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Preface

This is a textbook that is born with the objective of providing a first, basic reference
for three important areas of Applied Analysis that are difficult to separate because
of their many interconnections; yet they have their own personality, and each has
grown to become an independent area of very live research. Those three areas
occur in the title of the book. There is, at least, a fourth one, Partial Differential
Equations (PDEs), which is also quite close to those other three but has such a
strong temperament, and attract so much attention, that there are many popular and
fundamental references to cover this field in connection with the others. Though
there is no reasonable way to avoid talking about PDEs in this text, our intention is to
focus on variational methods and techniques, since there are many more references
to cover PDEs. In particular, the popular textbook [Br11] has been an inspiration for
us.

We should also warn readers from the very beginning that our variational
techniques are more oriented towards the direct method rather than to other
techniques that could be placed under the umbrella of indirect methods, meaning
by this all fundamental results related to optimality. We will of course cover too the
Euler-Lagrange equation, but we will not elaborate on this in any special manner.
As a matter of fact, some of these ideas are very hard to extend to the higher
dimensional situation. On the other hand, the material on Sobolev spaces covered is
also oriented and motivated by the needs of variational problems, and hence some
basic facts about these important spaces of functions are not proved or treated here,
though they can be very easily shown once readers mature the basics.

As such, this book can serve several purposes according to where emphasis is
placed. Ideally, and this is how it was conceived, it is to be used as a first course
in the Calculus of Variations without assuming that students have been previously
exposed to Functional Analysis or Sobolev spaces. It is therefore developed with no
prerequisites on those basic areas of Analysis. But it can also serve for a first contact
with Functional Analysis and one of its main applications to variational problems.
It may also be used for a first approach to weak derivatives and Sobolev spaces, and
its main application to variational problems and PDEs. More specifically:

vii



viii Preface

* A first course in Calculus of Variations assuming basic knowledge of Functional
Analysis and Sobolev spaces: Chaps. 3, 4, 8, 9.

* A basic course in Functional Analysis: Chaps. 1, 2, 3, 5, 6.

* An introductory course on Sobolev spaces: Chaps. 1, 2, 3, 7.

Pretending that there are no other areas of Applied Analysis involved in such an
endeavor would be narrow-minded. To name just one important example, there is
also abundant references to the classic subject of Convex Analysis as treated in very
classic sources like [EkTe99] or [Ro97]. Even within the field of the Calculus of
Variations, we do not aim at including all that is to be learnt. There is, for instance, a
lot of material more related to the indirect method that we hardly treat. All of this is
very well represented in the encyclopedic work [GiHi196]. The final Appendix is an
attempt both to enlarge the perspective of students after covering this material, and
to describe, in a non-exhaustive way, those many other areas of Analysis directly or
indirectly related to variational problems.

The book is addressed to students and new comers to this broad area of
optimization in the continuous, infinite-dimensional case. Depending on needs
and allotted time, the first part of the book may already serve as a nice way to
taste the three main subjects: Functional Analysis, Sobolev spaces and Calculus of
Variations, albeit in a one-dimensional situation. This part includes the basic notions
of Banach spaces, Lebesgue spaces and their primary properties; one-dimensional
weak derivatives and Sobolev spaces, the dual space, weak compactness, Hilbert
spaces and their basic fundamental properties; the Lax-Milgram lemma, the Hahn-
Banach theorem in its various forms, and a short introduction to Convex Analysis
and the fundamental concept of convexity. The final chapter of this first part
deals with one-dimensional variational problems and insist on convexity as the
fundamental, unavoidable structural assumption. The second part focuses on some
of the paradigmatic results in Functional Analysis related to operators, understood
as mappings between infinite-dimensional spaces. Classic results like the Banach-
Steinhauss principle, the open mapping and closed graph theorems, and the standard
concepts of linear continuous operators in parallelism with the usual concepts of
Linear Algebra are examined. The important class of compact operators are dealt
with in the second chapter of this part. Finally, the third part focuses on high-
dimensional problems: we start introducing multi-dimensional Sobolev spaces and
their basic properties to use them in scalar, multi-dimensional variational problems;
a presentation of the main facts for this class of problems follows; and a final
chapter pretends to cover more specialized material where students are exposed
to the subtleties of the high-dimension case. At any rate, each chapter is like a
first introduction to the particular field that is treated. Even chapters devoted to
variational techniques are far from being complete in any sense, so that readers
interested in more information or in deepening their knowledge should look for
additional resources.

The scope of the subject of this book is so broad that the relevant literature is truly
overwhelming and unaffordable in finite time. Being a source addressed to students



Preface ix

with no previous background on these areas, references are restricted to textbooks,
avoiding more specialized bibliography.

The style of the book is definitely pedagogical in that a special effort is made in
conveying to students the reasons of why things are done the way they are. Steps
ahead searching for new concepts are tried to be justified on the grounds that they
are necessary to advance in the understanding of new challenges. Proofs of central
results are however a bit technical at times, but that is also a main part of the training
that is sought by the text. There is a good collection of exercises, aimed at helping
to mature the ideas, techniques and concepts. It is not particularly abundant to avoid
that frustration feeling of not going through them all, but sufficient to that purpose.
Some exercises are taken from certain steps in proofs. Thinking about a semester,
there is no enough time to go through many more exercises. Additional ones can be
found in the bibliography provided.

Prerequisites include, in addition to Linear Algebra, Multivariate Calculus, and
Differential Equations, a good background on more advanced areas such as Measure
Theory or Topology. A partial list of fundamental facts from these areas that are used
explicitly in some proofs are:

1. The multivariate integration-by-parts formula.

2. Measure Theory: dominated convergence theorem, Fatou’s lemma, approxima-
tion of measurable sets by open and compact sets.

. Lebesgue measure in RV .

. Fubini’s theorem.

. Arzela-Ascoli theorem.

. Radon-Nykodim theorem.

. Tychonoff’s theorem on compact sets in a product space.

. Urysohn’s lemma and Tietze extension theorem.

9. Egorov’s and Luzin’s theorems.

0 N O\ L AW

A final remark is worth stating. Since our emphasis in this book is on variational
methods and techniques, whenever possible we have given proofs of results of a
variational flavor, and hence such proofs are sometimes not the standard ones that
can be found in other sources.

I would like to thank the members of the Editorial Board of the series UNITEXT
for their support; my gratitude goes especially to Francesca Bonadei and Francesca
Ferrari for their constant assistance.

Ciudad Real, Spain Pablo Pedregal
November 2023
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Chapter 1 ®
Motivation and Perspective Qe

1.1 Some Finite-Dimensional Examples

Most likely, our readers will already have some experience with optimization
problems of some kind, either from Advanced Calculus courses or even from
some exposure to Mathematical Programming. The following are some typical
examples.

1. Minimizing the distance to a set. Let

P, y) =/ = 202 + (v = y0)?
be the distance function to a given point
P = (xo. yo) € R.

Suppose we are given a set 2 C R? with (xo, yo) ¢ €2, and would like to find the
closest point to P in €. With some experimentation for different types of sets €2,
can our readers conclude under what conditions on €2 one can ensure that there
is one and only one point in £ which is closest to P? Does the situation change
in three-dimensional space R3, or in RY, no matter how big N is?

2. Assume we have two moving points in the plane. The first one is moving in the
X-axis from right to left, starting at xo > 0 with velocity —uq, ugp > 0; while
the second is moving vertically from bottom to top, starting at yp < 0 with speed
vo > 0. When will those objects be the closest to each other? What will the
distance between them be at that moment?

3. A thief, after committing a robbery in a jewelry, hides in a park which is the
convex hull of the four points

0,0), (1,1, (1,3), (@2,1).

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 1
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The police, looking after him, gets into the park and organizes the search
according to the function

p(x1,x2) = x1 —3x2 + 10
indicating density of surveillance. Recommend the thief the best point through
which he can escape, or the best point where he can stay hidden.

. Divide a positive number a into n parts in such a way that the sum of the
corresponding squares be minimal. Use this fact to prove the inequality

2
i1 " i1 "
for an arbitrary vector

X = (X1, ..., x,) € R".

. Prove Holder’s inequality
n n p s n 1/q 1
$ we < (Zx,f) (zy;z) R
k=1 k=1 k=1 p
for p > 1, xi, yr > 0, by maximizing the function
n
3 v
k=1
in the x;’s for fixed, given yi’s, under the constraint

n
Z x,f = b,
k=1

for a fixed, positive number b.
. The Cobb-Douglas utility function u is of the form

u(xy, xz,x3) = x7'x32x3%, 0<aj, a1 +ar+a3=1,x >0.

If a consumer has resources given by x; for commodity X;, and their respective
prices are p;, formulate and solve the problem of maximizing satisfaction
measured through such utility function.

. Find the best parabola through the four points (—1, 4), (0, 1), (1, 1) and (1, —1)
by minimizing the least square error.
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Many more examples could be stated. Readers should already know how to solve
these problems.

After examining with some care all of these problems, we can draw some
conclusions.

* Important ingredients of every optimization problem are the cost function, the
function to be minimized or maximized, and the constraints that feasible vectors
need to comply with to be even considered. The collection of these vectors is the
feasible set of the problem.

» It is important, before starting to look for optimal solutions, to be sure that those
are somewhere within the feasible set of the problem. This is the issue of the
existence of optimal solutions. Some times optimization problems may not be
well-posed, and may lack optimal solutions.

e In all of these examples, we deal with functions and vectors, no matter how
many components they may have. The set of important techniques to treat this
kind of optimization problems lie in the area universally known as Mathematical
Programming and Operations Research.

The class of optimization problems we would like to consider in this text share
some fundamental ingredients with those above: objective or cost functions, and
constraints. But they differ fundamentally in the last feature: we would like to
explore optimization problems for infinite dimensional vectors. Vectors are no
longer vectors in the usual sense, but they become functions; and objective functions
become functionals; and Mathematical Programming, as the discipline to deal with
finite-dimensional optimization problems, becomes Calculus of Variations, one of
the main areas of Analysis in charge of infinite dimensional optimization problems.
Independent variables in problems, instead of being vectors, are, as already pointed
out, functions. This passage from finite to infinite dimension is so big a change that
it is not surprising that methods and techniques are so different from those at the
heart of Mathematical Programming.
Let us start looking at some examples.

1.2 Basic Examples

Almost every formula to calculate some geometric or physical quantity through an
integral can furnish an interesting problem in the Calculus of Variations. Our readers
will know about the following typical cases:

1. The area enclosed by the graph of a non-negative function u#(x) between two
values a and b:

b
A= / u(x)dx.
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2. The length of the graph of the function u(x) between two values a and b:

b
L=/ 14+ u'(x)2dx.
a

3. The volume of the solid of revolution generated by the graph of the function u(x)
around the X-axis between the two values a and b:

b
V = JT/ u(x)2 dx.

4. The surface of revolution of the same piece of graph around the X-axis

b
S:Zn/ u(x)v/1+u(x)2dx.

5. The area of a piece of graph of a function u(x, y) of two variables over a subset
Q C R? where the variables (x, y) move, is given by the integral

S=/ V14 | Vulx, y)|2dxdy. (1.1)
Q

Some examples coming from physical quantities follow.

1. The work done by a conservative force field F(x) where
F = (F1(x), 2(x), F3(x)), x= (x1,x2,x3),

in going from a point P to another one Q is independent of the path followed,
and corresponds to the difference of potential energy. But if the field is non-
conservative, the work depends on the path, and is given by

b
W= / F(x(1))-xX'(t)dt, P=x(a),Q=x(b).
a
2. The flux of a field F(x) through a surface S is given by
F = /F(x) -n(x) dS(x),
S

where n(x) is the normal to S, and d S represents the element of surface area.
3. Moments of inertia. If a body of density p(Xx) occupies a certain region 2 in
space, given a certain axis r, the moment of inertia with respect to r, is given by



1.2 Basic Examples 5

the integral

/ r(x)p(x) dx,
Q

where r(x) is the distance from x to the axis r.

Let us focus on one of these examples, say, the area enclosed by a portion of the
graph of the function u(x), x € (a, b), i.e.

b
A=/ u(x)dx. (1.2)

a

There are essentially two ingredients in this formula: the two integration limits, and
the function u(x). We can therefore regard quantity A as a function of the upper
limit b, maintaining the other ingredients fixed

b
A(b):/ u(x)dx.

This is actually the viewpoint adopted when dealing with the Fundamental Theorem
of Calculus to conclude that if u(x) is continuous, then the “function” A(b) is
differentiable and A’(b) = u(b). We can then think about the problem of finding
the extreme values of A(b) when b runs freely in R, or in some preassigned interval
e, B

But we can also think of A in (1.2) as a “function” of u(x), keeping the two
end-points a and b fixed, and compare the corresponding integrals for different
choices of functions u(x). If we clearly determine a collection A of such competing
functions u(x), we could ask ourselves which one of those functions realizes the
minimum or the maximum of A. It is important to select in a sensible way the
class A for otherwise the optimization may be pointless. Suppose we accept every
function u(x) one could think of, and try to figure out the one providing the
maximum of the integral. It is pretty clear that there is no such function because
the maximum is infinite: we can always find a function u(x) for which the integral
A is bigger than any preassigned number, no matter how big this is. This problem is
useless. Assume, instead, that we only admit to compete for the minimum those
functions u(x) defined on the interval [a, b], such that u(a) = u(b) = 0, and
whose graph measures less than or equal to a positive number L > b — a. After
a bit of experimentation, one realizes that the problem looks non-trivial and quite
interesting, and that the function realizing this minimum, if there is one such
function, must enjoy some interesting geometric property related to area and length
of the graph.

We hope this short discussion may have helped in understanding the kind of
situations that we would like to address in this text. We are interested in considering
sets of functions; a way to assign a number to each one of those, a functional; decide
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if there is one such function which realizes the minimum or maximum possible; and
if there is one, find it, or derive interesting properties of it. This sort of optimization
problems are identified as variational problems for reasons that will be understood
later.

Almost as important as studying variational problems is to propose interesting,
meaningful problems or cases. As we have seen with the above discussion, it is not
always easy to make a proposal of a relevant variational problem. We are going
to see next a bunch of those that have had a historical impact on Science and
Engineering.

1.3 More Advanced Examples

The previous section has served to make us understand the kind of optimization
problems we would like to examine in this text. We will describe next some of the
paradigmatic examples that have played a special role historically, or that are among
the distinguished set of examples that are used in most of the existing textbooks
about the Calculus of Variations.

. Transit problems.

. Geodesics.

. Dirichlet’s principle.

. Minimal surfaces.

. Isoperimetric problems.
. Hamiltonian mechanics.

NN WN =

We will see through these examples how important it is to be able to formulate
a problem in precise mathematical terms that may enable to compare different
alternatives, and decide which one is better; to argue if there are optimal solutions,
and, eventually, find them. It is an initial, preliminary step that requires quite a good
deal of practice, and which students usually find difficulties with.

1.3.1 Transit Problems

The very particular example that is universally accepted as marking the birth of the
Calculus of Variations as a discipline on its own is the brachistochrone. We will talk
about its relevance in the development of this field later in the final section of this
chapter.

Given two points in a plane at different height, find the profile of the curve
through which a unit mass under the action of gravity, and without slipping, employs
the shortest time to go from the highest point to the lowest. Let u(x) be one such
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feasible profile so that
u@ =0, wu@=A

with a, A > 0, and consider curves joining the two points (0, 0), (a, A) in the
plane. It is easy to realize that we can restrict attention to graphs of functions like
the one represented by u(x) because curves joining the two points which are not
graphs cannot provide a minimum transit time under the given conditions. We need
to express, for such a function u#(x), the time spent by the unit mass in going from
the highest point to the lowest. From elementary kinematics, we know that

dt— ft—/@

where ¢ is time, s is arc-length (distance), g is gravity, and # is height. We also know
that

=+14+u'(x)2dx,

and can identify & with u(x). Altogether we find that the total transit time 7 is given
by the integral

METICO
T e

Jux)

An additional simplification can be implemented if we place the X-axis vertically,
instead of horizontally, without changing the setup of the problem. Then we would
have that

JV1+ u/(x)2

f/ (1.3)

and the problem we would like to solve is

Minimize in u(x) :

/A /1+u/(x)2 i
0 VX

subject to
u0)=0, wu(A) =a.

Notice that this new function u is the inverse of the old one, and that positive,
multiplicative constants do not interfere with the optimization process.

