasks are easily ac-
cessible, so the teacher is much more likely to have math
lessons that link important mathematics concepts to con-
texts that engage students. The teacher is more likely to
spend more time on concepts rather than an exclusive focus
on procedures, because the student investigations are con-
ceptually oriented. Writing, speaking, working in groups,

hﬁ VlIl re more likely to be commonplace
comE 1 g any of these activities to proce-
dures associated Wlth a corresponding traditional textbook
would be an effective way to understand what reform or
standards-based mathematics is all about.

In Chapters 9, 14, 18, and 19 of Section 2 you will find
features describing activities from two standards-based pro-
grams: Investigations in Number; Data, and Space (Grades K-5)
or Connected Mathematics (Grades 5-8). These features are
included to offer you some insight into these nontraditional
programs as well as to offer good ideas for instruction.

A Changing World Economy

The Glenn Commission Report, headed by former astro-
naut and senator John Glenn, states, “60% of all new jobs
in the early 21st century will require skills that are possessed
by only 20% of the current workforce” (U.S. Department
of Education, 2000, p. 11). The report found that schools
are not producing “graduates with the kinds of skills our
economy needs to remain on the competitive cutting edge”
(p. 12). These skills are often the mathematical skills that
build the infrastructure of our nation.

In his book The World Is Flat (2007), Thomas Friedman
discusses the need for people to have skills that are lasting
and will survive the ever-changing landscape of available jobs.
These are what he calls “the untouchables”—the individuals
who will make it through all economic revolutions. He sug-
gests that if people can fit into several of the broad categories



he defines then they will not be challenged by a shifting job
market. One of these safety-ensuring categories in his analy-
sis is “math lovers.” Friedman points out that in a world that
is digitized and surrounded by algorithms, the math lover
will always have opportunities and options. Now it becomes
the job of the teacher to develop this passion in students. As
Lynn Arthur Steen, a well-known mathematician and educa-
tor, states, “As information becomes ever more quantitative
and as society relies increasingly on computers and the data
they produce, an innumerate citizen today is as vulnerable as
the illiterate peasant of Gutenberg’s time” (1997, p. xv).

The changing world influences what should be taught
in pre-K-8 mathematics classrooms. As we prepare elemen-
tary students for jobs that possibly do not currently exist,
we do know that there are few jobs for people where they
just do simple computation. We can predict that there will
be work that requires interpreting complex data, designing
algorithms to make predictions, and using the ability to
approach new problems in a variety of ways.

An Invitation to Learn
*and Grow

" The mathematics education described in the NCTM
Standards may not be the same as the mathematics and
the mathematics teaching you eéiplalg@m EEFK
through 8. Along the way, you may have had some ex-
cellent teachers who really did reflect the current reform
spirit. Examples of good standards-based curriculum have
been around since the early 1990s, and you may have ben-
efited from one of them. But for the most part, the goals of
the reform movement at the end of its second decade have
yet to be realized in the large majority of school districts
in North America.

As a practicing or prospective teacher facing the chal-
lenge of the Standards, this book may require you to con-
front some of your personal beliefs—about what it means
to do mathematics, how one goes about learning mathematics,
how to teach mathematics through problem solving, and what it
means to assess mathematics integrated with instruction.

As part of this personal assessment, you should under-
stand that mathematics is seen as the subject that people love
to hate. At parties or even at parent-teacher conferences,
other adults will respond to the fact that you are a teacher
of mathematics with comments such as “I could never do
math,” or “I can’t even balance my checking account.” In-
stead of just dismissing these disclosures, they are not to be
taken lightly. Would people confide that they don’t read
and hadn’t read a book in years? That is not likely. Families’
and teachers’ attitudes toward mathematics may enhance or
detract from children’s ability to do math. It is important
for you and for students’ families to know that math ability
is not inherited—anyone can learn mathematics. Moreover,

tea
En& edliddada Lourse you are tak-
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learning mathematics is an essential life skill. You need to
find ways of countering these statements, especially if they
are stated in the presence of children, pointing out the im-
portance of the topic and the fact that all people have the
capacity to learn it. Only in that way can the long-standing
pattern that passes this apprehension from family member
to child (or in rare cases teacher to child) be broken. There
is much joy to be had in solving mathematical problems,
and you need to nurture that passion in children.

Children and adults alike need to think of themselves
as mathematicians, in the same way as they think of them-
selves as readers. As all people interact with our increasingly
mathematical and technological world, they need to con-
struct, modify, or integrate new information in many forms.
Solving novel problems and approaching circumstances
with a mathematical perspective should come as naturally
as reading new materials to comprehend facts, insights, or
news. Thinking and talking about mathematics instead of
focusing on the “one right answer” is a strategy that will
serve us well in becoming a society where all citizens are
confident that they can do math.

Becoming a Teacher of Mathematics

"This book and this course of study myeducationl at;!)

are critical to your professional o
. Go to the Activities and Ap-
ching career. The mathemat- - .
plication section of Chap-

ter 1 of MyEducationLab.
Click on Videos and watch
the video entitled “John
Van de Walle on Approach
to Teaching” to see him
speak about his approach
to teaching mathematics.

ing now will be the foundation for
much of the mathematics instruc-
tion you do in your classroom for
the next decade. The authors of
this book take that seriously, as we
know you do. Therefore, this sec-
tion lists and describes the characteristics, habits of thought,
skills, and dispositions you will need to succeed as a teacher
of mathematics.

Knowledge of Mathematics. You will need to have a
profound, flexible, and adaptive knowledge of mathematics
content (Ma, 1999). This statement is not intended to scare
you if you feel that mathematics is not your strong suit,
but it is meant to help you prepare for a serious semester
of learning about mathematics and how to teach it. The
“school effects” for mathematics are great, meaning that
unlike other subject areas, where children have frequent
interactions with their family or others outside of school on
topics such as reading books, exploring nature, or discuss-
ing current events, in the area of mathematics what we do
in school is “it” for many children. This adds to the earnest-
ness of your responsibility, because a student’s learning for
the year in mathematics will likely come only from you.
If you are not sure of a fractional concept or other aspect
of the mathematics curriculum, now is the time to make
changes in your depth of understanding to best prepare for
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your role as an instructional leader. This book and your
professor will help you in that process.

Persistence. You need the ability to stave off frustration
and demonstrate persistence. This is the very skill that your
students must have to conduct mathematical investigations.
As you move through this book and work the problems
yourself, you will learn methods and strategies that help
you anticipate the barriers to student learning and identify
strategies to get past these stumbling blocks. It is likely that
what works for you as a learner will work for your students.
As you experience the material in this book, if you ponder,
struggle, talk about your thinking, and reflect on how it all
fits or doesn’t fit, then you enhance your repertoire as a
teacher. Remember you need to demonstrate these charac-
teristics so your students can model them.

Positive Attitude. Arm yourself with a positive attitude
toward the subject of mathematics. Research shows that
teachers with positive attitudes teach math in more suc-
cessful ways that result in their students liking math more
(Karp, 1991). If in your heart you say, “I never liked math,”
that will be evident in your instruction. The good news is
that research shows that attitudes toward mathematics are
relatively easy to change (Tobias, 1995) and that the changes
are long-lasting. Through expanding your knowledge of

how they solved a problem so that you can understand their
thinking.

Another potentially difficult change is toward a focus
on concepts. What happens in a procedure-focused class-
room when a student doesn’t understand division of frac-
tions? A teacher who only has procedural knowledge is often
left with just one approach: repeating, louder and slower.
“Just change the division sign to multiplication, flip over
the second fraction, and multiply.” We know this approach
doesn’t work well, so let’s think about another. Consider
31 +1= . In a conceptual approach, you might re-
late to a whole number problem such as 25 + 5 = A
corresponding story problem might be, “How many orders
of 5 pizzas are there in a group of 25 pizzas?” Returning
to the fraction problem, ask students to put words around
the division problem, such as “You plan to serve each guest
1 a pizza. If you have 34 pizzas, how many guests can you
serve?” Yes, there are seven halves in 3% and therefore
7 guests you can serve. Are you surprised that you can do
this problem mentally?

To respond to students’ challenges, uncertainties, and
frustrations you need to unlearn and relearn mathemati-
cal concepts, developing comprehensive understanding
and substantial representations along the way. Supporting
your knowledge on solid, well-supported terrain is your
best hope of making a lasting difference—so be ready for

the subject and trying new ways to approa % lems jDleh m\;ﬁaﬁ’élre y understand will provide you with
can learn to enjoy mathematical activitie rnariE as you read this book and connect

you acquire a positive attitude toward rnathernatlcs, it is
essential that you do.

Readiness for Change. Demonstrate a readiness for
change, even for change so radical that it may cause dis-
equilibrium. You may find that what is familiar will become
unfamiliar and, conversely, what is unfamiliar will become
familiar. For example, you may have always referred to “re-
ducing fractions” as the process of changing % to 3, but
is “reducing” what is going on conceptually? Are reduced
fractions getting smaller? Such terminology can lead to mis-
taken connections that children will naturally make (“Did
the reduced fraction go on a diet?”). A careful look will
point out that “reducing” is not a good term to use when
focusing on conceptual knowledge. Even though you have
used this familiar expression for years, it is inappropriate,
because it does not explain what is really happening. We
will discuss innovative and conceptually sound methods for
teaching fractions in Chapter 15.

On the other hand what is unfamiliar will become
more comfortable. It may feel uncomfortable for you to be
asking students, “Did anyone solve it differently?” if you
are worried that you won’t understand their explanations.
Yet bravely using this strategy will lead you to understand
the concept better yourself as you ask students to re-explain

new information to the mathematics knowledge currently
stored in your memory.

Reflective Disposition. Make time to be self-conscious
and reflective. As Steve Leinwand, the former director of
mathematics education in Connecticut, wrote, “If you don’t
feel inadequate, you’re probably not doing the job” (2007,
p- 583). No matter if you are a preservice teacher or an
experienced teacher, there is more to learn about the con-
tent and methodology of teaching mathematics. The ability
to examine oneself for areas that need improvement or to
reflect on successes and challenges is critical for growth
and development. The best teachers are always trying to
improve their practice through the latest article, the new-
est book, the most recent conference, or by signing up for
the next series of professional development opportunities.
These teachers don’t say, “Oh, that’s what I am already do-
ing”; instead, they identify and celebrate one small tidbit
that adds to their repertoire. The best teachers never finish
learning all that they need to know, they never exhaust the
number of new connections that they make, and, as a result,
they never see teaching as stale or stagnant. An ancient Chi-
nese proverb states, “The best time to plant a tree is twenty
years ago; the second best time is today.” So, as John Van de
Walle said with every new edition, “Enjoy the journey!”
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Writing to Learn

At the end of each chapter of this book, you will find a series
of questions under this same heading. The questions are de-
signed to help you reflect on the most important ideas of the
chapter. Writing (or talking aloud with a peer) is an excellent
way to explore new ideas and incorporate them into your
own knowledge base. The writing (or discussion) will help
make the ideas your own.

1. What are the five content strands (standards) defined by
Principles and Standards? How are they emphasized differ-
ently in different grade bands?

2. What is meant by a process as referred to in the Principles and
Standards process standards? Give a brief description of each
of the five process standards.

3. Among the ideas in Mathematics Teaching Today are six shifts
in the classroom environment. Examine these six shifts, and
describe in a few sentences what aspects of each shift seem
most significant to you.

4. Describe two results derived from NAEP data. What are the
implications?

5. Describe two results derived from TIMSS data. What are
the implications?
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For Discussion and Exploration

1. In recent years, the outcry for “basics” was again being heard
from a variety of sources. The debate between reform and
the basics is both important and interesting. For an engaging
discussion of the reform movement in light of the “back to
basics” outcry, read the three free online articles from the
February 1999 edition of the Phi Delta Kappan at www
.pdkintl.org/kappan/khome/karticle.htm. Where do you
stand on the issue of reform versus the basics?

2. Examine a traditional textbook at any grade level of your
choice. If possible, use a teacher’ edition. Page through any
chapter and look for signs of the five process standards. To
what extent are children who are being taught from this
book likely to be doing and learning mathematics in ways
described by those processes? What would you have to do
to supplement the general approach of this text?

3. Examine a unit from any one of the standards-based cur-
riculum programs and see how it reflects the NCTM vision
of reform, especially the five process standards. How do
these curriculum programs differ from traditional textbook
programs? Do you need to supplement this text?

Enhancer

Recommended Readings

Articles

Hoffman, L., & Brahier, D. (2008). Improving the planning and

teaching of mathematics by reflecting on research. Mathe-
matics Teaching in the Middle School, 13(7), 412-417.
This article addresses bow a teacher’s philosophy and beliefs influ-
ence bis or ber mathematics instruction. Using TIMSS and NAEP
studies as a foundation, the authors talk about posing bigher-level
problems, asking thought-provoking questions, facing students’
[frustration, and using mistakes to enhance understanding of con-
cepts. They pose a set of reflective questions that are good for self-
assessment or discussion with peers.

Books

Ferrini-Mundy, J. (2000). The standards movement in mathe-
matics education: Reflections and hopes. In M. J. Burke
(Ed.), Learning mathematics for a new century (pp. 37-50).
Reston, VA: NCTM.

In this chapter, written before Standards was released, the author
shares her unique and very well-informed view of this important
publication, bow it came to be, the impact of the earlier document,

the political climate in which Standards was released, and the
intentions that NCTM had for the document. This article will
provide an understanding of Standards that is impossible to get
from the document itself.

Hiebert, J. (2003). What research says about the NCTM stan-
dards. In J. Kilpatrick, W. G. Martin, & D. Schifter (Eds.),
A research companion to Principles and Standards for School
Mathematics (pp. 5-23). Reston, VA: NCTM.

This chapter provides one of the best perspectives on what we have
learned since Standards was released. It also offers some perspec-
tive on typical U.S. classrooms and offers contrasts between tradi-
tional mathematics programs and those called “standards based.”

National Research Council. (2001). Adding it up: Helping children
learn mathematics. J. Kilpatrick, J. Swafford, & B. Findell
(Eds.). Mathematics Learning Study Committee, Center for
Education, Division of Behavioral and Social Sciences and
Education. Washington, DC: National Academy Press.
This book is the effort of a select committee representing mathe-
matics educators, mathematicians, school administrators, and in-
dustry. A ballmark of this book is the formulation of five strands
of “mathematical proficiency”: conceptual understanding, proce-
dural fluency, strategic competence, adaptive reasoning, and
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productive disposition. Educators and policy makers will cite this
book for many years to conze.

Standards-Based Curricula

Elementary Programs

UCSMP Elementary: Everyday Mathematics (K-6)

Investigations of Number; Data, and Space (K-5) (samples included
throughout the book)

Math Trailblazers: A Mathematical Fourney Using Science and Lan-
guage Arts (K-5)

Middle School Programs

Connected Mathematics (CMP) (6-8) (samples included through-
out the book)

Mathematics in Context (MIC) (5-8)

MathScape (6-8)

Middle Grades Math Thematics (STEM) (6-8)

Middle School Mathematics Through Applications Project (MMAP)
(6-8)

Online Resources

Iluminations

www.illuminations.nctm.org
A companion website to NCTM sponsored by NCTM and
Marcopolo. Provides lessons, interactive applets, and links
to websites for learning and teaching mathematics.

Key Issues in Math

www.mathforum.org/social/index.html
Part of the Math Forum at Drexel University, this page lists
numerous questions concerning issues in mathematics edu-
cation with answers supplied by experts in short articles or
excerpts.

NAEP (National Assessment of Educational Progress,
“The Nation’s Report Card”)
http://nces.ed.gov/nationsreportcard/mathematics
Past and current data and reports related to NAEP
assessments.

National Council of Teachers of Mathematics
WWW.nctm.org
Here you can find all about NCTM, its belief statements,
and positions on important topics. Also find an overview of

Apago PDr

Principles and Standards and free access to interactive applets
(see Standards—FElectronic), membership and conference
information, publications catalog, links to related sites,
and much more. Members have access to even more
information.

State Mathematics Standards Database

http://mathcurriculumcenter.org/states.php
This site from The Center for the Study of Mathematics
Curriculum (CSMC) has the complete set of hotlinks to cur-
rent state-level K—12 mathematics curriculum standards. In
some cases states provide multiple documents, including
their standards for assessment or other important informa-
tion for teachers of mathematics.

TIMSS (Trends in International Mathematics
and Science Study)
http://nces.ed.gov/timss

Access articles and data from TIMSS.

s Field Experience Guide Connections

The Field Experience Guide: Resources for
Teachers of Elementary and Middle School
Mathematics (FEG) is a workbook designed to
respond to both the variety of teacher prepara-
tion programs and the NCTE recommendation that
students have the opportunity to engage in diverse
activities. At the end of each chapter, you will find a
brief note that connects chapter content to activities
and experiences within the guide. Many of the field
experiences focus on aligning practice with the stan-
dards. For example, see the observation protocol for
shifts in the classroom environment (FEG 1.2), a
teacher interview based on the teaching standards
(FEG 1.3), and observation protocol for the process
standards (FEG 4.1). Developing a reflective disposi-
tion is the purpose of FEG 3.7, 4.8, 5.5, and 6.4.
These opportunities for reflection focus on your stu-
dents’ learning and your own professional growth.
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No matter bow lucidly and patiently teachers explain to their
students, they cannot understand for their students.
Schifter and Fosnot (1993, p. 9)

What does it mean to know a mathematics topic? Take
division of fractions, for example. If you know this
topic well, what do you know? As mentioned in Chapter 1,
the answer is more broad than knowing a procedure you may
have memorized (invert the second fraction and multiply).
Knowing division of fractions means that you can not only
think of examples that fit division of fractions, you can also
use alternative strategies to solve problems, estimate an an-
swer, or draw a diagram to show what happens when a num-
ber is divided by a fraction. Unfortunately, too much
mathematics instruction is limited to simple algorithms with-
out allowing students to deeply learn about different topics.

This chapter is about the learning theory of teaching
developmentally and the knowledge necessary for stu-
dents to learn mathematics with understanding. You might
consider this chapter the what, why, and how of teaching
mathematics. The “how” is addressed first—how should
mathematics be experienced by a learner? Second, “why”
should mathematics look this way? And, finally, “what” does
it mean to understand mathematics?

Before you read about learning theory and knowledge
in mathematics, however, it is important for you to have a
chance to “do mathematics” in a way that nurtures under-
standing and builds connections. These experiences will
serve as exemplars when we turn to the discussion of learn-
ing theory and knowledge.

What Does It Mean
_ % to Do Mathematics?

~ " Stop for a moment and write a few sentences about
what it means to do and know mathematics, based on your

own experiences. Then put your paper aside until you have
finished this chapter.

"The description of doing mathematics presented here
may not match your personal experiences. That’s okay!
However, it is not okay to be closed off to new ideas that
may clash with your perceptions or to refuse to acknowl-
edge that teaching mathematics could be dramatically dif-
ferent than your previous experience.

Mathematics is more than completing sets of exercises
or mimicking processes the teacher explains. Doing math-
ematics means generating strategies for solving problems,
applying those approaches, seeing if they lead to solutions,
and checking to see if your answers make sense. Doing
mathematics in classrooms should closely model the act of
doing mathematics in the real world.

Mathematics Is the Science
of Pattern and Order

"This wonderfully simple description of mathematics, found
in the thought-provoking publication Everybody Counts
(Mathematical Sciences Education Board, 1989), challenges
the popular view of mathematics as a discipline dominated
by computation and rules without reasons. Science is a pro-
cess of figuring out or making sense. Although you may
never have thought of it in quite p)

this way, mathematics is a science myeducaﬁonlal;)
of concepts and processes that | gg to the Activities and Ap-
have a pattern of regularity and plication section of Chap-
logical order. Finding and explor- | ter 2 of MyEducationLab.

Click on Videos and watch
the video entitled “John
Van de Walle on Mathe-
matics Is the Science of
Pattern and Order” to see
him give his description
of mathematics.

ing this regularity or order, and
then making sense of it, is what
doing mathematics is all about.
Even the youngest schoolchil-
dren can and should be involved in
the science of pattern and order.

13
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Have you ever noticed that 6 + 7 is the same as 5 + 8 and 4 + 9?
What is the pattern? What are the relationships? When two
odd numbers are multiplied, the result is also odd, but if the
same numbers are added or subtracted, the result is even.

In middle school, students graph linear functions (i.e.,
functions that can be represented as y = mx + b). Graph-
ing functions can be narrowly explored by following a set
of steps or rules, but understanding why certain forms of
equations, situations, or models are growing in a linear man-
ner involves a search for patterns. Discovering what types of
real-world relationships are represented by linear graphs is
more scientific—and infinitely more valuable—than creating
a graph from an equation without connection to the world.

Engaging in the science of pattern and order—doing
mathematics—takes time and effort. Consider topics that
show up on lists of “basic skills,” such as knowing basic
facts for addition and multiplication and having efficient
methods of computing whole numbers, fractions, and deci-
mals. Studying relationships on the multiplication chart or
analyzing patterns in place value (discussed in detail in the
related content chapters) helps students understand what
they are doing, therefore increasing their accuracy and re-
tention. To master these topics as facts and procedures by
memorization alone is no more doing mathematics than
playing scales on the piano is making music.

I Passe aped gfw‘
Envision fora moment an elementary or m| d SC OO’D

mathematics class where students are doing mathematics as “a
study of patterns.” What action verbs would students use to
describe what they are doing? Make a short list before reading
further.

A Classroom Environment
for Doing Mathematics

To create a setting where students are doing mathemat-
ics means a shift in the tasks given to students and how
classrooms are organized for mathematics lessons. Doing
mathematics begins with posing worthwhile tasks and then
creating a risk-taking environment where students share
and defend mathematical ideas.

The Language of Doing Mathematics. Children in tra-
ditional mathematics classes often describe mathematics as
“work” or “getting answers.” They talk about “plussing”
and “doing times” (multiplication). In contrast, the follow-
ing collection of verbs can be found in most of the literature
describing the authentic work of doing mathematics, and all
are used in Principles and Standards (NCTM, 2000):

explore justify construct  develop
investigate ~ represent  verify describe
conjecture  formulate  explain use
solve discover predict

These verbs require higher-level thinking and encom-
pass “making sense” and “figuring out.” Children engaged
in these actions in mathematics classes will be actively think-
ing about the mathematical ideas that are involved. Contrast
these with the verbs that might reflect the traditional math-
ematics classroom: listen, copy, memorize, drill. These are
lower-level thinking activities and do not adequately prepare
students for the real act of doing mathematics. Mathematics
requires effort and it is important that students, parents, and
the community acknowledge and honor the fact that effort s
what leads to learning in mathematics (National Mathemat-
ics Advisory Panel, 2008). In classrooms pursuing higher-
level mathematics activities on a daily basis, the students are
getting an empowering message: “You are capable of making
sense of this—you are capable of doing mathematics!”

Every idea introduced in the mathematics classroom
can and should be understood by every child. There are no
exceptions! All children are capable of learning the math-
ematics we want them to learn. Their learning becomes
meaningful when they are taught using the verbs listed here
to perform challenging and engaging mathematics.

The Setting for Doing Mathematics. The teacher’ role
is to create this spirit of inquiry, trust, and expectation.
Within that environment, students are invited to do math-
ematlcs You pose problems; students wrestle toward solu-

? leg?mdents actively figuring things out
by testing 1 making conjectures, developing reasons,
and offering explanatlons. In Classroom Discussions, a teacher
resource describing how to implement effective discourse
in the classroom, Chapin, O’Conner, and Anderson (2003)
write, “When a teacher succeeds in setting up a classroom
in which students feel obligated to listen to one another, to
make their own contributions clear and comprehensible,
and to provide evidence for their claims, that teacher has set
in place a powerful context for student learning” (p. 9).

In the classic book Making Sense (Hiebert et al., 1997),
the authors describe four features of a productive classroom
culture for mathematics in which students can learn from
each other.

1. Ideas are the currency of the classroom. 1deas, expressed by
any participant, have the potential to contribute to ev-
eryone’s learning and consequently warrant respect and
response.

Students have autonomy with respect to the methods used to
solve problems. Students must respect the need for
everyone to understand their own methods and must
recognize that there are often a variety of methods that
will lead to a solution.

The classroom culture exhibits an appreciation for mistakes
as opportunities to learn. Mistakes afford opportunities
to examine errors in reasoning, and thereby raise
everyone’s level of analysis. Mistakes are not to be cov-
ered up; they are to be used constructively.

i
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4. The authority for reasonability and correctness lies in the
logic and structure of the subject, rather than in the social
status of the participants. The persuasiveness of an expla-
nation or the correctness of a solution depends on the
mathematical sense it makes, not on the popularity of
the presenter. (pp. 9-10)

In classrooms that embrace this culture for learning, the
way students think about mathematics changes. Rather than
students asking (or thinking) “What do you want me to
do?” problem ownership shifts the situation to “I think I am
going to . ..” (Baker & Baker, 1990). In the latter example
the student feels empowered to come up with his or her
own approach rather than depend on the teacher to offer an
approach. This is foundational in creating an environment
for doing mathematics. More information on creating a
community of learners is found in Chapter 3.

An Invitation to Do
. Mathematics

" Ifyour goalis to create a classroom environment where
children are truly doing mathematics, it is important that you
have a personal feel for doing mathematics. The purpose of
this section is to provide you with opportunities to engage in
the science of pattern and order—to do some mathematics.
If possible, find one or two peers Ap(agglﬂl y(E) DEat
you can experience sharing and exchanging ideas.

Don’t read too much at once. Some hints and sugges-
tions follow each task. Do as much as you can until you are
stuck—really stuck—and then read a bit more.

Let’'s Do Some Mathematics!

We will explore four different problems. Each is indepen-
dent of the others. None requires any sophisticated math-
ematics, not even algebra. But they do require higher-level
thinking and reasoning. Try out your ideas! Devote time
and effort—persist—these are the keys for being successtul
at mathematics. Have fun!

Start and Jump Numbers:
Searching for Patterns

You will need to make a list of numbers that begin with a
“start number” and increase by a fixed amount we will call
the “jump number.” First try 3 as the start number and 5 as
the jump number. Write the start number at the top of your
list, then 8, 13, and so on, “jumping” by 5 each time until
your list extends to about 130.

Examine this list of numbers and find as many patterns
as you can. Share your ideas with the group, and write
down every pattern you agree really is a pattern.

An Invitation to Do Mathematics 15

Do not read on until you have listed as many patterns
as you can identify.

A Few Ideas. Here are some patterns you might
consider:

® Do you see at least one alternating pattern?

® Have you looked at odd and even numbers?

® What can you say about the number in the tens
place?

® How did you think about the first two numbers with
no tens-place digits?

® Have you tried doing any adding of numbers? Num-
bers in the list? Digits in the numbers?

If there is an idea in this list you haven’t tried, try that
now.

Don’t forget to think about what happens to your pat-
terns after the numbers go over 100. How are you thinking
about 113? One way is as 1 hundred, 1 ten, and 3 ones. But,
of course, it could also be “eleventy-three,” where the tens

E igit has é)élegfrom 9 to 10 to 11. How do these different
er§pec ect your patterns? What would happen after

9992

When you added the digits in the numbers, the sums
are 3, 8,4, 9,5, 10, 6, 11, 7,12, 8, . . . . Did you look at
every other number in this string? And what is the sum of
the digits for 113? Is it 5 or is it 14? (There is no “right”
answer here. But it is interesting to consider different
possibilities.)

Next Steps. Sometimes when you have discovered
some patterns in mathematics, it is a good idea to make
some changes and see how the changes affect the patterns.
What changes might you make in this problem?

Try some ideas now before going on.

Your changes may be even more interesting than the
following suggestions. But here are some ideas:

¢ Change the start number but keep the jump number
equal to 5. What is the same and what is different?

e Keep the same start number and examine different
jump numbers. You will find out that changing jump
numbers really “messes things up” a lot compared to
changing the start numbers.

® Ifyou have patterns for several different jump numbers,
what can you figure out about how a jump number
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Figure 2.1 Forjumps of 3, this cycle of digits will occur in
the ones place. The start number determines where the cycle
begins.

affects the patterns? For example, when the jump num-
ber was 5, the ones-digit pattern rep,
numbers—it had a “pattern length” of two. But when
the jump number is 3, the length of the ones-digit pat-
tern is ten! Do other jump numbers create different
pattern lengths?

e For a jump number of 3, how is the ones-digit pattern
related to the circle of numbers in Figure 2.1? Are
there other circles of numbers for other jump
numbers?

e Using the circle of numbers for 3, find the pattern for
jumps of multiples of 3, that is, jumps of 6, 9, or 12.

Using Technology. You may want to explore this

problem using a calculator, which can make the list

generation accessible for young children who can’t
skip count yet and it opens the door for students to work
with bigger jump numbers, such as 25 or 36. Most simple
calculators have an automatic constant feature that will add
the same number successively. For example, if you press
3 [+] 5 [=) and then keep pressing (=], the calculator will
count by 5s (the first sequence of numbers you wrote). This
also works for the other three operations.

Two Machines, One Job

Ron’s Recycle Shop started when Ron bought a used paper-
shredding machine. Business was good, so Ron bought a
new shredding machine. The old machine could shred a

e Orwd Do

truckload of paper in 4 hours. The new machine could shred
the same truckload in only 2 hours. How long will it take to
shred a truckload of paper if Ron runs both shredders at the
same time?

Do not read on until you either get an answer or get
stuck. Can you check that you are correct? Are you sure you
are stuck?

A Few Ideas. Are you overlooking any assumptions
made in the problem? Do the machines run simultaneously?
The problem says “at the same time.” Do they run just as
fast when working together as when they work alone?

If this gives you an idea, pursue it before reading more.

Have you tried to predict approximately how much
time you think it should take the two machines? Just make
an estimate in round numbers. For example, will it be closer
to 1 hour or closer to 4 hours? What causes you to answer
as you have? Can you tell if your “guestimate” makes sense

is at least in the ballpark? Checking a guess in this way
Feomba k1@ Al insight
Some people draw pictures to solve problems. Others
like to use something they can move or change. For exam-
ple, you might draw a rectangle or a line segment to stand
for the truckload of paper, or you might get some counters
(chips, plastic cubes, pennies) and make a collection that
stands for the truckload.

Go back and work on the problem more.

Consider Solutions of Others. Here are solutions
of teachers who worked on this problem (adapted from
Schifter & Fosnot, 1993, pp. 24-27). Here is Betsy’s solu-
tion (she teaches sixth grade):

Betsy holds up a bar of plastic cubes. “Let’s say these 16
cubes are the truckload of paper. In 1 hour, the new ma-
chine shreds 8 cubes and the old machine 4 cubes.” Betsy
breaks off 8 cubes and then 4 cubes. “That leaves these 4
cubes. If the new machine did 8 cubes’ worth in 1 hour,
it can do 2 cubes’ worth in 15 minutes. The old machine
does half as much, or 1 cube.” As she says this, she breaks
off 3 more cubes. “Thatis 1 hour and 15 minutes, and we
still have 1 cube left.” Long pause. “Well, the new ma-
chine did 2 cubes in 15 minutes, so it will do this cube in
7% minutes. Add that onto the 1 hour and 15 minutes. The
total time will be 1 hour 22% minutes.” (See Figure 2.2.)
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Entire truckload

— B s

New machine Old machine Both do New machine
does this work does this work this in does this in
in 1 hour. in 1 hour. 15 minutes. 73 minutes.

Figure 2.2 Betsy's solution to the paper-shredding problem.

Cora, a fourth-grade teacher, disagrees with Betsy’s
answer. Here is Cora’s proposal:

try to understand others’ approaches to the problem—in
considering other ways, you can expand your repertoire of

“This rectangle [see Figure 2.3] stands for the whole
truckload. In 1 hour, the new machine will do half of this.”
The rectangle is divided in half. “In 1 hour, the old ma-
chine could do i of the paper.” The rectangle is divided

accordingly. “So in 1 hour, the two machines have done 3

of the truck, and there is % left. What is left is one-third
as much as what they already did, so it should take the two
machines one-third as long to do that part as it took to do
the first part. One-third of an hour is 20 minutes. That
means it takes 1 hour and 20 minutes to do it all.”

Sylvia, a third-grade teacher, reports on her group’s
strategy:

At first, we solved the problem’%‘y@v@agnog. Wle:)J;)ml(?ed

thatit would take 3 hours because that’s the average. Then
Deborah asked how we knew to average. We thought we
had a reason, but then Deborah asked how Ron would
feel if his two machines together took longer than just
the new one that could do the job in only 2 hours. So we
can see that 3 hours doesn’t make sense. So we still don’t
know whether it’s 1 hour and 20 minutes or 1 hour and
22% minutes.

As with the teachers in these examples, it is important to
decide if your solution is correct through justifying why
you did what you did, as this reflects real problem solv-
ing (rather than checking with an answer key). After you
have justified that you have solved the problem in a correct
manner, try to find other ways to reach that solution or

problem-solving strategies.

One Up, One Down

For Grades 1-3. When you add 7 to itself, you get 14.
When you make the first number 1 more and the second
number 1 less, you get the same answer:

T3

7 + 7 = 14 has the same answeras 8 + 6 = 14

It works for 5 + 5 too:

T3
En han€6r= 10 has the same answer as 6 + 4 = 10

What can you find out about this?

For Grades 4-8. What happens when you change addition
to multiplication in this exploration?

T

7 x 7 = 49 has an answer that is one more than 8 x 6 = 48

It works for 5 x 5 too:

T

5 x 5 = 25 has an answer that is one more than 6 x 4 = 24

What can you find out about this situation?

Can this pattern be extended to other situations?

New machine in
1 hour

Old machine in Both machines
1 hour together

e

60 minutes

Figure 2.3 Cora’s solution to the paper-shredding problem.

| >

20 minutes
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Work on the multiplication pattern. Explore until you
have developed some ideas. Write down whatever ideas you
discover.

A Few Ideas. Use a physical model or picture. You have
probably found some interesting patterns. Can you tell why
these patterns work? In the case of addition, it is fairly easy
to see that when you take from one number and give to the
other, the total stays the same. With multiplication, thatis not
the case. Why? One way to explore this is to draw rectangles
with a length and height of each of the factors (e.g., for the
first problem, a 7-by-7-unit rectangle and a 6-by-4-unit
rectangle). See how the rectangles compare (Figure 2.4(a)).

You may prefer to think of multiplication as equal sets.
For example, using stacks of chips, 7 x 7 is seven stacks
with seven chips in each stack (set). The expression 8 x 6 is
represented by eight stacks of six (though six stacks of eight
is a possible interpretation). See how the stacks for each
expression compare (Figure 2.4(b)).

Work with one or both of these approaches to see if
you get any insights.

Apago
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This is 7 x 7 shown as an array of 7 rows of 7.

(b)

Thisis 7 x 7 as 7 sets of 7.

What happens when you change one of these to show 6 x 8?

Figure 2.4 Two physical ways to think about multiplica-
tion that might help in the exploration.

PD and

Additional Patterns to Explore. There is a lot to find
out about multiplication patterns. Think of the many
“what if”’s that are possible. Here are a few. If you have
found other ones—great. There are many ways to explore
this problem.

e Have you looked at how the first two numbers are
related? For example, 7 x 7, 5 x 5, and 9 x 9 are all
products with like factors. What if the product was two
consecutive numbers (e.g., 8 x 7 or 13 x 12)? What if
the factors differ by 2 or by 3?

e Think about adjusting by numbers other than one.
What if you adjust up two and down two (e.g., 7 x 7 to
9 x 5)?

® What happens if you use big numbers instead of small
ones (e.g., 30 x 30)?

e If both factors increase, is there a pattern?

We hope you have made your own conjectures and ex-
plored them or at least added to the “what if” list. Scientists
(including mathematicians) explore new ideas that strike
them as interesting and promising rather than blindly fol-
lowing procedures.

The Best Chance of Purple

Three students are spinning to “get purple” with two spin-
ers, either by spinning first red and then blue or first blue
RG@rE 2.5). They may choose to spin
each spinner once or one of the spinners twice. Mary
chooses to spin twice on spinner A; John chooses to spin
twice on spinner B; and Susan chooses to spin first on
spinner A and then on spinner B. Who has the best chance
of getting a red and a blue? (Lappan & Even, 1989, p. 17)

Spinner A

Spinner B

Figure 2.5 You may spin A twice, B twice, or A then B.
Which option gives you the best chance of spinning a red
and a blue?

Think about the problem and what you know.
Experiment.




A Few Ideas. Sometimes it is tough to get a feel for
problems that are abstract or complex. In situations involv-
ing chance, find a way to experiment and see what happens.
For this problem, you can make spinners using a freehand
drawing on paper, a paper clip, and a pencil. Put your pen-
cil point through the loop of the clip and on the center of
your spinner. Now you can spin the paper clip “pointer.”
Try at least 20 pairs of spins for each choice and keep track
of what happens.

Consider these issues as you explore:

® For Susan’s choice (A then B), would it matter if she
spun B first and then A? Why or why not?

e Explain why you think purple is more or less likely in
one of the three cases compared to the other two. It
sometimes helps to talk through what you have ob-
served to come up with a way to apply some more pre-
cise reasoning.

Try these suggestions before reading on.

Strategy 1: Tree Diagrams. On spinner A, the four
colors each have the same chance of coming up. You could
make a tree diagram for A with four branches, and all the
branches would have the same chance (see Figure 2.6).

Spinner B has different-sized secﬁp,&gi’@g td-e)fel-

lowing questions:

e What is the relationship between the blue region and
each of the others?

¢ How could you make a tree diagram for B with each
branch having the same chance?

® How can you add to the diagram for spinner A so that
it represents spinning A twice in succession?

e Which branches on your diagram represent getting
purple?

® How could you make tree diagrams for John’s and
Susan’s choices? Why do they make sense?

Test your ideas by actually spinning the spinner or
spinners.

Tree diagrams are only one way to approach this. You
may have a different way. As long as your way seems to be

Figure 2.6 A tree diagram for spinner A in Figure 2.5.
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Spinner A

Spinner B

Figure 2.7 A square shows the chance of obtaining each
color for the spinners in Figure 2.5.

getting you somewhere, stick with it. There is one more
suggestion to follow, but don’t read further if you are ready
to solve the problem.

Strategy 2: Grids. Suppose that you had a square that
represented all the possible outcomes for spinner A and a
similar square for spinner B. Although there are many ways
to divide a square in four equal parts, if you use lines go-
ing all in the same direction, you can make comparisons of

| the outcomes of one event (one whole square) with the
@hkCdBdnother event (drawn on a different square).
When the second event (here the second spin) follows the
first event, make the lines on the second square go the op-
posite way from the lines on the first. Make a tracing of one
square in Figure 2.7 and place it on the other. You end up
with 24 little sections.
Why are there six subdivisions for the spinner
B square? What does each of the 24 little rectangles
stand for? What sections would represent purple? In
any other method you have been trying, did 24 come
into play when you were looking at spinner A followed
by B?

Where Are the Answers?

No answers or solutions are given in this text. How do you
feel about that? What about the “right” answers? Are your
answers correct? What makes the solution to any investiga-
tion “correct”?

In the classroom, the ready availability of the answer
book or the teacher’s providing the solution or verifying
that an answer is correct sends a clear message to students
about doing mathematics: “Your job is to find the answers
that the teacher already has.” In the real world of problem
solving outside the classroom, there are no teachers with
answers and no answer books. Doing mathematics includes
using justification as a means of determining if an answer
is correct.
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What Does It Mean
* to Learn Mathematics?

" Now that you have had the chance to experience do-
ing mathematics, you may have a series of questions: Can
students solve such challenging tasks? Why take the time
to solve these problems—isn’t it better to do a lot of shorter
problems? Why should students be doing problems like
this, especially if they are reluctant to do so? Collectively,
these questions could be summarized as “How does ‘doing
mathematics’ relate to student learning?” The answer lies
in current theory and research on how people learn, as dis-
cussed in the following sections. The experiences we pro-
vide in classrooms should be designed to maximize learning
opportunities for students.

Constructivist Theory

Constructivism is rooted in the cognitive school of psychology
and in the work of Jean Piaget, who introduced the notion
of mental schema and developed a theory of cognitive de-
velopment in the 1930s (translated to English in the 1950s).
At the heart of constructivism is the notion that children (or
any learners) are not blank slates but rather creators of their
own learning. Integrated networks, or cognitive schemas, are
both the product of constructing knowledge and the tool
with which additional new knowledge ca a.g@tedsF)
As learning occurs, the networks are rearranged, added to,
or otherwise modified. Piaget suggested that schemas can
be changed in two ways—uassimilation and accommodation.
Assimilation occurs when a new concept “fits” with prior
knowledge and the new information expands an existing
network. Accommodation takes place when the new con-
cept does not “fit” with the existing network, so the brain
revamps or replaces the existing schema. Through reflective
thought, people modify their existing schemas to incorpo-
rate new ideas (Fosnot, 1996). Reflective thought means
sifting through existing ideas (also called prior knowledge)
to find those that seem to be related to the current thought,
idea, or task.

Existing schemas are often referred to as prior knowl-
edge. One basic tenet of constructivism is that people con-
struct their own knowledge based on their prior knowledge.
All people, all of the time, construct or give meaning to
things they perceive or think about. As you read these
words, you are giving meaning to them. Whether listening
passively to a lecture or actively engaging in synthesizing
findings in a project, your brain is applying prior knowledge
to make sense of the new information.

Construction of Ideas. To construct or build some-
thing in the physical world requires tools, materials, and
effort. How we construct ideas can be viewed in an analo-
gous manner. The tools we use to build understanding are

our existing ideas and knowledge. The materials we use to
build understanding may be things we see, hear, or touch—
elements of our physical surroundings. Sometimes the ma-
terials are our own thoughts and ideas. The effort required
is active and reflective thought.

In Figure 2.8 blue and red dots are used as symbols
for ideas. Consider the picture to be a small section of our
cognitive makeup. The blue dots represent existing ideas.
The lines joining the ideas represent our logical connec-
tions or relationships that have developed between and
among ideas. The red dot is an emerging idea, one that is
being constructed. Whatever existing ideas (blue dots) are
used in the construction will necessarily be connected to the
new idea (red dot) because those were the ideas that gave
meaning to it. If a potentially relevant idea (blue dot) is not
accessed by the learner when learning a new concept (red
dot), then that potential connection will not be made.

Constructing knowledge is an active endeavor on the
part of the learner (Baroody, 1987; Cobb, 1988; Fosnot,
1996; von Glasersfeld, 1990, 1996). To construct and under-
stand a new idea requires actively thinking about it. “How
does this fit with what I already know?” “How can I under-
stand this in the context of my current understanding of this
idea?” Knowledge cannot be “poured into” a learner. Put
simply, constructing knowledge requires reflective thought,
actively thinking about or mentally working on an idea.

rpers will vary in the number and nature of con-
DFnecLEE'ﬁérmlg éfgveen a new idea and existing ideas.

Figure 2.8 We use the ideas we already have (blue dots)
to construct a new idea (red dot), developing in the process a
network of connections between ideas. The more ideas used
and the more connections made, the better we understand.



"The construction of an idea is going to be different for each
learner, even within the same environment or classroom.
Though learning is constructed within the self, the classroom
culture contributes to learning while the learner contributes
to the culture in the classroom (Yackel & Cobb, 1996). Yackel
and Cobb argue that the learner and the culture of the class-
room are reflexively related—one influencing the other.

Sociocultural Theory

In the same way that the work of Piaget led to construc-
tivism, the work of Lev Vygotsky, a Russian psychologist,
has greatly influenced sociocultural theory. Vygotsky’s work
also emerged in the 1920s and 1930s, though it was not
translated until the late 1970s. There are many concepts
that these theories share (for example the learning pro-
cess as active meaning-seeking on the part of the learner),
but sociocultural theory has several unique foundational
concepts. One is that mental processes exist between and
among people in social learning settings, and that from
these social settings the learner moves ideas into his or her
own psychological realm (Forman, 2003).

Second, the way in which information is internalized
(or learned) depends on whether it was within a learner’s
zone of proximal development (ZPD), which is the dif-
ference between a learner’ assisted and unassisted perfor-
mance on a task (Vygotsky, 1978). Simply put, JgﬁD
refers to a “range” of knowledge Aplal outiofizéach
for a person to learn on his or her own, but is accessible if
the learner has support of peers or more knowledgeable
others. “[TThe ZPD is not a physical space, but a symbolic
space created through the interaction of learners with more
knowledgeable others and the culture that precedes them”
(Goos, 2004, p. 262). Both Cobb (1994) and Goos (2004)
suggest that in a true mathematical community of learners
there is something of a common ZPD that emerges across
learners as well as the ZPDs of individual learners.

Another major concept in sociocultural theory is se-
miotic mediation, a term used to describe how information
moves from the social plane to the individual plane. It is
defined as the “mechanism by which individual beliefs, at-
titudes, and goals are simultaneously affected and affect so-
ciocultural practices and institutions” (Forman & McPhail,
1993, p. 134). Semiotic mediation involves interaction
through language but also through diagrams, pictures, and
actions. Language and these other objects and actions are
considered the “tools” of mediation.

Social interaction is essential for mediation. The na-
ture of the community of learners is affected by not just
the culture the teacher creates, but the broader social and
historical culture of the members of the classroom (For-
man, 2003). In summary, from a sociocultural perspective,
learning is dependent on the learners (working within their
ZPD), the social interactions in the classroom, and the cul-
ture within and beyond the classroom.
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Implications for Teaching Mathematics

It is not necessary to choose between a social constructivist
theory that favors the views of Vygotsky and a cognitive
constructivism built on the theories of Piaget (Cobb, 1994).
In fact, when considering classroom practices that maxi-
mize opportunities to construct ideas, or to provide tools
to promote mediation, they are quite similar. Classroom
discussion based on students’ own ideas and solutions to
problems is absolutely “foundational to children’s learning”
(Wood & Turner-Vorbeck, 2001, p. 186).

It is important to restate that a learning theory is not
a teaching strategy, but the theory informs teaching. In this
section teaching strategies that reflect constructivist and
sociocultural perspectives are briefly discussed. You will
see these strategies revisited in Chapters 3 and 4, where
a problem-based model for instruction is discussed, and
throughout the content chapters, where you learn how to
apply these ideas to specific areas of mathematics.

Build New Knowledge from Prior Knowledge. Con-
sider the following task, posed to a class of fourth graders
who are learning division of whole numbers.

Four children had 3 bags of M&Ms. They decided to open
all 3 bags of candy and share the M&Ms fairly. There
were 52 M&M candies in each bag. How many M&M

candies did each child get? (Campbell & Johnson, 1995,
Enhapisef

Nore: You may want to select a nonfood context, such as
decks of cards, or any culturally relevant or interesting item
that would come in similar quantities.

Consider how you might introduce division to fourth
graders and what your expectations might be for this problem
as a teacher grounding your work in constructivist or socio-
cultural learning theory.

The student work samples in Figure 2.9 are from a
classroom that is grounded in constructivist ideas—that
students should develop, or invent, strategies for doing
mathematics using their prior knowledge, therefore mak-
ing connections among mathematics concepts.

Marlena interpreted the task as “How many sets of 4
can be made from 156?” She first used facts that were either
easy or available to her: 10 x 4 and 4 x 4. These totals she
subtracted from 156 until she got to 100. This seemed to
cue her to use 25 fours. She added her sets of 4 and knew
the answer was 39 candies for each child. Marlena is using
an equal subtraction approach and known multiplication
facts. Note the “blue dots” that she is connecting in order to
begin learning about the newer concept of division. While
this is not the most efficient approach, it demonstrates that
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Figure 2.9 Two fourth-grade children invent unique solu-
tions to a computation.

Source: Reprinted with permission from P. F. Campbell and M. L. Johnson,
“How Primary Students Think and Learn,” in I. M. Carl (Ed.), Prospects for
School Mathematics (pp. 21-42), copyright © 1995 by the National Coun-
cil of Teachers of Mathematics, Inc. www.nctm.org.

Marlena understands the concept of division and can move
towards more efficient approaches.

Darrell’s approach was more directly related to the
sharing context of the problem. He formed four columns
and distributed amounts to each, accumulating the amounts
mentally and orally as he wrote the numbers. Darrell used a
counting-up approach, first giving each student 20 M&Ms,
seeing they could get more, distributed 5, then 10, then
singles until he reached the total. Like Marlena, Darrell
used facts and procedures that he knew. The context of
sharing provided a “blue dot” for Darrell, as he was able to
think about the problem in terms of equal distribution.

Provide Opportunities to Talk about Mathematics.
Learning is enhanced when the learner is engaged with
others working on the same ideas. A worthwhile goal is
to create an environment in which students interact with
each other and with you. The rich interaction in such a

classroom allows students to engage in reflective thinking
and to internalize concepts that may be out of reach without
the interaction and input from peers and their teacher. In
discussions with peers, students will be adapting and ex-
panding on their existing networks of concepts.

Build In Opportunities for Reflective Thought. Class-
rooms need to provide structures and supports to help stu-
dents make sense of mathematics in light of what they know.
For a new idea you are teaching to be interconnected in a
rich web of interrelated ideas, children must be mentally
engaged. They must find the relevant ideas they possess and
bring them to bear on the development of the new idea. In
terms of the dots in Figure 2.8, we want to activate every
blue dot students have that is related to the new red dot we
want them to learn.

As you will see in Chapter 3 and throughout this book,
a significant key to getting students to be reflective is to
engage them in problems where they use their prior knowl-
edge as they search for solutions and create new ideas in
the process. The problem-solving approach requires not
just answers but also explanations and justifications for
solutions.

Encourage Multiple Approaches. Teaching should
provide opportunities for students to build connections

n what they know and what they are learning. The
PDFwilENRARG

Ré16d" presented in Figure 2.10 may not
understand the algorithm she is trying to use. If instead she
was asked to use her own approach to find the difference,
she might be able to get to a correct solution and build on
her understanding of place value and subtraction.

Even learning a basic fact, like 7 x 8, can have better
results if a teacher promotes multiple strategies. Imagine a
class where children discuss and share clever ways to fig-
ure out the product. One child might think of 5 eights and
then 2 more eights. Another may have learned 7 x 7 and
added on 7 more. Still another might take half of the sevens
(4 x 7) and double that. A class discussion sharing these
ideas brings to the fore a wide range of useful mathematical
“dots” relating addition and multiplication concepts.

In contrast, facts such as 7 x 8 can be learned by rote
(memorized). While that knowledge is still constructed, it
is not connected to other knowledge. Rote learning can
be thought of as a “weak construction” (Noddings, 1993).
Students can recall it if they remember it, but if they forget,
they don’t have 7 x 8 connected to other knowledge pieces
that would allow them to redetermine the fact.

Treat Errors as Opportunities for Learning. When
students make errors, it can mean a misapplication of their
prior knowledge in the new situation. Remember that from
a constructivist perspective, the mind is sifting through
what it knows in order to find useful approaches for the
new situation. Knowing that children rarely give random
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Figure 2.10 This student’s work indicates that she has a
misconception about place value and regrouping.

responses (Ginsburg, 1977; Labinowicz, 1985) gives insight
into addressing student misconceptions and helping stu-
dents accommodate new learning. For example, students
comparing decimals may incorrectly apply “rules” of whole
numbers, such as “the longer the number the bigger” (Mar-
tinie, 2007; Resnick, Nesher, Leonard, Magone, Omanson,
& Peled, 1989).

Figure 2.10 is an example of a student incorrectly ap-
plying what she learned about regrouping. If the teacher
tries to help the student by re-explaining the “right” way
to do the problem, the student lgses the o porﬁxtiﬁ;o
reflect on and correct her miscoéfptazg thé teadher
instead asks the student to explain her regrouping process,
the student must engage her reflective thought and think
about what was regrouped and how to keep the number
equivalent.

Scaffold New Content. The concept of scaffolding, which
comes out of sociocultural theory, is based on the idea that
a task otherwise outside of a student’s ZPD can become ac-
cessible if it is carefully structured. For concepts completely
new to students, the learning requires more structure or
assistance, including the use of tools like manipulatives or
more assistance from peers. As students become more com-
fortable with the content, the scaffolds are removed and the
student becomes more independent. Scaffolding can pro-
vide support for those students who may not have a robust
collection of “blue dots.”

Honor Diversity. Finally, and importantly, these theories
emphasize that each learner is unique, with a different col-
lection of prior knowledge and cultural experiences. Since
new knowledge is built on existing knowledge and experi-
ence, effective teaching incorporates and builds on what
the students bring to the classroom, honoring those experi-
ences. Thus, lessons begin with eliciting prior experiences,
and understandings and contexts for the lessons are selected
based on students’ knowledge and experiences. Some stu-
dents will not have the “blue dots” they need—it is your job

What Does It Mean to Understand Mathematics? 23

to provide experiences where those blue dots are developed
and then connected to the concept being learned.
Classroom culture influences the individual learning
of your students. As stated previously, you should support
a range of approaches and strategies for doing mathematics.
Students’ ideas should be valued and included in classroom
discussion of the mathematics. This shift in practice, away
from the teacher telling one way to do the problem, es-
tablishes a classroom culture where ideas are valued. This
approach values the uniqueness of each individual.

What Does It Mean to
* Understand Mathematics?

" Both constructivist and sociocultural theories em-
phasize the learner building connections (blue dots to the
red dots) among existing and new ideas. So you might be
asking, “What is it they should be learning and connect-
ing?” Or “What are those blue dots?” This section focuses
on mathematics content required in today’s classrooms.

It is possible to say that we know something or we do
not. That is, an idea is something that we either have or
don’t have. Understanding is another matter. For example,
most fifth graders know something about fractions. Given
the fraction £, they likely know how to read the fraction and

E [‘EE]H identify the 6 and 8 as the numerator and denominator,

sadavelyeThey know it is equivalent to 2 and that it is

more than 1.

Students will have different understandings, however, of
such concepts as what it means to be equivalent. They may
know that ¢ can be simplified to 3 but not understand that
2 and ¢ represent identical quantities. Some may think that
simplifying ¢ to 2 makes it a smaller number. Some students
will be able to create pictures or models to illustrate equiva-
lent fractions or will have many examples of how ¢ is used
outside of class. In summary, there is a range of ideas that
students often connect to their individualized understanding
of a fraction—each student brings a different set of blue
dots to his or her knowledge of what a fraction is.

Understanding can be defined as a measure of the qual-
ity and quantity of connections that an idea has with existing
ideas. Understanding is not an all-or-nothing proposition. It
depends on the existence of appropriate ideas and on the
creation of new connections, varying with each person
(Backhouse, Haggarty, Pirie, & Stratton, 1992; Davis, 1986;
Hiebert & Carpenter, 1992; Janvier, 1987; Schroeder &
Lester, 1989).

One way that we can think about understanding is that
it exists along a continuum from a relational understand-
ing—knowing what to do and why—to an instrumental
understanding—doing without understanding (see Figure
2.11). The two ends of this continuum were named by
Richard Skemp (1978), an educational psychologist who
has had a major influence on mathematics education.
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Figure 2.11 Understanding is a measure of the quality and quantity of connections that a new idea has
with existing ideas. The greater the number of connections to a network of ideas, the better the understanding.

In the ¢ example, the student who can draw diagrams,
give examples, find equivalencies, and approximate the size
of ¢ has an understanding toward the relational end of the
continuum, while a student who only knows the names and
a procedure for simplifying ¢ to 2 has an understanding
more on the instrumental end of the continuum.

Mathematics Proficiency

Much work has emerged since Skemp’s classic work on re-
lational and instrumental understanding focusing on what
mathematics should be learned, all of it based on the need
to include more than learning procedures.

Conceptual and Procedural Understanding. Concep-
tual understanding is knowledge about the relationships
or foundational ideas of a topic. Procedural understanding
is knowledge of the rules and procedures used in carrying
out mathematical processes and also the symbolism used
to represent mathematics. Consider the task of multiply-
ing 47 x 21. The conceptual understanding of this prob-
lem includes such ideas as that multiplication is repeated
addition and that the problem could represent the area of
a rectangle with dimensions of 47 inches and 21 inches.
The procedural knowledge could include the standard al-
gorithm or invented algorithms (e.g., multiplying 47 by
10, doubling it, then adding one more 47). The ability to
employ invented strategies, such as the one described here,
requires a conceptual understanding of place value and
multiplication.

In fact, it is well established in research on mathemat-
ics learning that conceptual understanding is an important
component of procedural proficiency (Bransford, Brown,
& Cocking, 2000; National Mathematics Advisory Panel,
2008; NCTM, 2000). The Principles and Standards Learning
Principle states it well:

i “The alliance of factual knowledge, procedural
! proficiency, and conceptual understanding

makes all three components usable in powerful
ways” (p. 19). &

Apago PDmm.

Recall the two students who used their own invented
procedure to solve 156 + 4 (see Figure 2.9). Clearly, there
was an active and useful interaction between the procedures
the children invented and the concepts they knew about
multiplication and were constructing about division.

The common practice of teaching procedures in
the absence of conceptual understanding leads to errors
and a dislike of mathematics. One way to help your stu-
dents (and you) think about all the interrelated ideas for
a concept is to create a network or web of associations,
as demonstrated in Figure 2.12 for the concept of ratio.
Note how much is involved in having a relational under-

anig;lg If ratio. Compare that to the instrumental treat-
en iolihl {orfr2 [textbooks that have a single lesson

on the topic with prompts such as “If the ratio of girls to
boys is 3 to 4, then how many girls are there if there are
24 boys?”

Five Strands of Mathematical Proficiency. While con-
ceptual and procedural understanding of any concept are
essential, they are not sufficient. Being mathematically pro-
ficient means that people exhibit behaviors and dispositions
as they are “doing mathematics.” Adding It Up (NRC, 2001),
an influential report on how students learn mathematics,
describes five strands involved in being mathematically
proficient: (1) conceptual understanding, (2) procedural
fluency, (3) strategic competence, (4) adaptive reasoning,
and (5) productive disposition. Figure 2.13 illustrates these
interrelated and interwoven strands, providing a definition
of each.

Recall the problems that you solved in the “Let’s Do
Some Mathematics” section. In approaching each problem,
if you felt like you could design a strategy to solve it (or try
new approaches if one didn’t work), then that is evidence of
strategic competence. In each of the problems selected, you
were asked to explain or justify solutions. If you were able
to reason about a pattern and tell how you knew it would
work, this is evidence of adaptive reasoning. Finally, if you
were committed to making sense of and solving those tasks,
knowing that if you kept at it, you would get to a solution,
then you have a productive disposition.
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Scale: The scale on the map
shows 1 inch per 50 miles.

Division: The ratio 3 is to
4 is the same as 3 + 4.

Geometry: The ratio of
circumference to diameter is

Trigonometry: All trig
functions are ratios.

Comparisons: The ratio of sunny
days to rainy days is greater in the
South than in the North.

Unit prices: 12 0z./ $1.79.
That's about 60¢ for 4 oz.
or $2.40 for a pound.

always m, or about 22 to 7.
Any two similar figures have
corresponding measurements
that are proportional (in the
same ratio).

Slopes of lines (algebra) and slopes of roofs
(carpentry): The ratio of the rise to the run is 15.

Business: Profit and loss are figured

as ratios of income to total cost.

Figure 2.12 Potential web of ideas that could contribute to the understanding of “ratio.”

The last three of the five strands develop only when
students have experiences that involve these processes. We
hope you have noticed that the terms used here are very
similar to the ones in the previous learning theory discus-
sion. Reflection, using prior knowledge, social interaction,

and solving problems in a variety of ways, among other
strategies, are essential to learning and therefore becoming
mathematically proficient.

Implications for Teaching Mathematics

Anann PDE Enlhaaﬂ@@% notion that understanding has both qualita-

Conceptual understanding:
comprehension of mathematical
concepts, operations, and
relations.

Strategic competence:
ability to formulate,
represent, and solve
mathematics problems.

Procedural fluency:
skill in carrying out
procedures flexibly,
accurately, efficiently,
and appropriately.

Adaptive reasoning:
capacity for logical
thought, reflection,
explanation, and
justification

Productive disposition:
habitual inclination to

I see mathematics as
’ sensible, useful, and
worthwhile, coupled

with a belief in diligence
and one’s own efficacy.

Intertwined strands of proficiency

Figure 2.13 Adding It Up describes five strands of mathe-
matical proficiency.

Source: Adding It Up: Helping Children Learn Mathematics, p. 5. Reprinted
with permission from the National Academies Press, copyright © 2001,
National Academy of Sciences.

tive and quantitative differences from knowing, the ques-
tion “Does she know it?” must be replaced with “How does
she understand it? What ideas does she connect with it?” In
the following examples, you will see how different children
may well develop different ideas about the same knowledge
and, thus, have different understandings.

Early Number Concepts. Consider the concept of “7”
as constructed by a child in the first grade. A first grader
most likely connects “7” to the counting procedure and the
construct of “more than,” probably understanding it as less
than 10 and more than 2. What else will this child eventu-
ally connect to the concept of 7? It is 1 more than 6; it is 2
less than 9; it is the combination of 3 and 4 or 2 and 5; it is
odd; it is small compared to 73 and large compared to ;
it is the number of days in a week; it is “lucky”; it is prime;
and on and on. The web of potential ideas connected to a
number can grow large and involved.

Computation. Computation is much more than memo-
rizing a procedure; analyzing a student’s strategy provides a
good opportunity to see how understanding can differ from
one child to another. For addition and subtraction with two-
or three-digit numbers, a flexible and rich understanding of
numbers and place value is very helpful. How might differ-
ent children approach the task of finding the sum of 37 and
28? For children whose understanding of 37 is based only
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on counting, the use of counters and a count-all procedure
is likely (see Figure 2.14(a)). A student may use the tradi-
tional algorithm, lining up the digits and adding the ones
and then the tens, but not understand why they are carrying
the one. When procedures are not connected to concepts
(in this case place-value concepts), errors and unreasonable
answers are more common (see Figure 2.14(b)).

Students can solve the problem using an invented ap-
proach (see Figure 2.14(c) & (d)). The strategies used here
show that the students know that numbers can be broken
apart in many different ways and that the sum of two num-
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(d)
37 and 20 more—47, 57, 58, 59, 60, 61, 62, 63, 64, 65

A

(counting on fingers)
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&2 ¢y
37,47,S7

Figure 2.14 Arange of computational examples showing
different levels of understanding.

bers remains the same if you add something to one number
and subtract an equal amount from the other. These stu-
dents can add in flexible ways.

Benefits of a Relational
Understanding

To teach for a rich or relational understanding requires a
lot of work and effort. Concepts and connections develop
over time, not in a day. Tasks must be selected that help
students build connections. The important benefits to be
derived from relational understanding make the effort not
only worthwhile but also essential.

Effective Learning of New Concepts and Procedures.
Recall what learning theory tells us—students are actively
building on their existing knowledge. The more robust their
understanding of a concept, the more connections students
are building, and the more likely it is they can connect new
ideas to the existing conceptual webs they have. Fraction
knowledge and place-value knowledge come together to
make decimal learning easier, and decimal concepts directly
enhance an understanding of percentage concepts and pro-
cedures. Without these and many other connections, chil-
dren will need to learn each new piece of information they
encounter as a separate, unrelated idea.

PDEesEﬂQ@eQ&B rVVhen students learn in an instru-

mental manner, mathematics can seem like endless lists of
isolated skills, concepts, rules, and symbols that often seem
overwhelming to keep straight. Constructivists talk about
teaching “big ideas” (Brooks & Brooks, 1993; Hiebert et
al., 1996; Schifter & Fosnot, 1993). Big ideas are really just
large networks of interrelated concepts. Frequently, the
network is so well constructed that whole chunks of in-
formation are stored and retrieved as single entities rather
than isolated bits. For example, knowledge of place value
subsumes rules about lining up decimal points, ordering
decimal numbers, moving decimal points to the right or left
in decimal-percent conversions, rounding and estimating,
and a host of other ideas.

Increased Retention and Recall. Memory is a process
of retrieving information. Retrieval of information is more
likely when you have the concept connected to an entire
web of ideas. If what you need to recall doesn’t come to
mind, reflecting on ideas that are related can usually lead
you to the desired idea eventually. For example, if you forget
the formula for surface area of a rectangular solid, reflecting
on what it would look like if unfolded and spread out flat
can help you remember that there are six rectangular faces
in three pairs that are each the same size.

Enhanced Problem-Solving Abilities. The solution of
novel problems requires transferring ideas learned in one



context to new situations. When concepts are embedded in
a rich network, transferability is significantly enhanced and,
thus, so is problem solving (Schoenfeld, 1992). When stu-
dents understand the relationship between a situation and
a context, they are going to know when to use a particular
approach to solve a problem. While many students may
be able to do this with whole-number computation, once
problems increase in difficulty and numbers move to ra-
tional numbers or unknowns, students without a relational
understanding are not able to apply the skills they learned
to solve new problems.

Improved Attitudes and Beliefs. Relational understand-
ing has an affective as well as a cognitive effect. When ideas
are well understood and make sense, the learner tends to de-
velop a positive self-concept about his or her ability to learn
and understand mathematics. There is a definite feeling of
“I can do this! I understand!” There is no reason to fear or
to be in awe of knowledge learned relationally. At the other
end of the continuum, instrumental understanding has the
potential of producing mathematics anxiety, a real phenom-
enon that involves fear and avoidance behavior.

Multiple Representations to Support
Relational Understanding

The more ways that children are gjven to think a@ d
test an emerging idea, the better Aﬂ&g@ﬁll obgy
form and integrate it into a rich web of concepts and there-
fore develop a relational understanding. Lesh, Post, and
Behr (1987) offer five “representations” for concepts (see
Figure 2.15). Their research has found that children who
have difficulty translating a concept from one representa-
tion to another also have difficulty solving problems and
understanding computations. Strengthening the ability to
move between and among these representations improves
student understanding and retention. Discussion of oral
language, real-world situations, and written symbols is
woven into this chapter, but it is important that you have
a good perspective on how manipulatives and models can
help or fail to help children construct ideas.

Models and Manipulatives. A model for a mathematical
concept refers to any object, picture, or drawing that repre-
sents the concept or onto which the relationship for that
concept can be imposed. In this sense, any group of 100
objects can be a model of the concept “hundred” because
we can impose the 100-to-1 relationship on the group and
a single element of the group. Manipulatives are physical
objects that students and teachers can use to illustrate and
discover mathematical concepts, whether made specifically
for mathematics, like connecting cubes, or objects that were
created for other purposes.

It is incorrect to say that a model “illustrates” a con-
cept. To illustrate implies showing. Technically, all that you

What Does It Mean to Understand Mathematics? 27

Written
symbols

Manipulative
models

Oral
language

Real-world
situations

Figure 2.15 Five different representations of mathemati-
cal ideas. Translations between and within each can help de-
velop new concepts.

actually see with your eyes is the physical object; only your
mind can impose the mathematical relationship on the ob-

Enh@ﬁ@@r, Thompson, 1994).

Models can be a testing ground for emerging ideas. Itis
sometimes difficult for students (of all ages) to think about
and test abstract relationships using only words or symbols.
For example, to explore the idea of area of a triangle, know-
ing the area of a parallelogram, requires the use of pictures
and/or manipulatives to build the connections. A variety of
models should be accessible for students to select and use
freely. You will undoubtedly encounter situations in which
you use a model that you think clearly illustrates an idea
but a student just doesn’t get it, whereas a different model

is very helpful.

Examples of Models. Physical materials or manipula-
tives in mathematics abound—from common objects such
as lima beans and string to commercially produced materi-
als such as wooden rods (e.g., Cuisenaire rods) and blocks
(e.g., Pattern Blocks). Figure 2.16 shows six models, each
representing a different concept, giving only a glimpse into
the many ways each manipulative can be used to support the
development of mathematics concepts and procedures.

Consider each of the concepts and the corresponding
model in Figure 2.16. Try to separate the physical model from
the relationship that you must impose on the model in order to
“see” the concept.
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(a)

00
00

~

Countable objects can be used to model “number”
and related ideas such as “one more than.”

(b)

“Length” involves a comparison of the length attribute of
different objects. Rods can be used to measure length.

()

“Rectangles” can be modeled on a dot grid. They
involve length and spatial relationships.

Base-ten concepts (ones, tens, hundreds) are
frequently modeled with strips and squares.
Sticks and bundles of sticks are also commonly used.

(e)

“Chance” can be modeled by comparing outcomes
of a spinner.

()

—_ — 15

“Positive” and “negative” integers can be modeled with
arrows with different lengths and directions.

Figure 2.16 Examples of models to illustrate mathematics concepts.

The examples in Figure 2.16 are models that can show

the following concepts:

a.

The concept of “6” is a relationship between sets that
can be matched to the words one, two, three, four, five,
or six. Changing a set of counters by adding one
changes the relationship. The difference between the
set of 6 and the set of 7 is the relationship “one more

than.”

. The concept of “measure of length” is a comparison of

the length attribute of different objects. The length

measure of an object is a comparison relationship of the

length of the object to the length of the unit.

. The concept of “rectangle” includes both spatial and

length relationships. The opposite sides are of equal
length and parallel and the adjacent sides meet at right
angles.

. The concept of “hundred” is not in the larger square

butin the relationship of that square to the strip (“ten”)
and to the little square (“one”).

. “Chance” is a relationship between the frequency of an

event’s happening compared with all possible out-



comes. The spinner can be used to create relative fre-
quencies. These can be predicted by observing
relationships of sections of the spinner.

f. The concept of a “negative integer” is based on the
relationships of “magnitude” and “is the opposite of.”
Negative quantities exist only in relation to positive
quantities. Arrows on the number line model the op-
posite of relationship in terms of direction and size or
magnitude relationship in terms of length.

Ineffective Use of Models and Manipulatives. In addi-
tion to not making the distinction between the model and
the concept, there are other ways that models or manipula-
tives can be used ineffectively. One of the most widespread
misuses occurs when the teacher tells students, “Do as I
do.” There is a natural temptation to get out the materials
and show children exactly how to use them. Children mimic
the teacher’s directions, and it may even look as if they un-
derstand, but they could be just mindlessly following what
they see. It is just as possible to get students to move blocks
around mindlessly as it is to teach them to “invert and mul-
tiply” mindlessly. Neither promotes thinking or aids in the
development of concepts (Ball, 1992; Clements & Battista,
1990; Stein & Bovalino, 2001).

A natural result of overly directing the use of models is
that children begin to use them as answer-getting devices
rather than as tools used to explorez concept, For eﬁﬁe,
if you have carefully shown and e@é@d@hil? ow
to get an answer to a multiplication problem with a set of
base-ten blocks, then students may set up the blocks to get
the answer but not focus on the patterns or processes that
can be seen in modeling the problem with the blocks. A
mindless procedure with a good manipulative is still just a
mindless procedure.

Conversely, leaving students with insufficient focus
or guidance results in nonproductive and unsystematic
investigation (Stein & Bovalino, 2001). Students may be
engaged in conversations about the model they are using,
but if they do not know what the mathematical goal is, the
manipulative is not serving as a tool for developing the
concept.

Technology-Based Models. Technology provides an-
other source of models and manipulatives. There are web-
sites, such as the Utah State University National Library
of Virtual Manipulatives, that have a range of manipula-
tives available (e.g., geoboards, base-ten blocks, spinners,
number lines). Virtual manipulatives are a good addition to
physical models, as some students will prefer the electronic
version; moreover, they may have access to these tools out-
side of the classroom.
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It is important to include calculators as a tool.