To stress the meaning of our problem, suppose, for the sake of definiteness, that
we take a = A = 1. In this particular situation, we have three easy possibilities of a
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function passing through the two points (0, 0), (1, 1), namely

ui(x) =x, ur(x) =x2, uz(x) =1—+1—x2,

a straight line, a parabola, and an arc of a circle, respectively. Let us compare the
transit time for the three, and decide which of the three yields a smaller value.
According to (1.3), we have to compute (approximate) the value of the three
integrals

'V2 P V14 4x2
T1=/ £dx, TZ:/ de’
0 VX 0 Vx
! 1
T3=/ L
0 x(1—x2)

Note that the three are improper integrals because the three integrands do have, at
least, an asymptote at zero. Yet the value of the three integrals is finite. The smaller
of the three is the one corresponding to the parabola u>. But still the important issue
is to find the best of all such admissible profiles.

1.3.2 Geodesics

It is well-known that geodesics in free, plane euclidean space are straight lines.
However, when distances are distorted because of the action of some agent, then
the closest curves joining two given points, the so-called geodesics, may not be the
same straight lines. More specifically, if locally at a point x € RY distances are
measured by the formula

Ivl? = v A(x)v

where v € RY, and the symmetric, positive-definite matrix A(x) changes with the
point x, then the total length of a curve

x(1) : [0, 1] > RN

would be given by the integral

1
/ (x/(r)TA(x(t))x’(t))1/2 dr.
0
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Hence, shortest paths between two points Py and Py would correspond to curves X
realizing the minimum of such a problem

1
Minimize in x(¢) : / (x’(t)TA(x(t))x’(t))1/2 dt
0

subject to
x(0) =Py, x(1)=P;.

The classical euclidean case corresponds to A = 1, the identity matrix; but even for
a situation in the plane R? with
10
A =
(02)

is not clear if geodesics would again be straight lines. What do you think?

1.3.3 Dirichlet’s Principle

Another problem that played a major role in the development of the Calculus of
Variations is the Dirichlet’s principle in which we pretend to find the function

ux): Q cRY > R,

for a preassigned domain €2, that minimizes the functional

%/QWu(x)lzdx (1.4)

among all such functions u(x) complying with u = ug around the boundary 92 of
€2, and the function u is given a priori. We are hence forcing functions to take some
given values on around 9€2. Note that u(x) is a function of several variables, and

vuw = (L, ..., L), v (x>|2—i3—“(x)2
" o axy T dxn ’ " a 0x; ’

i=1

In certain circumstances, if graphs of such functions u(x) are identified as shapes
of elastic membranes fixed at the boundary <2 according to the values of ug, the
integral in (1.4) provides a measure of the elastic energy repressed by the membrane
when it adopts the shape determined by the graph of some u(x). The minimizer
would correspond to the function u#(x) whose graph would repressed the least energy
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possible under such circumstances, and so it would yield the shape adopted by the
membrane naturally.

1.3.4 Minimal Surfaces

One of the most fascinating variational examples is the one trying to minimize the
area functional S in (1.1)

S(u) = / V14 [Vu(x, y)[>dxdy.
Q

It is one of the main functionals that has stirred and is stirring a lot of research,
both in Analysis and Geometry. Typically, the underlying variational problem tries
to minimize the area S(u) among those functions sharing the same values on the
boundary 2 of a given domain & C RZ. The graph of a given function u(x) is
a minimal-area surface if it is a minimizer of S(#) among those functions sharing
with u its boundary values around some €2.

Because surface area is closely related to surface tension, minimal surfaces
represent shapes adopted, for instance, by soap films as these are looking for
surfaces minimizing surface tension.

1.3.5 Isoperimetric Problems

We know from Calculus, and has been reminded above, that many quantities
associated with geometric objects can be expressed through integrals. The graph
of a certain function u(x) for x € [xg, x1] determines some important geometric
quantities, except for positive multiplicative constants, like the area enclosed by it

x|
A:f u(x)dx;
X

0

the length of its graph
X1
L= / V14w (x)2dx;
X0

the area of revolution around the X-axis

x1
S:/ u(x)v1+u(x)2dx;
X0
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the volume of the solid of revolution around the X-axis

x]
V:/ u(x)zdx.

0

Typically, the optimization problem that consists in minimizing (or maximizing) one
of these integrals under fixed end-point conditions is meaningless either because the
optimal answer can be easily found, and the problem becomes trivial; or because the
corresponding extreme value is not finite. For instance, finding the minimum of the
length of a graph passing through two given points in the plane is trivially found to
be the straight line through those two points, while the maximum length is infinite.
It is a much more interesting situation to use two of those functionals to setup
interesting and important variational problems. The classical one is the following:
Find the optimal function u(x) for x € [—1, 1] that minimizes the integral

1
/ u(x)dx
-1

u(=1) =u(l) =0,

among those with

and having a given length L > 2 of its graph, i.e. among those respecting the
condition

1
L:/ V14+u'(x)2dx.
-1

This is a much more interesting and fascinating problem. In general terms, an
isoperimetric problem is one in which we try to minimize an integral functional
among a set of functions which are restricted by demanding, among other possible
constraints, a condition setup with another integral functional. There are various
possibilities playing, for example, with the quantities A, L, S and V, above.

There are, in particular, two very classical situations.

1. Dido’s problem. Given a rope of length L > 0, determine the maximum area that
can be enclosed by it, and the shape to do so. It admits some interesting variants.
The following is an elementary way to state the situation. Let (u(¢), v(¢)) be the
two components of a plane, closed curve o parameterized in such a way that

u@ =u®)=0, v =vb) =0.

The length of o is given by

b
L(o) =/ V' ()2 + v/ (1) dt,
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while the area enclosed by it is, according to Green’s theorem,

b
A(o) =/ WOV (1) — ' ()v(@)) dt.

We would like to find the optimal curve for the problem

Minimizeino : L(o) under A(o) =«a,0(a) = o(b) = (0,0).

. The hanging cable. This time we have a uniform, homogeneous cable of total

length L that is to be suspended from its two end-points between two points
at the same height, and separated a distance H apart. We will necessarily have
L > H. We would like to figure out the shape that the hanging cable will adopt
under the action of its own weight. If we assume that such a profile will be the
result of minimizing the potential energy associated with any such admissible
profile represented by the graph of a function u(x), then we know that potential
energy is propotional to height, and so
dP =u(x)ds, ds=+1+u'(x)2dx.

The full potential energy contained in such feasible profile will then be

H
P:/ u(x)vV1+u(x)2dx.
0

Constraints now should acount for the fact that the cable has total length L, in
addition to demanding

u(0)=0, u(H)=0.

The constraint on the length reads

H
L =/ V14w (x)2dx,
0

coming from integrating in the full interval [0, H] arc-length ds. We then seek
to find the optimal shape corresponding to the problem

H
Minimize in u(x) : / u(x)v/'1+u'(u)?dx
0
under the constraints

H
u =u(H)=0, L= / 1+ u(x)2dx.
0
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1.3.6 Hamiltonian Mechanics

There is a rich tradition of variational methods in Mechanics. If x(¢) represents the
state of a certain mechanical system with velocities x'(¢), then the dynamics of the
system evolves in such a way that the action integral

T
/ Lx(@), X (1)) dt
0

is minimized. The integrand
L(x,y):RN xRY 5> R

is called the lagrangian of the system. The hamiltonian H (x,y) is defined through
the formula

H(x,y) = sup{z-y— L(x,y)}.

zeRN

H, defined through this formula, is called the conjugate function of L with respect
to the variable y, as variable x here plays the role of a vector of parameters. It is
interesting to note that, under hypotheses that we do not bother to specify,

L(x,y)= sup{z-y— H(x,y)}

zeRN

as well.
We will learn later to write the Euler-Lagrange (E-L) system that critical paths of
the functional with integrand L (X, y) above ought to verify. It reads

- %Ly(x(t), X' (1)) + Lx(x(1), X' (1)) = 0. (1.5)

Paths which are solutions of this system will also evolve according to the hamilto-
nian equations

, oH , oH
y@® = —8—(X(t), y®), x(@)=—x@),y@)).
X ay

In fact, the definition of the hamiltonian leads to the relations

Hx,y) =z(X,y) -y - L(x,z(X,y)), y—Ly(x,z(x,y)) =0,
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where this z is the optimal vector z (depending on x and y) in the definition of the
hamiltonian. Then it is easy to check that

Ly(Xv Z) =Y, 7= Hy(X, y)v HX(X3 Y) = _LX(Xv Z),
If we put
/

X' =z, y=Lyxx),

it is immediate to check, through these identities, the equivalence between the E-L
system and Hamilton’s equations. Note that system (1.5) is

y/ = _HX(Xs y)

1.4 The Model Problem, and Some Variants

We have emphasized in the preceding sections the interest, both from a purely
analytical but also from a more applied standpoint, of studying variational problems
of the general form

I(u) = / F(x,u(x), Vu(x)) dx
Q

under typical additional conditions like limiting the value of competing fields u(x)
around 9€2. Here we have:

« Q c RV is a typical subset, which cannot be too weird;
» feasible fields

ux): Q - R”
should be differentiable with gradient or differential (jacobian) matrix
vu(x) : Q@ — R™NV;
* the integrand
Fx,u,z): Q2 xRV xRN 5 R

is assumed to enjoy smoothness properties that will be specified as they are
needed.
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Dimensions N and n make the problem quite different ranging from understandable
to pretty hard. We will refer to:

1. N =n = 1: scalar (n = 1), variational problems in dimension N = 1;
2. N = 1,n > 1: vector problems in dimension one;

3. N > 1, n = 1: scalar, multidimensional problems;

4. N,n > 1: vector, multidimensional problems.

In general terms we will refer to the scalar case when either of the two dimensions
N or n is 1, while we will simply classify a problem as vectorial if both dimensions
are greater than unity. We will focus mainly in the scalar case in this text, while the
vector case in left for another book. Note how all of the examples examined earlier
in the chapter fall into the category of scalar problems.

To stress how variational problems of the above class are just a first step to more
general situations of indisputable interest in Science and Engineering, consider a
scalar, uni-dimensional variational problem

T
Minimize in u(¢) : / F(t,u(t),u' () dt
0

under the end-point conditions
u) =ug, u(T)=ur.

It is obvious that we can also write the problem in the form
T
Minimize in v(t) : / F(t,u(),v())dt
0
under the constraints

u©) =ug, u(@)=ur, u' @) =v@).

Notice how we are regarding the function v(#) as our “variable” for the optimization
problem, while u(#) would be obtained from v(¢) through integration. In particular,
there is the integral constraint

T
f v(t)dt = ur — ug
0
that must be respected by feasible functions v(¢). The obvious relationship

W (1) = v(t)
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can immediately be generalized to
u'(t) = f(t,u(®), v()
for an arbitrary function
ft,u,v): (0, T)y x RxR — R.

This is not just a more general situation for the sake of it, since it gives rise to a
new class of optimization problems of a tremendous impact in Engineering that are
identified as optimal control problems (of ODEs).

There is another important generalization that our readers should keep in mind.
So far integrands in functionals have been assumed to depend explicitly on the first
derivative u’ or gradient Vu of competing functions. This does not have to be so.
In fact, the highest derivative occurring explicitly in a variational problem indicates
the order of the problem. Usually, first-order problems are the ones studied because
these families of problems are the most common. However, one can consider zero-
order, and higher-order problems. A functional of the form

1
/ F(t,u())dt
0

would correspond to a zero-order problem, assuming that no derivative participates
explicitly in additional constrains, whereas

1
/ F(t,u@®),u' (), u” () dt
0

with a explicit dependence of F on the variable u” would indicate a second-order
example.

1.5 The Fundamental Issues for a Variational Problem

What are the main concerns when facing any of the examples we have just
examined, or any other such problem for that matter? The first and fundamental
issue is to know if there is a particular feasible function realizing the minimum. If
there is such a function (there might be several of them), it will be quite special in
some sense. How can one go about showing whether there is a minimizer for one of
our variational problems? Let us just backup to a finite dimensional situation to see
what we can learn from there.
Suppose we have a function

F(x):RY > R,
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and we would like to convince ourselves that there is at least one vector xg € RV
with the property

F(xg) = min F(x).

xeRV

We would probably look immediately, specially if we were good Calculus students,
at the system of critical points

VF(x) = 0. (1.6)

That is not a bad idea. However, we are well aware that, even if Xy must be a
solution of this non-linear system, provided F is differentiable, there might be other
solutions for (1.6). On the other hand, we do not have the slightest idea about what
the equivalent to the critical point system (1.6) would be for a functional like the
one in the previous section. In case F is not differentiable, then we would feel at a
loss.

There are some precautions one should always take before moving on. Let us put

m = inf F(x).
xeRN

We would definitely like m € R to be a real number. It could however happen that
m = —oo (the case m = 400 does not make much sense, why?). If m = —oo,
it means that the problem is not well-posed in the sense that the values of F can
decrease indefinitely, and moreover, if F is continuous,

liminf F (x) = —oo0.
|x|]— 00

These situations are not interesting as we could not have minimizers. How can one
avoid them? A standard condition is known as coercivity: such a function F is said
to be coercive if, on the contrary,

liminf F (x) = +o0. (1.7)

|x|— 00

This condition suffices to ensure that m € R.

Once we know that m € R, one thing one can always find (establish the existence
of) is a minimizing sequence {x;} for F. This is simply a sequence of vectors {x;}
such that

F(xj)\ym= Xiél;gf}\/ F(x).

This is nothing but the definition itself of the infimum of a collection of numbers.
Another matter is how to find in practice, for specific functions F, such a sequence.
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In some sense that minimizing sequence should be telling us where to look for
minimizers. What is sure, under the coerciveness condition (1.7), is that {x;} is a
bounded, collection of vectors. As such, it admits some converging subsequence
(Heine-Borel theorem) {x;, }:

Xj, —> Xp as k — oo.
This is a fundamental compactness property. If F' is continuous, then

Fxo) = lim F(x;) \m.

and x¢ becomes one desired minimizer. Once we are sure that there are vectors
where the function F achieves its minimum value, then we know that those must be
solutions for the system of critical points (1.6), and we can start from here to look
for those minimum points.

Let us mimic this process with a typical integral functional of the form

1
I(u) =/ Fu(x), u' (x))dx (1.8)
0

where
Fx,2) :RxR—-R, u(x):[0,1] > R,

and there could be further conditions, most probably in the form of end-point
restrictions, for admissible functions. The density F is assumed to be, to begin
with, just continuous, and for the sake of definiteness we have taken the interval
of integration to be the unit interval [0, 1] C R. The functional [ is supposed not to
be identically 400, i.e. there is a least one admissible function u with I (1) € R. Set

m = inf I (u),
A

where A stands for the class of functions that we would allow in the minimization
process, essentially C!-functions (in order to have a derivative) complying with
additional restrictions. The first concern is to guarantee that m € R, i.e. m > —oo.
In the case of a function of several variables F(x), we discussed above that the
coercivity condition (1.7) suffices to ensure this property. What would the substitute
be for a functional like 7 (#)? Note how this requires to determine in a precise way
what it means for a function

u(x):[0,11 - R
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to go to “infinity”. In the case of a finite-dimensional vector X, it clearly means that

N
2 2
b{ =E xj — 00, xeRN,x=(x1,x2,...,xN).
i=1

One can think of the condition, which is possibly the most straightforward general-
ization of this finite-dimensional case,

sup |u(x)| — oo.
x€[0,1]

But there might be other possibilities like demanding, for instance,

1
/ lu(x)| dx — oo.
0

What is pretty clear is that a certain “measure” of the overall size of the function
must tend to infinity, and as the size of a feasible function u € A tends to infinity,
the numbers 7 (1) ought to go to infinity as well.

Assume that we have somehow solved this problem, determined clearly how to
calculate the global size |u| € R of a function u € A, and checked that the
functional 7 (u) is coercive in the sense

liminf 7 (1) = 400,

|u|—o00
in such a way that minimizing sequences {u j} C A enjoy the compactness property
{lujl} CR,

a bounded collection of numbers. At this stage, in the finite-dimensional situa-
tion, one resorts to the fundamental compactness property that there should be
subsequences converging to some vector. This innocent-looking assertion encloses
various deep concepts. We need to grasp how to find a replacement of this
compactness property in the infinite-dimensional scenario.