The calculator models a wide variety of numeric

relationships by quickly and easily demonstrating
the effects of these ideas. For example, you can skip-count
by hundredths from 0.01 (press 0.01 [+].01 (=], (=), [=]. . .)
or from another beginning number such as 3 (press [+ 0.01
(=), (=), (=] ...). How many presses of (=] are required to
get from 3 to 4? Many more similar ideas are presented in
Chapter 7.

& Connecting the Dots

" Itseemsappropriate to close
this chapter by connecting some
dots, especially because the ideas
represented here are the founda-
tion for the approach to each topic
in the content chapters. This chap-
ter began with discussing what do-
ing mathematics is and challenging
you to do some mathematics. Each
of these tasks offered opportuni-
ties to make connections among
mathematics concepts—connecting the blue dots.

Second, you read about learning theory—the impor-

i
myeducationlat?)

Go to the Activities and Ap-
plication section of Chap-
ter 2 of MyEducationLab.
Click on Videos and watch
the video entitled “John
Van de Walle on Connect-
ing the Dots” to see him
talk with teachers about
understanding students’
thinking.

Enﬁa ﬁi&a i?,g opportunities to connect the dots. The
e é opportunities, according to constructivism

and sociocultural theories, are those that engage learn-
ers in using their own knowledge and experience to solve
problems through social interactions and reflection. This is
what you were asked to do in the four tasks. Did you learn
something new about mathematics? Did you connect an
idea that you had not previously connected?

Finally, you read about understanding—that to have
the relational knowledge (knowledge where blue dots are
well connected) requires conceptual and procedural un-
derstanding, as well as other proficiencies. The problems
that you solved in the first section included a focus on con-
cepts and procedures while placing you in a position to use
strategic competence, adaptive reasoning, and productive
disposition.

This chapter focused on connecting the dots between
theory and practice—building a case that your teaching
must focus on opportunities for students to develop their
own networks of blue dots. As you plan and design instruc-
tion, you should constantly reflect on how to elicit prior
knowledge by designing tasks that reflect the social and
cultural backgrounds of students, to challenge students to
think critically and creatively, and to include a comprehen-
sive treatment of mathematics.
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Writing to Learn

1. How would you describe what it means to “do
mathematics”?

2. Explain why we should assume that each child’s knowledge
and understanding of an idea are unique for that child.

3. What is reflective thought? Why is reflective thinking so
important in the development of conceptual ideas in
mathematics?

4. What does it mean to say that understanding exists on a
continuum from relational to instrumental? Give an example
of an idea, and explain how a student’s understanding might
fall on either end of the continuum.

5. Explain why a model for a mathematical idea is not really an
example of the idea. If it is not an example of the concept,
what does it mean to say we “see” the concept when we look
at the model?

For Discussion and Exploration

1. Read the following problem and respond to the listed
items:
* Solve it, using a strategy of choice.
* Explain in words how you solved it.

2. Consider the following task and respond to these three
questions.
* What features of “doing mathematics” does it have?
* To what extent does it lead students to develop a rela-
tional understanding?
* To what extent does it develop mathematical proficiency?
(See Figure 2.13 on page 25.)

The Sole D’ltalia Pizzeria sells small, medium, and large
pizzas. The small pie is 9 inches in diameter, the medium
pie is 12 inches in diameter, and the large pie is 15 inches
in diameter. For a plain cheese small pizza, Sole D’ltalia
charges $6; for a medium pizza, it charges $9; for a large
pizza, it charges $12.

4 Which measures should be most closely related to the
prices charged—circumference, area, radius, or diame-
ter? Why?

@ Use your results to write a report on the fairness of Sole
D’ltalia’s pizza prices.

ify th lution i . 3. e efji tor believes in the constructivist-oriented
7 (e your solution ks correct Ap ag 0) PDF Ehﬁ:ée Zil‘élf mathematics. Some of their reasons

Some people say that to add four consecutive numbers,
you add the first and the last numbers and multiply by 2.
Is this always true? How do you know? (Stoessiger &
Edmunds, 1992)

include the following: There is not enough time to let kids
discover everything. Basic facts and ideas are better taught
through quality explanations. Students should not have to
“reinvent the wheel.” How would you respond to these
arguments?

Recommended Readings

Articles

Ball, D. L. (1997). From the general to the particular: Knowing

our own students as learners of mathematics. Mathematics
Teacher; 90(9), 732-737.
Deborah Ball, one of the leading advocates for classroom discourse
and listening to children, offers a thought-provoking example of
third-grade thinking about fractions while raising our awareness
of how difficult it is to see into the minds of children.

Berkman, R. M. (2006). One, some, or none: Finding beauty in
ambiguity. Mathematics Teaching in the Middle School, 11(7),
324-327.

This article offers a great teaching strategy for nurturing rela-
tional thinking. Examples of the engaging “one, some, or none”
activity are given for geometry, number; and algebra activities.

Buschman, L. (2003). Children who enjoy problem solving.
Teaching Children Mathematics, 9(9), 539-544.

The focus of this article is the enjoyment that students achieve
when they are making sense of mathematics themselves rather
than following rules.

Flores, A., & Klein, E. (2005). From students’ problem solving
strategies to connections with fractions. Teaching Children
Mathematics, 11(9), 452-457.

This outstanding article focuses on fractions, a topic for which stu-
dents (and adults) often lack relational understanding, and de-
scribes bow connections can be made to other concepts.

Hedges, M., Huinker, D., & Steinmeyer, M. (2005). Unpacking
division to build teachers’ mathematical knowledge. ZTeaching
Children Mathematics, 11(9), 478-483.

Like the Flores and Klein article, this article offers a wonderful
explanation of the concepts related to division. Student strategies



are examined and from that a collection of related concepts are
proposed.

Suh, J. (2007). Tying it all together: Classroom practices that
promote mathematical proficiency for all students. Teaching
Children Mathematics, 14(3), 163-169.

This is an excellent resource for teachers wanting to implement
strategies for developing the five strands of mathematics proficiency
described in Adding It Up (NRC, 2001).

Books

Lampert, M. (2001). Teaching problems and the problems of teaching.

New Haven, CT: Yale University Press.
Lampert reflects on her personal experiences in teaching fifth grade
and shares with us ber perspectives on the many issues and com-
plexities of teaching. It is wonderfully written and easily accessed
at any point in the book.

Mokros, J., Russell, S. J., & Economopoulos, K. (1995). Beyond

arithmetic: Changing mathematics in the elementary classroom.
Palo Alto, CA: Dale Seymour Publications.
These authors/researchers of the Investigations in Number,
Data, and Space curriculum use numerous examples from the
elementary classroom to develop an image of teaching mathemat-
ics from a problem-solving perspective. In looking at teaching,
curriculum, and assessment, the importance of problem solving as
a way of learning mathematics is quite clear.

Online Resources
A Maths Dictionary for Kids

www.amathsdictionaryforkids.co E
An extensive dictionary with eacr}%v\gcglgtroated YQHEIH
interactive explanation.

Classic Problems
www.mathforum.org/dr.math/faq/faq.classic.problems.
html
A nice collection of well-known problems (“Train A leaves
the station at . . .”) along with discussion, solutions, and
extensions.

Constructivism
http://carbon.cudenver.edu/~mryder/itc_data/
constructivism.html
Based at the University of Colorado, Denver, this site lists
definitions and numerous papers on constructivist theories
from Dewey to von Glasersfeld and Vygotsky.
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Constructivism in the Classroom

http://mathforum.org/mathed/constructivism.html
Provided by the Math Forum, this page contains links to
numerous sites concerning constructivism as well as articles
written by researchers.

Utah State University National Library of Virtual

Manipulatives

http://nlvm.usu.edu/en/nav/vlibrary.html
A robust collection of virtual manipulatives. A great site to
bookmark and use. Here are two favorite applets to check
out from this site:

Circle 21
http://nlvm.usu.edu/en/nav/frames_asid_188_g 2 t 1
Jhtml
A puzzle that involves adding positive and negative integers
to sum to twenty-one.

How High?
http://nlvm.usu.edu/en/nav/category_g_3_t_3.html
This is a conservation of volume activity—the student pre-
dicts how high the liquid in one container will be when
moved to one of a different shape.

Enhancer

./ Experience Guide Connections

ﬁakm -1 Anenvironment for doing mathematics is the
B focusof Chapter 1 of the Field Experience
Guide. Activities include observation protocols,
teacher and student interviews, teaching, and a
project. The act of doing mathematics is also the
focus of an observation targeting higher-level thinking
(FEG 2.2). In addition, Chapter 4 of the guide includes
experiences related to conceptual and procedural
knowledge, building on prior knowledge and creating
a web of ideas.
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Allowing the subject to be problematic means allowing stu-
dents to wonder why things are, to inquire, to search for solu-
tions, and to resolve incongruities. It means that both the
curriculum and instruction should begin with problems, di-
lemmas, and questions for students.

Hiebert et al. (1996, p. 12)

or over two decades since publication of the original

NCTM Standards document (1989), evidenee has-con-+
tinued to mount that problem solving is a powerful and
effective vehicle for learning. As Principles and Standards
(2000) states:

Solving problems is not only a goal of learning mathemat-
ics but also a major means of doing so. . . . Problem solv-
ing is an integral part of all mathematics learning, and
so it should not be an isolated part of the mathematics
program. Problem solving in mathematics should involve
all the five content areas described in these Standards. . . .
Good problems will integrate multiple topics and will in-
volve significant mathematics. (p. 52)

In a classic publication (Schroeder & Lester, 1989), two
researchers in the area of problem solving in mathematics
identified three ways that problem solving might be incor-
porated into mathematics instruction:

1. Teaching for problem solving. This approach can be
summarized as teaching a skill so that a student can later
problem solve, which follows the format of many textbooks
designed with skills taught first. Rather than building on
prior knowledge, teaching for problem solving often starts
with learning the abstract concept and then moving to solv-
ing problems as a way to apply the learned skills. For ex-
ample, students learn the algorithm for adding fractions,
and once that is mastered, solve story problems that involve
adding fractions.
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2. Teaching about problem solving. This second approach
involves teaching students how to problem solve, which can
include teaching the process (understand, design a strategy,
implement, look back) or strategies for solving a problem.
An example of a strategy is “draw a picture,” in which stu-
dents use a picture or diagram to help solve a problem. This
is discussed in more detail in the section “Teaching about
Problem Solving” later in this chapter.

3. Teaching through problem solving. "This approach gen-
erally means that students learn mathematics through real
contexts, problems, situations, and models. The contexts
and models allow students to build meaning for the con-
cepts so that they can move to abstract concepts. Teaching
through problem solving might be described as upside down
from teaching for problem solving—with the problem(s)
presented at the beginning of a lesson and skills emerging
from working with the problem(s). For example, in explor-
ing the situation of combining ; and ; feet of ribbon to
figure out how long the ribbon is, students would be led to
discover the procedure for adding fractions.

"Teaching through problem solving is the topic of this chap-
ter and a theme of this book.

Teaching Through Problem

Solving myeducationlab )
: _ Go to the Activities and Ap-
= Most, if not all, important plication section of Chapter

3 of MyEducationLab. Click
on Videos and watch the
video entitled “John Van
de Walle on Teaching
Through Problem Solving”
to see him working on a
problem with teachers dur-
ing a training workshop.

mathematics concepts and proce-
dures can best be taught through
problem solving. This statement
is a reflection of the Principles and
Standards quote and represents
current thinking of researchers in
mathematics education.




Tasks or problems can and should be posed that engage
students in thinking about and developing the important
mathematics they need to learn. Let’s examine why this ap-
proach better supports student learning.

Problems and Tasks
for Learning Mathematics

A problem is defined here as any task or activity for which
the students have no prescribed or memorized rules or
methods, nor is there a perception by students that there
is a specific “correct” solution method (Hiebert et al.,
1997).

A problem for learning mathematics also has these
features:

o It must begin where the students are. The design or
selection of the task must take into consideration the stu-
dents’ current understanding. They should have the appro-
priate ideas to engage and solve the problem and yet still
find it challenging and interesting.

o The problematic or engaging aspect of the problem must
be due to the mathematics that the students are to learn. In solv-
ing the problem or doing the activity, students should be
concerned primarily with making sense of the mathemat-
ics involved and thereby developing their understanding
of those ideas. Although it is desir: H co r
problems that make them interesﬁt,S (55 @pe s shiduld
not be the focus of the activity. Nor should nonmathemati-
cal activity (e.g., cutting and pasting, coloring graphs, etc.)
detract from the mathematics involved.

® [t must require justifications and explanations for an-
swers and metbods. Students should understand that the re-
sponsibility for determining if answers are correct and why
they are correct rests within themselves and not with the
teacher. Justification should be an integral part of doing
mathematics.

It is important to understand that mathematics is to be
taught through problem solving. That is, problem-based
tasks or activities are the vehicle by which the desired cur-
riculum is developed. The learning is an outcome of the
problem-solving process.

A Shift in the Role of Problems

Schroeder and Lester’s first way to use problem solving,
teaching for problem solving (described earlier), is strongly
engrained in our culture as the way to teach mathematics.
The teacher presents the mathematics; the students prac-
tice the skill and then study word or story problems involv-
ing that skill. Unfortunately, this approach to mathematics
teaching has not been successful in supporting student
learning and retention of mathematics concepts.
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® The approach assumes that all students have the neces-
sary prior knowledge (the blue dots described in Chap-
ter 2) to understand the teacher’s explanations.

® The teacher usually only presents one way to do the
problem, which may not be the most accessible ap-
proach for all students, while communicating that there
is only one way to solve the problem, which is almost
never the case.

® A show-and-tell approach places the student as a pas-
sive learner, dependent on the teacher to present ideas,
rather than as an independent thinker who can develop
an approach to solve the problem with the knowledge
he or she possesses.

e Problem solving becomes a separate activity from skills
and concepts, diminished as part of learning mathe-
matics. Consequently, students do not feel capable of
solving the problems they encounter, because they do
not see the relationship to the skills and concepts
learned earlier.

® Students accustomed to being told how to do mathe-
matics are not likely to attempt a new problem without
explicit instructions on how to solve it. But—that’s what
doing mathematics is—figuring out an approach to
solve the problem at hand.

Some teachers may think that showing students how to
solve a set of problems is the best approach for students,

Endfrarﬂ@ giriiggling while saving time. However, students

are not learning content with deep understanding, often
forgetting what they have learned; they need a more effec-
tive approach to learning mathematics.

Effective lessons begin where the students are, not
where teachers are. That is, teaching should begin with
the ideas that children already have, the ideas they will
use to create new ones. To engage students requires tasks
or activities that are problem-based and require thought.
Students learn mathematics as a result of solving problems.
Mathematical ideas are the outcomes of the problem-solving
experience rather than elements that must be taught before
problem solving (Hiebert et al., 1996, 1997). Furthermore,
the process of solving problems is now completely interwo-
ven with the learning; children are Jearning mathematics by
doing mathematics!

The Value of Teaching
Through Problem Solving

Teaching through problem solving requires a paradigm shift,
which means that a teacher is changing more than just a few
things about her teaching; she is changing her philosophy
of how she thinks children learn and how she can best help
them learn. At first glance, it may seem that the teacher’s
role is less demanding because the students are doing the
thinking, but the reverse is actually the case. Teachers must
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select quality tasks that allow students to learn the content
by figuring out their own strategies and solutions. Teachers
must then develop and ask the high-quality questions that
allow students to verify and relate their strategies. This pro-
cess allows students to understand mathematics on a deeper
level. There are good reasons to go to the effort involved in
teaching through problem solving.

®  Focuses students’ attention on
ideas and sense making. When solv-
ing problems, students are neces-
sarily reflecting on the concepts
inherent in the problems. Emerg-
ing concepts are more likely to
be integrated with existing ones,
thereby improving understanding.
By contrast, no matter how skillfully
a teacher provides explanations and
directions, students will attend to
the directions but rarely to the concepts and connections.

® Develops student confidence that they are capable of doing
mathematics and that mathematics makes sense. Every time
teachers pose a problem-based task and expect a solution,
they say to students, “I believe you can do this.” Every time
the class solves a problem and students develop their under-
standing, confidence and self-worth are enhanced.

® Provides a context to help students build gneaning for the

Go to the Activities and Ap-
plication section of Chapter
3 of MyEducationLab. Click
on Videos and watch the
video entitled “John Van
de Walle on the Value of
Teaching Through Problem
Solving” to see his conver-
sation with teachers during
a training workshop.

i
myeducationlal?)

can plan more effectively and accommodate each student’s
learning needs.

o Allows for extensions and elaborations. Extensions and
“what if” questions can motivate advanced learners or quick
finishers, resulting in increased learning and enthusiasm for
doing mathematics. Such problems can be configured to
meet the needs of a range of learners.

® Engages students so that there are fewer discipline prob-
Jems. Many discipline issues in a classroom are the result of
students becoming bored, not understanding the teacher
directions, or simply finding little relevance in the task.
Most students like to be challenged and enjoy being per-
mitted to solve problems in ways that make sense to them,
giving them less reason to act out or cause trouble.

® Develops “mathematical power.” Students solving
problems in class will be engaged in all five of the processes
of doing mathematics—the process standards described by
the Principles and Standards document: problem solving, rea-
soning, communication, connections, and representation.

e Is a lot of fun! Teachers who teach through prob-
lem solving never return to a teach-by-telling mode. The
excitement of students’ developing understanding through
their own reasoning is worth all the effort.

As this list illustrates, teaching through problem solv-
ing has benefits for student learning and for engagement.
The next section discusses the types of tasks teachers can

concept. Providing a context, especially whmac faxe i DFsse t-tepth ghiqugteptoblem solving.

grounded in an experience familiar to students, supports the
development of mathematics concepts. Such an approach
provides students access to the mathematics, allowing them
to successfully learn the content.

o Allows an entry point for a wide range of students. Good
problem-based tasks have multiple paths to the solution.
Students may solve 42 — 26 by counting out a set of 42
counters and removing 26, by adding onto 26 in various
ways to get to 42, by subtracting 20 from 42 and then taking
off 6 more, by counting forward (or backward) on a hun-
dreds chart, or by using a standard computational method.
Each student gets to make sense of the task using his or her
own ideas. Furthermore, students expand on these ideas
and grow in their understanding as they hear and reflect on
the solution strategies of others. In contrast, the teacher-
directed approach ignores diversity, to the detriment of
most students.

® Provides ongoing assessment data useful for making
instructional decisions, belping students succeed, and inform-
ing parents. As students discuss ideas, draw pictures or use
manipulatives, defend their solutions and evaluate those of
others, and write reports or explanations, they provide the
teacher with a steady stream of valuable information. These
products provide rich evidence of how students are solv-
ing problems, what misconceptions they might have, and
how they are connecting and applying new concepts. With
a better understanding of what students know, a teacher

Examples of Problem-Based Tasks

In Chapter 2, you saw that mathematical ideas could be
categorized as conceptual or procedural. Students can learn
both types of mathematics through problem-based activi-
ties, as shown in the following examples.

Conceptual Mathematics. As described in Chapter 2,
concepts are the foundational ideas on which understand-
ing builds. Concepts related to multiplication, for example,
include the idea of repeated addition (4 x 5 =5+ 5 + 5 +5)
and area (a rug that is 4 by 5 has an area of 20 square feet).
The following three examples briefly describe how con-
cepts can be presented through problem solving.

Concept: Partitioning
Grades: K-1

Think about the number 6 broken into two different amounts.
Draw a picture to show a way that six things can be broken
in two parts. Think up a story to go with your picture.

At the kindergarten or first-grade level, the teacher may
want students simply to think about different parts of 6
and to connect these ideas into a context. In first or second



grade, the teacher may challenge children to find all of the
combinations rather than focus on the story or context.
There is a nice relationship and pattern to be constructed.
In a class discussion following work on the task, students are
likely to develop an orderly process for listing all seven of
the combinations: As one part grows from 0 to 6, the other
part begins at 6 and shrinks by ones to 0.

The second task is focused on the approximate size of a
fraction, a concept poorly understood by most students.

Concept: Estimating Fractions Greater Than 1
Grades: 4-6

Place an X on the number line about where 1;1 would be.
Explain why you put your X where you did. Perhaps you
will want to draw and label other points on the line to help
explain your answer.

0 2

Note that the task includes a suggestion for how to respond
but does not specify exactly what must be done. Students
are able to use their own level of reasoning and understand-
ing to justify their answers. In the follow-up discussion,
the teacher may well expect to see a variety of justifications
from which to help the class refi

A‘ ideh ut EP%S
greater than 1. gaa)

Concept: Comparing Ratios and Proportional Reasoning
Grade: 6-8

Jack and Jill were at the bottom of a hill, hoping to fetch a
pail of water. Jack walks uphill at 5 steps every 25 seconds,
while Jill walks uphill at 3 steps every 10 seconds. Assum-
ing constant walking rate, who will get to the pail of water
first?

Students can solve this problem in a variety of ways, includ-
ing setting up ratios. Students may also use a rate approach,
determining the number of steps taken per minute for each
person. The discussion about this task, and the others, will
focus on the ways that students compared the ratios, which
is the essence of proportional reasoning. This task is one
of four used to introduce proportional reasoning in an Ex-
panded Lesson that can be found in the Field Experience
Guide, pp. 113-114.

Algorithms and Processes. Some teachers falsely as-
sume that procedures must be taught through direct in-
struction. In reality, students can develop algorithms via a
problem-solving approach. The distinction between direct
instruction and the problem-solving approach is in who
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determines the approach to solving the problem. When
students learn computation through problem solving, they
figure out how they will solve the problem. This is a major
shift from showing students only one algorithm that they
are to use. The following two examples demonstrate this
approach.

The first example is a grade 1-2 lesson on two-digit
addition. The lesson begins with the teacher posing the fol-
lowing questions: What is the sum of 48 and 25¢ How did you
figure it out? Even though there is no story or situation to
resolve, this is a problem because students must figure out
how they are going to approach the task. Students work on
the problem, using manipulatives, pictures, or other tools.
After students have solved the problem in their own way,
the teacher gathers the students together to hear one an-
other’s strategies and solutions.

In one second-grade classroom, at least seven differ-
ent solution methods were offered by the students (Russell,
1997). Two children employed two different counting tech-
niques using a hundreds chart (a 10-by-10 chart numbered
1 to 100 from top to bottom). Here are some of the other
solutions:

48]+ 2[5]
40 +20 = 60
8+2=10

(Boxed digits help “hold” them.)

(The 3 is left from the 5.)

Enhamkcrao=70

70+3=73

40+ 20=60
60+ 8 =68
68+5=73

48 +20 =068

68 + 2 (“from the 57) =70

“Then I still bave that 3 from the 5.”
70+3=73

25+25=50

50+23=73

"Teacher: Where does the 23 come from?
“It’s sort of from the 48.”

How did you split up the 48?

“20 and 20 and 1 split the 8 into 5 and 3.”

48 -3 =45
45+25=170
70+3=73

The students in this class show a variety of levels of
thinking and many interesting techniques. They had
learned from each other the trick of placing numbers in
“hold boxes,” although not everyone used it. The children
who are counting on the hundreds chart are showing that
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they may not yet have developed adequate place-value
tools to understand these more sophisticated methods. Or
the class discussion may help them activate those ideas or
“dots” they simply had not considered. One question asks
whether these invented methods are efficient or adequate.
Students need to consider a variety of methods and make
this determination.

Imagine for yourself what might happen if fifth-grade
students were asked to add 3.72 + 1.6 before learning about
lining up decimal points. Many students will do it incor-
rectly, perhaps aligning the 2 and 6. The decimal may be
placed in various places. But students asked to defend their
solutions will need to confront the size of the answer and
the meaning of the digits in each position. A class of prac-
ticed problem solvers will soon develop a solid approach
for adding decimals.

Gary Tsuruda is a middle school teacher who wrote a
book about his successful problem-based mathematics class-
room (Tsuruda, 1994). His classes frequently work in small
groups to solve problems. The following example (Figure
3.1)is alesson on the formula for area of a trapezoid. Rather
than state the algorithm and have students plug numbers

Trapezoid Area

Problem: Find an easy way to determine the area of any trapezoid.
Be sure that you understand the answers to each of these questions:

1. What does “area” mean?

2. What s a trapezoid?

3. How do you find the area of other polygons? Show as many
different ways as you can.

Now see if your group can find an easy way to determine the area
of any trapezoid.

Hints:

1. Draw several trapezoids on dot paper and find their areas.
Look for patterns.

2. Consider how you find the area of other polygons. Are any
of the key ideas similar?

3. You might try cutting out trapezoids and piecing them
together.

4. Ifyou find a way to determine the area, make sure it is as easy
as you can make it and that it works for any trapezoid.

Write-up:

1. Explain your answers to the first three questions in detail. Tell
how your group reached agreement on the answers.

2. Tell what you did to get your formula for the area of any trape-
zoid. Did you use any of the hints? How did they help you?

3. Show your formula and give an illustration of how it works.

Figure 3.1 Amiddle school example in which students
construct a formula.

Source: Reprinted with permission from Putting It Together: Middle School
Math in Transition (p. 7) by G. Tsuruda. Copyright © 1994 by G. Tsuruda.
Published by Heinemann, a division of Reed Elsevier, Inc. Portsmouth, NH. All
rights reserved.

into the formula, students use a problem-based approach
that fosters understanding of the formula. Notice that the
initial questions bring the requisite ideas needed for the
task to the students’ conscious level. Next they are asked
to do some exploration and look for patterns. From these
explorations the group must come up with a formula, test t,
describe how it was developed, and illustrate its use.

Tsuruda (1994) reports that every group was able to
produce a formula. “Not all the formulas looked like the
typical textbook formula, but they were all correct, and
more important, each formula made sense according to the
way the students in that group had constructed the knowl-
edge from the data they themselves had generated” (p. 6).

In all of these examples of problem-based lessons, the
students are very much engaged in the processes of doing
mathematics—figuring out procedures rather than not ac-
cepting them blindly. What is abundantly clear is that the
more problem solving students do, the more willing and
confident they are to solve problems and the more methods
they develop for attacking future problems (Boaler, 1998,
2002; Boaler & Humphreys, 2005; Buschman, 2003a,b;
Campbell, 1996; Rowan & Bourne, 1994; Silver, Smith, &
Nelson, 1995; Silver & Stein, 1996; Wood, Cobb, Yackel,
& Dillon, 1993).
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A key element in teaching with problems is the
selection of appropriate problems or tasks. A task is effec-
tive when it helps students learn the ideas you want them to
learn. It must be the mathematics in the task that makes it
problematic for the students so that it is the mathematical
ideas that are their primary concern. Therefore, the first
and most important consideration for selecting any task for
your class must be the mathematics. That said, what do you
look for in tasks and where do you find them?

Multiple Entry Points

One of the advantages of a problem-based approach is that
it can help accommodate the diversity of learners in every
classroom. A problem-based approach does not dictate how
a child must think about a problem in order to solve it.
When a task is posed, students are told, in essence, “Use
the ideas yo# own to solve this problem.” Because of the
range of students’ mental tools, concepts, and ideas, many
students in a class will have different ideas about the best
way to complete a task. Thus, access to the problem by
all students demands that there be multiple entry points—
different places to “get on the ramp”—to reach solutions.



Once we stop thinking that there is only one way to
solve a problem, it is not quite as difficult to develop good
“ramp-up problems” or problems with multiple entry
points. Although many problems have singular correct an-
swers, there are often numerous ways to get there. Nearly
all the problems presented in this chapter have multiple
entry points, as in the following two examples.

Concept: Area
Grades: 3—4

Find the area of the cover of your math book. That is, how
many square tiles will fit on the cover of the book?

Concept: Division of Fractions
Grades: 5-7

Clara has 2 whole pizzas and % of another. All of the pizzas
are the same size. If each of her friends will want to eat ‘1. of
a pizza, how many friends will she be able to feed with the
2% pizzas?

L'/ FPavse and P%Zeof

See if you can think of more than one path to solving
these two problems. Try to think of&@o& at ip@]‘me
bottom of the “ramp” (less sophisticated) and another that is
closer to the middle or the top of the “ramp.” Do this now be-
fore reading further.

The area problem can be solved with materials that
directly attack the meaning of the problem. The cover of
the book can be completely covered with tiles and then
counted one at a time. Moving slightly up the ramp to a
higher entry point, a child may cover the book with tiles but
count only the length of the row and the number of rows,
multiplying to get the total. Another child may place tiles
only along the edges of the book and multiply. Yet another
child, noting that the tiles are 1 inch on each side, may use
a ruler to measure the book edges.

For the pizza task a direct approach is also possible.
Using plastic circular fraction pieces (or a drawing) to rep-
resent 21 pizzas, ; pieces can be placed on top until no more
will fit. Another child may know that four fourths make a
whole; therefore, two of the pizzas will feed eight friends.
Children may or may not know how many fourths they can
get from the 1 piece and will have to tackle that part accord-
ingly. A guess-and-check approach is possible, starting with
perhaps six children, then seven, and so on until the pizza
is gone. A few children may have learned a computational
method for dividing 21 by 1.

Having thought about these possible entry points, the
teacher will be better prepared to suggest appropriate hints
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for any student who is “stuck,” depending on what that
student brings to the task.

Creating Meaningful
and Engaging Contexts

Certainly one of the most powerful features of teaching
through problem solving is that the problem that begins the
lesson can get students excited about learning mathemat-
ics. Compare these two sixth-grade introductory lessons
on ratios:

“Today we are going to explore ratios and see how
ratios can be used to compare amounts.”

“In a minute, I am going to read to you a passage from
Harry Potter about how big Hagrid is. We are going
to use ratios to compare our heights and widths to
Hagrid’s.”

Contexts can also be used to learn about cultures, such as
those of students in your classroom. Contexts can also be
used to connect to other subjects, as shown in the follow-
ing sections. Children’s literature, culturally relevant ap-
plications, and linking to other disciplines (e.g., science)
are explored here for their potential to engage students in
learning mathematics.

En| . é&{y analyzing and adapting a problem, antici-
i ' pating the mathematical ideas that can be

brought out by working on the problem, and
anticipating students’ questions, teachers can decide if par-
ticular problems will help to further their mathematical
goals for the class” (NCTM, 2000, p. 53). &

Children’s Literature. Children’s literature is a rich
source of problems at all levels, not just primary. Children’s
stories can be used in numerous ways to create a variety of
reflective tasks, and there are many excellent books to help
you in this area (Bay-Williams & Martinie, 2004; Bresser,
1995; Burns, 1992; Karp, Brown, Allen, & Allen, 1998;
Sheffield, 1995; Theissen, Matthias, & Smith, 1998; Ward,
2006; Welchman-Tischler, 1992; Whitin & Whitin, 2004;
Whitin & Wilde, 1992, 1995).

By way of example, a very popular children’s picture
book, The Doorbell Rang (Hutchins, 1986), can be used to
explore different concepts at various grade levels. The story
is a sequential tale of children sharing 12 cookies. On each
page, more children come to the kitchen, and the 12 cook-
ies must be redistributed. This simple yet engaging story
can lead to exploring ways to make equal parts of almost any
number for children at the K-2 level. It is a springboard for
multiplication and division at the 3—4 level. It can also be
used to explore fraction concepts at the 4-6 level.

In Harry Potter and the Sorcerer’s Stone (Rowling, 1998),
referred to earlier, the lesson is based on a description of
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Hagrid as twice as tall and five times as wide as the average
man. Students in grades 2-3 can cut strips of paper (like
adding machine paper) that is as tall as they are and as wide
as their shoulders are. Then they can figure out how big
Hagrid would be if he were twice as tall and five times as
wide as they are. In grades 4-5, students can create a table
that shows each student’s height and width and look for a
pattern (it turns out to be about 3 to 1). Then they can figure
out Hagrid’s height and width and see if they keep the same
ratio (it is 5 to 2). In grades 6-8, students can create a scat-
ter plot of their widths and heights and see where Hagrid’s
data would be plotted on the graph. Measurement, number,
and algebra content are all embedded in these examples.
Whether students are 6 or 13, literature resonates with
them, making them more enthusiastic about solving the re-
lated mathematics problems and more likely to learn and to
see mathematics as a useful tool for exploring the world.
Several recent teacher resources focus on using non-
fiction literature in teaching mathematics (Bay-Williams &
Martinie, 2008; Petersen, 2004; Sheffield & Gallagher, 2004).
Nonfiction literature can include newspapers, magazines, and
the Web—all great sources for problems that have the added
benefit of students learning about the world around them.
For example, an article appeared in the Manchester
Evening News, in England (Leeming, 2007), explaining that
the Cool Cash Lottery Scratchcard, created by a company

fore, is the other subject matter that students are studying.
Elementary teachers can pull ideas from the topics being
taughtin social studies, science, and language arts; likewise,
middle school teachers can link to these subjects through
their grade-level colleagues. Other familiar contexts such as
art, sports, and pop culture can also be valuable.

In kindergarten, students can bring their study of natu-
ral systems into mathematics by sorting leaves based on a
range of rules, such as color, smooth or jagged edges, feel
of the leaf, and shape. Students learn about rules for sort-
ing and possibly Venn diagrams (mathematics) and about
observing and analyzing what is common and different in
leaves from different trees (science). Sorting and measur-
ing, topics in both mathematics and science, are more con-
cepts to explore with leaves. Older students can learn in
science about why different leaves have different shapes,
sizes, and textures while in mathematics, students can find
the perimeter and area of various types of leaves.

AIMS (Activities in Mathematics and Science), a series
of teacher resource books integrating mathematics and sci-
ence, has fantastic ideas in every book. See www.aimsedu
.org for more information. In Looking at Lines (AIMS,
2001), a middle school AIMS books, students hang paper-
clips from a handmade balance to learn about linear equa-
tions (mathematics) and force and motion (science).

Social studies is rich with opportunities to do math-

named Camelot, had to be recalled—thepinteger value aties, iimiline of historic events are excellent opportu-
were too difficult for many people: Ap ég 6 SIDDEE@&) msécgvﬁrk on the relative sizes of numbers

"To qualify for a prize, users had to scratch away a window
to reveal a temperature lower than the value displayed on
each card. As the game had a winter theme, the tempera-
ture was usually below freezing. Camelot received dozens
of complaints on the first day from players who could not
understand how, for example, -5 is higher than -6. . . .
[One person] said: “On one of my cards it said I had to
find temperatures lower than —8. The numbers I uncov-
ered were —6 and -7 so I thought I had won, and so did
the woman in the shop. But when she scanned the card
the machine said I hadn’t.

Can you think of a good problem to pose to students? One
task could be to ask students to prepare an illustration and
explanation that can help grown-ups understand the value
of negative numbers.

The end of the chapters in Section 2 include a section
titled “Literature Connections” that suggests picture books,
poetry, and novels that can be used to explore the math-
ematics of that chapter. Literature ideas are often found in
the articles of NCTM’s journals, because it is an exciting
approach to creating problem-solving scenarios.

Links to Other Disciplines. Finding relevant contexts
for engaging all students is always a challenge in classes
of diverse learners. Using contexts familiar for all students
can be effective. An excellent source for problems, there-

and to make better sense of history. Students can explore
the areas and populations of various countries or U.S. states
and compare the population densities, while in social stud-
ies they can talk about how life differs for regions with 200
people living in a square mile from regions with 5 people
per square mile.

| The Equity Principle challenges teachers to be-
ﬂ lieve that every student brings something of
value to the tasks that they pose to their classes.
The Teaching Principle calls for teachers to select tasks that
“can be solved in more than one way, such as using an arith-
metic counting approach, drawing a geometric diagram and
enumerating possibilities, or using algebraic equations [so
that tasks are] accessible to students with varied prior
knowledge and experience” (NCTM, 2000, p. 19). &

How to Find Quality Tasks
and Problem-Based Lessons

Abundant mathematics teaching resources are available in
print along with a nearly endless supply of ideas on the
Web. Searching for the right task for a particular lesson can
be time-consuming or confusing. Knowing what makes a
good task and where to start looking can help.


www.aimsedu.org
www.aimsedu.org

A Task Selection Guide. Throughout this book, in every
student textbook, and in every article you read or in-service
workshop you attend, you will find suggestions for activi-
ties, problems, tasks, or explorations that someone believes
are effective in helping children learn some aspect of math-
ematics. As well-known mathematics educators Lappan and
Briars (1995) contend, selecting activities or tasks is the
most significant decision teachers make to affect students’
learning. Figure 3.2 shows a four-step guide you can use
when considering a new activity for your students.

The third step in Figure 3.2 is the most important point
in determining if an activity is a good fit for the content you
are teaching. What is problematic about the activity? How
will the activity improve the chances that the children will
be mentally active, reflecting on and constructing the ideas
you identified for the lesson?

Practice using this evaluation and selection guide with
activities throughout this book. Work toward thinking
about tasks or activities from the view of what is likely to

Activity Evaluation and Selection Guide

STEP 1: How Is the Activity Done?

Actually do the activity. Try to get “inside” the task or
activity to see how it is done and what thinking might
goon.

How would children do the activity or solve the problem?

* What materials are needed?
® What is written down or recorded?
* What misconceptions may emerge?

STEP 2: What Is the Purpose of the Activity?
What mathematical ideas will the activity develop?
* Are the ideas concepts or procedural skills?
* Will there be connections to other related ideas?

STEP 3: Can the Activity Accomplish Your Learning Goals?

What is problematic about the activity? Is the problematic
aspect related to the mathematics you identified in the
purpose?

What must children reflect on or think about to complete
the activity? (Don’t rely on wishful thinking.)

Is it possible to complete the activity without much reflec-
tive thought? If so, can it be modified so that students
will be required to think about the mathematics?

STEP 4: What Must You Do?
What will you need to do in the before portion of your
lesson?
® How will you activate students’ prior knowledge?
* What will the students be expected to produce?

What might you anticipate seeing and asking in the during
portion of your lesson?

What will you want to focus on in the after portion of your
lesson?

Figure 3.2 A process for selecting effective mathematics
tasks or activities.
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happen inside children’s minds, not just what they are doing
with their hands. Good tasks are minds-on activities, not
just hands-on activities.

|-|/ Pavse and Pe%lea‘

Suppose your goal is for students to learn some of the
harder multiplication facts they have not yet mastered (grade 3
or 4). You pose the task on page 50 about finding a helping
fact. Think about the questions in step 3 of Figure 3.2. Do you
think this will be an effective activity for your students? Why?
Can you make it better? How?

Illuminations, a resource website of NCTM,
_,-@-I%O.,‘-hés is perhaps the best portal for finding high-
~ quality lessons on the Internet. Besides over
100 activities posted that use engaging applets, there are
more than 500 full lesson plans as well as links to many
high-quality websites, searchable by content and by grade
band. A definite site to bookmark on your computer!
(http://illuminations.nctm.org). ¢

Standards-Based Curriculum. If your school is using a
standards-based mathematics program, you will find an in-
creased emphasis on learning mathematics through problem
solving. This is certainly true with Investigations in Number,

Enlhzaﬂ@@cf and Connected Mathematics Project (CMP 11),

which follow a before, during, and after lesson approach as
described later in this chapter.

The CMP II lesson in Figure 3.3 is the first lesson on
multiplication of fractions. In the problem, a familiar con-
text is used: a pan of brownies. This context helps students
use prior knowledge to think about and solve the problem.
The lesson begins with posing the problem, “How much of
the pan have we sold?” (before).

Next, students explore questions A through D using the
square pan as a model (during). Notice how the questions
are (1) grounded in the context of brownies, (2) placed in
order of increasing difficulty, and (3) focused on connecting
the concept to the procedure. Notice that parts A and B are
very conceptual, and by C and D students are being asked
to use the patterns they noticed in their problem solving to
develop a rule or algorithm for multiplying fractions.

Finally, students are gathered back as a whole group
and asked questions that focus on the concept of multipli-
cation of fractions—taking a part of a part (sfter). In the
Teacher Guide that accompanies the curriculum, the fol-
lowing questions are suggested for the discussion:

® How did you decide what fraction of a whole pan is
being bought?

e Can someone suggest a way to mark the brownie pan
so it is easy to see what part of the whole pan is being
bought?



http://illuminations.nctm.org
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Figure 3.3 Firstlesson on multiplying fractions in a standards-based mathematics program
Source: Connected Mathematics: Bits and Pieces Il: Student Edition by G. Lappan, J. Fey, W. Fitzgerald, S. Friel, and E. Phillips

pp. 32—33. Copyright © 2006 by Michigan State University. Used by permission of Pearson Education, Inc. All rights reserved
Pavse and P%[ea‘

" Name three distinct aspects about this approach to
multiplication of fractions that differ from the traditional ap-

proach. What advantages and challenges do you anticipate in
using a teaching through problem solving approach?

¢ What number sentences [equations] could I write for
Question A?

This is just one lesson in a series of lessons to build

meaning for multiplication of fractions, all designed in the

teaching through problem solving style.




Adapting a Non-Problem-Based Lesson. Most teach-
ers find their textbook to be the main guide to their day-
to-day curriculum. However, when teachers let the text
determine the next lesson, they assume that children learned
from each page what was intended. Avoid the “myth of cov-
erage”: If we covered it, they must have learned it. Good
teachers use their text as a resource and as a basic guide to
their curriculum, enhancing what is given to better meet
the needs of students.

Many traditional textbooks are designed for teacher-
directed classrooms, a contrast to the approach you have
been reading about. Adopt a unit perspective. Avoid the
idea that every lesson and idea in the unit requires atten-
tion. Examine a chapter or unit from beginning to end and
identify the two to four big ideas, the essential mathemat-
ics in the chapter. (Big ideas are listed at the start of each
chapter in Section 2 of this book. These may be helpful as
a reference.) With the big ideas of the unit in mind, you
now have two choices: (1) adapt the best or most important
lessons in the chapter to a problem-based format or (2) cre-
ate or find tasks in the textbook and other resources that
address the major concepts.

Example 1: Addition. Figure 3.4 shows a page from a
first-grade textbook. The lesson addresses an important
idea: the connection between addition and subtraction.
The approach on this page is fine: A picture of two sets of
counters is used to suggest an adA a@t} su@tE*i;n
equation, thus connecting these concepts. However, the
expectation for students is limited to filling in the blanks.

Imagine for a moment how you might help students
complete this page. It is easy to slip into a “how-to” mode
focused more on the blanks than on the concepts of addi-
tion and subtraction. Let’s convert this lesson to a problem-
based one.

l'/ FPavse and Pe%ka‘

How can students be challenged to wrestle with this
task? How might a different approach allow for multiple entry
points? If this problem is redesigned to be more open-ended,
how will it affect the challenge and learning in the lesson?

One possibility is to provide a set of perhaps eight coun-
ters and have students separate the set into two parts. The
students’ task is to write addition and subtraction equations
that represent how they separated the counters. Students
can be asked to draw a picture to show the two parts of the
set. In addition, they can be challenged to see how many
different ways they can separate the eight counters, record-
ing the possible addition and subtraction number sentences
for each.

Another possibility is to create a scenario in which
there are two amounts, such as toy cars, on two different
shelves. In the toy store, there were 11 cars, 4 on the top shelf
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s Using Related Facts

~tLearnd s

Addition and subtraction facts are related
if they use the same numbers.
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5 + 4 =

These are
related facts.
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Think About It Reasoning

What two subtraction facts are related to 6 + 4 = 107

Chagter 4 + Losson 5 one hundred thirty-seven 137
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Figure 3.4 Afirst-grade lesson from a traditional textbook.
Source: Scott Foresman—Addison Wesley Math: Grade 1 (p. 137), by R. .
Charles et al. Copyright © 2004 Pearson Education, Inc., or its affiliate(s).
Used by permission. All rights reserved.

and 7 on the next shelf. Have the students create two story
problems about the 11 cars, one that is an addition story
and another that is a related subtraction story.

In both of these modifications, the students will solve
only one or two problems rather than the eight provided.
But in the during and after portions of either modified les-
son, there will be a much greater opportunity for students
to develop the connection between the operations for ad-
dition and subtraction.

Example 2: Classifying Triangles. Figure 3.5 is the
second page of a geometry lesson from a sixth-grade book.
The content involves classification of triangles by relative
side lengths and by the sizes of the angles, but notice how
much of the lesson is simply providing definitions. Here
the question at the top of the page (How can you draw and
classify triangles?) is the essence of a good problem-based
task. Consider what yoz might do before reading on.

To make this a classification task, students need some
triangles in all six categories, with two or three triangles per
category. You might prepare a set of triangles, reproduce
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Activity
How can you draw and classify triangles?
Triangles can be classified by their angles or their sides.
Classified by Sides
Equilateral triangle
All sicles are

Classified by Angles
Acute triangle
All thy

Obtuse triangle Scalene triangle
One s ar M are

Follow Steps a-¢ to draw a triangle with a 5-cm side between 40° and 507 angles

a. Draw a 5-cm segment,
b. Draw a 40° angle at one end of the segment and a
50° angle at the other end. Extend the sides until they meet.
€. Classify the triangle by its angles and by its sides. You can use
your protractor and ruler to check measurements.

d. Draw and label an accurate example of each type of triangle
defined above s Tuke It Is the XET

£ More Examples
www seattlreaman em

/m For another example, sée Set 97 on . 31
F

ind the missing angle measure, Then classify the triangle by its angles and by its sides.
1. 2, 3. &,
5. Draw a triangle with a 3-inch side between two 407 angles.
Then classify the triangle by its angles and by its sides,
6. Reasoning Find the value of x in the triangle at the right.
Then classify the triangle by its angles and by its sides.
Is it a regular polygon?
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students how to solve problems.
This is also a part of teaching
through problem solving, though
sometimes in classrooms there
are days when a teacher’s goal is
to teach students a new problem-
solving strategy, such as “Make an
organized list.” In teaching about
problem solving, it is not only im-
portant to seek understanding of
the process for solving problems; it is also important to
teach general strategies useful for solving problems.

y
myeducationlat;)

Go to the Building Teaching
Skills and Dispositions
section of Chapter 3 of
MyEducationLab. Click on
Videos and watch the video
entitled “Finding Area” to
see a real-world, problem-
solving lesson on finding
area.

Four-Step Problem-Solving Process

George Polya, a famous mathematician, wrote a classic
book, How to Solve It (1945), that outlined four steps for
doing mathematics. These widely adopted steps for prob-
lem solving have appeared and continue to appear in many
resource books and textbooks. Explicitly teaching these
four steps to students can improve their ability to solve
problems. The four steps are described very briefly in the
following list:

1. Understanding the problem. Briefly, this means figur-
ing out what the problem is about, identifying what ques-
tion or problem is being posed.

i57 this phase you are thinking about
PDE_Eftramce

Figure 3.5 A page from a sixth-grade lesson from a tradi-
tional textbook.

Source: Scott Foresman—Addison Wesley Math: Grade 6 (p. 497), by R. I.
Charles et al. Copyright 2004 Pearson Education, Inc., or its affiliate(s).
Used by permission. All rights reserved.

them, and have students cut them out, or geoboards could
be used if they are available. (See Activity 20.8 on page
413 and Blackline Master 58 for details.) Given the set of
triangles, the task is to find two ways to sort the triangles
into three separate piles. You could specify doing this first
with a rule about sides and then a rule about angles, or let
students develop their own classification schemes. In the
during portion, you can approach struggling students and
provide hints that will help ensure that they create catego-
ries. After students have created the categories, you can
introduce the appropriate vocabulary.

Teaching about Problem
& Solving

" As discussed in the first section of this chapter,
teaching about problem solving means explicitly teaching

how to so em. Will you want to write an equa-
tion? Will you want to model the problem with a manipula-
tive? (See the next section, “Problem-Solving Strategies,”
for more on this one.)

3. Carrying out the plan. This is the implementation of
your plan.

4. Looking back. This phase, arguably the most impor-
tant as well as most skipped by students, is the moment you
determine if your answer from step 3 answers the problem
as originally understood in step 1. Does your answer make
sense?

As you teach through problem solving, using these
steps to help guide your students will foster success. Once
you pose a problem to students, your first step is to be sure
they understand it, which is the first step of Polya’s process
(and part of the before phase). You may also ask students for
ideas on which strategies might work for this problem to
get some ideas started for step 2. In the during phase of the
lesson, students are devising and carrying out a strategy
they have selected) (steps 2 and 3). Then they look back to
see if their solution makes sense (step 4). The after phase
of the lesson is a time where students share their strategy
(step 2), how they solved it (step 3), and how they know
it is correct (step 4). The beauty of Polya’s framework is
generality; it can and should be applied to many different
types of problems, from simple computational exercises to
difficult multistep word problems.



Problem-Solving Strategies

Strategies for solving problems are identifiable methods of
approaching a task that are completely independent of the
specific topic or subject matter. Students select or design
a strategy as they devise a plan (step 2). When students
discover important or especially useful strategies, they
should be identified, highlighted, and discussed. Labeling
a strategy provides a useful means for students to talk about
their methods and for you to provide hints and suggestions,
which can be appropriate in the before or during phases of
your lesson. The following labeled strategies are commonly
encountered in K-8 mathematics, though some may not be
used at every grade.

® Draw a picture, act it out, use a model. The strategy of
using models and manipulatives is described in Chapter 2.
“Act it out” extends models to a real interpretation of the
problem situation.

® Look for a pattern. Pattern searching is at the heart
of many problem-based tasks, especially in the algebraic
reasoning strand. Patterns in number and in operations play
a huge role in helping students learn and master basic skills
starting at the earliest levels and continuing into the middle
and high school years.

® Guess and check. This might be called “Itry and see
what you can find out.” A good way to work on a task that
has you stumped is to try somethiﬁﬁgqttemp—
flection even on a failed attempt Can'lead € a better idea.

® Make a table or chart. Charts of data, function tables,
tables for operations, and tables involving ratios or mea-
surements are a major form of analysis and communication.
The use of a chart s often combined with pattern searching
as a means of solving problems or constructing new ideas.

o Tiry a simpler form of the problem. Modify or simplify
the quantities in a problem so that the resulting task is easier
to understand and analyze. Solving the easier problem can
sometimes lead to insights that can then be used to solve
the original, more complex problem.

®  Make an organized list. Systematically accounting for
all possible outcomes in a situation can show the number
of possibilities there are or verify that all possible outcomes
have been included. One subject area where organized lists
are essential is probability.

o Write an equation. As it implies, in this strategy, the
story is converted into numbers or symbols, and the equa-
tion is solved.

Itis important not to “proceduralize” problem solving.
In other words, don’t take the problem solving out of prob-
lem solving by telling students the strategy they should pick
and how to do it. Instead, pose a problem that lends itself to
the strategy you would like them to develop (e.g., make an
organized list) and allow students to solve the problem any
way they like. During the sharing of results, highlight stu-
dent work that uses a list, or if none uses a list, ask, “Could

Enhancer

Teaching in a Problem-Based Classroom 43

we have made an organized list to solve the problem more
efficiently? What would that look like? Give it a try!”

m The first two goals of the problem-solving stan-
. dard concern teaching through problem solv-
ing. The third and fourth goals refer to students
learning about problem solving. It would be beneficial to

check these goals for the grade band that interests you
most. ¢

Teaching in a Problem-

* Based Classroom

" Theideas expressed throughout this chapter have been
gathered both from the research lit- 2
erature on teaching through prob- myeducationlal;)
lem solving and from elementary Go to the Activities and Ap-
and middle school teachers who plication section of Chap-
have been working hard at devel- | tér 3 of MyEducationLab.
oping a problem-based approach Click on Videos and watch
. . the video entitled “Math
in their classrooms. The follow- Strategies for Problem
ing are important distinctions and Solving” to see teachers
considerations in planning for such | using problem-based
a mathematics classroom.

teaching methods.

Let Students Do the Talking

The value of classroom discussion of ideas cannot be over-
emphasized. As students describe and evaluate solutions to
tasks, share approaches, and make conjectures, learning will
occur in ways that are otherwise unlikely to occur. Students
begin to take ownership of ideas and develop a sense of
power in making sense of mathematics.

When students are given a task, they should under-
stand that one of their responsibilities is to prepare for a
discussion that will occur after they have had an oppor-
tunity to work on the problem. One fourth-grade teacher
discovered that she was too involved when she realized that
the students tended to wait for her questions rather than
tell about their solutions. To help her students be more
personally responsible, she devised three posters, inscribed
as follows:

1. How did you solve the problem?

2. Why did you solve it this way?

3. Why do you think your solution is correct and makes
sense?

In the beginning, students referred to the posters as they
made presentations to the class, but soon that was not
necessary. They continued to refer to the posters as they
wrote up the solutions to problems in the during portion of
lessons. Students began to prompt presenters: “You didn’t
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answer the second question on the poster.” One of the best
results of these posters was that they helped remove the
teacher from the content of the discussions.

Regardless of the exact structure or timeframe for a
lesson, an opportunity for discourse should always be in-
cluded. After students have played a game, worked in a
learning center, completed a challenging worksheet, or en-
gaged in a mental math activity with a full class, they can
still discuss their activity: What strategies worked well in the
game? What did you find out in the learning center? What are
different ways to do this exercise?

How Much to Tell and Not to Tell

When teaching through problem solving, one of the most
perplexing dilemmas is how much to tell. On one hand, tell-
ing diminishes student reflection. Students who sense that
the teacher has a preferred method or approach are more
reluctant to use their own strategies. Nor will students
develop self-confidence and problem-solving abilities by
watching the teacher do the thinking. On the other hand,
to tell too little can sometimes leave students floundering
and waste precious class time.

While noting that there will never be a simple solution
to this dilemma, researchers offer the following guidance:
Teachers should feel free to share relevant information as
long as the mathematics in the task rema'Ap)
for the students (Hiebert et al., 1997). That'is, “informa-
tion can and should be shared as long as it does not solve
the problem [and] does not take away the need for students
to reflect on the situation and develop solution methods
they understand” (p. 36). They go on to suggest three
types of information that teachers should provide to their
students:

®  Mathematical conventions. The social conventions of
symbolism and terminology that are important in math-
ematics will never be developed through reflective thought.
For example, representing “three and five equals eight” as
“3 + 5 =8”is a convention. Definitions and labels are also
conventions. It is important to offer these symbols and
words only when students need them or will find them
useful. As a rule of thumb, symbolism and terminology
should be introduced after concepts have been developed
and then specifically as a means of expressing or labeling
ideas.

o Alternative methods. You can, with care, suggest to
students an alternative method or approach for solving a
problem. You may also suggest more efficient recording
procedures for student-invented computational methods.
For example, suggesting that students draw a vertical line
between the tens and ones place as a way of keeping track
of the value of the digits can be effective for students with
learning disabilities. The value of a procedure should be
grounded in both accuracy and efficiency. Engage students

in evaluating procedures by asking whether their procedure
always works and if it is efficient and by encouraging stu-
dents to decide which procedure they might use the next
time they encounter a similar problem.

® Clarification of students’ methods. You should help stu-
dents clarify or interpret their ideas and perhaps point out
related ideas. A student may add 38 and 5 by noting that 38
and 2 more is 40 with 3 more making 43. This strategy can
be related to the Make 10 strategy used to add 8 + 5. The
selection of 40 as a midpoint in this procedure is an important
place-value concept. Such clarifications reinforce the students
who have the ideas. Discussion or clarification of students’
ideas focuses attention on ideas you want the class to learn.
Teacher attention to one method should not be done in such
a way as to suggest that it is the preferred approach.

The Importance of Student Writing

There are many reasons to use writing in a mathematics
classroom. The most important is that it improves student
learning and understanding (Bell & Bell, 1985; Pugalee,
2005; Steele, 2007), although there are other interrelated
reasons as well.

o The act of writing is a reflective process. As students
make an effort to explain their thinking and defend their
answers, they will spend more focused time thinking about

atiqDDl'Ehe lé?j ﬁﬁﬁd@ﬁJ is a rebearsal for the discussion pe-

riod. It is difficult for students to explain how they solved a
problem 15 minutes after they have done so. Students can
always refer to a written report when asked to share. Even
a kindergarten child can show a picture and talk about it.
When every student has written about his or her solution,
you need not ask for volunteers to share ideas.

® A written report is also a written record that remains
when the lesson is finished. The reports can be collected
and looked at later. The information can be used for plan-
ning, for finding out who needs help or opportunities to
extend their knowledge, and for evaluation and parent
conferences.

It is important to help students understand what they are
trying to accomplish in their written report. When you
ask students to explain how they got their answer, they
may just repeat each step, rather than explaining why they
did what they did. Figures 3.6 and 3.7 illustrate a range
of quality in student explanations. Modeling for students
how to explain their thinking is essential. Using student
work samples, such as those illustrated, can help students
understand your expectations for them. To help elicit better
explanations, you might consider the following two possible
types of directions:

® Give students a template to begin their report: “I
(We) think the answer is . We think this
because J
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Figure 3.6 Betsy tells each step in her solution but provides no explanation. In contrast, Ryan’s work

includes reasons for his steps.

e “Use words, pictures, and numbers to explain how you
got your answer and why you think your answer makes
sense and is correct.”

Technology Tools in Writing. "Take advantage of the fol-
lowing free programs as part of allowing students to write,
edit, and submit work to you electronically:

Text Editing
(real-time, collaborative tools)

Google Docs & Spreadsheets (http://docs.google.com)
Synchroedit (www.synchroedit.com)

OpenEffort (www.openeffort.com/oe)

Zoho Writer (http://zoho.com)

Wikis

(free, asynchronous, collaborative website
creation tools)

® Wikispaces—includes ability to use math equations
(www.wikispaces.com)

e Wiki-site—includes ability to use math equations
(www.wiki-site.com)

e XWiki—includes ability to use math equations
(www.xwiki.com/xwiki/bin/view/Main/WebHome)

e Wikidot—includes ability to use math equations; no
ads (www.wikidot.com)

Blogging Tools
¢ Blogger (www.blogger.com)
e WordPress (http://wordpress.com)

Web-based tools such as these can be used inside and out-
side of the (physical) mathematics classroom to allow stu-
dents and teachers to collaboratively draft, read, and edit
each other’s mathematical ideas. Students who are reluctant
to write by hand or in a word document could be motivated
by the more interactive technologies, increasing the likeli-
hood that they will produce quality written explanations
and illustrations.


www.wiki-site.com
www.xwiki.com/xwiki/bin/view/Main/WebHome
www.wikidot.com
www.blogger.com
http://wordpress.com
http://docs.google.com
www.synchroedit.com
www.openeffort.com/oe
http://zoho.com
www.wikispaces.com
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nya
Figure 3.7 The work of two first-grade studerr:ts solving 10 + 13 + 22 indicates a difference in how children
are thinking about two-digit numbers.

Metacognition

Metacognition refers to conscious monitoring (being aware
of how and why you are doing something) and regulation
(choosing to do something or deciding to make changes) of
your own thought process. Good problem solvers monitor
their thinking regularly and automatically. They recognize
when they are stuck or do not fully understand. They make
conscious decisions to switch strategies, rethink the prob-
lem, search for related content knowledge that may help,
or simply start afresh (Schoenfeld, 1992).

There is evidence that metacognitive behavior can be
learned (Campione, Brown, & Connell, 1989; Garofalo,
1987; Lester, 1989; Thomas, 2006). Furthermore, students
can learn to monitor and regulate their own problem-
solving behaviors and those who do so show improvement
in problem solving.

We know that it is important to help students learn to
monitor and control their own progress in problem solv-
ing. A simple formula that can be employed consists of
three questions: What are you doing? Why are you doing
it? How does it help you? An elaboration of these three
questions is proposed in the THINK framework (Thomas,
2006):
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Tilk about the problem.

How can it be solved?

Ldentify a strategy to solve the problem.

Notice how your strategy helped you solve the problem.

Keep thinking about the problem. Does it make sense?
Is there another way to solve it?

Students who used the THINK framework improved in
their problem solving more than those who did not use it
(Thomas, 2006). The key to success is being intentional and
consciously developing the metacognitive skills to monitor
and reflect on the problems being solved.

Fostering metacognition spans all three lesson phases.
In the before phase, students begin to address what strate-
gies they are using and why. As they move into the during
phase, they continue to consider whar, why, and even how.
You can support metacognition by using prompts that will
help students use the THINK framework. You can ask the
questions as you interact with individuals or small groups.
By joining a group, you can model questions you want the
students to ask each other and themselves. In the upper
grades, each group can have a designated monitor, whose
job is to be the reflective questioner that you have modeled
when working with the group.



You can also help students develop self-monitoring
habits after their problem-solving activity is over, when a
discussion can focus on what was done to solve the prob-
lem. In addition to discussing solution strategies, the after
phase of the lesson should include opportunities to reflect
on the metacognitive questions noted above. This can be
accomplished through journals (Roberts & Tayeh, 2007) or
classroom discussions, prompted by such questions as:

e What did you do that helped you understand the
problem?

¢ Did you find any numbers or information you didn’t

need? How did you know?

How did you decide what to do?

Did you think about your answer after you got it?

How did you decide if your answer was right?

Did you try something that didn’t work? How did you

figure out it was not going to work out?

e Can something you did in this problem help you solve
other problems?

As students become more independent in their study
of mathematics, they are less likely to need the support of a
teacher to solve problems. Their attitudes and dispositions
shift related to what they think mathematics is and how
competent they feel in doing mathematics.

Disposition

Apago PDF
Disposition refers to the attitudes and beliefs that students
possess about doing mathematics. Students’ beliefs con-
cerning their abilities to do mathematics and to understand
the nature of mathematics have a significant effect on how
they approach problems and ultimately on how well they
succeed.

Students who enjoy solving problems and feel they will
be successful at conquering a perplexing problem are much
more likely to persevere, make second and third attempts,
and even search out new problems. A lack of productive
disposition has just the opposite effect.

Attitudinal Goals

® Gaining confidence and belief in abilities is important
for a student to want to do mathematics and confront un-
familiar tasks.

® Being willing to take risks and to persevere improves a
student’s willingness to attempt unfamiliar problems and
to develop perseverance in solving problems without being
discouraged by initial setbacks.

® Enjoying doing mathematics helps a student sense
personal reward in the process of thinking, searching for
patterns, and solving problems.

A classroom environment built on high expectations for
all students and respect for each student’s thoughts will go a
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long way toward achieving attitudinal goals. Here are some
additional ideas to help with these goals for all students.

® Build in success. In the beginning of the year, plan
problems that you are confident your students can solve.
Avoid creating a false success that depends on your showing
the way at every step and barrier.

® Praise efforts and risk taking. Students need to hear
frequently that they are “good thinkers” capable of good,
productive thought. When students volunteer ideas, listen
carefully and actively to each idea and give credit for the
thinking and the risk that children take by venturing to
speak out. Be careful to focus praise on the risk or effort
and not the products (i.e., answers) of that effort, as noted
earlier.

e Listen to all students. Avoid ending a discussion
with the first correct answer. As you make nonevaluative
responses, you will find many children with different ap-
proaches to the same problem or different ways to explain
the same strategy. By noting their contribution, use of good
mathematical language, or novel approach, you build that
student’s confidence and increase other students’ under-
standing of what you expect of them.

When students have confidence, show perseverance,
and enjoy mathematics, it makes sense that they will
achieve at a higher level and want to continue learning

E ;Eog;t mthém[atics—opening many doors to them in the
! d earlier, though, teaching in this manner is

a complete reconceptualization of your role as the teacher
and of the student’s role as the student. In considering such
a transformation, questions are likely to arise. Even if you
feel these new methods contain really good ideas, you may
be wondering how to accomplish some of the recommen-
dations and how to fit new approaches into a lesson. In
the following section, a three-phase lesson plan model is
explained. An adaptation of the inquiry-based science les-
son model, this process will enable you to engage students
in learning through problem solving and learning about
problem solving.

A Three-Phase
* Lesson Format

" In a non-problem-based lesson, teachers typically
spend a small portion of a lesson explaining or reviewing an
idea and then go into “production mode,” where students
wade through a set of exercises. Lessons organized in this
explain-then-practice pattern condition students to focus
on procedures, often at the expense of understanding what
they are doing. Teachers find themselves going from desk
to desk reteaching and explaining to individuals. This ap-
proach is in significant contrast to a problem-based lesson
that tends to be built around a single problem.
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Getting Ready
Activate prior knowledge.
Be sure the problem is understood.
Establish clear expectations.
| |

BEFORE

Students Work
Let go!
Listen actively.
Provide appropriate hints.
Provide worthwhile extensions.

v

Class Discussion
Promote a mathematical community of learners.
Listen actively without evaluation.
Summarize main ideas and identify future problems.

AFTER

Figure 3.8 Teaching through problem solving lends itself
to a three-phase structure for lessons.

It is useful to think of a problem-based lesson as con-
sisting of three parts—before, during, and after (see Figure
3.8). If time is allotted for each segment, one problem ma
take a full day or even longer. There are ti%\a
may not merit a full lesson; a mental mathematics activity
is a good example. Even here, it is useful to keep the same
three components of a lesson in mind. Each part of the
lesson has a specific agenda or objective. How you attend
to these agendas in each portion of the lesson may vary
depending on the class, the problem itself, and the purpose
of the lesson.

The Before Phase of a Lesson

There are three related agendas for the before phase of a
lesson:

1. Get students mentally prepared to work on the prob-
lem and think about the previous knowledge they have
that will be most helpful.

2. Be sure students understand the problem so that they
are ready to engage in solving it. You will not need to
clarify or explain to individuals later in the lesson.

3. Clarify your expectations to students before they begin
working on the problem. This includes both how they
will be working (individually or in pairs or small groups)
and what product you expect in addition to an answer.

These before phase agendas need not be addressed in the or-
der listed. For example, for some lessons you will do a short
activity to activate students’ prior knowledge for the prob-
lem and then present the problem and clarify expectations.

Other lessons may begin with a statement of the problem
and may or may not have a readiness activity.

Teacher Actions in the Before Phase

What you do in the before portion of a lesson will vary with
the task. Some tasks you can begin with immediately. For
example, if your students are used to solving story prob-
lems and know they are expected to use words, pictures,
and numbers to explain their solutions in writing, all that
may be required is to read through the problem with them
and be sure all understand it. The actual presentation of the
task or problem may occur at the beginning or at the end
of your before actions.

1. Activate Prior Knowledge. Activate specific prior
knowledge related to today’s concept. What form this
preparation activity might take will vary with the topic, as
shown in the following options and examples.

Begin with a Simple Version of the Task. Suppose that
you are interested in developing some ideas about area and
perimeter. Begin by presenting the following task (Lappan
& Even, 1989).

Concept: Perimeter
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Assume that the edge of a square is 1 unit. Add squares to
this shape so that it has a perimeter of 18.

Instead of beginning your lesson with this problem, you
might consider activating prior knowledge in one of the
following ways:

® Draw a 3-by-5 rectangle of squares on the board
and ask students what they know about the shape. (It’s a
rectangle. It has squares. There are 15 squares. There are
three rows of five.) If no one mentions the words #rez and
perimeter; you could write them on the board and ask if
those words can be used in talking about this figure.

® Provide students with some square tiles or grid pa-
per and say, “I want everyone to make a shape that has a
perimeter of 12 units. After you make your shape, find out
what its area is.” After a short time, have several students
share their shapes.



Each of these “warm-ups” uses the vocabulary needed for
the focus task. The second activity suggests the tiles as a pos-
sible model students may elect to use and introduces the idea
that there are different figures with the same perimeter.

The following problem is designed to help students use
addition to solve a subtraction problem.

Concept: Subtraction
Grades: 2—-3

Dad says it is 503 miles to the beach. When we stopped for
gas, we had gone 267 miles. How much farther do we have
to drive?

Before presenting this problem, you can elicit prior knowledge
by asking them to supply the missing part of 100 after you give
one part. Try numbers like 80 or 30 at first; then try 47 or 62.
When you present the actual task, you might ask students if
the answer to the problem is more or less than 300 miles.

Brainstorm Solutions. The following problem is de-
signed to address ratios and data analysis.

Concepts: Ratios and Statistics
Grades: 6-7

PDF E

Enrollment data for the school provilj:e) i?ﬁgnation about
the students and their families from one class as compared
to the whole school.

School Class

Siblings

None 36 5

One 89 4

Two 134 17

More than two 93 3
Race

African American 49 11

Asian American 12 0

White 219 15
Travel-to-school method

Walk 157 10

Bus 182 19

Other 13 0

If someone asked you how typical the class was of the rest
of the school, how would you answer? Write an explana-
tion of your answer. Include one or more charts or graphs
that you think would support your conclusion.

This problem does not lend itself to posing a simpler
problem, but instead solicits students’ prior knowledge
during their thinking about how to approach the problem.
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For example, students might discuss (e.g., think-pair-share)
what “typical” means and how they could determine what a
typical class is. The teacher can list the ideas on the board
for students to consider when they move into the during
part of the lesson.

Estimate or Use Mental Computation. When the task is
aimed at the development of a computational procedure, a
useful before action is to have students actually do the com-
putation mentally or suggest an estimated answer. This
practice will not spoil the problem for the class; in fact, it
may raise curiosity as to what the answer might be. This
technique is appropriate for the earlier problem concerning
how many more miles to go to the beach. The following
task is another example in which preliminary estimates or
mental computations would activate prior knowledge.

Concept: Multiplication
Grades: 4-5

How many small unit squares will fit in a rectangle that is
54 units long and 36 units wide? Use base-ten blocks to
help you with your solution. Note that base-ten blocks
come in ones (one cube), tens (a row of ten cubes), and
hundreds (a ten-by-ten grid). Make a plan for figuring
out the total number of squares without doing too much

ﬁg‘;?j—ﬁﬁﬁ?n how your plan would work on a rectangle
nt its by 42 units.

36
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Prior to estimation or mental computation for this prob-
lem, beginning with several simpler problems can help—for
example, rectangles such as 30 by 8 or 40 by 60.

2. Be Sure the Problem Is Understood. Understand-
ing the problem is not optional! You must always be sure



50 Chapter 3 Teaching Through Problem Solving

that students understand the problem before setting them
to work. It is important for you to analyze the problem in
order to anticipate student approaches and possible mis-
interpretations or misconceptions (Wallace, 2007). Time
spent at this stage of the problem-solving process is critical
to the rest of the lesson. You can ask questions to clarify
student understanding of the problem (i.e., knowing what
it means rather than how they will solve it). For example,
ask, “What do you know?” and “What do you need to
know?” Wallace, a mathematics researcher and teacher,
notes, “The more I questioned prior to giving the problem,
the less help the students needed from me during problem
solving” (p. 510).

Consider a problem-based approach to mastering the
multiplication facts, a term used for the basic multiplication
tables. The most difficult facts can each be connected or
related to an easier fact already learned.

Concept: Multiplication Facts
Grades: 3-4

Use a “helping fact” (a multiplication fact you already know)
to help you solve each of these problems: 4 x 6, 6 x 8,
7x6,3x8.

For this task, it is essential that students understan
the idea of using a helping fact. They haveg&pt
helping facts in addition. You can build on this prior knowl-
edge by asking, “When you were learning addition facts,
how could knowing 6 + 6 help you figure out 6 + 7?” You
may also need to help students understand what is meant
by a fact they know—one they have mastered and know
without counting.

In the case of a word problem, like the one below, it
is important to help them understand the meaning of the
sentences, without giving away how to solve the problem.

Concept: Multiplication and Division
Grades: 3-5

The local candy store purchased candy in cartons holding
12 boxes per carton. The price paid for one carton was
$42.50. Each box contained 8 candy bars that the store
planned to sell individually. What was the candy store’s
cost for each candy bar?

Questions might include: “What did the candy store
do? What is in a carton? What is in a box? What is the
price of one carton? What does that mean when it says
‘each box’?” The last question here is to identify vo-
cabulary that may be misunderstood. It is also useful to
be sure students can explain to you what the problem is
asking. Asking students to reread a problem does little

good, but asking students to restate the problem in their
own words helps them figure out what the problem is
asking.

If you have struggling readers or English language
learners, additional support may be needed. Explicit atten-
tion to vocabulary is critical. Graphic organizers (handouts
with places to record needed information) can aid in read-
ing and understanding the text. For more on supporting
English language learners, see Table 4.1 in Chapter 4 and
Chapter 6.

3. Establish Clear Expectations. There are two com-
ponents to establishing expectations: how students are to
work and what products they are to prepare for the discus-
sion in the third part of the lesson. Each of these is essential;
they cannot be skipped.

Whether or not you have students work in groups,
it is always a good idea for students to have some oppor-
tunity to discuss their ideas with one or more classmates
prior to sharing their thoughts in the after phase of the
lesson. When students work alone, they have no one
to look to for an idea or a way to get started if they are
stuck. On the other hand, when students work in groups,
there is always the possibility of students not contrib-
uting or of a dominating student overshadowing the
others.

@g}gsejDDF Ef‘flhialﬁ pOFb)y a leader in mathematics education,

suggests a think-write-pair-share approach, adding that stu-
dents should first write or illustrate their solutions to the
problem before sharing with a partner. With written work
to share, the two students have something to talk about.
Although appropriate for all students, the think-write-pair-
share method is especially helpful for K-1 students who
often do not know how to go about discussing a solution or
even how to work together.

"Teaching through problem solving requires that stu-
dents focus on not just the solution, but how they reached
that solution. Therefore, it is important to model and ex-
plain your expectations of what their final product might
be. One expectation could be a written explanation of the
problem. Writing supports student learning in mathemat-
ics (Pugalee, 2005; Steele, 2007) and can be a support to
students during discussions, as they can refer to their own
written explanation. Students may also or instead choose
to prepare an illustration, diagram, or graph with or with-
out a written explanation (see Figure 3.9). In this example,
the student was asked to show how many different ways
five people could be on the two stories of a house. Discuss
with students what they might draw that will show their
thinking. Just as it is important to ascertain that students
understand the problem itself, it is also important to check
that students have a clear understanding of the expectations
for the product they will be sharing in the after phase of
the lesson.



Kindergarten
How many ways can you show what 5 means?

% chRiSshue.

r Y
ooo.laa 00%\ @

+ 09
@ |p2o | ® voe OV

Figure 3.9 Akindergarten student shows her thinking
about ways to make 5.

The During Phase of a Lesson

In the during phase of the lesson students explore the focus
task (alone, with partners, or in small groups). There are
clear agendas that you will want to attend to:

1. Let go! Give students a chance to work without too
much guidance. Allow and engourage studen -
brace the struggle—it is an Ap)ég(aart éﬁgg
mathematics.

2. Listen actively. Take this time to find out how different
students are thinking, what ideas they are using, and
how they are approaching the problem. This is a time
for observation and assessment—not teaching.

3. Provide appropriate hints. Base any hints on students’
ideas and ways of thinking. Be careful not to imply that
you have the correct method of solving the problem.

4. Provide worthwhile extensions. Have something pre-
pared for students who finish quickly.

Teacher Actions in the During Phase

With the exception of preparing for early finishers, these
agendas can challenge teachers who tend to help too much.
The teacher is a facilitator, carefully making decisions about
when to let go and when to provide a hint. These decisions
are based on carefully listening to students and knowing the
content goals of the lesson.

1. Let Go! Once students understand what the problem
is asking, it is time to LET GO. While it is tempting to
“step in front of the struggle” in the during phase, you need
to hold yourself back. Doing mathematics takes time, and
solutions are not always obvious. It is important to com-
municate to students that spending time on a task, trying
different approaches, and consulting each other are impor-
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tant to learning and understanding mathematics. When
students are stuck, you can ask questions like, “Is this like
another problem we have solved?” “Did you try to make a
picture?” “What is it about this problem that is difficult?”
This approach is effective in helping students because you
are supporting their thinking, yet you are not telling them
how to solve the problem.

Students will look to you for approval of their results
or ideas. Avoid being the source of right and wrong. When
asked if a result or method is correct, respond by saying,
“How can you decide?” or “Why do you think that might
be right?” or “Can you check that somehow?” Asking “How
can we tell if that makes sense?” reminds students that an-
swers without understanding are not acceptable.

Letting go also means allowing students to make mis-
takes. When you observe an error or incorrect thinking,
do not correct it at this point. Students must learn from
the very beginning that their mistakes can be opportunities
for learning (Boaler & Humphreys, 2005). The best discus-
sions occur when students disagree.

When students make mistakes, ask them to explain
their process or approach to you. They may catch their
own mistake. In addition, in the affer portion of the les-
son, students will have an opportunity to explain, justify,
defend, and challenge solutions and strategies. This process
provides an opportunity for mistakes and misconceptions to

n tﬁ:ﬁe&aéolpportunities for learning.

2. Listen Actively. “Listening actively” means that you
are trying to understand a student’s approach to a problem.
Consequently your questions must probe your students’
thinking; the result may be unexpected. This is different
from listening for a particular response or for what you
know to be the answer and trying to elicit that response.
This process is referred to as “funneling” students toward
a response that approaches what you have in mind.

The during phase is one of two opportunities you have
(the other is in the after phase) to find out what your stu-
dents know, how they think, and how they are approaching
the task you have given them. You might sit down with a
group and simply listen for a while, letting the students
explain what they are doing as you take occasional notes.
If you want further information, try saying, “Tell me what
you are doing” or “I see you have started to multiply these
numbers. Can you tell me why you are multiplying?” You
want to convey a genuine interest in what students are do-
ing and thinking. This is not the time to evaluate or to tell
students how to solve the problem.

“It’s easy.” “Let me help you.” These two simple sen-
tences send two disastrous messages to the student who
hears them. For the student who asks for help, it is not easy!
Students may think, “If it’s easy and I can’t get it, I must be
stupid.” The second sentence can also send a negative mes-
sage. It implies, “You are not capable of doing this on your
own. I have to help you.”
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Listening actively includes asking questions, such as
the following:

¢ What ideas have you tried so far?

¢ Can you tell more more about. . . ?
e Whydidyou...?

¢ How did you solve it?

By asking questions you find out where students are in their
understanding of the concepts.

3. Provide Appropriate Hints. If a group or student is
searching for a place to begin, a hint may be appropriate.
You might suggest that the students try using a particular
manipulative, draw a picture, or make a table if one of these
ideas seems appropriate. You might also ask questions like
those mentioned in the “Let Go!” section.

Concept: Percent Increase and Decrease
Grades: 6-8

In Fern’s Furniture Store, Fern has priced all of her furni-
ture at 20 percent over wholesale. In preparation for a sale,
she tells her staff to cut all prices by 10 percent. Will Fern
be making 10 percent profit, less than 10 percent profit, or
more than 10 percent profit? Explain your answer.

task in this chapter is a case in point. Many students will
quickly come up with one or two solutions. “I see you found
one way to do this. Are there any other solutions? Are any
of the solutions different or more interesting than others?
Which of the shapes with a perimeter of 18 has the largest
area and which has the smallest area? Does the perimeter
always change when you add another tile?”

Questions that begin “What if . . . ?” or “Would that
same idea work for . . . ?” are ways to extend student think-
ing in a motivating way. For example, “Suppose you tried
to find all the shapes possible with a perimeter of 18. What
could you find out about the areas?”

The value of students’ solving a problem in more than
one way cannot be overestimated. It shifts the value system
in the classroom from answers to processes and thinking.
It is a good way for students to make new and different
connections.

As an example, consider the following sixth-grade
problem.

Concept: Percent Increase and Decrease
Grades: 6-8

The dress was originally priced at $90. If the sale price is
25 percent off, how much wiill it cost on sale?

For this problem, consider the following higts;
ﬂbag 0 PDE“hlsL:snhcaam;ﬁ;eir a straightforward problem with a

e Try drawing a picture or a diagram of someth
shows what 10 percent off means.

e Try drawing a picture or a diagram that shows what 20
percent more means.

® Maybe you could pick a sample initial price and see
what happens when you add 20 percent and then re-
duce 10 percent.

® Let’s try a simpler problem. Suppose that you had 8
blocks and got 25 percent more. Then you lost 25 per-
cent of the new collection.

ng that

Notice that these suggestions are not directive but, rather,
they serve as starters. Even here, the choice of a hint is best
made after listening carefully to what the student has been
trying or thinking. After offering a hint, walk away. Don’t
hover or the student is apt to seek further direction.

4. Provide Worthwhile Extensions. Some students will
always finish earlier than their classmates. Early finishers
can often be challenged in some manner connected to the
problem just solved without it seeming like extra work. (See
Chapter 6 for discussion of strategies for students who are
talented and gifted.) Ongoing extended projects should be
used as another part of your mathematics program. Some-
times students finishing early can use this time to work on
their mathematics projects.

Many good problems are simple on the surface. It is
the extensions that are challenging. The area and perimeter

single answer. Many students will solve it by multiplying
by 0.25 and subtracting the result from $90. The suggestion
to find another way may be all that is necessary. Others may
require specific directions: “How would you solve it using
fractions instead of decimals?” “Draw me a diagram that
explains what you did.” “How could this be done in just one
step?” “Think of a way that you could do this mentally.”

Second graders will frequently solve the next problem
by counting or using addition.

Concept: Addition and Subtraction
Grades: K-2

Maxine had saved up $9. The next day she received her
allowance. Now she has $12. How much allowance did
she get?

“How would you do that on a calculator?” and “Can you
write two equations that represent this situation?” are
ways of encouraging children to connect 9 + ? = 12 with
12-9=">.

The After Phase of a Lesson

In the after phase of the lesson, your students will work as a
community of learners, discussing, justifying, and challeng-



ing various solutions to the problem all have just worked
on. Here is where much of the learning will occur as stu-
dents reflect individually and collectively on the ideas they
have explored. It is challenging but critical to plan sufficient
time for a discussion and make sure the during portion does
not go on too long. The agendas for the after phase are eas-
ily stated but difficult to achieve:

1. Promote a mathematical community of learners. In-
cludes all learners. Engage the class in productive discus-
sion, helping students work together as a community of
learners.

2. Listen actively without evaluation. Take this second
major opportunity to find out how students are thinking—
how they are approaching the problem. Evaluating meth-
ods and solutions is the duty of your students.

3. Summarize main ideas and identify future problems to
explore. You can lay the groundwork for future activities as
a natural part of this phase.

Teacher Actions in the After Phase

Be certain to plan ample time for this portion of the lesson
and then be certain to save the time. Twenty minutes or
more is not at all unreasonable for a good class discussion
and sharing of ideas. It is not necessary for every student to
have finished. This is not a time tp check answe liitﬁ)r
the class to share ideas. I&p ag 0 rb

Over time, you will develop your class into a mathe-
matical community of learners where students feel comfort-
able taking risks and sharing ideas, where students and the
teacher respect one another’s ideas even when they disagree,
where ideas are defended and challenged respectfully, and
where logical or mathematical reasoning is valued above
all. This atmosphere will not develop easily or quickly. You
must teach your students about your expectations for this
time and how to interact respectfully with their peers.

1. Promote a Mathematical Community of Learners
That Includes All Children. NCTM in its Standards doc-
uments is very clear in expressing the belief that all children
can learn important mathematics. This view is supported by
a number of prominent mathematics educators who have
worked extensively with at-risk populations (Campbell,
1996; Gutstein, Lipman, Hernandez, & Reyes, 1997; Silver
& Stein, 1996; Trafton & Claus, 1994).

Because the needs and abilities of children are differ-
ent, conducting a large group discussion that is balanced
and that includes all children requires skill and practice.
Rowan and Bourne (1994) offer excellent suggestions based
on their work in an urban, multiethnic, low-socioeconomic
school district. They emphasize that the most important
factor is to be clear about the purpose of group discussion—
that is, to share and explore the variety of strategies, ideas,
and solutions generated by the class and to learn to com-

A Three-Phase Lesson Format 53

municate these ideas in a rich mathematical discourse. Ev-
ery class has a handful of students who are always ready
to respond. Other children learn to be passive or do not
participate. So, step one is to be sure the discussion involves
all students.

Considerable research into how mathematical com-
munities develop and operate provides us with additional
insight for developing effective classroom discourse (e.g.,
Rasmussen, Yackel, & King, 2003; Stephan & Whitenack,
2003; Wood, Williams, & McNeal, 2006; Yackel &
Cobb, 1996). Suggestions from this research include the
following:

® Encourage student-student dialogue rather than
student—teacher conversations that exclude the class. “Juan-
ita, can you answer Lora’s question?” “Devon, can you ex-
plain that so that LaToya and José can understand what you
are saying?” When students have differing solutions, have
students work these ideas out as a class. “George, I noticed
that you got a different answer than Tomeka. What do you
think about her explanation?”

® Request explanations to accompany #// answers.
Soon the request for an explanation will not signal an in-
correct response, as children will initially believe. Correct
answers may not represent the conceptual thinking you as-
sumed. Incorrect answers may only be the result of an easily

E n«;ﬁrected error. By requiring explanations, students learn

#dabbafEdin mathematics is important and useful.

e Call on students for their ideas, often calling first on
the children who tend to be shy or lack the ability to express
themselves well. When asked to participate early and given
sufficient time to formulate their thoughts, these reticent
children can more easily participate and thus be valued.
Asking “Who wants to explain their solution?” will result
in the same three or four eager students raising their hands.
Other students tend to accept that these students are gener-
ally correct and may be reluctant to offer ideas that are dif-
ferent from the well-known leaders. Use the during portion
of a lesson to walk around the room and identify interesting
solutions that will add to your discussion—including those
that are incorrect. All students should be prepared to share
as part of their everyday expectations.

® Encourage students to ask questions. “Pete, did you
understand how they did that? Do you want to ask Antonio
a question?”

® Be certain that your students also understand what
you understand. Your knowledge of the topic may cause
you to accept a less than clear explanation because you hear
what the student means to say. Select important points in
a student’s explanation and express your own “confusion.”
“Carlos, I don’t quite get why you subtracted 9 here in this
step. Can you tell us why you did that?” Demonstrate to
students that it is okay to be confused and that asking clari-
fying questions is appropriate. One teaching goal is for stu-
dents to ask these questions without your input.
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® Qccasionally ask those who understand to offer ex-
planations for others. “Thandie, perhaps you can explain
this idea in your own words so that some of the rest of us
can understand better.” Don’t assume that a student who
says he or she understands really does.

® Move students to more conceptually based explana-
tions when appropriate. For example, if a student says that
he knows 4.17 is more than 4.1638, you can ask him (or an-
other student) to explain why this is so. Another technique
is to use a “fooler.” With pretend confusion, ask, “How can
this be? It seems like the longer decimal ought to be a larger
number.” Similarly, move students away from simply listing
steps in their solutions. “I see what you did but I think some
of us are confused about why you did it that way and why
you think that will give us the correct solution.”

2. Listen Actively Without Evaluation. By being a fa-
cilitator and not an evaluator, students will be more will-
ing to share their ideas during discussions. This is your
window into their thinking and therefore an assessment of
their learning. Listen carefully to the discussion without
too much interference. You can use this information to plan
for tomorrow’s lesson and in general to decide on the direc-
tion you wish to take in your current unit.

Try to take a neutral position with respect to a//
responses. Resist the temptation to judge the correct-

ness of an answer. You can ask questions p:a gﬁfy D

response—both right and wrong. When you say, “That’s
correct, Dewain,” there is no longer a reason for students
to evaluate the response. Had students disagreed with
Dewain’s response or had a question about it, they will not
challenge or question it since you’ve said it was correct.
Consequently, you will not have the chance to hear and
learn from them. You can support student thinking without
evaluation. “Does someone have a different idea or want to
comment on what Dewain just said?”

Use praise cautiously. Praise offered for correct solu-
tions or excitement over interesting ideas suggests that the
students did something unusual or unexpected. This can be
negative feedback for those who do not get praise. Com-
ments such as “Good job!” and “Super work!” roll off the
tongue easily. However, there is evidence to suggest that
we should be careful with expressions of praise, especially
with respect to student products and solutions (Kohn, 1993;
Schwartz, 1996).

In place of praise that is judgmental, Schwartz (1996)
suggests comments of interest and extension: “I wonder
what would happen if you tried . . .” or “Please tell me how
you figured that out.” Notice that these phrases express
interest and value the student’s thinking.

There will be times when a student will get stuck in the
middle of an explanation or when a response is simply not
forthcoming. Be sensitive about calling on someone else to

“help out.” You may be communicating that the child is not
capable on his or her own. Always allow ample time. You can
sometimes suggest taking additional time to get thoughts
together and promise to return to the student later—and
then be certain to hear what the student figured out.

3. Summarize Main ldeas and Identify Future Prob-
lems. A wide variety of approaches can be used to sum-
marize ideas. A whole class discussion can bring to light
main ideas in students’ words. There are numerous ways
to share verbally, such as a partner exchange, where one
partner tells one key idea and the other partner gives an
example. Following oral summaries with individual writ-
ten summaries is important to ensure that you know what
each child has learned from the lesson. Exit slips, for ex-
ample, are handouts with one or two prompts that ask stu-
dents to explain the main ideas of the lesson (or ask for
pictures from younger students). These are handed in as
an “exit” from the math lesson. Or ask students to write
a newspaper headline to describe the day’s activity and a
brief column to describe it. There are many different tem-
plates and writing starters that could be engaging for your
students.

When ideas have been well developed, reinforce ap-
propriate terminology, definitions, or symbols. Vocabulary
should come after ideas have been established, not before.

I—E a inyolyes creating a procedure such as a method
of cﬁﬂﬁéﬁég for basic facts, or a formula in mea-
surement, record useful methods on the board. These can
be labeled with the student’s name and an example. These
strategies are then available in future lessons for students
to try.

Often someone will make a generalization or an ob-
servation that he or she strongly believes in but cannot
completely justify. Untested ideas can be written up on the
board, named after the student with the conjecture—for
example, “Andrea’s Hypothesis.” Explain the meaning of
hypothesis as an idea that may or may not be true. Testing the
hypothesis may become a future problem, or the hypothesis
may simply be kept on the board until additional evidence
comes up that either supports or disproves it. For example,
when comparing fractions, suppose that a group makes this
generalization and you write it on the board: When deciding
which fraction is larger; the fraction in which the bottom number
is closer to the top number is the larger fraction. Example: % is
not as big as % because 7 is only 1 from 8 but 4 is 3 away from 7.
This is not an unusual conclusion, but it is not correct in
all instances. A problem for a subsequent day would be to
decide if the hypothesis is always right or to find fractions
for which it is not right (counterexamples).

Even when students have not suggested hypotheses,
discussions will often turn up interesting questions that
can be used for a follow-up investigation to help further
develop an emerging concept.



Frequently Asked
. Questions
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The following are questions teachers have asked
about implementing a teaching through problem solving
approach to instruction.

1. How can I teach all the basic skills I have to teach? It is
tempting, especially with pressures of state testing pro-
grams, to resort to rote drill and practice to teach “basic
skills.” Some people believe that mastery of the basics is
incompatible with a problem-based approach. However,
the evidence strongly suggests otherwise. In fact, drill-
oriented approaches in U.S. classrooms have consistently
produced poor results (Battista, 1999; Kamii & Dominick,
1998; O’Brien, 1999). Short-term gains on low-level skills
may possibly result from drill, but even state testing pro-
grams require more than low-level skills.

Second, research data indicate that students in pro-
grams based on a problem-based approach do as well or
better than students in traditional programs on basic skills as
measured by standardized tests (Campbell, 1995; Carpenter,
Franke, Jacobs, Fennema, & Empson, 1998; Hiebert, 2003;
Hiebert & Wearne, 1996; Riordan & Noyce, 2001; Silver &
Stein, 1996). Any deficit in skill development is more than
outweighed by strength in concep di ble 15

Finally, traditional skills suchgiﬁa ﬁ\ I?Eld
computation can be effectively taught in a problem-solving
approach (for example, see Campbell, Rowan, & Suarez,
1998; Huinker, 1998).

2. Why is it often better for students to “tell” or “explain”
than for me? First, students’ explanations are grounded in
their own understanding. Second, as students communicate
their mathematical ideas in words, they are solidifying their
own understanding. Third, there are implications for creat-
ing a community of learners. Students will question their
peers when an explanation does not make sense to them,
whereas explanations from the teacher are usually accepted
without scrutiny (and possibly without understanding). Fi-
nally, when students are responsible for explaining, the class
members develop a sense of pride and confidence that they
can figure things out and make sense of mathematics. 7hey
have power and ability.

3. Is it okay to help students who have difficulty solving a
problem? Of course, you will want to help students who are
struggling. However, as Buschman (2003b) suggests, rather
than propose how to solve a problem, a better approach
is to try to find out why the student is having difficulty. If
you jump in with help, you may not even be addressing the
real reason the student is struggling. It may be as simple as
not understanding the problem or as complex as a lack of
understanding of a fundamental concept. “Iell me what you
are thinking” is a good beginning.
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Recall our previous discussion of the negative conse-
quences of these two simple sentences: It’s easy! Let me belp
you. Rather, try to build on the student’s knowledge. Do not
rob students of the feeling of accomplishment and the true
growth in understanding that come from solving a problem
themselves.

4. Where can 1 find the time to cover everything? Math-
ematics is much more connected and integrated than a look
at the itemized objectives found on many state “standards”
lists might suggest. To deal with coverage, the first sugges-
tion is to teach with a goal of developing the “big ideas,”
the main concepts in a unit or chapter. Most of the skills
and ideas on your list of objectives will be addressed as you
progress. If you focus separately on each item on the list,
then big ideas and connections, the essence of understand-
ing, are unlikely to develop. Second, we spend far too much
time reteaching because students don’t retain ideas. Time
spent up front to help students develop meaningful net-
works of ideas drastically reduces the need for reteaching
and remediation, thus creating time in the long term.

5. How much time does it take for students to become a com-
munity of learners and really begin to share and discuss ideas? 1t
generally takes more time than we anticipate, and discus-
sions may seem strained or nonproductive at first. Students
have to be coached in how to participate in a classroom
discussion about a problem and how to work collabora-

E n:ﬁl é é é groups. For the first weeks of school, time
ted to explicitly teaching and modeling these

skills. Frequent reinforcement of participation and listening
is needed initially; then the support becomes less necessary
as the community is established. Students in the primary
grades will adapt much more quickly than students in the
upper grades, as they have not yet developed an expectation
that mathematics class is about sitting quietly and follow-
ing the rules. You might expect it to take as long as 6 weeks
before students begin to assume responsibility for making
sense of mathematics. Probing and asking good questions
and developing a community of learners requires a long-
term commitment. Don’t give up!

6. Can I use a combination of student-oriented problem-
based teaching with a teacher-directed approach? Switching
instructional approaches is not recommended. By switch-
ing methods, students become confused as to what is ex-
pected of them. More importantly, students will come to
believe that their own ideas do not really matter because
the teacher will eventually tell them the “right” way to do
it (Mokros, Russell, & Economopoulos, 1995). In order for
students to become invested in a problem-based approach
they must deeply believe that their ideas are important and
that the source of knowledge is themselves—every day.

7. Is there any place for drill and practice? Absolutely!
The error is to believe that drill is a method of develop-
ing or reinforcing concepts. Drill is only appropriate when
(a) the desired concepts have been meaningfully developed,



56 Chapter 3 Teaching Through Problem Solving

(b) flexible and useful procedures have been developed, and
(c) speed and accuracy are needed. With drill and practice,
the important thing to remember is a little goes a long way.
Drilling on basic facts should take no more than 10 min-
utes in one sitting. Five multiplication problems can be as
sufficient in assessing student understanding of the proce-
dure as 25 problems; therefore, not much is gained from
the additional 20 problems. Also, when students are mak-
ing mistakes, more drill and practice is not the solution—
identifying and addressing misconceptions is far more
effective. For example, some middle school students still
do not know their multiplication facts. Drilling on the 144
facts won’t help nearly as much as working on strategies for
the targeted facts a student is forgetting (e.g., helping facts).
(See Chapter 10 for many more strategies for basic facts.)

8. What do I do when a problem-based lesson bombs? Tt will
happen, although not as often as you think, that students
just do not know what to do with a problem you pose, no
matter how many hints and suggestions you offer. Do not
give in to the temptation to “tell them.” Set it aside for the
moment. Ask yourself why it didn’t work well. Did the stu-
dents have the prior knowledge they needed? Was the task
too advanced? Often we need to regroup and offer students
a simpler related task that gets them prepared for the one
that proved too difficult. When you sense that a task is not
going anywhere, regroup! Don’t spend days just hoping
that something wonderful might happen. If you listen to
your students, you will get ideas on where to go next.

Writing to Learn

1. Which of the benefits of teaching with problems resonates
the most with you? Why?

2. Describe what is meant by tasks or problems that can be used
for teaching mathematics. Be sure to include the three im-

portant features that are required to rrAp&g@hocP D

effective.

3. Polya’s four-step process maps to a before, during, after lesson
plan model. What questions might you ask students to sup-
port their thinking in each of the four steps?

4. Discuss the benefits of using children’s literature in teaching
mathematics.

5. What are some of the benefits of having students write in
mathematics class? When should the writing take place?
How can very young students “write”?

6. Describe in your own words what is meant by a “mathemat-
ical community of learners.”

7. What is the teacher’ purpose or agenda in each of the three
parts of a lesson—before, during, and after?

8. Describe the kinds of actions a teacher should be doing in
each of the three parts of a lesson. (Note that not all of these
would be done in every lesson.) Which actions should you
use almost all of the time?

9. “It’s easy! Let me help you.” Not a good idea? What is a

F Eﬁﬁﬁﬁiﬁpégr’l student who is having difficulty solv-

For Discussion and Exploration

1. Select an activity from any chapter in Section 2 of this text.
How can the activity be used as a problem or task for the
purpose of instruction as described in this chapter? If you
were using this activity in the classroom, what specifically
would you do during the before section of the lesson?

2. Find a traditional textbook for any grade level. Look through
a chapter and find at least one lesson that you could convert
to a problem-based lesson without drastically altering the
lesson as it was written.

Recommended Readings

Articles

Buschman, L. E. (2005). Isn’t that interesting! Teaching Children
Mathematics, 12(1), 34-40.
Buschman uses the prompt that is the title of this article to get his
students to articulate their mathematics processes. In this article be
shares several rich tasks and the different ways students approach
the problems. The tasks themselves are worthy of a look, and the

discussion of what be learned by asking for elaboration highlights
the fact that as teachers, we can jump to incorrect conclusions if we
don’t listen carefully.

Hartweg, K., & Heisler, M. (2007). No tears here! Third-grade
problem solvers. Teaching Children Mathematics, 13(7),
362-368.

This article is a great complement to this chapter. The authors
elaborate on how they bave implemented the before, during, and
after lesson phases. They offer suggestions for supporting student
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Sakshaug, L. E., Olson, M., & Olson, J. (2002). Children are
mathematical problem solvers. Reston, VA: NCTM.
This excellent problem-solving collection includes 29 tasks that
appeared in Teaching Children Mathematics’ Problem Solvers
column. Each task is followed by student solutions, the problem,
and a reflection on what these students are telling us.

understanding of the problem, questioning, and templates for stu-
dent writing. The data they gathered on the response of teachers
and students are also impressive!

Reinhart, S. C. (2000). Never say anything a kid can say! Mazh-
ematics Teaching in the Middle School, 5(8), 478-483.
The author is an experienced middle school teacher who questioned
his own “masterpiece” lessons after realizing that his students were
often confused. The article is the result of the realization that he
was doing the talking and explaining, and that was causing the
confusion. Reinbart’s suggestions for questioning techniques and
involving students are superb!

Rigelman, N. R. (2007). Fostering mathematical thinking and

Online Resources

Annenberg/CPB
www.learner.org/index.html

A unit of the Annenberg Foundation, Annenberg/CPB of-

problem solving: The teacher’ role. Teaching Children Math-
ematics, 13(6), 308-314.
This is a wonderful article for illustrating the subtle (and not so

ters professional development information and useful infor-
mation for teachers who want to learn about and teach
mathematics.

subtle) differences between true problem solving and “procedural-
izing” problem solving—in other words, showing students how to
solve problems. Because two contrasting vignettes are offered, it
gives an excellent opportunity for discussing how the two teachers
differ philosophically and in their practices.

MathSolutions Lessons from the Classroom
www.mathsolutions.com/index.cfm?page=wp9&crid=56

This is a great collection of lessons for teaching through
problem solving.

Books ENC Online (Eisenhower National Clearinghouse)
Boaler, J., & Humphreys, C. (2005). Connecting mathematical WWW.goenc.com
ideas: Middle school video cases to support teaching and learning.
Portsmouth, NH: Heinemann.
Cathy Humphreys teaches seventh grade. Fo Boaler is a respected
researcher who is interested in the impact of different teaching
approaches. This book offers cases from Cathy’s classroom based on
different content areas and issues in teaching. Each case is followed Writing and Communication in Mathematics

by Jo’s commentary and expert pempA[p. acgf@nyi@@ﬁk Eﬂﬁﬂﬁ@l@l’nm-orgﬂibrary/ ed_topics/writing_in_math
are two CDs that provide videos of the'cases. This Math Forum page lists numerous articles and Web

Buschman, L. (2003). Share and compare: A teacher’s story about links concerning the value of writing in mathematics at all
belping children become problem solvers in mathematics. Reston, levels.

VA: NCTM.

Larry Buschman is an experienced elementary teacher who bas
taught with a problem-based approach for many years. In this book
he describes in detail how he makes this work in bis classroom.
Much of the book is written as if a teacher were interviewing
Larry as he answers the kinds of questions you will undoubtedly
have as you begin to teach.

Hiebert, J., Carpenter, T. P, Fennema, E., Fuson, K., Wearne,

D., Murray, H., Olivier, A., & Human, P. (1997). Making
sense: Teaching and learning mathematics with understanding.
Portsmouth, NH: Heinemann.
The authors of this significant book are each connected to one of
Sfour problem-based, long-term research projects. They make one
of the best cases currently in print for developing mathematics
through problem solving.

Lester, F. K., & Charles, R. I. (Eds.). (2003). Teaching mathe-
matics through problem solving: Pre-K to 6. Reston, VA:

Click on Digital Dozen, Lessons and Activities, or Web
Links. The ENC site is full of useful information for teach-
ers who are planning lessons and activities or searching for
professional development resources

Field Experience Guide Connections

Just as problem solving will be found through-
out this book, it is found throughout the Field
Experience Guide. The task selection guide
(Figure 3.2 on p. 39) is adapted to a field-
based activity in FEG 2.3 and 2.4. FEG 2.5 provides a
template for planning a problem-based lesson and
FEG 4.7 provides a process for teaching a standards-
based lesson. FEG 2.6 focuses on using children’s lit-
erature as a context for doing meaningful, worthwhile
mathematics. Chapter 9 of the guide offers 24 Ex-
NCTM. panded Lessons, all designed using the before, dur-
This is an important and valuable publication from NCTM. The ing, and after model. Chapter 10 using the guide

17 chapters, all written by top authors in the field, provide an in- offers worthwhile tasks that can be developed into
depth examination of using a problem-based approach to teaching problem-based lessons.

for understanding.
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Natural learning . . . doesn’t bappen on a time schedule and
often requires more time than schools are organized to pro-
vide. Problem-solving experiences take time. It’s essential
that teachers provide the time that’s needed for children to
work through activities on their own and that teachers not
slip into teaching-by-telling for the sake of efficiency.

Burns (1992, p. 30)

The three-phase lesson format described'in Cltwgapter 3
provided a basic structure for problem-based lessons,
based on the need for students to be engaged in problems
followed by time for discussion and reflection. However, to
successfully implement this instructional model, it is neces-
sary to consider a range of pragmatic issues.

This chapter begins with a step-by-step guide for plan-
ning problem-based lessons. Also explored here are some
variations of the three-phase structure, tips for supporting
diverse learners, issues related to drill and practice, home-
work recommendations, and effective use of textbooks. In
short, this chapter discusses the “nuts and bolts” of plan-
ning a problem-based mathematics lesson.

Planning a Problem-Based
W Lesson

- Regardless of your experience, it is crucial that you
give substantial thought to the planning of your lessons.
There is no such thing as a “teacher-proof” curriculum—
where you can simply teach every lesson as it is planned and
in the order it appears. Every class of students is different.
Choices of which tasks to use and how they are presented
to students must be made daily to best fit the needs of your
diverse students and the state and local curriculum objec-
tives you are hired to teach.
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Planning Process for
Developing a Lesson

Planning lessons is usually couched within the planning of
an instructional unit, each lesson building from the prior les-
son to accomplish the unit goals and objectives. This book
does not address unit development but instead focuses on
how to develop a problem-based lesson within a unit. Fig-

ure 4.1 provides an outline of the considerations involved in
— 1.1 proyides an outl

planning a lesson. Content and task decisions (the first col-
umn) are often overlooked when lessons are planned with-
out considering the content expectations and the needs of
students—yet this is the most important part of the planning
process. Once these decisions are made, the lesson is ready to
be designed (see purple-shaded steps in Figure 4.1). Here the
focus is on designing activities for students that accomplish
the goals outlined in Chapter 3 for the three lesson phases
(before, during, and after). Itis through these three phases that
the content goals are accomplished. Once the plan is drafted,
it is important to review and finalize the plan, taking into
consideration the flow of the lesson, the anticipated chal-
lenges, expected responses from students, and the questions
or prompts that can best support the learner. Each of the
considerations in planning a problem-based lesson is briefly
discussed in this section. Within the considerations, an ex-
ample lesson titled Fixed Area is discussed, as an illustration

of how the process is implemented - 2
(this lesson plan is also found at myeducatlonlat;)
the end of the chapter). The Field | Go to the Activities and Ap-
Experience Guide also offers a tem- | Plication section of Chap-

ter 4 of MyEducationLab.

plate that can provide support for

. Click on Simulation Exer-
completing a lesson plan.

cise and complete the
simulation “Content Stan-
dards,” which focuses on
connecting standards-
based curriculum to in-
structional planning.

Step 1: Determine the Mathe-
matics and Learning Goals.
How do you decide what mathe-
matics your students need to learn?
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Content and Reflecting

1. Determine the mathematics

and goals.
v

5. Plan the before activities.

8. Check for alignment within
the lesson.

v

2. Consider your students’

6. Plan the during questions
and extensions.

v

9. Anticipate student
approaches.

needs.
v

v

3. Select, design, or adapt a

7. Plan the after discussion.

v

10. Identify essential

questions.

task.
v

4. Design lesson
assessments. —

Figure 4.1 Planning steps for a problem-based lesson.

Prior to planning this lesson, either you or a group in your
district identified the mathematics goals for the year and
you have identified the important mathematics to emphasize
in the current unit. (Field Experience Guide Task 2.1 offers a
template for interviewing a teacher related to selecti Is
and objectives.) At the lesson level p alggnt Wat
both your state standards and your local curriculum guide
for your grade level and ask yourself, “What is it that my
students should be able to do when this lesson is over?” Keep
in mind that a lesson can take several days to accomplish. As
you respond to this question, be sure you are focused on the
mathematics and not the activity you want to do.

Example: Fixed Areas. In looking at the district ex-
pectations for measurement, you see perimeter and area
(grade 5). A possible goal for one unit lesson on this topic
is for students to explore the relationship between area and
perimeter, specifically that one can change while the other
stays the same.

This goal leads to the development of observable and
measurable objectives. The objectives are the very things
you want to see your students do or say to demonstrate what
they know. There are numerous formats for lesson objec-
tives, but there is consensus that an objective must state
clearly what the student will do.

Example: Fixed Areas. Students will be able to draw a
sufficient variety of possible rectangles for a given area and
determine the perimeters. Students will be able to describe
the relationship between area and perimeter. Students will
describe a process (their own algorithm) for finding perim-
eter of a rectangle.

Non-Example: Fixed Areas. Students will understand that
the perimeter can change and the area can stay the same.

Note that the “example” objectives are actions you can
see or hear: The “non-example,” although a reasonable goal
to guide your planning, is not an objective because under-
standing is not observable or measurable.

Em&aﬂ:(\calgider Your Students’ Needs. What do

your students already know or understand about the selected
mathematics concepts? Are they ready to tackle this bit of
mathematics or are there some background ideas that they
have not yet developed? Perhaps they already have some
knowledge of the content you have been working on, which
this lesson is aimed at expanding or refining. Be sure that the
mathematics you identified in step 1 includes something new
or at least slightly unfamiliar to your students. At the same
time, be certain that your objectives are not out of reach.

Consider the individual needs of each student, includ-
ing learning disabilities, learning styles, and each person’s
strengths and weaknesses. In addition, language and cul-
ture must be a consideration. What might students already
know about this topic that can serve as a launching point?
What context might be engaging to the range of learners
in the classroom? What learning gaps or misconceptions
might need to be addressed? What visuals or models might
support student understanding? What vocabulary support
might be needed?

Example: Fixed Areas. Students are likely to have prior
knowledge of the terms perimeter and area. However, they
may also confuse the meaning of the two. They may have
a misconception that for a given area, there is only one
perimeter, or vice versa.

Step 3: Select, Design, or Adapt a Task. With your
goals and students in mind, you are ready to consider what
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focus task or activity you will use, perhaps a task, activity, or
exercises that may be in your textbook. At this planning step,
the question to ask yourselfis “Does the task you are consid-
ering (from the textbook or any other source) accomplish the
content goals (step 1) and the content needs of my students
(step 2)?” (Experiences 2.3 and 2.4 in the Field Experience
Guide can help you address this question.) If the answer is yes,
the adaptations you can plan are minor ways to enhance the
lesson, perhaps using a context that the students would find
more engaging or including a children’s literature connec-
tion. Next, you will need to consider each of your students
and think how you will adapt the lesson to meet their needs.
Karp and Howell (2004) offer three questions for thinking
about the needs of students with special needs that can be a
good basis for considering the needs of any student:

1. What organizational, behavioral, and cognitive skills
are necessary for students with special needs to derive
meaning from this activity?

2. Which students have important weaknesses in any of
these skills?

3. How can I provide support in these areas of weakness
so that students with special needs can focus on the
conceptual task at hand?

If you look at the given lesson tasks and find that they
do not fit your content and student needs, then you will

captures whether students have learned the objectives you
have listed for the lesson (or unit).

Example: Fixed Areas. Objective 1: Students will be able
to draw a sufficient variety of possible rectangles for a given
area and determine the perimeters. Assessment: In the dur-
ing phase of the lesson, I will use a checklist to see if each
student is able to create at least three different rectangles
with the given area and accurately record the perimeter. I
will ask individuals, “How did you figure out the perimeter
of that (point at one rectangle) rectangle? Explain it to me.”
[formative]

Objective 2: Students will be able to describe the re-
lationship between area and perimeter. Assessmzent: In the
during phase of the lesson, I will ask individuals, “What
have you noticed about the relationship between area and
perimeter of these rectangles?” [formative] An exit slip will
be used that asks students to explain the relationship be-
tween area and perimeter of a rectangle and to draw pic-
tures to support their explanation. An exit slip is a written
response turned in at the end of class—as an “exit” to the
lesson. [summative]

Objective 3: Students will describe a process (their own
algorithm) for finding perimeter of a rectangle. Assessment:
In the during phase of the lesson, I will ask, “How are you
finding perimeter? Are you seeing any patterns or short-

cuts? Explain it to me.” [formative] In the affer phase, this

need to either make substantial modificatiogs to the lesso
or find a substitute. Aﬁ éé 6 rPDFvﬂl Eﬁll{‘fﬁtﬁ(@ Fjscussion. [formative]

Good tasks need not be elaborate. Often a simple story
problem is all that is necessary as long as the solution in-
volves children in the intended mathematics.

Chapter 3 gave examples of tasks and suggestions for
creating or selecting them. This book is full of tasks. The
more experience you have with the content in planning
step 1 and the longer you have had to build a repertoire
of tasks from journals, resource books, conferences, and
professional development, the easier this important step in
planning will become.

Step 4: Design Lesson Assessments. You might won-
der why you are thinking about assessment before you
have even introduced the lesson, but thinking about what
it is you want students to know and how they are going
to show that to you is assessment. The sentence you just
read may give you a déja-vu experience related to the sec-
tion on objectives—and so it should. Your assessments are
derived from your objectives. It is important to assess in a
variety of ways—see Chapter 5 for extended discussions
of assessment strategies. Formative assessment is the type
of information gathering that lets you know how students
are doing on each of the objectives during the lesson. This
information can be used for adjusting the lesson midstream
or making changes for the next day. Formative assessment
also informs the questions you pose in the discussion of the
task for the after phase of the lesson. Summative assessment

Steps 1 through 4 define the heart of your lesson. The
next three steps explain how you will carry the plan out in
your classroom.

Step 5: Plan the Before Phase of the Lesson. As dis-
cussed in Chapter 3 in the section titled “Teacher Actions in
the Before Phase,” the beginning of the lesson should elicit
students’ prior knowledge, provide context, and establish
expectations. You need to think about the task you have
selected and how you will introduce it. What terminology
and background might students need to be ready for the
task? Will you read a children’s book that connects to the
task and builds interest for students? Is there a current or
popular event that could be used to introduce the topic?
Sometimes you can simply begin with the task and articu-
lation of students’ responsibilities. But, in many instances,
you will want to prepare students by posing a related task
or some related warm-up exercise that builds background
and elicits prior knowledge.

Consider how you will present the task. Options include
having it written on paper, taken from their texts, shown on
the overhead, or written on the board or on chart paper. Be
sure to tell students about their responsibilities. For nearly
every task, you want students to be able to tell you

® What they did to get the answer
® Why they did it that way
® Why they think the solution is correct or reasonable



Decide how you want students to supply this information.
If responding in writing, will students write individually
or prepare a group presentation? Will they write in their
journals, on paper to be turned in, on a worksheet, on chart
paper to present to the class, or on acetate to use on the
overhead? Will they prepare a PowerPoint presentation?

Estimate how much time you think students should be
given for the task. It is useful to tell students in advance.
Some teachers set a timer that all students can see. Plan
to be somewhat flexible, but do not give up your time for
discussion at the end of the lesson.

Example: Fixed Areas. Building off of fifth graders’
interest in High School Musical, the lesson context will be
building a stage that has an area of 36 square meters. Stu-
dents will explain what the perimeter and area of the stage
floor are, and the teacher will draw and label this on the
board. A focus question to raise curiosity is: Does it matter
what the length and width are for the stage floor? Would
one shape of rectangle be better or worse than another?
Let’s see what the possibilities are and then pick one that
will best serve the actors and dancers.

Step 6: Plan the During Phase of the Lesson. While
it may seem that this phase is when the students are work-
ing independently, this is a critical time for teaching. The
teacher’s role is to monitor and assess student progress and
to provide hints as necessary. For %phﬁg? mi?@la‘.ke
one quick visit to each group to verify that each understands
the task and is engaged in solving the problem.

What hints or assists can you plan in advance for stu-
dents who may be stuck or who may need accommodations?
Are there particular groups or individual students you wish
to specially observe or assess during this lesson? Make a
note to do so. Think of extensions or challenges you can
pose to students who are gifted or others who finish early.

After the initial round to see that each group has
started, the next rounds are your opportunity to learn what
your students know and can do (see planning steps 1 and 4).
Students should become accustomed to the fact that in the
during phase of the lesson you will be asking them to explain
what they are thinking and doing. This phase is also a time
for you to see which groups or individuals should be sharing
their work in the after phase of the lesson.

Example: Fixed Areas. After distributing 36 tiles to
each pair of students, make one trip around the room to see
that students are actually building a rectangle, recording
its dimensions on the grid sheet accurately, and labeling
each side. After confirming that all students have completed
this for the first rectangle, make more trips around asking
the assessment questions. The goal is to get each student
to explain how he or she found the perimeter of the rect-
angles and what patterns he or she is noticing, but if you
can’t get to everyone, target those that you missed in the
next lesson.
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Step 7: Plan the After Phase of the Lesson. How will
you begin your discussion? One option is to simply list all
of the different answers from groups or individuals, do-
ing so without comment, and then returning to students or
groups to explain their solutions and justify their answers.
You may also begin with full explanations from each group
or student before you get all the answers. If you accept oral
reports, think about how you will record on the board what
is being said.

Plan an adequate amount of time for your discussion.
Five minutes is almost never sufficient. A rich problem can
take 15 to 20 minutes to discuss.

Example: Fixed Areas. First, get all the possibilities of
the rectangles with a given area posted, so have an over-
head copy of grid paper and ask each group to report one
that they found. Quickly sketch and label the dimensions
of each one. Second, ask different groups to report on
the perimeter and area of each one and go back and add
this information. This visual will stay posted for the focus
discussion:

e How did you find the perimeters of these rectangles?
(Collect different ideas—look for shortcuts and note
those responses in words and symbols on the board.)

® What do you notice about the relationship between
area and perimeter? (Students should notice that there

re a number of possible perimeters for a given area
Enhdnce

the perimeter is less when the shape is more
“square.”)
e If you were the stage architect for High School Musical,
which of the rectangles would you pick and why?

After the discussion, distribute the exit slip titled “Advice
to the Architect” that asks students to explain the second
question above to the architect, using illustrations to sup-
port the explanation.

Steps 5, 6, and 7 have resulted in a tentative instruc-
tional plan. The next three steps are designed to review
this tentative plan in light of some critical considerations,
making changes or additions as needed.

Step 8: Check for Alignment Within the Lesson. A
well-prepared lesson that maximizes the opportunity for
students to learn must be focused and aligned. There is
often a temptation to do a series of “fun” activities that
seem to relate to a topic but that are intended for slightly
different learning goals. First, look to see that three parts of
the plan are clearly aligned, sometimes nearly identical: the
objectives, the assessment, and the questions asked in the
during and after phases. If the questions are all focused on
only one objective, add questions to address each objective
or remove the objective that is not addressed.

Second, the lesson should have a reasonable flow to
it, building in sophistication. The before activity should be
related to the focus task in the during phase but will likely
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be less involved. The after phase should take students from
looking at the task itself to generalizing ideas about math-
ematics concepts. If you feel like you are doing one activ-
ity, then switching to another, and you don’t know how
to pull it together in the end, it may be that the lesson is
not aligned. Look back to the objectives and make sure
all activities support these objectives and build in critical
thinking and challenges.

Example: Fixed Areas. The area lesson demonstrates
alignment. The objectives were used to write the assess-
ments and the assessment questions were written to match
the phases of the lesson. The lesson starts with an example
to get students thinking about the use of area and perim-
eter, builds on this foundation by having them create as
many rectangles with an area of 36 as they can, and then
engages them in a discussion by focusing on generalized
ideas of the relationship between area and perimeter and
ways to find perimeter.

Step 9: Anticipate Student Approaches. In reflecting
on the task that is chosen, it is important to consider what
strategies students might use and how you might respond.
What misconceptions might students have? What common
barriers might need to be addressed? Which of these do you
want to address prior to the activity starting and which ones
do you want to see emerge from their work?

Example: Fixed Areas. Students are m/a(gg)atel: DF:

about whether the 6 by 6 square should be one of their
rectangles. This will not be addressed up front, as a con-
versation around whether a square is a rectangle is a worthy
class discussion. Second, students may initially consider a 4
by 9 rectangle different from a 9 by 4 rectangle. This will be
addressed in the before as being considered the same for this
activity—so that students don’t get bogged down in mak-
ing too many rectangles. Students may confuse the terms
perimeter and area, so in the before phase, we will discuss
strategies for remembering which is which and students will
be encouraged to use these appropriate terms as they work
with their partner.

Step 10: Identify Essential Questions. While this
might sound redundant after the previous steps, the quality
of your questioning in a lesson is so critically important
to the potential learning that it is a fitting last step. Us-
ing your objectives as the focus, review the lesson to see
that in the before phase you are posing questions that focus
students’ attention and raise curiosity about how to solve
the problem. In the during and after phases, you are using
questions from the objectives to focus students’ thinking
on the salient features of the task and what you want them
to learn. Research on questioning indicates that teachers
rarely ask higher-level questions—this is your chance to
review and be sure that you have included some challeng-
ing questions that ask students to extend, analyze, com-

pare, generalize, and synthesize. These questions help
students more deeply understand the concepts they are
studying.

Example: Fixed Areas. Higher-level questions based
on the objectives are posed to students in the during and
after phases. Some additional questions to have ready for
the discussion or for early finishers or advanced students
include the following:

What if the perimeter was set at 36 meters? Would
there be different possible areas?

Which one might an architect prefer for a dance stage?

Is a square a rectangle? Explain using what you know
of the characteristics of the shapes.

Applying the Planning Process

The importance of using the planning process cannot be
overemphasized. Sometimes teachers are pulled to spend
more time on grading papers than preparing a lesson for
an upcoming concept. This may result in a poor quality
lesson that means less is learned. Then the teacher has even
more work in trying to remediate students and respond to
misconceptions.

A finished lesson plan often has the following compo-
nents, though the order may vary:

E{frlﬁ’paﬂ [og@l athematics standards

Lesson goals and learning objectives
® Assessment(s)

¢ Accommodations

® Materials needed

® Before phase

® During phase

e After phase

Because the lessons discussed in the next section were de-
veloped for an unknown population of students and state
standards vary from state to state, the lesson plan design for
the Expanded Lessons does not include accommodations
or standards.

Examples of Lessons: Expanded Lessons. Attention
to the first two planning steps (the mathematics in your cur-
riculum and the particular needs of your students relative
to the mathematics) is critical to a successful lesson. There-
fore, to plan a lesson without a
real class in mind is somewhat
artificial. However, a sample les-
son, called an Expanded Lesson, is
found at the end of this chapter to
illustrate the thinking involved.
The Expanded Lesson on area
and perimeter has served as an
example for each of the planning
steps in a problem-based lesson.

Go to the Building Teaching
Skills and Dispositions
section of Chapter 4 of
MyEducationLab. Click on
Expanded Lessons to
download the Expanded
Lesson for “Fixed Areas,”
and complete the related
activities.

i

myeducationlaﬁ)



It is designed as a full-class lesson for fourth or fifth grade.
In addition to this sample lesson, the MyEducationLab
(www.myeducationlab.com) website and Field Experi-
ence Guide have Expanded Lessons that elaborate on ac-
tivities from each content chapter in Section 2 of this
book. s
Look for this icon myeducationlaﬁ) indicating
that a lesson related to that activity or concept is found on
MyEducationLab. At the end of every chapter,
you will find Field Experience Guide Con-
nections that connect lessons and activities
from the Field Experience Guide to chapter
coverage.

Variations of the
Three-Phase Lesson

"The basic lesson structure we have been discussing assumes
that a class will be given a task or problem, allowed to work
on it, and end with a discussion. Certainly, not every lesson
is developed around a task given to a full class. However,
the basic concept of tasks and discussions can be adapted to
most problem-based lessons.

Minilessons. Many tasks do not require the full class pe-
riod. The three-part format can be compressed to as little as
10 minutes. You might plan two o thr es in-gsifpele
lesson. For example, consider theé&@@lt‘) IpEjIE
Grades K-1:  Make up two questions that we can
answer using the information in our
graph.
Grades 2-3:  If you have forgotten the answer to
the addition fact 9 + 5, how might you
figure it out in your head?
Grades 4-5:  On your geoboard, make a figure that
has line symmetry but not rotational
symmetry. Make a second figure that
has rotational symmetry but not line
symmetry.
Without finding the common denom-
inator, find a way to determine which
of the fractions in the pair is larger.
Explain your strategy.

Grades 6-7:

1 19 33 3009 10
sand 5 s5and 35 jand § gand

These are worthwhile tasks but probably would not require
a full class period to do and discuss.

An effective strategy for short tasks is think-pair-share.
Students are first directed to spend a minute developing
their own thoughts and ideas on how to approach the task
or even what they think may be a solution. Then they pair
with a classmate and discuss each other’s strategies. This
provides an opportunity to test out ideas and to practice
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articulating them. The last step is to share the idea with the
rest of the class. The pair may actually have two ideas or
can be told to come to a single decision. The entire process,
including some discussion, may take less than 15 minutes.

Stations. It is often useful for students to work at differ-
ent tasks at various locations around the room. Stations are
a good way to manage materials without the need to dis-
tribute and collect them. They also help when it is unrea-
sonable or impossible for all students to have access to the
required materials for an activity. Because good computer
tasks do exist, especially applets found on the Web, one
station can be a computer station allowing all students an
opportunity to have a turn on the computer. Stations also
allow you to differentiate tasks when your students are at
different stages in their conceptual understanding.

You may want students to work at stations in small
groups or individually. Therefore, for a given topic you
might prepare from four to eight different activities. Not
every station has to be different. Materials required for the
activity or game, including any special recording sheets, are
placed in a container or folder to be quickly positioned at
different locations in the classroom.

A good idea for younger children or for games and
computer activities is to explain or teach the activity to the
full class ahead of time in addition to having the instruc-

jons at the station. In this way students should not waste

Wlidn Bdy get to the station and you will not have to

run around the room explaining what to do. Also, you can
involve parents or other volunteers.

A good task for a station activity is one that can be
profitably repeated several times. For example, students
might play a “game” where one student covers part of a
known number of counters and the other student names
the amount in the covered part. “Fraction Game” in the
NCTM Illuminations Lessons (http://illuminations.nctm
.org/ActivityDetail.aspx?ID=18) can be played repeat-
edly, each time strengthening students’ understanding of
fractions.

A game or other repeatable activity may not seem to
incorporate a problem but it can nonetheless be a problem-
based task. The determining factor is whether the activity
causes students to be reflective about new or developing
mathematical relationships. Remember that it is reflective
thought that causes growth and therefore learning. If the
activity merely has students repeating a procedure without
wrestling with an emerging idea, then it is not a problem-
based experience. However, the few examples just men-
tioned and many others do have children thinking through
concepts that they have not yet developed well. In this
sense, they fit the definition of problem-based tasks.

The time during which students are working at sta-
tions is analogous to the during portion of a lesson. What
kinds of things could you do for the after portion of the les-
son? Discussions with students who have been working on


http://illuminations.nctm.org/ActivityDetail.aspx?ID=18
www.myeducationlab.com
http://illuminations.nctm.org/ActivityDetail.aspx?ID=18
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a task are just as important for games and stations. These
discussions might take place in small groups. For example,
you might sit down with students at a station and ask about
what they have been doing, what strategies they have dis-
covered, or how they have been going about the activity in
general. Try to get at the reasoning behind what they are
doing. Another possibility is to wait until all in the class have
worked each of the stations. Then you can have a full class
discussion about the mathematics concepts embedded in the
activities.

Just as with any task, some form of recording or writing
should be included with stations whenever possible. Stu-
dents solving a problem on a computer can write up what
they did and explain what they learned. Students playing a
game can keep records and then tell about how they played
the game and what thinking or strategies they used.

Textbooks as Resources

The textbook remains the most significant factor influ-
encing instruction in the elementary and middle school
classroom. With exceptions found in occasional lessons,
most traditional textbooks remain very close to a “teach by
telling” instructional approach. However, standards-based
textbooks are very different from traditional texts. The in-
structional model in standards-based mathematics texts,

ideas rather than the activity required to complete a
page.

e Consider the conceptual portions of lessons as ideas
or inspirations for planning more problem-based ac-
tivities. The students do not actually have to do the
activities on that page.

e Let the pace of your lessons through a unit be deter-
mined by student performance and understanding
rather than the artificial norm of a lesson a day.

® Remember that there is no law saying every page must
be done or every exercise completed. Select lessons or
activities that suit your state standards, your instruc-
tional goals, and your students, rather than designing
instruction to match the text. Omit pages and activities
you believe to be inappropriate and use only what is
needed.

Planning for All

. Learners

" Perhaps one of the most important challenges for
teachers today is to reach all of the students in their increas-
ingly diverse classrooms. Every teacher faces this dilemma
because every classroom contains a range of student abili-

such as the two featured throughout this mp(]\%g@igaPDFﬁes @Ihla r

tions in Number, Data, and Space and Connecte enatics
Project I1), align to the before, during, and after lesson phases
described in this chapter and Chapter 3. For more on the
characteristics of traditional and standards-based textbooks,
see Chapter 1.

If you are using a traditional textbook, one way to
make it more standards-based is to increase the emphasis
of the NCTM process standards within the lesson (prob-
lem solving, reasoning and proof, communication, con-
nections, and representations). As you plan for instruction
see where you can add in meaningful contexts (to build
connections), include opportunities for open-ended ques-
tioning (to build in communication), adapt straightforward
questions to more complex higher-level thinking ques-
tions (to enable problem solving and reasoning to occur),
and consider what models or visuals you might employ
(to use more representations). Sometimes the problems
that appear in the examples section or at the end of the
homework section (the story problems) are a good source
for making the lesson more problem-based. See Chap-
ter 3 for more on how to adapt a non-problem-based
lesson.

Other approaches to using textbooks as sources of ideas
are offered here:

e ‘Teach to the big ideas or concepts, not the pages. The
chapter or unit viewpoint will help focus on the big

estingly and perhaps surprisingly to some, the
problem-based approach to teaching is the best way to
teach mathematics and attend to the range of students. In
the problem-based classroom, children are making sense
of the mathematics in #heir way, bringing to the problems
only the skills and ideas that they own. In contrast, in a
traditional highly directed lesson, it is often assumed that
all students will understand and use the same approach and
the same ideas as determined by the textbook or the teacher.
Students not ready to understand the ideas presented must
focus their attention on following the teacher rules or di-
rections in an instrumental manner (i.e., without a con-
ceptual understanding). This, of course, leads to endless
difficulties and leaves many students behind or in need of
serious remediation.

In addition to using a problem-based approach, there
are specific improvements you can make to help attend to
the diversity of learners in your classroom. Chapter 6 is de-
voted to offering strategies for the diverse range of students
you will have in your classroom. In this chapter, the focus is
specifically on the planning steps during the development
of a problem-based lesson that are essential if you are to do
the best you can do for all learners. Specifically, this section
briefly discusses:

® Accommodations and modifications
e Differentiated instruction



e Flexible groups
e Example of accommodating a lesson: English language
learners

Make Accommodations
and Modifications

There are two paths to making a given task accessible to all
students: accornmodation and modification. An accommodation
is a provision of a different environment or circumstance
made with particular students in mind. For example, you
might write down instructions instead of just saying them
orally. Accommodations do not alter the task. A modifica-
tion refers to a change in the problem or task itself. For
example, suppose the task begins with finding the area of a
compound shape as shown here.

10

Apayou PDF

Ifyou decide instead to focus on simple rectangular regions,
then that is a modification. However, if you decide to begin
with rectangular regions and build to connected compound
shapes composed of rectangles, you have scaffolded the les-
son in a way to ramp up to the original task. Scaffolding a
task in this manner is an accommodation. In planning ac-
commodations and modifications the goal is to enable each
child to successfully reach your learning objectives, not to
change the objectives. This is how equity is achieved in the
classroom.

Differentiating Instruction

Differentiating instruction means that a teacher’s plan
includes strategies to support the range of different aca-
demic backgrounds frequently found in classrooms that are
academically, culturally, and linguistically heterogeneous
(Tomlinson, 1999).

When considering what to differentiate, consider the
learning profile of each student, student interest, and stu-
dent readiness. Second, consider what can be differentiated
across three critical elements: content (what do you want
each student to be able to do), process (how will you engage
them in that learning), and product (what will they have to
show for what they have learned when the lesson is over).
Third, consider how the physical learning environment
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might be adapted. This might include seating arrange-
ment, specific grouping strategies, and access to materials.
Some common ways to differentiate include adapting the
task to different levels (tiered lessons) and using centers or
stations.

Tiered Lessons. In a tiered lesson, the teacher deter-
mines the learning goals for all students, but the level of
difficulty of the task is adapted up and down to meet the
range of learners. Teachers can identify the challenge of
each of the defined tiers in a lesson to determine which best
meets the learning needs of the students in the classroom
(Kingore, 2006; "Tomlinson, 1999). The level of difficulty
is not just about the content, but can be any of the following
(Kingore, 2006):

1. The degree that the teacher provides assistance. This might
include providing examples or partnering students.

2. How structured the lesson is. Students with special needs,
for example, benefit from highly structured tasks, but
gifted students often benefit from a more open-ended
structure.

3. The complexity of the task(s) given. This can include mak-
ing a task more concrete or more abstract or including
more difficult problems or applications.

4. The complexity of process. This includes how quickly
paced the lesson is, how many instructions you give at

ime,and how many higher-level thinking ques-
EnhahiCEr

cluded as part of the task.

Consider the following task for grades 1-2, focused on con-
cepts of addition:

Original Task

Eduardo had 9 toy cars. Erica came over to play and
brought 8 cars. Can you figure out how many cars Eduardo
and Erica have together? Explain how you know.

The teacher has distributed cubes to students to model
the problem and paper and pencil to illustrate and record
how they solved the problem. He asks students to model
the problem and be ready to explain their solution.

Adapted Task

Eduardo had some toy cars. Erica came over to play and
brought her cars. Can you figure out how many cars
Eduardo and Erica have together? Explain how you know.
The teacher asks students what is happening in
this problem and what they are going to be doing. Then
he distributes Task Cards that tell how many cars Eduardo
and Erica have. He has varied how hard the numbers are,
giving the students who are struggling numbers less than
ten and the more advanced students numbers greater
than ten.
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Card 1 (easier)

EAuavrdo has ¢ cavs amaA
Evica has § cavs.

Card 2 (middle)

EAuavdo has |3 cavs ama
Evica has 16 cavs.

Card 3 (advanced)

EAuavdo has __ cavs amd
Evica has ____ caws. Together
they have 25 cavs. How many
cavs might Eduavdo hawve amad
how wmawmy wight Evica have?

In each case, students must illustrate using words, pictures,
models, or numbers on paper how they figured out the so-
lution. Various tools are provided (connecting cubes, sticks,
and hundreds chart) for their use.

In this adapted lesson, there are several options for how
to organize the use of the Task Cards. First, the teacher
can give everyone the cards in order. Second, the teacher
can give students only one card, based on their current
academic readiness (e.g., easy cards to those that have not

yet mastered addition of single-digit numbers). Third, the
teacher can give out cards 1 and 2, based on ability and use
card 3 as an extension for those that have successtully com-
pleted card 1 or 2. In each of these three cases, the teacher
will know at the end of the lesson which students are able
to model and explain addition problems and plan the next
lesson accordingly.

There are several other ways you can effectively dif-
ferentiate a task. One way to differentiate a task is to pre-
sent a situation with related but different questions that
can be asked. The situation might be data in a chart or
graph, a measurement task, or a geometry task. Here is an
example:

Topic: Properties of Parallelograms
Grade: 5-8

Students are given a collection of parallelograms including
squares and rectangles as well as nonrectangular parallelo-
grams. The following questions can be posed:

@ Select a shape and draw at least three new shapes
that are like it in some way. Tell how your new shapes
are both similar to and different from the shape you
selected.

4 Draw diagonals in these shapes and measure them. See

») mtionshi?ﬁdou can discover about the diagonals.
DE | f Fe properties that you can think of

that every parallelogram in this set has.

In this task there is a challenge to engage nearly every
student.

For many problems involving computations, you can
insert multiple sets of numbers. In the following problem
students are permitted to select the first, second, or third
number in each bracket.

Topic: Subtraction
Grades: 2-3

Eduardo had {12, 60, 121} marbles. He gave Erica {5, 15,
46} marbles. How many marbles does Eduardo have now?

Students tend to select the numbers that provide them with
the greatest challenge without being too difficult. In the
discussions, all children benefit and feel as though they

worked on the same task.
Pawse and Pe%[ed

~ How might you change the parallelogram task to adjust
the level of difficulty, giving consideration to the four levels of
difficulty (Kingore, 2006) described earlier?




Flexible Groupings

Allowing students to collaborate on tasks provides sup-
port and challenge for students, increasing their chance to
communicate about mathematics and build understand-
ing. Collaboration is also an important life skill. “Flex-
ible grouping” means that the size and makeup of small
groups vary in a purposeful and strategic manner. In other
words, sometimes students are working in partner groups
because the nature of the task best suits only two people
working together and at other times they are in groups of
four because the task has enough tasks or roles to warrant
a larger team. Also, groups are selected based on the stu-
dents’ academic abilities, language needs, social dynamics,
and behavior. It is often most effective to use mixed-ability
(heterogeneous) groups, strategically placing struggling
learners with more capable students who are likely to be
helpful.

Groups may stay the same for a full unit so that the
students become skilled at working with one another. If
students are seated with their groups in clusters of four,
they can still pair with one person from their group when
the task is better suited for only two students.

Regardless of whether groups have two or four
members or whether you have grouped by mixed abil-
ity or similar ability (homogeneous), the key to success-
ful grouping is individual accountability. That means that
while the group is working togeAp a1g @‘odBmh
individual must be able to explain the process, the content,
and the product. While this concept may sound easy, it is
not. Second, and equally challenging, is building a sense
of shared responsibility within a group. At the start of the
year, it is important to do team building activities and to
set the standard that all members will participate and that
all team members are responsible to make sure all the
people in their group understand the process, content, and
product.

Good resources for team building activities (though
there are many) include Team Building Activities for Every
Group by Alanna Jones (1999) and Feeding the Zircon Gorilla
and Other Team Building Activities by Sam Sikes (1995). For
a free downloadable collection, Tom Heck has created eight
fun activities, all done with shoestrings, in the e-book, Team
Building Games on a Shoestring (www.teachmeteamwork
.com).

To reinforce individual accountability and shared re-
sponsibility means a shift in your role as the teacher. When
a member of a small group asks you a question, your re-
sponse is not to answer the question but to inquire to the
whole group what they think. Students will soon learn that
they must use their teammates as their first resource and
seek teacher help only when the whole group needs help.
Also, when observing groups, rather than ask Angela what
she is doing, you can ask Bernard to explain what Angela is
doing. Having all students participate in their oral report
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to the whole class also builds in individual accountability.
Letting students know that you may call on any of their
members to explain what they did is a good way to be sure
all group members understand what they did. Additionally,
having students individually write and record their strate-
gies and solutions is important. The more you use these
strategies and others like them, the more effectively will
groups function and the more successfully will students
learn the concepts.

Avoid ability grouping! Trying to split a class into abil-
ity groups is futile; every group will still have diversity. It
is demeaning to those students not in the top groups. Stu-
dents in the lower group will not experience the thinking
and language of the top group, and top students will not
hear the often unconventional but interesting approaches
to tasks in the lower group.

Example of Accommodating
a Lesson: ELLs

We have already seen some strategies that promote equity
for all students. To be an equitable teacher, you must keep
your eye on the mathematical goals for your lessons and
at the same time attend to the specific learning needs of
each child. Attention to the needs of the English language
learner must be considered at each step of the ten-step

nqhiaw’r%@gg detailed in Table 4.1.
n the NCTM Equity Principle, the two phrases “high

expectations” and “strong support” are one idea, not two. In
the following example, the teacher uses several techniques
that provide support for her English language learners
while keeping expectations high.

Ms. Steimer is working on a third-grade lesson that involves
the concepts of estimating length (in inches) and measuring
to the nearest half inch. The task asks students to use estima-
tion to find three objects that are about 6 inches long, three
objects that are about 1 foot long, and three objects that are
about 2 feet long. Once identified, students are to measure the
nine objects to the nearest balf inch and compare the measure-
ments with their estimates. Ms. Steimer has a child from Ko-
rea who knows only a little English, and she bas a child from
Mexico who speaks English well but is new to U.S. schools.
These two students are not familiar with feet or inches, so
they will likely struggle in trying to estimate or measure in
inches.

Ms. Steimer takes time to address the language and
the increments on the ruler to the entire class. Because the
word foot has two meanings, Ms. Steimer decides to address
that explicitly before lnunching into the lesson. She begins
by asking students what a “foot” is. She allows time for them
to discuss the word with a partner and then share their
answers with the class. She explains that today they are
going to be using the measuring unit of a foot (while hold-
ing up the ruler). She asks students what other units can be
used to measure. In particular; she asks ber English language
learners to share what units they use in their countries of


www.teachmeteamwork.com
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Table 4.1
An At-a-Glance Look at General Planning Steps and Additional Considerations for ELLs
Steps General Description Additional Considerations for English Language Learners
1. Determine the mathe- ¢ Identify the mathematical concepts that ¢ Establish language objectives (e.g., include reading, writing, speak-
matics and goals align with state and district standards. ing, and listening) in the lesson plan.

® Formulate learning objectives. Post content and language objectives, using kid-friendly words.

2. Consider your students’ * Relate concepts to previously learned con- * Consider students’ social/cultural backgrounds and previously
needs cepts and experiences. learned content and vocabulary.

3. Select, design, or adapt ® Select a task that will enable students to ¢ Include a context that is meaningful to the students’ cultures and
a task explore the concept(s) selected in step 1. backgrounds.

* Analyze the task for language pitfalls. Identify words that need to be
discussed and eliminate terms that are not necessary to under-
standing the task.

* Watch for homonyms, homophones, and words that have special
meanings in math (e.g., mean, similar, product).

4. Design lesson * Determine the types of assessments that ® Build in questions to diagnose understanding. Use translators if
assessments will be used for each objective. needed.

If a student is not succeeding, seek alternative strategies to diag-
nose if the problem is with language, content, or both.

* Use a variety of assessments.

5. Plan the before activities * Determine how you will introduce the task. Build background! Link task to prior learning and to familiar
* Consider warm-ups that orient student contexts.
thinking. Review key vocabulary needed for the task. List key vocabulary in a
prominent location.
Provide visuals and real objects related to the selected task.
Present the task in written and oral format.
Check for understanding (e.g., ask students to pair-share).

6. Plan the during * Think about hints or assists you might give * Group students for both academic and language support.

questions and as students worl A hmlg pictures, make diagrams, and/or use
extensions ¢ Consider extensi angg PDF ti (SETN

Maximize language. Ask students to explain and defend.

Consider using a graphic organizer. Ideas include: sentence starters
(e.g., “ solved the problem by . . .”), recording tables, and concept
maps.

Maximize language use in nonthreatening ways (e.g., think-pair-
share).

7. Plan the after discussion * How will students report their findings? ¢ Encourage students to use visuals in reports.
® Determine how you will format the discus- Give advance notice that students will be speaking, so they can plan.
sion of the task. Encourage students to choose the language they wish to use, using
a translator if possible.
Provide appropriate “wait time.”

8. Check for alignment ® Check that all aspects of the lesson target * Review lesson phases to see if key vocabulary is supported through-
within the lesson the objectives. out the lesson.
* Review lesson phases to see that visuals and other supports are in
place.
9. Anticipate student ¢ Reflect on how students will respond to the  ® Consider approaches that might be used in other countries and
approaches task and what misconceptions may occur. encourage students to share different approaches.
* Determine how to address these issues. * Encourage pictures to replace words, as appropriate for age and
language proficiency.
10. Identify essential ¢ Using your objectives as a guide, what ques-  ® If possible, translate essential questions.
questions tions will you ask in each lesson phase? * Word questions in straightforward, simple sentence structures.
origin, having metric rulers to show the class. She asks stu- Moving to the lesson objectives, Ms. Steimer asks students
dents to study the ruler and compare the centimeter to the to compare how the balfway points are marked for the inches
inch by posing these questions: “Can you estimate about and the centimeters. Then she asks students without using
bow many centimeters are in an inch? In 6 inches? In a rulers to tear a piece of paper that they think is about one-half of

foor?” foot long. Students then measure their paper strips to see how



close their strips are to 6 inches. Now she has them ready to
begin estimating and measuring.