Given that functions u(x) are in fact numbers for each point in the domain x €
[0, 1], the most direct way to argue is possibly as follows. If the property {|u;|} C R
implies that {u;(x)} is a bounded sequence of numbers for every such x, we can
certainly apply the compactness property in R to conclude that there will be a certain
subsequence j such that u, (x) — u(x) where we have put u(x) for the limit,
anticipating thus the limit function. There are two crucial issues:

1. The subsequence j; which is valid for a certain x; € [0, 1] might not be valid
for another point xo € [0, 1], that is to say, the choice of ji; may depend on
the point x. We can start taking subsequences of subsequences in a typical
diagonal argument, but given that the interval [0, 1] is not countable, there is no
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way that this process could lead anywhere. Unless we find a way, or additional
requirements in the situation, to tune the subsequence ji for all points x € [0, 1]
at once so that

uj (x) — u(x) forall x € [0, 1],

it is impossible to find a limit function in this way.

2. Even if we could resolve the previous step, there is still the issue to check whether
the limit function u(x) € A. In particular, # must be a function for which the
functional I can be computed.

Example 1.1 To realize that these difficulties are not something fancy or patholog-
ical, let us examine the following elementary example. Put

uj(x) =sin(2'7x), xelo,1].

It is not difficult to design variational problem like (1.8) for which sequences similar
to u; are minimizing. For each x e [0, 1], {u;(x)} is obviously a sequence of
number in the interval [—1, 1], and so bounded. But there is no way to tune a single
subsequence jj to have that {sin(2/x)} is convergent for all x at once. Note that
the set of numbers

{sin(2/7x) : j € N}

is dense in [—1, 1] for every x € (0, 1). In this case, there does not seem to be
a reasonable way to define a limit function for this sequence. The solution to this
apparent dead-end is surprising and profound.

To summarize our troubles, we need to address the following three main issues:

1. we need to find a coherent way to define the size of a function; there might be
various ways to do so;

2. we need some compactness principle capable of determining a function from a
sequence of functions whose sizes form a bounded sequence of positive numbers;

3. limit functions of bounded-in-size sequences should enjoy similar properties to
the members of the sequences.

Before we can even talk about how to tackle variational problems like (1.8), there
is no way out but to address these three fundamental issues. This is the core of our
initial exposure to Functional Analysis.

1.6 Additional Reasons to Care About Classes of Functions

Let us start making some explicit calculations to gain some familiarity with simple
variational principles.
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Let us focus on some scalar, one-dimensional examples of the form

I(u) = /Xl F(x,u(x),u (x))dx. (1.9)

0

Note how in this case

Q= (x0,x1), X € (x0,x1),

u(x) : (xg,x1) = R,  u'(x): (x0, x1) = R,

and additional standard conditions will most likely limit the values of u or its
derivative at one or both end-points

X =Xxg9, X=X].
Different problems will obviously depend on the integrand
F(x,u,z): (xp,x1) x Rx R— R.
To compute an integral like the one in (1.9), for a given function u(x), we clearly
need to ensure that u is differentiable in (xq, x1), and plug its derivative z = u’(x)
as the third argument in F'; hence, we must restrict ourselves to look for the infimum

of I in (1.9) among differentiable functions.
Let us explore the following two examples:

1. the variational problem
1
Minimize in u(x) : /0 u(x)?2 —u'(x))*dx
subjected to
u0) =0, u(l)=1;
2. the variational problem

1
Minimize in u(x) : / w () u(x)® —x)%dx
-1

subjected to

u(=) =—1, u(l)=1.
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Concerning the first, we notice that the integrand is non-negative, being a square,
and so it would vanish for functions u(x) so that

u(x)2—u'(x)) =0

for every point x € (0, 1). Hence, either u(x) = 0, or else u’(x) = 2. Given the
end-point conditions

u) =0, u(l) =1,
that we must respect, it is easy to conclude that

0<x<1/2

ux)=14" -
2x —1, 1/2<x <1,

is one possible optimal solution of the problem. But u is not differentiable !! The
same problem pops up for any minimizer. If we insist in restricting attention to
differentiable functions, m = 0 is the unattainable infimum of the problem: u can
be approximated by C'-functions in an arbitrary way by rounding the corner of the
graph of u, but the value m = 0 can never be reached. The situation is like solving
the equation x? = 2 in the field of rational numbers.

The second example is more sophisticated. It is a typical situation of the
phenomenon discovered by Lavrentiev in the 1920s. As in the first example, the
integrand is non-negative, and the only way to lead integrals to zero, under the given
end-point conditions, is by taking

w(x) = . (1.10)

This unique minimizer is not differentiable either at x = 0. However, the situation is
more dramatic than in the previous example. Suppose we pretend to approximate the
minimizer in (1.10) by a family of differentiable functions. The most straightforward
way would be to select a small 2 > 0, and use a piece of a straight line interpolating
the two points (—#, \3/—_h) and (h, Jh ) in the interval [—h, h]. The slope of this
secant is

Jh—J=h 1
2h N

The resulting function is not differentiable either at £/, but those two discontinuities
can be rounded off without any trouble. The most surprising fact is that if we put

1
1 () =/ u' ()0 x)? — x)?dx
-1
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and

@) u(x), —1<x<-hh<x<l,
up(x) = ,
" h=2Bx, —h<x<h,

then, due to evenness,
h
I(up) = 2/ h=*h=2x% = x)? dx.
0

A careful computation yields

a2 2(La L2
up) =—(-+-—-
W=p\3 777 5)

and we clearly see that I (up) — oo as h — 0 !! It is a bit shocking, but this
elementary computation indicates that the behavior of this apparently innocent-
looking functional is quite different depending on the set of competing functions
considered. In particular, and this would require some more work than this simple
computation we have just performed, the value of the infimum of 7 (1) over a class
of piece-wise affine functions over [—1, 1] cannot vanish. And yet, when we permit
the function #(x) to compete for the infimum, the minimum vanishes !!

What we have tried to emphasize with these two examples is the fundamental
relevance in variational problems to specify the class of functions in which we are
seeking to minimize a given functional. Historically, it took quite a while to realize
this, but variational problems were at the core to push mathematicians to formalize
spaces of functions where “points” are no longer vectors of a given dimension, but
rather full functions. This led to the birth of an independent, fundamental discipline
in Mathematics known universally as Functional Analysis.

1.7 Finite Versus Infinite Dimension

One of the main points that students must make an effort in understanding is the
crucial distinction between finite and infinite-dimension. Though this is not always
an issue, Functional Analysis focuses on discovering the places where an infinite-
dimensional scenario is different, even drastically different, and what those main
differences are or might be. To master where caution is necessary takes time because
genuine infinite-dimensional events may be some times counter-intuitive, and one
needs to educate intuition in this regard.

To stress this point, let us present two specific examples. We will see that the
first one is identical in finite and infinite dimension, whereas in the second, the
framework of infinite dimension permits new phenomena that need to be tamed.
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This is part of our objective with this text. For the next statement, it is not
indispensable to know much about metric spaces as the proof is pretty transparent.
We will recall the basic definitions in the next chapter.

Theorem 1.1 (The Contraction Mapping Principle) Ler H be a complete metric
space under the distance function

dx,y) :Hx H— RT.
Suppose the mapping T : H — H is a contraction in the sense
d(Tx, Ty) < Kd(x,y), 0<K < 1. (1.11)

There there is a unique fixed point for T, i.e. a unique X € H such that TX = X.

Proof Select, in an arbitrary way, Xo € H, and define recursively the sequence
Xy = Txp—1, k=>1.

We claim that {x;} is a Cauchy sequence. In fact, if j < k, by the triangle inequality
and the repeated use of the contraction inequality (1.11),

k—1
d(Xg, X;) Szd(xz,xl—l)
I=j
k—1
< K'd(Txo. x0)
I=j
k—1
=d(Tx0. X0) »_ K'
I=j
d(T KJ - K
=d (Txo, Xo)ﬁ.

Since K < 1, we clearly see that d(x¢,x;) — 0 as k, j — o0, and thus, the
sequence converges to a limit element X. Since

d(T*Dxy, Tx) < Kd(T®x0, %),

the left-hand side converges to d(X, TX), and the right-hand side converges to 0, we
conclude that indeed X is a fixed point of T. The same inequality (1.11) exclude the
possibility of having more than one such fixed point.

Note how the statement and the proof of such a result does not make the distinction
between finite and infinite dimension. As a general rule, when a fact can be shown in
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a metric space regardless of any other underlying structure, that result will be valid
regardless of dimension.

Possibly, from a more practical viewpoint, one of the main differences between
finite and infinite-dimension refers to compactness. This is always a headache in
Applied Analysis, and the main reason for the introduction and analysis of weak
convergence. In some sense, in an infinite dimension context there are far too many
dimensions where things may hide away or vanish. We refer to Example 1.1. For
the sequence of trigonometric functions

{sin(jx)}, xel[-m ],

there are at least two facts that strikes when compared to a situation in finite
dimension:

1. there cannot be a subsequence converging in a natural manner to anything;
2. any finite subset (of an arbitrary number of elements) of those sin-functions is
always linearly independent.

We have already emphasized the first fact earlier. Concerning the second, suppose
we could find that

k
}:Ajmnux)=o, x € [—7m, 7]
j=1

for a collection of numbers A ;, and arbitrary k. If we multiply this identity by
sin(Ix), 1 <1 < k, and integrate in [—m, 7], we would definitely have

0=

k
j=

T
Aj/ sin(jx) sin(/x) dx.
1 -7

But an elementary computation yields that
T
/ sin(jx) sin(lx)dx =0
—7T
when j # [. Hence
T
0=M/ sin®(Ix) dx,
—7T

which implies A; = O for all /. This clearly means that such an infinite collection
of trigonometric functions is independent: the dimension of any vector space
containing them must be infinite-dimensional.
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1.8 Brief Historical Background

The development and historical interplay between Functional Analysis and the
Calculus of Variations is one of the most fascinating chapters of the History
of Mathematics. It looks, then, appropriate to write a few paragraphs on this
subject addressed to young students, with the sole purpose to ignite the spark of
curiosity. It may be a rather presumptuous attitude on our part, twenty-first century
mathematicians, to look back on History and marvel at the difficulties that our
former colleagues found in understanding concepts and ideas that are so easily
conveyed today in advanced mathematics lectures all over the world. We should
never forget, though, that this easiness in grasping and learning deep and profound
concepts and results is the outcome of a lot of work and dedication by many of
the most brilliant minds of the XIX- and XX-centuries. Modesty, humility, and awe
must be our right attitudes. Our comments in this section are essentially taken from
[BiKr84, Kr941, Kr94II]. In [FrGil6], there is a much more detailed description
of the early history of the Calculus of Variations, and its interplay with Functional
Analysis and other areas. See also [Go80].

The truth is that concepts that are so much ingrained in our mathematics
mentality today like that of “function” took quite a while until it was recognized and
universally adopted. Great mathematicians like Euler, Lagrange, Fourier, Dirichlet,
Cauchy, among others, but especially Riemann and Weierstrass contributed in a
very fundamental way. The concept of “space” was, however, well behind that of
function. The remarkable rise of non-euclidean geometries (Gauss, Lobachevsky,
Bolyai, Klein) had a profound impact on the idea of what might be a “space”. Some
help came from Mechanics through the work of Lagrange, Liouville, Hamilton,
Jacobi, Poincaré, ...; and from Geometry (Cayley, Grassmann, Riemann, etc). It
was Riemann who actually introduced, for the first time in his doctoral thesis in
1851, the idea of a “function space”. There were other pioneers like Dedekind
and Méray, but it was the fundamental work of Cantor with his set theory that
permits the whole building of Functional Analysis as we think about this subject
today. We cannot forget the italian school as it is considered the place where
Functional Analysis started at the end of nineteenth century, and the initial part
of twentieth century. Names like Ascoli, Arzeld, Betti, Beltrami, Cremona, Dini,
Peano, Pincherle, Volterra, should not be forgotten. But also the french school, in
the heart of the twentieth century, contributed immensely to the establishment of
Functional Analysis as a discipline on its own. Here we ought to bring to mind
Baire, Borel, Darboux, Fréchet, Goursat, Hadamard, Hermite, Jordan, Lebesgue,
Picard, among many others.

The Calculus of Variations, and the theory of integral equations for that
matter, provided the appropriate ground for the success of functional analytical
techniques in solving quite impressive problems. Variational problems, formulated
in a somewhat primitive form, started almost simultaneously with the development
of Calculus. Yet the issue of making sure that there was a special curve or surface
furnishing the minimum value possible for a certain quantity (a functional defined
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on a space) was out of the question until the second half of the nineteenth century. It
was not at all easy to appreciate the distinction between the unquestionable physical
evidence of the existence of minimizers in Mechanics, and the need for a rigorous
proof that it is so.

There are two fundamental years for the Calculus of Variations: 1696 is
universally accepted as the birth of the discipline with J. Bernoulli’s brachistochrone
problem; while 1744 is regarded as the beginning of its theory with the publication
by Euler of his necessary condition for a minimum. It was Lagrange who pushed
Euler’s ideas beyond, and invented the “method of variations” that gave its name
to the discipline. Later Jacobi and Weierstrass discovered the sufficiency conditions
for an extreme, and Legendre introduced the second variation.

One of the most fundamental chapters of the mutual interplay between the
Calculus of Variations and Functional Analysis was Dirichlet’s principle, or more
generally Partial Differential Equations. It reads:

There exists a function u#(x) that minimizes the funcional

D) =f V(o) dx,
Q

for Q c RY, among all continuously differentiable functions in €2, and continuous
up to the boundary 9€2, taking prescribed values around 92 given by f. Such
function u(x) is the solution of the problem

Au=0inQ, u=fond, uecC*Q).

Its rigorous analysis had an unquestionable impact on Analysis, and it led to
several interesting methods to show the existence of such a function minimizer u
by Neumann, Poincaré, and Schwarz. But it also stirred ideas, initiated by Hilbert,
that culminated in the direct method of the Calculus of Variations. These methods
do not deal with the Euler-Lagrange equation or system, but place themselves in a
true functional analytical setting by “suitably generalizing the concept of solution”.
This idea, expressed by Hilbert in a paper in 1900, became a guide for the Calculus
of Variations for the twentieth century, and culminated in an important first step,
along with the notion of semicontinuity, in the work of Tonelli at the beginning of
the last century. There were other fundamental problems that also had a very clear
influence in Analysis: Plateau’s problem and minimal surfaces, and Morse theory.
These areas started to attract so much attention that they eventually developped to
be independent on their own. They are part of a different story, just as it is so with
the field of integral equations.

It was precisely the important work of Fredholm on integral equations that
attracted the interest of Hilbert and other colleagues in Géttingen. A lot of work
was displayed on integral equations on those first decades of the twentieth century
in Gottingen where a large number of Hilbert’s disciples, comprising the Hilbert
school, simplified, further explored and even extended Hilbert’s intuition, and paved
the way towards the year 1933 where Functional Analysis was started to being
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clearly considered an independent, important branch of Mathematics. There are
some other personal, fundamental contributions to Functional Analysis that cannot
be justly missed or ignored: Banach, Hahn, and Riesz; and some later figures like
Schauder, Stone, or Von Neumann.

This is just a glimpse on the origins of these two fundamental areas of Analysis.
We have not touched on ideas, since that would require a full treatise. We have not
mentioned every mathematician deserving it. Again brevity has forced us to name
just the characters regarded as key figures in the early development of these parts
of Mathematics, hoping to have motivated on readers a genuine interest in learning
more.

1.9 Exercises

1. Prove Holder’s inequality

n n 1/p n 1/q 1 |
S ne < (z) (zyz) R
k=1 k=1 k=1 p
for p > 1, x¢, yx > 0.
(a) Argue that the maximization problem
Maximize in X = (x{,x2,...,X;): X-y

subjected to the condition

where

b>07 y:(YI,,YZ,-H,)’n),

are given, has a unique solution.

(b) Find such solution.

(c) By interpreting appropriately the maximal property of the found solution,
show Holder’s inequality.

2. For the pth-norm (p > 1)

XI5 =" lxj1P, x = (1, x2. ... x),
J
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show the inequality
Ix+yllp < Ixllp + lyllps
by looking at the optimization problem
Minimize in (x,y) € RV TV UIxllp + 11yl p)

subject to x + y = z, for a fixed vector z € RN,

(a) Show that for every z € RY, there is always a unique optimal feasible pair
(x,y).

(b) Use optimality to find such optimal pair.

(c) Conclude the desired inequality.

3. (a) Consider a variational problem of order zero of the form

/ F(x, u(x)) dx.
Q

Argue how to find the minimizer under no further constraint. Derive
optimality conditions. Why can this same strategy not be implemented for
a first-order problem?

(b) For a fixed function f(x), consider the variational problem

Minimize in x (x) : / x(x) f(x)dx
Q

for every characteristic function y with

/ xx)dx =|Q[s, se€(0,1).
Q

Describe the minimizers.

4. If the cost of flying in the air at height 2 > 0 over ground (h = 0) is given by
e~ write precisely the optimization problem providing the minimum cost of
flying a distance L on ground level.

5. Fermat proposed in 1662 the principle of propagation of light: the path taken
by light between two points is always the one minimizing the transit time. If
the velocity of light in any medium is the quotient c¢/n where n(x, y) is the
refractive index of the medium at point (x, y), and c is the velocity of light in
vacuum, write the variational problem that furnishes the path followed by a ray
of light going from point (0, yo) to (L, yL).
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Newton’s solid of minimal resistance. The integral

/quuﬁ
1+ y/(x)?

provides the global resistance experienced by the solid of revolution obtained
by the rotation of the graph (x, y(x)) around the X-axis between two points
O, H), (L,h), h < H. Write the same previous functional for profiles
described in the form (x(y), y) between x(H) = 0, x(h) = L.

. Minimal surfaces of revolution. One can restrict the minimal surface problem

to the class of surfaces of revolution generated by graphs of functions u(x) of
a single variable that rotates around the X-axis between two values x = 0 and
x = L. Write the functional to be minimized for such a problem.

Geodesics in a cylinder and in a sphere. Write the functional yielding the length
of a curve o whose image is contained either in the cylinder

2yi=1
or in the sphere
Ky 42 =1.

Discuss the several possibilities of the mutual position of the initial and final
points in each case.

. Consider the canonical parametrization (x, y, u(x, y)) of the graph of a smooth

function
u(x,y), (x,y) €QCR
Write the functional with integrand yielding the product of the sizes of the two
generators of the tangent plane at each point of such a graph. Can you figure
out at least one minimizer?
Let
u() : [0,1] »> RN

be a smooth map, and consider the functional

1
/'Fmaywa»m
0

for a certain integrand

F@u,v):RY x RY - R.
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Write down the variational problem of finding the minimum of the above
functional over all possible reparametrizations of the given path u preserving
the values u(0) and u(1).

(a) How can the problem be simplified for smooth, bijective parametrizations?

(b) Deduce for which integrands F'(u, v) the corresponding functional is
independent of reparametrizations, and check that this is so for the one
yielding the length of the curve {u(z) : ¢ € [0, 1]}.



Part I
Basic Functional Analysis
and Calculus of Variations



Chapter 2 ®
A First Exposure to Functional Analysis Qe

2.1 Overview

We focus on this chapter on the three main basic issues that are indispensable to
tackle variational problems under a solid foundation, namely,

1. define the size of a function;

2. examine a compactness principle valid for bounded (with respect to that size)
sequences of functions;

3. study whether limit functions enjoy similar properties to the members of a
sequence.

From the very beginning, and as is usual in Mathematics, we will adopt an abstract
viewpoint to gain as much generality as possible with the same effort. Fundamental
spaces of functions and sequences will be explored as examples to illustrate
concepts, fine points in results, counterexamples, etc. Spaces that are fundamental
to Calculus of Variations and Partial Differential Equations (PDE, for short) will
also be introduced as they will play a central role in our discussion. In particular, we
will introduce the concept of weak derivative and weak solution of a PDE, and start
studying the important Sobolev spaces.

From the strict perspective of Functional Analysis, we will introduce Banach
and Hilbert spaces, the dual space of a given Banach space, weak topologies, and
the crucial principle of weak compactness. Some other fundamental concepts of
Functional Analysis will be deferred until later chapters.

2.2 Metric, Normed and Banach Spaces

Since sets of functions taking values on a vector space (over a certain field K which
most of the time will be R if not explicitly claimed otherwise) inherit the structure
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of a vector space over the same field, we will assume that an abstract set E is such a
vector space.

Definition 2.1 A non-negative function
|- :E— R

is called a norm in E if:

N1 |x|| = 0if and only if x = 0;

N2 triangle inequality: for every pairx,y € E,
Ix+yll < IxIl + 1lyll;

N3 for every scalar A and vector x € E,

Ax = [A]lIx].

A norm is always a way to measure the size of vectors, and those three properties
specify how it should behave with respect to linear combinations, the basic operation
in a vector space.

If a set [E is not a vector space, we can still define a distance function

dx,y):ExE — R*"

to measure how far from each other elements of [E are. Such distance function must
comply with some basic properties to maintain a certain order in [, namely:

1. d(x,y) = 0 only when x = y;
2. symmetry: for every pair x,y € E, d(x,y) = d(y, X);
3. triangular inequality:

d(x,z) <d(x,y) +d(y,z)

for any three elements x, y, z € E.

If | - || is a norm in E, then the formula
dx,y) =[x =yl

yields a distance in E, with the additional properties

l.dx+z,y+z) =dXx,Y);
2. d(Ax, Ay) = |Ad(x,y).
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Conversely, if
d(,):ExE— R"
is a distance function enjoying the above two properties, then
IxIl = d(0, x)

is a norm in E. The topology in E is determined through this distance function. The
collection of balls

(xekE:|x| <r}

for positive r make up a basis of neighborhoods at 0. Their translation to every
vector x € [E form a basis of neighborhoods at x.
Definition 2.2

1. A complete metric space is a metric space (I, d) in which Cauchy sequences
always converge to a point in the same space.

2. A Banach space E is a normed vector space which is complete with respect to its
norm. Every Banach space is a complete metric space under the distance induced
by the norm.

Example 2.1 The first example is, of course, that of a finite dimensional vector
space KV in which one can select various ways to measure the size of vectors:

2 2
IxI3 = "x7. x= (1. x.....%8).

1
Xy =Y "IxlP, p=1,
i
Ixllo = max |x;].
1

K" is, definitely, complete if K is.

Example 2.2 One of the easiest, non-finite-dimensional normed spaces that can be
shown to be complete is

(= LP[R)) = {x = (xn)nen : sup [xn| = [IX[loc < 00}

If a sequence

{X(j)} C £>®
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is a Cauchy sequence, then
x4 —x® oo > 0 as Jj k — oo.
In particular, for every n € N,
e = x0) < X9 = x® o,
Hence
=) CR

is a Cauchy sequence in R, and consequently it converges to, say, x,. It is then easy
to check that

X = (Xn)neN
belongs to £*°, and x\/) — x, that is to say
||x(j) — X||oo = 0 as j — o0.
€% is not a finite-dimension vector space as it cannot admit a basis with a finite
number of sequences.
Example 2.3 This is an extension of Example 2.2. Let X be a non-empty set, and
take
X)) ={f : X = R, f(X) is bounded in R},

and put

I flloo = sup{| f(X)] : x € X}.

Just as above (£*°(X), || - |loo) is a Banach space.

Example 2.4 Another fundamental example is that of the space of bounded,
continuous functions C%(2) in an open set 2 of R¥ . under the sup-norm. In fact, if X
is a general topological space, and C°(X) denotes the space of bounded, continuous
functions as a subspace of £°°(X), because C9(X) is a closed subspace of £°°(X)
(this is a simple exercise), it becomes a Banach space on its own under the sup-
norm.

The most important examples in Applied Analysis are, by far, the L”-spaces. As
a prelude to their study, we look first at spaces ¢” for p > 1, in a similar way as
with £%°.
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Example 2.5 We first define

€7 = {x= (p)nen: XI5 =) lxul? <00}, p>0.

n

It turns out that €7 is a Banach space precisely because

I/p
ww%Zm@ . op=1,
n

is a norm in the vector space of sequences of real numbers without any further
condition. The triangular inequality was checked in an exercise in the last chapter.
The other two conditions are trivial to verify. Hence €7, for exponent p > 1,
becomes a normed-vector space. The reason why it is complete is exactly as in
the £°° case. Simply note that

e =201 < I = x®, x0 = ), x® = (),

for every n. Hence if {x(/)} is a Cauchy sequence in £7, each component is a Cauchy
sequence of real numbers. The case p = 2 is very special as we will later see. For
exponent p € (0, 1) the sets £7 are not, in general, vector spaces. See Exercise 26
below.

2.3 Completion of Normed Spaces

Every normed space can be densely embedded in a Banach space. Every metric
space can be densely embedded in a complete metric space. The process is similar
to the passage from the rationals to the reals. Recall Example 2.3 above.

Theorem 2.1
1. Let (E, d) be a metric space. A complete metric space (]]:Z, d), and an isometry
@ : (B, d) ~ (K d)
can be found such that ® (E) is dense in k. (E, dA) is unique modulus isometAries.
2. Every normed space (E, || -||) can be densely embedded in a Banach space (E, || -

\I) through a linear isometry

O E -1 E -1
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Proof Choose a point p € E, and define
P:(E,d) = (PE), @@ =d(g,x)—dp.x).
Because of the triangular inequality, it is true that
|d(q,x) —d(p,x)| =d(q,p)

for every x € E, and

P (@l = d(q,p).

In a similar way, for every pair q;, i = 1, 2,

P(q1) — (@)l < d(q1,q2)-

However
|P(q1)(q2) — P(q2)(q2)| = d(q1, q2)
and, hence,
[P(q1) — P(q2)lloo = d(q1, q2)-
Take

(&, d) = (®E), || - loo)

where closure is meant in the Banach space £°°(IE). The uniqueness is straightfor-
ward. In fact, suppose that

®; : (E,d)— ©;(E) C (E;i,d), i=12,
with ®; (E) dense in E;. The mapping
d=dyod ! : ®(E) > D(E)
can be extended, by completeness and because it is an isometry, to [E; and put
@ : (Ei,di) = (B2, da)
so that

Ply, @ = P20 P
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and viceversa, there is
©: (B, do) > (E1,d1), Olg,m = P1o®;".
Therefore
Po®=1lg,, Ood=1,

in respective dense subsets. The claim is proved, then, through completeness.
Since (E, || - ||) can be understood as a metric space under the distance

dx,y) = [Ix—yl,
the second part is a consequence of the first. Let
®:(E -1~ (& d)

be such an isometry with ®(E) densely embedded in k. If x, y are elements of [,
one can take Cauchy sequences {x;}, {y;} in E such that

Px;) > x, D(y;)—y.

In that case {x; + y;} is also a Cauchy sequence, and by the completeness of
E, d(x i +¥;) — x+y. The same is correct for the product by scalars. It is
straightforward to check the independence of these manipulations from the chosen
Cauchy sequences. Finally,

Ix| = d(x,0) = lim d(®(x;),0) = lim |)x;]|
]*)OO j*)OO
and

dx,y) = Ix—yl.

O

This abstract result informs us that every time we have a norm on a vector
space, we can automatically consider its completion with respect to that norm. The
resulting space becomes a Banach space in which the starting one is dense. This is
often the way to tailor new spaces for specific purposes.
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2.4 LP-Spaces

Let @ C RY be an open subset. dx will indicate the Lebesgue measure in RY. We
assume that readers have a sufficient basic background on Measure Theory to know
what it means for a function

fX): Q=R
to be measurable and integrable, and to have a finite essential supremum. All
functions considered are measurable without further notice. In fact, it is usually
written

LI(Q) ={f(x): Q2 — R: fisintegrable},

and define

£ :/ |f ()] dx.
Q

Definition 2.3 Let p > 1. We put
L?(Q) ={f(x): Q — R:|f(x)|” is integrable},
and
L¥(Q) = {f(%) : Q — R esssupy g | f(X)] < +00).

The main objective of this section is to show that L (€2) is a Banach space for every
p € [1, 4o0] with norm

IF1p = /Q IfIPdx, || flloo = esssupgeq | f(X)]. 2.1)

This goal proceeds in two main steps:

1. show that LP(£2) is a vector space, and || - ||, is a norm; and
2. L?(Q) is complete under this p-th norm.

It is trivial to check that

IAf 1l = AL

for every scalar A € R, and every f € L?(£2). More involved is to ensure that

f+gell(Q)
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as soon as both f and g are functions in L”(2). But in fact, this is a direct
consequence of the fact that || - ||, is a norm; more in particular, of the triangle
inequality N2 in Definition 2.23. Indeed, given a large vector space E, if || - || is a
norm over [E that can take on the value 400 some times, then

Ep={xek: x| < +oo}

is a vector subspace of E. All we have to care about, then, is that the p-th norm given
above is indeed a norm in the space of measurable functions over 2. Both N1 and
N3 are trivial. We focus on N2. This is in turn a direct consequence of an important
inequality for numbers.

Lemma 2.1 (Young’s Inequality) For real numbers a and b, and exponent p > 1,
we have

1 1 1 1
labl < —lal” + = b7, —+= =1,
p q P 9

Proof 1t is elementary to check that the function logx is concave for x, positive.
This exactly means that

tiloga; + t1logay <log(tia; + hax), t >0,t1 +6=1,a; > 0.

For the choice

1
tl = t2=_7 ai =|a|p7a2:|b|q7

1
p b
we find, through the basic properties of logarithms, that

1 1 1 1
log |ab| = —log|a|? + —log |b|? < log <—|a|p + —|b|q> .
P q P q

The increasing monotonicity of the logarithmic function implies the claimed
inequality. O

Another necessary, but fundamental inequality on its own right, follows. It is a
consequence of the previous one.

Lemma 2.2 (Holder’s Inequality) If f € L?(Q2) and g € L1(R2), i.e.
Ifllp <00, gl < oo,

with 1 = 1/p + 1/q, then the product fg is integrable (fg € L'(Q)), and

Ifglh = Iflpliglg-
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Proof Apply Young’s inequality to the choice

] g™
a= , b= ,
If1lp llgllq

for an arbitrary point x € €2, to obtain

f®llg®] _ TIF®P 1l
Iflpligly — 2 AL a llgld

Rearranging terms and integrating over €2, we arrive at our conclusion. O
We are now ready to show the following.

Proposition 2.1 For p € [1, +o0], the p-th norm in (2.1) is a norm in the space of
measurable functions in 2, and consequently L (Q2) is a vector space.

Proof The limit cases p = 1 and p = oo are straightforward (left as an exercise).
Take 1 < p < o0, and let f and g be two measurable functions defined in 2. Then
for each individual point x € €2, we have

1FX) +g®@I? < [fX) +g®IPHFI+ )+ g® 1P gx)].

We apply Holder’s inequality to both terms to find

L +&lp < ILf + &P ghflp + 117 + &P g el 22

If we note that ¢ = p/(p — 1), then it is immediate to check that

_ —1
If+gl” g=1f+glh

and taking this identity to (2.2), we conclude the proof. O
The second step is equally important.

Proposition 2.2 L7 (R2) is a Banach space for all p € [1, +0o0], and every open
subset @ C RV,

Proof The case p = oo was already examined in the previous section. Take a finite
p > 1, and suppose that { f;} is a Cauchy sequence in the vector space L”(£2), i.e.

I fj — fillp = Oas j, k — oo.
It is then easy to argue that for a.e. x € €,

|fi(X) — frx)] — Oas j, k — oo. (2.3)
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Indeed, if for each fixed € > 0, we let
Qe jr={xeQ:|f;x — fi®)] > €},
then

Jim 1941 =0,

If, seeking a contradiction, this were not true, then for some € > 0, we could find
8 > 0, such that

Jim 194l = 5.

But then

0.<ée” < lim £ () = fe®)|” dx

J K00 Qe.j,k

S/QIf,;(X) @I dx
=I1£i = fillp,

which is a contradiction. Equation (2.3) is therefore correct, and there is a limit
function f(x). For k, fixed but arbitrary, set

g =1fj(x) — fi(x)I”.

Each g; is integrable, non-negative, and

/gj(xmx:/ 150 — 0P dx.
Q Q

Hence {g;} is bounded in L'(Q). By the classical Fatou’s lemma, we can conclude
that

/ |f(X) = fe(®)|” dx < liminf || f; — fill}
Q J—00
for all such k. Taking limits in & in both sides of this inequality, we deduce that

1imSHP/ Ifx) — fi®|Pdx < lim | fj — fllp =0.
Q Jk—00

k—o00
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Then

ILf = fellp = 0O,

and f is the limit function. O

There are many more important properties of these fundamental spaces, some of
which will be stated and proved later.