J_l} Pavse and Pe%[eof

Review Ms. Steimer’s lesson. What specific strategies
to support English language learners can you identify?

Discussion of the word foot using the think-pair-share
technique recognized the potential language confusion
and allowed students the chance to talk about it before
becoming confused by the task. The efforts to use visu-
als and concrete models (the ruler and the torn paper
strip) and to build on students’ prior experience (use of
the metric system in Korea and Mexico) provided sup-
port so that the ELLs could succeed in this task. Most
importantly, Ms. Steimer did not diminish the challenge
of the task with these strategies. If she had altered the
task, for example, not expecting the ELLs to estimate
since they didn’t know the inch very well, she would have
lowered her expectations. Conversely, if she had simply
posed the problem without taking time to have students
study the ruler or to provide visuals, she may have kept her
expectations high but failed to provide the support that
would enable her students to succeed. Finally, by making
a connection for all students to the metric system, she
showed respect for the students’ res and b atbgd
the horizons of other students tAFl&@Qen ‘i%

countries.
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Examine the Expanded Lesson at the end of the chap-
ter. Look for evidence within the lesson that there is already
support for the ELL. What additional opportunities can you find
in the lesson to provide support for the ELL?

Additional information for working with students
who are English learners in mathematics can be found in
Chapter 6.

Drill or Practice?

Drill and practice, if not a hallmark of American in-
structional methods in mathematics, is present to at least
some degree in nearly every classroom. Most lessons in
traditional textbooks end with a section consisting of ex-
ercises, usually of a similar nature and always completely
in line with the ideas that were just taught in the lesson.
This repetitive procedural work is supposed to cement the
ideas just learned. In addition to this common textbook
approach, drill-and-practice workbooks and computer drill
programs abound.

Drill or Practice? 69

A question worth asking is “What has all of this drill
gotten us?” It has been an ever-present component of
mathematics classes for decades and yet the adult popula-
tion is replete with those who almost proudly proclaim “I
was never any good at mathematics” and who understand
little more about the subject than basic arithmetic. This
section offers a different perspective.

New Definitions of Drill and Practice

i

myeducationlal?)
Go to the Activities and Ap- |
plication section of Chapter
4 of MyEducationLab. Click
on Videos and watch the
video entitled “John Van
de Walle on the Defini-

The phrase “drill and practice”
slips off the tongue so rapidly that
the two words drill and practice ap-
pear to be synonyms—and, for the
most part, they have been. In the
interest of developing a new or
different perspective on drill and ) ! i

. . .. tions of Drill and Practice”
practice, consider definitions that L

. . to see him define drill and

differentiate between these terms | |rctige.
as different types of activities rather
than link them together.

Practice refers to different problem-based tasks or
experiences, spread over numerous class periods,
each addressing the same basic ideas.

Drill refers to repetitive, non-problem-based exercises

En designed to improve skills or procedures already

acquired.

i, FPause and Reflect

How are these two definitions different? Which is more
in keeping with the view of drill and practice (as a singular term)
with which you are familiar? How do each of these align with
what we know about how people learn (see Chapter 2)?

Using these definitions as a point of departure, it is
now useful to examine what benefits we can get from each
and when each is appropriate.

What Drill Provides

Drill can provide students with the following:

® An increased facility with a procedure but only with a
procedure already learned
® A review of facts or procedures so they are not forgotten

Limitations of drill include:

® A focus on a singular method and an exclusion of flex-
ible alternatives

e A false appearance of understanding

¢ A rule-oriented or procedural view of what mathemat-
ics is about
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The popular belief is that somehow students learn
through drill. In reality, drill can only help students get
faster at what they already know. Students who count on
their fingers to answer basic fact questions only get very
good at counting on their fingers. Drill is not a reflective
activity. The nature of drill asks students to do what they
already know how to do, even if they just learned it. The
focus of drill is on procedural skill.

For most school-level mathematics, including compu-
tation, there are numerous ways of getting answers. For
example, how many different mental methods can you think
of to add 48 + 35? To find 25 percent of $84 you can divide
by 4 rather than multiply by 0.25. What approach would
you use to find 17 percent of $84? Similar examples of the
value of flexible thinking are easily found. Drill has a ten-
dency to narrow one’s thinking to one approach rather than
promote flexibility.

When students successfully complete a page of rou-
tine exercises, teachers (and even students) often believe
that this is an indication that they’ve “got it.” In fact, what
they most often have is a very temporary ability to repro-
duce a procedure recently shown to them. The short-term
memory required of a student to complete the exercises
at the end of the traditional lesson is no indication of un-
derstanding. Superficially learned procedures are easily
and quickly forgotten and confused. As noted in Chapter

6, one of the obstacles for students with ial needs i
memorization. An approach to instructiogﬁié gdéltntjDDF

are to memorize and drill on a fact or procedure is not
in the best interests of these students, as well as the many
other students who are not good memorizers but are good
thinkers.

When drill is such a prevalent component of the math-
ematics classroom, it is no wonder that so many students
and adults dislike mathematics. Real mathematics is about
sense making and reasoning—it is a science of pattern and
order. Students cannot possibly obtain this view of the dis-
cipline when constantly being asked to repeat procedural
skills over and over.

What is most important to understand is this: Drill
will nor help with conceptual understanding. Drill will zoz
provide any new skills or strategies. Drill focuses only on
retaining what is already known.

What Practice Provides

In essence, practice is what this book is about—providing
students with ample and varied opportunities to reflect on or
create new ideas through problem-based tasks. The follow-
ing list of outcomes of practice should not be surprising:

® An increased opportunity to develop conceptual ideas
and more elaborate and useful connections

® An opportunity to develop alternative and flexible
strategies

e A greater chance for all students to understand, par-
ticularly students with special needs

® A clear message that mathematics is about figuring
things out and that it makes sense

Each of the preceding benefits has been explored in
this or previous chapters and should require no further dis-
cussion. However, it is important to point out that practice
can and does develop skills. The fear that without exten-
sive drill students will not master “basic skills” is not sup-
ported by recent research on standards-based curriculum or
practices (see Chapter 1). These programs include lots of
practice as defined here and include appropriate amounts
of drill. Students in these programs perform about as well
as students in traditional programs on computational skills
and much better on nearly every other measure.

When Is Drill Appropriate?

Yes, there is a place for drill in mathematics but it need not
be as frequent or lengthy as is often the case. Consider these
two proposed criteria for determining whether the drill is
appropriate:

® An efficient strategy for the skill to be drilled is already
in place.
® Automaticity with the skill or strategy is a desired out-

%Tﬂ]‘?ﬂmggrs that the skill can be performed
efficiently and effectively.

Is it possible to have a skill and still need to perfect it or
to drill it? Clearly this happens outside of mathematics all the
time, with sports and music as good examples. We learn how
to dribble a soccer ball or play the chords shown on a sheet of
music. At the outset of instruction, we are given the necessary
bits of information to perform these skills. Initially, the skills
are weak and unperfected. They must be repeated in order to
hone them to a state of efficiency. However, if the skill is not
there to begin with, no amount of drill will create it.

When drill is appropriate—for example, practicing
basic facts—a little bit goes a long way. Practicing a set of 10
facts, for example, is more effective than a page of 50 facts
that have to be done within a set timeframe. (See Chapter
10 for elaboration on effective teaching of the basic facts.)
Also, drill, because it is review, is best if limited to 5 to 10
minutes. Devoting extensive time to repeating a procedure
is not effective and can negatively impact students’ percep-
tions, motivation, and understanding.

Finally, students often quit thinking when they have to
solve problem after problem the same way. Consider the
problem 301 — 298. Students who find themselves solving
large sets of these will perform the algorithm for subtraction
here, borrowing from the 3 across the zero, which oftentimes
results in an error. They don’t stop to see that these numbers
are only three apart and that the difference is therefore 3.
And, in fact, they don’t need to follow an algorithm.



Stop and make a mental list of the things in pre-K-8
mathematics with which you think students should have
automaticity.

Probably your list includes how to count, read, and
write numbers. It should include mastery of basic facts (e.g.,
3 + 9 or 8 x 6). If you are like most people, you may have
computation with whole numbers and even with fractions
and decimals on your list. Certainly we want students to be
fluent in computation, but not limited to a single method
or one that does not make sense to them. There are more
items that are candidates for the list of desired automaticity
but generally these will be small bits of mathematics, not
big ideas. In fact, the list of things for which automaticity
is required is actually quite short and the time devoted to
these topics should reflect this.

Students Who Don’t Get It

As discussed earlier, the diversity in classrooms is a chal-
lenge for all teachers. For those students who don’t pick
up new ideas as quickly as most in the class, there is an
overwhelming temptation to give in and “just drill ’em.”
Before committing to this solution, ask yourself these two
questions: Will drill build understapbfgs@W@ is thililing
the child? The child who has difficulties has certainly been
drilled in the past. It is naive to believe that the drill you
provide will be more beneficial than the drills this child
has undoubtedly endured in the past. Although drill may
provide some very short-term success, an honest reflection
and much research suggest that drill will have little effect
in the long run. What these children learn from more drill
is simple: “I'm no good at math. I don’t like math. Math is
rules.”

The earlier section of this chapter, “Planning for All
Learners,” suggests strongly that a conceptual approach is
the best way to help students who struggle. Drill is simply
not the answer.

. Homework

" Data from the Third International Mathematics and
Science Study (TIMSS) suggest that U.S. fourth graders
are assigned about as much homework as students in most
other countries (U.S. Department of Education, 1997c).
U.S. eighth graders are assigned more homework and
spend more time in class talking about homework than do
Japanese students, who significantly outperform the U.S.
students (U.S. Department of Education, 1996). The real
value of homework is unclear. Many parents expect to see
homework and most teachers do assign homework.

Pawse and E@Z&a‘
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But what should homework be in a problem-based cur-
riculum? How do you effectively support students and their
families to be successful with homework? The distinction
between drill and practice as described in the previous sec-
tion provides a useful lens for looking at homework.

Practice as Homework

Homework is a perfectly appropriate way to engage stu-
dents in problem-based activities—in practice. A problem-
based task similar to those described in Chapter 3 can be
assigned for homework provided that the difficulty of the
task is within reach of most of the students. The difference
is that, when at home, students will be working alone rather
than with a partner or group.

The process of giving homework can mimic the three-
phase lesson model. Complete a brief version of the before
phase of a lesson to be sure the task is understood before
students go home. At home students complete the during
phase. When they return with the work completed, apply
the sharing techniques of the after phase of the lesson. They
can even practice the after phase with their family if this
is encouraged through parent/guardian communications.
Some form of written work must be required so that stu-
dents are held responsible for the task and are prepared for
the class discussion.

En m\gﬁk of this nature communicates to families the
I -based or sense-making nature of your classroom

and can help them see the value in this approach. Families
want to see homework but some will not have any experi-
ence with the type of instruction you have been reading
about. Providing guidance and support to families can make
a big difference in their understanding of the approach and
their ability to help their student(s).

Drill as Homework

Do not assign drill as a substitute for practice or before the
requisite concepts have been developed. When assigning
drill for homework, here are some things to think about:

e Keep it short. Lengthy drill is not productive.

® Provide an answer key. At grade 3 and above, students
are capable of checking their own work. Students can be
required to repeat the missed exercises and/or write a
sentence indicating where they had difficulty and what
they do not understand. If you respond to these notes
with assistance, students will begin to understand that
homework drills are a way for them to receive help.

® Never grade homework based on correctness. Instead,
grade only that it was or was not completed. Rather
than penalize wrong answers, use wrong answers as
an opportunity to assist students and promote growth.
This suggestion also applies equally well to practice
homework.
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® Do not waste valuable classroom time going over drill
homework. Especially if the last two suggestions are
followed, simply observing that it is complete is all that
is required.

Provide Homework Support

Familes also benefit from strategies for doing homework
problems. Providing guiding questions for parents or
guardians, for example, can help them help their child and
understand your emphasis on a problem-based approach
to instruction. Figure 4.2 provides some guiding questions
that can be included in the students’ notebooks and shared
with parents or guardians.

Check to see what online resources your textbook
provides. Sometimes textbooks websites have online re-
sources for homework and for parents or guardians, in-
cluding flash-based tutorials, video resources, resources

These guiding questions are designed for helping your child think
through their math homework problems:

* What do you need to figure out? What is the problem about?
® What words are confusing? What words are familiar?

¢ Did you solve problems like this one in class today?

* What have you tried so far?

¢ Can you make a drawing to help you think about the problem?
® Does your answer make sense?

¢ |s there more than one answer?

Figure 4.2 Questions for families for helping with
homework.

for parents or guardians, connections to careers and real
applications, multilingual glossaries, audio podcasts, and
more.

Writing to Learn

1. Not every lesson will be built around a single task. What
are other ways to structure problem-based activities in the
class?

2. How can a game be considered a problem-based task?

3. How do you do the after portion of a lesson when students
are working at stations?

4. Why is a problem-based approach a good way to reach all
students in a diverse classroom?

5. Discuss what is meant by (a) differentiated tasks and
(b) tiered lessons.

6. What teacher actions are needed for groups to function
effectively?

7. What is the difference between making an accommodation
for students and making a modification in a lesson? Explain
why this distinction is important.

8. This chapter suggests a distinction between drill and prac-
tice. Explain the difference and what each can provide.

9. What is the major difference between the instructional
method described in this book and the predominant ap-
proach found in most traditional textbooks? Describe briefly

what is meant by the “two-page lesson format” that is often
adhered to in traditional textbooks. What is a serious draw-
back of this form?

For Discussion and Exploration

1. Examine a textbook for any grade level. Look at a topic for
a whole chapter and determine the two or three main objec-
tives or big ideas covered in the chapter. Restrict yourself to
no more than three. Now look at the individual lessons. Are
the lessons aimed at the big ideas you have identified? Will
the lessons effectively develop the big ideas for this chapter?
Are the lessons problem-based? If not, how can they be
adapted to be problem-based?

2. When planning a lesson for a class that includes English
language learners, there are many points you might consider
at each stage of the planning process. Take the Expanded
Lesson from this book or one from the Field Experience
Guide and describe the adaptations you would incorporate
for students with special needs and English language learn-
ers (ELLs). Use the key ideas for English language learners
described in Table 4.1.
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Recommended Readings

Articles

Holden, B. (2008). Preparing for problem solving. Teaching Chil-

dren Mathematics, 14(5), 290-295.
This excellent “how to” article shares how a first-grade teacher
working in an urban high-poverty setting incorporated differenti-
ated instruction. Holden describes how she prepared ber classroom
and her students to be successful through six specific steps. For new
and experienced teachers, this provides great insights into how to
structure a successful problem-based classroom.

Reeves, C. A., & Reeves, R. (2003). Encouraging students to

think about how they think! Mathematics Teaching in the
Middle School, 8(7), 374-377.
When students (and also adults) get into a habit of mind—or; in this
case, a pattern for solving a problem—they often continue to use this
pattern even when easier methods are available. The authors explore
this idea with simple tasks you can try. The point is that too much
drill with little variability may have negative effects.

Williams, L. (2008). Tiering and scaffolding: Two strategies for

providing access to important mathematics. Teaching Chil-
dren Mathematics, 14(6), 324-330.
Using a second-grade fraction lesson and a third-grade geometry
lesson as examples, Williams shares hgw they were tiere# 7
how scaffolds, or supports, were b Iaérg fekson. bE;x
on individual learners and equity makes this a very worthwhile
article.

Books

Burns, M., & Silbey, R. (2000). So you have to teach math? Sound

advice for K-6 teachers. Sausalito, CA: Math Solutions
Publications.
This is a must read for new teachers and also for veteran teachers
who are switching grades. Burns and Silbey offer practical advice
on leading class discussions, using manipulatives, incorporating
writing into your classroom, creating useful homework, working
with families, and more. Each topical chapter is organized by ques-
tions teachers typically ask. Filled with practical tips, this will be a
resource to come back to often.

Litton, N. (1998). Gerting your math message out to parents: A K-6
resource. Sausalito, CA: Math Solutions Publications.
Well-meaning parents and other family members who remember
mathematics as memorization and worksheets often challenge a
constructivist, student-oriented approach to teaching. Litton is a

classroom teacher who bas practical suggestions for communicating
with family members. The book includes chapters on parent confer-
ences, newsletters, bomework, and family math night.

Online Resources

Illuminations

www.illuminations.nctm.org
‘This is a favorite of many math teachers. Click on “Lessons”
and you can then select grade band and content to search for
lessons—all of them excellent!

The Math Forum: Internet Mathematics Library
http://mathforum.org/library

Here you will find links to all sorts of information that will
be useful in both planning and assessment in a problem-
based classroom.

Ask Dr. Math

http://mathforum.org/dr.math
Ask Dr. Math is a great homework resource for families,
students, and teachers. Dr. Math has answers to all the clas-
sic math questions students have, like why a negative times
a negative is a positive.

Enhancer

\ Field Experience Guide Connections

Chapter 2 of the Field Experience Guide offers
a range of experiences related to planning. In
Chapter 4 of the guide, several activities focus
on different types of instruction. For example,
FEG 4.3 focuses on cooperative groups and FEG 4.6
focuses on small-group instruction. Chapter 8 of the
guide provides experiences focused on the needs of
individual learners. For example, FEG 8.5 focuses on
sheltering instruction for an English language learner.
Chapter 9 in the guide offers 24 Expanded Lessons,
all designed in the before, during, and after model.
Chapter 10 offers worthwhile mathematics activities
that can be developed into problem-based lessons,
like the one at the end of this chapter.
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Fxpanded Lesson

Fixed Areas
Content and Task Decisions

GRADE LEVEL:

Mathematics Goals

¢ 'To contrast the concepts of area and perimeter

¢ To develop the relationship between area and
perimeter of different shapes when the area is fixed

¢ "To compare and contrast the units used to measure
perimeter and those used to measure area

Consider Your Students’ Needs

Students have worked with the ideas of area and pe-
rimeter. Some, if not the majority, of students can
find the area and perimeter of given figures and may
even be able to state the formulas for finding the pe-
rimeter and area of a rectangle. However, they may
become confused as to which formula to use.

Materials
Each student will need:

® 36 square tiles such as color tiles

® Two or three sheets of centimeter grid paper

® “Rectangles Made with 36 Tiles” recording sheet
(Blackline Master 73)

¢ “Fixed Area” recording sheet (Blackline Master 74)

Teacher will need:

® Overhead tiles

e ‘Transparency of “Rectangles Made with 36 Tiles”
recording sheet (Blackline Master 73)

e ‘Transparency of “Fixed Area” recording sheet
(Blackline Master 74)

Lesson

Fixed Area Recording Sheet

Name

Length Width Area Perimeter

Before
Begin with a simpler version of the task:

® Have students build a rectangle using 12 tiles at
their desks. Explain that the rectangle should be
filled in, not just a border. After eliciting some
ideas, ask a student to come to the overhead and
make a rectangle that has been described.

® Model sketching the rectangle on the grid trans-
parency. Record the dimensions of the rectangle in
the recording chart—for example, “2 by 6.”

¢ Ask, “What do we mean by perimeter? How do we
measure perimeter?”After helping students define
perimeter and describe how it is measured, ask stu-

dents for the perimeter of this rectangle. Ask a stu-

dent to come to the overhead to measure the
perimeter of the rectangle. (Use either the rectan-
gle made from tiles or the one sketched on grid
paper.) Emphasize that the units used to measure
perimeter are one-dimensional, or linear, and that
perimeter is just the distance around an object. Re-
cord the perimeter on the chart.

® Ask, “What do we mean by area? How do we mea-
sure area?” After helping students define area and
describe how it is measured, ask for the area of this
rectangle. Here you want to make explicit that the
units used to measure area are two-dimensional
and, therefore, cover a region. After counting the
tiles, record the area in square units on the chart.

—
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® Have students make a different rectangle using 12
tiles at their desks and record the perimeter and
area as before. Students will need to decide what
“different” means. Is a 2-by-6 rectangle different
from a 6-by-2 rectangle? Although these are con-
gruent, students may wish to consider these as be-
ing different. That is okay for this activity.

Present the focus task to the class:

® See how many different rectangles can be made
with 36 tiles.

® Determine and record the perimeter and area for
each rectangle.

Provide clear expectations:
e Write the following directions on the board:

1. Find a rectangle using a// 36 tiles.

2. Sketch the rectangle on the grid paper.

3. Measure and record the perimeter and area of
the rectangle on the recording chart.

4. Find a new rectangle using #// 36 tiles and re-
peat steps 2—4.

® Place students in pairs to work collaboratively, but
require each student to draw their own sketches
and use their own recording sheet.

Assessment

During

Initially:

® Question students to be sure they understand the

task and the meaning of ares and perimeter. Look

for students who are confusing these terms.

® Be sure students are both drawing the rectangles
and recording them appropriately in the chart.

Ongoing:

® Observe and ask the assessment questions, posing
one or two to a student and moving to another stu-
dent (see “Assessment” below).

After
Bring the class together to share and discuss the task:

® Ask students what they have found out about pe-
rimeter and area. Ask, “Did the perimeter stay the
same? Is that what you expected? When is the pe-
rimeter big and when is it small?”

® Ask students how they can be sure they have all of
the possible rectangles.

® Ask students to describe what happens to the
perimeter as the length and width change. (The
perimeter gets shorter as the rectangle gets fatter.
The square has the shortest perimeter.) Provide
time to pair-share ideas.

Observe

e Are students confusing perimeter and area?

® As students form new rectangles, are they aware
that the area is not changing because they are using
the same number of tiles each time? These students
may not know what area is, or they may be confus-
ing it with perimeter.

e Are students looking for patterns in how to find the
perimeter?

e Are students stating important concepts or patterns
to their partners?

Ask

® What is the area of the rectangle you just made?

® What is the perimeter of the rectangle you just
made?

® How is area different from perimeter?

¢ How do you measure area? Perimeter?

EXPANDED LESSON




Assessment should be the servant of teaching and learning.
Without information about their students’ skills, under-
standing, and individual approaches to mathematics, teach-
ers bave nothing to guide their work.

Mokros, Russell, and Economopoulos (1995, p. 84)

hat ideas about assessment come to mind from your

personal experiences? Tests? Pop quizzes? Grades?
Studying? Anxiety? Getting the correct angwersyAdl of
these are typical memories. Now suppose that you are told
that assessment in the classroom should be designed to help
students learn and to help teachers teach. How can assess-
ment do those things?

Integrating Assessment
* into Instruction

2 The Assessment Principle in Principles and Standards
stresses two main ideas: (1) Assessment should enhance
students’ learning, and (2) assessment is a valuable tool for
making instructional decisions. Assessments can be forma-
tive or summative. Formative assessment is a planned pro-
cess of regularly checking students’ understanding during
your instructional activities (Popham, 2008; Wiliam, 2008).
When implemented well, formative assessment can dra-
matically increase the speed of student learning (Nyquist,
2003; Wiliam, 2007) by providing feedback that promotes
learning and using the results and evidence collected to im-
prove instruction—either for the whole class or individual
students. Quick feedback gives students useful information
to adjust their current learning approaches and take owner-
ship of their own education. The data you collect will in-
form your decision making for the next steps in the learning
progression.
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,dardized test that is used in your

In the following pages we will discuss several formative
approaches that include performance-based tasks, journals,
observations of students solving 2
problems, and student diagnostic myeducationlal;)
interviews. Summative assessments Go to the Building Teaching
are cumulative evaluations that | Skills and Dispositions
might generate a single score such | S¢ton of Chapter 5 of

d-of. . th MyEducationLab. Click on
as an end-of-unit test or the stan- Videos and watch the video

entitled “Authentic Assess-
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state or school district. If summa-
tive assessment could be described
as a digital snapshot, formative as-
sessment is like streaming video.
One is a picture of what a student

ment” to see classroom
examples that demonstrate
how students communicate
their understanding is as
important as how they
solve the problem.

knows that is captured in a single
moment of time and the other is a moving picture that dem-
onstrates active student thinking and reasoning.

What Is Assessment?

The term assessment is defined in the NCTM Assessment
Standards as “the process of gathering evidence about a stu-
dent’s knowledge of, ability to use, and disposition toward
mathematics and of making inferences from that evidence for
a variety of purposes” (NCTM, 1995, p. 3). It is important
to note that “gathering evidence” is not the same as giving
a test or quiz. Assessment can and should happen every day
as an integral part of instruction. If you restrict your view of
assessment to tests and quizzes, you will miss seeing how as-
sessment can inform instruction and help students grow.

The Assessment Standards

Traditional testing has focused on what students do 7ot
know (how many wrong answers). In the 1989 Curriculum
Standards the authors called for a shift toward assessing
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Table 5.1

The NCTM Assessment Standards

The Mathematics

Standard ments on those essential concepts and processes

* Use NCTM and state or local standards to establish what mathematics students should know and be able to do and base assess-

* Develop assessments that encourage the application of mathematics to real and sometimes novel situations

¢ Focus on significant and correct mathematics

The Learning

* Incorporate assessment as an integral part of instruction and not an interruption or a singular event at the end of a unit of study
¢ Inform students about what content is important and what is valued by emphasizing those ideas in your instruction and matching

e Listen thoughtfully to your students so that further instruction will not be based on guesswork but instead on evidence of

Standard

your assessments to the models and methods used

students’ misunderstandings or needs
The Equity * Respect the unique qualities, experiences, and expertise of all students
Standard ® Maintain high expectations for students while recognizing their individual needs

* Incorporate multiple approaches to assessing students, including the provision of accommodations and modifications for stu-

dents with special needs

The Openness
Standard

* Establish with students the expectations for their performance and how they can demonstrate what they know
* Avoid just looking at answers and give attention to the examination of the thinking processes students used

* Provide students with examples of responses that meet expectations and those that don’t meet expectations

The Inferences
Standard

* Reflect seriously and honestly on what students are revealing about what they know
¢ Use multiple assessments (e.g., observations, interviews, tasks, tests) to draw conclusions about students’ performance

* Avoid bias by establishing a rubric that describes the evidence needed and the value of each component used for scoring

The Coherence

® Match your assessment techniques with both the objectives of your instruction and the methods of your instruction

Standard ® Ensure that assessments are a reflection of the content you want students to learn
* Develop a system of assessment that allows you to use the results to inform your instruction in a feedback loop
what students do know (what ideas they bring to a \4

they reason, what processes they Eheg bife « ing
out more about students is also a theme of the Assessment
Standards for School Mathematics published by NCTM
in 1995. The Assessment Standards contains six standards
for assessment that are deserving of some reflection (see

Table 5.1).

Why Do We Assess?

Even a cursory glance at the six assessment standards sug-
gests a complete integration of assessment and instruction.
The Assessment Standards outlines four specific purposes of
assessment as depicted in Figure 5.1. With each purpose,
an arrow points to a corresponding result on the outside
ring.

Monitoring Student Progress. Assessment should pro-
vide both teacher and students with ongoing feedback con-
cerning progress toward lesson objectives and long-term
goals. Assessment during instruction should inform each
individual student and the teacher about problem-solving
ability and growth toward understanding of mathematical
concepts, not just mastery of procedural skills.

Making Instructional Decisions. Teachers planning tasks
to develop student understanding must have information
about how students are thinking and what ideas they are

sing and developing. Daily problem solving and discussion
rbddel £odh richer and more useful array of data than
can ever be gathered from a chapter test. This gathering of

™
Q¥
z.;\és
o
S Evaluating Monitoring

student
progress

programs

PURPOSES OF
ASSESSMENT

Evaluating Making
student instructional
achievement decisions

Figure 5.1 Four purposes of assessment and their results
(in the outer ring).

Source: Adapted with permission from Assessment Standards for School
Mathematics, p. 25, copyright 1995 by the National Council of Teachers
of Mathematics, Inc. www.nctm.org.


www.nctm.org

78 Chapter 5 Building Assessment into Instruction

evidence comes at a time when you can actually formulate
plans to help students develop ideas rather than remediate
after the fact.

Evaluating Student Achievement. Evaluation is “the
process of determining the worth of, or assigning a value
to, something on the basis of careful examination and judg-
ment” (NCTM, 1995, p. 3). Evaluation involves a teacher’s
collecting of evidence to make an informed judgment. It
may include test data but should take into account a wide
variety of sources and types of information gathered dur-
ing the course of instruction. Most important, evaluation
should reflect performance criteria about what students
know and understand; it should not be used to compare
one student with another.

Evaluating Programs.  Assessment data should be used as
one component in answering the question “How well did
this program or unit of study work to achieve my goals?”
For the classroom teacher, this includes selection of tasks,
sequence of activities, kinds of questions developed, and
use of models.

What Should Be Assessed?

The broader view of assessment promoted here and by
NCTM requires that appropriate assegsment r ﬂecp
the full range of mathematics: concepts Ap;ﬂ)gggres,
mathematical processes, and even students’ disposition to
mathematics.

Concepts and Procedures. A good assessment strategy
provides the opportunity for students to demonstrate how
they understand the concepts under discussion. A poorly
designed test generally targets only one way to know an
idea—the way determined by the designer of the assess-
ment. If you collect formative information from students
as they complete an activity, while it is being discussed,
as results are justified—in short, while students are doing
mathematics—you will gain information that provides in-
sight into the nature of the students’ understanding of that
idea.

Procedural knowledge, including skill proficiency,
should also be assessed. However, if a student can compute
with fractions yet has no idea of why he needs a common
denominator for addition but not for multiplication, then
the rules that have been “mastered” are poorly connected to
meaning. This would indicate only the most tenuous pres-
ence of a skill. Whereas a routine skill can easily be checked
with a simple fact-based test, the desired conceptual con-
nections require different assessments.

Mathematical Processes. Guidelines for defining the
specifics of mathematical power can be found in the five
process standards of Principles and Standards. Now it is not

reasonable to try to assess all of these processes, and cer-
tainly not every day. For each grade band, Principles and
Standards describes what the process standards might look
like at that level. Use these descriptions to craft statements
about doing mathematics that your students can under-
stand. Here are a few examples, but you should write your
own or use those provided by your school system or state
guidelines.

Problem Solving

® Works to fully understand problems before beginning
Uses drawings, graphs, and physical models to help
think about and solve problems
Knows a variety of strategies
Uses appropriate strategies for solving problems

® Assesses the reasonableness of answers

Reasoning

Justifies solution methods and results
® Makes conjectures based on reasoning
Observes and uses patterns in mathematics

Communication

e Explains ideas in writing using words, pictures, and
numbers
¢ Communicates ideas clearly in class discussions

F Eﬁbsaﬂrere Ishould be discussed with your stu-
dents to help the

m understand these components and to
let students know that these are processes you value. Pe-
riodically, use the statements to evaluate students’ math-
ematical processes based on their individual work, group
work, and participation in class discussions. If you use
portfolios consisting of work developed and collected over
time, assessment that focuses on process should be consid-
ered. Processes must also be assessed as part of your grad-
ing or evaluation scheme, or students will not take them
seriously.

Productive Disposition. Collecting data on students’
confidence and beliefs in their own mathematical abilities
as well as their likes and dislikes about mathematics is also
an important assessment. This information is most easily
obtained with self-reported checklists, interviews, and jour-
nal writing. Information on perseverance and willingness
to attempt problems is available to you every day when you
use a problem-solving approach.

Performance-Based
ym Assessments

" Recall from Chapter 3 that a problem is any task or
activity for which students have no prescribed or memo-
rized rules or solution method. The same definition should



be used for assessment tasks. Per- . g
haps you have heard about perfor- myeducatlonlat;)
mance assessment tasks or alternative Go to the Activities and Ap-

plication section of Chapter
5 of MyEducationLab. Click
on Videos and watch the
video entitled “John Van
de Walle on Performance-
Based Assessments” to
see him discuss assess-
ment with teachers.

assessments. These terms refer to
tasks that are connected to actual
problem-solving activities used
in instruction. A good problem-
based task designed to promote
learning is often the best type of
task for assessment.

Good tasks should permit every student in the class,
regardless of mathematical prowess, to demonstrate knowl-
edge, skills, or understanding. Students who are struggling
should be encouraged to use ideas they possess to work on
a problem even if these are not the same skills or strategies
used by others in the room.

Often assessments’ tasks include real-world or authen-
tic contexts for problems. Although contextual situations
are often important, how a student completes a task and
justifies the solution should inform us about his or her un-
derstanding of the mathematics. That agenda should not
be overshadowed because of difficulties that may arise from
context, especially for students who are English language
learners.

The justifications for answers, even when given orally,
will almost certainly provide more information than the

answers alone. Perhaps no better method exists fi g
at student understanding. Ab é@ 6 ﬁﬁrf

Examples of Performance-Based
Tasks

Each of the following tasks provides ample opportunity
for students to learn. At the same time, each will pro-
vide data for the teacher to use in assessment. Notice
that these are not elaborate tasks and yet when followed
by a discussion, each could engage students for most of
a period. What mathematical ideas are required to suc-
cessfully respond to each of these tasks? Will the task
help you understand how well students understand these
ideas?

Shares (Grades K-3)

Leila has 6 gumdrops, Darlene has 2, and Melissa has 4.
They want to share them equally. How will they do it? Draw
a picture to help explain your answer.

At second or third grade, the numbers in the Shares task
should probably be larger. What additional concepts would
be involved if the task was about sharing cookies and the
total number of cookies was 14?
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Subtraction (Grades 1-2)

If you did not know the answer to 12 — 7, what are some
ways you could find the answer?

How Much? (Grades 1-2)

Gustavo has saved $15 to buy a game that he wants. The
game costs $23. How much money does Gustavo still
need? Explain how you got your answer.

These two problems are similar in that they involve subtrac-
tion and allow the teacher to see what strategies a student
might use. In the second problem, the context increases the
chances that students will use an “add-on” approach (15
and how much more to make 23?). Contrast the benefits
of using these tasks with simply giving the corresponding
computations.

The Whole Set (Grades 3-5)

Mary counted 15 cupcakes left from the whole batch that
her mother made for the picnic. “We’ve already eaten two-
fifths,” she noted. How many cupcakes did her mother
bake?

En’nn p[r]o(t\ﬂ%rcould easily have been posed without any

context. What is the value of using a real-world context in
tasks such as these?

In the following task, students are asked to judge the
performances of other students. Analysis of student perfor-
mance is a good way to create tasks.

Decimals (Grades 4—-6)

Alan tried to make a decimal number as close to 50 as he
could using the digits 1, 4, 5, and 9. He arranged them in
this order: 51.49. Jerry thinks he can arrange the same
digits to get a number that is even closer to 50. Do you
agree or disagree? Explain.

Mental Math (Grades 4-8)

Explain two different ways to multiply 4 x 276 in your
head. Which way is easier to use? Would you use a differ-
ent way to multiply 5 x 98? Explain why you would use the
same method or a different method.

Mental computation tasks should be done frequently at
all grade levels beginning around grade 2. Other students
can pick up the methods that students share in class. The
explanations also offer evidence about students’ under-
standing of concepts and strategy use. This observational
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information can be recorded over time with a variety of
simple methods.

Two Triangles (Grades 4—8)
Tell everything you can about these two triangles.

2 units

45°

2 units

"This task is a good example of an open-ended assessment.
Consider how much more valuable this task is than asking
for the angle measure in the triangle on the left.

Algebra: Graphing (Grades 7-8)

Does the graph of y = x2 ever intersect the graph of
y = x2 + 22 What are some ways that you could test your
idea?

Even with a graphing calculator, proving that these two
graphs will not intersect requires reasoning and an under-
standing of how graphs are related to equations and tables.

Thoughts about Assessment Tasks

In some instances, the real value of the task or what can be
learned about students’ understanding will come only in the
discussion that follows. For others, the information will be
in the written report. In many of Marilyn Burns’s books,
you will see the phrase “We think the answer is . . . We
think this because . . . .” Students must develop the habit of
sharing, writing, and listening to justifications. If explana-
tions are not regularly practiced in your classroom, it may
be unrealistic to expect students to offer good explanations
in assessments.

Many activities have no written component and no
“answer” or result. For example, students may be playing a
game in which dice or dominoes are being used. A teacher
who sits in on the game will see great differences in how
children use numbers. Some will count every dot on the
card or domino. Others will use a counting-on strategy. (A
student using a counting-on strategy to find the total on
a domino, for example, will see four dots on one side and
count on from four to tally the total number.) Some will
recognize certain patterns without counting. Others may

be unsure if 13 beats 11. This evidence differentiates stu-
dents relative to their understanding of number concepts.
Data gathered from listening to a pair of children work on a
simple activity or an extended project provide significantly
greater insight into students’ thinking than almost any writ-
ten test we could devise. Data from student conversations
and observations of student behavior can be recorded and
used for the same purposes as written data, including evalu-
ation and grading. Especially in the case of grading, it is
important to keep dated written anecdotal notes that can be
referred to later. (See the section “Anecdotal Notes” later
in this chapter.)

You can move from instruction to assessment and make
performance-based tasks into evaluation tools aligned with
your goals. The process of moving from teaching tasks to
assessment tasks involves the addition of a rubric. The next
section will explain how you can create and use both generic
rubrics that describe general qualities of performance and
topic-specific rubrics that include criteria based on your
particular lesson objectives.

Rubrics and Performance
* Indicators

" Problem-based tasks may tell us a great deal about

An P g 0 PL Ilvhatls_tudents klnloxvl, %1% how do we handle this information?

Often there gonly one problem for students to work on in
a given period. There is no way to simply count the percent
correct and put a mark in the grade book. It may be helpful
to make a distinction between scoring and grading. “Scoring is
comparing students’ work to criteria or rubrics that describe
what we expect the work to be. Grading is the result of ac-
cumulating scores and other information about a student’s
work for the purpose of summarizing and communicating
to others” (Stenmark & Bush, 2001, p. 118). The scores can
be used (or perhaps not used) along with other information
to create a grade. One valuable tool for scoring is a rubric.
A rubricis a framework that can be designed or adapted
by the teacher for a particular group of students or a par-
ticular mathematical task (Kulm, 1994). A rubric consists of
a scale of three to six points that is used as a rating of per-
formance on a single task rather than a count of how many
items in a series of exercises are correct or incorrect. The
rating or score is applied by examining total performance.

Simple Rubrics

The following simple four-point rubric was developed by
the New Standards Project.

4 Excellent: Full Accomplishment

3 Proficient: Substantial Accomplishment
2 Marginal: Partial Accomplishment

1 Unsatisfactory: Little Accomplishment
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Scoring with a Four-Point Rubric

Got It

Evidence shows that the student
essentially has the target concept

or idea.

Not There Yet

Student shows evidence of major
misunderstanding, incorrect concept or
procedure, or failure to engage the task.

81

4
Excellent: Full
Accomplishment

Strategy and execution
meet the content, proce-
sses, and qualitative
demands of the task.
Communication is judged
by effectiveness, not length.

3
Proficient: Substantial
Accomplishment

Could work to full accomplish-
ment with minimal feedback.
Errors are minor, so teacher
is confident that understand-
ing is adequate to accomplish
the objective.

2
Marginal: Partial
Accomplishment

Part of the task is accom-
plished, but there is lack of
evidence of understanding
or evidence of not under-
standing. Direct input or

further teaching is required.

1
Unsatisfactory: Little
Accomplishment

The task is attempted
and some mathematical
effort is made. There
may be fragments of
accomplishment but little
or No success.

May have minor errors.

Figure 5.2 With a four-point rubric, performances are first sorted into two categories. Each performance

is then considered again and assigned to a point on the scale.

This simple rubric allows a teachAp a@gerﬁPrDEes Enrh)acn@elrso doing establish criteria for acceptable

by first sorting into two categories, as illustrated in Fig-
ure 5.2. The broad categories of the first sort are relatively
easy to discern. The scale then allows you to separate each
category into two additional levels as shown. A rating of 0
is given for no response or effort or for responses that are
completely off task.

The advantage of the four-point scale is the relatively
easy initial sort into “Got It” or “Not There Yet.” Others
prefer a three-point rubric such as the following example:

3 Above and beyond—uses exemplary methods,
shows creativity, goes beyond the requirements
of the problem

2 On target—completes the task with only minor
errors, uses successful approaches

1 Not there yet—makes significant errors or

omissions, uses unsuccessful approaches

These relatively simple scales are generic rubrics. They
label general categories of performance but do not define
the specific criteria for a particular task. For any given task
or process, it is usually helpful to create specific perfor-
mance indicators for each level.

Performance Indicators

Performance indicators are task-specific statements that
describe what performance looks like at each level of the

performance.

A rubric and its performance indicators should focus
you and your students on the objectives and away from the
self-limiting question “How many can you miss and still
get an A?” Like athletes who continually strive for better
performances rather than “good enough,” students should
always see the possibility to excel. When you take into ac-
count the total performance (processes, answers, justifi-
cations, extension, and so on), it is always possible to “go
above and beyond.”

When you create your task-specific rubric, what per-
formance at different levels of your rubric will or should
look like may be difficult to predict. Much depends on your
experience with children at that grade level, your past expe-
riences with students working on the same task, and your
insights about the task itself. One important part of helping
you set performance levels is students’ common misconcep-
tions or the expected thinking or approaches to the same or
similar problems.

If possible, it is good to write out indicators of “profi-
cient” or “on target” performances before you use the task
in class. This is an excellent self-check to be sure that the
task is likely to accomplish the purpose you selected it for
in the first place. Think about how children are likely to
approach the activity.

Remember that topic-specific rubrics are applied to a
single task, although the task may have multiple components.
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If you find yourself writing performance indicators in terms
of number of correct responses, you are most likely looking
at drill exercises and not the performance-based tasks for
which a rubric is appropriate.

I,

J Consider the fraction problem titled “The Whole Set” on
page 79. Assume you are teaching fourth grade and wish to
write performance indicators that you can share with your stu-
dents using a four-point rubric (Figure 5.2). What indicators
would you use for level-3 and level-4 performances? Start with
a level-3 performance, and then think about level 4. Try this
before reading further.

Determining performance indicators is always a sub-
jective process based on your professional judgment. Here
is one possible set of indicators for “The Whole Set”
task:

3 Determines the correct answer or uses an ap-
proach that would yield a correct answer if not
for minor errors. Reasons are either missing or
incorrect. Giving a correct result for the num-
ber eaten but an incorrect result for the total
baked would also be a level-3 performance.

4 Determines the total number baked and uses

Pavse and Pe%lea‘

between these performances so students’ growth can be
documented.

Unexpected methods and solutions happen. Don’t box
students into demonstrating their understanding only as
you thought or hoped they would when there is evidence
that they are accomplishing your objectives in different
ways. Such occurrences can help you revise or refine your
rubric for future use.

When you have finished your sorting process, use the
results to write additional rubric indicators for the task.
Keep the descriptions as general as possible. These indica-
tors can then be shared with students when you return the
papers. Keep the revised rubric and indicators in a file with
the task for future use.

Student Involvement with Rubrics

In the beginning of the year, discuss your generic rubric
(such as Figure 5.2) with the class. Post it prominently.
Many teachers use the same rubric for all subjects; others
prefer to use a specialized rubric for mathematics. In your
discussion, let students know that as they do activities and
solve problems in class, you will look at their work and lis-
ten to their explanations and provide them with feedback
in terms of the rubric, rather than as a letter grade or a
percentage.

words, pictures, and numbers AP - aanDFl Elﬁ:lhs ' n&éaft to understand what the r1.1br1c re-
lEne pe ally JBeégi cuss performance on tasks in terms

justify the result and how it was o m-
onstrates a knowledge of fractional parts and
the relation to the whole.

Indicators such as these should be shared ahead of time
with students. Sharing indicators before working on a task
clearly conveys what is valued and expected. If you review
the indicators with students when you return papers, try
including the correct answers and some examples of suc-
cessful responses. This will help students understand how
they may have done better. Often it is useful to show work
from classmates (anonymously) or from a prior class. Stu-
dents need to see models of what a level-4 performance
looks like.

What about level-1 and level-2 performances? Here
are suggestions for the same task:

2 Uses some aspect of fractions appropriately
(e.g., divides the 15 into 5 groups instead of 3)
but fails to illustrate an understanding of how to
determine the whole. The meanings of numera-
tor and denominator are incorrect or confused.

1 Shows some effort but little or no understand-
ing of a fractional part relative to the whole.

Frequently it is not necessary to share indicators for
level-1 and level-2 performances unless students or par-
ents request further explanation. However, you often will
be aided in your work if you articulate the differences

of the generic rubric. You might have students self-assess
their own work using the generic rubric and explain their
reasons for the rating. Older students can do this in writ-
ten form, and you can respond in writing. For all students,
you can have class discussions about a task that has been
done and what might constitute proficient and excellent
performance.

. Observation Tools
¥,

" All teachers learn useful bits of information about
their students every day. When the three-part lesson format
suggested in Chapter 3 is used, the flow of evidence about
student performance increases dramatically, especially in
the during and after portions of lessons. If you have a sys-
tematic plan for gathering this information while observing
and listening to students, at least two very valuable results
occur. First, information that may have gone unnoticed is
suddenly visible and important. Second, observation data
gathered systematically can be added to other data and used
in planning lessons, providing feedback to students, con-
ducting parent conferences, and determining grades.

Depending on what information you may be trying to
gather, a single observation of a whole class may require
several days to 2 weeks before all students have been ob-
served. Shorter periods of observation will focus on a par-



ticular cluster of concepts or skills or particular students.
Opver longer periods, you can note growth in mathematical
processes, such as problem solving, representation, reason-
ing, or communication. To use observation effectively as
a means of gathering assessment data from performance
tasks, you should take seriously the following maxim: Do not
attempt to record data on every student in a single class period.

Observation methods vary with the purposes for which
they are used. Further, formats and methods of gathering
observation data are going to be influenced by your indi-
vidual teaching style and habits.

Anecdotal Notes

One system for recording observations is to write short
notes either during or immediately after a lesson in a brief
narrative style. One possibility is to have a card for each
student. Some teachers keep the cards on a clipboard with
each taped at the top edge (see Figure 5.3). Another option
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Figure 5.3 Preprinted cards for observation notes can be
taped to a clipboard or folder for quick access.
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is to focus your observations on about five students a day.
On another day, different students are selected. The stu-
dents selected may be members of one or two cooperative
groups. An alternative to cards is the use of large peel-off
file labels, possibly preprinted with student names. The la-
bel notes are then moved to a more permanent notebook
page for each student.

Observation Rubric

Another possibility is to use your three- or four-point ge-
neric rubric on a reusable form as in Figure 5.4. Include
space for content-specific indicators and another column
to jot down names of students. A quick note or comment
may be added to a name. This method is especially useful
for planning purposes.

Checklists for Individual Students

To cut down on writing and to help focus your attention, a
checklist with several specific processes or content areas of
interest can be devised and duplicated for each student (see

Observation Rubric

En Making Whole Given Fraction Part  (3/17)

Above and Beyond

Clear understanding. Communi-
cates concept in multiple repre- Sally
sentations. Shows evidence of
using idea without prompting. Latania
Fraction whole made from
parts in rods and in sets.
Explains easily.

Greg Zal

On Target
Understands or is developing
well. Uses designated models.

Lavant (rod) Tanisha (rod)

Julie (rod) Lee (set)
Can make whole in either
rod or set format (note).
Hesitant. Needs prompt to

identify unit fraction.

George (set) B, (rod)

Maria (set)  John H. (rod)

Not There Yet
Some confusion or misunder-
stands. Only models idea with

help. John S. Mary

Needs help to do
activity. No confidence.

Figure 5.4 Record names in a rubric during an activity or
for a single topic over several days.
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Figure 5.5). Some teachers have found methods of printing
these on sticky labels or cards using a computer printer.
Once a template is created, it is easy to edit the items in
the checklist file without retyping all the student names.
Regardless of the checklist format, a place for comments

should be included.

Checklists for Full Classes

Another format involves listing all students in a class on a
single page or not more than three pages (see Figure 5.6).
Across the top of the page are specific abilities or deficien-
cies to look for. Pluses and minuses, checks, or codes corre-
sponding to your general rubric can be entered in the grid.
A space left for comments is useful. A full-class checklist
is more likely to be used for long-term objectives. Topics
that might be appropriate for this format include problem-

name: Sharon V.
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PROBLEM SOLVING
Understands Stated
problem before v/ problem in
beginning work own words
Is willing to 4 Reluctant to use
take risks abstract models
Justifies results

Figure 5.5 Afocused computer-generated checklist and
rubric can be printed for each student.

solving processes, communication skills, and such subject
areas as basic facts or estimation. Dating entries or noting
specific activities observed is also helpful.

Writing and

. Journals

" We have been emphasizing that instruction and as-
sessment should be integrated. No place is this more evi-
dent than in students’ writing. Writing is both a learning
and an assessment opportunity. Though some students
initially have difficulty writing in mathematics, persistence
pays off and students come to see writing as a natural part
of the mathematics class.

The Value of Writing

When students write, they express their own ideas and use
their own words and language. It is personal. In contrast,
oral communication in the classroom is very public. Ideas
“pop out” of students’ mouths without editing or revision.
Meaning is negotiated or elaborated on by the class as a
whole. The individual reflective quality of writing as com-
pared to classroom discourse is an important factor in con-
sidering the value of writing in mathematics.

PDF Ehre] po%[s] gf@rrting requires gathering, organizing,

and clarifying thoughts. It demands finding out what
you know and don’t know. It calls for thinking clearly.
Similarly, doing mathematics depends on gathering, or-
ganizing, and clarifying thoughts, finding out what you
know and don’t know, and thinking clearly. Although
the final representation of a mathematical pursuit looks
very different from the final product of a writing effort,
the mental journey is, at its base, the same—making
sense of an idea and presenting it effectively. (Burns,
1995b, p. 3)

As an assessment tool writing provides a unique win-
dow to students’ perceptions and the way a student is think-
ing about an idea. Even a kindergartener can express ideas
in drawings or other markings on paper and begin to ex-
plain what he or she is thinking. Finally, student writing is
an excellent form of communication with parents during
conferences. Writing shows evidence of students’ thinking
to their parents, telling them much more than any grade
or test score.

When students write about their solutions to a task
prior to the class discussion the writing can serve as a re-
hearsal for the conversation about the work. Students who
otherwise have difficulty thinking on their feet now have a
script to support their contributions. This avoids having the
few highly verbal students providing all of the input for the
discussion. Call on these more reluctant talkers first so that
their ideas are heard and valued.
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Topic: Not There Yet On Target Above and Beyond Comments
Mental Computation Can’t do Has at least Uses different
Adding 2-digit numbers mentally one strategy methods with
different numbers
Names
. 3-18-09
Lalie 3.21-09
v Ve Difficulty with problems
Pete 3-20-09 3-24-09 requiring regrouping
: Flexible approaches
Sid Y+ 5.20-09 and PP
i Counts by tens, then
Lakeshia adds ones
George
Beginning to add the
Pam 4 group of tens first
. Using a posted
Maria 3-24-09 hundreds chart

Figure 5.6 A full-class observation checklist can be used for longer-term objectives or for several

days to cover a short-term objective.

Journals

Journals are a way to make written communication a regu-
lar part of doing mathematics. The feedback you provide to

students should move their learning forward. JOUQﬁF‘e
a place for students to write abOLKpalgaQect eir
mathematics experiences:

® Their conceptual understandings and problem solving,
including descriptions of ideas, solutions, and justifica-
tions of problems, graphs, charts, and observations

® Their questions concerning the current topic, an idea
that they may need help with, or an area they don’t
quite understand

e Their attitudes toward mathematics, their confidence
in their understanding, or their fears of being wrong

Even if you have students write in their journals regu-
larly, be sure that these journals are special places for writing
about mathematics thinking. Drill or lengthy projects done
over several days, for example, are not best carried out in
journals. A performance-based assessment task you plan to
use primarily for evaluation purposes should probably not
be in a journal. But the work for many of your instructional
tasks can and should go in the journal, communicating that
the work is important and you do want to see it even if you
are not always going to grade it.

Grading journals would communicate that there is a
specific “right” response you are seeking. It is essential,
however, that you read and respond to journal writing. One
form of response for a performance task would be to use
the classroom’s generic rubric along with a helpful com-
ment. This is another way to distinguish between rubrics
and grades and still provide feedback.

Writing Prompts and Ideas

Students should always have a clear, well-defined pur-
pose for writing in their journals. They need to know ex-

tly what to write about and who the audience is (you, a
Enfadn

fo Cibwer grade, an adult, a new student to the
school), and they should be given a definite time frame
within which to write. Journal writing that is completely
open-ended without a stated goal or purpose will not be
a good use of time. Here are some suggestions for writing
prompts to get you thinking; however, the possibilities are
endless.

Concepts and Processes

”»”

e “I think the answer is . . . I think this because . . . .
(The journal can be used to solve and explain any prob-
lem. Some teachers duplicate the problem and have
students tape it into the journal.)

® Write an explanation for a new or younger student
of why 4 x 7 is the same as 7 x 4 and if this works for
6 x 49 and 49 x 6. If so, why?

¢ Explain to a studentin a different grade or class (or who
was absent today) what you learned about decimals.

¢ What mathematics work that we did today was easy?
What was hard? What do you still have questions
about?

e If you got stuck today in solving a problem, where in
the problem did you get stuck? Why do you think you
had trouble there?

® After you got the answer to today’s problem, what did
you do so that you were convinced your answer was
correct? How sure are you that you got the correct
answer?
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Write a story problem that goes with this equation (this
graph, this diagram, this picture).

Productive Dispositions

“What I like the most (or least) about mathematics
is....”

Write a mathematics autobiography. Tell about your
experiences in mathematics outside of school and how
you feel about the subject.

What was the most interesting mathematics idea you
learned this week?

Journals for Early Learners

If you are interested in working with pre-K-1 children, the
writing prompts presented may have sounded too advanced;
itis difficult for prewriters and beginning writers to express
ideas like those suggested. There are specific techniques
for journals in kindergarten and first grade that have been
used successfully.

The Giant Journal. To begin the development of the
writing-in-mathematics process, one kindergarten teacher
uses a language experience approach. After an activity, she
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Figure 5.7 Ajournal in kindergarten may be a class prod-
uct on a flipchart.

writes “Giant Journal” and a topic or prompt on a large
flipchart. Students respond to the prompt, and she writes
their ideas, adding the contributor’s name and even draw-
ings when appropriate, as in Figure 5.7.

Drawings and Early Writing. All students can draw pic-
tures of some sort to describe what they have done. Dots
can represent counters or blocks. Shapes and special fig-
ures can be cut out from duplicated sheets and pasted onto
journal pages.

The “writing” should be a record of something the
student has just done and is comfortable with. Figure 5.8
shows problems solved in first and second grade. Do not be
concerned about invented spellings to communicate ideas.
Have students read their papers to you.

Grade 1
Read the problem. Think and use materials to help you solve it.

There were seven owls.They found some mice in the woods to
eat. Each owl found five mice. How many mice did they find?
How do you know? Use pictures, words, and numbers to show
how you solved the problem.

Tt s 35, L cmu/\'\‘é\/

Grade 2

The farmer saw five cows and four chickens. How many
legs and tails in all did he see?
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Figure 5.8 Journal entries of children in grades 1 and 2.



Student Self-Assessment

Stenmark (1989) notes that “the capability and willing-
ness to assess their own progress and learning is one of
the greatest gifts students can develop. . . . Mathematical
power comes with knowing how much we know and what
to do to learn more” (p. 26). Student self-assessment should
not be your only measure of their learning or disposition,
but rather a record of how they perceive these things.

As you plan for a self-assessment, consider how you
want the assessment to help you as a teacher. Tell your stu-
dents why you are having them do this activity. Encourage
them to be honest and candid.

You can gather self-assessment data in several ways. An
open-ended writing prompt such as was suggested for jour-
nals is a successful method of getting self-assessment data:

e How well do you think you understand the work we
have been doing on fractions during the last few days?
If there is something that is causing you difficulty with
fractions, please tell me what it is.

e Write one thing you liked and one thing you did not
like about class today (or this week).

® As you worked in your group today, what was your
contribution?

Another method is to use some form of a questionnaire
to which students respond. The }gv op d
questions, response choices (e. g.,ﬁ&g@, erti es, often;
disagree, don’t care, agree), mind maps, drawings, and so on.
Many such instruments appear in the literature, and many
textbook publishers provide examples. Whenever you use
a form or questionnaire that someone else has devised, be
certain that it serves the purpose you intend.

Students may find it difficult to write about attitudes
and beliefs. A questionnaire where they can respond “yes,”
“maybe,” or “no” to a series of statements is often a success-
ful approach. Encourage students to add comments under
an item if they wish. Here are some items you could use to
build such a questionnaire:

I feel sure of myself when I get an answer to a problem.

I sometimes just put down anything so I can get finished.

I like to work on really hard math problems.

Math class makes me feel nervous.

If I get stuck, I feel like quitting or going to another

problem.

® [ am not as good in mathematics as most of the other
students in this class.

e Mathematics is my favorite subject.
I do not like to work at problems that are hard to
understand.

® Memorizing rules is the only way I know to learn
mathematics.

e I will work a long time at a problem until I think I've

solved it.

S re, studying. In every
Encﬂgﬁggél pencils, and a va-
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Another technique is to ask students to write a sentence
at the end of any work they do in mathematics class saying
how that activity made them feel. Young children can draw
a face on each page to tell you about their feelings.

. Diagnostic Interviews

Diagnostic interviews are a means of getting in-
depth information about an individual student’s knowledge
and mental strategies about the concept under investiga-
tion. These interviews, although often labor intensive, are
rich assessments that provide evidence of misunderstand-
ings and explore students’ ways of thinking about important
concepts. In each case a student is given a problem and
asked to verbalize his or her thinking at points in the pro-
cess. Sometimes students self-correct a mistake but more
frequently teachers can unearth a student’s misunderstand-
ing or reveal what strategies students have mastered.

The problems you select should match the essential

understanding for the topic your . 2
& Pey myeducattonlal?)

Go to the Activities and Ap-
plication section of Chapter
5 of MyEducationLab. Click
on Simulation Exercise and
read “Interviewing,” a
vignette that models diag-
nostic interviewing.

riety of materials available, partic-
ularly those you have been using
during your instruction. It is often
useful to have a scoring guide or
rubric available to jot down notes
about emerging understandings,
common methods you expect to see used, or common mis-
understandings that may come to light.

Here are suggested problems that can be used for di-
agnostic interviews.

Does the 1 in each of the following problems represent the
same amount? (Philipp, Schappelle, Siegfried, Jacobs, &
Lamb, 2008)

2

#29
- 37
295

259
+ 3%
297

After students have given their answer you should ask
them to explain why in addition (as in the first problem)
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the 1 is added to the 5, but in subtraction (as in the sec-
ond problem) 10 is added to the 2. This problem helps
you understand whether your students are only working
from a procedural knowledge or if they have a conceptual
knowledge of the operations of addition and subtraction.
Whether the student gives attention to place-value con-
cepts and the quantities involved in regrouping or if they
believe the number is the same in each problem will provide
valuable information that enhances professional judgment
for your subsequent instructional decisions.

The following problem can be used in an interview to
assess knowledge of comparing fractions. Figure 5.9 shows
student work comparing % and 1.

Which is more—[ﬂI or g? (Ball, 2008)

In this case students should be encouraged to show their
thinking about this comparison. Possibly they will select an
area model or a number line in their attempt to make their
mental processes apparent and justify their answer. Some
students may draw diagrams of different-sized rectangles
which will reveal their understandings or misunderstand-
ings about the whole as a constant unit for this comparison.
For example, in a presentation by Deborah Ball, a noted
mathematics educator, one of the children in her class drew
an area model of the four-fourths and the
sized pieces to draw four-eighths, resultln
was twice the size of the original (2008). But he then self-
corrected when he saw another student who had drawn two
rectangles of the same size and divided one into fourths,
shading all four, and another into eighths, shading four (or
only half) of the pieces. During a diagnostic interview the
students will not be able to benefit from the explanations of
other students, but these are the discoveries and results that

hal
8

Figure 5.9 Student work comparing fractions.
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can inform and improve your instruction. This information
will also help you in redirecting or reinforcing students’
thinking and strategies.

Tests

Tests will always be a part of assessment and evalua-
tion no matter how adept we become at blending assessment
with instruction. However, a test need not be a collection of
low-level skill exercises that are simple to grade. Although
simple tests of computational skills may have some role in
your classroom, the use of such tests should be only one as-
pect of your assessment. Like all other forms of assessment,
tests should match the goals of your instruction. Tests can
be designed to find out what concepts students understand
and how their ideas are connected. Tests of procedural
knowledge should go beyond just knowing how to perform
an algorithm and should allow and require the student to
demonstrate a conceptual basis for the process. The follow-
ing examples will illustrate these ideas.

1. Write a multiplication problem that has an answer that
falls between the answers to these two problems:

49 45
x 25 x 30

exercise, what number tells how
many tens were shared among the 6 sets?

Instead of writing the remainder as “R 2,” Elaine
writes “3.” Explain the difference between these
two ways of recording the leftover part.

49R2 493
6)296 ©6)296

3. On a grid, draw two figures with the same area but
different perimeters. List the area and perimeter of
each.

4. For each subtraction fact, write an addition fact that
helps you think of the answer to the subtraction.

12 9 9 14
-3 3 -4 =7
T 12

5. Draw pictures of arrows to show why 73 + 74 is the
same as 3 — *4.

If a test is well constructed, much more information
can be gathered than simply the number of correct or in-
correct answers. The following considerations can help
maximize the value of your tests:

1. Permit students to use calcularors. Except for tests of
computational skills, calculators allow students to focus
on what you really want to test. Permitting calculators
also communicates a positive attitude about calculator
use to your students.



2. Use manipulatives and drawings. Students can use ap-
propriate models to work on test questions when those
same models have been used during instruction to de-
velop concepts. (Note the use of grids and drawings in
previous examples.) Simple drawings can be used to
represent counters, base-ten pieces, fraction pieces,
and the like (see Figure 5.10). Be sure to provide ex-
amples in class of how to draw the models before you
ask students to draw on a test.

3. Include opportunities for explanations.

4. Avoid always using “preanswered” tests. ITests in which
questions have only one correct answer, whether itis a
calculation, a multiple-choice, or a fill-in-the-blank
question, tend to fragment what children have learned
and hide most of what they know. Rather, construct

tests that allow students the opportunity to show what
they know.

07
0.8 x P= $35- 3,970\/1/00%
K07 aFf

Figure 5.10 Students can use drawings to illustrate con-
cepts on tests.
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Improving Performance
* on High-Stakes Tests

" The No Child Left Behind Act mandates that every
state test children in mathematics at every grade beginning
with grade 3 through grade 8. The method of testing and
even the objectives to be tested are left up to individual
states. Many districts test their students in mathematics at
every grade level.

Whatever the details of the testing program in your
particular state, these external tests (originating externally
to the classroom) impose significant pressures on school
districts, which in turn put pressure on principals, who then
place pressure on teachers.

External testing that has consequences for students and
teachers is typically referred to as high-stakes testing. High
stakes make the pressures of testing significant for both stu-
dents (Will I pass? Will my parents be upset?) and teachers
(Will my class meet state proficiency levels? My students’
scores have been below passing—I’ve got to get them up.).
The pressures certainly have an effect on instruction.

You will not be able to avoid the pressures of high-
stakes testing. The question is “How will you respond?”

Teach Fundamental Concepts

Erdnd Prasesses

The best advice for succeeding on high-stakes tests is to
teach to the big ideas in the mathematics curriculum that
are aligned with your state and local standards. Students
who have learned conceptual ideas in a relational manner
and who have learned the processes of doing mathemat-
ics will perform well on tests, regardless of the format or
specific objectives.

Examine lists of state or district skills and objectives
and identify the broader conceptual foundations on which
they depend. Be certain that you provide students with an
opportunity to learn the content in the standards. At the
start of each chapter of Section 2 of this book, you will find
a short list of Big Ideas followed by a section called Math-
ematics Content Connections. These will help you identify
the broader ideas behind the objectives that you need to
teach so you can help students deepen their understanding
of connecting ideas and strands. All programs should have
a common focus on conceptual development, problem solv-
ing, reasoning, and communication of mathematical under-
standing. In short, a problem-based approach is the best
course of action for raising scores.

Test-Taking Strategies

Another common approach to raising test scores is to teach
students specific noncontent strategies useful for taking
tests. With a healthy dose of caution and keeping in mind
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the following caveats, this approach may help some stu-
dents. First, if the students have not developed the concepts,
the test strategies will be useless. Second, time teaching test
strategies is best spent shortly before a test. Here are a few
test-taking strategies that may have some positive effect.

® Familiarize students with different question formats. Re-
search the types of formats the standardized test in
your state will employ and be sure to use these question
formats regularly (not exclusively) in class.

® Teach test-taking strategies. Students are often not very
efficient test takers, so helping them learn how to take
tests can result in benefits. Here are some teachable
strategies:

® Read questions carefully. Practice identifying what
questions are asking and what information is needed
to get the answer.

e Estimate the answer before spending time with
computation. On multiple-choice tests, estimation
and good number sense are often all that are needed
to select the correct answer.

¢ Eliminate choices. Look at the available options.
Some will almost certainly be unreasonable. Does a
choice make sense? Can looking at the ones digit
eliminate answers?

® Work backward from an answer.

Remember! Successful test-taking sb&@@sgeglirep D

understanding concepts, skills, and number sense.

& Grading

A grade is a statistic used to communicate to others
the achievement level that a student has attained in a par-
ticular area of study. The accuracy or validity of the grade is
dependent on the information used in generating the grade,
the professional judgment of the teacher, and the alignment
of the assessments with the true goals and objectives of the
instruction. Look again at the definition of grading on
p- 80. Notice that it says scores are used along with “other
information about a student’s work” to determine a grade.
There is no mention of averaging scores.

Most experienced teachers will tell you that they know
a great deal about their students in terms of what the stu-
dents know, how they perform in different situations, their
attitudes and beliefs, and their levels of skill attainment.
Successful teachers have always been engaged in ongoing
performance assessment, albeit informal and sometimes
with no recording. A better approach is to record all im-
portant assessment information that reflects an accurate
picture of your students’ performance.

The practice of grading by statistical number crunch-
ing is so firmly ingrained in schooling at all levels that you
may find it hard to abandon. One concept that should be

clear from the discussions in this chapter is that it is quite
useful to gather a wide variety of rich information about
students’ understanding, problem-solving processes, and
attitudes and beliefs. To ignore all of this information in
favor of a small set of numbers based on tests, especially
tests that may focus on low-level skills, is unfair to students,
to parents, and to you as the teacher.

Grading Issues

For effective use of the assessment information gathered
from problems, tasks, and other appropriate methods to
assign grades, some hard decisions are inevitable. Some are
philosophical, some require school or district policies about
grades, and all require us to examine what we value and the
objectives we communicate to students and parents.

What Gets Graded Gets Valued. Among the many
components of the grading process, one truth is undeniable:
What gets graded by teachers is what gets valued by students.
Using rubric scores to provide feedback and to encourage
a pursuit of excellence must also relate to grades. However,
“converting four out of five [on a rubric score] to 80 percent
or three out of four [on a rubric] to a grade of C can destroy
the entire purpose of alternative assessment and the use of
scoring rubrics” (Kulm, 1994, p. 99). Kulm explains that

I-éire tyanslating lgric scores to grades focuses atten-
don%ﬁ(é:bré y from the purpose of every good
problem-solving activity—to strive for an excellent perfor-
mance. When papers are returned with less than top rat-
ings, the purpose of detailed rubric indicators is to instruct
students on what is necessary to achieve at a higher level.
Early on, there should be opportunities to improve perfor-
mance based on feedback. When a grade of 75 percent or
a C—is returned, all the student knows is that he or she did
poorly. If, for example, a student’ ability to justify her own
answers and solutions has improved, should she be penal-
ized in the averaging of numbers by a weaker performance
that occurred early in the marking period?

What this means is that grading must be based on the
performance tasks and other activities for which you as-
signed rubric ratings; otherwise, students will soon realize
that these are not important scores. At the same time, they
need not be added or averaged in any numeric manner.
The grade at the end of the marking period should reflect
a holistic view of where the student is now relative to your
goals.

From Assessment Tools to Grades. The grades you
assign should reflect all of your objectives. Procedural skills
remain important but should be proportional to other goals.
If you are restricted to assigning a single grade for math-
ematics, different factors probably have different weights
or values in making up the grade. Student X may be strong
in reasoning and truly love mathematics yet be weak in



computational skills. Student Y may be mediocre in prob-
lem solving but possess good skills in communicating her
mathematical thinking. How much weight should you give
to cooperation in groups, to written versus oral reports, to
computational skills? There are no simple answers to these
questions. However, they should be addressed at the begin-
ning of the grading period and not the night you set out to
assign report card grades.

A multidimensional reporting system that relies on
multiple assessments is important for improving the valid-
ity of a grading system. If you can assign several grades
for mathematics and not just one, your report to families
is more meaningful. Even if the school’s report card does
not permit multiple grades, you can devise a supplement
indicating several ratings for different objectives. A place
for comments is also helpful. This form can be shared with
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students periodically during a grading period and can easily
accompany a report card.

The process of grading your students using multiple
forms of assessments has the potential to enhance your
students’ achievement. As you develop your own tools to
match your instruction and provide valuable evidence of
your students’ understanding, work with colleagues. In
small groups or with a grade-level partner, you can share
tasks, look at samples of students’ work to try and decipher
errors or celebrate a student’s novel approach, and engage
in discussions about how they have responded to similar
student misconceptions. Working as a team to create and
implement sound assessments will enrich your ability to
select and administer meaningful performance-based ques-
tions or tasks and enhance your professional judgment by
questioning or confirming your thinking.

Writing to Learn

1. What is the difference between formative and summative
assessment? Give examples of each.

2. What is the difference between sgoring a gadipﬂ‘ﬂ:at
is the purpose of a score if it is n&ag

3. Describe the essential features of a rubric. What are perfor-
mance indicators?

4. How can students be involved in understanding and using
rubrics to help with their learning?

5. How can you incorporate observational assessments into
your daily lessons? What is at least one method of get-
ting observations recorded? Do you have to observe every
student?

6. How can children with limited writing skills “write” in
mathematics journals?

7. How do diagnostic interviews help to capture student
thinking?

For Discussion and Exploration

1. Examine a few end-of-chapter tests in various mathematics
textbooks. How well do the tests assess what is important in

chapter? Concepts and understanding? Mathematical
Enh &iiesT

2. Access your state’s department of education website and find
a few released test items used by your state to determine
annual yearly progress (AYP) as required by NCLB. For the
released test items, first decide if they are good problem-
based assessments that would help you find out about stu-
dent understanding of the concepts involved. Then, if
necessary, try to improve the item so that it becomes a
problem-based assessment that would be useful in the
classroom.

3. How are teachers in your area responding to the pressures
of state testing programs? What are they doing in order to
improve students’ performance on these tests?