2.5 Weak Derivatives

Our intention of not loosing sight of variational principles pushes us to move beyond
LP-spaces, as we need to cope with derivatives as an essential ingredient. To be more
specific, suppose we consider the one-dimensional functional

I(u) = /XI Fu(x), u' (x))dx 2.4)

0

for competing functions
u(x) : [xo, x1] CR - R,
where the integrand
Fu,z) :RxR—-R

is supposed smooth and regular. At first sight, as soon as we write the derivative
u'(x), we seem to have no alternative than to restrict attention to C'-functions.
Otherwise, we do not know what the derivative u’(x) might mean in those points
where u is not differentiable. The truth is that because the value of the integrals in
(2.4) is determined uniquely when the integrand

Fu(x), u'(x))

is defined except, possibly, in a finite number of points, we realize that we can permit
piecewise, C! functions to enter into the optimization process. Indeed, we can allow
many more functions.

It all starts with the well-known integration-by-parts formula that is taught in
elementary Calculus courses. That formula, in turn, is a direct consequence of the
product rule for differentiation, and the Fundamental Theorem of Calculus. It reads

b b
f gy dx = f()g)[Z) —/ fx)g'(x) dx. (2.5)
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In such basic courses, one is told that this formula is valid whenever both functions
f and g are continuously differentiable in the interval [a, b]. This is indeed so.
Suppose, however, that f is only continuous in [a, b] but fails to be differentiable
at some points, and that we could, somehow, find another function F, not even
continuous, just integrable, in such a way that

b b
/ F(x)g(x)dx = —/ f0)g' (x)dx (2.6)

holds for every continuously differentiable function g with g(a) = g(b) = 0.
Example 2.6 Take
a=-1, b=1, f(x)=|x|

which is not differentiable at the origin, and

1. —1<x<0
Fy=1 " =xr=5

1, 0<x<l.
We will take g(x) as an arbitrary continuously differentiable function with
g(=1) =g =0.

Because integrals enjoy the additivity property with respect to intervals of integra-
tion, we can certainly write

1

1 0
/ F(r)g() dx = / F(n)g(x) dx + / F(n)g(x) dx,
-1 -1 0

and then

0 0
/ F(x)g(x)dx = —/ g(x)dx,
1 1

1 1
/ F(x)gx)dx :/ gx)dx.
0 0

On the other hand,

1 0 1
f FO0g () dx = f —xg/ (o) dx + / xg' () dx,
1 -1 0
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and a “true” integration by parts in these two integrals separately clearly yields

1 0 1 1
/] fx)g' (x)dx =/lg(x)dx—/0 gx)dx = —/1 F(x)g(x)dx.

We therefore see that formula (2.6) is formally correct if we put f/(x) = F(x).
Notice that the difficulty at x = 0 does not have any relevance in these computations
because what happens at a single point (a set of measure zero) is irrelevant for
integrals.

After this example, we suspect that formula (2.6) hides a more general concept
of derivative.

Definition 2.4 Let
fx):(a,b) >R

be a measurable, integrable function. Another such function
F(x):(a,b) > R

is said to be the weak derivative of f, and we write ' = F, if (2.6) holds for every
continuously differentiable function

g(x) :[a,b] — R, with g(a) = g(b) =0.

In this way, we would say that F'(x) = x/|x| is the weak derivative of f(x) = |x]|
even if F is not defined at x = 0, and f is not differentiable at the same point. We
can conclude that formula (2.6) is always correct as long as the derivative of f is
understood in a weak sense. Of course, if f is continuously differentiable, then its
standard derivative is also its weak derivative.

Example 2.7 Even though the function f(x) = +/|x| has a derivative

[l = x #0,

X
20x|VIxI

that is not defined at x = 0, and, in fact, it blows up at this point, this function f’(x)
is also the weak derivative of f in the full interval [—1, 1]. Indeed, it is easy to check
that the formula of integration by parts

1 1
/ g0 dx = = / @) d

is correct for every C'-function g vanishing at x = +1.
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2.6 One-Dimensional Sobolev Spaces

We are ready to introduce the fundamental Sobolev spaces of weakly differentiable
functions that are so indispensable for PDEs and Calculus of Variations. We will
restrict attention now to the one-dimensional situation, and deferred the treatment
of the more involved higher-dimensional case.

Definition 2.5 Let J = (a,b) C R be a finite interval, and take 1 < p < oo.
The Sobolev space WLP(J) is the subspace of functions f of L”(J) with a weak
derivative f’ which is also a function in L?(J), namely

WPy ={f e LP(J): f e LP(J)).

The first thing to do is to determine the norm in W7 (J), and ensure that W17 (J)
is indeed a Banach space.

Proposition 2.3 For J and p as above, WP (J) is a Banach space under the norm

1A, = 1y + 1l

Equivalently, we can also take
1715, = [ 17w + 17 corids.
J

Proof The fact that || - ||1,, is a norm in WLP(J) is a direct consequence of the
fact that || - ||, is in L (£2). To show that WLP(J) is a Banach space is now easy,
given that convergence in the || - ||1,, means convergence in L (J) of functions and
derivatives. In fact,
I fj— felli.p > 0 asj, k— oo,
is equivalent to
Ifj = fillps 1ff = fill, > 0 as j, k— oo.
There are functions f, g € L?(J) with
fi=f fi—>s

in L?(J). It remains to check that g = f'. To this end, take an arbitrary, C'-function

¢(x):J =R, ¢a)=d¢ob) =0.
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From
/ij(X)tﬁ’(X)dx = —/Jf}(X)tﬁ(X)dx,

by taking limits in j, we find (justification: left as an exercise)
/Jf(x)qﬁ/(x)dx = —/Jg(x)¢(x)dx.

The arbitrariness of ¢ in this identity, exactly means that f = g, hence

Fewhrw, fi—f

in the Sobolev space. O

In dimension one, there is essentially a unique source of functions in W7 (J).
It is a consequence of the Fundamental Theorem of Calculus.

Lemma 2.3 Let g € L?(J), and put
X
fx) = / g(s)ds.
a

Then f € WhP(J), and f' = g.

Proof We first check that f, so defined, belongs to L”(J). Let p > 1 be finite. Note
that for each x € J, by Holder’s inequality applied to the two factors g € L?(J)
and the characteristic function of the interval of integration,

X
|f(x)] < / lg(s)|ds < lgllplx —alP~V/P < |g|,|J|P~ /P,
a

The arbitrariness of x € J shows that f € L°°(J), and, in particular, f € L?(J)
for every p.

Let us check that the formula of integration by parts is correct. So take a C!-
function ¢ (x) with ¢ (a) = ¢ (b) = 0. Then

b b X
ff(x)qﬁ/(x)dx:/ / g($)¢'(x) ds dx.

Fubini’s theorem permits us to interchange the order of integration in this double
integral to find that

b b b
/f(x)qb/(x)dx:/ / g(s)¢' (x)dx ds.



2.6 One-Dimensional Sobolev Spaces 51

If we change the name of the dummy variables of integration to avoid any confusion,
we can also write

b b b
/f(x)qﬁ’(x)dx:/ / g(x)¢'(s)ds dx,

and the Fundamental Theorem of Calculus applied to the smooth function ¢ (recall
that ¢ (b) = 0) yields

b b
/ f)¢' (x)dx = —/ g(xX)p(x)dx.
a a
The arbitrariness of ¢ implies that indeed
fl=gelLP(), feWhP.

O

A funny consequence of this lemma amounts to having the validity of the Funda-
mental Theorem of Calculus for functions in W7 (J).

Corollary 2.1 Let f € WP (J). Then for every point ¢ € J,

) = fO) = / £(s) ds.

2.6.1 Basic Properties

It is also important to study some basic properties of these spaces. In particular, we
would like to learn to appreciate how much more regular functions in W7 (J) are
compared to functions in L?(J) \ W!?(J). One main point from the perspective
of the variational problems we would like to study is to check how end-point
constraints like

u(xo) = uo, u(xy) =u

for given values ug,u; € R can be enforced. Note that such a condition is
meaningless for functions in L?(J), J = (xp, x1), because functions in L?-spaces
are defined except in negligible subsets, and individual points xo and x; do have
measure zero. As usual J is a bounded interval either (a, b) or (xg, x1).

Proposition 2.4 Let p € [1, co). Every function in WP (J) is absolutely continu-
ous. If p > 1, every bounded set in WP (J) is equicontinuous.
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Proof Our starting point is the Fundamental Theorem of Calculus Corollary 2.1
X X
fx) = fy) =/ fl)ds, 1fC) = fOI 5/ Lf'(s)lds. 2.7)
y y

If we use Holder’s inequality in the integral in the right-hand side for the factors | f”|
and the characteristic function of the interval of integration as before, we deduce that

LFx) = FO < If Iplx — y| P71/, (2.8)

This inequality clearly implies that every uniformly bounded set (in particular a
single function) in wbhr(Jy is equicontinuous, if p > 1. For the case p = 1,
the inequality breaks down because the size of |x — y| is lost on the right-hand
side. However, (2.7) still implies that a single function in W' 1(J) is absolutely
continuous (why is the argument not valid for an infinite number of functions in a
uniformly bounded set in wll()9). Inequality (2.8) is referred to as the fact that a
bounded sequence of functions in W7 (J) with 1 < p < oo is uniformly Holder
continuous with exponent

a=1-1/pe(0,1).

For p = oo, the exponent is « = 1, and we say that the set is uniformly Lipschitz.
O

As a consequence of this proposition, we can define the following important
subspace of W!P(J), because functions in WP (J) are continuous, and so its
values at individual points are well-defined.

Definition 2.6 The space W(; "P(J) is the subspace of functions of W' (J) whose
end-point values vanish

Wy P(J) = {u € WhP(J) 1 u(a) =u(b) =0}, J = (a,b).
Proposition 2.4, together with the classic Arzeld-Ascoli theorem, implies that
every bounded sequence in W17 (J), with p > 1, admits a subsequence converging,

in the L°°(J)-norm, to some function in this space. This deserves further closer
attention.

2.6.2 Weak Convergence

Suppose that

fi— finL®W), fj e W), f e L®W). 2.9)
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In this situation, there are two issues that we would like to clarify:

1. Is it true that in fact f € WP (J), i.e. there is some f’ € LP(J) so that
/f(X)qb’(X)dx = —/ f' ()¢ (x)dx
J J

for every ¢ € Cé(])?1
2. If so, how is the convergence of f // to f?

Under (2.9), we can write
/J fix)(x) dx = —/J i)' (x)dx — —/J Fx)¢ (x)dx. (2.10)

Since this is correct for arbitrary functions ¢ in Cé(] ), one can look at ¢ as a
functional variable, and regard all those integrals as “linear operations” on ¢. In
particular, Holder’s inequality implies that

1 1
‘/Jf](xﬁﬁ(x) x| < fjlplielg PR

The boundedness of { f;}in W L.P () indicates that the sequence of linear operations

(7). 6) = /J £ () dox
is such that

Tj, ¢)I = Cliglly, 2.11)

with C independent of j. This situation somehow forces us to bother about
sequences of linear operations uniformly bounded.

Suppose one could argue somehow that, under (2.11), there is some function
g € LP(J) with

(T, 6) = /J F1006 () dx — fj ()P (x) dx.
(2.10) would imply then that

/] g((x) = — /J FOOY () dx

! The notation ¢ means that functions in this space vanish on end-points of J.
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forall ¢ € Cé (J), and this would precisely imply that indeed

fewhrw, fl=g

Once we know this, the Fundamental Theorem of Calculus Corollary 2.1 leads to
the fact that

Y y
/ f}(S)dS=fj(x)—fj(y)—>f(x)—f(y)=/ f'(s)ds,

for arbitrary points x and y in J. This suggests that the convergence at the level of
derivatives f ]’ to f’ is such that

y y
/f]f(s)ds—>/ f(s)ds

for arbitrary points x, y € J. This is indeed a notion of convergence as good as any
other, but definitely different from the usual point-wise convergence as the following
example shows.

Example 2.8 We recover Example 1.1 where
uj(x) =sin(2'7x), xelo,1].
We already argued that there is no way to find a function u(x) so that
uj(x) — u(x)

for a.e. x € [0, 1], not even for arbitrary subsequences. Yet, it is not difficult to

check that
b b
/ uj(x)dx—>0:/ Odx
a a

for every arbitrary pair of points a < b in [0, 1] (left as an exercise). What this fact
means is that the trivial, identically vanishing function is, somehow, determined
by the sequence {u;} by passage to the limit in a special way. This is called weak
convergence or convergence in the mean. Note that what makes this possible is the
persistent cancellation of the positive and negative parts of u#; when computing the

integral. In other words
b
/ uj(x)dx
a

— 0asj— oo;
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while it is not true that

b
/ luj(x)|dx — 0.

Example 2.9 It is important to start realizing why the exponent p = 1 in Lebesgue
and Sobolev spaces is so special. The main issue, from the scope of our interest in
variational problems, that we would like to emphasize refers to weak compactness.
We can understand the difficulty with a very simple example. Take

. j» 0<x<1/j
uj(x) = jxo,1/(x) = ,
0, else

and put

U () =/O uj(y)dy.

A simple computation and picture convince us that the sequence {U;} is uniformly
bounded in W1 (0, 1), and yet there cannot be a limit in whatever reasonable sense
we may define it, because it would be sensible to pretend that the function U = 1
be such limit but then we would have

1 1
0= f U'(t)ydt, lim Uj/-(x) dx =1,
0

Jj—0 Jo

which would be pretty weird for a limit function U. The phenomenon happening
with the sequence of derivatives {u} is informally referred to as a concentration
phenomenon at x = 0: derivatives concentrate its full finite “mass” in a smaller and
smaller region around x = 0, as j becomes larger and larger; this concentration of
mass forces a breaking of continuity at that point.

We see that we are forced to look more closely into linear operations on Banach
spaces. This carries us directly into the dual space.

2.7 The Dual Space

This section is just a first incursion on the relevance of the dual space.

Definition 2.7 Let E be a Banach space. The dual space E’ is defined to be the
collection of all linear and continuous functionals defined on E

E' =({(T :E — R : T, linear and continuous}.
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A clear criterium to decide whether a linear operation is continuous follows.

Proposition 2.5 A linear functional
T:E—-R
belongs to &' if and only if there is C > 0 with
IT(x)| = ClIx]| (2.12)

forallx € E.

Proof On the one hand, if x; — x in [E, then
ITx; —Tx| =|Tx; —x)| < C|x; —x|| = 0
as j — oo, and T is continuous. On the other, put

C = sup |[T(x)]|, (2.13)
Ixll=1

and suppose that C = +o00, so that there is a certain sequence x; with
Ixjl =1, T(x;)— oo.

In this case

1
<
T(x;)"’

T <;Xj> = 1,
T(x;)

which is a contradiction with the continuity of 7. The constant C in (2.13) is then
finite, and, again through linearity, the estimate (2.12) is correct. O

-0

and yet, due to linearity,

This proposition is the basis of the natural possibility of regarding E’ as a Banach
space on its own right by putting

ITI = sup [T()]
Ixll=1

or, in an equivalent way,

IT| =inf{M : |T(x)| < M||x|| for all x € [E}.



2.7 The Dual Space 57

Proposition 2.6 If E is a normed space (not necessarily complete), then E' is a
Banach space endowed with this norm.

The proof of this fact is elementary, and is left as an exercise.
Quite often, we write

T'(x) =(T,x),

and refer to it as the duality pair or product, to stress the symmetric roles played by
T and x in such an identity. As a matter of fact, if X' € E’ is an arbitrary element,
the duality pair and the corresponding estimate

(x',x) < [IX'[l[Ix]|

between E and its dual E' immediately yields that x € E can be interpreted, in a
canonical way, as an element of the bidual E” = (). It is worth to distiguish those
spaces for which there is nothing else in E”.

Definition 2.8 A Banach space E is said to be reflexive, if E = E”.
The most important example for us of a dual pair is the following.

Theorem 2.2 (Riesz Representation Theorem) Let p € [1, 00), and Q2 C RN, an
open subset of finite Lebesgue measure. The dual space of LP (2) can be identified
with L1(2), 1 = 1/p + 1/q (these exponents p and q are called conjugate of each
other), through

©: L1(Q) — LP(Q), (0(9), f)= /Qf(x)g(X)dx (2.14)

for g € L1(R2) and f € LP ().

Proof Through Holder’s inequality, it is elementary to check that the mapping ® in
(2.14) is well-defined, linear, and because

1©@I < liglly-

it is also continuous.

We claim that © is onto. To see this, take T € LP(2)’. For a measurable subset
A C Q,if x4 (x) stands for its characteristic function, given that it belongs to L? (2),
we define a measure m in 2 through formula

m(A) = (T, xa). (2.15)
It is immediate to check that the set function m is indeed a measure, and, moreover,

it is absolutely continuous with respect to the Lebesgue measure because if A is
negligible, x4 = 0in L7 (2), and so (2.15) yields m(A) = 0. The Radon-Nykodim
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theorem guarantees that there is some g € L'(€2) such that
(T, xa) = / xa(x)g(x) dx.
Q

This identification easily extends to linear combinations of characteristics,” and by
density to all f € LP(2)

(T, 1) =/Qf(X)g(X)dx, (2.16)

provided it is true that g € L9(2).
The case p = oo is clearly correct, since we already know that g € L'(Q). In
particular, (2.16) is valid for uniformly bounded functions f. Suppose p < oco. Put

and

lgx)[?
) =1 g®

0, else.

e E,,

Since each f;, is uniformly bounded, by our comments above,

(T, fu) Zfon(X)g(X)dXZ/ lg(x)|? dx.

En

The continuity of T allows to write

/ 1817 dx < ITI fullp = IT W1 xe, 818"

En

and
IxE.&llg = T
By the monotone convergence theorem, conclude

lgllg < Il

2 These are called simple functions.
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The space L°°(2) is very special concerning its dual space. All we can say at this
stage is the it contains LY(), but it is indeed much larger.

Corollary 2.2 L?(R2) is reflexive in the finite case 1 < p < oo.

Example 2.10 The precise identification of the dual space of C%(2) is technical and
delicate, though very important. It requires fundamental tools from Measure Theory.
Formally, such dual space can be identified with the space of signed measures with
finite total variation on the o-algebra of the Borel subsets of €2. It can be generalized
for a compact Hausdorff space, or even for a locally compact such space.

2.8 Compactness and Weak Topologies

We remind readers that one of our main initial concerns is that of establishing
a suitable compactness principle that may enable us to have a convergent (in
some appropriate sense) subsequence from a uniformly bounded sequence. One
possibility is to study directly the nature of compact sets of functions in a given
Banach space. This is however pretty fruitless, from this perspective, as the topology
associated with the norm in a Banach space is usually too fine, and so conditions on
compact sets are rather demanding. In the case of LP-spaces, such compactness
criterium is known and important, yet, as we are saying, pretty inoperable in
practice, at least from the perspective of our need in this text.

On the other hand, we have already anticipated how, thanks to the Arzela-
Ascoli theorem, bounded sets in W7 (J) are precompact in L*(J) (if p > 1),
and sequences converge to functions which indeed remain in W7 (J). Moreover,
we have also identified the kind of convergence that takes place at the level of
derivatives

/J Ko (S) £1(5) ds — /J Yoy &) /(s ds, @.17)

for arbitrary points x, y € J, where, as usual, x(,y)(s) designs the characteristic
function of the interval (x,y) in J. It is easy to realize that (2.17) can be
extended to simple functions (linear combinations of characteristic functions), and
presumably, by some density argument, to more general functions. This short
discussion motivates the following fundamental concept.

Definition 2.9 Let E be a Banach space, with dual [E'.

1. We say that a sequence {x;} C E converges weakly to x, and write x; — x, if
for every individual x' € E’, we have

(x',xj) > (x',x)

as numbers.
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. .
2. We say that a sequene {X’j} C E' converges weakly * to X, and write X, = x/, if
for every individual x € I, we have '

<X.//’ X) = (X, x)

as numbers.

This may look, at first sight, as a too general or abstract a concept. It starts to be
more promising if we interpret it in our L”-spaces. In this setting, we would say,
after the Riesz representation theorem, that f; — f in LP (), if

/ 8(x) fj(x) dx — / g(x) f(x) dx
Q Q
for every g € L9(2). If we write this condition in the form

— 0,

‘/Qg(X)(fj(X) — f(x)dx

and compare it to

/Q 800 (f;(%) — F&x)| dx — 0,

we see that the place where the absolute value is put, either outside or inside
the integral sign, determines the kind of convergence we are considering (recall
Example 2.8). In the first case, we are talking about weak convergence, while in
the second about strong or norm convergence. In the case of weak convergence,
persistent cancellation phenomenon in the integrals is not excluded; indeed this is
the whole point of weak convergence, whereas cancellation is impossible in the
second.

In the particular case in which € is a finite interval J of R, and g is the
characteristic function of a subinterval (x, y), we would find that weak convergence
implies

y y
/fj(s)ds—>/ f(s)ds,

exactly the convergence of derivatives that we had anticipated for bounded
sequences in the Sobolev space W17 (J).

Proposition 2.7 Every bounded sequence in WY“P(J) for p > 1, admits a
subsequence converging weakly in WVP(J) and strongly in L°°(J), to some
function in WhP (J).
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Proof We have already argued why this statement is correct. Such a bounded
sequence {f;} in WP (J) is equicontinuous, and hence, for a suitable subsequence
which we do not care to relabel, it converges to some f in L°°(J). Indeed, we
showed in Sect. 2.6 that f € W7 (J), and that

[ xwsimas = [ xorwas, 2.18)

for every characteristic function x of a subinterval of J. All that remains is to check
that (2.18) can be extended from y (x) to an arbitrary g € L9(J) if ¢ is the conjugate
exponent for p. This is done through a standard density argument, since the class of
simple functions (linear combinations of characteristic) is dense in any L9(£2). The
argument is left as an exercise. O

Possibly, the most important reason to care about weak topologies is the crucial
result that follows.

Theorem 2.3 (Banach-Alaouglu-Bourbaki Theorem) Let E be a Banach space
(it suffices that it be a normed space). The unit ball of the dual E/

BE)={xeE: x| =1)

is compact in the weak * topology.

Proof Let L(E, K) denote the sets of all mappings from E into K, i.e.
L(E, K) = KE.

It is clear that E' C L(E, K), since E’ is the subset of L(E, K) of those linear and
continuous mappings. It is also easy to realize that

BE)CA=]]Ax Ax={reK:rl<|x]}.
xekE

because, for X' € B(IE'), it is true that
|(x', x)| < [Ix]I.
The set A is compact in the product topology in KE, because each projection Ay,

for all x € K, is (Tychonoff’s theorem). It suffices to check that B(E") C A is closed
(under the weak * topology).
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To this end, let x/j — X with X’J € B(E),? with
(X, x) = (', x) (2.19)

for each individual x € E. It is straightforward to check the linearity of x’ if each x/j
is. Ifx’j € B(E),

1(x, x)| < 1]

for all j and x € E. This implies, through (2.19), that
(X', x)| < [Ix],

i.e. X' € F (it is continuous), and X' € B(E’). O

We immediately can write a corollary which is the version we will invoke most of
the time. If a Banach space is reflexive, then E = E”, and EE turns out to be the dual
of its dual. In this case, the weak star topology in IE” becomes the weak topology in
E.

Corollary 2.3 Let E be a reflexive, Banach space, and {X;}, a bounded sequence in
E. There is always a subsequence converging weakly in E.

After this corollary the following fundamental fact is at our disposal.

Corollary 2.4 Let J be a bounded interval in R, and 2, an open, bounded subset
of RN. Let p > 1 be a finite exponent.

1. Every bounded sequence in LP (2) admits a weakly convergent subsequence.
2. Every bounded sequence in WP (J) admits a subsequence converging weakly
in WhP(J) and strongly in L (J).

Example 2.11 We go back to our favorite Example 2.8, but this time we put
Wy (x) =sin@/7x), x€[0,1].
As before, we still have
u'; = 0in L*([0, 1]),

but we can take

1 .
uj(x)=1- mcos(Z’nx),

3 Though we argue here through sequences, in full rigor it should be done through nets. But in this
more abstract framework, it is exactly the same.



2.8 Compactness and Weak Topologies 63

and it is pretty obvious that
uj — uin L([0,1]), wu(x)=1.

Example 2.12 Let J be any finite interval in R of length L, and take t € (0, 1).
There is always a sequence of characteristic functions {x;(x)} in J such that

xj(x) — Lt. (2.20)

Note that the limit function is a constant. This weak convergence means that one
can always find a sequence {J;} of subintervals of J such that

/ gx)dx — Lt/g(x)dx
Ji J

for every integrable function g. Take any characteristic function y (x) in the unit
interval J; = [0, 1] such that

/ x(x)dx =1t.
Ji

If J = (a,a + L) then the linear function x > Lx + a is a bijection between J;
and J, and hence

1
/,X(Z(y —a))dy = Lt.

If x is regarded as a 1-periodic function in R, and we put x;(x) = x (27x), then it
is easy to argue that the sequence of functions

1
Yy Xz —a)

enjoys property (2.20).
All we have said in this and previous sections about W7 (J) is applicable to
Sobolev spaces W!-7(J; R") of paths

u@):J > R", uw=(ui,u, ..., u),

with components u; € W17 (J). We state the main way in which weakly convergent
sequences in one-dimensional Sobolev spaces are manipulated in this more general
context. It will be invoked later in the book.
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Proposition 2.8 Let {u;} ¢ WP(J; R") be such that w; = Uin LP(J;R"), and
u;(xg) — U in R", for some xo € J. Thenu; — u in WP (J: R") where

X

u(x) =Uy + / U(s) ds.

X0

The proof is left as an exercise.

2.9 Approximation

Another important chapter of Lebesgue and Sobolev spaces is to explicitly specify in
what sense smooth functions are dense in these spaces, and how this approximation
procedures allow to extend basic results from smooth to non-smooth functions.
One initial result in this direction is a classical fact in Measure Theory which in
turn makes use of fundamental results in Topology like Urysohn’s lemma, or the
Tietze extension theorem. Parallel and important results are also Egorov’s or Luzin’s
theorems.

Theorem 2.4 The set of continuous, real functions with compact support in the real
line R is dense in L' (R).

This theorem, which is also valid for R and that we take for granted here, will be
our basic result upon which build more sophisticated approximation facts.

Lemma 2.4

1. Let f(x) € LY(R). There is a sequence {f;(x)} of smooth (C*), compactly
supported functions such that f; — f in L'(R).

2. Let f(x) € WLL(J) for a finite interval J. There is a sequence {fj (x)} of smooth
(C™), functions such that f; — f in wlin.

The basic technique to achieve this fact makes use of the concept of “mollifier”
and convolution that we explain next. Take a smooth C*>°-function p(z), even, non-
negative, supported in the symmetric interval [—1, 1] and with

1
/,O(Z)dzz/ p(x)dz = 1. (2.21)
R ~1
One of the most popular choices is

Cexp—>—, |z <1,
p(Z): pzz_l | |
0, lz] > 1,
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for a positive constant to ensure that (2.21) holds. Define

760 = [ i =050y, i@ = oo,
Note that

Am@ﬂwﬂ,fﬂﬂ=4m@V@—W@-

Either of the two formulas to write f;(x) is called the product of convolution of p;
and f, and is written

fi=pj*f

Such a operation between functions enjoys amazing properties. The family {p;} is
called a mollifier. We claim the following:

1. each f; is smooth and

d* d*
a1 = i g

2. if the support of f is compact, so is the support of f;, and all of these supports
are contained in a fixed compact;
3. convergence: f; — f in L1(Q);

Concerning derivatives, it is easy to realize

1 1
#ﬁu+m—ﬁunzézmu—y+m—wu—wuwm%

for arbitrary x,h € R. Since each p; is uniformly bounded (for j fixed), by
dominated convergence, as h — 0, we find

1
E%#ﬁu+M—ﬁ@ﬂ=Aﬁ@—wﬂww~

The same reason is valid for the derivatives of any order.

The assertion about the supports is also elementary. If the support of f is
contained in an interval [«, B], then the support of f; must be a subset of [a —
1/j, B + 1/j1. This is easy to realize, because if the distance of x to [«, B] is larger
than 1/j, the supports of the two factors in the integral defining f; are disjoint, and
hence the integral vanishes.

Finally, for the convergence we follow a very classical and productive technique,
based on Theorem 2.4, consisting in proving the desired convergence for continuous
functions with compact support, and then take advantage of the density fact of
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Theorem 2.4. Assume then that g(x) is a real function, which is continuous and
with compact support. In particular, g is uniformly continuous. If we examine the
difference (bear in mind that the integral of every p; is unity)

gix) —gx) = /Rpj(y)(g(x —y) —gx)dy,

because the support of p; is the interval [—-1/7, 1/j], and the uniform continuity of
g, given € > 0, jo can be found so that

lgx —y) —g)l =€ j=o
for every y with |y| < 1/, and all x € R. Thus
lgj(x) —g)| <€
forallx € Rif j > jo. If we bring to mind, because of our second claim above about

the supports, that the supports of all g;’s and g are contained in a fixed compact, then
the previous uniform estimate implies that g; — g in L'(R).

Proof of Lemma 2.4 In the context of the preceding discussion, consider f €
L'(R) arbitrary, and let ¢ > 0 be given. By Theorem 2.4, select a continuous
function g with compact support such that

I f —g”Ll(R) <e€.

We write

Ifi—Fllpiw = Wi —gillpw + 1185 — gllpiw) + 118 — FllLiwy-

The last term is smaller than €, while the second one can be made also that small,
provided j is taken sufficiently large. Concerning the first one, we expand

/If./(X)—g,/(X)IdxS//pj(x—y)lf(y)—g(y)ldde-
R RJR

A change of the order of integration* carries us directly to

1fi—gjlleiwy = I —gllpw) < e,

as well. The first item in the lemma is proved.

4 We leave to the interested readers to check the technical conditions required for the validity of
this fact.
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Concerning the second, it is achieved by integration. If we apply the first to the
L' (R)-function f’(x)xs(x), where x;(x) is the characteristic function of J, we
would find a sequence of smooth functions g; with f'—g; tending to zero in L'(R).
We put

£ =/ ¢ () dy.

Then f; € WHI(R),

[ix) =g, Ifi = Flpg — 0,
and, as usual, the convergence f; — f to zero takes place, through integration of its
derivative, in L°°(R). The restriction of all functions to J yields the result. |

This approximation fact, which is just one example of a whole family of such
results, permits us to generalize results, that are very classical when smoothness
assumptions are guaranteed, to the context of functions in Sobolev spaces. Some
times there is no other way of showing the validity of such results. The following
is the product rule and the generalization of the integration-by-parts formula for
functions in WL 1(R).

Proposition 2.9 Let J = [, ] be a finite interval. Assume f and g are functions
belonging to W1(J).

1. The product fg also belongs to the same space, and
(fe) = f'g+ fg'.

2. We have

/Jf/(x)g(X)dx =— /J f)g' X dx + f(B)g(B) — fla)g(w).

In particular, if one of the two functions, either f or g, belongs to WO1 )1 (J) (recall
Definition 2.6), then

/Jf’(X)g(x) dx = —/Jf(x)g’(X) dx. (2.22)

Proof Suppose first that the factor g is smooth, and so belonging to W!1(J). The
weak derivative of f is such that

fjf/(X)g(x)fﬁ(x)dx = —/Jf(x)(g(xw(X))/dx
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for every smooth function ¢ with compact support in J, or vanishing at both end-
points @ and B. Note that these facts at the end-points of J are also correct for the
product g¢ if g is smooth. But we know that the product rule is valid when the
factors are smooth and we are dealing with classical derivatives. Then

fjf/(x)g(x)fﬁ(X)dx = —/J[f(x)g/(x)¢(X)+f(x)g(X)¢'(X)]dx,

which can be reorganized in the form

/Jf(x)g(X)dJ’(X)dx = —/J(f’(X)g(x) + f(0)g (X)) (x)dx.

The arbitrariness of ¢ indicates that the product fg admits as a weak derivative
f'g + fg' which is a function in L' (J).

If g is a general function in W'-1(J), we proceed by approximation. Thanks to
our previous lemma, we can find a sequence g; of smooth functions converging to
g in Wh1(J). For a smooth, test function ¢ (x), we write, by our previous step,

/Jf(X)g(xw’(X)dx=jli)n;O/Jf(X)gj(x)¢’(X)dx
=~ lim [ (@80 + F@ @000 d

=— /](f’(X)g(X) + f(0g ()¢ (x) dx.

The arbitrariness of ¢ implies our result. The formula of integration by parts is a
straightforward consequence of the product rule. O

2.10 Completion of Spaces of Smooth Functions with
Respect to Integral Norms

We use here Theorem 2.1 to build Lebesgue spaces and Sobolev spaces in dimension
one. The process for Sobolev spaces in higher dimension is similar, as we will check
later in the book.