Recommended Readings

Articles

Kitchen, R., Cherrington, A., Gates, J., Hitchings, J., Majka, M.,
Merk, M., & Trubow, G. (2002). Supporting reform through
performance assessment. Mathematics Teaching in the Middle
School, §(1), 24-30.
Six of the seven authors are middle school teachers working to-
gether in the same school. As part of implementing a standards-
based curriculum in a school that bad recently dropped tracking,

these teachers wrote and refined assessments they believed would
belp promote bigher-order thinking. The article includes interest-
ing examples and provides useful and inspiring information that
is applicable across the grades.

Leatham, K. R., Lawrence, K., & Mewborn, D. (2005). Getting
started with open-ended assessment. Teaching Children Math-
ematics, 11(8), 413-419.

In this article, the definition of an open-ended assessment item
includes the potential for a range of responses and a balance be-
tween too much and too little information given. Examples are
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included. The teacher-author (Lawrence) talks personally about
getting started in her third—fourth grade class of “culturally and
economically diverse” students and the values that accrued for both
her and ber class.

Books

Bush, W. S., & Leinwand, S. (Eds.). (2000). Mathematics assess-
ment: A practical bandbook for grades 6-§. Reston, VA:
NCTM.

Glanfield, F., Bush, W. S., & Stenmark, J. K. (Eds.). (2003).
Mathematics assessment: A practical bandbook for grades K-2.
Reston, VA: NCTM.

Stenmark, J. K., & Bush, W. S. (Eds.). (2001). Mathemuatics assess-

ment: A practical bandbook for grades 3-5. Reston, VA:
NCTM.
These three NCTM books are part of a K—12 series on assessment.
The handbooks offer practical advice for classroom teachers that is
considerably beyond the scope of this chapter. The four chapters in
each book essentially cover the kinds of assessment options that are
best used, practical guidelines for implementing a quality assess-
ment program in your classroom, and suggestions for dealing with
the assessment data once gathered.

Wright, R., Martland, J., & Stafford, A. (2006). Early numeracy:
Assessment for teaching and intervention. London: Paul Chap-
man Educational Publishers.

This book includes six diagnostic interviews for assessing young
children’s knowledge and strategy use related to numbers and the
operations of addition and subtraction. Using a series of frame-
works the authors belp teachers pinpoint students’ misconceptions
and support appropriate interventions.

Online Resources

NCTM Research Clips and Briefs—Formative
Assessment
www.nctm.org/clipsandbriefs.aspx

NCTM provides information on the definition of formative
assessment and Five Key Strategies for effective formative
assessment, including an example of a task for a diagnostic
interview. They also include an excellent set of references for
further investigation.

Apago PC

NCTM'’s Position Statement—High-Stakes Tests
(Jan. 2006)
http://nctm.org/about/content.aspx?id=6356

This position statement provides information about
NCTM’s position on the role of high-stakes testing in mak-
ing decisions for schools, students, and instruction.

20 Math Rubrics
http://intranet.cps.k12.il.us/Assessments/Ideas_and_
Rubrics/Rubric_Bank/MathRubrics.pdf

Although this site is maintained by the Chicago Public
Schools’ Bureau of Assessment, you will find rubrics from
many different states and national projects. Some are generic
rubrics for problem solving, communication, and concept
knowledge, but many have useful indicators and perfor-
mance levels that can be adapted for many purposes.

S, Ziold [xperience Guide Connections

Student learning and assessment is the focus
of Chapter 7 of the Field Experience Guide,
where seven different opportunities are de-
signed to help you learn to assess. Designing
and using rubrics, for example, are the focus of FEG
7.4 and 7.5. Also, FEG 1.4 (a student interview on
attitudes) and FEG 7.2 (on assessing student under-
standing) are good assessment tasks to learn about
students and about teaching. Chapter 11 of the guide
offers three excellent balanced assessment tasks,
complete with rubrics and guidance on how to score
students.



http://nctm.org/about/content.aspx?id=6356
http://intranet.cps.k12.il.us/Assessments/Ideas_and_Rubrics/Rubric_Bank/MathRubrics.pdf
http://intranet.cps.k12.il.us/Assessments/Ideas_and_Rubrics/Rubric_Bank/MathRubrics.pdf
www.nctm.org/clipsandbriefs.aspx

It was a wise man who said that there is no greater inequal-
ity than the equal treatment of unequals.

Supreme Court Justice Felix Frankfurter in
Dennisv. U.S., 339 US 162 (1950), p. 184.

ducational equity is a key component of helping all

students meet the goals of the NCTM standards. The
Equity Principle states, “Excellence in mathematics educa-
tion requires equity—high expectations and strong support
for all students” (INCTM, 2000, p. 12). Students need op-
portunities to advance their knowledge supported by teach-
ing that gives attention to their individual learning goals. In
years past (and in some cases still today) some students were
not expected to do as well in mathematics as others, includ-
ing students with special needs, students of color, speakers
of languages other than English, females, and those of low
socioeconomic status. Although all students should have
equal chances to learn grade-level curriculum, this does not
mean the instruction for every child should be equal.

Creating Equitable
Instruction

Teaching for equity is much more than providing
students with an equal opportunity to learn mathematics.
It is not enough to require the same mathematics courses,
give the same assignments, and use the identical assess-
ment criteria. Instead, teaching for equity attempts to attain
equal outcomes for all students by being sensitive to indi-
vidual differences. Teaching for equity encourages teach-
ers to treat students fairly and impartially by considering
a complex array of information collected on every child.
Ensuring that children of poverty and students in urban
and sometimes rural schools will succeed requires you to

challenge widespread assumptions about children’s ability
to learn and the power of educational reform. Teachers who
make change in their mathematics instruction by adjusting
to children’s needs and who celebrate classroom diversity
are those who truly support student learning. You can have
a transformational role when you view teaching in this way.
In fact, there cannot be excellent schools without equitable
schools.

Principles and Standards states, “All students, regardless
of their personal characteristics, backgrounds, or physical
challenges must have opportunities to study—and support
to learn—mathematics. Equity does not mean that every
student should receive identical P

instruction; instead, it demands myeducationlal;)
that reasonable and appropri- | .%o o Ap-
ate accommodations be made | pjcation section of Chap-
as needed to promote access | ter6 of MyEducationLab.

Click on Videos and watch
the video entitled “John
Van de Walle on Creating
Equitable Instruction” to
see him talk with teachers
about teaching for equity.

and attainment for all students”
(NCTM, 2000, p. 12). Former
NCTM president Shirley Frye
said this as simply: “All children
can learn but not in the same way
and not on the same day.”

One way to teach for equity, supported by extensive re-
search, is guaranteeing that students have a highly qualified
teacher with a strong knowledge of and experience teaching
mathematics. “The most direct route to improving math-
ematics [and science] achievement for all students is better
mathematics [and science] teaching. . . . Evidence of the posi-
tive effect of better teaching is unequivocal; indeed, the most
consistent and powerful predictors of student achievement
in mathematics [and science] are full teaching certification
and a college major in the field being taught” (Glenn, 2000).
Unfortunately, urban schools are most likely to have high
turnover rates and the greatest number of teachers without
certification or without a strong background in mathematics
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content. If teachers cannot provide deep mathematical
understandings they may produce students who are under-
prepared or worse—inaccurately prepared. Therefore, it is
not surprising to see gaps in performance comparing stu-
dents from districts and schools with “master” teachers to
those having teachers with weak backgrounds.

Many achievement gaps are actually instructional gaps
or expectation gaps. Elementary and middle school teachers
must prepare students by knowing as much mathematics
content as possible to set students on a solid foundation.
It is not helpful when teachers establish low expectations
for students as when they say, “I just cannot put this class
into groups to work; they are too unruly” or “My students
can’t solve word problems—they don’t have the reading
skills” or “I am not doing as many writing activities during
math instruction as I have many English language learners
in my class.” All of these statements represent a lack of high
expectations for all students. Going in with an attitude that
some students cannot “do” will ensure that they don’t have
ample opportunities to prove otherwise.

NCTM views the education of every child as its most
compelling objective. When thinking about creating and
maintaining an equitable classroom environment, NCTM
states, “Excellence in mathematics education rests on
equity—high expectations, respect, understanding and
strong support for all students. Policies, practices, attitudes,

lenges to teachers. Addressing the needs of #// children means
providing opportunity for any or all of the following:

e Students who are identified as having a specific learn-
ing disability

e Students from different cultural backgrounds

¢ Students who are English language learners

¢ Students who are mathematically gifted

In this chapter we will examine issues of diversity in the
mathematics classroom and approaches that might be suc-
cessful in helping every child reach mathematical literacy.
You may think, “I do not need to - z
read the section on culturally and myeducatlonlal;)
linguistically diverse (CLD) stu- | Go o the Activities and Ap-
dents because I plan on working ghcatlon section of Chapter
. . of MyEducationLab. Click
in a place that doesn’t have any im- | . Videos and watch the
migrants.” Did you know that the video entitled “John Van
number of Hispanics registered in | de Walle on Diversity in
schools rose from 6 percentin 1972 | Today's Classroom” fo see
to 20 percent in 20087 During the ;:m talk with teachers about

. . e spectrum of students in
same period, the number of whites | {2 classrooms.
registered in school has decreased
from 78 percent of the population to 57 percent (U.S. De-
partment of Education, 2008). You may think, “I can skip
the section on mathematically promising students because
they will be pulled out for math enrichment.” Children who

and beliefs related to mathematics teaching and learnin e ﬁﬁ eed & &e hallenged in daily instruction, not just
must be assessed continually to ensure thatﬁmgav?DEjhe héﬁ (é)ﬁt for a gifted program.

equal access to the resources with the greatest potential to
promote learning. A culture of equity maximizes the learn-
ing potential of all students” (2008).

Mathematics
% for All Children

" Most teachers, particularly new teachers, are com-
mitted to supporting each child in their classrooms. There-
fore, equipping yourself with a large collection of strategies
for children is critical. A strategy that works for one child
may be completely ineffective with another, even for a child
with the same exceptionality.

1w

Stop and think for a minute. Do you personally be-
lieve a “culture of equity” is necessary or even possible? Chil-
dren with learning disabilities, children from impoverished
homes, English language learners—can all of these children
learn to think mathematically?

Diversity in Today’s Classroom

The range of abilities, disabilities, and socioeconomic cir-
cumstances in the regular classroom poses significant chal-

Pavse and Pe%lwf

Recall thatissues of equity and English language learn-
ers were addressed in Chapter 4 as they relate to planning
effective lessons. As you read each section in this chapter,
you will discover ways to create more equitable classrooms
and you will find the means of helping all students become
more mathematically literate.

The goal of equity is to offer all students access to
important mathematics. Yet inequities exist, even if unin-
tentionally. For example, if a teacher does not build in op-
portunities for student-to-student interaction in a lesson,
he or she may not be addressing the needs of girls, who
are often social learners, or English language learners, who
need opportunities to talk, listen, and write in small-group
situations. It takes more than just wanting to be fair or
equitable; it takes knowing the strategies that accommodate
each type of learner and making every effort to incorporate
those strategies into your teaching. Although all students
should have equal chances to learn grade-level curriculum,
equal instruction is not a goal.

Tracking and Flexible Grouping

Tracking students is a significant culprit in creating differ-
ential expectations of students. Once students are placed
in a lower-level track or in a “slow” class, expectations
decline accordingly. Students in low tracks are frequently
denied access to challenging material, high-quality in-



struction, and the best teachers (Burris & Welner, 2005;
Futrell & Gomez, 2008; Samara, 2007). The mathemat-
ics for the lower tracks or classes is often oriented toward
remedial drill with minimal success and little excitement.
Low expectations are reinforced because students are not
encouraged to think, nor are they engaged in activities and
interactions that encourage problem solving and reason-
ing. This is particularly discouraging because minority and
low-socioeconomic-status (low-SES) students are over-
represented in lower-level tracks (Samara, 2007; Wyner,
Bridgeland, & Dilulio, 2007).

The effect of tracking exaggerates initial differences
among students rather than trying to bridge them. The
talk about how groups are flexible and students can move
to higher levels is in reality just that—talk. Groups usu-
ally remain fixed and the overall effect is cumulative. For
a student to move to a higher track requires almost su-
perhuman intensity—catching up on previously missed
material while staying current on new content presented
at a faster pace than the student is accustomed to and
also learning the social and academic “rules” of the new
classroom.

Nor does tracking particularly benefit higher-achieving
students. Gains made by students in the highest groups
have been found to be minimal when compared to simi-
lar students in heterogeneous classes. At the same tirne
low-achieving groups are deprive A li
Support for tracking of students gﬁl
be found in international comparisons either. This is par—
ticularly true in Asian countries. Among major industrial-
ized countries, only the United States and Canada seem to
maintain an interest in tracking (NRC, 2001).

In heterogeneous classes, expectations are often turned
upside down as children once perceived as less able demon-
strate understanding and work meaningfully with concepts
to which they would never be exposed in a low-track class.
Exposing all students to higher-level thinking and quality
mathematics avoids compounding differences from year to
year caused by low-track expectations.

Instructional Principles
for Diverse Learners

Across the wonderful and myriad diversities of our students,
all children essentially learn in the same way (Fuson, 2003).
The authors of Adding It Up (NRC, 2001) conclude that all
children are best served when attention is given to the fol-
lowing three principles:

1. Learning with understanding is based on connecting
and organizing knowledge around big conceptual
ideas.

2. Learning builds on what students already know.

3. Instruction in school should take advantage of the chil-
dren’s informal knowledge of mathematics.

. Endaa
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These principles should come as no surprise. The
tenets of constructivism described in Chapter 2 apply to
all learners, not just the middle range of a so-called typical
classroom.

Having said this, it is worth revisiting two ideas from
Chapter 4: accommodation and modification (see pp. 65-69).
An accommodation is a response to the needs of the environ-
ment or the learner but does not alter the task. A modification
changes the task, making it more accessible to the student.
When modifications result in an easier or less demanding
task, expectations are lowered. Modifications should be
made as a way to lead back to the original task, providing
scaffolding or support for learners who may need it.

The following section discusses accommodations for
the wide range of students likely to sooner or later appear
in your classroom.

Providing for Students
with Special Needs

One of the basic tenets of special education is the need
for individualization of the content taught and the methods
used for students with special needs. Many students with
disabilities have an individualized education program (IEP)
as mandated by the Individuals with Disabilities Education
IDEB)éhkit was originally signed in 1975 and amended
several times since, most recently in 2004. This law guar-
antees students access to the mathematics curriculum in
the general education classroom, emphasizing the place-
ment of as many students with special needs as possible
in general elementary and middle grades classrooms. This
legislation implies that educators
consider individual learning needs
not only in terms of whar math-
ematics is taught but also how it
is taught. “Equity does not mean
that every student should receive
identical instruction; instead, it
demands that reasonable and ap-
propriate accommodations be
made as needed to promote access
and attainment for all students”
(NCTM, 2000, p. 12).

Skills and Dispositions
section of Chapter 6 of
MyEducationLab. Click on
Simulation Exercise and
complete the simulation
“Providing Instructional
Supports,” which focuses
on supporting the individ-
ual needs of students.

Response to Intervention

Determining eligibility for special education services for
students with learning disabilities is shifting under the 2004
reauthorization of IDEA to include an approach called
response to intervention (RTT). In the past students with
learning disabilities were identified for special education
through a marked discrepancy between their IQ scores and
academic performance. But identifying those who need

y

myeducationlal?)
Go to the Building Teaching |
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special services through testing alone limits the chance for
students to get immediate assistance, a delay that oftentimes
can mean learning problems become harder to fix. In ad-
dition, using testing alone does not take into consideration
the strategies a teacher used to try to assist the student. Ap-
proaches such as RTT were designed to address these issues
and distinguish between low achievement due to a lack of
appropriate mathematic instruction, or “teacher-disabled
students” (Ysseldyke, 2002), and low achievement due to a
true learning disability.

RTT is a three-tiered student support system that fo-
cuses on the results of implementing instructional inter-
ventions in a model of prevention. Each tier represents a
level of intervention with corresponding monitoring of
results and outcomes as shown in Figure 6.1. The founda-
tional and largest portion of the triangle represents Tier 1,
which is the primary instruction that should be used with

1-5%

< Tier 3 (individual
students)

o 5-10%

Tier 2 (small groups)

all students—in most cases a high-quality mathematics cur-
riculum with high-quality instructional practices (i.e., ma-
nipulatives, conceptual emphasis, etc.). These instructional
practices address principles of universal design that benefit
all typically developing students while addressing students
with special needs. At tier 1 a variety of assessments should
be used to allow all students to demonstrate the knowledge
and skills expected by grade-level state or national standards.
Tier 2 represents “prereferral” students who did not reach
the level of achievement expected during tier 1 activities but
are not yet considered as needing special education services.
Students in tier 2 should receive additional targeted instruc-
tion using modifications that include more explicit instruc-
tion with systematic teaching of critical skills, more intensive
and frequent instructional opportunities, and more support-
ive and precise prompts to students, using more scaffolding
(Torgesen, 2002). If further assessment reveals favorable
progress, the students are weaned from the extra support.
If challenges and struggles still exist, the interventions can
be adjusted or the students are referred to the next tier of
support. Tier 3 is for students who need more intensive
levels of assistance, including a referral for special education
evaluation or special education services. This intervention is
“reserved for disorders that prove resistant to lower levels
of prevention and require more heroic action to preclude
serious complications” (Fuchs & Fuchs, 2001). The teacher

ill E&y be r uir(é o show that a variety of ordinarily
PDI%foe i m@ﬁ&:{a rfterventions were attempted and that

- 80-90%
Tier 1 (all students)

Common Features Across Tiers

¢ Research-Based Practices: prevention begins with
practices based on students’ best chances for success

¢ Data-Driven: all decisions are based on clear
objectives and formative data collection

¢ Instructional: prevention and intervention involve
effective instruction, prompts, cues, practice, and
environmental arrangements

¢ Context Specific: all strategies and measures selected
to fit individual schools, classrooms, or students

Figure 6.1 Response to intervention—using effective
prevention strategies for all children.

Source: Scott, Terence, and Lane, Holly. (2001). Multi-Tiered Interventions
in Academic and Social Contexts. Unpublished manuscript, University of
Florida, Gainesville.

the student did not respond adequately to those more in-
tensive strategies and approaches. Rather than waiting for a
student to fail to show the dramatic discrepancies mandated
by previous laws, RTT builds in a prevention model with
structured support allowing students to progress. Strategies
for the three tiers are outlined in Table 6.1.

Research into use of the RTT model reveals that al-
though most students remain in tier 1, approximately 15
percent of students fail to demonstrate the full growth ex-
pected (Fuchs & Fuchs, 2001). Eventually nearly 40 percent
of students targeted to move to tier 2 are returned to tier
1. Only about 13 percent of the original group moved to
the second tier are considered for individual services from
a special educator at the tier 3 level (Fuchs & Fuchs, 2005,
2007). If using an example of a group of 100 children, this
would mean that their research showed that 15 students
would move to tier 2. Then after intervention 6 would
return to tier 1 and, of the remaining 9 students left in tier
2, approximately 2 students would move to tier 3 for more
individualized services.

Students with Mild Disabilities

Students with learning disabilities have very specific dif-
ficulties with perceptual or cognitive processing and are
identified as needing tier 3 services. These difficulties may
affect memory; general strategy use; attention; or the ability
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Table 6.1

RTI Interventions for Teaching Mathematics

RTI Level Interventions

Tier 3 Highly qualified special education teacher:
* Works one on one with student
¢ Uses tailored instruction on specific areas of weakness

* Modifies instructional methods, motivates students, and adapts curricula further

® Uses explicit contextualization of skills-based instruction

Tier 2 Highly qualified regular classroom teacher with possible collaboration from a highly qualified special education teacher:

¢ Conducts individual diagnostic interviews (see Chapter 5)

¢ Collaborates with special education teacher

* Creates lessons that emphasize the big ideas (focal points) or themes

* Incorporates explicit systematic strategy instruction (directly summarizes key points, reviews key vocabulary or concepts prior to the lesson)
* Models specific behaviors and strategies, such as how to handle measuring materials or geoboards

* Uses mnemonics or steps written on cards or posters to help students follow problem-solving steps

® Uses peer-assisted learning where one student requires help that another student can provide

* Tutors on specific areas of weakness outside of the regular math instruction using volunteers such as grandparents

* Supplies families with additional support materials to use at home

* Encourages student use of self-regulation and self-instructional strategies such as revising notes, writing summaries, identifying main ideas
* Teaches test-taking strategies, allows the students to use a highlighter on the test to emphasize important information

® Slices back (Fuchs & Fuchs, 2001) to material from a previous grade to ramp back up

Tier 1 Highly qualified regular classroom teacher:

¢ Incorporates high-quality curriculum and challenging standards for achievement

* Commits to teaching the curriculum as defined

® Uses manipulatives and visual models

* Monitors progress to identify struggling students
¢ Uses flexible student grouping

¢ Fosters active involvement

¢ Communicates high expectatlons

® Uses graphic organizers j

dHfer st RRIC © 1

,@mn
Before. States purpose, lpr g; new vocabulary, clarifies concepts from the prior knowledge in a visual organizer, defines tasks of

group members if using groups

During. Lays out the directions in a chart, poster, or list; provides a set of guiding questions in a chart with blank spaces for responses
After. Presents summary and list of important concepts as they relate to one another

to speak or express ideas in writing, perceive auditory,
visual, or written information, or integrate abstract ideas.
Although each student will have a unique profile of weak-
nesses and strengths, there are ways to support students in
all phases of the planning, teaching, and assessing of the
mathematics lesson.

NCTM has gathered a set of research-based effective
strategies (NCTM, 2007) for teaching students with dif-
ficulties in mathematics (such as students in RTT tier 2),
highlighting the use of several key strategies (Baker, Ger-
sten, & Lee, 2002; Gersten, Chard, Jayanthi, & Baker,
2006), including systematic and explicit strategy instruction,
student think-alouds, visual and graphic representation of
problems, peer-assisted learning activities, and formative
assessment data provided to students and teachers. These
research-based approaches, proven to show effectiveness, in
some cases represent principles quite different from those
at the primary and secondary level of prevention found in
tiers 1 and 2. Tier 3 intervention and instruction focuses
on an individual student, whereas instruction in primary
and secondary prevention emphasizes work with the whole

class or small groups. The information that follows is for
use with the small subset of students for whom the primary
prevention strategies (tier 1) are unsuccessful.

Explicit Strategy Instruction. Explicit instruction is
often characterized by highly structured, direct, teacher-
led instruction on a specific strategy. The teacher does not
merely model the strategy and have students practice it,
but attempts to illuminate the decision making that may be
troublesome for these learners. In this model, teaching rou-
tines are used that include a tightly scripted demonstration-
prompt-practice sequence. Instruction is highly organized
in a step-by-step format and involves direct teacher-led
explanations of concepts including the critical connection
building and meaning making that will help these learners
place the knowledge of mathematics with other concepts
they have learned. For example, let’s look at a classroom
teacher using explicit instruction:

As you enter Mr: Logan’s classroom, you see a small group of
students seated at a table listening to the teacher’s detailed
explanation and watching bis demonstration of equivalent



98  Chapter 6 Teaching Mathematics Equitably to All Children

fraction concepts. Children are using manipulatives, as pre-
scribed by Mr. Logan. He tells the students to take out the red
“one-fourth” pieces and asks them to check how many will ex-
actly cover the blue “one-half” piece. Then be asks them to com-
pare the brown “eighths” and the yellow “sixths” to the piece
representing one-half. Children are taking turns answering
these questions out loud. During the lesson Mr. Logan fre-
quently stops the group, interjects points of clarification, and
directly highlights critical components of the task. Vocabulary
words, such as numerator and denominator, are written on
the chalkboard and the definitions of these terms are reviewed
and reinforced throughout the lesson. At the completion of the
lesson, students are given several practice examples of the kind
of comparisons discussed in the lesson.

A number of aspects of direct instruction can be seen
in Mr. Logan’s approach to teaching fraction concepts. He
employs a teacher-directed teaching format, prescribes the
use of manipulatives, and incorporates a demonstration-
prompt-practice sequence in the form of verbal instruc-
tions with demonstrations followed by prompting and
questioning and then independent practice. Mr. Logan
uses primarily teacher-led activities. Children are deriv-
ing mathematical knowledge from oral, written, and visual
clues presented to them by the teacher.

As students solve problems they are given explicit
strategy instruction to guide them in carrying out tasks such
as reading and restating the problem, drawing a picture,

Along with the advantages, several possible challenges
have been identified in using explicit strategy instruction
for students with disabilities. Some aspects of this approach
rely on memory, which can be one of the weakest areas for
students with special needs. Taking a known weakness and
building a learning strategy around it is often not produc-
tive. There is also the concern that highly teacher-controlled
approaches such as direct, explicit instruction promote pro-
longed dependency on teacher assistance. This is of par-
ticular concern for students with disabilities, because many
of them are described as passive learners. Students learn
what they have the opportunity to practice. Students who
are never given opportunities to engage in self-directed
learning (based on the assumption that this is not an area
of strength) will be deprived of the opportunity to develop
skills in this area. In fact, the best direct instruction moves
to multiple models, examples, and nonexamples and im-
mediate error correction with fading of prompts to help
students move to independence. Another possible challenge
of explicit approaches is the depth of understanding that
can be expected as a result. Experiential-based learning that
centers on active problem solving and the construction of
knowledge produces deeper understanding of mathematics
and enhances student ability to retain, generalize, and apply
information, all factors that are vital to long-term success
in mathematics while too often problem areas for students

developing a plan by identifying the type oﬁgﬁe@,@ritPleith irl]dﬁig ili%ese r
ce, brea

ing the problem in a mathematical senten ng the
problem into smaller pieces, carrying out operations, and
checking using a calculator. These self-instructive prompts,
or self-questions, structure the entire learning process from
beginning to end. Unlike the more inquiry-based instruc-
tion in tier 1, the teacher models these steps and explains
components using terminology that is easily understood by
students with disabilities who did not discover them inde-
pendently through tier 1 or 2 activities.

Physical models also can be used with explicit strategy
instruction. For example, a teacher demonstrating a mul-
tiplication array with cubes might say, “Watch me. Now
make a rectangle with the cubes that looks just like mine.”
In contrast, a teacher with a more constructivist approach
might say, “Using these cubes, how can you show me a
representation for 4 x 5?”

There are a number of possible advantages to the use
of explicit strategy instruction for students with disabili-
ties. This approach helps uncover or make overt the covert
thinking strategies that support mathematical problem
solving. Students with disabilities may otherwise not have
access to these strategies, as they may be unable to acquire
or apply them without explicit instruction. More explicit
approaches are also less dependent on the student’s ability
to draw concepts from experience or to operate in an effi-
cient and self-directed manner in loosely structured learn-
ing activities.

Peer-Assisted Learning. Children with special needs
benefit from others’ modeling and support, including
the modeling by their classmates or peers (Fuchs, Fuchs,
Yazdian, & Powell, 2002). In this approach, what happens in
the classroom design reflects the basic notion that children
learn best when they are placed in the role of an appren-
tice mastering school tasks. The students are encouraged
to think about learning events in ways that approximate the
thinking of those who are more skilled experts. Although the
peer-assisted learning approach shares some of the charac-
teristics of the explicit strategy instruction model described
above, there are a number of important distinctions. One
of these is the notion that knowledge is presented on an
“as-needed” basis as opposed to a predetermined sequence.
Peers share knowledge with others when that knowledge is
required. The students can be paired with older children
or peers who have more sophisticated understandings of a
concept. In other cases, tutors and tutees can change roles
during the tasks.

Student Think-Alouds. “Think-aloud” is an instructional
strategy that involves demonstrating the steps to accom-
plish a task while you verbalize the thinking process and
reasoning that accompanies the steps. The student follows
this instruction by imitating these steps on a different, but
parallel, task. This derives from the model in which “expert”



learners share strategies with “novice” learners. Consider a
problem in which fourth-grade students are given the task
of determining how much paint will be needed to cover the
walls of their classroom. Rather than merely demonstrat-
ing, for example, how to use a ruler to measure the distance
across a wall, the think-aloud strategy would involve talking
through the steps and identifying the reasons for each step
while measuring the space. As the teacher places a mark on
the wall to indicate where the ruler ended in the first mea-
surement, she states, “I used this line to mark off where the
ruler ends. How should I use this line as I measure the next
section of the floor? I know I have to move the ruler, but
should I copy what I did the first time?” All of this dialogue
occurs prior to placing the ruler for a second measurement.
Often teachers share alternatives about how they could have
carried out the task but decided to do something else. When
using this strategy, teachers try to model possible approaches
while making their invisible thinking processes visible.

Although you will choose strategies as needed, your
goal is always working toward high student responsibility
for learning. Movement to higher levels of understanding
of content can be likened to the need to move to a higher
level on a hill. For some, formal stair steps with support
along the way is necessary (explicit strategy instruction);
for others ramps with encouragement at the top of the hill
will work (peer-assisted learning). Other students can find
a path up the hill on their own with some guida -
structivist approach). All people ¢€a 6@@% the need to
have different support during different times of their lives
or under different circumstances, and it is no different for
students with special needs. Yet they must eventually learn
to create a path to new learning on their own as thatis what
will be required in the real world after schooling. Leav-
ing children only knowing how to climb steps with support
and having them face hills without stair steps or constant
assistance from others will not help students attain their
goals. The following suggestions may help you provide
lesson modifications and adaptations for particular students
with special needs in the three critical instructional stages—
before, during, and after (Karp & Howell, 2004).

BEFORE
Structure the Environment

o Centralize attention. Move the student close to the
board or teacher. Face students when you speak to
them.

® Help families play a part. If possible, provide an extra
mathematics textbook to be taken home.

® Remove competing stimuli. Conduct assessments in an-
other space that is quieter or has fewer distractions.

o Adjust curricular objectives. Adapt the number of learn-
ing goals for particular students so that they focus on
the “big ideas” while allowing other students to explore
topics in greater depth or complexity.

Enh
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Avoid confusion. Word directions carefully and specifi-
cally and ask the child to repeat them. Give one direc-
tion at a time.

Smooth the periods berween instruction. Ensure that tran-
sitions between activities have clear directions and lim-
ited chances to get “off task.”

Preteach or preview math concepts or vocabulary. Familiar-
ize students with important terms.

Identify Potential Barriers

Find ways to belp students remember. Recognizing that
memory is often not a strong suit for students with
special needs, develop mnemonics (memory aids) for
familiar steps or write directions that can be referred to
throughout the lesson. For example, STAR is a mne-
monic for problem solving: Search the word problem
for important information; Translate the words into
models, pictures, or symbols; Answer the problem;
Review your solution for reasonableness (Gagnon &
Maccini, 2001).
Reinforce key vocabulary and symbols. Create a word and
symbol wall to provide visual cues. Highlight math vo-
cabulary and symbols for students with language pro-
cessing problems.
Use friendly numbers. Instead of using $6.13 use $6.00
to emphasize conceptual understanding rather than
mixi&g omputation and conceptual goals at the same
Gtk léltlember, this technique is only used when
computation and operation skills are nor the lesson
objective.
Vary the task size. Assign students with special needs
fewer problems to solve. Some students can become
frustrated by the enormity of the task. Find ways to
adapt the size of the activity to be challenging but
doable.
Remember the timeframe. Give students additional re-
minders about the time left for exploring the materials,
completing tasks, or finishing assessments. This will
help students with time management.
Modify the level of support. Allow more support either
through your own attention or instruction or the at-
tention of teaching assistants or peers. Consider the
support of a variety of learning tools including manipu-
lative materials and technology.
Puair and share. Have students share ideas to help in-
crease students’ risk taking and willingness to discuss
ideas with the whole class.

DURING

Provide Clarity

Ask students to share their thinking. Use the think-aloud
method or think-pair-share (first think about the ques-
tion, then pair with a classmate and compare ideas, fi-
nally share the best thinking with the rest of the class).
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Link the model to an action and words. For example, as
you fold a strip of paper into fourths, point out the
part-whole relationship with gestures as you pose a
question about the relationship between % and 1.
Adjust the visual display. Design assessments and tasks
so that there is not too much on a single page. Some-
times the density of words, illustrations, and numbers
can overload students. Find ways to put one problem
on a page, increase font size, or just reduce the visual
display to a workable amount.

Empbhasize the relevant points. Some students with
special needs may inappropriately focus on the color
of a cube instead of the quantity of cubes.

Utilize methods for organizing written work. Provide
tools and templates so students can focus on the math-
ematics rather than the organization of a table or chart.
Also use organizers, picture-based models, and paper
with columns or grids

Provide examples and nonexamples. Give examples of
triangles as well as shapes that are not triangles. Help
students focus on the characteristics that differentiate
the examples from those that are not examples.
Support connections. Provide concrete representations,
pictorial representations, and numerical representa-
tions. Have students connect the linkages through
carefully phrased questions.

® Make practice routines developmental. Begin practice
using only one problem type and then move to practice
with multiple types of problems.

Students with Significant Disabilities

Students with significant cognitive disabilities often need
extensive modifications and individualized supports to un-
derstand the mathematics curriculum. Cognitive problems
include severe autism, sensory disorders, multiple disabili-
ties including combinations of limitations affecting move-
ment, or cognitive processing disorders such as mental
retardation and cerebral palsy. IDEA (1990, 1997, 2004)
mandated access for all students to the general grade-level
curriculum. No Child Left Behind has moved from access
to now requiring evidence that students learn the content,
incorporating expectations that students with moderate to
severe disabilities will be working toward grade-appropriate
alternate proficiencies on state-designated alternative stan-
dards in mathematics. To demonstrate their serious intent,
some states are now including students with significant dis-
abilities in their annual formal accountability programs for
assessing student progress.

Originally, the functional curriculum for students with
severe disabilities was often narrowed to life-related skills
such as managing money; telling time; or matching num-

Adﬂpt delivﬂjl mode.?. InCOI'porate a Vari Ofm terialsPDﬁerS Hﬁﬁs E ks as entering a telephone number’
images, examples, and models for smdén@@g@ b idenﬁ)fitg a QC Insber, using a calculator, or measur-

more visual learners. Some students may need to have
the problem or assessment read to them or generated
with voice creation software. Provide written instruc-
tions with oral instructions.

AFTER
Consider Alternative Assessments

Propose alternative products. Provide options for the
ways that students with special needs respond to the
tasks. They may need to provide a verbal response that
is written by someone else or tape recorded. They may
use voice recognition software or word prediction soft-
ware that can generate a whole menu of word choices
from typing a few letters. For an assessment they might
use materials to demonstrate their understanding of
a mathematics concept rather than a reply through a
written record.

Consider feedback charts. Monitor students’ growth and
chart progress over time. This is important reinforce-
ment for students and the teacher.

Emphasize Practice and Summary

Help students bring ideas together. Create study guides
that summarize the key mathematics concepts and
allow for review.

Provide extra practice. Use carefully selected problems
(not a large number) and allow use of familiar physical
models for a longer period of time.

ing. Now, state initiatives and assessments have broadened
the curriculum to address the five NCTM content strands
that were specifically delineated by grade level in the Cur-
riculum Focal Points (NCTM, 2006). For example, one key
approach emphasizes numeracy through real-world repre-
sentations as a way to prepare all students to be mathemati-
cally literate citizens. Using money to study place-value
concepts or posing problems in the context of making pur-
chases are approaches with multiple benefits.
Atabeginning level, students work on identifying num-
bers by holding up fingers or pictures. To develop number
sense, counting up can be linked to counting off daily tasks
to be accomplished, and counting down can mark a period
of cleanup after an activity or to complete self-care routines
(brushing teeth). Students with moderate or severe disabili-
ties should have opportunities to use measuring tools, com-
pare graphs, explore place-value concepts (often linked to
money use), use the number line, and compare quantities.
Each time the content should be connected to life skills
and possible features of jobs—such as restocking supplies
(Hughes & Rusch, 1989). Shopping skills or activities in
which food is prepared are both options for mathemati-
cal problem-solving situations. At other times, just linking
mathematical learning objectives to everyday events is prac-
tical. For example, when studying the operation of division,
figuring how candy can be equally shared at Halloween or
dealing cards to play a game would be appropriate. Students
can also undertake a small project such as constructing a



box to store different items as a way to explore shapes and
measurements.

Do not believe that all facts must be mastered before
students with moderate or severe disabilities can move for-
ward in the curriculum; students can learn geometric or
measuring concepts without having mastered addition and
subtraction facts. Geometry for students with moderate and
severe disabilities is more than merely identifying shapes
but is in fact critical for orienting themselves in the real
world. The practical aspects emerge when such concepts
as parallel and perpendicular lines and curves and straight
sides become helpful for interpreting maps of the local area.
Students’ use of public transportation can be supported by
using maps related to bus or subway routes as teaching ma-
terials. Students who learn to count bus stops and judge
time can be helped to successfully navigate their world.

Table 6.2 offers some suggested approaches to different
content areas. You will need to blend the curriculum for a
particular grade level with the basic skills a student needs
in a functional context. If other students are studying the
measures of various angles of triangles, the student with
moderate disabilities can sort triangles into groups with
the same angle as a given triangle. For example in match-
ing right-angled triangles to a model on a mat as part of
learning about right angles, the content area remains within
grade-level mathematics objectives while being adapted to
meet the long-term needs of studgnts iﬁ mod F&—
abilities to grow in concepts, vocA@é gymED e.

The following list indicates other ideas for modifying
grade-level instruction.

Table 6.2
Activities for Students with Moderate and Severe Disabilities
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Additional Strategies for Supporting Students
with Moderate and Severe Disabilities

Systematic instruction. Use repeated trials, systematic
prompting, and corrective feedback to reach a particu-
lar outcome.

Visual supports. Visual cues, color coding, and simpli-
fied numerical expressions using dots or other pictorial
clues can focus learning for some students.

Response prompt. Ask a student, “What is three plus
three?” while visually showing 3 + 3. Say “Six” and
then state to the student again, “Three plus three is
six.” Next give a stimulus-response prompt—“What’s
three plus three?”

Task chaining. "Task analyze. Take one step ata time with
a prompt for students at each step. Fade the number of
prompts based on student performance.

Problem solving. State the problem. For example, pass
out paper plates for students at the table with an incor-
rect number and some plates missing. Ask students,
“What is the problem?” The students should state a
solution and suggest that more materials are needed.
“How many more plates are needed?” When that
amount is given, students have solved the problem.
Use a visual showing a one-to one correspondence
between people and plates to show how to record
the situation. Then write and read the corresponding

ation.
Enhé?l}—éﬂé@inﬂtion skills and independent self-directed

learning. Support opportunities for students to make
choices in decision making and goal setting.

Content Area Activity

Number and Operations

¢ Count out a variety of items for general classroom activities.

¢ Create a list of supplies that need to be ordered for the classroom or a particular event.

® Calculate the number of calories in a given meal.

* Compare the cost of two meals on menus from local restaurants.

Algebra * Show an allowance or wage on a chart to demonstrate growth over time. Write an equation to show how much they

would have in a month or year.

® Calculate the slope of a wheelchair ramp or driveway.

Geometry * Use spatial relationships to identify a short path between two locations on a map.
* Tessellate several figures to show how a variety of shapes fit together. Using tangrams to fill a space will also develop

these important workplace skills.

Measurement

¢ Fill different-shaped items with water, sand, or rice to assess volume, ordering the vessels from least to most.

* Take body temperature and use an enlarged thermometer to show comparison to outside temperatures.
* Calculate the amount of paint needed to cover the walls or ceiling of the classroom, using area.
¢ Estimate the amount of time it would take to travel to a known location using a map.

Data Analysis and Probability ® Survey students on favorite games (either electronic or other) using the top five as choices for the class. Make a graph

to represent and compare the results.

¢ Tally the number of students ordering school lunch.

* Examine the outside temperatures for the past week and discuss the probability of the temperatures for the next days

being within a particular range.
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Culturally and Linguistically
* Diverse Students

" The United States has been called both a melting pot
and a salad bowl. In reality, it is both. Many students in our
classrooms have parents or grandparents of mixed heritage,
yet they have been raised in the United States and their first
language is English. The United States also has many stu-
dents who have not been blended into mainstream Ameri-
can culture. They are first- or second-generation children
from another culture who may speak another language as
their first language. You will better serve the needs of your
students who are culturally and linguistically diverse (CLD)
by valuing their culture and language and not trying to force
them into local culture and language. This section discusses
ways to develop a culturally competent set of instructional
practices.

Windows and Mirrors

You are not the only one who needs to expand your cultural
horizons to enhance mathematics learning; the students do
too. In the words of Emily Style, a former diversity coordi-
nator of the Morristown, New Jersey, schools,

An inclusive curriculum provides students with a bal-

ance of windows to frame and acknowlﬂifge%giingfD

experience of others and mirrors to reflect
validity of each student. (1988)

As you work with students’ areas of strength you should
identify opportunities to stretch their thinking in ways
that move unfamiliar experiences to familiar ones. For ex-
ample, if you are working with children in an urban set-
ting and using an example discussing plots of farm land
or gardens, it would be wise to read a story that could
improve understanding for the whole class. City Green by
DyAnne Disalvo-Ryan helps make the unknown known.
Students can see how a lot in an urban community can be
divided and shared among neighbors. With this approach,
all students can experience the background needed for the
task. Another part of a supportive context is creating a safe
and nurturing environment where students care for one
another. Students should feel responsible for each other’s
success in mathematical tasks and feel supported in their
work. Giving students an opportunity to communicate as
part of an emphasis on the social and affective domains is
critical to creating classrooms where a variety of cultures
are celebrated.

Culturally Relevant
Mathematics Instruction

You have probably heard it said that “mathematics is a uni-
versal language.” This common misconception can lead to

inequities in the classroom. For example, language needs
for students who are CLD tend to be ignored in math-
ematics instruction (Lee & Jung, 2004). There are three
different perspectives on how to support students who are
CLD:

1. Limit the use of language and focus primarily on
symbols.

2. Implement the NCTM Principles and Standards, using
language-rich tasks.

3. Integrate a standards-based curriculum with CLD
strategies (Bay-Williams & Herrera, 2007).

We will look briefly at each of these three approaches,
including their advantages and disadvantages.

The rationale for the limited-language approach is
that the student will understand the symbols, which are
universal. There are many problems with this viewpoint.
First, symbols are not universal. For example, in Mexico
textbooks may refer to angle B as B or ABC rather than ZB
or ZABC as in the United States. An English language
learner may not recognize the angle symbol and might
confuse it with the “less than” symbol. The numeral 9 as
written in Latin American countries can easily be confused
with a lowercase g. What is called “billions” in the United
States is called “thousand millions” in Mexico (Perkins &
Flores, 2002). Second, symbols are abstract. As discussed
i Cgfat r 2, students should begin with concrete mate-

Igllals %}&&G {2k provide situations familiar to the
student. Third, the use of language, in written and oral
forms, is essential to developing a deep understanding of
mathematics (Khisty, 1997). Finally, a belief that symbols
are easier for students who are CLD often causes a teacher
too quickly to use symbolic representations and, therefore,
limits a student’s conceptual understanding (Garrison &
Mora, 1999).

The second approach to teaching students who are
CLD is to embrace the recommendations outlined in
Principles and Standards. A standards-based teacher may
use inquiry, student—student interactions (pairs and small
groups), discussions, and alternative assessments, all of
which can support the learning of a student who is also
learning English or who is not familiar with particular as-
pects of U.S. culture (Echevarria, Vogt, & Short, 2008).

Standards-based teaching supports the English language
learner more effectively than traditional teaching because
many of the strategies used are especially helpful for stu-
dents who are CLD. For example, the Standards encourages
a learning environment whereby students solve a problem
using a strategy of their own choosing and later explain how
they solved the problem. A student from a different culture
may have learned different strategies for that concept or for
related skills. In addition, explaining their strategy allows
students opportunities to develop their language skills.

However, even in classrooms where teachers incorpo-
rate many standards-based practices, an achievement gap



may still exist. What is often lacking is an intentional effort
to help students develop their language skills, which is what
the third approach offers.

Creating effective learning for students who are CLD
involves integrating principles of bilingual education with
standards-based content instruction (see Table 4.1). Thatis,
lessons must be based on problems and discussions while
also attending to the culture and the language of the stu-
dents. To operate from this perspective requires exploring
how to embrace culture while supporting language devel-
opment. Although discussed separately in the next two sec-
tions, they are interrelated and should not be separated in
instruction.

Ethnomathematics

The combination of culture, mathematics, and education
activities is often referred to as ethnomathematics. Many
societies have different mathematical traditions and have
developed various strands of mathematical thought. Teach-
ing mathematics with respect to culture is one way to honor
diversity within the classroom. Students can be personally
engaged in mathematics by examining their own culture’s
impact on the ways they use, practice, and think about
mathematics. A study of mathematics within other cultures
provides an opportunity for students to “put faces” on math-
ematical contributions instead of egroneousl thirﬁ?&at
mathematics is a result of some n-é@@jgebom now.

Bishop (1991) defines six categories in which we find
mathematics linking culture and linguistic diversity: count-
ing (e.g., learning the numbers systems of other nations),
measuring (e.g., using other countries’ measuring tools or
units), locating (e.g., using maps and geography to locate
places), designing and building (e.g., considering the living
space in African round and square houses), playing (e.g.,
“Mancala,” “Nine Men’s Morris”), and explaining (e.g., de-
scribing how family members are related on a family tree
or telling stories through African sand painting patterns,
or s0n4).

There are many ways to approach mathematics from
a cultural perspective (e.g., biographies of mathematicians
or historical development of concepts, games, children’s lit-
erature, and thematic units). Ethnomathematics provides a
natural bridge between mathematics and other subjects in
the curriculum. Mathematics is the by-product of human
ideas, creativity, problem solving, recreation, beliefs, values,
and survival. Contributions to the field of mathematics have
come from diverse people all over the world, including
many women and people of color whose important contri-
butions to mathematics have been overlooked.

English Language Learners (ELLSs)

How many students attending U.S. schools are not fluent
in English? Nationally, more than 5 million students (10.5

En
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percent) were receiving ELL services in 2005. This is not
just a statistic for urban centers; ELL services are needed
in every state in the United States and every province in
Canada. For example, the states with the largest increase
in ELL students from 1995 to 2005 are South Carolina
(714%), Kentucky (417%), Indiana (408%), North Caro-
lina (372%), and Tennessee (370%). Hispanics continue
to be the largest minority group in the United States, rep-
resenting 58 percent of all immigrant schoolchildren and
more than 75 percent of ELL students (Kohler & Lazarin,
2007).

English language learners enter the mathematics
classroom from homes in which English is not the primary
language of communication. Although a person might de-
velop conversational English language skills in a few years,
it takes as many as 7 years to learn “academic language,”
which is the language specific to a content area such as
mathematics (Cummins, 1994). Academic language is
harder to learn because it is not used in a student’s everyday
world. When learning about mathematics, students might
be learning content in English that they have no words for
in their native language. For example, in studying the mea-
sures of central tendency (mean, median, and mode), they
may not know words for these terms in their first language,
increasing the challenge for learning academic language
in their second language. In addition, story problems are
ifficult for ELLs not just due to the language but also

é‘jig;te}[at sentences in story problems are often
structured differently than sentences in conversational
English.

"Teachers of English to Speakers of Other Languages
(TESOL) developed standards for effective instruction
of English as a second language (ESL) to pre-K-12 stu-
dents in the United States (TESOL, 1997). TESOL’s
vision of effective education for students learning Eng-
lish includes developing proficiency in English and the
maintenance and promotion of students’ native languages.
TESOL standards state that students will use English
to

1. “interact in the classroom”

2. “obtain, process, construct, and provide subject matter
information in spoken and written form”

3. “use appropriate learning strategies to construct
and apply academic knowledge” (TESOL, 1997,

p-9)

Notice that students are to use English in their aca-
demic content courses. This does not mean “English
only,” but rather an approach that encourages the use of
native language and the development of English. Also note
that the emphasis for ELLs is providing these language
opportunities: reading, writing, speaking, and listening.
When these are incorporated effectively into instruction,
both mathematical understanding and language can be
learned.
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Strategies for Teaching
Mathematics to ELLs

Among the many classroom supports for students who are
learning English, the strategies discussed in this section
are critical to mathematics instruction. They are among
the ideas that teachers and researchers most commonly
mention as increasing the academic achievement of ELLs
in mathematics classrooms (also see Table 4.1 in Chap-
ter 4).

Write and State the Content and Language Objec-
tives. Every lesson should begin with telling students
what they will be learning. You do not give away what they
will discover in their exploration, but you state the larger
purpose of what they are doing; in other words, provide a
road map. If students know the purpose of the lesson, they
are better able to make sense of the details in light of the
bigger picture. For example, when teaching a lesson about
using different strategies for multiplication and division,
you would write student-friendly objectives on the board
such as the following:

1. Find different ways to multiply and divide numbers.
(content)

2. Explain how you completed a multiplication and divi-
sion problem when you were given the first step. (lan-

guage and content) Aptha% o PDF

vision

3. Write the way you would pick to solv
problem. (language)

Build Background. This is similar to building on prior
knowledge, but it takes into consideration native language
and culture as well as content. If possible, use a context and
any appropriate visuals to help students understand the task
you want them to solve. Link the lesson to prior learning:
yesterday’s lesson, a real-world problem, or something you
did earlier in the month. For example, you might have a
discussion of what 22 x 42 could refer to (perhaps it refers
to the measurements of a picture hanging on the wall or
the amount of money it will cost to buy stamps for each
member of a class of 22 students).

Encourage Use of Native Language. Research shows
that students’ cognitive development progresses more read-
ily in their native language. In a mathematics classroom,
students can communicate in their native language and
continue their English language development. For exam-
ple, a good strategy for students working in small groups is
having students who speak Spanish first discuss the problem
in Spanish. If a student knows enough English, then the
presentation during the after phase of the lesson can be
assigned as “English preferred.” If the student knows little
or no English, then he or she can explain in Spanish using
a translator.

Use Comprehensible Input. Comprebensible input as
used in bilingual education that means that the message
you are communicating is understandable to students. It
means to simplify sentence structures and limit the use of
nonessential or confusing vocabulary; it does not mean to
lower expectations for the lesson. It also means to use strat-
egies to help students understand the language they en-
counter. Sometimes teachers put many unnecessary words
and phrases into questions, making them less clear to non-
native speakers. Compare the following sets of teachers’
directions:

Not Modified: You have a labsheet in front of you that
I just gave out. For every situation, I want you to de-
termine the total area for the shapes. You will be work-
ing with your partners, but each of you needs to record
your answers on your own paper and explain how you
got your answer. If you get stuck on a problem raise your

hand.

Modified: Please look at your paper. (Holds paper
and points to it. Pointing to the first picture.) You
will find the area. What does area mean? (Allows wait
time.) How can you calculate area? (Calculate is more
like the Spanish word calcular; so it is more accessible
to Spanish speakers.) Talk to your partners. (Points to
mouth and then to a pair of students as she says this.)
Write your answers. (Makes a writing motion over

Enhancer

Notice that three things have been done: sentences
shortened, removal of confusing words, and use of gestures
and motions that link to the vocabulary. Also notice the
“wait time” the teacher gives. Itis very important to provide
extra time after posing a question or giving instructions to
allow ELLs time to translate, make sense of the request,
and then participate.

Another way to provide comprehensible input s to use
a variety of tools to help students visualize and understand
what is verbalized. In the preceding example, the teacher
is modeling the instructions. When introducing a lesson,
include pictures, real objects, and diagrams. For example, if
teaching integers, having a real thermometer, as well as an
overhead of a thermometer, will help provide a visual (and
a context). You might even add pictures of places covered
in snow and position them near the low temperatures and
so on. Students should also be expected to include mul-
tiple representations in their work. Expect students to draw,
write, and explain what they have done. This is helpful to
them and to their peers who will be seeing their solutions.
Supplemental materials you should consider using include
manipulatives, real objects, pictures, visuals, multimedia,
demonstrations, and children’s books (Echevarria, Vogt, &
Short, 2008).

Explicitly Teach Vocabulary. One popular technique to
reinforce vocabulary development is a mathematics word



wall. As you encounter vocabulary essential for learning
mathematics, students participate in creating and adding to
the word wall. When a word is selected, students can create
cards that include the word in English, translations to lan-
guages represented in your room, pictures, and a student-
made description (not a formal definition) in English or in
several languages.

In addition to word walls, there are many ways to ex-
plicitly teach vocabulary. For example, students can create
concept maps, linking concepts and terms as they study
the relationships among fractions, decimals, and percents.
Students can keep “personal math dictionaries” of terms
they need to know, which include the word, illustrations,
and examples. As you use a mathematical term that has
been previously addressed, stop and make sure that stu-
dents remember the term. As new terms are introduced, the
word itself should be discussed, sharing the root and related
words (Rubenstein, 2000). There are many terms that have
different meanings in mathematics from everyday activities,
such as product, mean, sum, factor, acute, foot, division, differ-
ence, similar; angle.

Plan Cooperative/Interdependent Groups to Support
Language. English language learners need opportuni-
ties to speak, write, talk, and listen in nonthreatening situ-
ations. The best way to accornplish such goals is through
cooperative/interdependent grou ot Dhust
consider a student’s language skills lac1 g an ELL w1th
two English-speaking students may result in the ELL being
left out entirely. It is better to place a bilingual student in
this group or to place students that have the same first lan-
guage together if possible (Garrison, 1997; Khisty, 1997).
Pairs may be more appropriate than groups of three or four.
As with all group work, rules or structures should be in
place to make sure that each student is able to participate
and is accountable for the activity assigned. ELLs will rec-
ognize that you have established a haven that is supportive
and nurturing when they find that you see their culture and
language as a resource to be valued rather than a drawback
to be managed.

Create Partnerships with Families. All students achieve
more when their families support their learning. Parents or
guardians must be made aware of test results and what they
can do to make positive changes in their children’s perfor-
mance to help reduce any gaps in understanding. However,
it can be difficult to build good relationships when family
members have negative memories of their own schooling
or their attempts at mathematics. In the way many of you
might feel uneasy entering a hospital because you or a loved
one may have had a difficult experience there, family mem-
bers can feel that way about returning to a school setting,
especially the mathematics classroom. On occasion teach-
ers and administrators need to go out into the community

Enfiancyt
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to share with families the message that working together
to have all students learn mathematics is the best way for
students to “win.” Win is an important word here as most
communities are eager to rally around strategies for win-
ning. A vital aspect of having a strong, inclusive mathemat-
ics program is gathering support and trust from families
who see their role as critical to a partnership for helping
their child learn.

Significant mathematics learning occurs before chil-
dren even enter the classroom. This household knowledge
of mathematics is a good foundation for building new ex-
periences and can set the stage for higher-level learning
as teachers build on these assets. Bringing a child’s family
into the mathematics equation is a critical part of devel-
oping a classroom community and learning about ways to
make the curriculum culturally relevant. Families need
to share the mathematics their children learn so they can
value it, even though it may be different from their own
school experiences learning mathematics. Newsletters in-
cluding tips for families, puzzles, games, and problems
can be sent home for family exploration. Invitations for
Family Math Night (Stenmark, Thompson, & Cossey,
1986) or suggestions for ways that families can be help-
ful with homework are all means to a better partnership.
Finding ways to draw children away from television and
computer games and toward mathematics activities with

s that stimulate the imagination or call on
ng skills are essential to building lasting
educational partnerships. As teachers learn to respect the
contributions of the families’ culture to the classroom, the
families, in turn, gain respect for the work of the class-
room teacher. The following family-oriented math proj-
ect is descriptive of the kind of meaning you can bring
to the mathematics class by honoring family history and
culture.

I read a book called the Hundred Penny Box (Mathis, 1986) to
my class each day after lunch. This is the touching and poignant
story of a boy’s great-great-Aunt Dew, an elderly African
American woman who has collected in an old cigar box one
penny from each of the hundred years she has been alive. Pluck-
ing a penny out of the box, she can remember an important
event that bappened to her that year. Each penny is more than
a piece of money; it is a “memory trigger” for her life. luking
a cue from the book, I asked each child to collect one penny from
each year they were alive starting from the year of their birth
and not missing a year. Students were encouraged to bring in
additional pennies their classmates might need. Then the stu-
dents consulted with family members to create a penny time line
of important events in their lives. Using information gathered
at home they started with the year they were born listing their
birthday and went on to record first steps, accidents, vacations,
pets, and births of siblings in those early years. Then I asked
students to determine how many years between certain events or
to calculate their age when they adopted a pet or learned to ride
a bicycle.
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Besides connecting to a sense of community and build-
ing of links to families, the project established a classroom
climate of respect and rapport. Students and families
worked together to investigate the child’s personal history
and decide which events were most important to highlight,
many times revealing cultural values. Matching episodes
to chronological time on a time line linked well with skills
being learned in social studies.

Working Toward
. Gender Equity

" Based on the results of NAEP tests, gender gaps in
mathematics achievement remained small but fairly consis-
tent from 1990 to 2007, with males outperforming females
in grades 4, 8, and 12. Yet a recent study (Hyde, Lindberg,
Linn, Ellis, & Williams, 2008) reveals that in analyzing the
standardized test scores from more than 7.2 million U.S.
students in grades 2—11, there were no differences in math
scores for girls and boys. Hyde stated that “girls who believe
the stereotype wind up avoiding harder math classes” but the
carefully designed efforts over the past 20 years are showing
results. However, after high school, more males than females
enter fields of study that include heavy emphases on math-
ematics and science. The president of the Society of Women
Engineers stated, “Why, while girls comprﬂﬂa@:@t of?
undergraduate students, do they account for only 20 percent
of engineering majors, and boys remain four times more
likely to enroll in undergraduate engineering programs?”
(Tortolani, 2007). It remains important to be aware of and
address gender equity issues in your classroom.

Possible Causes of Gender Inequity

As Becker and Jacobs (2001) point out, most of the re-
search “is moving away from ‘sex differences’ to ‘gender
differences’ in acknowledgment that gender is socially
constructed and the differences are not biologically deter-
mined” (p. 2). We can find some of the causes of gender
inequity in the classroom.

Belief Systems Related to Gender. The belief that
mathematics is a male activity persists in our society and
is held by both sexes. Stereotypes that boys are better in
math shape girls’ self-perceptions and motivations (Nosek,
Banaji, & Greenwald, 2002). What may resultis a decrease in
emerging interest in math. “The relative absence of females
in math and science careers fuels the stereotype that girls
cannot succeed in math-related areas and thus young girls
are, often subtly, steered away from them” (Barnett, 2007).

Teacher Interactions and Gender. Teachers may not
consciously seek to stereotype students by gender; however,
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the gender-based biases of our society often affect teach-
ers’ interactions with students (Martin, Sexton, Wagner, &
Gerlovich, 1997). According to Janet Hyde, “[bJoth parents
and teachers continue to hold the stereotype that boys are
better than girls [at math]” (Seattle Times News Services,
2008). Observations of teachers’ gender-specific interac-
tions in the classroom indicate that boys get more attention
and different kinds of attention than girls do. Boys receive
more criticism for wrong answers as well as more praise
for correct answers. Boys also tend to be more involved in
discipline-related attention and have their work monitored
more carefully (Campbell, 1995). Attention is interpreted as
value, with a predictable effect on both sexes. Often females
in math classes go unobserved and a study found them to be
the “quiet achievers” (Clark et al., 2001).

What Can Be Done?

As already noted, the causes of girls’ perceptions of them-
selves vis-a-vis mathematics are partially a function of the
educational environment. That is where we should look
for solutions.

Awareness. As a teacher, you need to work at ensuring
equitable treatment of boys and girls. As you interact with
students, try to be sensitive to the following interactions
ender éroqu:

um egrr;li typee of questions you ask

Amount of attention given to disturbances

Kinds and topics of projects and activities assigned
Praise given in response to students’ participation
Makeup of small groups

Contexts of problems

Characters in children’s literature used in mathematics
instruction (Karp, Brown, Allen, & Allen, 1998)

Being aware of your gender-specific actions is more
difficult than it may sound. To receive feedback, try video-
recording a class or two on a periodic basis. Tally the
number of questions asked of boys and girls. Also note
which students ask questions and what kind of questions are
being asked. Where do you stand in the room? At first, you
may be surprised at any gender-biased behaviors. Aware-
ness takes effort.

Involve All Students. Find ways to involve all students
in your class, not just those who seem eager. Girls may
tend to shy away from involvement and are not as quick
to seek help. Perhaps the best suggestion for involv-
ing students is to follow the tenets of this book—use a
problem-based approach to instruction. Mau and Leitze
(2001) make the case that when teachers are in a show-
and-tell mode, there is significantly more opportunity for
the teacher to reinforce boys’ more overt behaviors as well
as girls’ more passive behaviors. In a classroom influenced



by constructivist theory, all students are expected to both
talk and listen. More mathematical thinking is constructed
with less teacher talk and more student conversation
about ideas. Authority resides in the students and in their
arguments.

W

Stop for a moment and envision the teaching model
you experienced as a student. Can you remember situations in
which one gender was favored, encouraged, reprimanded, or
assisted by the teacher—even without consciously being aware
of any differential treatment? How would these differences
possibly disappear in a problem-based, student-discourse-
oriented environment?

Reducing Resistance
* and Building Resilience

" There are children who make a decision along the
way in their formal education that they won’t learn math-
ematics, so why try? Teachers need to “reach beyond the re-
sistance” and find ways to listen to children and affirm their
abilities. Here are a few key strategies for getting there.

Give Children Choices and Capmatg &eiRDEle

Strengths. Children often need to have power over
something with a stake and a say in what is happening.
Therefore, focus on making classrooms inviting and famil-
iar as you connect students’ voices to the content. Setting
up situations where these students feel success with math-
ematics tasks can bring them closer to stopping the willful
avoidance of learning mathematics. Schools, like families
and communities, are protective support systems that can
foster resilience and persistence in children.

Nurture Traits of Resilience. Benard (1991) suggests
there are four traits found in resilient individuals—social
competence, problem-solving skills, autonomy, and a sense
of purpose and future. We in mathematics education can use
these characteristics to help students reach success. Encour-
age children to be successful despite risk and adversity. Get
students to think critically and be flexible in solving novel
problems. This skill is key to developing strategies that will
serve students in all aspects of their lives. Also continue to
nurture high levels of student responsibility and autonomy,
intentionally nurturing in students a disposition that they
can and will be able to master mathematical concepts.

Demonstrate an Ethic of Caring. It is especially critical
in mathematics, which is sometimes seen as a mechanical
process, to foster a caring atmosphere. For example, work
with students to identify pressures and burdens to thereby
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help students navigate life stresses and create a refuge in
the mathematics classroom, because “when schools focus
on what really matters in life, the cognitive ends we now
pursue so painfully and artificially will be achieved some-
what more naturally. . . . It is obvious that children will work
harder and do things—even things like adding fractions—
for people they love and trust” (Noddings, 1988, p. 32).

Make Mathematics Irresistible. Motivation is based
on what students expect they can do and what they value
(Feather, 1982). The use of games, brainteasers, mysteries
that can be solved through mathematics, and counterin-
tuitive problems that leave students asking, “How is that
possible?” help generate excitement for the subject. But the
main thrust of the motivation emerges from you. Teachers
communicate a passion for the content. Be enthusiastic and
show that mathematics can make a difference in their lives.
Well-known science educator David Hawkins once stated
that “some things are best known by falling in love with
them” (Hawkins, 1965, p. 3).

Give Students Some Leadership in Their Own Learn-
ing. High-achieving students tend to suggest their failures
were from lack of effort. They see the failure as a temporary
condition that can be resolved with hard work and renewed
efforts. On the other hand, children with any history of

E rﬁfi%;mic failure can attribute their failures to lack of ability.

ht&n§t hetribution is more difficult to counteract as
they think their innate lack of mathematical ability prevents
them from doing well no matter what they do. One strategy
is to help students develop personal goals for their learning
of mathematics. They might reflect on their performance
on a unit assessment and what their goals are for the next
unit, or they might personally monitor how they are doing
on their basic fact memorization and set weekly goals.

Providing for
Students Who Are
% Mathematically Gifted

" Students who are mathematically gifted include those
who have high ability or high interest. Some of the students
in this group may be gifted with an intuitive knowledge
of mathematical concepts, whereas others have a passion
for the subject even though they may have to work hard
to learn it. The National Association for Gifted Children
(NAGC) describes a gifted student as “someone who shows,
or has the potential for showing, an exceptional level of
performance in one or more areas of expression” (NAGC,
2007). Many gifted students make themselves apparent to
parents, guardians, and teachers by grasping and articulat-
ing mathematics concepts at an age earlier than expected.
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They are often found to easily make connections among
topics of study and frequently are unable to explain how
they quickly got an answer (Rotigel & Fello, 2005). Gener-
ally, as in tier 1 of the response to intervention model used to
identify students with special needs, the assumption is that
good teaching is often able to respond to the varying needs
of diverse learners, including the talented and gifted. Yet
for some gifted students who seek additional challenges in
their conceptual knowledge and skills, researchers (Lynch,
1992; Renzulli, 1986; Van'Tassel-Baska, 1998) suggest the
curriculum should be adapted to consider level, complexity,

breadth, depth, and pace.

Strategies to Avoid

There is a tendency for many beginning teachers to re-
spond to mathematically gifted students with three rather
ineffective approaches. The first is to offer high-ability
students more of the same work when teachers find them
rapidly completing their tasks. This is the least appropriate
way to respond to mathematically gifted students and the
most likely to result in students’ hiding their ability. The ap-
proach to provide more of the same problems is described
by a quotation from Persis Herold, a math center director
in Washington, D.C., “as all scales and no music” (quoted
in Tobias, 1995, p. 168). Another way to not capitalize on
students’ talents is allowing them to have fgee time if the
finish faster than the others. Although SAQ él@thi};ID
rewarding, it does not maximize their intellectual growth. A
third approach pairs struggling students with gifted students
who serve as mentors for assigned tasks. Routinely assign-
ing gifted students to teach others what they have mastered
is an error in judgment, because it puts mathematically tal-
ented students in a constant position of tutoring rather than
allowing them to create deeper and more complex levels of
understanding. Instead of relying on such options, mathe-
matically gifted students need a variety of choices. Sheftield
writes that gifted students should be introduced to the “joys
and frustrations of thinking deeply about a wide range of
original, open-ended, or complex problems that encourage
them to respond creatively in ways that are original, fluent,
flexible and elegant” (1999, p. 46).

Strategies to Incorporate

There are four basic categories for adapting mathematics
content for gifted mathematics students: acceleration, en-
richment, sophistication, and novelty (Gallagher & Gallagher,
1994). In each of these cases students should be asked to
apply rather than just acquire information. The emphasis
on implementing ideas must overshadow the mental collec-
tion of facts and even concepts.

Acceleration. Acceleration recognizes that students may
already understand the mathematics content that will be
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presented. Some teachers use “curriculum compacting”
(Renzulli, Smith, & Reis, 1982) to give a short overview of
the content and assess students’ ability to respond to tasks
that would demonstrate their proficiency. Then teachers
can either reduce the amount of time these students spend
on aspects of the topic or move altogether to other more
advanced and complex content. Allowing students to pace
their own learning can give them access to curriculum above
their grade level while demanding more independence as
they are provided with materials and tools that vary from
the rest of the class. More frequently students explore simi-
lar topics but include higher-level thinking, more complex
or abstract ideas, and deeper levels of understanding or
content. Research reveals that when gifted students are ac-
celerated through the curriculum they become more likely
to explore science, technology, engineering, and mathemat-
ics (STEM) (Sadler & Tai, 2007).

Enrichment. Enrichmentactivities go beyond the topic of
study to content that is not specifically a part of the grade-
level curriculum but is aligned with the lesson objectives.
Most enrichment activities include extensions to the origi-
nal mathematical tasks. For example, when a second-grade
class is using a spinner with three divisions of different
colors to explore probability, an extension for enrichment
could include asking a group of students to create six dif-

repespinners that é:lmonstrate the following cases: red is
Dlértmha; Liéc k possibly win; blue is likely to win;

red, blue, green, yellow, and orange are all equally likely
to win; blue or green will probably win; and red, blue, and
green have the same chance to win while yellow and orange
can’t possibly win. Other times the format of enrichment
can involve studying the same topic as the rest of the class
while differing on the means and outcomes of the work. Ex-
amples include group investigations, solving real problems
in the community, writing letters to outside audiences, or
identifying applications of the mathematics learned.

Sophistication. Another strategy is to increase the so-
phistication of a topic by raising the level of complexity or
pursuing more depth. In mathematics this can mean ex-
ploring a larger set of ideas in which a mathematics topic
exists. For example, while studying a unit on place value,
mathematically gifted students can stretch their knowledge
to study other numeration systems such as Roman, Mayan,
Egyptian, Babylonian, Chinese, and Zulu. This provides a
multicultural view of how our system fits within the number
systems of the world. In the algebra strand, when students
study sequences or patterns of numbers, mathematically
gifted students can learn about Fibonacci sequences and
their appearances in the natural world.

Novelty. Novelty, the fourth adaptation, introduces com-
pletely different material from the regular curriculum and
frequently takes place in after-school clubs, out-of-class proj-



ects, or collaborative school experiences. The collaborative
experiences include students from a variety of grades and
classes volunteering for special mathematics projects, with a
classroom teacher, principal, or resource teacher taking the
lead. The novelty approach allows gifted students to explore
topics that are within their developmental grasp but may be
outside of the regular curriculum. For example, students
may look at mathematical “tricks” using the binary numbers
to guess classmates’ birthdays or solve reasoning problems
using a logic matrix. The novelty approach may also involve
explorations of topics such as topology through the creation
of paper “knots” called flexagons or large-scale investiga-
tions of the amount of food thrown away at lunchtime. A
group might create tetrahedron kites or find mathematics
in art. Another aspect of the novelty approach provides dif-
ferent options for students in culminating performances of
their understanding, such as demonstrating their knowledge
through inventions, experiments, simulations, dramatiza-
tions, visual displays, and oral presentations.

An additional concern that must be addressed as you
work with your students who are gifted and talented is the
consistent media image of students who do well in math-
ematics as appearing strange looking or acting weird (Shef-
field, 1997). Children are bombarded with television and
movie characters that represent successful, smart math-
ematics and science students as socially inept outcasts. ]ust
as students mimic behaviors of popular mﬁi fi
absorb powerful messages abouﬁ G éofs'Eq?
of showing their intelligence in public settings as they
regularly view these performances. A survey of more than
20,000 students revealed that when given a choice of pre-
ferred group membership, they selected “druggies” over
“brains” (Steinberg, Brown, & Dornbusch, 1996). The re-
peated presentation of an anti-intellectual bias in popular
media needs to be countered with the consistent message
that “smart wins.” Influencing media portrayals is challeng-
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ing, so finding ways to identify “math-smart” role models
in the world of television, movies, and literature, as well as
the real world, encourages and supports your students who
are gifted and talented.

* Final Thoughts

The late Asa Hilliard, a professor and expert on di-
versity, stated, “To restructure we must first look deeply at
the goals that we set for our children and the beliefs that
we have about them. Once we are on the right track there,
then we must turn our attention to the delivery systems, as
we have begun to do. Untracking is right. Mainstreaming
is right. Decentralization is right. Cooperative learning is
right. Technology access for all is right. Multiculturalism
is right. But none of these approaches or strategies will
mean anything if the fundamental belief does not fit with
new structures that are being created” (1991, p. 36). As you
move into the schools as a teacher of your own class, your
high expectations for all students to succeed will make a
lasting difference, as you incorporate the following general
strategies that support diversity:

¢ Identify children’s current knowledge base and build
instructions with that in mind

E h a,ﬁh all sEdents to high-level thinking
igh expectations

e Use a multicultural approach

® Recognize, value, explore, and incorporate the home
culture

e Use alternative assessments to broaden the variety of
indicators of students’ performance

® Measure progress over time rather than taking short
snapshots of student work

e Promote the importance of effort and resilience

Writing to Learn

1. How is equity in the classroom different from teaching all
students equally?

2. For children with learning disabilities and special learning
needs, how should content and instruction each be modified
using the response to intervention model?