Consider the vector space C*(2) of smooth functions in an open set & C RV,
As in Sect. 2.4, we define the pth- norm of functions in C*°(Q2) for 1 < p < oc.
Young’s and Holder’s inequalities imply that the pth-norm is indeed a norm in
this space of smooth functions, and hence, by Theorem 2.1, we can consider its
completion £ (2) with respect to this norm. The only point that deserves some
special comment is the fact that the pth-norm is just a seminorm, not a norm, in this
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completion, and it becomes again a norm on the quotient space
LP(Q) = LP(Q)/NP

where AP is the class of functions that vanish except for a negligible set. The
concepts of subnorm and seminorm will be introduced and used in Chap. 4.

To be honest, this process yields a Banach subspace of the true L?”(€2), in which
smooth functions are dense (with respect to the pth-norm). To be sure that such a
subspace is in fact the full Banach space L? (£2) requires to check that in these spaces
smooth functions are also dense. But this demands some extra work focused on
approximation, which is interesting but technical, as we have seen in the preceding
section.

Concerning Sobolev spaces, the process is similar but the completion procedure
in Theorem 2.1 is performed with respect to the Sobolev norm in Proposition 2.3.
The resulting space is a Banach subspace (again after making the quotient over the
class of a.e. null functions) of the true Sobolev space wle . They are the same
spaces, but this asks for checking that the space of smooth functions is dense in
WL.P(J), which once more is an important approximation procedure.

The process in higher dimension is not more difficult, though this important
approximation fact of Sobolev functions by smooth functions is more involved. We
will recall these ideas later in Chap. 7 when we come to studying higher-dimensional
Sobolev spaces, and stress how, from the viewpoint of variational problems, one
can work directly with these completions of smooth functions under the appropriate
norms.

2.11 Hilbert Spaces

There is a very special class of Banach spaces which share with finite-dimensional
Euclidean spaces one very fundamental feature: an inner product.

Definition 2.10 Let H be a vector space.

1. An inner or scalar product in H is a bilinear, symmetric, positive definite, non-
degenerate form

(n) :Hx H— R.
The norm in H is induced by the inner product through the formula
Ix]I* = (x,x) > 0. (2.23)

2. A Hilbert space H is a vector space endowed with an inner product which is a
Banach space under the corresponding norm (2.23).
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The properties required for a function
() HxH—->R

to be an inner product explicitly are:

1. symmetry: for every X,y € H,
(x,y) = (y. x):
2. linearity on each entry: for every fixed y € H,
{y,):H—>R, (,y):H-— R,

are linear functionals;
3. positive definiteness:

xx)>0, xx=0< x=0.

The triangle inequality N3 for the norm coming form an inner product is a
consequence of the Cauchy-Schwarz inequality that is correct for every scalar
product

(X, 31 < lIxlyll-

The model Hilbert space is L>(£2) for an open subset & C RV . It is, by far, the most
important Hilbert space in Applied Analysis and Mathematical Physics. Similarly,
if J is an interval in R, the Sobolev space W 12(J) is also a Hilbert space.

Proposition 2.10 The mapping
(f.8) = / fx)g(x)dx
Q
defines an inner product on the set of measurable functions defined in 2, with norm

113 = / F)dx.
Q

The space L*(2) of square-integrable, measurable functions is a Hilbert space
under this inner product. In a similar way, the map

(f.8) = fl[f(x)g(X) + f(0)g ()]dx
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determines an inner product in W'“2(J). This space is typically referred to as
H'(J).

All that the proof of this proposition requires, knowing already that L?(£2) and
WI’Z(J ) are Banach spaces under their respective 2-norms, is to check that, in
both cases, the formula determining the inner product is symmetric, bi-linear, and
positive definite. This is elementary.

The fact that a Banach space can be endowed with a inner product under which it
becomes a Hilbert space may look like something accidental, or simply convenient.
But it is not so, as an inner product allows for fundamental and profound facts:

1. In a Hilbert space, one can talk about orthogonal projections onto subspaces, and
even onto convex, closed subsets.

2. Orthogonality also has important consequences as one can consider orthonormal
bases.

3. The inner product permits to identify a Hilbert space with its own dual whenever
convenient. In this sense, we can say that H = H'.

4. The extension of many facts from multivariate Calculus to infinite dimension is
possible thanks to the inner product.

We treat these four important issues successively.

2.11.1 Orthogonal Projection

We start with one of the most remarkable and fundamental tools. Recall that a
convex set K of a vector space H is such that convex combinations

tx1+ (1 —1)xp € K

whenever x;,xg € Kand ¢t € [0, 1].

Proposition 2.11 (Projection Onto a Convex Set) Let K C H be a closed and
convex subset of a Hilbert space H. For every x € H, there is a unique y € K such
that
X — y|| = min ||x — z|.
Ix— yll = min |x —z|
Moreover, y is characterized by the condition

y—-x-(z-y) >0

foreveryz € K.
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Proof Lety; € K be a minimizing sequence for the problem
— inf llz — xI12 w2
m = inf |z —x[|%, |ly; —x[I" N\ m.
zeK

From the usual parallelogram law, which is also valid in a general Hilbert space,
Ix+ 1%+ Ix = yI* = 2[Ix> + 2]y, x.y € HL
we find that
lyj = yell® = 20ly; — xII* + 2llyx —xI* — 4lx — (1/2)(y; +yo .

Since K is convex, the middle point

1
E(y i +ye)
belongs to K as well. Hence, by definition of m,
ly; = ¥ell® < 2lly; = xI% + 2llye = x|I* — 4m.
The right-hand side converges to zero as j, k — oo because {y;} is minimizing.
This implies that {y;} is a Cauchy sequence, and so, it converges to some y in K
(because K is closed), which is the minimizer. The uniqueness follows from the
strict convexity of the norm in a Hilbert space (or again from the parallelogram
rule).
For arbitrary z € K, consider the convex combination
tz+ (1 —-nyek, rel0,1].
The function
¢() = llx—r1z— (1 —nyl>, 1€[0,1]
attains its minimum at ¢ = 0, and so ¢'(0) > 0. But
¢'0) =2(x—y) - (y—2).
Conversely, if for every z € K, we have that
0<x-y) -2 =—|x—yI>+x—yx~-2),

then, by the Cauchy-Schwarz inequality,

Ix—ylII> < x—y.x—2) < [x—yl [x —z|
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for all such z. This implies that
Ix =yl = rzrélﬂg Ix —z|.
as desired. |
This lemma permits to consider the map
g - H— K,
called the projection onto K, defined precisely by putting
mr(X) =y,

the unique vector y in the statement of the last proposition. The projection m is
a continuous map. In fact, by the characterization of the projection in the previous

proposition, we have

(mgx1 — x1) - (X2 — wgX1) > 0,

(kX2 — X2) - (TKX] — 7TKX2) = 0.
By adding these two inequalities, we can write

2
lrxx1 — X2 ||” =(TgX) — 7KX2) - (TKX] — TKX2)

< (X1 —X2) - (TKX| — TKX2),
and, again by the Cauchy-Schwarz inequality,
lrkxi — x| < (X1 — Xof|.

The very particular case in which K is a closed subspace is especially relevant.

Corollary 2.5 If K is a closed, subspace of a Hilbert space H, the orthogonal
projection m is a linear, continuous operator characterized by the condition

(x — mgx,y) =0

foreveryy € K.
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2.11.2 Orthogonality

The existence of an inner product leads to the fundamental geometrical concept of
orthogonality.

Definition 2.11 A sequence of vectors {x;} of a Hilbert space H is said to be a
orthonormal basis if

Ixjll = 1forall j, (x;,xx) =0 forall pairs j # k,

and the subspace spanned by it is dense in H.

Hilbert spaces that admit a orthonormal basis need to be separable, meaning by that
the following.

Definition 2.12 A Banach space E is said to be separable if there is a countable
subset which is dense.

The fundamental facts about orthogonality in Hilbert spaces can be specified
through the following two results.

Proposition 2.12 Every separable Hilbert space admits orthonormal bases.

Proof Let {X;} be dense in the Hilbert space H, and let H; be the subspace spanned
by {Xx}i<j, so that {H;} is a non-decreasing sequence of finite-dimensional sub-
spaces whose union is dense in H. By using the Gram-Schmidt orthonormalization
process, we can produce an increasing sequence of orthonormal vectors {x;} that
spanned the successive subspaces H;. This full collection of vectors {x;} is a
orthonormal basis of H according to Definition 2.11. O

The following is also a fundamental feature of Hilbert spaces.

Proposition 2.13 Let H be a separable, Hilbert space, and {X;}, a orthonormal
basis.

1. Foreveryx € H,
o0 o0
x=Y (xx)x;,  [xIP =) [xx;)
: pa

Jj=1

2. If the sequence of numbers {a;} is square-summable

oo
>t <o
j=1
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then

o 00
2 2
x=Y ajx;eH, [x|*=) a}. a;=xx).
j=1 j=l1

Proof Letx € H be given, put IH; for the subspace spanned by {x}x<;, and
J

xU) = Z(X, X ) Xf .

k=1
If 7y, is the orthogonal projection onto Hj;, we claim that
x) =y x. (2.24)

To check this, consider the optimization problem
' J
Minimize inz = (zz) e R/ . ||x — szxknz.
k=1

We can actually write, taking into account the orthogonality of {x;} and the
properties of the inner product,

J J J
2
IIX—§ kXl =(X—§ Zka,X—E ZkXk)
k=1 k=1 k=1
2 2
=|x|| —22 Zk(X,Xk)+E -

It is an elementary Vector Calculus exercise to find that the optimal solution Z
exactly corresponds to

Zk = (X, Xg).

This means that indeed (2.24) holds. In particular, thanks to Corollary 2.5, we can
conclude that

x —xY xVy = (x — 7H; X, 7, X) = 0. (2.25)
Bearing in mind this fact, we further realize that

0 < (x—xU x—x¥) = |x|* - (x,x),
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that is to say

for arbitrary j. This implies that the series of non-negative numbers

J
Dol %)l
k=1

is convergent. But, again bearing in mind the orghogonality of {x;}, we can also
conclude for k < j, that

J
x4 —x®2 = 3" jx,x)I?

I=k+1

Hence {x/)} is a Cauchy sequence, and it converges to some X. It remains to show
that in fact X = x.
The condition

o0
T= 3
k=1

implies, just as we did with x, that

J
i:Zxxkxk_on
k=1

Then
o1, (R — %) = 0,

for all j, and hence the difference X — x is a vector which is orthogonal to the full
basis {x;}. This implies that indeed X —x must be the vanishing vector, for otherwise
the subspace H spanned by the full basis could not be dense in H, as it would accept
a non-vanishing orthogonal vector.

The second part of the statement requires exactly the same ideas. O

It is quite instructive to look at some explicit cases of orthonormal bases. The
first one is mandatory.
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Example 2.13 Consider the Hilbert space

C=0R) ={x=(x): Zx,% < o0},
k

with inner product
(X, ¥) =Y Xy
k

If we let e, € £ be the trivial sequence except for 1 in the k-th place, then it
is evident that the countable collection {e; : k € N}, the canonical basis, is an
orthonormal basis of ¢2.

Notice how Proposition 2.13 establishes that every separable real Hilbert space is
isomorphic to £2.

The most important and popular example is possibly that of the trigonometric
basis in L2(—7, ).

Example 2.14 Consider the family of trigonometric functions
{1} U {cos(kx), sin(kx)}reN.

It is elementary to check that they belong to L?>(—m, ): by the double-angle
formula, we know that

b/

m
1
/ cosz(kx)dx = = [1 4 cos(Rkx)]dx = m,
. 2],
T 1 T
/ sin(kx)dx = = | [1 —cos(2kx)]dx = 7,
_j, 2],

for all k € N. Moreover, the elementary trigonometric formulas

cos(ox = B) = cosa cos B Fsinw sin f,

sin(a + B) = sina cos B8 £ cosa sin 3,

suitably utilized, lead to the identities

b4
/ cos(kx)cos(jx)dx =0, k # j,

-7

T
f sin(kx) sin(jx)dx =0, k # j,

-7

/rr cos(kx)sin(jx)dx =0, k#j.

-7
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All these calculations prove that the family of functions

= {\/%} U {% cos(kx), % sin(kx)} (2.26)

is orthonormal. In fact, if we let

f

1
() = cos(kx),  z(x) = sin(kx) = =2y, kN,
it is easy to realize that
WA =0, z}+kz=0. (2.27)

But then, relying on two integration by parts for which end-point contributions drop
out,

kZ/ Ye(x)y;(x)dx =—f () yj(x)dx

-7 -

- / V0OV () dx

— - / W)y (x) dx

—7T

=j* / () (x) dx.

-7

If k # j, we conclude that yy(x) and y;(x) are orthogonal in L%(—m, 7), without
the need to compute the definite integrals explicitly. Similar manipulations lead to
the other two orthogonality relations.

Even more is true. The Fourier family of functions (2.26) is indeed a basis for
L%(—m, ). This can be checked directly by showing that Fourier partial sums of
the form

N
ap + Z[ak cos(kx) + by sin(kx)]
k=1
with
a —L " f(x)cos(kx)dx, a —L " fx)dx
S BRIV r ’
by = L f(x) sin(kx) dx,

VT a
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converge, in L2(—rr, ), to an arbitrary function f € Lz(—n, ) as N — oo,
though it requires a good deal of fine work. But similar trigonometric families of
functions are shown to be bases of L?-spaces as a remarkable consequence of (2.27).
We will later explore this in Theorem 6.4.

There are other fundamental examples of orthonormal basis that are introduced in
the exercises below.

2.11.3 The Dual of a Hilbert Space

The inner product in a Hilbert space H also has profound consequences for the dual
H'.

Proposition 2.14 (Fréchet-Riesz Representation Theorem) For every x' € H’
there is a unique x € H such that

x,y)=(xy), yeH.

We are using brackets here for two different things at first sight: the left-hand side
corresponds to the duality between H’ and H, while in the right-hand side, it is the
inner product in H.

Proof Letx' € H be arbitrary, and put
Ho={yeH: (x,y) =0} C H,

a closed subspace of H. If Hy = H, then X' = 0, and we can, obviously, take x = 0
as well. Assume then that H is not the full H.
Take xog € H \ Hy, a non-vanishing vector, and put

X0 — TTH X0

Xy = .
X0 — 7myXoll

The norm in the denominator cannot vanish precisely because xo ¢ Hy. Fory € H
arbitrary, the combination

x.y)
(x, Xo)

(2.28)

belongs to Hy because x” applied to it, vanishes. The number in the denominator
does not vanish because, once again x¢ ¢ Hy. By Corollary 2.5, applied to x = X,
K = Hy, and y, the combination in (2.28), we conclude that

(x',y)
(x', Xo)

X0,y — Xp) =0,
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as well for all y € H, and this identity lets us see that it suffices to take
x = (¥, X0)Xo.

Recall that X is unitary. O

This theorem clearly establishes that a Hilbert space can always be identified, in
a canonical way through the inner product, with its own dual. In particular, every
Hilbert space is reflexive.

2.11.4 Basic Calculus in a Hilbert Space

The structure of a Hilbert space through its inner product allows for many similar
facts as in finite dimensional spaces. The following definition refers to a functional
I : H — R where H is a Hilbert space.

Definition 2.13

1. Such a functional I is said to be Gateaux-differentiable if every section, for
arbitrary x,y € H,

e~ I(x+e€y)

is differentiable as a function of the single variable €.
2. 1 is differentiable if it is Gateaux-differentiable, and the operation

d
x,y) = T(x,y) = d—l(x + €y)
€ e=0

is continuous in X, and linear in y, in such a way that we can write
T(x,y) = (Tx, y),
for a certain continuous T : H — H. We put
I'(x) = Tx,

and refer to it as the derivative of /. Note that I’ : H — H is a continuous, in
general non-linear, operation.

3. A certain element X € H is said to be critical for a differentiable functional 7, if
I'(x) =0.
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4. The functional I as above is Fréchet differentiable if it is differentiable and, for

every x € H,

1 /!
m”](x—}—y)—l(x)—(l (x),y)|| > 0asy — 0. (2.29)

The concepts of differentiability and Fréchet differentiability can be localized at
individual vectors X, but since most of the time they are used in a global way, we
do not consider those local definitions. On the other hand, we are incorporating
the continuity of the derivative into the differentiability. Usually this is not done so
in other sources. Again, in most of the important examples and applications, the
continuity of the derivative is required, and thus we have judged more transparent
to proceed in this way.

A parallelism with functions of several variables can be clearly established. If

fx:RYN >R

is a function, then Gateaux-differentiability amounts to the possibility of com-
puting all directional derivatives; differentiability means linearity on those direc-
tional derivatives, and continuity of partial derivatives; and Fréchet-differentiability
amounts to plain differentiability. The well-known criterium in finite dimension that
the continuity of partial derivatives implies differentiability also has a counterpart
in infinite dimension.