3. What are some of the specific difficulties English language
learners may encounter in the mathematics class?

4. In the context of providing for the mathematically gifted,
what is meant by depth?

For Discussion and Exploration

1. Develop your own philosophical statement for “all students”
or “every child.” Design a visual representation for your
statement. Read the Equity Principle in Principles and
Standards and see if your position is in accord with that
principle.

2. What would you do if you found yourself teaching a class
with one mathematically gifted child who had no equal in
the room? Assume that acceleration to the next grade has
been ruled out due to social adjustment factors.
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Recommended Readings

Articles

Berry, R. Q., III. (2004). The Equity Principle through the
voices of African American males. Mathematics Teaching in
the Middle School, 10(2), 100-103.

Berry provides the reader with a realistic view of adolescent Afri-
can American males who can and do find their way in mathemat-
ics. It is clear that it is the teacher who makes a difference.

Lee, H., & Jung, W. S. (2004). Limited English-proficient (LEP)
students and mathematical understanding. Mathematics
Teaching in the Middle School, 9(5), 269-272.

The article belps teachers design instruction to assist students who
know little or no English. Specific examples will belp the reader go
beyond guiding principles.

National Council of Teachers of Mathematics. (2004). Teaching

mathematics to special needs students [Focus Issue]. Teaching
Children Mathematics, 11(3).
The first article in this focus issue by Karp and Howell tackles the
reality that children with special needs truly are different and need
special support to meet high standards. Other articles in the jour-
nal address assessment issues for special students, strategies for dif-
ferentiation, and more.

Online Resources

LDOnline
www.ldonline.org

This site offers identification and assessment tools, teaching
strategies, recommended readings, and interesting articles
on mathematical disabilities in the “LD in Depth” section.

Teaching Diverse Learners—Culturally Responsive
Teaching
www.alliance.brown.edu/tdl/tl-strategies/crt-principles-
prt.shtml

This site includes several characteristics of culturally rele-
vant teaching, explaining the importance of each and giving
concrete examples of how to implement each characteristic
in the classroom.

National Association for Gifted Children (NAGC)
WWW.Nagc.org

NAGC, which has been in existence for over 50 years, is
dedicated to serving professionals who work on behalf of
gifted children. The site has a “Tools for Educators” section
that includes online articles and resources.

Witzel, B., & Allsopp, D. (2007). Dynamic congrete instructio
in an inclusive classroom. Mathematics Tea%@ta‘g@dda:) DF En h ancer

School, 13(4), 244-248.

This article highlights the use of manipulative materials for
middle grade students with high incidence disabilities such as
attention-deficit byperactivity disorder (ADHD). They discuss
through two classroom vignettes three main strategies: (1) linking
prior knowledge to new concepts, (2) emphasizing thinking-aloud
modeling, and (3) applying multisensory cueing (p. 244).

Books

Secada, W. G. (Series Ed.). (1999-2002). Changing the faces of
mathematics (6 volumes). Reston, VA: NCTM.
These six books present perspectives on Asian Americans and Pa-
cific Islanders, Native Americans, Latinos, African Americans,
multiculturalism, and gender equity. Each volume explores cur-
riculum, instruction, and assessment issues relevant to the topic for
all grade levels.

\ Field Experience Guide Connections

Chapter 8 of the Field Experience Guide focuses
on diversity. Experiences include observing one
child’s experience (FEG 8.1), interviewing a
teacher about strategies they use to meet the
needs of all students (FEG 8.2), and reflecting on
meeting the needs of all students (FEG 8.6). The as-
sessment tasks in Chapter 7 of the guide also provide
great opportunities to focus on the needs of individ-
ual learners.
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Technology is an essential tool for learning mathematics in
the 21st century, and all schools must ensure that all their
students bave access to technology. Effective teachers maxi-
mize the potential of technology to develop students’ under-
standing, stimulate their interest, and increase their
proficiency in mathematics. When technology is used strate-
gically, it can provide access to mathematics for all students.
NCTM Position Statement on the Role

of Technology in the Teaching and

Learning of Mathematics (March 2008)

he term technology in the context of school mathemat-
ics refers to digital tools, desktop and laptop comput-
ers, calculators and other handheld devices, collaborative
authoring tools, computer algebra systems, dynamic geom-
etry software, online digital games, podcasts, interactive
presentation devices, spreadsheets, as well as the available,
often Internet-based resources for use with these devices
and tools. Technology is one of the six principles in the
Principles and Standards documents, an emphasis reinforced
by the aforementioned position statement to make clear
that NCTM regards technology as an essential tool for both
learning and teaching mathematics. Thinking of technol-
ogy as an “extra” added on to the list of things you are try-
ing to accomplish in your classroom is not an effective
approach. Instead, technology should be seen as an integral
part of your instructional arsenal of tools for learning. It can
enlarge the scope of the content students can learn and it
can broaden the range of problems that students are able to
tackle (Ball & Stacey, 2005; NCTM Position Statement,
2008). However, it cannot be a replacement for the full
conceptual understanding of mathematics content.
Pedagogical content knowledge (PCK) is the inter-
section of mathematics content knowledge with the peda-
gogical knowledge of teaching and learning (Shulman,
1986), a body of information possessed by teachers that

the average person, even one strong in mathematics, would
not likely know. PCK represents the specific strategies and
approaches that teachers use to deliver mathematical con-
tent to students. Technological, pedagogical, and content
knowledge (TPACK), as shown in Figure 7.1, describes
the infusion of technology to this mix (Mishra & Koehler,
2006; Niess, 2008). We suggest that teachers consider tech-
nology as a conscious component of each lesson and each
strategy for enhancing student learning. This chapter’s em-
phasis on the importance of technology in instruction is
carried over throughout the content chapters, especially
in sections highlighted with the technology icon. Its value
becomes evident when technological features embedded in
a lesson enhance students’ opportunities to learn impor-
tant mathematics, serving as a basic learning tool rather
than an add-on or a once-a-week opportunity in a computer

lab.

Pedagogical content
knowledge

v

Content
knowledge -

Pedagogical
- knowledge

Technological 7 ¥\ Technological

content pedagogical
knowledge knowledge
Technological
T pedagogical
Technological content
knowledge knowledge

Figure 7.1 TPACK framework.
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Calculators in Mathematics
Instruction

In its 2005 Position Statement on Computation,
Calculators, and Common Sense, NCTM clarified its long-
standing view by stating, “Students need an understanding
of number and operations, in-
cluding the use of computational
procedures, estimation, mental
mathematics, and the appropriate
use of the calculator.” They go
on to say, “leachers can capital-
ize on the appropriate use of this
technology to expand students’
mathematical understanding, not
to replace it.”

Even with everyday use of calculators in society and the
professional support of calculators in schools, use of calcu-
lators is not always central to instruction in a mathematics
classroom, especially at the elementary level. Sometimes
educators and students’ families are concerned that just al-
lowing students to use calculators when solving problems
will replace children’s learning the basic facts to reach com-
putational proficiency. However, rather than an either-or
choice, just as with the use of the Internet, there are condi-
tions when students should use the techn and other,
times when they must call on their own rem P

Based on efficiency and effectiveness, the student
should learn when to use mental mathematics, when to
use estimation, when to tackle a problem with paper and
pencil, and when to use a calculator. Ignoring the potential
benefits of calculators by prohibiting their use entirely can
inhibit students’ learning. Helping students know when
to grab a calculator and when not to use one is precisely
the work of the teacher. Sometimes using a calculator
during instruction allows students to explore a higher-level
topic or identify a complex pattern. Expanding students’
abilities to think about challenging mathematics must be
balanced with the development of their computational
skills.

Help families understand that calculator use will in no
way prevent children from learning rigorous mathemat-
ics: in fact, calculators used thoughtfully and meaningfully
can enhance the learning of mathematics. Furthermore,
families should be made aware that calculators and other
technologies require students to be problem solvers. Cal-
culators can only calculate according to input entered by
humans. In isolation, calculators cannot answer the most
meaningful mathematics tasks and they cannot substitute
for thinking or understanding. Sending home calculator
activities that reinforce important mathematical concepts
and including calculator activities on a Family Math Night
are ways to educate families about appropriate calculator
use.

Go to the Building Teaching |
Skills and Dispositions
section of Chapter 7 of
MyEducationLab. Click on
Videos and watch the video
entitled “Graphing Calcula-
tors” to see students using
graphing calculators.

i
myeducationlat?)

Dhare disd¥

When to Use a Calculator

If the primary purpose of the instructional activity is to prac-
tice computational skills, students should not be using a cal-
culator. On the other hand, students should have full access
to calculators when they are exploring patterns, conducting
investigations, testing conjectures, and solving problems.
Situations involving computations that are beyond students’
ability without the aid of a calculator are not necessarily
beyond their ability to think about meaningfully.

As students come to fully understand the meanings of
the operations, they should be exposed to realistic problems
with realistic numbers. For example, young children may
want to calculate how many seconds they have been alive.
They can think conceptually about how many seconds in a
minute, hour, day, and so on. But the actual calculations and
those that continue to weeks and years can be done more
efficiently on a calculator.

Also include calculators when the goal of the instruc-
tional activity is not to compute, but computation is in-
volved in the problem solving. For example, students in
the middle grades may be asked to identify the “best buy”
when there are different percentages off different merchan-
dise. Whether purchasing a bicycle or getting a deal on ride
tickets at the fair, the goal is to define the most economi-
cal relationship given a set of choices by calculating the
various percentage discounts with a calculator. Calculators

jﬂlam g herating and analyzing patterns For
example, when finding the decimal equivalent of o 9, 5 2 and
so on, a neat pattern emerges. Let students explore other
“ninths” and make conjectures as to why the pattern occurs.
Again, the emphasis is not to determine a computational
solution but instead to use the calculator to help find a
pattern.

Finally, calculators can be used as accommodations for
students with special needs. When used for instruction that
is not centered on developing computation skills, calcu-
lators can help ensure that all students have appropriate
access to the curriculum to the maximum extent possible.

Benefits of Calculator Use

Understanding how calculators contribute to the learning
of mathematics includes recognizing that the “use of cal-
culators does not threaten the development of basic skills
and that it can enhance conceptual understanding, strategic
competence, and disposition toward mathematics” (NRC,
2001, p. 354). This includes four-function, scientific, and
graphing calculators. A specific discussion of graphing cal-
culators is found later in this chapter.

Calculators Can Be Used to Develop Concepts and En-
hance Problem Solving. The calculator can be much
more than a device for calculation. As shown in an analysis
of more than 79 research studies, K-12 students (with the



exception of grade 4) who used calculators improved their
“basic skills with paper-pencil tasks both in computational
operations and in problem solving” (Hembree & Dessert,
1986; 1992, p. 96). Other researchers confirm that students
with long-term experience using calculators performed bet-
ter overall than children without such experience on both
mental computation and paper-and-pencil problems (El-
lington, 2003; Smith, 1997b; Wareham, 2005). There has
been a call for more studies on the long-term use of calcu-
lators (National Mathematics Advisory Panel, 2008), and
additional research is likely to result.

Although some worry that calculator use can impede
instruction in number and operations, the reverse is actu-
ally the case, as shown in the following examples. (Also
see the calculator activities in the following chapters, on
number and operations.) In K-1, children who are explor-
ing concepts of quantity can use the calculator as a count-
ing machine. Using the automatic-constant feature (not
all calculators perform this in the same way—so check
how it works on your calculator) children can count. For
example, press the following keys—(0] ===
to count by ones, pressing the equals key for as long as
the count continues. Help children try this feature. The
“count by ones” on the calculator can reinforce students’
oral counting, identification of patterns, and can even
be used by one child to count their classmates as they
enter in the morning. Children’s}&teratnre with d
phrases, such as the classic Goodnig p‘@og(@‘ow?; Eﬁ),
provides an opportunity for students to count. Children
can press the equals sign each time the little rabbit says
goodnight in his bedtime routine. At the completion of
the book they can compare how many “goodnights” were
recorded. Follow-up activities include using the same
automatic-constant feature on the calculator with different
stories or books to skip-count by twos (e.g., pairs of ani-
mals or people), fives (e.g., fingers on one hand or people
in a car), or tens (e.g., dimes, “ten in a bed,” apples in a
tree).

Older students can investigate decimal concepts with
a calculator, as in the following examples. On the calcula-
tor, 796 + 42 = 18.95348. Consider the task of using the
calculator to determine the whole-number remainder. An-
other example is to use the calculator to find a number that
when multiplied by itself will produce 43. In this situation,
a student can press 6.1 [X] [=] to get the square of 6.1. For
students who are just beginning to understand decimals,
the activity will demonstrate that numbers such as 6.3 and
6.4 are between 6 and 7. Furthermore, 6.55 is between 6.5
and 6.6. For students who already understand decimals, the
same activity serves as a meaningful and conceptual intro-
duction to square roots.

Calculators Can Be Used for Drill. Students who want
to practice the multiples of 7 can press 7 (%] 3 and delay
pressing the [=]. The challenge is to answer the fact to them-
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selves before pressing the (=] key. Subsequent multiples of 7
can be checked by simply pressing the second factor and
the (=). The TI-10 (Texas Instruments) and TI-15 calcu-
lators now have built-in problem-solving modes in which
students can practice facts, develop lists of related facts, and
test equations or inequalities with arithmetic expressions
on both sides of the relationship symbol (http://education
.ti.com/educationportal/sites/US/productCategory/us_
elementary.html).

A class can be split in half with one half required to
use a calculator and the other required to do the computa-
tions mentally. For 3000 + 1765, the mental group wins
every time. It will also win for simple facts and numerous
problems that lend themselves to mental computation. Of
course, there are many computations, such as 537 x 32,
where the calculator team will be faster. Not only does this
simple exercise provide practice with mental math, but it
also demonstrates to students that it is not always effective
to reach for the calculator.

Calculators Can Improve Attitudes and Motivation.
Research results reveal that students who frequently use cal-
culators have better attitudes toward the subject of mathe-
matics (Ellington, 2003). There is also evidence that students
are more motivated when their anxiety is reduced; therefore,
supporting students during problem-solving activities with

C is important. A student with special needs who is
Enlﬁﬁﬁﬁh]é roblem-solving lesson due to weak knowledge

of basic facts will not pursue the worthwhile explorations
the teacher plans. That does not excuse them from learning
their facts. As we try to increase students’ confidence that
they can solve challenging mathematics problems, we can
expand their motivation to be persistent and stay engaged in
the process of thinking about numbers. Again, the strategic
use of the calculator is guided by the plans of the teacher and
the eventual decision making of the students.

Calculators Are Commonly Used in Society. Calcula-
tors are used in every facet of life that involves any sort of
exact computation by almost everyone. Students should be
taught how to use this commonplace tool effectively and
also learn to judge when to use it. Many adults have not
learned how to use the automatic-constant feature of a cal-
culator and are not practiced in recognizing common errors
that are often made on calculators. Effective use of calcula-
tors is an important skill that is best learned by using them
regularly in meaningful problem-solving activities.

Graphing Calculators

Graphing calculators help students visualize concepts as
they make real-world connections with data. When students
can actually see expressions, formulas, graphs, and the re-
sults of changing a variable on those visual representations,
a deeper understanding of concepts can result. Graphing
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calculators are used with upper-
elementary-age students to high
school students and beyond, but
the most common use is at the
secondary level. Since graphing
calculators are permitted and in
some cases required on such tests
as the SAT, ACT, PSAT, or AP
exams, it is critical for all students
to be familiar with their use.

It is a mistake to think that
graphing calculators are only for doing “high-powered”
mathematics. The following list demonstrates some fea-
tures the graphing calculator offers, every one of which is
useful within the standard middle school curriculum.

Go to the Activities and Ap-
plication section of Chap-
ter 7 of MyEducationLab.
Click on Videos and watch
the video entitled “John
Van de Walle on the Bene-
fits of Calculator Use”

to see him talk with Cana-
dian teachers about using
calculators.

® The display window permits compound expressions
such as 3 + 4(5 — 6/7) to be shown completely before
being evaluated. Furthermore, once evaluated, previ-
ous expressions can be recalled and modified. This
promotes an understanding of notation and order of
operations. The graphing calculator is also a significant
tool for exploring patterns and solving problems. Ex-
pressions can include exponents, absolute values, and
negation signs, with no restrictions on the values
used.

® Even without using function definition capability, stu-

i
myeducationlat?)

® Graphs for data analysis are available, including box-
and-whisker plots, histograms, and, on some calcula-
tors, circle graphs, bar graphs, and pictographs.

® Random number generators allow for the simulation
of a variety of probability experiments that would be
difficult without such a device.

e Scatter plots for ordered pairs of real data can be en-
tered, plotted, and examined for trends. The calculator
will calculate the equations of best-fit linear, quadratic,
cubic, or logarithmic functions.

e Functions can be explored in three modes: equation,
table, and graph. Because the calculator easily switches
from one to the other and because of the trace feature,
the connections between these modes become quite
clear.

e The graphing calculator is programmable. Programs
are very easily written and understood. For example,
a program involving the Pythagorean theorem can be
used to find the lengths of sides of right triangles.

® Students can share data programs and functions from
one calculator to another, connect their calculators to
a classroom display screen, save information on a com-
puter, and download software applications that give
additional functionality for special uses.

Most of the ideas on this list are explored briefly in appro-
priate chapters in this book.

dents can insert values into expresmA fg‘@ﬂaPDF Elqeh &taphigg [calculator, the TI-Nspire (www

without having to enter the entire formula for each
new value. The results can be entered into a list or
table of values and stored directly on the calculator for
further analysis.

® Variables can be used in expressions and then assigned
different values to see the effect on expressions. This
simple method helps with the idea of a variable as
something that varies.

® The distinction between “negative” and “subtract” is
clear and very useful. A separate key is used to enter the
negative of a quantity. The display shows the negative
sign as a superscript. If =5 is stored in the variable B,
then the expression 2 — "B will be evaluated correctly
as ~7. This feature is a significant aid in the study of
integers and variables.

e Points can be plotted on a coordinate screen either by
entering coordinates and seeing the result or by moving
the cursor to a particular coordinate on the screen.

® Very large and very small numbers are managed with-
out error. The calculator will quickly compute factori-
als, even for large numbers, as well as permutations and
combinations. For example, 23! = 1.033314797 x 10%.

® Built-in statistical functions allow students to examine
the means, medians, and standard deviations of large
sets of realistic data without a computer. Data are en-
tered, ordered, added to, or changed almost as easily
as on a spreadsheet.

.ti-nspire.com/tools/nspire/index.html) is beginning to
make its way into classrooms. This handheld device links
up to four representations of the same data on a single
screen, including graphs, tables, visual images, and even
written representations. For example, a student can ex-
plore how changing the width of a rectangle but keeping
the perimeter constant impacts the area. Simultaneously
on the screen the student can see the visual image of the
rectangle that they can manipulate to desired dimensions, a
table of matching values, and a graph of the resulting area.
Rather than toggling from one representation to another,
they can all be considered at one time, which strengthens
the ability to see patterns. There are even options for writ-
ing notes to record discoveries or findings. Again, however,
this device is only as useful as the tasks teachers create for
students.

Arguments against graphing calculators are similar to
those for other calculators—and are equally unsubstanti-
ated. These amazing tools have the potential of providing
students with significant opportunities for exploring real
mathematics.

Data-Collection Devices

In addition to the capabilities of the graphing calculator
alone, electronic data-collection devices make them even
more remarkable. Texas Instruments calls its version the
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CBL (for computer-based laboratory), which has become the
generic acronym for such devices. Casio’s current version,
the EA-200, is nearly identical in design. These devices
accept a variety of data-collection probes, such as tempera-
ture or light sensors and motion detectors, that can be used
to gather real physical data. The data can be transferred to
the graphing calculator, where they are stored in one or
more lists. The calculator can then produce scatter plots or
prepare other analyses. With appropriate software, the data
can also be transferred to a computer.

These instruments help students connect graphs with
real-world physical events. They emphasize the relation-
ships between variables and can dispel some of the common
misconceptions students have about interpreting graphs
(Lapp, 2001). Lapp explains that students confuse the fast-
est rate of change with the highest point on the graph or
they may erroneously think that the shape of the graph is
the shape of the motion (like a bicycle going up the hill is
faster—increasing speed—than a bicycle going downhill).
The fact that the graph can be produced immediately is a
powerful feature of the device so that these “miss-steps” in
thinking can be tested and discussed.

The most popular probe for mathematics teachers is
the motion detector. Texas Instruments has a special motion
detector called a Ranger or CBR that connects directly to
the calculator without requiring a CBL unit. Experiments
with a motion detector include apalysis of objec EEg
down an incline, bouncing balls,géagr@ peE .
The device actually detects the distance an object is from
the sensor. When distance is plotted against time, the graph
shows velocity. Students can plot their own motion walk-
ing toward or away from the detector or match the motion
shown in a graph already produced. The concept of rate
when interpreted as the slope of a distance-to-time curve
can become quite dramatic.

One of the most exciting aspects of data-collection
devices involves the melding of science and mathematics
learning. For example, the Concord Consortium’s Tech-
nology Enhanced Elementary and Middle School Science
(TEEMSS 1I) project blends science and mathematics in-
quiry for grades 3-8 (http://teemss.concord.org). Through
curriculum and software (free after registration), they share
investigations in which real-time data in physical science,
life science, earth science, technology, and engineering are
collected, analyzed, and shared.

Computers in Mathematics
* Instruction

" A number of powerful software tools have been cre-
ated for use in the mathematics classroom, existing both as
stand-alone programs that can be purchased from software
publishers and as Internet-based applications accessible

Computers in Mathematics Instruction 115

through Web browsers such as Microsoft Internet Explorer,
Apple’s Safari, Mozilla’s Firefox, and others.

Java applets are much smaller, more targeted programs
than commercial software and have the significant advan-
tage that they can be freely accessed on the Internet. Many
can also be downloaded so that an Internet connection is
not required for student use. Some of these applets are de-
scribed briefly throughout this book and at the end of each
chapter. The sites listed at the end of this chapter collec-
tively offer well over 100 applets. You are strongly urged to
browse and play. Many of these are lots of fun!

A mathematical software tool is somewhat like a physi-
cal manipulative; by itself, it does not teach. However, the
user of a well-designed tool has an electronic “thinker toy”
with which to explore mathematical ideas.

Tools for Developing Numeration

Programs providing screen versions of popular manipu-
lative models for counting, place value, and fractions are
available for students to work with freely without the com-
puter posing problems, evaluating results, or telling the
students what to do.

At the earliest level there are programs that provide
“counters” such as colored tiles, pictures of assorted objects,
five/ten frames, and more. Typically, students can drag

Enciopa«ms@e]y place on the screen, change the colors, and

put them in groupings. Some programs have options that
turn on counters for the screen or subsets of the screen.
Nonmathematical programs such as Kidspiration (Inspira-
tion Software, 2008) can also be used to “stamp” discrete
objects on the screen, explore shapes, word process, and
more.

Base-ten blocks (ones, tens, and hundreds models),
assorted fraction pieces, and Cuisenaire rods (centimeter
rods) are available in some software packages as well as
in Web-based applets. These include both pure tool pro-
grams and instructional software programs that attempt to
teach or tutor. Some fraction models are more flexible than
physical models. For example, a circular region might be
subdivided into many more fractional parts than is reason-
able with physical models. When the models are connected
with on-screen counters, it is possible with some programs
to have fraction or decimal representations shown so that
connections between fractions and decimals can be illus-
trated. Odyssey Math (CompassLearning, 2008) or Destina-
tion Math (Riverdeep Interactive Learning Limited, 2008)
do a nice job of connecting these types of representations
for fractions.

Web-based tools or applets exist that are designed so
that students may manipulate them without constraint. For
example, the Base Ten Block Applet (www.arcytech.org/
java/b10blocks/b10blocks.html) allows children to collect
as many flats, rods, and units as they wish, gluing together
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groups of ten, or breaking a flat into ten rods or a rod into
ten units.

The obvious question is, Why not simply use the actual
physical models? Electronic or virtual manipulatives have
some advantages that merit integrating them into your
instruction—not just adding them on as extras.

® Qualitative Differences in Use. Usually it is at least as
easy to manipulate virtual manipulatives as it is to use
their physical counterparts. However, control of mate-
rials on the screen requires a different, perhaps more
deliberative, mental action that is “more in line with
the mental actions that we want children to carry out”
(Clements & Sarama, 2005, p. 53). For example, the
base-ten rod representing a ten can be broken into ten
single blocks by clicking on it with a hammer icon.
With physical blocks, the ten must be traded for the
equivalent blocks counted out by the student.

e Connection to Symbolism. Most virtual manipulatives for
number include dynamic numerals or odometers that
change as the representation on the screen changes.
This direct and immediate connection to numeral
representation is more challenging with physical
models.

o Unlimited Materials with Easy Cleanup. With virtual
manipulatives, students can easily erase the screen and
begin a new problem with the click of a mouse. They
will never run out of materials. For p
the large 1000 cubes are readily available in quantity.
And there is no storage or cleanup to worry about.

® Accommodations for Special Purposes. For English lan-
guage learners or visually impaired students, some pro-
grams come with speech enhancements so that the
students hear the names of the materials or the num-
bers. Some programs and applets are available in Span-
ish. For students with physical disabilities, the computer
models are often easier to access and use than physical
models.

Many software-based programs also offer a word-
processing capability connected to the workspace, allow-
ing students to write a sentence or two to explain what they
have done or perhaps to create a story problem to go with
their work. Printing a picture of the workspace, with or
without a written attachment, creates a record of the work
for the teacher or parent that is more challenging with
physical models. Note, however, that Web-based applets
typically do not have print capabilities.

Tools for Developing Geometry

Computer tools for geometric exploration are much
closer to pure tools than those just described for numera-
tion. That is, students can use most of these tools with-
out any constraints. They typically offer some significant
advantages over physical models, although the comput-

erized tools should never replace physical models in the
classroom.

Blocks and Tiles. Programs that allow students to
“stamp” geometric tiles or blocks on the screen are quite
common. Typically, there is a palette of blocks, often the
same as pattern blocks or tangrams, from which students
can choose by clicking the mouse. Often the blocks can be
made “magnetic” so that when they are released close to
another block, the two will snap together, matching like
sides. Blocks can usually be rotated, either freely or in set
increments. Figure 7.2 shows a simple yet powerful applet
that permits a student to slice any of the three shapes in
any place and then manipulate the pieces. This is a good
example of something a student can do with a computer
that would be difficult or impossible with physical models.
You may find the following:

® The ability to enlarge or reduce the size of blocks, usu-
ally by set increments

® The ability to “glue” blocks together to make new
blocks

® The ability to reflect one or more blocks across a line
of symmetry or to rotate them about a point
The ability to measure area or perimeters
The ability to select polygons with a variable number
of sides

algeverPDFO Eiq h)a'ﬁ'@/efrcreating three-dimensional shapes

and rotating them in space

Figure 7.2 The Cutting Shapes Tool applet.

Used with permission from the CD-ROM included with the NCTM pre-
K-2 Navigations book for geometry by C. R. Findell, L. Davey, C. E.
Greens, and L. J. Sheffield. Copyright © 2001 by the National Council

of Teachers of Mathematics, Inc. All rights reserved. The presence of

the screenshot from Navigations does not constitute or imply an endorse-
ment by NCTM.



For students who have poor motor coordination or a
physical disability that makes block manipulation difficult,
the computer versions of blocks are a real plus. Colorful
printouts can be displayed, discussed, and taken home if
that option is available.

Drawing Programs. For younger students, drawing
shapes on a grid is much easier and more useful for geomet-
ric exploration than free-form drawing. Several programs
offer electronic geoboards on which lines can be drawn be-
tween points on a grid. When a shape such as a triangle is
formed, it can typically be altered just as you would a rubber
band on a geoboard. For an example, check NCTM’s Illu-
minations website. The electronic geoboard programs offer
alarger grid on which to draw, ease of use, and the ability to
save and print. Some include measuring capabilities as well
as reflection and rotation of shapes, things that are difficult
or impossible to do on a physical geoboard. An example of
a good Internet applet for drawing is the Isometric Drawing
Tool found at NCTM’s website (see Figure 7.3).

Dynamic Geometry Environments. Dynamic geometry
programs allow students to create shapes on the computer
screen and then manipulate and measure them by dragging
vertices. The most well-known are The Geometer’s Sketch-
pad (Key Curriculum Press), Cabri Geometry II (Texas In-
struments), and the public domaip Wingeom (ht
.exeter.edu/rparris/wingeom.ht Kﬁ ?
programs allow the creation of geometric ob]ects (hnes,
circles) so that their relationship to another screen object is
established. For example, a new line can be drawn through
a point and perpendicular to another line. A midpoint can
be established on any line segment. Once created, these
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Figure 7.3 The Isometric Drawing Tool applet from
NCTM'’s llluminations website.

Used with permission from NCTM'’s llluminations website. Copyright
© 2003 by the National Council of Teachers of Mathematics, Inc. All
rights reserved. The presence of the screenshot from llluminations
(http://illuminations.NCTM.org/ActivityDetail.aspx?ID-125) does not
constitute or imply an endorsement by NCTM.
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relationships are preserved no matter how the objects are
moved or altered. Dynamic geometry software can dramati-
cally both change and improve the teaching of geometry in
grade 3 and beyond. The ability of students to explore geo-
metric relationships with this software is unmatched with
any noncomputer mode. More detailed discussion of these
programs can be found in Chapter 20.

Tools for Developing Probability
and Data Analysis

These computer tools allow for the entry of data and a wide
choice of graphs made from the data. In addition, most
will produce typical statistics such as mean, median, and
range. Some programs are designed for students in the pri-
mary grades. Others are more sophisticated and can be used
through the middle grades. For example, TinkerPlots (Key
Curriculum Press, 2005), for students in grades 4-8, can
generate graphs in a variety of forms for analyzing data and
producing statistics. The dynamic nature of the program
allows students to drag an outlier to see how the mean,
median, and mode change. Using a “stack, order, and sepa-
rate” framework, the software not only provides a sound
approach to thinking about the graphs, but gives more than
40 data sets to use in investigating real-world information.
These programs make it possible to change the emphasis

Enh@n@@ﬁ from “how to construct graphs” to “which

graph best tells the story.”

Probability Tools. These programs make it easy to con-
duct controlled probability experiments and see graphical
representations of the results. For example, the National
Library of Virtual Manipulatives (see websites section
at end of chapter) provides options for coin tossing and
spinners with regions that can be customized. The young
student using these programs must accept that when the
computer “flips a coin” or “spins a spinner,” the results are
just as random and have the same probabilities as if done
with real coins or spinners. The value of these programs is
found in the ease with which experiments can be designed
and large numbers of trials conducted, which allows more
time for analyzing results.

Spreadsheets and Data Graphers. Spreadsheets are pro-
grams that can manipulate rows and columns of numeric
data. Values taken from one position in the spreadsheet can
be used in formulas to determine entries elsewhere in the
spreadsheet. When an entry is changed, the spreadsheet
updates all values immediately.

Because the spreadsheet is among the most popular
pieces of standard tool software outside of schools, it is
often available in integrated packages you may already have
on your computer. Students as early as third grade can use
these programs to organize data, display data graphically in
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various ways, and do numeric calculations such as finding
how changing gas prices impact the family budget. Students
only need to know how to use the capabilities of the spread-
sheet that they will be using.

The [lluminations website from NCTM offers a couple
of very nice spreadsheet Internet applets, Spreadsheet and
Spreadsheet and Graphing Tool. They can be used while con-
nected to the Internet, or they can be downloaded to your
computer. In addition, MCES Kidszone (at http://nces
.ed.gov/nceskids/index.asp) has both graphing tools and
probability simulations for elementary and middle school
students.

Tools for Developing
Algebraic Thinking

Very young children can use virtual pattern blocks to create
patterns for copying, continuing, transforming, and for
analysis (see www.arcytech.org/java/patterns). The unend-
ing supply of any pattern block does not restrict children by
the number of available materials. Copies of their designs
can be printed through a screen capture so that other stu-
dents can be challenged to identify the pattern. Teachers of
older students can use virtual pattern blocks either on their
interactive whiteboard or accessed from the National Li-
brary of Virtual Manipulatives website to create a growing

include a tool-only component. In the following discussion,
the intent is to provide some perspective on the different
kinds of input to your mathematics program that instruc-
tional software might offer.

Concept Instruction

A growing number of programs make an effort to offer con-
ceptual instruction. Some, like the Math Adventures series
of programs (Tom Snyder Productions) and the Prime Time
Math series (Tom Snyder Productions), rely on real-world
contexts to illustrate mathematical ideas. Using problem-
solving situations, specific concepts are developed in a
guided manner to solve the problem.

What is most often missing is a way to make the math-
ematics problem-based or to connect the conceptual ac-
tivity with the symbolic techniques. Furthermore, when
students work on a computer, there is little opportunity for
discourse, conjecture, or original ideas. Some software even
presents concepts in such a fashion as to remove learners
from thinking and constructing their own understanding.
In some instances, the programs might be best used with the
teacher controlling the program on a large display screen
with the class. In this way, the teacher can pose questions
and entertain discussion that is simply not possible with one
student on a computer.

pattern, recording the number of squares aclP
step (or term). Students can explore the seqép are D%rt)l':l')rl]em'\a{lo(ltv?nrg

to make a conjecture as to how many squares will be needed
at the tenth term or the ninth term of the pattern.

For older students, function graphing software permits
the user to create the graph of almost any function very
quickly. Multiple functions can be plotted on the same axis.
It is usually possible to trace along the path of a curve and
view the coordinates at any point. The dimensions of the
viewing area can be changed easily so that it is just as easy
to look at a graph for x and y between —10 and +10 as it is
to look at a portion of the graph thousands of units away
from the origin. By “zooming in” on the intersection of two
graphs, it is possible to find points of intersection without
algebraic manipulation. Similarly, the point where a graph
crosses the axis can be found to as many decimal places as
is desired.

The function graphing features just described are avail-
able on all graphing calculators. Computer programs can
add speed, color, visual clarity, and a variety of other inter-
esting features to help students analyze functions.

. Instructional Software

" Instructional software is designed for student inter-
action in a manner similar to the textbook or a tutor. It is
designed to teach. The distinction between tool and in-
structional software is not always clear since some packages

With the current focus on problem solving, more software
publishers purport to teach students to solve problems. But
problem solving is not the same as solving problems. The
Thinkport series demonstrates good examples of problem
solving. Here the problems are not typical story problems
awaiting a computation but more thoughtful stories set in
real contexts.

At the other end of the spectrum are programs that
offer little more than a large library of typical story prob-
lems. Usually, the teacher can control for problem difficulty
and the operations to be used. These programs would be
more valuable if they offered some conceptual assistance if
the student gets the problems incorrect, but that is rarely
the case.

Logic problem solving is another variant of problem-
solving software. This category includes spatial reasoning,
as in Factory Deluxe (Sunburst) and number patterns and
operation sense, as in Odyssey Math (CompassLearning),
Destination Math (Riverdeep), and Academy of Math
(AutoSkill).

Drill and Reinforcement

Drill programs give students practice with skills that
are assumed to have been previously taught. In general,
a drill program poses questions that are answered di-
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rectly or by selecting from a multiple-choice list. Many
of these programs are set in arcade formats that make
them exciting for students who like video games, al-
though the format has nothing to do with the practice
involved.

Drill programs evaluate responses immediately. How
they respond to the first or second incorrect answer is
one important distinguishing feature. At one extreme, the
answer is simply recorded as wrong. There may be a second
or third chance to correct it. At the other extreme, the pro-
gram may branch to an explanation of the correct response.
Others may provide a useful hint or supply a visual model
to help with the task. Some programs also offer record-
keeping features for the teacher to keep track of individual
student’s progress.

One software feature worth mentioning is dif-
ferentiated drill, such as is found in FASTT Math (Tom
Snyder Productions, www.tomsnyder.com/fasttmath/
overview.html). The FASTT Math (Fluency and Auto-
maticity through Systematic Teaching with Technol-
ogy) program works to help all students develop fluency
with math facts. In short sessions that are customized
for individual learners, the software automatically dif-
ferentiates instruction based on each student’s previous
performance.

Guidelines for Séleating PDF
. and Using Software

" There is so much software for mathematics today.
Commercially published software is becoming increasingly
expensive which is why we suggest open-source software
where possible. Even though most Internet-based applets
are free to use, schools must still provide for Internet access
and the appropriate hardware. In either case, it is impor-
tant to make informed decisions when investing limited
resources.

Guidelines for Using Software

How software is used in mathematics instruction will vary
considerably with the topic, the grade level, and the soft-
ware itself. The following are offered as considerations that
you should keep in mind.

® Software should contribute to the objectives of the les-
son or unit. It should not be used as an add-on or sub-
stitute for more accessible approaches. Its use should
take advantage of what technology can do efficiently
and well.

¢ For individualized or small-group use, plan to provide
specific instructions for using the software and also
plan to provide time for students to freely explore or
practice using the software.

Enhaha
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e Combine software activities with off-computer activi-
ties (e.g., collect measurement data in the classroom to
enter into a spreadsheet).

e Create a management plan for using the software. This
could include a schedule for using the software (e.g.,
during centers, during small-group work) and a way to
assess the effectiveness of the software use. Although
some software programs include a way to keep track of
student performance, you may need to rely on other
assessment strategies to determine whether the soft-
ware is effectively meeting the objectives of the lesson
or unit.

How to Select Software

The most important requirement for purchasing effective
software is to be well informed about the product and to
evaluate its merits in an objective manner.

Gathering Information. One of the best sources of in-
formation concerning new software is the review section
of the NCTM journals or other journals that you respect.
Many websites offer reviews on both commercially avail-
able software and Internet-based applets. The Math Forum
at Drexel University at http://mathforum.org is one such
site.

One important consideration is whether the software
r all students, including individuals with dis-
abilities. Can the text be enlarged or highlighted as it is
read aloud? Are the graphics easily recognizable, contain-
ing mouse-overs (where the action is written or spoken as
the mouse is moved over the image) and not dependent on
color for meaning? Can the software be used with a key-
board instead of a mouse? All these questions are derived
from the universal design principles defined at www.design
.ncsu.edu/cud/about_ud/udprinciplestext.htm.

TechMatrix at www.techmatrix.org “is a powerful tool
for finding educational and assistive technology products
for students with special needs” (National Center for Tech-
nology Innovation, 2008). Select mathematics under the
heading subjects and take a look at how the learning support
“matrix” list indicates the presence of a variety of elements
in software programs. The matrix you generate will com-
pare whether different software products for mathematics
learning contain such elements as differentiation features,
text to speech capability, word prediction, eye-tracking cur-
sors, output options in Braille, voice recognition, and other
useful information. Clicking on “Research” and then “Math”
at the top of the home page displays a list of research-based
reports related to the use of technology in the mathematics
classroom for students with and without disabilities.

When selecting any computer-based tool or instruc-
tional software, it is important to evaluate it appropriately.
Try first to get a preview copy or at least a demonstration
version. Take advantage of any option that allows users to
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download software for 30-day approval. Before purchasing,
try the software with kids in the grade that will be using it.
Remember, it is the content you are interested in, not the
game the students will be playing.

Criteria. Think about the following points as you re-
view software before purchasing it or using it in your
classroom (also see the rubric in the Field Experience
Guide):

® What does this do better than can be done without the
computer? Don’t select or use software just to put your
students on the computer. Get past the clever graphics
and the games and focus on what students will be
learning.

® How are students likely to be engaged with the con-
tent (not the frills)? Remember that student reflective
thought is the most significant factor in effective in-
struction. Is the mathematics presented so that it is
problematic for the student?

® How easy is the program to use? There should not
be so much tedium in using the program that atten-
tion is diverted from the content or students become
frustrated.

® How does the program develop conceptual knowl-
edge that supports understanding of concepts? In drill

programs, how are wrong answers ha§dled? Are the[IDD

models or explanations going to be h atgﬂen
understanding?

e What controls and assessments are provided to the
teacher? Are there options that can be turned on and
off (e.g., sound, types of feedback or help, levels of dif-
ficulty)? Is there a provision for record keeping so that
you will know what progress individual students have
made?

® Is a manual or online instruction available? What is
the quality of the manual or instructions? Minimally,
the manual should make it clear how the program
is to operate and provide assistance for trouble-
shooting.

¢ [s the program equitable in its consideration of gender
and culture?

® What is the nature of the licensing agreement? In
the case of purchased software, is a site license or
network license available? If you purchase a single-
user package, it is not legal to install the software
on multiple computers. Internet applets require the
computer to be connected to the Internet and soft-
ware such as Java (Sun Microsystems) to view the
applets. Do these constraints fit with your school
situation?

® Be sure that the program will run on the computers at
your school. The software description should indicate
the compatible platform(s) (Windows/Macintosh) and
the version of the required operating systems.

* Resources on the Internet

" In addition to access to Internet-based software ap-
plications, or applets, the World Wide Web is a wellspring
of information and resources for both teachers and students
interested in mathematics and teaching mathematics.

Instead of using a standard search engine to find
mathematics-related information, it is better to have some
places to begin. Several good websites in different catego-
ries will usually provide you with more links to other sites
than you will have time to search. One source for good
websites is this book. At the end of every chapter and on
the MyEducationLab website (www.myeducationlab.com)
you will find a list of Web-based resources. Although a brief
description accompanies each listing, you are encouraged
to check these out yourself as websites are frequently modi-
fied. The types of resources you can expect to find include
professional information, teacher resources, digital tools,
and open-source software.

How to Select Internet Resources

"The massive amount of information available on the Internet
must be sifted through for accuracy and sorted by quality
when you plan instruction or when the students in your class
ather information or research a mathematics topic. For ex-
émpEﬁelﬂafm @athematics lesson plan on the Internet
does not ensure that it is of high quality, as anyone can pub-
lish any idea they have on the Web. When students complete
a WebQuest (http://webquest.org) or an I Search (www?2
.edc.org/FSC/MIH) about a famous mathematician for ex-
ample, how can they be sure the information is trustworthy?
"To use the Web as a teaching toolbox for locating success-
ful mathematics tasks, motivating enrichment activities, or
supportive strategies to assist struggling learners, it is better
to go to trustworthy, high-quality sites than merely plug-
ging a few key words into available search engines. We sug-
gest that you add the end-of-chapter sites in this book or
MyEducationLab to your computer “favorites” and go to
them as a first-level source of support and information. If you
choose to explore Web pages, Web logs (blogs), or wikis (col-
laboratively created and updated Web pages) more broadly,
take the elements enumerated in Table 7.1 into consideration.
These criteria are critical for your use as a discerning educa-
tor and can be adapted or simplified for your students as they
evaluate material on the Web. The main topics are adapted
from a group of considerations suggested by Smith (1997a).

Emerging Technologies

Emerging technologies refers to the ever-changing land-
scape of technological tools and advances. In our increas-
ingly technological society, we know that we can only do
our best in helping students be able to respond to the


www.myeducationlab.com
http://webquest.org
www2.edc.org/FSC/MIH
www2.edc.org/FSC/MIH
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Table 7.1

Evaluating Web Resources

Criteria Justification Evidence/Verification
Authority ® Page should identify the authors and * Anyone can publish pages on the Web. ¢ Contact information for the author or or-
their qualifications. You want to be assured that the infor- ganization is easily available. Is there a
* Site should be associated with a mation is from a reliable source and is link to the organization’s home page?
reputable educational institution or of high quality. ® Do the authors establish their expertise?
organization. ® Use www.whois.net domain research ser-
vice to identify the author of the site.
¢ Is the URL domain .org, .edu, .gov, .net, or
.com?
Content * Site should match topic of interest. * The information should be useful facts ¢ Is it a list of links from other sites?
® The materials should add depth to your rather than opinions. * Are the statements verified by footnotes
information. ® The text should be actual information and research articles?
from an expert and not paraphrased ® Do the authors indicate criteria for includ-
from another site. ing information?
Objectivity * Site should not reflect a biased point of * Websites can try to influence the read- ® Are there advertisements or sponsors ei-
view. ers rather than provide independent ther on the page or linked to the page?
® Authors should present facts and not and evenhanded information sources. ® Does the author discuss multiple theories
try to sway the reader. or points of view?
Accuracy * Information should be free of errors. * Websites can be published without * Does the page contain obvious errors in
® Verification of information confirmed reviewers or accuracy checks. grammar, spelling, or mathematics?
by reviewers or fact-checkers. * Are original sources clearly documented
in a list of references?
¢ Can the information be cross-checked
through another source?
* Are charts, graphs, or statistical informa-
tion labeled clearly?
Currency * Site should be currenAF)r&L@x@ P@Fﬂati(ﬁﬁ]h%@p@)ﬁhat * Look for dates and updates for the page.
revised. pages that are not maintained and ¢ Links should be current and not lead to
up-to-date cannot provide the reliable dead sites.
information needed. * References should include recent
* Currency is a key advantage of the Web citations.
over print sources. If there is no evi- ® Photos and videos should be up-to-date
dence of currency the site loses its po- (unless related to a historical topic).
tential to add to knowledge in the field.
Audience ¢ Site should clearly target whether it is ® In education the audience may be stu- ® Check for suggested grade levels or ages.

for your own use or the potential use of
students in your classroom.

¢ Site should detail whether it is a self-
created site or has been created by
others.

* Site should be accessible by all learn-
ers, particularly those with special
needs.

newest hardware and software with a curious mind and a
sensible approach to learning about the innovation. One
area of growing interest is Web 2.0 tools that encourage
collaboration, communication, and construction of knowl-
edge, including blogs, wikis, and audio or video presenta-
tions frequently referred to as podcasts.

dents, families, teachers, or administra-
tors. Presenting information for a
well-defined audience is critical.

¢ Does the site allow for easy use through
menus or search features that help chil-
dren find information?

* What is the reading level of the narrative?

* Are there options for students with special
needs? Do they adhere to the principles of
universal design by, for example, consid-
ering students with visual impairments by
using increased font size, synthesized
speech, or a screen reader, or considering
students with hearing impairments by
including captions for video or audio
materials? See http://webxact.watchfire
.com to assess a website for accessibility.

Podcasts. Podcasts refer to audio or video files that au-
tomatically download to subscribers over the Internet and
are listened to or watched on mobile media players. Stu-
dents and teachers create these podcasts so they can replay
information related to a particular topic or lesson. Teachers
produce podcasts to create downloadable digital instruction


www.whois.net
http://webxact.watchfire.com
http://webxact.watchfire.com
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that supports classroom lessons. Students develop these as
culminating projects, such as a report on the Pythagorean
theorem or a persuasive argument that results from collect-
ing data of real-world significance.

Wikis. Wikis are Web-based publishing tools built
through the combined collective wisdom of multiple con-
tributors. Members of the contributing group add, re-
move, edit, or otherwise change content. This process of
collaborative authorship can encourage students to find
new information, assess and evaluate information already
in place, and build new knowledge. Although information
that is misleading or inaccurate can get posted, that defect
helps to develop the ability to scrutinize Web information
as a savvy consumer. You can easily see how a topic in so-
cial studies such as the civil rights movement or a piece of
literature can spark the start of a wiki, but mathematics
topics are worthy starting points for wikis, too. Numera-
tion systems, geometric transformations, the interpretation
of a set of data, or the mathematics in a photograph, book,
or movie represent a variety of options for wikis emerging
from mathematics lessons.

Web Logs. Web logs are electronic documents or web-
sites where people discuss events, post comments, or just
give their opinions about a variety of topics. Sharing re-
sources or thoughts and having others resp, FS owe

ful tool in getting students to commuch ré@@lat

ideas. At a basic level your class Web log (blog) can archive
homework assignments or other materials of interest to
families—even a place to post an outstanding assignment.
Web logs can also hold portfolios of students’ work that
can be shared for conferences or just reflect the pattern

of growth in mathematics learning throughout a grad-
ing period or year. The site can become a place to store

P@%Z@déow on C

math games, problems of the week, or writing prompts,
such as mathematics poetry templates. Remember to de-
velop a policy so that everyone (including family mem-
bers) understands how the blog should and should not be
used.

Digital Gaming. Some experts agree that digital gam-
ing is the direction that online educational websites are
headed. Considering that many young students’ first en-
counters with technology are digital games they played on
the computer as toddlers, new games out there are familiar
and attractive means to support mathematics learning by
solving complex problems. Just as in other video games,
these mathematics games require resolve, concentration,
the use of a variety of strategies, imagination, and creativ-
ity. Through interactive virtual worlds, young students can
use what they know to learn new concepts. For example,
Maryland Public Television’s Thinkport site is a leader in
developing innovative and engaging websites to support
instruction in various disciplines (www.thinkport.org/
technology/gotgame/default.tp). One of their digital games,
“Lure of the Labyrinth” (http://labyrinth.thinkport.org) is
an example of a higher-level activity geared toward middle
school mathematics students. Linked to NCTM standards,
the “Labyrinth” engages students in a storyline designed to
develop critical thinking on the topics of proportionality,

ns, and number and operatlons Gam-
ers Eﬁhﬁﬁé ce and are the “experts” in charge
of their own failure or success. As the game keeps track of
progress, students can get help “just in time” when they
need it. If you click on “For Educators” you see a user-
friendly explanation of the game as well as background on
gaming through key papers on the topic, lesson plans, class-
room management strategies, and the mathematics stan-
dards connection chart.

Writing to Learn

1. Technology has affected the mathematics curricu-
lum and how it is taught in many ways. Explain at least
three, and give examples to support your explanation.
Can you think of examples that are not included in this
chapter?

2. Describe some of the benefits of using calculators regularly
in the mathematics classroom. Which of these seem to you
to be the most compelling? What are some of the argu-
ments against using calculators? Answer each of the argu-
ments against calculators as if you were giving a speech at

your PTA meeting or arguing for regular use of calculators
before your principal.

3. Name at least three features of graphing calculators that
truly improve the learning of mathematics in the middle
grades?

4. What are some criteria that seem most important to you
when selecting software?

5. What kind of information can you expect to find on the In-
ternet that would be useful in teaching mathematics? How
can you evaluate the quality of that information?

6. What are some of the emerging technologies? How can you
be ready for new technologies in the future?


www.thinkport.org/technology/gotgame/default.tp
www.thinkport.org/technology/gotgame/default.tp
http://labyrinth.thinkport.org

For Discussion and Exploration

1. Talk with some teachers about their use of calculators in the
classroom. How do they make a decision as to when to use
them? Read the NCTM Position Statement on Computa-
tion, Calculators, and Common Sense? How do the reasons
given by the teachers you talked with compare to the NCTM
position?

2. Among the software kept at your school, find one example
of instructional software for mathematics. Try it and decide
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how it would be used in your classroom (if at all). Be sure to
check the documentation for suggested grade levels.

3. Check out at least three of the websites suggested below or
at MyEducationLab. Be sure to follow some of the links to
other sites. Create your own “top ten” to bookmark as favor-
ites on your computer.

4. Explore three or four applets from one or more of the sites
listed under Applets (see below). Select one and try it with
children. Teach a lesson that incorporates the applet as ei-
ther a teacher tool or student activity.

Recommended Readings

Articles

McGehee, J., & Griffith, L. K. (2004). Technology enhances
student learning across the curriculum. Mathematics Teaching
in the Middle School, 9(6), 344-349.
Five examples using technology are explored, including under-
standing graphs (rate of change), decimals, geometry, measure-
ment, and data analysis. This is a good introduction to the use of
technology in any of these domains. Ap a 9 0) PDF

National Council of Teachers of Mathématics. (2002—present).
ON-Math is an online NCTM journal that can be accessed
on the Web by all NCTM members at www.nctm.org/
publications/onmath.aspx.
However; anyone can go into the “Articles by Grade” section and
see titles of the variety of articles for pre-K—12 teachers. There
are actual classroom activities, enbanced lessons, and more general
suggestions for technology use delivered with interactive software,
virtual manipulatives, video clips, and sound effects.

Thompson, T., & Sproule, S. (2005). Calculators for students
with special needs. Teaching Children Mathematics, 11(7),
391-395.
An excellent argument is made for the use of calculators for
students who bave learning problems that affect their math-
ematical skills. A framework or flowchart that is easily used to
make decisions about when to allow calculator use is not only
appropriate for special students but also for every child. This
short article can bhelp counter any objections raised by calculator
critics.

Books
Masalski, W. J., & Elliott, P. C. (Eds.). (2005). Technology-

supported mathematics learning environments: Sixty-seventh
yearbook. Reston, VA: NCTM.

An excellent collection of perspectives on the use of technology across
the grades by noted authorities and practicing teachers alike. Top-
ics include strategies for effective use of technology, examination
of virtual manipulatives for young students, dynamic geometry
software, the spreadsheet, and much more. A CD is included to
illustrate many of the ideas found in the book.

Online Resources

Professional Information

National Council of Teachers of Mathematics NCTM)
www.nctm.org
The NCTM website is a must for every elementary teacher
and teacher of mathematics. It includes specific informa-
tion for teachers, parents, leaders, and researchers. The

home page changes almost monthly, providing up-to-date
Enhaiies

¥ about conferences, publications, news, and
more. The site also provides a mechanism for joining the
council, registering for conferences, purchasing publica-
tions and products, and linking to the Illuminations site
(see separate entry). Members can access their journals
online, subscribe to a special electronic journal, and re-
new memberships. You can choose to receive a monthly
e-mail update informing you of recent additions to the
website.

Association for Supervision and Curriculum

Development (ACSD)

www.ascd.org
ASCD is an international nonprofit educational association
that is committed to successful teaching and learning
for all.

International Society for Technology in Education (ISTE)

www.iste.org
ISTE is the professional organization for educators inter-
ested in infusing technology into instruction. It maintains
an exciting set of resources for teachers including website
links, professional development, and publications. The
next generation of ISTE’ National Educational Tech-
nology Standards (NETS-S) for students can be found
by clicking the NETS section from the home page. The
standards address such topics as creativity and innovation;
communication and collaboration; research and informa-
tion fluency; critical thinking, problem solving, and decision
making; digital citizenship; and technology operations and
concepts.


www.nctm.org/publications/onmath.aspx
www.nctm.org/publications/onmath.aspx
www.nctm.org
www.ascd.org
www.iste.org
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Teacher Resources

NCTM Illuminations

http://illuminations.nctm.org
This is an incredible site developed by NCTM to provide
Internet resources for teaching and learning intended to “il-
luminate” Principles and Standards for School Mathematics. You
can find resources from lesson ideas to “math-lets” (applets
designed to provide tools for developing understanding in
mathematics). Also at this site are multimedia investigations
for students and links to video vignettes designed to promote
professional reflection.

The Illuminations website continues to be updated with
the addition of many new lessons. In addition the Illumina-
tions Game Room Project allows students to explore math-
ematics topics while playing mathematics games with one
another over the Web.

The Math Forum

http://mathforum.org
Along with the NCTM sites, this may be your most important
source of information and links to useful sites. The forum has
resources (Math Tools) for both teachers and students. There
are suggestions for lessons, puzzles, and activities, plus links
to other sites with similar information. There are forums
where teachers can talk with other teachers. Two pages accept
questions about mathematics from students or teachers (Ask
Dr. Math) and about teaching mathematics from teachers
(Teacher 2 Teacher). Problems are regularly posted, and solu-
tions can be entered via the Internet.

Annenberg/CPB Projects

www.learner.org
This tremendous resource lists free online learning activi-
ties, including information about all sorts of interesting uses
of mathematics and science in the real world, resources for
free and inexpensive materials from Annenberg, and infor-
mation about funding opportunities.

Center for Implementing Technology in Education

(CITEd): Tech Matrix

www.techmatrix.org
CITEd’s Tech Matrix is a useful database of technology
products that supports instruction in mathematics for stu-
dents with special needs. Each product evaluation includes a
link to the supplier’s website.

Applets

National Council of Teachers of Mathematics e-Examples
http://standards.nctm.org/document/eexamples/
index.htm
Many of these applets are referenced in and directly support
the text of Principles and Standards for School Mathematics.
They are also available on the CD version of the Standards.
Most are also available on the Illuminations site.

Apago PDF

NCTM Illuminations

http://illuminations.nctm.org
Check both the i-Math Investigations (interactive math les-
sons, most built around applets) and Interactive Math-lets (a
collection of applets). The Math-let applications cover the
K-12 spectrum. They are ordered alphabetically, so be sure
to check out the full list. This is a good collection of quality
tools. The i-Math Investigations include all of the applets
from the e-Examples.

The National Library for Virtual Manipulatives

and eNLVM

http://nvlm.usu.edu/en/nav/vlibrary.html
This NSF-funded site located at Utah State University
contains a huge collection of applets organized by the five
content strands of the Standards and also by the same
four grade bands. The eNVLM section contains online
units, customizable student activities, and tools to help
teachers develop activities collaboratively.

Arcytech

http://arcytech.org/java
This site includes tool applets for base-ten blocks, pattern
blocks, Cuisenaire rods, fraction bars, and integer bars.
There is also an extended interactive lesson developing the
Pythagorean theorem.

Shodor Interactivate (Shodor Education Foundation)

www.shodor.org/interactivate

The site contains a huge list of applets that continues to

h aﬂ el]'ére are lessons and activities. Applets

erred to as actlvmes ”) are arranged by content rather

than grade level, so be sure to look through the full list. This

is a valuable site, especially for teachers in the upper grades

and middle school.

Field Experience Guide Connections

Technology is the focus of Chapter 5 of the
Field Experience Guide. Projects and teaching
opportunities in this section focus on the role
of technology in supporting student learning.
For example, in FEG 5.4 you develop a learning center
involving the use of a calculator or computer. Several
of the Expanded Lessons in Chapter 9—such as FEG
9.22, “Bar Graphs to Circle Graphs,” and FEG 9.19,
“Triangle Midsegments”—lend themselves to the use
of technology.



http://illuminations.nctm.org
http://nvlm.usu.edu/en/nav/vlibrary.html
http://arcytech.org/java
www.shodor.org/interactivate
http://illuminations.nctm.org
http://mathforum.org
www.learner.org
www.techmatrix.org
http://standards.nctm.org/document/eexamples/index.htm
http://standards.nctm.org/document/eexamples/index.htm

hildren come to school with many ideas about num-

ber. These ideas should be built upon as we work with
children and help them develop new relationships. It is sad
to see the large number of students in grades 4, 5, and above
who essentially know little more about number than how
to count. It takes time and lots of experiences for children
to develop a full understanding of number that will grow
and develop into more advanced number-related concepts
in higher grades.

"This chapter looks at the development of number ideas
for numbers up to about 20. These foundational ideas can
all be extended to larger numbers, operations, basic facts,
and computation.

Bigldeas

1. Counting tells how many things are in a set. When counting a
set of objects, the last word in the counting sequence names
the quantity for that set.

2. Numbers are related to each other through a variety of number
relationships. The number 7, for example, is more than 4, two
less than 9, composed of 3 and 4 as well as 2 and 5, is three
away from 10, and can be quickly recognized in several pat-
terned arrangements of dots. These ideas further extend to an
understanding of 17, 57, and 370.

3. Number concepts are intimately tied to the world around us.
Application of number relationships to real settings marks the
beginning of making sense of the world in a mathematical
manner.

Wathematics

Content Connections

Early number development is related to other areas in the curricu-
lum in two ways: content that interacts with and enhances the

development of number and content that is directly affected by
how well early number concepts have been developed. Measure-
ment, data, and the meanings of operations fall in the first cate-
gory. Basic facts, place value, and computation fall in the second.

.* Operations (Chapter 9): As children solve story problems for
any of the four operations, they count on, count back, make
and count groups, and make comparisons. In the process, they
form new relationships and methods of working with
numbers.

* Measurement (Chapter 19): The determination of measures
of length, height, size, or weight is an important use of number
for the young child. Measurement involves meaningful counting
and comparing (number relationships) and connects number
to the world in which the child lives.

.> Data (Chapter 21): Data, like measurement, involve counts and
comparisons to both aid in developing number and connecting
it to real-world situations.

. Basic Facts (Chapter 10): A rich and thorough development of
number relationships is a critical foundation for mastering basic
facts. Without number relationships, facts must be rotely mem-
orized. With number understanding, facts for addition and sub-
traction are relatively simple extensions.

* Place Value and Computation (Chapters 11 and 12): Many
of the ideas that contribute to computational fluency and flex-
ibility with numbers are extensions of how numbers are related
to ten and how numbers can be taken apart and recombined in
different ways.

Promoting Good
4. Beginnings

~ " In 2002 NCTM and the National Association for
the Education of Young Children (NAEYC) collaboratively

125
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produced a joint position statement emphasizing that all
children need an early start in learning mathematics. This
emphasis on readiness aligns with the recent findings of the
National Mathematics Advisory Panel (2008). The position
statement suggests ten research-based recommendations
to help teachers develop high-quality learning activities for
children aged 3 to 6:

1. Enhance children’s natural interest in mathematics and
their disposition to use it to make sense of their physi-
cal and social worlds

2. Build on children’s experience and knowledge, includ-
ing their family, linguistic, cultural, and community
backgrounds; their individual approaches to learning;
and their informal knowledge

3. Base mathematics curriculum and teaching practices
on knowledge of young children’s cognitive, linguistic,
physical, and social-emotional development

4. Use curriculum and teaching practices that strengthen
children’s problem-solving and reasoning processes as
well as representing, communicating, and connecting
mathematical ideas

5. Ensure that the curriculum is coherent and compatible
with known relationships and sequences of important
mathematical ideas

6. Provide for children’s deep and sustained interaction
with key mathematical ideas

7. Integrate mathematics with other actﬁt’@sa]g @herPD

activities with mathematics

8. Provide ample time, materials, and teacher support for
children to engage in play, a context in which they
explore and manipulate mathematical ideas with keen
interest

9. Introduce mathematical concepts, methods, and lan-
guage, through a range of appropriate experiences and
teaching strategies

10. Support children’s learning by thoughtfully and con-

tinually assessing all children’s mathematical knowl-
edge, skills, and strategies

l'/ Pawse and E%&a‘

Although all of these recommendations are critical,
which two do you consider most important for you to work on
first as you develop as a teacher?

Number Development in
. Pre-K and Kindergarten

" Families help children count their fingers, toys,
people at the table, and other small sets of objects. Ques-
tions concerning “who has more?” or “are there enough?”
are part of the daily lives of children as young as 2 or 3 years

of age. Considerable evidence indicates that these children
have beginning understandings of the concepts of number
and counting (Baroody & Wilkins, 1999; Fuson, 1988;
Gelman & Gallistel, 1978; Gelman & Meck, 1986; NRC,
2001). We therefore include abundant activities to support
a variety of different experiences that young children need
to gain a full understanding of the concepts.

The Relationships of More,
Less, and Same

The concepts of “more,” “less,” and “same” are basic re-
lationships contributing to the overall concept of number.
Children begin to develop relational ideas before they
begin school. Almost any child entering kindergarten can
choose the set that is 7zore if presented with two sets that are
quite obviously different in number. In fact, Baroody (1987)
states, “A child unable to use ‘more’ in this intuitive manner
is at considerable educational risk” (p. 29). Classroom ac-
tivities should help children build on this basic notion and
refine it.

Though the concept of less is logically related to the
concept of more (selecting the set with more is the same
as not selecting the set with less), the word /Jess proves to
be more difficult for children than more. A possible ex-
planation is that children have many opportunities to

I'gse Envh*a;ﬁr tétrhave limited exposure to the word
Jess. 'To help chi Sr:en with the concept of less, frequently

pair it with the word more and make a conscious effort to
ask “which is less?” questions as well as “which is more?”
questions. For example, suppose that your class has cor-
rectly selected the set that has more from two that are
given. Immediately follow with the question “Which
is less?” In this way, the concept can be connected with
the better-known idea and the term /Jess can become more
familiar.

For all three concepts (more, less, and same), children
should construct sets using counters as well as make com-
parisons or choices between two given sets. The following
activities should be conducted in a spirit of inquiry accom-
panied whenever possible with requests for explanations.
“Why do you think this set has less?”

/fc?‘&ud?‘?/ 8.1
Make Sets of More/Less/Same

At a workstation or table, provide about eight cards
with sets of 4 to 12 objects, a set of small counters
or blocks, and some word cards labeled More, Less,
and Same. Next to each card have students make
three collections of counters: a set that is more, one
that is less, and one that is the same. The appropriate
labels are placed on the sets (see Figure 8.1).
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Figure 8.1 Making sets that are more, less, and the same.

In Activity 8.1, students create a set with counters,
which gives them the opportunity to reflect on the sets and
adjust them as they work. The next activity is done with-
out counters. Although it addresses the same basic ideas, it
provides a different problem situation.

/fc?‘&ud?‘?/ 8.2
Find the Same Amount

Give children a collection of car: yta gpn tFBDF
la

Dot cards are one possibility (see Blackline Masters
3-8). Have the children pick up any card in the collec-
tion and then find another card with the same amount
to form a pair. Continue to find other pairs. This activ-
ity can be altered to have children find dot cards that
are “less” or “more.”

Observe children as they do this task. Children whose
number ideas are completely tied to counting and nothing
more will select cards at random and count each dot. Others
will begin by selecting a card that appears to have about
the same number of dots. This demonstrates a significantly
higher level of understanding. Also observe how the dots are
counted. Are the counts made accurately? Is each counted
only once? Does the child need to touch the dot when count-
ing? A significant milestone for children occurs when they
begin recognizing small patterned sets without counting.

I,

J You have begun to see some of the early foundational
ideas about number. Stop now and make a list of all of the im-
portant ideas that you think children should know about the
number 8 by the time they finish first grade. (The number 8 is
used as an example. The list could be about any number from,
say, 6 to 12.) Put your thoughts aside and we will revisit these
ideas later.

Pavse and Pe%lea‘
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Early Counting

Meaningful counting activities begin in preschool. Gener-
ally, children at midyear in kindergarten should have a fair
understanding of counting, but children must construct this
idea. It cannot be forced. Only the counting sequence is a
rote procedure. The meaning attached to counting is the
key conceptual idea on which all other number concepts
are developed.

The Development of Counting Skills. Counting in-
volves at least two separate skills. First, a child must be able
to produce the standard list of counting words in order:
“One, two, three, four, . .. ” Second, a child must be able
to connect this sequence in a one-to-one manner with the
items in the set being counted. Each item must get one and
only one count.

Experience and guidance are the major factors in the
development of these counting skills. Many children come
to kindergarten able to count sets of ten or beyond. At the
same time, children with weak background knowledge may
require additional practice to enhance their background
experiences. The size and arrangement of the set are also
factors related to success in counting. Obviously, longer
number strings require more practice to learn. The first 12
counts involve no pattern or repetition, and many children

E (ﬁnot easily recognize a pattern in the teens. Children

idebiinEhe skills of counting—that is, matching oral
number words with objects—should be given sets of blocks
or counters that they can move or pictures of sets that are
arranged in a pattern for easy counting.

Meaning Attached to Counting. Fosnotand Dolk (2001)
make it very clear that an understanding of cardinality and
the connection to counting is not a simple matter for 4-year-
olds. Children will learn how to count (matching counting
words with objects) before they understand that the last
count word indicates the amount of the set or the cardinal-
ity of the set. Children who have made this connection are
said to have the cardinality principle, which is a refinement
of their early ideas about quantity. Most, but certainly not
all, children by age 42 have made this connection (Fosnot
& Dolk, 2001; Fuson & Hall, 1983).

m Young children who can count orally may
M not have attached meaning to their counts.
noTE?\  Show a child a card with five to nine large
dots in a row so that they can be easily counted.

Ask the child to count the dots. If the count is accurate, ask
“How many dots are on the card?” Many children will
count again. One indication of understanding the first
count will be a response that reflects the first count with-
out recounting. Now have the child get that same num-
ber of counters from a collection of counters: “Please
get the same number of counters as there are dots on the
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card.” There are several indicators to watch for. Will the
child recount to know how many to get? Does the child
count the counters or place them one-to-one on the dots?
Is the child confident that there is the same number of
counters as dots?

Fosnot and Dolk discuss a class of 4-year-olds in which
children who knew there were 17 children in the class were
unsure how many milk cartons they should get so that each
could have one.

To develop their understanding of counting, engage
children in almost any game or activity that involves counts
and comparisons. The following is a simple suggestion.

AG?‘D'(/L?L?/ 8.3
Fill the Chutes

Create a simple game board with four “chutes.” Each
consists of a column of about twelve 1-inch squares
with a star at the top. Children take turns rolling a
die and collecting the indicated number of counters.
They then place these counters in one of the chutes.
The object is to fill all of the chutes with counters.
As an option, require that the chutes be filled exactly.
A roll of 5 cannot be used to fill a chute with four
empty spaces.
Anann
Ny Y

This “game” provides opportunities for you to talk with
children about number and assess their thinking. Watch
how the children count the dots on the die. Ask, “How do
you know you have the right number of counters?” and
“How many counters did you put in the chute? How many
more do you need to fill the chute?”

Activities 8.1 and 8.2 also provide opportunities for
formative assessment. Regular classroom activities, such as
counting how many napkins are needed at snack time, are
additional opportunities for children to learn about number
and for teachers to listen to students’ ideas.

Numeral Writing and Recognition

Helping children read and write single-digit numerals is
similar to teaching them to read and write letters of the
alphabet. Neither has anything to do with number con-
cepts. Traditionally, instruction has involved various forms
of repetitious practice. Children trace over pages of numer-
als, repeatedly write the numbers from 0 to 10, make the
numerals from clay, trace them in sand, write them on the
chalkboard or in the air, and so on.

The calculator is a good instructional tool for numeral
recognition. In addition to helping children with numerals,
early activities can help develop familiarity with the calcula-
tor so that more complex activities are possible.

/fc?‘o’u&?‘?/ 8.4
Find and Press

Every child should have a calculator. Always

begin by having the children press the clear key.

Then you say a number, and the children press that
number on the calculator. If you have an overhead calcu-
lator, or interactive whiteboard, you can then show the
children the correct key so that they can confirm their
responses, or you can write the number on the board
for children to check. Begin with single-digit numbers.
Later, progress to two or three numbers called in suc-
cession. For example, call, “Three, seven, one.” Children
press the complete string of numbers as called.

Perhaps the most common preschool and kindergar-
ten exercises have children match sets with numerals (see
Blackline Master 2). Children are given pictured sets and
asked to write or match the number that tells how many. Al-
ternatively, they may be given a number and told to make or
draw a set with that many objects. Although many teacher
resource books describe learning center activities where
children put a numeral with the correct-sized set, such as
numbered frogs on lily pads (with dots), it is important to
note that these activities involve only the skills of counting

PDI-iets Eﬁm ﬁfeé)fnition or writing. When children
are ithrthese activities, it is time to move on to

more advanced concepts.

Counting On and Counting Back

Although the forward sequence of numbers is relatively fa-
miliar to most young children, counting on and counting
back are difficult skills for many. Frequent short practice
drills are recommended.

/fc?‘&ué?‘yx 8.5
Up and Back Counting

Counting up to and back from a target number in a
rhythmic fashion is an important counting exercise.
For example, line up five children and five chairs in
front of the class. As the whole class counts from 1 to
5, the children sit down one at a time. When the target
number, 5, is reached, it is repeated; the child who

sat on 5 now stands, and the count goes back to 1.

As the count goes back, the children stand up one at a
time, and soon, “1,2,3,4,5,5,4,3,2,1,1,2,....
Preschool, kindergarten, and first-grade children find
exercises such as this both fun and challenging. Any
movement (clapping, turning around) can be used as
the count goes up and back in a rhythmic manner.



Four—five, six, ...

Figure 8.2 Counting on: “Hide four. Count, starting from
the number of counters hidden.”

The last activity is designed only to help students
become fluent with the number words in both forward and
reverse order and to begin counts with numbers other than
1. Although not at all easy for young students, these activi-
ties do not address counting on or counting back in a mean-
ingful manner. Fosnot and Dolk (2001) describe the ability
to count on as a “landmark” on the path to number sense.
The next two activities are designed for that purpose.

/fc?‘éué?‘gx 8.6
Counting On with Counters

Give each child a collection of 1
that the children line up left to right on their desks.
Tell them to count four counters and push them under
their left hands or place them in a cup (see Figure
8.2). Then say, “Point to your hand. How many are
there?” (Four.) “So let’s count like this: f-o-u-r (point-
ing to their hand), five, six, . . . Repeat with other
numbers under the hand.

The following activity addresses the same concept in a
somewhat more problem-based manner.

Ad‘l}{/&?‘?/ 8.7
Real Counting On

This “game” for two children requires a deck of cards
with numbers 1 to 7, a die, a paper cup, and some
counters. The first player turns over the top humber
card and places the indicated number of counters in
the cup. The card is placed next to the cup as a re-
minder of how many are there. The second child rolls
the die and places that many counters next to the cup.
(See Figure 8.3.) Together they decide how many
counters in all. A record sheet with columns for “In the
Cup,” “On the Side,” and “In All” is an option. The larg-
est number in the card deck can be adjusted if needed.

G0 colDF E
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Figure 8.3 How many in all? How do children count to
tell the total? Dump the counters? Count up from 1 without
dumping the counters? Count on?

Watch how children determine the total amounts in
this last activity. Children who are not yet counting on may
want to dump the counters from the cup or will count up
from one without dumping out the counters. Be sure to
permit these strategies. As children continue to play, they
will eventually count on as that strategy becomes meaning-

ful and useful.

* Early Number Sense

" Number sense was a term that became popular in the
late 1980s, even though terms such as this have somewhat
vague definitions. Howden (1989) described number sense
as a “good intuition about numbers and their relationships.
It develops gradually as a result of exploring numbers, vi-
sualizing them in a variety of contexts, and relating them in
ways that are not limited by traditional algorithms” (p. 11).
This may still be the best definition.

ﬂ In Principles and Standards, the term number
! sense is used freely throughout the Number and
Operations standard. “As students work with
numbers, they gradually develop flexibility in thinking
about numbers, which is a hallmark of number sense. . . .
Number sense develops as students understand the size of
numbers, develop multiple ways of thinking about and rep-
resenting numbers, use numbers as referents, and develop
accurate perceptions about the effects of operations on
numbers” (p. 80). &

The discussion of number sense begins as we look at
the kinds of relationships and connections children should
be making about smaller numbers up to about 20. But “good
intuition about numbers” does not end with these smaller
whole numbers. Children continue to develop number
sense as they begin to use numbers in operations, build an
understanding of place value, and devise flexible methods of
computing and making estimates involving large numbers,
fractions, decimals, and percents.
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The early number ideas that have been discussed to
this point in the chapter are the rudimentary aspects of
number. Unfortunately, too many traditional textbooks
move directly from these beginning ideas to addition and
subtraction, leaving students with a very limited collection
of ideas about number to bring to these new topics. The
result is often that children continue to count by ones to
solve simple story problems and have difficulty master-
ing basic facts. Early number sense development should
demand significantly more attention than itis given in most
traditional pre-K-2 programs.

Relationships among
* Numbers 1 Through 10

" Once children have acquired a concept of cardinality
and can meaningfully use their counting skills, little more is
to be gained from the kinds of counting activities described
so far. More relationships must be created for children to
develop number sense, a flexible concept of number not
completely tied to counting.

Figure 8.4 illustrates the four different types of re-
lationships that children can and should develop with
numbers:

® Patterened sets. Children can learn to ﬁg{a:g s 01F)D|:

objects in patterned arrangements a ow
many without counting. For most numbers, there
are several common patterns. For smaller numbers,
patterns can also be made up of two or more easier
patterns.

®  One and two more, one and two less. The two-more-than
and two-less-than relationships involve more than just
the ability to count on two or count back two. Children
should know that 7, for example, is 1 more than 6 and
also 2 less than 9.

o Anchors or “benchmarks” of 5 and 10. Since 10 plays such
a large role in our numeration system and because two
fives make up 10, it is very useful to develop relation-
ships for the numbers 1 to 10 to the important anchors
of 5 and 10.

®  Part-part-whole relationships. To conceptualize a num-
ber as being made up of two or more parts is the most
important relationship that can be developed about
numbers. For example, 7 can be thought of as a set of
3 and a set of 4 or a set of 2 and a set of 5.

The principal tool that children will use as they con-
struct these relationships is the one number tool they
possess: counting. Initially, then, you will notice a lot of
counting, and you may wonder if you are making progress.
Have patience! Counting will become less and less neces-
sary as children construct these new relationships and begin
to use more powerful ideas.

Recognizing a Patterned Set

(J 000
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Five Six Seven
(learned (combining two (6 and
pattern) patterns) 1 more)

One More / Two More / One Less / Two Less

1 MORE 2 MORE
K_/ \_/
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Anchors to 5 and 10
(o|ofe]e
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Five and three more Two away from ten

Part-Part-Whole

“Six and three is nine.”

Figure 8.4 Four number relationships for children to
develop.

Patterned Set Recognition

Many children learn to recognize the dot arrangements on
standard dice due to the many games they have played that
use dice. Similar instant recognition (also known as sub-
itizing) can be developed for other patterns. The activities
suggested here encourage reflective thinking about the pat-
terns so that the relationships will be constructed. Naming
amounts without the routine of counting can then aid in
“counting on” (from a known patterned set) or learning
combinations of numbers (seeing a pattern of two known
smaller patterns).

Good materials to use in pattern recognition activities
include a set of dot plates. These can be made using small
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Figure 8.5 A collection of dot patterns for “dot plates.”

paper plates and the peel-off dots commonly available in
office supply stores. A collection of patterns is shown in
Figure 8.5. Note that some patterns are combinations of
two smaller patterns or a pattern with one or two additional
dots. These should be made in two colors. Keep the pat-
terns compact. If the dots are spread out, the patterns are

hard to identify.

Activity 8.8
Learning Patterns

To introduce the patterns, provide each student with
about ten counters and a piece of construction paper
as a mat. Hold up a dot plate for about 3 seconds.
“Make the pattern you saw on the plate using the
counters on the mat. How many dots did you see?
What did the pattern look like?” Spend some time dis-
cussing the configuration of the pattern and how many
dots. Do this with a few new patterns each day.

Relationships among Numbers 1 Through 10 131

AG?‘W&?‘?/ 8.9
Dot Plate Flash

Hold up a dot plate for only 1 to 3 seconds. “How
many dots did you see? What did the pattern look
like?” Children like to see how quickly they can recog-
nize and say how many dots. Include lots of easy pat-
terns and a few with more dots as you build their
confidence. Students can also flash the dot plates to
each other as a workstation activity.

The instant recognition activities with the plates are
exciting and can be done in 5 minutes at any time of day
or between lessons. There is value in using them at any
primary grade level and at any time of year.

One and Two More,
One and Two Less

When children count, they have no reason to reflect on
the way one number is related to another. The goal is only
to match number words with objects until they reach the
end of the count. To learn that 6 and 8 are related by the
twin relationships of “two more than” and “two less than”
requires reflection on these ideas within tasks that permit

Encﬁlﬁm}@wting on (or back) one or two counts is a
too

use 1n constructing these ideas.

Note that the relationship of “two more than” is signif-
icantly different than “comes two counts after.” This latter
relationship is applied to the string of number words, not to
the quantities they represent. A comes-two-after relation-
ship can be applied to letters of the alphabet. The letter H
comes two after the letter I However, there is no numeric
or quantitative difference between F and H. The quantity
8 would still be two more than 6 even if there were no
number string to count these quantities. It is the numeric
relationship you want to develop.

The following activity is a good place to begin helping
children with these relationships. As described, it focuses
on the two-more-than relationship although it can be used
just as well for any of the four relationships.

/Ia‘w#?/ 8.10
Make a Two-More-Than Set

Provide students with about six dot cards. Their

task is to construct a set of counters that is two more
than the set shown on the card. Similarly, spread

out eight to ten dot cards, and ask students to find
another card for each that is two less than the card
shown. (Omit the 1 and 2 cards for two less than,
and so on.)
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In activities in which children find a set or make a set,
they can add a numeral card (a small card with a number
written on it) to all of the sets involved. They can also
be encouraged to take turns reading a number sentence
to their partner. If, for example, a set has been made that
is two more than a set of four, the child can read this by
saying the number sentence, “Two more than four is six”
or “Six is two more than four.” The next activity combines
the relationships.

/Ia‘wa‘g/ 8.11
More or Less

This is an activity for two players or a small group. Use
Blackline Master 1 to make a deck of More-or-Less
cards as shown in Figure 8.6. Make four or five of
each type of card. You will also need a set of cards
(Blackline Master 2) with the numbers 3 to 10 (2
each). One child draws a number card and places it
face up where all can see. That number of counters are
put into a cup. Next, another child draws one of the
More-or-Less cards and places it next to the number
card. For the More cards, counters are added accord-
ingly to the cup. For the Less cards, counters are re-
moved from the cup. For Zero cards, no change is
made. Once the cup has been adjusted, Q&F}ag (9)
predicts how many counters are now in the cup. The
counters are dumped out and counted, ending that
round of the game and a new number card is drawn.
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Figure 8.6 Materials to play “More or Less” (see Blackline
Master 1).

“More or Less” can be played with the class. You an-
nounce how many counters you are placing in the cup and
write this number on the board. Have a student draw a card
and have students predict the new amount. The words mzore
and /ess can be paired or substituted with add and subtract to
connect these ideas with the arithmetic operations, even if
they have not yet been formally introduced.

The calculator can be an exciting device to practice the
relationships of one more than, two more than, one less
than, and two less than.

/Ia‘wa‘g/ 8.12
A Calculator Two-More-Than Machine

Teach children how to make a two-more-than
machine. Press 0 2 E} This makes the cal-

culator a two-more-than machine. Now press

any number—for example, 5. Children hold their finger
over the (=] key and predict the number that is two
more than 5. Then they press (=] to confirm. If they do
not press any of the operation keys (+, —, %, +), the
“machine” will continue to perform in this way.

What is really happening in the two-more-than ma-
chine is that the calculator “remembers” or stores the last

PDIEPG‘E‘PPHaﬂ‘C‘@J’ “42,” and adds that to whatever
e

number is in the window when the (=] key is pressed. If
the child continues to press =), the calculator will count by
twos. At any time, a new number can be pressed followed
by the equal key. To make a two-less-than machine, press
2[=)2(=]). (The first press of 2 is to avoid a negative number.)
In the beginning, students forget and press operation keys,
which change what their calculator is doing. Soon, how-
ever, they get the hang of using the calculator as a function
machine.

The “two-more-than” calculator will give the number
two more than any number pressed, including those with
two or more digits. The two-more-than relationship should
be extended to two-digit numbers as soon as students are
exposed to them. One way to do this is to ask for the
number that is two more than 7. After getting the correct
answer, ask “What is two more than 37?” and similarly for
other numbers that end in 7. When you try this for 8 or 9,
expect difficulties and unusual responses such as two more
than 28 is “twenty-ten.” In the first grade, this struggle can
prove quite valuable. The “More or Less” activity can also
be extended to larger numbers if no actual counters are
used.

Anchoring Numbers to 5 and 10

Here again, we want to help children relate a given number
to other numbers, specifically 5 and 10. These relationships



Figure 8.7 Ten-frames.

are especially useful in thinking about various combina-
tions of numbers. For example, in each of the following,
consider how the knowledge of 8 as “5 and 3 more” and
as “2 away from 10” can play a role: 5 + 3, 8 + 6, 8 — 2,
8 — 3,8 -4, 13 — 8. (It may be worth stopping here to
consider the role of 5 and 10 in each of these examples.)
Later similar relationships can be used in the development
of mental computation skills on larger numbers_such as
68+ 7. Apago

The most common and perhaps most important model
for this relationship is the ten-frame. The ten-frame is
simply a 2 x 5 array in which counters or dots are placed
to illustrate numbers (see Figure 8.7). Ten-frames can be
simply drawn on a full sheet of construction paper (or use
Blackline Master 10). Nothing fancy is required, and each
child can have one. The ten-frame has been incorporated
into a variety of activities in this book and is often found in
mathematics textbooks.

For children in kindergarten or early first grade who
have not yet explored a ten-frame, it is a good idea to
begin with a five-frame. This row of five sections is also
drawn on a sheet of construction paper (or use Blackline
Master 9). Provide children with about ten counters that
will fit in the five-frame sections and conduct the following
activity.

Acﬁzt/b'?‘?/ 8.13
Five-Frame Tell-About

Explain that only one counter is permitted in each sec-
tion of the five-frame. No other counters are allowed
on the five-frame mat. Have the children show 3 on
their five-frame. “What can you tell us about 3 from
looking at your mat?” After hearing from several chil-
dren, try other numbers from O to 5. Children may
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place their counters on the five-frame in any manner.
What they observe will differ a great deal from child
to child. For example, with four counters, a child

with two on each end may say, “It has a space in

the middle” or “It's two and two.” Accept all correct
answers. Focus attention on how many more counters
are needed to make 5 or how far away from 5 a num-
ber is. Next try numbers between 5 and 10. The rule
of one counter per section still holds. As shown in Fig-
ure 8.8, numbers greater than 5 are shown with a full
five-frame and additional counters on the mat but not
in the frame. In discussion, focus attention on these
larger numbers as 5 and some more: “Seven is five
and two more.”

Notice that the five-frame really focuses on the rela-
tionship to 5 as an anchor for numbers but does not anchor
numbers to 10. When five-frames have been used for a week
or so, introduce ten-frames (see Blackline Master 10). You
may want to play a ten-frame version of a “Five-Frame Tell-
About” but soon introduce the following rule for showing
numbers on the ten-frame: Always fill the top row first, start-
ing on the left, the same way you read. When the top row is full,
counters can be placed in the bottom row, also from the left. This
will produce the “standard” way to show numbers on the

Endméiimeasiy Figure 8.7.

For a while, many children will count every counter on
their ten-frame. Some will take all counters off and begin
each number from a blank frame. Others will soon learn
to adjust numbers by adding on or taking off only what is
required, often capitalizing on a row of five without count-
ing. Do not pressure students. With continued practice,
all students will grow. How they are using the ten-frame
provides you with insights into students’ current number
concept development.

L )
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Figure 8.8 A five-frame focuses on the 5 anchor. Counters
are placed one to a section, and students tell about how they
see their number in the frame.
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/fc?‘o’u&?‘?/ 8.14
Crazy Mixed-Up Numbers

This activity is adapted from Mathematics Their Way
(Baratta-Lorton, 1976). All children make their ten-
frame show the same number. The teacher then calls
out random numbers between 0 and 10. After each
number, the children change their ten-frames to show
the new number. Children can play this game indepen-
dently by preparing lists of about 15 “crazy mixed-up
numbers.” One child plays “teacher,” and the rest use
the ten-frames. Children like to make up their own
number lists.

“Crazy Mixed-Up Numbers” is much more of a prob-
lem than it first appears. How do you decide how to change
your ten-frame? Some children will wipe off the entire frame
and start over with each number. Others will have learned
what each number looks like. To add another dimension,
have the children tell, before changing their ten-frames, how
many more counters need to be added (“plus”) or removed
(“minus”). They then should state plus or minus the cor-
rect amount. If, for example, the frames showed 6, and
the teacher called out “four,” the children would respond,
“Minus two!” and then change their ten-frames accordingly.
A discussion of how they know what to do is valuable.

Ten-frame flash cards are an impor
ten-frames. Make cards from tagboard about the size of a
small index card, with a ten-frame on each and dots drawn
in the frames. A set of 20 cards consists of a 0 card, a 10
card, and two each of the numbers 1 to 9. The cards allow
for simple drill activities to reinforce the 5 and 10 anchors
as in the following activity.

/Icz‘waf?/ 8.15
Ten-Frame Flash

Flash ten-frame cards to the class or group and see
how fast the children can tell how many dots are
shown. This activity is fast-paced, takes only a few
minutes, can be done at any time, and is a lot of fun.

Important variations of “Ten-Frame Flash” include

® Saying the number of spaces on the card instead of the
number of dots

® Saying one more than the number of dots (or two
more, and also one or two less than)

e Saying the “10 fact”—for example, “Six and four make
ten”

Ten-frame tasks are surprisingly problematic for stu-
dents. Students must reflect on the two rows of five, the
spaces remaining, and how a particular number is more or

less than 5 and how far away from 10. The early discussions
of how numbers are seen on the five-frames or ten-frames
are examples of brief after activities in which students learn
from one another.

Y?( How well students can respond to the cards in
M “Ten-Frame Flash” is a good quick assessment
\ff:-fﬁ of a child’s current number concept level. In-
clude as well the variations of the activity that
were listed. Since the distance to 10 is so important, an-
other assessment is to point to a numeral less than ten and
ask, “If this many dots were on a ten-frame, how many
blank spaces would there be?” Or you can also simply
ask, “If I have seven, how many more do I need to make
ten?”

Part-Part-Whole Relationships

w Pavse and Pe%lea‘

Before reading on, get some simple counters or coins.
Count out a set of eight counters in front of you as if you were
a first- or second-grade child counting them.

Any child who has learned how to count meaningfully
can count out eight objects as you just did. What is sig-

tAp’alglal of? Dhnifickznth at A Cefpérience is what it did 7oz cause you

to think about. Nothing in counting a set of eight objects
will cause a child to focus on the fact that it could be made
of two parts. For example, separate the counters you just
set out into two piles and reflect on the combination. It
might be 2 and 6, 7 and 1, or 4 and 4. Make a change in
your two piles of counters and say the new combination
to yourself. Focusing on a quantity in terms of its parts
has important implications for developing number sense.
A noted researcher in children’s number concepts, Lauren
Resnick (1983), states:

Probably the major conceptual achievement of the early
school years is the interpretation of numbers in terms
of part and whole relationships. With the application of
a Part-Whole schema to quantity, it becomes possible
for children to think about numbers as compositions of
other numbers. This enrichment of number understand-
ing permits forms of mathematical problem solving and
interpretation that are not available to younger children.

(p. 114)

Basic Ingredients of Part-Part-Whole Activities. Most
part-part-whole activities focus on a single number for the
entire activity. For example, a child or group of children
working together might work on the number 7 through-
out the activity. Children can either build the designated
quantity in two or more parts, or else they start with the
full amount and separate it into two or more parts. A group



of two or three children may work on one number in one
activity for 5 to 20 minutes. Kindergarten children will
usually begin these activities working on the number 4 or
5. As concepts develop, children can extend their work to
numbers 6 to 12. A wide variety of materials and formats
for these activities can help maintain student interest. It is
not unusual to find second graders who have not developed
firm part-part-whole constructs for numbers in the 7-to-12
range.

When children do these activities, have them say or
“read” the parts aloud or write them down on some form of
recording sheet (or do both). Reading or writing the combi-
nations serves as a means of encouraging reflective thought
focused on the part-whole relationship. Writing can be in
the form of drawings, numbers written in blanks ( and

), or addition equations if these have been introduced
(3 + 5 =8). There is a clear connection between part-part-
whole concepts and addition and subtraction ideas.

Part-Part-Whole Activities. The following activity and
its variations may be considered the “basic” part-part-whole
activity.

Activity 8.16
Build It inZ;rts

Provide children with one type
connecting cubes or squares of red per. Tl

task is to see how many dlfferent combinations for a
particular number they can make using two parts. (If
you wish, you can allow for more than two parts.)
Each different combination can be displayed on a small
mat, such as a quarter-sheet of construction paper.
Here are just a few ideas, each of which is illustrated
in Figure 8.9.

® Use two-color counters such as lima beans spray
painted on one side (also available in plastic).

® [Vlake bars of connecting cubes. Make each bar with
two colors. Keep the colors together.

® [Make combinations using two dot strips—strips of
poster board about 1 inch wide with stick-on dots.
(Make lots of strips with from one to four dots and
fewer strips with from five to ten dots.)

® [Make combinations of two Cuisenaire rods to
match a given amount.

As you observe children working on the “Build It in
Parts” activity, ask them to “read” a number sentence to
go with each of their combinations. Encourage children to
read their number sentences to each other. Two or three
children working together with the same materials may
have quite a large number of combinations including lots
of repeats. Remember, the children are focusing on the
combinations.
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@ Connecting
cubes

“Five and one” “Two and two and two”

ety

“Four and two”

>[c][e]e]e]e]e]

“Five and one”

Figure 8.9 Assorted materials for building parts of 6.

The following activity is strictly symbolic. However,
children should use counters if they feel they need to.

chF’DF Enhancer

/fc?‘wa‘g/ 8.17

Two Out of Three

Make lists of three numbers, two of which total the
whole that children are focusing on. Here is an exam-
ple list for the number 5:

2-3-4

5-0-2

1-3-2

3-1-4

2-2-3

4-3-1
With the list on the board, overhead, or worksheet,
children can take turns selecting the two numbers that

make the whole. As with all problem-solving activities,
children should be challenged to justify their answers.

Missing-Part Activities. A special and important varia-
tion of part-part-whole activities is referred to as mzissing-
part activities. In a missing-part activity, children know the
whole amount and use their already developed knowledge
of the parts of that whole to try to tell what the covered or
hidden part is. If they do not know or are unsure, they sim-
ply uncover the unknown part and say the full combination
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as they would normally. Missing-
part activities provide maximum
reflection on the combinations for
a number. They also serve as the
forerunner to subtraction con-
cepts. With a whole of 8 but with
only 3 showing, the child can later
learn to write “8 =3 =5.”

Missing-part activities re-
quire some way for a part to be
hidden or unknown. Usually this is done with two children
working together or else in a teacher-directed manner with
the class. Again, the focus of the activity remains on a single
designated quantity as the whole. The next three activities
illustrate variations of this important idea.

Go to the Building Teaching
Skills and Dispositions
section of Chapter 8 of
MyEducationLab. Click on
Expanded Lessons to
download the Expanded
Lesson for “I Wish | Had”
and complete the related
activities.

/Ioz‘w#?/ 8.18
Covered Parts

A set of counters equal to the target amount is counted
out, and the rest are put aside. One child places the
counters under a margarine tub or piece of tagboard.
The child then pulls some out into view. (This amount
could be none, all, or any amount in between.) For ex-
ample, if 6 is the whole and 4 are showing, the other

i
myeducationlat;)

Covered Parts

1 g ® @

“Four and two (under the tub) is six.”

Missing Part Cards

Flip the flap
—> 0on a missing
°o® 2 part card.
°o®
©
6 / o,
N ) o9 [ ]
“Six minus four is two” or Y
“Four and two is six.”
“l wish | had 6.”
LLLNY
h“ "G‘
f00"
| have '," [ ] S | have
AZTTTIN

(You need 3 more.) (You need 1 more.)

child says, “Four and two is six.” If there is\h ﬁti n
or if the hidden part is unknown, the hich@ QQ- PDFFIgIEIH’]ﬁ IWissfoghpart activities.

mediately shown (see Figure 8.10).

Activity 8.19
Missing-Part Cards

For each number 4 to 10, make missing-part cards on
strips of 3-by-9-inch tagboard. Each card has a nu-
meral for the whole and two dot sets with one set
covered by a flap. For the number 8, you need nine
cards with the visible part ranging from zero to eight
dots. Students use the cards as in “Covered Parts,”
saying, “Four and two is six” for a card showing four
dots and hiding two (see Figure 8.10).

Activity 8.20
1 Wish 1 HZI/

Hold out a bar of connecting cubes, a dot strip, a two-
column strip, or a dot plate showing 6 or less. Say, “I
wish | had six.” The children respond with the part that
is needed to make 6. Counting on can be used to check.
The game can focus on a single whole, or the “l wish |
had” number can change each time (see Figure 8.10).

’ There are lots of ways you can use computer
_m;r%o.,‘-hés software to create part-part-whole activities.
== All that is needed is a program that permits
students to create sets of objects on the screen. Scott Fores-
man’s e7ools (Pearson Education, 2004) includes a variety of
background screens for counters. This activity is also avail-
able free at www.kyrene.org/mathtools. If you use the on-
line version choose “Counters” and under “workspaces” on
the bottom left, select the bucket icon. Then select the
bathtub and add boat, duck, or goldfish counters. As shown
in Figure 8.11, children can stamp these three different
types of bathtub toys either in the tub (unseen) or outside
the tub. The numeral on the tub shows how many are in the
tub or it can be fixed to show a question mark (?) for
missing-part thinking. The total is shown at the bottom. By
clicking on the lightbulb above the tub, the contents of the
tub can be seen (Figure 8.11b). In the hands of a teacher,
this program offers a great deal of diversity and challenge
for both part-part-whole and missing-part activities. 4

l'/ Pase and P%Zeof

Remember the list you made earlier in the chapter
about what children should know about the number 8? Get it
out now and see if you would add to it or revise it based on
what you have read to this point. Do this before reading on.
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Figure 8.11 The counters tool in Scott Foresman’s eTools
software is useful for exploring part-part-whole and missing-
part ideas as well as earlier number concepts and early
addition/subtraction ideas.

Source: Scott Foresman Addison-Wesley Math Electronic-Tools CD-ROM
Grade K Through 6. Copyright © 2004 Pearson Education, Inc., or its
affiliate(s). Used by permission. All rights reserved.

Here is a possible list of the kinds of things that chil-
dren should know about the number 8 (or any number up
to about 12) by the end of the first grade.

e Count to eight (know the number words and their
order)

e Count eight objects and know that the last number
word tells how many

e Write the numeral 8

® Recognize and read the numeral 8

The preceding list represents the minimal skills of number.
In the following list are the relationships students should
have that contribute to number sense:

® More and less by 1 and 2: 8 is one more than 7, one less
than 9, two more than 6, and two less than 10.
® Spatial patterns for 8 such as
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® Anchors to 5 and 10: 8 is 3 more than 5 and 2 away
from 10.

e Part-whole relationships: 8 is 5 and 3, 2 and 6, 7 and 1,
and so on. This includes knowing the missing part of 8.

® Doubles: double 4 is 8.

¢ Relationships to the real world: my brother is 8 years
old, my reading book is 8 inches wide.

Dot Cards as a Model for Teaching
Number Relationships

Many good number development activities involve more
than one of the relationships discussed so far. As children
learn about ten-frames, patterned sets, and other relation-
ships, the dot cards in Blackline Masters 3-8 provide a
wealth of activities (see Figure 8.12). The cards contain dot
patterns, patterns that require counting, combinations of
two and three simple patterns, and ten-frames with “stan-
dard” as well as unusual placements of dots. When children
use these cards for any activity that involves number con-

En‘ﬁ)a H'&Cé? make them think about numbers in many

® 04 e :o: [o]
TR IFH
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Figure 8.12 Dot cards can be made using Blackline
Masters 3—8.



138  Chapter 8 Developing Early Number Concepts and Number Sense

different ways. The dot cards add another dimension to
many of the activities already described and can be used
effectively in the following activities.

Activity 8.21
Double WZ‘/

The game of “Double War” (Kamii, 1985) is played like
war, but on each play, both players turn up two cards
instead of one. The winner is the player with the larger
total number. Children playing the game can use many
different number relationships to determine the win-
ner without actually finding the total number of dots.

Aa‘b‘i/b'?‘?/ 8.22
Difference War

Deal out the cards to the two players as in regular
“War” and prepare a pile of 30 to 40 counters. On
each play, the players turn over their cards as usual.
The player with the greater number of dots wins as
many counters from the pile as the difference between
the two cards. The players keep their cards. The game

is over when the counter pile runs out. Tﬁﬂaﬁgﬁh

the most counters wins the game.

AG?‘O'UL?L?/ 8.23
Number Sandwiches

Select a number between 5 and 12, and find combina-
tions of two cards that total that number. Place the
two cards back to back with the dot side out. When
they have found at least ten pairs, the next challenge is
to name the number on the other side. The cards are
flipped over to confirm. The same pairs can then be
used again to name the hidden part.

ﬁ To assess the important part-whole relation-
M ships, use a missing-part diagnostic interview
noTE?\  similar to Activity 8.18 (“Covered Parts”). Be-
gin with a number you believe the child has
“mastered,” say, 5. Have the child count out that many
counters into your open hand. Close your hand around the
counters and confirm that she knows how many are hidden
there. Then remove some and show them in the palm of
your other hand (see Figure 8.13). Ask the child, “How
many are hidden?” Repeat with different amounts removed,
although it is only necessary to check three or four missing
parts for each number. If the child responds quickly and

Figure 8.13 A missing-part number assessment. Eight in
all. “How many are hidden?”

correctly and is clearly not counting in any way, call that a
“mastered number” and check off that skill on your stu-
dent’s recording sheet. If a number is mastered, repeat the
entire process with the next higher number. Continue until
the child begins to stumble. In early first grade you will find
a range of mastered numbers from 4 to 7 or 8. By spring of

e , ildren should have mastered num-
PDR foferidrteet
bers to'10.

Relationships for Numbers
% 10 Through 20

" Even though kindergarten, first-, and second-
grade children experience numbers up to 20 and beyond
daily, it should not be assumed that they will automati-
cally extend the set of relationships they developed on
smaller numbers to the numbers beyond 10. And yet
these numbers play a big part in many simple counting
activities, in basic facts, and in much of what we do with
mental computation. Relationships with these numbers are
just as important as relationships involving the numbers
through 10.

Pre-Place-Value Concepts

A set of ten should play a major role in children’s early un-
derstanding of numbers between 10 and 20. When children
see a set of six with a set of ten, they should know without
counting that the total is 16. However, the numbers be-
tween 10 and 20 are not an appropriate place to discuss
place-value concepts. That is, prior to a much more com-
plete development of place-value concepts (see Curriculum




Focal Points for grade 2), children should not be expected to
explain the 1 in 16 as representing “one ten.”

0

Say to yourself, “One ten.” Now think about that from
the perspective of a child just learning to count to 20! What
could “one ten” possibly mean when ten tells me how many
fingers | have and is the number that comes after nine? How
can it be one of something?

Initially, children do not see a numeric pattern in the
numbers between 10 and 20. Rather, these number names
are simply ten additional words in the number sequence.
The concept of a single ten is challenging for a kinder-
garten or early first-grade child to grasp. Some would say
that it is not appropriate for grade 1 at all (Kamii, 1985).
The inappropriateness of discussing “one ten and six ones”
(what’s a one?) does not mean that a set of ten should not
figure prominently in the discussion of the teen numbers.
The following activity illustrates this idea.

Acfl}{/b'?‘?/ 8.24

Ten and Some More

Use a simple two-part mat and I&pgﬂg'g coEtDF En

out ten counters onto one side. Next have them put
five counters on the other side. Together count all
of the counters by ones. Chorus the combination:
“Ten and five is fifteen.” Turn the mat around: “Five
and ten is fifteen.” Repeat with other numbers in

a random order but without changing the 10 side
of the mat.

Activity 8.24 is designed to teach new number names
and, thus, requires a certain amount of teacher-directed
teaching. Following this activity, explore numbers to 20 in
a more open-ended manner. Provide each child with two
ten-frames drawn one under the other on a construction
paper mat or use Blackline Master 11. In random order,
have children show numbers to 20 on their mats. That is,
play “Crazy Mixed-Up Numbers” (Activity 8.14) with two
ten-frames and numbers to 20. There is no preferred way to
do this as long as there are the correct number of counters.
What is interesting is to discuss how the counters can be
arranged on the mat so that it is easy to see how many are
there. Have children share their ideas. Not every child will
use a full set of ten, but as this idea becomes more popular,
the notion that ten and some more is a teen amount will
soon be developed. As you listen to your children, you may
want to begin challenging them to find ways to show 26
counters or even more.

Pavse and P%Zea‘
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Extending More Than and
Less Than Relationships

The relationships of one more than, two more than, one
less than, and two less than are important for all numbers.
However, these ideas are built on or connected to the same
concepts for numbers less than 10. The fact that 17 is one
less than 18 is connected to the idea that 7 is one less than
8. Children may need help in making this connection.

/Ia‘w&z‘?/ 8.25
More and Less Extended

On the overhead, or whiteboard, show seven counters
and ask what is two more, or one less, and so on.
Now add a filled ten-frame to the display (or 10 in any
pattern) and repeat the questions. Pair up questions
by covering and uncovering the ten-frame as illustrated
in Figure 8.14.

ooeoee®
oo®
oooe
C X X J
How many? How many?
What is one more? What is one more?
Two less? Two less?

Figure 8.14 Extending relationships to the teens.

Doubles and Near-Doubles

The use of doubles (double 6 is 12) and near-doubles (13 is
double 6 and 1 more) is generally considered a strategy for
memorizing basic addition facts. There is no reason why
children should not begin to develop these relationships
long before they are concerned with memorizing basic
facts. Doubles and near-doubles are simply special cases of
the general part-part-whole construct.

Relate the doubles to special images. Children can
draw pictures or make posters that illustrate the doubles
for each number. Any images that are strong ideas for your
children will be good for them.

Periodically conduct oral exercises in which students
double the number you say. Ask children to explain how
they knew a particular double. Many will not use the
pictures.
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AG?‘W&?‘?/ 8.26
The Double Maker

Make the calculator into a “double maker” by
pressing 2 (=). Now a press of any digit

followed by (=] will produce the double of that num-
ber. Children can work in pairs or individually to try to
beat the calculator.

As a related oral task, say a number, and ask students
to tell what double it is. “What is fourteen?” (Double 7.)
When students can do this well, use any number up to 20.
“What is seventeen?” (Double 8 and 1 more.)

Number Sense
. in Their World

" Here we examine ways to broaden the early knowl-
edge of numbers in a different way. Relationships of num-
bers to real-world quantities and measures and the use of
numbers in simple estimations can help children develop
the flexible, intuitive ideas about numbers that are most
desired. Here are some activities that can help children con-
nect numbers to real situations.

/fc?‘éué?‘?/ 8.27
Add a Unit to Your Number

Write a number on the board. Now suggest some
units to go with it and ask the children what they can
think of that fits. For example, suppose the number

is 9. “What do you think of when | say 9 dollars? 9
hours? 9 cars? 9 kids? 9 meters? 9 o’clock? 9 hand
spans? 9 gallons?” Spend some time in discussion of
each. Let children suggest units as well. Be prepared
to explore some of the ideas either immediately or as
projects or tasks to share with parents or guardians at
home.

/Ia‘wa‘g/ 8.28
Is It Reasonable?

Select a number and a unit—for example, 15 feet.
Could the teacher be 15 feet tall? Could your living
room be 15 feet wide? Can a man jump 15 feet high?
Could three children stretch their arms 15 feet? Pick
any number, large or small, and a unit with which chil-
dren are familiar. Then make up a series of these
questions.

Once children are familiar with Activity 8.28, have
them select the number and the unit or things (10 kids,
20 bananas, . . . ), and see what kinds of questions children
make up. When a difference of opinion develops, capitalize
on the opportunity to explore and experiment. Resist the
temptation to supply your adult-level knowledge. Rather,
say, “Well, how can we find out if it is or is not reasonable?
Who has an idea about what we could do?”

These activities are problem-based in the truest sense.
Not only are there no clear answers, but children can easily
begin to pose their own questions and explore number in
the part of the environment most interesting to them.
Children will not have these real-world connections when
you begin, and you may be disappointed in their initially
limited ideas about number. Howden (1989) writes about
a first-grade teacher of children from very impoverished
backgrounds who told her, “They all have fingers, the
school grounds are strewn with lots of pebbles and leaves,
and pinto beans are cheap. So we count, sort, compare,
and talk about such objects. We’ve measured and weighed
almost everything in this room and almost everything the
children can drag in” (p. 6). This teacher’s children had
produced a wonderfully rich and long list of responses
to the question “What comes to your mind when I say
twenty-four?” In another school in a professional commu-
nity where test scores are high, the same question brought

mqst ng_response from a class of third graders. It can
Ap ag O PDFEle aEQhaapﬁégeiﬁort to help children connect their

number ideas to the real world.

Estimation and Measurement

One of the best ways for children to think of real quanti-
ties is to associate numbers with measures of things. In the
early grades, measures of length, weight, and time are good
places to begin. Just measuring and recording results will
not be very effective unless there is a reason for children to
be interested in or think about the result. To help children
think or reflect on what number might tell how long the
desk is or how heavy the book is, it would be good if they
could first write down or tell you an estimate. To produce
an estimate is, however, a very difficult task for young chil-
dren. They do not easily grasp the concept of “estimate”
or “about.” For example, suppose that you have cut out of
poster board a set of very large footprints, say, about 18
inches long. All are exactly the same size. You would like
to ask the class, “About how many footprints will it take to
measure across the rug in our reading corner?” The key
word here is #bout, and it is one that you will need to spend
a lot of time helping children understand. To this end, the
request of an estimate can be made in ways that help with
the concept of “about” yet not require students to give a
specific number.

The following estimation questions can be used with
most early estimation activities:



® More or less than ? Will it be more or less than 10
footprints? Will the apple weigh more or less than 20
wooden blocks? Are there more or less than 15 con-
necting cubes in this long bar?

e Closer to or to » Will it be closer to 5 foot-
prints or closer to 20 footprints? Will the apple weigh
closer to 10 blocks or closer to 30 blocks? Does this bar
have closer to 10 cubes or closer to 50 cubes?

®  About . Use one of these numbers: 5, 10, 15,
20, 25, 30, 35, 40, . . . About how many footprints?
About how many blocks will the apple weigh? About
how many cubes are in this bar?

Asking for estimates using these formats helps children
learn what you mean by “about.” Every child can make an
estimate without having to pull a number out of the air.
However, rewarding students for the closest estimate in a
competitive fashion will often result in their learning to
seek precision and not actually estimate. Instead, it is best
to discuss all answers that fall into a reasonable range.

To help with numbers and measures, estimate several
things in succession using the same unit. For example, sup-
pose that you are estimating and measuring “around things”
using a string. To measure, the string is wrapped around the
object and then measured in some unit such as craft sticks.
After measuring the distance around Demetria’s head, es-
timate the distance around the wastebasket or around the

globe or around George’s wrist. [y alg@;ivel-a@ﬁre

helps children with the new estimates.

Data Collection and Analysis

Graphing activities are another good way to connect chil-
dren’s worlds with number. Chapter 21 discusses ways to
make graphs with children in grades pre-K-2. Graphs can
be quickly made of almost any data that can be gathered
from the students, such as: favorite ice cream, color, sports
team, pet; number of sisters and brothers; transportation to
school; types of shoes; number of pets; and so on. Graphs
can be connected to content in other areas. A unit on water
might lead to a graph of items that float or sink.

Once a simple bar graph is made, it is very important
to take time to ask as many number questions as is appro-
priate for the graph. In the early stages of number devel-
opment (grades pre-K-1), the use of graphs for number
relationships and for connecting numbers to real quantities
in the children’s environment is a more important reason
for building graphs than the graphs themselves. The graphs
focus attention on counts of realistic things. Equally im-
portant, bar graphs clearly exhibit comparisons between
and among numbers that are rarely made when only one
number or quantity is considered at a time. See Figure 8.15
for an example of a graph and questions that can be asked.
At first, children may have trouble with the questions in-
volving differences, but repeated exposure to these ideas

En
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in a bar graph format will improve their understanding.
These comparison concepts add considerably to children’s
understanding of number.
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Bananas Oranges Apples Other

Class graph showing fruit brought for snack. Paper
cutouts for bananas, oranges, apples, and cards for
“others.”

® Which snack (or refer to what the graph represents) is most,
least?

® Which are more (less) than 7 (or some other number)?

® Which is one less (more) than this snack (or use fruit
name)?

® How much more is than ? (Follow this
question immediately by reversing the order and asking
how much less.)

® How much less is than ? (Reverse this

question after receiving an answer.)
® How much difference is there between and ?

® Which two bars together are the same as ?

Figure 8.15 Relationships and number sense in a bar
graph.
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m The Standards clearly recognizes the value of
! integrating number development with other
areas of the curriculum. “Students” work with
numbers should be connected to their work with other
mathematics topics. For example, computational fluency . . .
can both enable and be enabled by students’ investigations
of data; a knowledge of patterns supports the development
of skip counting and algebraic thinking; and experiences

with shape, space, and number help students develop esti-
mation skills related to quantity and size” (p. 79). &

Extensions to Early Mental
. Mathematics

" "Teachers in the second and third grades can capital-
ize on some of the early number relationships and extend
them to numbers up to 100. A useful set of materials to help
with these relationships is the little ten-frames found in
Blackline Master 16. Each child should have a set of 10 tens
and a set of frames for each number 1 to 9 with an extra 5.

The following three ideas can be demonstrated using
the little ten-frames in Figure 8.16. First are the relation-
ships of one more than and one less than. If you understand
that one more than 6 is 7, then in a similar manner, one
more ten than 60 is 70. The second idea is really a look
ahead to fact strategies. If a child has learned to think about
adding on to 8 or 9 by first adding up to 10 and then adding
the rest, the extension to similar two-digit numbers is quite
simple; see Figure 8.16(b). Finally, the most powerful idea
for small numbers is thinking of them in parts. It is a very
useful idea to take apart larger numbers to begin to develop
some flexibility in the same way. Children can begin by
thinking of ways to take apart a multiple of 10 such as 80.
Once they do it with tens, the challenge can be to think of
ways to take apart 80 when one part has a 5 in it, such as
25 or 35.

More will be said about early mental computation in
Chapter 12. The point to be made here is that early number
relationships have a greater impact on what children know
than may be apparent at first. Even teachers in the upper
grades may consider the benefits of using ten-frames and
part-part-whole activities.

Apago PDF Enhancer
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One more than 6 is 7.
One more ten is 7 tens.
Ten more than 60 is 70.

(b) olo|o|o|e

8 and 5 more:
2 from 5to getto 10
o|®o|/e|®@|/® and3moreis13.

So...
ejeje 68 and 5:

2 more to
o(@e/@e/@/@® getto70

and 3is 73.

Figure 8.16 Extending early number relationships to mental computation activities.
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Writing to Learn

1. What must a child be able to do in order to count a set
accurately?

2. Describe an activity thatis a “set-to-numeral match” activity.
What ideas must a child have to do these activities meaning-
fully and correctly?

3. How can “Real Counting On” (Activity 8.7) be used as an
assessment to determine if children understand counting on
or are still in a transitional stage?

4. What are the four types of relationships that have been de-
scribed for numbers from 1 to 10? Explain briefly what each
of these means and suggest at least one activity for each.

5. How can a teacher assess the number relationships of part-
whole?

6. How can a calculator be used to develop early counting ideas
connected with number? How can a calculator be used to
help a child practice number relationships such as part-part-
whole or one less than?

7. For numbers between 10 and 20, describe how to develop
each of these ideas:

a. The idea of the teens as a set of ten and some more
b. Extension of the one-more/one-less concept to the
teens

8. What are three ways that children can be helped to connect
numbers to real-world ideas?

For Discussion and Exploration

1. Examine the Curriculum Focal Points document (available
online at www.nctm.org). Look at the CFPs suggested for
children in grades pre-K-2 under the concept of “number”
and compare them with the ideas presented in this chapter.
What ideas are stressed? What ideas are not included in the
CFPs? How can you use both resources to plan your number
concept development program?

2. You'’ve noticed that a student you are working with is count-
ing items with an accurate sequence of the numbers in our
system, but is not attaching one number to each item.
Therefore, their final count is inconsistent and inaccurate.
What would you plan to help this student develop a better
grasp of one-to-one correspondence?
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Literature Connections

Children’s literature abounds with wonderful counting books.
Be sure to go beyond simply reading a counting book or a
number-related book and looking at the pictures. Find a way
to extend the book into the children’s world. Create problems
related to the story. Have children identify the mathematics
in the story. Extend the numbers and see what happens. Talk
about how old the book is by looking at the copyright. Here
are a few ideas for making literature connections to number
concepts and number sense.

Anno’s Counting House, Anno, 1982

This book shows ten children in various parts of a house. As
the pages are turned, the house front covers the children, and
a few are visible through cutout windows. A second house is
on the opposite page. As you move through the book, the
children move one at a time to the second house, creating the
potential for a 10-0, 9-1,8-2, ..., 0-10 pattern of pairs. But
as each page partially shows the children through the win-
dow, there is an opportunity to discuss how many in the miss-

ing part. Have children use counters to model the story as
you “read” it the second or third time.

What if the children moved in pairs instead of one at a
time? What if there were three houses? What if there were
more children?

The Very Hungry Caterpillar, Carle, 1969

This is a predictable-progression counting book about a cat-
erpillar who eats first one thing, then two, and so on. Chil-
dren can create their own eating stories and illustrate them.
What if more than one type of thing were eaten at each stop?
What combinations for each number are there? Are seven
little things more or less than three very large things?

Two Ways to Count to Ten, Dee, 71988

This Liberian folktale is about King Leopard’s search for the
best animal to marry his daughter. The task devised involves
throwing a spear and counting to 10 before the spear lands.
Many animals try and fail. Counting by ones proves too lengthy.
Finally, the antelope succeeds by counting “2, 4, 6, 8, 10.”
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The story is a perfect lead-in to skip counting. Can you
count to 10 by threes? How else can you count to 10? How
many ways can you count to 482 What numbers can you
reach if you count by fives? A hundreds board or counters are
useful in helping with these problems. Be sure to have chil-
dren write about what they discover in their investigations.

Another fun book to use is The King’s Commissioners
(Friedman, 1994), a hilarious tale that also opens up oppor-
tunities to count by different groupings or skip counting.

Recommended Readings

Articles

Fuson, K. C., Grandau, L., & Sugiyama, P. A. (2001). Achievable

numerical understandings for all young children. Teaching
Children Mathematics, 7(9), 522-526.
Researchers who bave long worked with the number development
of young children provide the reader with a concise overview of
number development from ages 3 to 7. This practical reporting of
their research is quite useful.

Griffin, S. (2003). Laying the foundation for computational flu-

ency in early childhood. Teaching Children Mathematics, 9(6),
306-309.
This short article lays out clearly five stages of number develop-
ment based on a simple addition story problem task. This is fol-
lowed by activities to develop number at each stage. A useful
article, especially for diagnosis and remediation of early number
development.

Let’s Count to 5 (Grades K-2)

http://illuminations.nctm.org/LessonDetail.aspx?id=U57
This site contains seven lessons with links to resources and
downloads for student recording sheets. Children can make
sets of zero through five objects and connect number words
or numerals to the sets. Familiar songs, rhymes, and a variety
of activities that appeal to visual, auditory, and kinesthetic
learners are included. In a similar fashion see the following
site for higher numbers.

Let’s Count to 10 (Grades K-2)
http://illuminations.nctm.org/LessonDetail.aspx?id=U147

Let’s Count to 20 (Grades K-2)

http://illuminations.nctm.org/LessonDetail.aspx?id=U153
These lessons emphasize the process standards of Commu-
nication and Reasoning.

Toy Shop Numbers (Grades K-2)

http://illuminations.nctm.org/LessonDetail.aspx?id=1.216
Using the setting of a toy shop, these activities focus on find-
ing numbers in the real world.

Representing Data—Baby Weight (Grades K-8)

http://illuminations.nctm.org/LessonDetail.aspx?ID=L170
In this grades 1-2 lesson, students work with data to com-
plete an organized chart by doubling or halving numbers
and compare data using bar graphs.

Math Tools: Math 1, Number Sense

. |__http ﬁnaﬂfomm.org/ 'mathtools/cell/m1,3.2,ALL,ALL
Losq, C. (2005). Number concepts and spec1%\§]9 nts[7) [\ @Dl Yl the Math Tools website you will find
athen,

The power of ten-frame tiles. Teaching Childr atics,
11(6), 310-315.

This is a very useful article to engage struggling learners in the
use of a countable and visually unique model—the ten-frame tile.
Losq positions the ten-frames described in this chapter in a vertical
position to enbance subitizing or instant recognition and provide
useful tools for formative assessment.

Books

Fosnot, C. T., & Dolk, M. (2001). Young mathematicians at work:

Constructing number sense, addition, and subtraction. Ports-
mouth, NH: Heinemann.
One of three books in a series by these authors, they describe clearly
the development of number concepts. Dolk represents the view of
the Freudenthal Institute in the Netherlands and Fosnot is a re-
spected mathematician and theoretician in the United States. This
book demonstrates a sensitivity for children and a detailed perspec-
tive on children’s number development.

Richardson, K. (2003). Assessing math concepts: The biding assess-

ment. Bellingham, WA: Mathematical Perspectives.
One of a series of mine assessment books covering number topics
[from counting through two-digit numbers. The assessments are
designed for diagnostic interviews. Extensive explanations and
levels with examples are provided. Richardson is a leading expert
on early number development and assessment.

Online Resources

Count Us In

www.abc.net.au/countusin/default.htm
A site full of downloadable activities and games for early
number development.

activities and lessons appropriate for first-grade number
sense. Explore other options on the site as well.

Ten Frame (NCTM illuminations Tools)
http://illuminations.nctm.org/activitydetail.aspx?id=75
A nice manipulative version of the ten-frame. Four games
that help students develop counting and addition skills are
included in this activity.

Early Childhood Mathematics: Promoting Good
Beginnings
www.naeyc.org/about/positions/pdf/psmath.pdf
The full position statement of the National Association for
the Education of Young Children (NAEYC) and the Na-
tional Council for Teachers of Mathematics (NCTM) is
found at this location.

Field Experience Guide Connections

FEG Expanded Lessons 9.3, 9.12,9.15, and
9.20 are focused on early number concepts
and number concepts applied to measurement
and data. FEG Activity 10.1 (“The Find!”) and
FEG Activity 10.2 (“Odd or Even?”) are also engaging
activities for young children.
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his chapter is about helping children connect different

meanings, interpretations, and relationships to the
four operations of addition, subtraction, multiplication, and
division so that they can effectively use these operations in
real-world settings.

"The main thrust of this chapter is helping children develop
what might be termed operation sense, a highly integrated un-
derstanding of the four operations and the many different but
related meanings these operations take on in real contexts.

As you read this chapter, pay special attention to the
impact on number development, basic fact mastery, and
computation. As children develop their understanding of op-
erations, they can and should simultaneously be developing
additional ideas about number and ways to think about basic
fact combinations. Story problems for operations meaning
are also a method of developing computational skills.

Bigldeas

1. Addition and subtraction are connected. Addition names the
whole in terms of the parts, and subtraction names a missing
part.

2. Multiplication involves counting groups of like size and deter-
mining how many are in all (multiplicative thinking).

3. Multiplication and division are related. Division names a missing
factor in terms of the known factor and the product.

4, Models can be used to solve contextual problems for all opera-
tions and to figure out what operation is involved in a problem
regardless of the size of the numbers. Models also can be used
to give meaning to number sentences.

Wathemaitics

Content Connections

The ideas in this chapter are most directly linked to concepts of nu-
meration and the development of invented computation strategies.

. Number Development (Chapter 8): As children learn to think
about number in terms of parts and missing parts, they should
be relating these ideas to addition and subtraction. Multiplica-
tion and division require students to think about numbers as
units: In 3 x 6 each of the three sixes is counted as a unit.

* Basic Facts (Chapter 10): A good understanding of the opera-
tions can firmly connect addition and subtraction so that sub-
traction facts are a natural consequence of having leared
addition. A firm connection between multiplication and division
provides a similar benefit.

+* Whole-Number Place Value and Computation (Chapters
11 and 12): Students work with and develop ideas about the
base-ten number system as they solve story problems involv-
ing larger numbers. It is reasonable to have children invent
strategies for computing with two-digit numbers as they build
their understanding of the operations.

.* Algebraic Thinking (Chapter 14): Representing contextual
situations in equations is at the heart of algebraic thinking. This
is exactly what students are doing as they learn to write equa-
tions to go with their solutions to story problems.

.* Fraction and Decimal Computation (Chapters 16 and 17):
These topics for the upper elementary and middle grades
depend on a firm understanding of the operations.

Addition and Subtraction
_ Problem Structures

We begin this chapter with a look at four catego-
ries of problem structure for additive situations (which
include both addition and subtraction) and later explore
four problem structures for multiplicative situations (which
include both multiplication and division). Although these
categories are not knowledge that students are expected to
master, teachers are expected to learn these categories as

145



146 Chapter 9 Developing Meanings for the Operations

part of pedagogical content knowledge (PCK) (Shulman,
1986), which is the deep understanding that teachers need
to effectively organize and support students’ mathemat-
ics learning. Teachers who are not aware of the variety of
situations and structures may randomly offer problems to
students without the proper sequencing to support stu-
dents’ full grasp of the meaning of the operations, thus
not preparing students for the variety of real-world con-
texts they will encounter. By knowing the logical struc-
ture of these problems you will be able to help students
interpret a variety of mathematical situations. Again, stu-
dents will not need to identify a problem with a “join” or
“separate” classification by name, but as a teacher you will
need to present a variety of problem types as well as rec-
ognize which structures cause the greatest challenges for
students.

Researchers have separated addition and subtraction
problems into categories based on the kinds of relationships
involved. These include join problems, separate problems,
part-part-whole problems, and compare problems (Carpen-
ter, Carey, & Kouba, 1990; Carpenter, Fennema, Franke,
Levi, & Empson, 1999; Gutstein & Romberg, 1995). The
basic structure for each of these four types of problems is
illustrated in Figure 9.1. Each structure involves a number
“family” such as 3, 5, 8. A different problem type results
depending on which of the three quantities in the situation
is unknown.

Examples of the Four
Problem Structures

The number family 4, 8, 12 is used in each of the story
problems that follow and can be connected to the structure
in Figure 9.1. These drawings are not intended for students
but to help you as a teacher. Also note that the problems are
described in terms of their structure and interpretation and
not as addition or subtraction problems. Contrary to what
you may have thought, a joining action does not always
mean addition, nor does separate or remove always mean
subtraction.

Join Problems. For the action of joining, there are three
quantities involved: an initial or starting amount, a change
amount (the part being added or joined), and the resulting
amount (the total amount after the change takes place). In
Figure 9.1(a) this is illustrated by the change being “added
to” the initial amount. Any one of these three quantities can
be unknown in a problem as shown here.

Join: Result Unknown

Sandra had 8 pennies. George gave her 4 more. How many
pennies does Sandra have altogether?

Apago PDk
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Figure 9.1 Four basic structures for addition and subtrac-
tion story problem types. Each structure has three numbers.
Any one of the three numbers can be the unknown in a story
problem.

Join: Change Unknown

Sandra had 8 pennies. George gave her some more. Now
Sandra has 12 pennies. How many did George give her?

Join: Initial Unknown

Sandra had some pennies. George gave her 4 more. Now
Sandra has 12 pennies. How many pennies did Sandra have
to begin with?



Separate Problems. Notice that in the “separate” prob-
lems, the initial amount is the whole or the largest amount,
whereas in the “join” problems, the result is the whole. In
“separate” problems the change is that an amount is being
removed from the initial value. Again, refer to Figure 9.1(b)
as you consider these problems.

Separate: Result Unknown

Sandra had 12 pennies. She gave 4 pennies to George.
How many pennies does Sandra have now?

Separate: Change Unknown

Sandra had 12 pennies. She gave some to George. Now
she has 8 pennies. How many did she give to George?

Separate: Initial Unknown

Sandra had some pennies. She gave 4 to George. Now
Sandra has 8 pennies left. How many pennies did Sandra
have to begin with?

Part-Part-Whole Problems. Part-part-whole problems
involve two parts that are combined into one whole as in
Figure 9.1(c). The combining may be a physical action, or

it may be a mental combination:@lpla@ﬂartp =

physically combined.

There is no meaningful distinction between the two
parts in a part-part-whole situation, so there is no need to
have a different problem for each part as the unknown. For
each possibility (whole unknown and part unknown), two
problems are given here. The first is a mental combination
where there is no action. The second problem involves a
physical action.

Part-Part-Whole: Whole Unknown

George has 4 pennies and 8 nickels. How many coins does
he have?

George has 4 pennies and Sandra has 8 pennies. They put
their pennies into a piggy bank. How many pennies did they
put into the bank?

Part-Part-Whole: Part Unknown

George has 12 coins. Eight of his coins are pennies, and the
rest are nickels. How many nickels does George have?

George and Sandra put 12 pennies into the piggy bank.
George put in 4 pennies. How many pennies did Sandra
putin?
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Compare Problems. Compare problems involve the
comparison of two quantities. The third amount does not
actually exist but is the difference between the two amounts.
Figure 9.1(d) illustrates the comparison problem type.
There are three ways to present compare problems, cor-
responding to which quantity is unknown (smaller, larger,
or difference). For each of these, two examples are given:
one problem where the difference is stated in terms of more
and another in terms of less.

Compare: Difference Unknown

George has 12 pennies and Sandra has 8 pennies. How
many more pennies does George have than Sandra?

George has 12 pennies. Sandra has 8 pennies. How many
fewer pennies does Sandra have than George?

Compare: Larger Unknown

George has 4 more pennies than Sandra. Sandra has 8 pen-
nies. How many pennies does George have?

Sandra has 4 fewer pennies than George. Sandra has 8
pennies. How many pennies does George have?

@om are: Smaller Unknown
@g%lhgs@ Lore pennies than Sandra. George has 12

pennies. How many pennies does Sandra have?

Sandra has 4 fewer pennies than George. George has 12
pennies. How many pennies does Sandra have?

Pause and P%Zaa‘

I,

‘J Go back through all of these examples and match the
numbers in the problems with the components of the struc-
tures in Figure 9.1. For each problem, do two additional things.
First, use a set of counters or coins to model (solve) the prob-
lem as you think children in the primary grades might do. Sec-
ond, for each problem, write either an addition or subtraction
equation that you think best represents the problem as you did
it with counters.

In most curricula, the overwhelming emphasis is on the
easier join and separate problems with the result unknown.
These become the de facto definitions of addition and sub-
traction: Addition is “put together” and subtraction is “take
away.” The fact is, these are not the definitions of addition
and subtraction.

When students develop these limited put-together and
take-away definitions for addition and subtraction, they
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often have difficulty later when addition or subtraction is
called for but the structure is other than put together or
take away. It is important that children be exposed to all
forms within these four problem structures.

Problem Difficulty. The various types of problems
are not at all equal in difficulty for children. The join or
separate problems in which the initial part is unknown are
among the most difficult, probably because children model-
ing the problems directly do not know how many counters
to put down to begin with. Problems in which the change
amounts are unknown are also difficult.

Many children will solve compare problems as part-
part-whole problems without making separate sets of
counters for the two amounts. The whole is used as the
large amount, one part for the small amount and the second
part for the difference. Which method did yox use? There
is absolutely no reason this should be discouraged as long
as children are clear about what they are doing.

As students begin to translate the variety of story prob-
lems in the previous pages into equations to solve, they may
be challenged in creating a matching equation that em-
phasizes the corresponding operation. This is particularly
important as students move into explorations that develop
algebraic thinking. The structure of the equations also may
cause difficulty for English language learners who may not

initially have the flexibility in creating equivalent equation on
due to reading comprehension issues with A@l@ﬁé depDﬁomﬂggr

scribed in the story. Therefore, we need to look at how
knowing about computational and semantic forms of equa-
tions will help you help your students.

Computational and Semantic Forms of Equations. If
you wrote an equation for each of the problems as just sug-
gested, you may have some equations where the unknown
quantity is not isolated on one side of the equal sign. For
example, a likely equation for the join problem with ini-
tial part unknown is [ ]+ 4 = 12. This is referred to as the
semantic equation for the problem since the numbers are
listed in the order that follows the meaning of the problem.
Figure 9.2 shows the semantic equations for the six join
and separate problems on the previous pages. Note that
the two result-unknown problems place the unknown alone
on one side of the equal sign. An equation that isolates the
unknown in this way is referred to as the computational form
of the equation. When the semantic form is not also the
computational form, an equivalent equation can be written.
For example, the equation[ ]+ 4 = 12 can be written equiv-
alently as 12 — 4 = []. The computational form is the one
you would need to use if you were to solve these equations
with a calculator. Students need to see that there are several
ways to represent a situation in an equation. As numbers
increase in size and children are not solving equations with
counters, they must eventually learn to see the equivalence
between different forms of the equations.

Quantity Join Separate
Unknown Problems Problems
Result 8+4=[ ] 12-4=[ ]
Change 8+[ ]=12 12-[ 1=8
Initial [ 1+4=12 [ 1-4=8

Figure 9.2 The semantic equation for each of the six join
and separate problems on pages 146—147. Notice that for
results-unknown problems the semantic form is also the
computational form. The computational form for the other
four problems is an equivalent equation that isolates the
unknown quantity.

Teaching Addition
. and Subtraction

" So far you have seen a vari-
ety of types of story problems for
addition and subtraction and you
probably have used some coun-
ters to help you understand how
these problems can be solved by
children. Combining the use of
d models

number
lines) is important in helping stu-
dents construct a rich understand-
ing of these two operations. Let’s
examine how each approach can be used in the classroom.
As you move through this section, note that addition and
subtraction are taught at the same time.

i
myeducationlat;)

Go to the Activities and Ap-
plication section of Chapter
9 of MyEducationLab. Click
on Videos and watch the
video entitled “Strategies
for Learning About Opera-
tions” to see two class-
room teachers use a variety
of strategies to develop
students’ understanding

of the operations.

Contextual Problems

There is more to think about than simply giving students
problems to solve. In contrast with the rather sterile story
problems in the previous section, consider the following
problem.

Yesterday we were measuring how tall we were. You re-
member that we used the connecting cubes to make a big
train that was as long as we were when we were lying
down. Dion and Rosa were wondering how many cubes
long they would be if they lay down head to foot. Dion had
measured Rosa and she was 84 cubes long. Rosa mea-
sured Dion and she was 102 cubes long. Let’s see if we can
figure out how long they will be end to end, and then we
can check by actually measuring them.

Fosnotand Dolk (2001) point out that in story problems,
children tend to focus on getting the answer. “Context



problems, on the other hand, are connected as closely as
possible to children’s lives, rather than to ‘school mathe-
matics.” They are designed to anticipate and to develop
children’s mathematical modeling of the real world” (p. 24).
Contextual problems might derive from recent experiences
in the classroom, a field trip, a discussion you have been
having in art, science, or social studies, or from children’s
literature.

Lessons Built on Context or Story Problems. The
tendency in the United States is to have students solve a
lot of problems in a single class period. The focus of these
lessons seems to be on how to get answers. In Japan, how-
ever, a complete lesson will often revolve around one or
two problems and the related discussion (Reys & Reys,
1995).

What might a good lesson for second graders that is
built around word problems look like? The answer comes
more naturally if you think about students not just solv-
ing the problems but also using words, pictures, and num-
bers to explain how they went about solving the problem
and why they think they are correct. Children should be
allowed to use whatever physical materials they feel they
need to help them, or they can simply draw pictures.
Whatever they put on their paper should explain what
they did well enough to allow someone else to understand

their thinking (allow at least a half page of sp a
problem). ﬁp égé (0] ﬁﬁﬁ
The second-grade curriculum of Investigations in
Number, Data, and Space places a significant emphasis on
connecting addition and subtraction concepts. In the ex-
cerpt shown on page 150, you can see an activity involving
word problems for subtraction. Take special note of the

emphasis on students’ visualizing the situation mentally
and putting the problem in their own words.

Choosing Numbers for Problems. Even pre-K and kin-
dergarten children should be expected to solve story prob-
lems. Their methods of solution will typically involve using
counters or actual experiments in a very direct modeling
of the problems. This is what makes the join and separate
problems with the initial parts unknown so difficult. For
these problems, children initially use a trial-and-error ap-
proach (Carpenter, Fennema, Franke, Levi, & Empson,
1999).

Although the structure of the problems will cause the
difficulty to vary, the numbers in the problems should be
in accord with the number development of the children.
Pre-K and kindergarten children can use numbers as large
as they can grasp conceptually, which is usually to about
10 or 12.

Second-grade children are also learning about two-
digit numbers and are beginning to understand how our
base-ten system works. Rather than waiting until stu-
dents have learned about place value and have developed
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techniques for computing numbers, word problems are a
problem-based opportunity to learn about number and
computation at the same time. For example, a problem
involving the combination of 30 and 42 has the potential
to help students focus on sets of ten. As they begin to think
of 42 as 40 and 2, it is not at all unreasonable to think that
they will add 30 and 40 and then add 2 more. As you learn
more about invented strategies for computation in Chap-
ter 12, you will develop a better understanding of how to
select numbers for the problems you use in your lessons to
aid in computational development.

The Standards authors make clear the value of
ﬂ connecting addition and subtraction. “Teachers

should ensure that students repeatedly encoun-
ter situations in which the same numbers appear in different
contexts. For example, the numbers 3, 4, and 7 may appear
in problem-solving situations that could be represented by
4+3,3+4,0r7-3,0or7—4....Recognizing the inverse
relationship between addition and subtraction can allow
students to be flexible in using strategies to solve problems”

(p-83). &

Introducing Symbolism. Very young children do not
eed to understand the symbols +, —, and = to learn about
A Gifd Eubtraction concepts. However, these sym-
bolic conventions are important. When you feel your stu-
dents are ready to use these symbols, introduce them in the
discussion portion of a lesson where students have solved
story problems. Say, “You had the whole number of 12 in
your problem and the number 8 was one of the parts of 12.
You found out that the part you did not know was 4. Here
is a way we can write that: 12 — 8 = 4.” The minus sign
should be read as “minus” or “subtract” but not as “take
away.” The plus sign is easier since it is typically a substitute
for “and.”

Some care should be taken with the equal sign. The
equal sign means “is the same as.” However, most chil-
dren come to think of it as a symbol that tells you that the
“answer is coming up.” It is interpreted in much the same
way as the (=] on a calculator. That is, it is the key you press
to get the answer. An equation such as 4 + 8 =3 + 9 has no
“answer” and is still true because both sides stand for the
same quantity. A good idea is to often use the phrase “is the
same as” in place of or in conjunction with “equals” as you
read equations with students.

Another approach is to think of the equal sign as a bal-
ance; whatever is on one side of the equation “balances”
or equals what is on the other side. This will support alge-
braic thinking in future grades if developed early (Knuth,
Stephens, McNeil, & Alibali, 2006). (See Chapter 14 for a
more detailed look at teaching the equal sign as “is the same
as” rather than “give me the answer.”)



Grade 2, Counting, Coins,
and Combinations

Context

The Counting, Coins, and Combinations unit is the first of
nine curriculum units for the second grade. Itis one of four
units in which the work on addition, subtraction, and the
number system is undertaken. Children begin with the facts
and move to two-digit problems using student-invented
strategies. The focus on whole-number operations includes
understanding the structure of the problem, developing
strategies to solve story problems, and using words, pic-
tures, and numbers to communicate solutions. Over the
series of units, the full variety of problem structures pre-
sented previously in this chapter will be developed. There
is an emphasis on a variety of problem types to assist the
students in thinking about different situations and perspec-
tives rather than focusing on one action or visualization.

Task Description

Counting, Coins, and Combinations has students explore
addition and subtraction problems together within story
situations and then visualizing and modeling the actions de-
scribed. The discussions that follow these activities embody
a definite effort to use the story problems to connect the
concepts of addition and subtraction. The subtraction task
shown on this page is one of several presented individually
on a chart or in another prominent location. Each of the
story problems is set up to represent a range of the structures
discussed in this chapter. This subtraction task, for example,
demonstrates a separate problem with the result unknown.
To begin their work, students are told that they will be hear-
ing a story, to visualize the situation in their minds, and be
ready to put the problem in their own words.

Since subtraction situations are often more challeng-
ing to follow, students are asked if the answer will be more
or less than 16. They should be able to share why they
think so. Then students are to use whatever methods and
materials they wish to solve the problem but are required
to show their work so that “someone else should be able
to look at your work and understand what you did to solve
it” (p. 41).
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Counting. Coins, and Combinations

How Many Cards? ioge 1012
Solve the problem. Show your work.
Write an equation.

1. Kira had 16 baseball cords. She gave 7 of
them away. How many baseball cards did Kira
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Source: Investigations in Number, Data, and Space: Grade 2—
Counting, Coins, and Combinations, pp. 150—151. Copyright
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sion. All rights reserved.

In a full-class session following this activity, students
are given an opportunity to share their strategies with the
teacher who helps deepen their understanding by posing
questions. In addition the teacher can ask another student
to model the solution suggested by a classmate—such as
using the cubes or hundreds chart as shown in the stu-
dents’ work samples. Other students can also be asked to
try the strategy. Poll students to see who also used a simi-
lar approach to give them ownership while you get a sense
of the students’ development. Before leaving the problem
you can discuss strategies not already presented.

Itis important to also link to the symbolic representa-
tion through writing the equation for the problem. Talk
about how this can be linked to an addition story using
the same numbers.

Take time to look at the two student work samples
shown. What do you notice in their recording of their
thinking? Can you follow their strategy use? Is one ap-
proach more prone to errors? Does one display a more
sophisticated level of understanding?




ﬁ Watching how children solve story problems
M will give you a lot of information about chil-
noTE?\  dren’s understanding of number as well as the
more obvious information about problem solv-
ing and their understanding of addition and subtraction.
The CGI project (Carpenter et al., 1999) has found that
children progress in their problem-solving strategies from
kindergarten to grade 2. These strategies are a reflection of
students’ understanding of number and of their emerging
mastery of basic fact strategies. For example, early on, stu-
dents will use counters and count each addend and then
recount the entire set for a join-result-unknown problem.
With more practice, they will count on from the first set.
"This strategy will be modified to count on from the larger
set; that is, for 4 + 7 the child will begin with 7 and count
on, even though 4 is the initial amount in the problem.
Eventually, students will begin to use facts retrieved from
memory and rely on counters or other models only when
necessary. Watching how students solve problems provides
evidence to help you decide what numbers to use in
problems and how to make decisions about what questions
to ask students that will focus attention on more efficient
strategies. ¢

Model-Based Problems
Many children will use counters A@@g’@nes Rue:[s)

to solve story problems. The model is a thinking tool to
help them both understand what is happening in the prob-
lem and a means of keeping track of the numbers and solv-
ing the problem. Problems can also be posed using models
when there is no context involved.

Addition. When the parts of a set are known, addition is
used to name the whole in terms of the parts. This simple
definition of addition serves both action situations (join and
separate) and static or no-action situations.

Each of the part-part-whole models shown in Figure
9.3 is a model for 5 + 3 = 8. Some of these are the result of
a definite put-together or joining action, and some are not.
Notice that in every example, both of the parts are distinct,
even after the parts are joined. If counters are used, the two
parts should be kept in separate piles or in separate sections
of a mat or should be two distinct colors. For children to
see a relationship between the two parts and the whole, the
image of the 5 and 3 must be kept as two separate sets. This
helps children reflect on the action after it has taken place.
“These red chips are the ones I started with. Then I added
these three blue ones, and now I have eight altogether.”

A number line presents some real conceptual difficul-
ties for first and second graders. Its use as a model at that
level is generally not recommended. A number line mea-
sures distances from zero the same way a ruler does. In the
early grades, children focus on the hash marks or numerals
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2 bars of
connecting cubes

Two hops on a
number line
(Note the whole hop.)

Figure 9.3 Part-part-whole models for 5 + 3 = 8 and
8-3=5.

n a number line instead of the spaces. However, if arrows

¢ ;’rl)ﬂ&ﬁ&n for each number in an exercise, the length

concept is more clearly illustrated. To model the part-part-
whole concept of 5 + 3, start by drawing an arrow from 0 to
5, indicating, “This much is five.” Do not point to the hash
mark for 5, saying “This is five.”

/fc?‘&ué?‘?/ 9.1
Up and Down the Line

Create a large number line on the floor of your class-
room or hang one on the chalkboard tray. Use an
eraser for hopping on the chalkboard tray number line
or a student to walk the number line on the floor. Talk
about the movement required for each of a variety of
different equations. This emphasizes the spaces on the
number line and is a wonderful mental image for think-
ing about the meaning of addition and subtraction.

Subtraction. Ina part-part-whole model, when the whole
and one of the parts are known, subtraction names the other
part. This definition is consistent with the overused lan-
guage of “take away.” If you start with a whole set of 8 and
remove a set of 3, the two sets that you know are the sets
of 8 and 3. The expression 8 — 3, read “eight minus three,”
names the five remaining. Therefore, eight minus three
is five. Notice that the models in Figure 9.3 are models
for subtraction as well as addition (except for the action).
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Helping children see that they are using the same models
or pictures connects the two operations.

/fc?‘&ué?‘?/ 9.2
Missing-Part Subtraction

A fixed number of counters is placed on a mat. One
child separates the counters into two parts while the
other child hides his or her eyes. The first child covers
one of the two parts with a sheet of paper, revealing
only the other part (see Figure 9.4(b)). The second
child says the subtraction sentence. For example,
“Nine minus four [the visible part] is five [the covered
part].” The covered part can be revealed if necessary
for the child to say how many are there. Both the sub-
traction equation and the addition equation can then
be written.

(@) (b)

Start with 9 tiles under the
paper. Remove some. How
many are covered?

9
S AEEnE

No action

(c)

Start with a bar of 9. Break some
off. How many are hidden?

The other
part of the bar
is hidden.

Figure 9.4 Models for 9 - 4 as a missing-part problem.

Subtraction as Think-Addition. Note that in Activity
9.2, the situation ends with two parts clearly distinct, even
when there is a remove action. The removed part remains
in the activity or on the mat as a model for an addition equa-
tion to be written after writing the subtraction equation. A
discussion of how these two equations can be written for
the same model situation is an important opportunity to
connect addition and subtraction. This modeling and dis-
cussion of addition and subtraction connections is signifi-
cantly better than the traditional activity of “fact families”
in which children are given a family of numbers such as 3, 5,
and 8 and are asked to write two addition equations and two

subtraction equations. This often becomes a rote process of
dropping the numbers into slots.

Thinking about subtraction as “think-addition” rather
than “take-away” is extremely significant for mastering sub-
traction facts. Because the counters for the remaining or
unknown part are left hidden under the cover, when chil-
dren do these activities, they are encouraged to think about
the hidden part: “What goes with the part I see to make
the whole?” For example, if the total or whole number of
counters is 9, and 6 are removed from under the cover, the
child is likely to think in terms of “6 and what makes 9?”
or “What goes with 6 to make 9?” The mental activity is
“think-addition” instead of “count what’s left.” Later, when
working on subtraction facts, a subtraction fact such as
9 — 6 =[] should trigger the same thought pattern: “6 and
what makes 9?”

Comparison Models. Comparison situations involve two
distinct sets or quantities and the difference between them.
Several ways of modeling the difference relationship are
shown in Figure 9.5. The same model can be used whether
the difference or one of the two quantities is unknown.
Note that it is not immediately clear how you would
associate either the addition or subtraction operations with
a comparison situation. From an adult vantage point, you
can see that if you match part of the larger amount with

e smaller amount, the large set is now a part-part-whole
|:)DI-%l:od hh@tﬁ@pé:fu solve the problem. In fact, many
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Figure 9.5 Models for the difference between 8 and 5.



children do model compare problems in just this manner.
But that is a very difficult idea to show children if they do
not construct the idea themselves.

Have children make two amounts, perhaps with two
bars of connecting cubes. Discuss the difference between
the two bars to generate the third number. For example,
if the children make a bar of 10 and a bar of 6, ask, “How
many more do we need to match the 10 bar?” The differ-
ence is 4. “What equations can we make with these three
numbers?” Have children make up story problems that in-
volve the two amounts of 10 and 6. Discuss which equations
go with the problems that are created.

Properties of Addition
and Subtraction

The Commutative Property for Addition. The com-
mutative property for addition says that it makes no dif-
ference in which order two numbers are added. Although
the commutative property may seem obvious to us (simply
reverse the two piles of counters on the part-part-whole
mat), it may not be as obvious to children. Because this
property is quite useful in problem solving, mastering ba-
sic facts, and mental mathematics, there is value in spend-
ing some time helping children construct the relationship.
Students do not need to be able, to name the

as much as they need to undema@eaong@gg
apply it.

Schifter (2001) describes a class of early second-grade
students who discovered the “turn-around” property while
examining sums to ten. Later, the teacher wondered if
they really understood this idea and asked the children
if they thought it would always work. Many in the class
were unsure if it worked all of the time and were especially
unsure about it working with large numbers. The point is
that children may see and accept the commutative property
for sums they’ve experienced but not be able to explain or
even believe that this simple yet important property works
for all addition combinations.

"To help children focus on the commutative property,
pair problems that have the same addends but in different
orders. The context for each problem should be different.
For example:

Tania is on page 32 in her book. Tomorrow she hopes to
read 15 more pages. What page will she be on if she reads
that many pages?

The milk tray in the cafeteria was down to only 15 cartons.
Before lunch, the delivery person brought in some more
milk. She filled up the tray with 32 more cartons. How
many cartons does the milk tray hold?
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Ask if anyone notices how these problems are alike. If
done as a pair, some (not all) students will see that having
solved one they have essentially solved the other.

The Associative Property for Addition. The associative
property for addition states that when adding three or more
numbers, it does not matter whether the first pair are added
first or if you start with any other pair of addends. There
is much flexibility in addition, and students can change the
order in which they group numbers to work with combi-
nations they know. Notice the following examples involve
mentally grouping numbers to add in an order different
from just reading the expressions from left to right.

,4a%w@y93
More Than Two Addends

Give students six sums to find involving three or four
addends. Prepare these on one page divided into six
sections so that there is space to write beneath each
sum. Within each, include at least one pair with a sum
of ten or perhaps a double: 4+7 +6,5+9+ 9, 0or 3
+ 4 + 3 + 7. Students should show how they added
the numbers. Allow students to find the sums without
any other directions.

Enhancer

Figure 9.6 illustrates how students might show their
thinking. As they share their solutions, almost certainly
there will be students who added using a different order
but got the same result. From this discussion you can help
them conclude that you can add numbers in any order. You
are also using the associative property but it is the com-
mutative property that is more important. This is also an
excellent number sense activity because many students will
find combinations of ten in these sums or will use doubles.
Learning to adjust strategies to fit the numbers is the begin-
ning of the road to computational fluency.

The Zero Property. Story problems involving zero and
or using zeros in the three-addend sums are also a good
method of helping students understand zero as an identity
element in addition or subtraction (Curriculum Focal Points

Figure 9.6 Students show how they added.
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[CFP], Grade 1). Occasionally students feel that 6 + 0 must
be more than 6 because “adding makes numbers bigger” or
that 12 — 0 must be 11 because “subtracting makes numbers
smaller.” Instead of making arbitrary-sounding rules about
adding and subtracting zero, build opportunities for dis-
cussing zero into the problem-solving routine.

’ At present, few curricular programs offer ad-
,@j&,{’é_@ dition fmd subtraction word problerr}s with
the variety of problem types we have just ex-
plored. However, there are two other ways that you can
take advantage of your classroom computers using almost
any basic tool software you happen to have. First, you can
provide problems yourself using your word processing soft-
ware or any program that allows shapes to be easily drawn
and words to be typed. Open a new file and write a word
problem in an appropriate space. Students open the file and
use the drawing capabilities to record their solution. You
can also have children write story problems on the com-
puter for pictures you create. 4

Multiplication and Division
. Problem Structures

additive problem structures, these are for you, not for your
students.

Most researchers identify four different classes of mul-
tiplicative structures (Greer, 1992). (The term multiplicative
is used here to describe all types of problems that involve
multiplication and division.) Of these, the two described
in Figure 9.7, equal groups (repeated addition, rates) and mul-
tiplicative comparison, are by far the most prevalent in the
elementary school. Problems matching these structures can
be modeled with sets of counters, number lines, or arrays.
They represent a large percentage of the multiplicative
problems in the real world.

Examples of the Four
Problem Structures

In multiplicative problems one number or factor counts how
many sets, groups, or parts of equal size are involved. The
other factor tells the size of each set or part. The third
number in each of these two structures is the whole or
product and is the total of all of the parts. The parts and
wholes terminology is useful in making the connection to
addition.

Equal-Group Problems. When the number and size of
groups are known, the problem is a multiplication situa-

~ " Like addition and subtraction, there are problemPDllion%iﬁnﬁajﬁeCtéernumber of sets or the size of sets
own,

structures that will help you as the teacher in formulating
and assigning multiplication and division tasks. As with the

Product
(Whole) O

Number
of sets L

Equal Groups

Multiplicative Comparison

is un then the problem is a division situation. But
note that these division situations are not alike. Problems in

Each equal
subset
matches the
reference set.

Product Reference set

.

: i

] |

'\‘___m_ Multiplier

L U —— (How many times
greater than the

reference set?)

Figure 9.7 Two of the four problem structures for multiplication and division story problems. Each structure has three
numbers. Any one of the three numbers can be the unknown in a story problem.



which the size of the sets is unknown are called fzir-sharing
or partition problems. The whole is shared or distributed
among a known number of sets to determine the size of
each. If the number of sets is unknown but the size of the
equal sets is known, the problems are called measurement
or sometimes repeated-subtraction problems. The whole
is “measured off” in sets of the given size. These terms
are used with the examples to follow. Keep in mind the
structure in Figure 9.7 to see which numbers are given and
which are unknown.

There is also a subtle difference between equal group
problems (also called repeated-addition problems, such as “If
three children have four apples each, how many apples are
there?”) and those that might be termed rate problems (“If
there are four apples per child, how many apples would
three children have?”). For each category, two examples of
rate problems are provided.

Equal Groups: Whole Unknown
(Multiplication)

Mark has 4 bags of apples. There are 6 apples in each bag.
How many apples does Mark have altogether? (repeated
addition)

If apples cost 7 cents each, how much did Jill have to pay
for 5 apples? (rate)
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Comparison Problems. In multiplicative comparison
problems, there are really two different sets, as there were
with comparison situations for addition and subtraction.
One set consists of multiple copies of the other. Two ex-
amples of each possibility are provided here. In the former,
the comparison is an amount or quantity difference. In mul-
tiplicative situations, the comparison is based on one set
being a particular multiple of the other.

Comparison: Product Unknown
(Multiplication)

Jill picked 6 apples. Mark picked 4 times as many apples as
Jill. How many apples did Mark pick?

This month Mark saved 5 times as much money as last
month. Last month he saved $7. How much money did
Mark save this month?

Comparison: Set Size Unknown

(Partition Division)

Mark picked 24 apples. He picked 4 times as many apples
as Jill. How many apples did Jill pick?

This month Mark saved 5 times as much money as he did
last month. If he saved $35 this month, how much did he
save last month?

Peter walked for 3 hours at 4 miIe’sA\pB QQ.QOWEQIE En h ancer

he walk? (rate)

Equal Groups: Size of Groups Unknown
(Partition Division)

Mark has 24 apples. He wants to share them equally
among his 4 friends. How many apples will each friend
receive? (fair sharing)

Jill paid 35 cents for 5 apples. What was the cost of 1
apple? (rate)

Peter walked 12 miles in 3 hours. How many miles per
hour (how fast) did he walk? (rate)

Equal Groups: Number of Groups Unknown
(Measurement Division)

Mark has 24 apples. He put them into bags containing

6 apples each. How many bags did Mark use? (repeated
subtraction)

Jill bought apples at 7 cents apiece. The total cost of her
apples was 35 cents. How many apples did Jill buy? (rate)

Peter walked 12 miles at a rate of 4 miles per hour. How
many hours did it take Peter to walk the 12 miles? (rate)

Comparison: Multiplier Unknown
(Measurement Division)

Mark picked 24 apples, and Jill picked only 6. How many
times as many apples did Mark pick as Jill did?

This month Mark saved $35. Last month he saved $7. How
many times as much money did he save this month as last?

Pavse and Pe%lea‘

W

What you just read is a lot to take in without reflection.
Stop now and get a collection of counters—at least 35. Use the
counters to solve each of the problems. Look first at the equal-
group problems and do the “Mark” problems or the first prob-
lem in each set. Match the numbers with the structure model in
Figure 9.7. How are these problems alike and how are they dif-
ferent, especially the two types of division problems? Repeat
the exercise with the “Jill” problems and then the “Peter” prob-
lems. Can you see how the problems in each problem structure
are alike and how the problems across structures such as the
problems about “Mark” are related?

When you are comfortable with the equal-group problems,
repeat the same process with the multiplicative comparison
problems. Again, start with the first problem in all three sets
and then the second problem in all three sets. Reflect on the
same questions posed earlier.
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There is evidence that kindergarten and first-grade
children are quite successful at solving multiplication and
division problems, even division involving remainders
(Carpenter, Ansell, Franke, Fennema, & Weisbeck, 1993;
Carpenter et al., 1999). Mulligan and Mitchelmore (1997),
based on their own research and that of others, make a
strong argument that students should be exposed to all four
operations from the first year of school and that multiplica-
tion and division should be much more closely linked in the
curriculum.

Although the following two multiplicative structures
are slightly more complex and therefore not a good intro-
ductory point, it is important that you recognize them as
two other categories of multiplicative situations.

Combinations or Cartesian products and area and other
product-of-measures problems (e.g., length times width
equals area) are less frequently mentioned within the mul-
tiplication and division sections of most curricula but are
used with older elementary and middle grade students.

Combinations Problems. Combinations problems in-
volve counting the number of possible pairings that can
be made between two sets. The product consists of pairs
of things, one member of each pair taken from each of the
two given sets.

Combinations: Product UnknownAp agO PDF

Sam bought 4 pairs of pants and 3 jackets, and they all can
be worn together. How many different outfits consisting of
a pair of pants and a jacket does Sam have?

An experiment involves tossing a coin and rolling a die.
How many different possible results or outcomes can this
experiment have?

In these two examples, the product is unknown and the
size of the two sets is given. It is possible—rarely—to have
related division problems for the combinations concept.

Figure 9.8 shows two common methods of model-
ing combination problems: an array and a tree diagram.
Counting how many combinations of two or more things
or events are possible is important in determining prob-
abilities. For example, to determine the probability of a
head and either a 1 or a 6, one needs to know that there are
12 possible outcomes for the head and die experiment. The
combinations concept is most often found in the probability
strand.

Area and Other Product-of-Measures Problems.
What distinguishes product-of-measures problems from
the others is that the product is literally a different type of
unit from the other two factors. In a rectangle, the product
of two lengths (length x width) is an area, usually square

Outfits—array

Jackets

camel black
v v

khaki »
gray »
blue »

black »

Experiment—tree diagram

2 x 6 outcomes
Each line indicates
a possible pair.

Figure 9.8 Models for combinations situations.

units. Figure 9.9 illustrates how different the square units
are from each of the two factors of length: 4 feet times 7
feet is not 28 feet but 28 square feet. The factors are each
one-dimensional entities, but the product consists of rwo-
dimensional units.

Two other fairly common examples in this category
are number of workers x hours worked = worker-hours and
kilowatts x hours = kilowatt-hours.

4 units

7 units
4 units x 7 units = 28 square units

Figure 9.9 Length times length equals area.



Teaching Multiplication
and Division

Multiplication and division are taught separately in
most textbooks, with multiplication preceding division. Itis
important, however, to combine multiplication and division
soon after multiplication has been introduced in order to
help students see how they are related. In most curricula,
these topics are first presented in grade 2 (CFP) and then
become a main focus of the third grade with continued de-
velopment in the fourth and fifth grades.

A major conceptual hurdle in working with multiplica-
tive structures is understanding groups of items as single
entities while also understand-
ing that a group contains a given
number of objects (Blote, Lieffer-
ing, & Ouewhand, 2006; Clark &
Kamii, 1996). Children can solve
the problem How many apples in 4
baskets of § apples each? by counting
out four sets of eight counters and
then counting all. To think multi-
plicatively about this problem as
four sets of eight requires children
to conceptualize each group of eight as a single item to be
counted. Experiences with making and countmg g
pecially in contextual situations, A
the discussion of the book Each Omnge Had s Slzces at the
end of this chapter.)

Go to the Building Teaching
Skills and Dispositions
section of Chapter 9 of
MyEducationLab. Click on
Videos and watch the video
entitled “Using Manipula-
tives” to see a third-grade
teacher work with students
to solve a problem using
manipulatives.

Contextual Problems

Many of the issues surrounding addition and subtraction
also apply to multiplication and need not be discussed in
depth again. It remains important to use contextual prob-
lems whenever reasonable instead of more sterile story
problems. Just as with additive structures, it is a good idea
to build multiplicative lessons around only two or three
problems. Students should solve problems using what-
ever techniques they wish. What is important is that they
explain—preferably in words, pictures, and numbers—what
they did and why it makes sense.

Symbolism for Multiplication and Division. When
students solve simple multiplication story problems be-
fore learning about multiplication symbolism, they will
most likely write repeated-addition equations to repre-
sent what they did. This is your opportunity to introduce
the multiplication sign and explain what the two factors
mean.

The usual convention is that 4 x 8 refers to four sets
of eight, not eight sets of four. There is no reason to be
rigid about this convention. The important thing is that
the students can tell you what each factor in their equations

i
myeducationlat?)
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represents. In vertical form, it is usually the bottom factor
that indicates the number of sets. Again, this distinction is
not terribly important.

The quotient 24 divided by 6 is represented in three
different ways: 24 + 6, 6)24, and 2. Students should un-
derstand that these representations are equivalent. The
fraction notation becomes important at the middle
school level. Children often mistakenly read 6)24 as
“6 divided by 24” due to the left-right order of the
numerals. Generally this error does not match what they
are thinking.

Compounding the difficulty of division notation is the
unfortunate phrase, “six goes into twenty-four.” This phrase
carries little meaning about the division concept, especially
in connection with a fair-sharing or partitioning context.
The “goes into” (or “guzinta”) terminology is simply en-
grained in adult parlance; it has not been in textbooks for
years. If you tend to use that phrase, it is probably a good
time to consciously abandon it.

Choosing Numbers for Problems. When select-
ing numbers for multiplicative story problems or activi-
ties, there is a tendency to think that large numbers pose
a burden to students or that 3 x 4 is somehow easier to
understand than 4 x 17. An understanding of products or
quotients is not affected by the size of numbers as long as

E e num ét re within the grasp of the students. Little is
ee =, icting early explorations of multiplication to

srnall numbers. Even in early third grade, students can work
with larger numbers using whatever counting strategies
they have at their disposal. A contextual problem involving
14 x 8 is not too large for third graders even before they
have learned a computation technique. When given these
challenges, children are likely to invent computational
strategies.

Remainders

More often than not in real-world situations, division
does not result in a simple whole number. For example,
problems with 6 as a divisor will result in a whole number
only one time out of six. In the absence of a context, a re-
mainder can be dealt with in only two ways: It can either
remain a quantity left over or be partitioned into fractions.
In Figure 9.10, the problem 11 + 4 is modeled to show
fractions.

In real contexts, remainders sometimes have three
additional effects on answers:

® The remainder is discarded, leaving a smaller whole-
number answer.

® The remainder can “force” the answer to the next
highest whole number.

® The answer is rounded to the nearest whole number
for an approximate result.
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Partition 11+4=23

22 in each of the 4 sets

(each leftover divided in fourths)
Measurement 11+4=23

23 sets of 4

(2 full sets and 2 of a set)

O

Figure 9.10 Remainders expressed as fractions.

i Passe and Reflect

It is useful for you to make up problems in different

contexts. Include continuous quantities such as length, time,
and volume. See if you can come up with division problems for
equal-group and comparison structures that would have re-
mainders dealt with as fractions or as rounded-up or rounded-
down results.

m Itis important to provide story problems for both
M multiplication and division in the same lesson so

noTE?\  that you can be certain children are interpreting

the meaning of the problems and not simply tak-

.9

ing the two numbers and using “today’s” operation.

When modeling multiplicative problems or using their

own strategies for solving them, children will not always use
an approach that matches the problem. For example, if solv-
ing a problem involving 12 sets of 4, many children will add 4
twelves rather than 12 fours. Rather than be concerned about
this, view it as an indication that students likely accept or
understand that 12 x 4 and 4 x 12 give the same result. How-
ever, when students solve a problem such as this in different
ways, it is a great opportunity for meaningful discussion. ¢

Model-Based Problems

The followi blems ill 11 fi
¢ fotlowing probiems Hustrate at five %Mg@ PDEn tgrt]elzg]ﬁi%pc%{lren will be able to use the same

1.

You have 30 pieces of candy to share fairly with 7
children. How many pieces of candy will each child
receive?

Answer: 4 pieces of candy and 2 left over. (left over)

. Each jar holds 8 ounces of liquid. If there are 46

ounces in the pitcher, how many jars will that be?
Answer: 5 and g jars. (partitioned as a fraction)

. The rope is 25 feet long. How many 7-foot jump ropes

can be made?
Answer: 3 jump ropes. (discarded)

. The ferry can hold 8 cars. How many trips will it have

to make to carry 25 cars across the river?
Answer: 4 trips. (forced to next whole number)

. Six children are planning to share a bag of 50 pieces

of bubble gum. About how many pieces will each
child get?

Answer: About 8 pieces for each child. (rounded,
approximate result)

Students should not just think of remainders as “R 3”

or “left over.” Remainders should be put in context and
dealt with accordingly.

models—sets and number lines—for all four operations.
A model not generally used for addition but extremely im-
portant and widely used for multiplication and division is
the array. An ar7ay is any arrangement of things in rows and
columns, such as a rectangle of square tiles or blocks (see
Blackline Master 12).

"To make clear the connection to addition, early multi-

plication activities should also include writing an addition
sentence for the same model. A variety of models are shown
in Figure 9.11. Notice that the products are not included—
only addition and multiplication “names” are written. This
is another way to avoid the tedious counting of large sets.
A similar approach is to write one sentence that expresses
both concepts at once, for example, 9 + 9 + 9 + 9 =4 x 9.

As with additive problems, children benefit from a few

activities with models and no context. The purpose of such
activities is to focus on the meaning of the operation and
the associated symbolism. Activity 9.4 has a good problem-
solving spirit. The language you use depends on what you
have previously used with your children.

/fc?‘éué?‘?/ 9.4
Finding Factors

Start by assigning a number that has several factors—
for example, 12, 18, 24, 30, or 36. Have students find
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Figure 9.11 Models for equal-group multiplication.

as many multiplication expressions for their assigned
number as possible. With counters, students attempt

3+3+3+3+3+3=18

4+4+4+4+4=20

this number: “Start with 31.” Next specify either the
number of equal sets to be made or the size of the

to find a way to separate the coA a unaP@F En hmmde: “Separate your counters into four

sets. With arrays (perhaps made from square tiles or
cubes or drawn on grid paper), students try to build
rectangles that have the given number of squares.

For each such arrangement of sets or appropriate
rectangles, both an addition and a multiplication equa-
tion should be written. This activity is available as an
applet at http://illuminations.nctm.org/ActivityDetail
.aspx?id=64.

Activity 9.4 can also include division concepts. When
children have learned that 3 and 6 are factors of 18, they
can write the equations 18 + 3 = 6 and 18 + 6 = 3 along
with 3 x 6 =18 and 6 + 6 + 6 = 18 (assuming that three sets
of six were modeled). The following variation of the same
activity focuses on division. Having children create word
problems is another excellent elaboration of this activity.
Require children to explain how their story problems fit
with what they did with the counters.

/fcz‘wa‘?/ 9.5

Learning about Division

Provide children with an ample supply of counters and
some way to place them into small groups. Small pa-

per cups work well. Have children count out a number
of counters to be the whole or total set. They record

equal-sized sets,” or “Make as many sets of four as is
possible.” Next have the children write the corre-
sponding multiplication equation for what their materi-
als show; under that, have them write the division
equation.

Be sure to include both types of exercises: number
of equal sets and size of sets. Discuss with the class how
these two are different, yet each is related to multiplication
and each is written as a division equation. You can show
the different ways to write division equations at this time.
Do Activity 9.5 several times. Start with whole quanti-
ties that are multiples of the divisor (no remainders) but
soon include situations with remainders. (Note that it is
technically incorrect to write 31 + 4 = 7 R 3. However,
in the beginning, that form may be the most appropriate
to use.)

The activity can be varied by changing the model.
Have children build arrays using square tiles or blocks
or by having them draw arrays on centimeter grid paper.
Present the exercises by specifying how many squares
are to be in the array. You can then specify the number
of rows that should be made (partition) or the length of
each row (measurement). How could children model
fractional answers using drawings of arrays on grid
paper?


http://illuminations.nctm.org/ActivityDetail.aspx?id=64
http://illuminations.nctm.org/ActivityDetail.aspx?id=64
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’ The applet “Rectangle Division” on the
_m;r%",{’és National Library of Virtual Manipulatives

=" (NLVM) website (http://nlvm.usu.edu/en/
nav/Frames_asid_193_g 2_+_1.html) is an excellent inter-
active illustration of division with remainders. A division
problem is presented with an array showing the number of
squares in the product. The dimensions of the array can be
modified but the number of squares stays constant. If, for
example, the task is to show the problem 52 + 8, the squares
can be adjusted to show an 8 by 6 array with 4 extra squares
in a different color (8 x 6 + 4) as well as any other variation
of 52 squares in a rectangle plus a shorter column for the
remainder. This applet very vividly demonstrates how divi-
sion is related to multiplication. 4

Activity 9.6
The Broken Multiplication Key

The calculator is a good way to relate multi-

plication to addition. Students can be told to

find various products on the calculator without using
the [ X] key. For example, 6 x 4 can be found by press-
ing (+] 4 (=] (=] (=) (5] (=] (=). (Successive presses of (=]
add 4 to the display each time. You began with zero
and added 4 six times.) Students can be challenged to
demonstrate their result with sets of couﬂﬁqﬁg 0
note that this same technique can be used t -
mine products such as 23 x 459 ((+] 459 and then 23
presses of E}). Students will want to compare to the
same product using the (X] key.

“The Broken Multiplication Key” can profitably be
followed by “The Broken Division Key.”

/fc?‘éué?‘?/ 9.7
The Broken Division Key

Have children work in groups to find methods

of using the calculator to solve division exer-

cises without using the divide key. The prob-

lems can be posed without a story context. “Find at
least two ways to figure out 61 + 14 without pressing
the divide key.” If the problem is put in a story context,
one method may actually match the problem better
than another. Good discussions may follow different
solutions with the same answers. Are they both
correct? Why or why not?

Pavse and P%&a‘

There is no reason ever to show children how to do
Activity 9.7. However, it would be a good idea for you to see if

you can find three ways to solve 61 + 14 on a calculator with-
out using the divide key. For a hint, see the footnote.*

m “In grades 3-5, students should focus on the
! meanings of, and relationship between, multi-
plication and division. It is important that stu-
dents understand what each number in a multiplication or
division expression represents. . . . Modeling multiplication
problems with pictures, diagrams, or concrete materials

helps students learn what the factors and their product rep-
resent in various contexts” (p. 151). @

Properties of Multiplication
and Division

As with addition and subtraction, there are some multi-
plicative properties that are useful and, thus, worthy of
attention. The emphasis should be on the ideas and not
terminology or definitions.

Commutative and Associative Properties of Multipli-
cation. It is not intuitively obvious that 3 x 8 is the same
as 8 x 3 or that, in general, the order of the numbers makes
no difference (the commutative property). A picture of 3
sets of 8 objects cannot immediately be seen as 8 piles of 3
objects. Eight hops of 3 land at 24, but it is not clear that 3

P DFropdof it CaEfe same point.

The array, by contrast, is quite powerful in illustrat-
ing the commutative property, as shown in Figure 9.12.
Children should draw or build arrays and use them to dem-
onstrate why each array represents two different multipli-
cations with the same product. As in addition, there is an
associative property of multiplication that allows numbers
in an expression to be paired in any order.

Zero and Identity Properties. Zero and, to a lesser ex-
tent, 1 as factors often cause conceptual challenges for chil-
dren. In one third-grade textbook, a lesson on factors of 0
and 1 has children use a calculator to examine a wide range
of products involving 0 or 1 (423 x 0, 0 x 28, 1536 x 1, etc.)
and look for patterns. The pattern suggests the rules for fac-
tors of 0 and 1 but not a reason. In the same lesson, a word
problem asks how many grams of fat there are in 7 servings
of celery with 0 grams of fat in each serving. This approach
is far preferable to an arbitrary rule, since it asks students to
reason. Make up interesting word problems involving 0 or 1,
and discuss the results. Problems with 0 as a first factor are
really strange. Note that on a number line, 5 hops of 0 land
at 0 (5 x 0). What would 0 hops of 5 be? Another fun activity
is to try to model 6 x 0 or 0 x 8 with an array. (Try it!) Arrays
for factors of 1 are also worth investigating.

*There are two measurement approaches to find out how many 14s
are in 61. A third way is essentially related to partitioning or finding
14 times what number is close to 61.


http://nlvm.usu.edu/en/nav/Frames_asid_193_g_2_+_1.html
http://nlvm.usu.edu/en/nav/Frames_asid_193_g_2_+_1.html
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Figure 9.12 Two ways an array can be used to illustrate
the commutative property for multiplication.

Distributive Property. 'The distributive property of mul-
tiplication over addition refers to the idea that one of two
factors in a product can be split into two or more parts and
each part multiplied separately a ThBElt
is the same as when the original factors are multiplied. For
example, 6 x 9 is the same as (6 x 5) + (6 x 4). The 9 has
been splitinto 5 and 4. The concept involved is very useful
in relating one basic fact to another, and it is also involved
in the development of two-digit computation. Figure 9.13
illustrates how the array model can be used to illustrate that
a product can be broken up into two parts.

4 x6 4 x 3 —

\{
4x9=(4x6)+(4x3)

| |

3x7

it
5x7=0B8x%x7)+(2x7)

Figure 9.13 Models for the distributive property of multi-
plication over addition.
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The next activity is designed to help children discover
how to partition factors or, in other words, learn about the
distributive property of multiplication over addition.

/fc?‘a/é?‘?/ 9.8
Slice It Up

Supply students with several sheets of centimeter grid
paper or color tiles. Assign each pair of students a
product such as 6 x 8. (Products can vary across the
class or all be the same.) The task is to find all of the
different ways to make a single slice through the rect-
angle. For each slice students write an equation. For
a slice of one row of 8, students would write 6 x 8 =
(5 x 8) + (1 x 8). This might be a good time to discuss
order of operations. The individual equations can be
written in the arrays as shown in Figure 9.13.

Why Not Division by Zero? Some children are simply
told “Division by zero is not allowed,” often when teachers
do not fully understand this concept (Quinn, Lamberg, &
Perrin, 2008). To avoid an arbitrary rule, pose problems to
be modeled that involve zero: “Take thirty counters. How
many sets of zero can be made?” or “Put twelve blocks in
zero equal groups. How many in each group?”

Figure This!is a wonderful collection of explo-
_d;rgo.,‘-{’és rations that is available at www.figurethis.org.
The 80 challenges are designed for middle
grade students. Although not simple story problems, many
involve an understanding of the operations. Each problem
has interesting follow-up questions and all are designed to
engage students and families in real-world applications of
mathematics. A version in Spanish is available. ¢

Strategies for Solving

. Contextual Problems

" Often students see context or story problems and are at
a loss for what to do. Also struggling readers or ELL students
may need support in understanding the problem. In this sec-
tion you will learn some techniques for helping them.

Analyzing Context Problems

Consider the following problem:

In building a road through a subdivision, workers filled in a
large hole in the land with dirt hauled in by trucks. The com-
plete fill required 638 truckloads of dirt. The average truck
carried 6% cubic yards of dirt, which weighed 17.3 tons.
How many tons of dirt were used in the fill?



www.figurethis.org
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Typically, in fifth- to eighth-grade textbooks, problems
of this type are found as part of a series of problems revolv-
ing around a single context or theme. Data may be found in
a graph or chart or perhaps a short news item or story. Most
likely the problems will include all four of the operations.
Students have difficulty deciding on the correct operation
and even finding the appropriate data for the problem.
Many students will find two numbers in the problem and
guess at the correct operation. These children simply do
not have any tools for analyzing problems. At least two
strategies can be taught that are very helpful: Think about
the answer before solving the problem, or solve a simpler
problem that is just like this one.

Think about the Answer Before Solving the Problem.
Poor problem solvers fail to spend adequate time thinking
about the problem and what it is about. They rush in and
begin doing calculations, believing that “number crunch-
ing” is what solves problems. That is simply not the case.
Rather, students should spend time talking about (later,
thinking about) what the answer might look like. For our
sample problem, it might go as follows:

What is bappening in this problem? Some trucks were
bringing dirt in to fill up a big hole.

What will the answer tell us? How many tons of dirt were
needed to fill the hole.

Will that be a small number of tons or 4
tons? Well, there were 17.3 tons on a truck, but there
were a lot of trucks, not just one. It’s probably going
to be a lot of tons.

About how many tons do you think it will be? It’s going to
be a lot. If there were just 100 trucks, it would be
1730 tons. It might be close to 10,000 tons.

In this type of discussion, three things are happening.
First, the students are asked to focus on the problem and
the meaning of the answer instead of on numbers. The
numbers are not important in thinking about the structure
of the problem. Second, with a focus on the structure of
the problem, students can identify the numbers that are
important as well as numbers that are not important to the
problem. Third, the thinking leads to a rough estimate of
the answer. In any event, thinking about what the answer
tells and about how large it might be is a useful first step.

Work a Simpler Problem. The reason that models are
rarely used with problems such as the dirt problem is that
the large numbers are impossible to model easily. Dollars
and cents, distances in thousands of miles, and time in min-
utes and seconds are all examples of data likely to be found
in the upper grades, and all are difficult to model. The gen-
eral problem-solving strategy of “try a simpler problem”
can almost always be applied to problems with unwieldy
numbers.

A simpler-problem strategy has the following steps:

1. Substitute small whole numbers for all relevant num-

bers in the problem.

2. Model the problem using the new numbers (counters,

drawing, number line, array).

3. Write an equation that solves the small-number ver-

sion of the problem.

4. Write the corresponding equation with the original
numbers used where the small-number substitutes
were.

. Use a calculator to do the computation.

. Write the answer in a complete sentence, and decide if
it makes sense.

AN v

Figure 9.14 shows how the dirt problem might be
made simpler. It also shows an alternative in which only
one of the numbers is made smaller and the other number
is illustrated symbolically. Both methods are effective.

Change all numbers:
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Leave one number alone:
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4x11.3

638x17.3=11,037

Figure 9.14 Working a simpler problem: two possibilities.



The idea is to provide a tool students can use to analyze
a problem and not just guess at what computation to do. It
is much more useful to have students do a few problems
where they must use a model of a drawing to justify their
solution than to give them a lot of problems where they
guess at a solution but don’t know if their guess is correct.

Caution: Avoid Relying on the Key Word Strategy! It
is often suggested that students should be taught to find
“key words” in story problems. Some teachers even post
lists of key words with their corresponding meanings.
For example, “altogether” and “in all” mean you should
add and “left” and “fewer” indicate you should subtract.
The word “each” suggests multiplication. To some extent,
teachers have been reinforced by the overly simple and
formulaic story problems sometimes found in textbooks
and other times by their own reading skills (Svlentic-
Dowell, Beal, & Capraro, 2006). When problems are writ-
ten in this way, it may appear that the key word strategy is
effective.

In contrast with this belief, researchers and mathemat-
ics educators have long cautioned against the strategy of
key words (e.g., Burns, 2000; Carpenter, 1985; Clement
& Bernhard, 2005; Goldin, 1985; Sowder, 1988). Here
are three arguments against relying on the key word
approach.

1. Key words are often misleadj @imef2hofkey
word or phrase in a problem suggests 1 operation that
is incorrect. The following problem shared by Drake
and Barlow (2007) demonstrates this possibility.

There are three boxes of chicken nuggets on the table. Each
box contains six chicken nuggets. How many chicken nug-
gets are there in all? (p. 272)

Drake and Barlow found that one student gener-
ated the answer of 9, using the words “how many in all”
as a suggestion to add 3 + 6, generating 9 as the answer.
Instead of making sense of the situation, the student
used the key word approach as a shortcut in making an
operational decision.

2. Many problems have no key words. Except for the
overly simple problems found in primary textbooks, a
large percentage of problems have no key words. A
child who has been taught to rely on key words is left
with no strategy. For example, both the additive and
the multiplicative problems in this chapter include nu-
merous examples with no key words. And this is from
a collection of overly simple problems designed to help
you with structure.

3. The key word strategy sends a terribly wrong message
about doing mathematics. The most important ap-

Enjrere
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proach to solving any contextual problem is to analyze
itand make sense of it. The key word approach encour-
ages students to ignore the meaning and structure of
the problem and look for an easy way out. Mathematics
is about reasoning and making sense of situations. A
sense-making strategy will a/ways work.

Two-Step Problems

Students often have difficulty with multistep problems.
First, be sure they can analyze one-step problems in the
way that we have discussed. The following ideas, adapted
from suggestions by Huinker (1994), are designed to
help children see how two problems can be chained
together.

1. Give students a one-step problem and have them
solve it. Before discussing the answer, have each student or
group use the answer to the first problem to create a second
problem. The rest of the class can then be asked to solve the
second problem, as in the following example:

Given problem: It took 3% hours for the Jones family to
drive the 195 miles to Washington, D.C. What was their
average speed?

: The Jones children remember crossing
he river at about 10:30, or 2 hours after they left home.
About how far from home is the river?

2. Make a “hidden question.” Repeat the first exercise
by beginning with a one-step problem. Give different prob-
lems to different groups. This time have students write a
second problem as before. Then write a single combined
problem that leaves out the question from the first problem.
That question from the first problem is the “hidden ques-
tion,” as in the following simple example:

Given problem: Tony bought three dozen eggs for 89 cents
a dozen. How much was the bill?

Second problem: How much change did Tony get back
from $5?

Hidden-question problem: Tony bought three dozen eggs
for 89 cents a dozen. How much change did Tony get back
from $5?

Have other students identify the hidden question. Since all
students are working on a similar task but with different
problems (be sure to mix the operations), they will be more
likely to understand what is meant by a hidden question.
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3. Pose standard two-step problems, and have the stu-
dents identify and answer the hidden question. Consider
the following problem:

Willard Sales Company bought 275 widgets wholesale
for $3.69 each. In the first month, the company sold

205 widgets at $4.99 each. How much did Willard make
or lose on the widgets? Do you think Willard Sales should
continue to sell widgets?

Begin by considering the questions that were suggested ear-
lier: “What’s happening in this problem?” (Something is
being bought and sold at two different prices.) “What will
the answer tell us?” (How much profit or loss there was.)
These questions will get you started. If students are stuck,
you can ask, “Is there a hidden question in this problem?”

The value of student discussions to help de-
. velop meaning throughout mathematics includ-
ing understanding the operations is quite

evident in the Standards. At the K-2 level: “When students
struggle to communicate ideas clearly, they develop a better

understanding of their own thinking” (p. 129). At the 3-5
level: “The use of models and pictures provides a further
opportunity for understanding and conversation. Having a
concrete referent helps students develop understandings
that are clearer and more easily shared” (p. 197). &

V?( One of the best ways to assess students’ knowl-
M edge of the meaning of the operations is to
NOTEZ\  have them generate story problems for a given
equation or result (Drake & Barlow, 2007;
Whitin & Whitin, 2008). For example, give students the
result “24 cents” and ask them to write a subtraction prob-
lem that will generate that answer or a division problem or
any other appropriate type of problem. Another option is
to give them an expression such as 5 x 7 and ask them to
write a story problem representing the expression. Stu-
dents who can ably match scenarios to the computation
will demonstrate their understanding, whereas struggling
students will reveal areas of weakness. Students can also
use the context from a piece of children’s literature to write
word problems that emphasize the meaning of the four
operations. ¢

Apago PDF Enhancer

Writing to Learn

1. Make up a comparison story problem. Next change the
problem to provide an example of all six different possibili-
ties for comparison problems.

2. Why might a contextual problem be more effective than a
simple story problem?

3. Explain how missing-part activities prepare students for
mastering subtraction facts.

4. Make up multiplication story problems to illustrate the dif-
ference between equal groups and multiplicative compari-
son. Can you create problems involving rates or continuous
quantities such as area?

5. Make up two different story problems for 36 + 9. Create one
problem as a measurement problem and one as a partition
problem?

6. Make up realistic measurement and partition division prob-
lems where the remainder is dealt with in each of these
three ways: (a) it is discarded (but not left over); (b) it is
made into a fraction; (c) it forces the answer to the next
whole number.

7. Why is the use of key words not a good strategy to teach
children?

For Discussion and Exploration

1. Cognitively Guided Instruction is not a curriculum program
but a professional development program in which teachers
learn to use students’ thinking to guide instruction. The pre-
dominant thrust of CGI is the use of story problems, not
only for learning the operations but also for number and fact
development and even for computation development with
larger numbers. Select either basic fact mastery or computa-
tion development and describe how you think these goals
might be achieved primarily through story problems. If pos-
sible, view some of the video clips on the CD that comes
with Children’s Mathematics: Cognitively Guided Instruction
(Carpenter et al., 1999) to compare your thoughts with
theirs.

2. See how many different types of story problems you can find
in a textbook. In the primary grades, look for join, separate,
part-part-whole, and compare problems. For grades 4 and
up, look for the four multiplicative types. (Examine the
multiplication and division chapters and also any special
problem-solving lessons.) Are the various types of problems
well represented?
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Literature Connections

There are many books with stories or pictures concerning
sets, buying items, measures, and so on, that can be used to
pose problems or, better, to stimulate children to invent their
own problems. Perhaps the most widely mentioned book in
this context is The Doorbell Rang by Pat Hutchins (1986). You
can check that one out yourself, as well as the following four
additional suggestions.

How Many Snails? Giganti, 1988

Appropriate for the pre-K-2 set, this book includes a variety
of pictures in which the objects belonging to one collection
have various subcollections (parts and wholes). For example,
a sky full of clouds has various types of clouds. The text asks,
“How many clouds are there? How many clouds are big and
fluffy? How many clouds are big and fluffy and gray?” These
pages lead directly to addition and subtraction situations
matching the part-part-whole concepts. Of special note is the
opportunity to have missing-part thinking for subtraction.
Children can then pose their own questions about the draw-
ing and add appropriate number sentences or draw pictures

with subcollections on their own e@@(agﬂow fidkthe

picture.

One Hundred Hungry Ants Pinczes, 1999
"This book, written by a grandmother for her grandchild, helps

students explore the operation of multiplication (and divi-
sion). It tells the tale of 100 ants on a trip to a picnic. In an
attempt to speed their travel, the ants move from their single-
file line of 100 to two rows of 50, four rows of 25, and so forth.
"This story uses the visual representation of arrays to explore
several options for a group of 100 ants. Students can be given
different sizes of ant groups to explore other groupings.

Remainder of One Pinczes, 1995

Similar to her other book, Elinor Pinczes describes the trials
and tribulations of a parade formation of 25 bugs. As the
queen is viewing the outline of the parading bugs she notices
that one bug is not with the group, trailing behind. The
group tries to create different numbers of rows and columns
(arrays) but again the one bug is always a “leftover” (remain-
der). Here too students can be given different parade groups
and they can generate formations that will leave one, two, or
none out of the group.

Each Orange Had 8 Slices Giganti, 1992

Each two-page spread shows objects grouped in three ways.
For example, one illustration has four trees, three bird’s nests
in each tree, and two eggs in each nest. The author asks three

Eny

questions: “How many trees? How many nests? How many
eggs?” The three questions with each picture extend multi-
plication to a three-factor product. In the case of the trees,
nests, and eggs, the number of eggs is the product of 4 x 3 x
2. After children geta handle on the predictable arrangement
of the book’s pictures, they can write different multiplication
stories that go with the pictures or make up illustrations of
their own. For example, what similar situations can be found
in the classroom? Perhaps desks, books, and pages or book-
shelves, shelves, and books.

Recommended Readings

Articles

Clement, L., & Bernhard, J. (2005). A problem-solving alterna-

tive to using key words. Mathematics Teaching in the Middle
School, 10(7), 360-365.
This article explores the use of key words as a replacement for
sense making in reading word problems. The authors emphasize
the meanings of the operations as they sort out common student
misconceptions. They describe ways to emphasize baving students
understand the quantities and relationships between quantities
rather than just focusing on the values.

n@ﬂﬁ{ﬁiterfman, 1§., & McMullen, M. (2007). Research

in review: Young children’s intuition for solving problems in
mathematics. Young Children, 62(5), 50-57.
This article explores how students in pre-K through the second
grade solve problems using the Cognitively Guided Instruction
(CGI) approach as a foundation. The authors share classroom vi-
gnettes and then they debrief what they learned about children’s
thinking.

Books

Carpenter, T. P, Fennema, E., Franke, M. L., Levi, L., & Emp-

son, S. (1999). Children’s mathematics: Cognitively guided in-
struction. Portsmouth, NH: Heinemann. (Also published by
NCTM)
For teachers, this is the best book available for understanding
the CGI approach to operations and the use of story problems to
develop number; basic facts, and computational procedures. The
classifications of word problems for all operations, as discussed
in this chapter; are explained in detail along with methods for
using these problems with students. With the book come two
CDs, one with classroom clips of CGI classrooms and the other
showing children using the various strategies described in the
book.

Schifter, D., Bastable, V., & Russell, S. J. (1999b). Developing

mathematical understanding: Numbers and operations, Part 2,
Making meaning for operations (Casebook). Parsippany, NJ:
Dale Seymour Publications.
In this casebook, teachers in grades K=7 share their stories of work-
ing with children as they develop meanings for the four operations.
The teachers discuss the kinds of actions and situations that stu-
dents use as they come to understand the operations.
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Online Resources

Broken Calculators
http://my.nctm.org/eresources/view_article.asp?article_
id=7457&page=11&add=Y
www.fi.uu.nl/toepassingen/00014/toepassing_wisweb.en
Jhtml
These two applets demonstrate the broken calculator activ-
ity as mentioned in Activities 9.6 and 9.7. The first allows
for problems at any level, whereas the second is more ap-
propriate for intermediate or middle grade students, as it
includes a problem-solving feature.

Number Line Arithmetic
http://nlvm.usu.edu/en/nav/frames_asid_156_g 1_t 1
.html
This number-line applet can be used to model whole-
number operations in addition, subtraction, multiplication,
and division.

Thinking Blocks: Addition and Subtraction
www.thinkingblocks.com/ThinkingBlocks AS/TB_AS _
Main.html

Thinking Blocks: Multiplication and Division
www.thinkingblocks.com/ThinkingBlocks MD/TB_MD _
Main.html
These teacher-developed tools links to the various types of
problems discussed earlier in the chapter. The difference is
the use of two-digit numbers and problems with multiple

steps, including compare, part—part—whol%}@ﬁl(‘g]@ exPD
ndsokvi

amples. There is an emphasis on identifying ng for
an unknown quantity. Because the ideas are presented in
game formats, you should view the introduction to be able
to play.

F ity 10.1 (“The Find!”). Factors, which are important in

All About Multiplication (Grades 3-5)

http://illuminations.nctm.org/LessonDetail.aspx?id=U109
Four lessons with links to other activities and student re-
cording sheets highlight the models of the number line,
equal groups, arrays, and balanced equations. Lesson 3 ex-
plores the order property, the zero property, and the identity
property. Lesson 4 has an engaging applet called the Product
Game.

The Factor Game

http://illuminations.nctm.org/ActivityDetail.aspx?ID=12
This game puts two players into competition to collect the
factors for given numbers.

7ield Experience Guide Connections

This is a good time to use FEG Field Experi-
ences 3.1, 3.4, and 3.6, all of which target con-
ceptual and procedural understanding. FEG
Activity 10.2 (“Odd or Even?”) is a problem-
based activity that includes addition and looking for
patterns. FEG Expanded Lesson 9.1 focuses on sub-
traction, and FEG Expanded Lesson 9.4 focuses on
connecting subtraction to division. Skip counting, a
precursor to multiplication, is the focus of FEG Activ-

division, are the focus of FEG Activity 10.3 (“Factor
Quest”). FEG Activity 10.5 (“Target Number”) helps
students develop number sense for all the operations.
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asic facts for addition and multiplication refer to com-
binations where both addends or both factors are less

than 10. Subtraction and division facts correspond to addi-
tion and multiplication facts. Thus, 15 — 8 = 7 is a subtrac-
tion fact because the corresponding addition parts are less
than 10.

Mastery of a basic fact means that a child can give a quick
response (in about 3 seconds) without resorting to non-
efficient means, such as counting. According to NCTM’s
Curriculum Focal Points, addition and subtraction concepts
should be learned in first grade, with quick recall of basic
addition and subtraction facts mastered in grade 2. Relat-
edly, concepts of multiplication and division should be
learned in third grade, with quick recall of the facts mas-
tered in grade 4.

Developing quick and accurate recall with the basic
facts is a developmental process—ijust like every topic in
this book! It is critical that students know their facts well—
and teaching them well requires much more than flash
cards and timed tests. This chapter explains strategies for
helping students learn their facts, including instructional
approaches to use—and others to avoid.

Bigldeas

1. Number relationships provide the foundation for strategies that
help students remember basic facts. For example, knowing
how numbers are related to 5 and 10 helps students master
facts such as 3 + 5 (think of a ten-frame) and 8 + 6 (since 8 is 2
away from 10, take 2 from 6 to make 10+ 4 = 14).

2. “Think-addition” is the most powerful way to think of subtrac-
tion facts. Rather than 13 “take away 6,” which requires count-
ing backward while also keeping track of how many counts,
students can think 6 and what makes 13. They might add up to
10 or they may think double 6 is 12 so it must be 7.

3. Because mastery of the basic facts is a developmental process,
students move through stages, starting with counting, then to
more efficient reasoning strategies, and eventually to quick re-
call. Instruction must help students move through these phases,
without rushing them to memorization.

Wathematics

Content Connections

As described in the Big Ideas, basic fact mastery is not really new
mathematics; rather, it is the development of fluency with ideas
that have already been learned.

.> Number and Operations (Chapters 8 and 9): Fact mastery
relies significantly on how well students have constructed
relationships about numbers and how well they understand
the operations.

Fluency with basic facts allows for ease of computation,
especially mental computation, and therefore aids in the ability
to reason numerically in every number-related area. Although
calculators and tedious counting are available for students who
do not have command of the facts, reliance on these methods
for simple number combinations is a serious handicap to math-
ematical growth.

Developmental Nature
. of Basic Fact Mastery

- Teaching basic facts well requires the essential un-
derstanding that students progress through stages that
eventually result in “just knowing” that 2 + 7 is 9 or that
5 x 4 is 20. Arthur Baroody, a mathematics educator who
does research on basic facts, describes three phases in this
process (2006, p. 22):

-

167
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Phase 1: Counting Strategies—using object counting
(e.g., blocks or fingers) or verbal counting to deter-
mine the answer.

Example: 4 + 7. Student starts with 7 and counts on
verbally 8, 9, 10, 11.

Phase 2: Reasoning Strategies—using known infor-
mation to logically determine an unknown com-
bination.

Example: 4 + 7. Student knows that 7 + 3is 10,s0 7 + 4
is one more, 11.

Phase 3: Mastery—efficient (fast and accurate) produc-
tion of answers.

Example: 4 + 7. Student quickly responds, “It’s 11; I
just know it.”

Figure 10.1 outlines the methods for solving basic addi-
tion and subtraction problems that students move through
developmentally.

Much research over many years supports the notion
that basic facts mastery is dependent on the development
of reasoning strategies (Baroody, 2003, 2006; Brownell
& Chazal, 1935; Carpenter & Moser, 1984; Fuson, 1992;
Henry & Brown, 2008). This chapter focuses on reasoning
strategies and effective ways to teach students to use reason-
ing to master the basic facts.

Approaches to Fact Mastery

In attempting to help children master theirAF}
somewhat different approaches can be identified. First is to

2
work on memorization of each fact myeducationlaﬁ)

in isolation. A second approach | . S L Ap-
that can be traced at least as far | pjication section of Chapter
back as the 1970s (Rathmell, 1978) 10 of MyEducationLab.
suggests that for various classes of | Click on Videos and watch
basic facts we teach students a col- | thé video entitled *John
lection of strategies or thought Vando Walle on Ap-
proaches to Fact Mastery
patterns that have been found tobe | 15 see him talk with teach-
efficient and teachable. The third ers about approaches to
approach, “guided invention,” also | help all children master
focuses on the use of strategies to | basic facts.
learn facts; however, the strategies
are generated, or reinvented, by students. Each of these ap-
proaches is briefly discussed in the following sections.

Memorizing Facts. Some textbooks and teachers move
from presenting concepts of addition and multiplication
straight to memorization of facts, skipping the process of
developing strategies. This means that students have 100
separate addition facts (0-9) and 100 separate multiplica-
tion facts. They may even have to memorize subtraction
and division separately. However, the reality that many
students in the fourth and fifth grades have not mas-
tered addition and subtraction facts, and that students in
middle school and beyond do not know their multiplica-
tion facts strongly, suggests that this method simply does
not work well. You may be tempted to respond that you

a(g,@lrep DEamEnfhaﬁﬁetHis manner, as did many other stu-

dents. However, studies by Brownell and Chazal as long

Addition Subtraction
Counting Direct modeling (counting objects and fingers) Counting objects
¢ Counting all ® Separating from

® Counting on from first
¢ Counting on from larger

Counting abstractly
e Counting all

¢ Counting on from first
¢ Counting on from larger

Reasoning Properties
*a+0=a

® g+ 1 = next whole number

® Separating to
* Adding on

Counting fingers
¢ Counting down
¢ Counting up

Counting abstractly

¢ Counting down

¢ Counting up

Properties

*a-0=a

® a— 1 = previous whole number

Retrieval

¢ Commutative property

Known-fact derivations (e.g., 5+ 6=5+5+1;
7+ 6/="7:t7 = 1))

Redistributed derived facts (e.g., 7+ 5=7 +
(3+2)=(7+3)+2=10+2=12)

Retrieval from long-term memory

Inverses/complement of known additions facts
(e.g., 12 = 5is known because 5 + 7 = 12)

Redistributed derived facts (e.g., 12 - 5=
(7+5)-5=7+(5-5)=17)

Retrieval from long-term memory

Figure 10.1 The developmental process for basic fact mastery for addition and subtraction.

Source: Henry, V. J., & Brown, R. S. (2008). “First-Grade Basic Facts: An Investigation into Teaching and Learning of an Accelerated,
High-Demand Memorization Standard.” Journal for Research in Mathematics Education, 39(2), p. 156. Reprinted with permission.
Copyright © 2008 by the National Council of Teachers of Mathematics, Inc, www.nctm.org. All rights reserved.
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ago as 1935 concluded that children develop a variety of
different thought processes or strategies for basic facts in
spite of the amount of isolated drill that they experience.
Unfortunately, drill does not encourage or support the
refinement of these strategies. Moreover, Baroody (2006)
notes that this approach to basic facts instruction works
against the development of the five strands of mathemat-
ics proficiency (see pp. 24-25), pointing out the following
limitations:

® Inefficiency. Too many facts to memorize.

o Inappropriate applications. Students misapply the facts
and don’t check their work.

® Inflexibility. Students don’t learn flexible strategies for
finding the sums (or products) and therefore continue
to use counting.

Drill is also an equity issue. Struggling learners and stu-
dents with learning disabilities often have difficulty memo-
rizing so many isolated facts but can be very successful at
using strategies. In addition, drill can cause unnecessary
anxiety and undermine student interest and confidence in
mathematics.

Explicit Strategy Instruction. For approximately 3
decades, it has been popular to show students an efficient
strategy that is applicable to a collection of facts. Students
then practice the strategy as it was maem.ﬁmis
strong evidence to indicate that su can'be‘ettec-
tive (e.g., Baroody, 1985; Bley & Thornton, 1995; Fuson,
1984, 1992; Rathmell, 1978; Thornton & Toohey, 1984).
Many of the ideas developed and tested by these researchers
are discussed in this chapter.

"Teaching explicit strategies is intended to support stu-
dent thinking rather than force students to use a strategy
they have memorized. Sometimes textbooks or teachers
focus on memorizing the strategy and which facts work
with that strategy. However, this doesn’t work. When stu-
dents memorize strategies that don’t make sense to them
they are likely to misapply them. In reality, a recent study
found that teachers who relied heavily on textbooks (which
focused on memorizing basic fact strategies) had students
with lower number sense proficiency (Henry & Brown,
2008). Moreover, students don’t memorize well, so they
resort to counting. The key is to help students see the pos-
sibilities and then let them choose strategies that help them
get to the solution without counting.

Guided Invention. The third option might be called
“guided invention” (Gravemeijer & van Galen, 2003). In
this effective approach, fact mastery is intricately connected
to students’ collection of number relationships. Some stu-
dents may think of 6 + 7 as “double 6 is 12 and one more
is 13.” In the same class, others may note that 7 is 3 away
from 10 and so take 3 from the 6 to put with the 7 to make
10. They then add on the remaining 3. Still other students
may take 5 from each addend to make 10 and then add
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the remaining 1 and 2. What is significant is that students
are using number combinations and relationships that they
own and that make sense to them.

Gravemeijer and van Galen call this approach guided
invention because many of the strategies that are efficient
will not be developed by all students without some guid-
ance. That is, we cannot simply place all of our efforts on
number relationships and the meanings of the operations
and assume that fact mastery will happen by magic. Class
discussions based on student solutions to story problems
and other number tasks and games will bring a variety of
strategies into the classroom. Children select and adapt the
ideas that are meaningful to them. The teacher’ job is to
design tasks and problems that will promote the invention
of effective strategies by students and to be sure that these
strategies are clearly articulated and shared in the class-
room. It is vitally important that teachers attend to the de-
velopment of a rich collection of number relationships, as
described in Chapter 8.

Guiding Strategy Development

In order for you to guide your students to use effective
strategies, you yourself need to have a command of as
many good strategies as possible. With this knowledge,
you will be able to recognize effective strategies as your

E ﬁﬁ%ﬂﬁ (Qleveelf,)p them and help others capitalize on their

You need to plan experiences which help students move
from counting to strategies to recall. One critical approach
uses simple story problems designed in such a manner that
students are most likely to develop a strategy as they solve
it. In discussing student strategies, you can focus attention
on the methods that are most useful.

Second, teach the reasoning strategies. This can help
students expand their own collection of mental strategies
and move away from counting. We caution, however, that
this instruction should be about highlighting strategies,
not about having students memorize or be required to use

them.

Story Problems. Story problems provide context that
can help students understand the situation and apply flex-
ible strategies for doing the computation. Consider, for ex-
ample, that the class is working on the x 3 facts. The teacher
poses the following question:

In 3 weeks we will be going to the zoo. How many days
until we go to the zoo?

Suppose that Aidan explains how she figured out 3 x 7 by
starting with double 7 (14) and then adding 7 more. She
knew that 6 added onto 14 is 20 and one more is 21. You can
ask another student to explain what Aidan just shared. This
requires students to attend to ideas that come from their
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Grade 1, Unit 6, Number Games and Crayon Puzzles
Lesson: Making Arrays
1. Max’s soccer team has 15 balls.

His team let Rosa’s team borrow 6 balls.

How many balls does Max’s team have left?

Grade 4, Unit 1, Factors, Multiples, and Arrays
Lesson: Addition and Subtraction Story Problems
2. A package of juice boxes has 8 juice boxes.

How many juice boxes are in 3 packages?

How many juice boxes are in 6 packages?

How many juice boxes are in 9 packages?

Figure 10.2 Story problems from the Investigations in
Number, Data, and Space curriculum to develop basic fact
reasoning strategies.

classmates. Now explore with the class to learn what other
facts would work with Aidan’s strategy. This discussion may
include a variety of strategies. Some may notice that all of
the facts with a 3 in them will work for the double-and-add-
one-more strategy. Others may say that you can always add
one more set on if you know the smaller fact. For example,
for 6 x 8 you can start with 5 x 8 and add 8.

"The Thinking with Numbers program (Rathmell, Leut-
zinger, & Gabriele, 2000) consists of a large collection of
simple story problems developed in sets designed to pro-
mote particular strategies or ways of thinking about a par-
ticular collection of facts. Teachers pose o @lgIGaCI’P
day for students to solve mentally. This is tollowed by a
brief discussion of the ideas that students use. A similar
approach is shown in Figure 10.2, which includes story
examples intended to support reasoning strategies from
grade 1 and grade 4 of Investigations in Number, Data, and
Space. Research has found that when a strong emphasis
is placed on students’ solving problems, they not only
become better problem solvers but also they master more
basic facts than students in a fact drill program (NRC,
2001).

Reasoning Strategies. A second approach is to directly
model a reasoning strategy. A lesson may be designed to
have students examine a specific collection of facts for
which a particular type of strategy is appropriate. You can
discuss how these facts are all alike in some way, or you
might suggest an approach and see if students are able to
use it on similar facts.

Avoid the temptation to tell students to use a strategy
and then have them practice it. Continue to discuss strate-
gies invented in your class and plan lessons that encourage
strategies. Don’t expect to have a strategy introduced and
understood with just one word problem or one exposure.
Children need lots of opportunities to make a strategy their
own. Many children will simply not be ready to use an idea
the first few days, and then all of a sudden something will
click and a useful idea will be theirs.

It is a good idea to write new strategies on the board
or make a poster of strategies students develop. Give the
strategies names that make sense. (Double and add one more
set. Aidan’s idea. Use with 3s. Include an example.)

No student should be forced to adopt someone else’s
strategy, but every student should be encouraged to under-
stand strategies that are brought to the discussion.

Different students will likely invent or adopt differ-
ent strategies for the same collection of facts. For example,
there are several methods or strategies that use 10 when
adding 8 or 9. Therefore, a drill that includes all of the ad-
dition facts with an 8 or a 9 can accommodate any child who
has a strategy for that collection. Two children can be play-
ing a spinner drill game, each using different strategies.

Critics of the reform movement in mathematics
education often try to suggest that the Standards
are “soft on the basics,” especially mastery of
facts. Nothing could be further from the truth. Among sev-
eral similar statements that could be selected from the Stan-
dards document is this quotation: “Knowing the basic
number combinations—single-digit addition and multipli-
cation pairs and their counterparts for subtraction and
division—is essential” (p. 32). &

ndReasoning Strategies

. For Addition Facts

" The strategies that students can and will invent for
addition facts are directly related to one or more number
relationships. In Chapter 8, numerous activities were sug-
gested to develop these relationships. Now the teaching
task is to help children connect these number relationships

to the basic facts. ]
The “big idea” behind using myeducationlaﬁ)
reasoning strategies is for students | Go to the Activities and Ap- |
to make use of known facts and plication section of Chapter
10 of MyEducationLab.

relationships to solve basic facts.
Of the two ways students might
do this, one is to use a known fact
(like 7 + 3 = 10) to solve an un-
known fact, such as 7 + 5, which
is two more than the known fact.
The second is to use derived facts.
In this case, the student might solve 7 + 5 by taking 7 apart
into 5 + 2, then adding the 5 + 5 and then 2 more (Henry &
Brown, 2008). Keep this “big idea” in mind as you review
each of the reasoning strategies described in this section.

Click on Videos and watch
the video entitled “John
Van de Walle on Reason-
ing Strategies for Addition
Facts” to see him talk with
teachers about strategies
for addition.

One More Than and Two More Than

Each of the 36 facts highlighted in the following chart has at
least one addend of 1 or 2. These facts are a direct applica-



tion of the one-more-than and two-more-than relationships
described in Chapter 8.

Story problems in which one of the addendsisa 1 or
a 2 are easy to make up. For example, When Tommy was at
the circus, he saw 7 clowns come out in a little car. Then 2 more
clowns came out on bicycles. How many clowns did Tommy see
in all? Ask different students to explain how they got the
answer of 9. Some will count on from 7. Some may still
need to count 7 and 2 and then count all. Others will say
they knew that 2 more than 7 is 9. The last response gives
you an opportunity to talk about facts where you can use
the two-more-than idea.
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Activity 104 "
How Many Feet in the Bed?

Read How Many Feet in the Bed? On the second time
through the book ask students how many more feet
are in the bed when a new person gets in. Ask stu-
dents to record the equation (e.g., 6 + 2) and tell how
many. Two less can be considered as family members
getting out of the bed.

The different responses will provide you with a lot of in-
formation about students’ number sense. As students are ready
to use the two-more-than idea without “counting all,” they
can begin to practice with activities such as the following.

,Aawmey1oz

One More Than and Two More Than
with Dice and Spinners

Make a die labeled +1, +2, +1, +2, “one more,” and
“two more.” Use with another die labeled 3, 4, 5, 6, 7,
and 8 (or whatever values students need to practice).
After each roll of the dice, children should say the
complete fact: “Four and two more is six.” Alterna-
tively, roll one die and use a spinner with +1 on one
half and +2 on the other half.
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Two Dice

D

Spinner and Die

“8 plus 1is 9

Figure 10.3 One-more and two-more activities.

Figure 10.3 illustrates the ideas in Activity 10.2. Notice
that activities such as these can be modified for almost all of
the strategies in the chapter.

=" Enhancer

Adding Zero

Nineteen facts have zero as one of the addends. Though
such problems are generally easy, some children overgener-
alize the idea that answers to addition problems are bigger
than the addends. Word problems involving zero will be
especially helpful. In the discussion, use drawings that show
two parts with one part empty.
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,Aaﬂdey103
What’s Alike? Zero Facts

Write about ten zero facts on the board, some with
the zero first and some with the zero second. Discuss
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how all of these facts are alike. Have children use
counters and a part-part-whole mat to model the facts
at their desks.

Using 5 as an Anchor

The use of an anchor is a reasoning strategy that builds
on students’ knowledge of number relationships to help
them derive facts from these relationships. For example,
71is5+2,and 6is 5 + 1. A fact such as 6 + 7 can then be
processed by a student by seeing the 5 in each number along
with the “extras.” In this example, the student would add
5 + 5 and then the extra 1 from the 6 and the extra 2 from
the 7 to get 13. The ten-frames discussed in Chapter 8 can
help students see numbers as 5 and some more.

Activifty 10.4
Using 10 as an Anchor

Place a transparency of two ten-frames on the over-
head projector. Place counters on each—for example,
6 on one and 7 on the other. Flash on the overhead
for about 5 seconds; then turn it off. First ask stu-
dents how many counters there were and then have
students explain how they saw them. See Blackline
Masters 11 and 16.

“nago

,Aaﬂﬁey105
Say the 10 Fact

Hold up a ten-frame card, and have children say the
“10 fact.” For a card with seven dots, the response is
“seven and three is ten.” Later, with a blank ten-frame
drawn on the board, say a number less than 10. Chil-
dren start with that number and complete the “10
fact.” If you say, “four,” they say, “four plus six is ten.”
Use the same activities in independent or small-group
modes. See Blackline Master 16.

10 Facts

Perhaps the most important strategy for students to know
is the Make 10 strategy, or the combinations that make 10.
Story problems using two numbers that make 10 or that ask
how many are needed to make 10 can assist this process.
The ten-frame is also a very useful tool. Place counters on
one ten-frame and ask, “How many more to make 10?”
"This activity can be done over and over until students have

mastered all the combinations to make 10. Knowing combi-
nations that make 10 not only helps with basic facts mastery,
it builds foundations for working on addition with higher
numbers, as well as understanding place-value concepts.

Up Over 10

Some facts have sums greater than 10. Students use their
known facts that equal 10 to solve these basic fact problems.
For example, students solving 6 + 8 might start with the
larger number and see that it is 2 away from 10; therefore,
they take 2 from the 6 to get 10 and then add on the re-
maining 4 to get 14.
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his reasoning strategy is extremely important and
often not emphasized enough in U.S. textbooks or class-
rooms (Henry & Brown, 2008). In fact, this strategy is heav-
ily emphasized in high-performing countries (Korea, China,
"Taiwan, and Japan) where students memorize facts sooner
and more accurately than U.S. students. A recent study of
California first graders found that the Make 10 strategy
contributed more to memorizing over-10 facts (e.g., 7 + 8)
than using doubles (even though using doubles had been
emphasized by teachers and textbooks in the study). Also,
notice how many of the basic addition facts can be solved
using the Make 10 strategy. Moreover, this strategy can be
later applied to adding up over 20 or 50 or other benchmark
numbers. Thus, this reasoning strategy deserves significant
attention in teaching addition (and subtraction) facts.

,Aawagy105
Move to Make 10

Adapt Activity 10.4 by asking students to visualize mov-
ing counters to fill one of the ten-frames to figure out
how many. After students have found a total, have stu-
dents share and record the equations. Alternatively, start
with the equation and have students visualize “making
10” and then tell the answer. See Blackline Master 11.



AG?‘W&?‘?/ 10.7
Make 10 on the Ten-Frame

Give students a mat with two ten-frames. Flash cards
are placed next to the ten-frames, or a fact can be
given orally. The students model each number in the
two ten-frames and then decide on the easiest way to
find the total without counting. Get students to explain
what they did. Focus especially on the idea that
counters can be taken from one of the frames and
moved to the other frame to make 10. Then you have
10 and whatever is left. See Blackline Master 11.

/Ia‘w#?/ 10.8
Frames and Facts

Use the little ten-frame cards (Blackline Masters 15
and 16). Make a transparency set for the overhead.
Show an 8 (or 9) card on the overhead. Place other
cards beneath it one at a time as students respond
with the total. Have students say orally what they are
doing. For 8 + 4, they might say, “Take 2 from the 4
and put it with 8 to make 10. Then 10 and 2 left over
is 12.” Move to harder cards, likg 7 + 6. The act

can be done independently withAp

cards. Ask students to record each equation, as shown
in Figure 10.4.

Frames and Facts

Figure 10.4 Frames and facts activity.
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Doubles

There are ten doubles facts from 0 + 0 to 9 + 9, as shown here.
Students often know doubles, perhaps because of their rhyth-
mic nature. These factors can be anchors for other facts.
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Activify 10.9
Double Images

Have students make picture cards for each of the dou-
bles and include the basic fact on the card as show