Lemma 2.5 A functional I : H — R defined on a Hilbert space is differentiable if
and only if it is Fréchet-differentiable.

Proof Suppose I is differentiable with continuous derivative I’ : H — H. Let
X, y € H, and consider the real function

g:R—->R, g(s)=I1(x+sy).

We know that this function is continuously differentiable and besides, because I is
differentiable,

g'(s) = (I'(x+sy), ).
By the mean-value theorem (for real functions)
g() —g0) =g'(s0), T(x+y) —I(x)=("(x+s0y),y),

where so € (0, 1) will most likely depend on x and y. Hence, the quotient Q in
(2.29) becomes

0 = (I'(x+soy) — I'x), y/llyll),



82 2 A First Exposure to Functional Analysis

and
0<|0] < I'x+soy) —I'x)|| = O

as ||yl — 0, thanks to the continuity of I’. O

As a consequence of this result, and to avoid confusion with other equivalent
definitions, we introduce the concept of a C!-functional, as another way to identify
differentiable functionals. We also define some other usual concepts.

Definition 2.14 Let / : H — R be defined on a Hilbert space H.

1. I is said to be C', if it is differentiable (and then the derivative I’ : H — H is
continuous).
2. I is said to be coercive if

lim (x) = +oo.

lIx[—o00
3. 1 is said to be locally Lipschitz if it is differentiable and
') —I'WIl < Mlx—yl, xyeK M=MK)>0, (2.30)

for every bounded subset K C H.

The preceding lemma has, at least, two important consequences that are conve-
nient to highlight just as they are important in finite dimension. The first refers to
the orthogonality property of the derivative I’ with respect to level sets of I; the
second, the relevance of the flow of the derivative I’. The two of them are direct
consequences of the chain rule.

Let I : H — R be a differentiable functional, and y : (—€,¢) — H a
differentiable curve with continuous tangent vector

Y () eH, s€(—€6),

for some positive €.
Lemma 2.6

1. The composition
g) =1(y@):(-€, ) >R
is differentiable and
g0 ="'y, y'®), te(=¢€0e.

2. For every x € H, the vector I’ (X) is orthogonal to the level set of I through x.
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3. Suppose, in addition to the previous assumptions, that I' : H — H is coercive
and locally Lipschitz Then, for arbitrary initial vector Xo € H, the differential
infinite-dimensional system

X (1) = —I'(x(t)), x(0) = xo 2.31)

is defined for every positive time t > 0, and, for every sucht > 0,

d ’ 2
—1(x(1)) = =1 (x@)[.
dt
Moreover, if we write
X (t;%0) = —1'(x(1; %0)),  x(0; X0) = Xo,
to stress the dependence of the solution x on the initial condition Xq, then the
mapping X(t; Xq) is continuous in Xo.

Given the information we already have on differentiable functionals and how
everything is similar, almost word by word, with the finite-dimensional setting, the
proof of this lemma follows exactly as in that elementary situation. The unique
solution of the gradient differential system (2.31) rests, as in the finite-dimensional
case, on the contraction principle Theorem 1.1.

Finally, in practice, it may not be possible to clearly see the derivative I’(x) from
the computation of the directional derivatives T(x, y) given by its definition

d
Tx,y) = %I(X +€y)
e=0

The following basic lemma informs us how to do so.

Lemma 2.7 For a fixed element X € H, the unique optimal solution of the quadratic
functional

1
y - §||y||2 - T(x,y) (2.32)

is precisely y = I' (x).
Proof This is checked easily by writing

T(x,y) = (Tx, y),

and completing squares

1 . 1 - 1
IV = (Tx,y) = Sy = Tx|? = I
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2.12 Some Other Important Spaces of Functions

In this chapter, we have introduced the most important spaces of functions utilized
in Applied Analysis. There are some important variants that are worth mentioning,
and spaces of a different nature. We do not devout more time to study these as they
are the subject of more advanced courses in Functional Analysis. There is additional
important material in the final Appendix.

1. If (2,0, ) is an abstract measure space, one can define the corresponding
LP(du)-spaces, 1 < p < 00, as one would anticipate

L?(dup) ={f : Q - R, 0 — measurable : / | f ()P du(x) < oo},
Q

for p, finite; and the corresponding definition for p = oo. In particular, if Q C
RN, and w(x) : @ — Ris a positive, integrable function, regarded in this context
as a weight, then

LP(w)={f:Q— R:/ | f(x)|Pw(x)dx < oo}.
Q

Even the spaces £” may be understood in this context as L”-spaces with respect
to the counting measure in N.

2. So far we have used integration to provide ways to measure the size of functions
in suitable classes of measurable functions. These collection of functions are
rather huge sets including functions with may exhibit rather irregular behavior.
There are ways to restrict attention to regular classes of functions like

C"(Q) ={f : 2 > R: with continuous derivatives up to order m},

with m € N, and 2 an open subset of RV . However, given that such functions, or
some of their derivatives, can blow up as we approach the boundary of €2, there
does not seem to be a unified way to measure their size only with derivatives and
without introducing integration in any way. One possibility is to write

pr(f)=_max |V*f(x)]

xeK,|a|<m

for a compact set K C 2. This of course does not give a full measure of f as
it does not provide information on a function outside the set K. The functions
pk (f) are not norms, but the full collection pg (f) for an increasing sequence
of compact sets K; C €2 with

IQ\U;K;| —> 0, j— oo,
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can be used in such a way that C"(£2) becomes a topological vector space,
something more general than a Banach space. One could try to consider the
subspaces

C"(Q) = {f : @ — R : with continuous derivatives up to 32},

and consider the previous ways of measuring the size of f for K = 92 (if Q is
bounded).

3. Functions of bounded variation. In a finite interval J = [x;, x,,] C R, we consider
the class P of all finite partitions P of the form

X=X <X <X2 <+ 0 < Xp—] <X = Xy,
and put

V() = sup Y Ju(x;) — uCxj-1)l.
P

The set of measurable functions u with finite V(1) is the class BV (J) of
functions of bounded variation in J. The quantity V (u) 4+ u(x;) turns out to be a
norm in BV (J) under which it becomes a Banach space. The interesting point is
that each function u € BV (J) determines a linear, continuous functional T, in
C(J) through the classical Riemann-Stieltjes integral

T,(v) = / vdu
J

in such a way that BV (J) becomes the dual of C(J) under this identification.

4. Complete metric spaces are also a class of objects more general than Banach
spaces as they need not be vector spaces where one can take linear combinations.
Yet complete metric spaces enjoy some fundamental properties because of the
nature of the underlying distance function. As a matter of fact, vector topological
spaces that can be shown to be, even locally, metrizable, i.e. their topology comes
from the balls of a distance function, do share with metric spaces some of these
remarkable properties.

5. Spaces of distributions. We simply mention here the fundamental spaces of
distributions because of their crucial role in modern Analysis. There is more
information in the final Appendix.

2.13 Exercises

1. Show that L'(§2) and L*®() are Banach spaces for every open subset Q C
RN



Neliie JBEN o)\

2 A First Exposure to Functional Analysis

. Prove that if f; — f in LP(Q) for p > 1, and g € C(Q) is a continuous
function up to the boundary of €2, then

/fj(X)g(X)dX%ff(X)g(x)dx.
Q Q

. Seek a counterexample of a bounded sequence {u} in W11(0, 1) which is not
equicontinuous.
. Take

uj(x) =sin2/wx), xe€l0,1].

(a) Check that for arbitrary points 0 < a < b < 1, we always have

b
/ uj(x)dx — 0.

Draw a picture of the graphs of the initial members of the sequence to
visualize the cancellation property as j — oo.
(b) Calculate the limit of the integrals

b
/a u?(x) dx

as j — oo in an arbitrary subinterval (a,b) C [0, 1]. Do you notice
something a bit unexpected if these results are interpreted in terms of weak
convergence?

. Let {f;} be a bounded sequence in L”(J) for p > 1, and J a finite interval of
R. Suppose there is f in the same space such that

b b
/fj(x)dx—>/ f(x)dx

for every pair a < b in J. Argue that

/J (0 (0 dx — /J (0 £ (x) dx

for every g € L9(J) for the conjugate exponent g.
. Prove Proposition 2.6.
. Finish the proof of Proposition 2.7.
. Prove Proposition 2.8.
. Prove the second part of Proposition 2.13.
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10. For E, the collection of continuous functions in a fixed interval, say, [0, 1],
consider the two norms

11.

(a)
(b)

©)

(d)

(e

1
Il =/ lfOlde, N flleoc = sup |f(@)].
0 t€[0,1]

Show that E; = (E, || - ||1) is not complete, but Eo, = (E, || - |lo0) 1.
If for each g € E, we put

1
(Tg,f>=/0 g@) f(n)dt,

then T, € E}. Find its norm.
Argue that T, € E as well, and

ITgll = llgll-

Consider the linear functional on E given by

f=dip(f) =fA/2).

Show that 51/2 S Ef)o but 51/2 ¢ E/l
Prove that

1
H:{feE:/O f@)dt =0}

is a closed hyperplane both in E} and E.

Let E be a normed space with norm | - ||.

(a)
(b)

©
(d

Show that the norm is uniformly continuous.
Every linear map

T: R [ llc) > E
is continuous.
Every Cauchy sequence is bounded.

Every norm in R” is a continuous function, and there is M > 0 with

Xl < M| o

Conclude that every norm in [ is equivalent to the sup-norm, and that all

norms in a finite-dimensional vector space are equivalent.
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12.

13.

14.

15.
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(a) Ifx € £7 for some p > 0, then x € ¢9 for all ¢ > p, and
lim x|l = [IX[[oc-
q—>00
(b) For every bounded and measurable function f(¢) for ¢ € [a, b],
lim || fllp = Iflloo-
p—>00

Let E be an infinite-dimensional vector space with an algebraic basis {e;},i € I,
in such a way that for each x € [, we can write in a unique way

X = E Xi€;

iel

with only a finite number of the x;’s being non-zero. Define

Ixlloo = max{|x;| :i € 1}, x| =Y Ixil.

iel
(a) Argue that || - ||; and || - ||« are not equivalent.

(b) For an arbitrary norm | - || in E, there is always a linear functional which is
not continuous.

In the vector space
K = {u € C'[0, 1] : u(0) = 0},
we consider

lull = sup |u(t) +u'(1)].
1€[0,1]

Show that it is a norm in K equivalent to the norm
llulloo + llut'lloc-
Let
T:L'R) — LP(R), 1< p < oo,

be linear. Show the equivalence of the following two assertions:

(a) There is some w € L?(R) such that

Tw)=u*w, uec L (R);
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(b) T is continuous and

Tw)*v=Tw*xv), u,ve LI(R).

16. If {x;} is an orthogonal basis for a separable, Hilbert space H, argue thatx; — 0
in H.
17. Let the kernel

k(x,y): 2 x Q—> R,
be given by the formula

k(x,y) =) wi@wi(y), x,yeQCRY,
i
where {w;} is a finite collection of smooth functions. Explore if the formula

(fog) = / FEOKCE, y)g(3) dx dy
QxQ

defines an inner-product in the space of measurable functions.
18. In the Hilbert space L>(—1, 1), show that the family of polynomials

dJ .
Li(t) = w[(rz —1)/]

is a orthogonal family.’

(a) Compute the minimum of the set of numbers

1
{/ |t3 —aztz—a]t—aolzdt:ao,a1,a2 GR}.
-1

(b) Find the maximum of the set of numbers

1
f 3 p(t) dt
—1

where p(t) is subjected to the constraints
1 1 1 1
/ p(t)dt = / tp(t)dt = / ?p@)dt =0, / p(H)*dt = 1.
—1 —1 —1 -1

3 Except for normalizing constants, these are the Legendre polynomials.
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19.

20.

21.

2 A First Exposure to Functional Analysis

Let J be a finite, closed interval of R. A weight p(¢) over J is a positive,
continuous function such that all monomials ¢/ are integrable with respect to

p(),ie.
/tjp(t)dt < 0.
7

Let P;(t) be the resulting orthogonal family coming from {t/:j=0,1,2,...}
after applying the Gram-Schmidt process to it with respect to the inner product

(f.g) = /J FOg)p0) d.

(a) For every j, it is true that
(tPj_1(1), Pj (1)) = (P}, Pj).
(b) There are two sequences of numbers {a;}, {b;}, with b; > 0, such that
Pi(t) =t —aj)Pj—1(t) =bjPj_2(t), j=2.

(¢) Pj has j different real roots in J.

Consider the complex Hilbert space H of 27 -periodic, complex-valued func-
tions u : [—7, ] — C under the inner product

(u,v) = f ! u()v(t) dt

-7

where Z stands for the conjugate of the complex number z. Check that the
exponential system

1 ..
{E exp(ijt)}j=0,+1,42,..

is an orthonormal basis for H.
The Haar system. Consider the function

1, 0<t<1/2,
v()=1-1, 1/2<t<1

0, else.
For a couple of integers n, m € Z, define

Ymn () =229 (2"t —m).
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22.

23.
24,

25.

26.

(a) Show that this collection of functions is an orthonormal basis of LZ(R).
(b) Show that the family of functions

(LU {Ygn(@) :n e NU{0},0 <m < 2"}

is an orthonormal basis of L2(0, 1).

Wavelets. Let yr(¢) be a real function. For fixed numbers ¢ > 1 and b > 0,
define

mn(t) = —— (t _”b>
m,n = \/a—m pr ,

for n, m € N. Find conditions on the function v in such a way that the family
{Y¥m.n} 1s an orthonormal basis of L%(R).

Find the orthogonal complement of Hd (J) in H'(J), for an interval J.

Use the orthogonality mechanism around (2.27), to find another two families of
orthogonal functions in L2(0, 1).

For J = [0, 1], let E be the set of measurable functions defined on J. Set

YN OEF{0]
d(f’g)_/o T+ 10 —go] ™

Show that d is a distance for which E becomes a complete metric space.
Consider the space

1
X = {f(x):(0,1) - R, measurable : / |f )2 dx < 400}
0

(a) Show that X is a vector space.
(b) Argue that

1
I = [ o2 s

is not a norm.
(c) Check that

1
d(f,g) = /0 If(x) — g2 dx

is a distance on X that makes it a complete metric space.
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27.

28.

29.

30.

31.
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(Jordan-Von Neumann Theorem) Let E be a normed space. Show that the norm
comes from a inner product if and only if the parallelogram identity

Ix +ylI* + Ix — ylI? = 2IxI* + 2lyl*, x.ye€E,

holds.
Multidimensional Fourier series. Check that the family of functions

1 ..
{E exp(ij - X)}jezn

is a orthonormal basis for the Hilbert space LZ([—n, z]V: O).
A simple obstacle problem. Through the projection theorem Proposition 2.11
to prove that there is a unique solution to the variational problem

1
Minimize inu € Hy (0, 1) : / u'(x)? dx
0

subjectto u(x) < ¢ (x), where ¢ (x) is a continuous function with ¢ (1), ¢ (0) <
0. Write explicitly a condition characterizing the minimizer.
For the functional

1
E:Hj(0,1) = R, E(u)zfo [V (' (x)) + ¢ (u(x))] dx

where ¥ and ¢ are C!l-, real functions such that

W @), 1o @) < C(1+u?)

for a positive constant C, write a quadratic variational problem whose unique
solution yields precisely E’(u) for an arbitrary u € HO1 (0, 1). We will later
calculate explicitly such derivative.

For p € (0, 1), consider the function

d(f. 8 :/Q|f(x)—g(x)|de,

for f,g € C®(Q) where @ C RV is an open set as regular as it may be
necesssary.

(a) Check that (C*°(R2), d) is a metric space.
(b) Consider its completion, and show that L”(2) is a complete metric space
under the same distance function.



Chapter 3

Introduction to Convex Analysis: The Qe
Hahn-Banach and Lax-Milgram

Theorems

3.1 Overview

Before we start diving into integral functionals, it is important to devout some time
to understand relevant facts for abstract variational problems. Because in such a
situation we do not assume any explicit form of the underlying functional, these
results cannot be as fine as those that can be shown when we materialize functionals
and spaces. However, the general route to existence of minimizers is essentially
the same for all kinds of functionals: it is called the direct method of the Calculus
of Variations. This chapter can be considered then as a brief introduction to the
fundamental field of Convex Analysis.

The classical Hahn-Banach theorem is one of those basic chapters of Functional
Analysis that needs to be known. In particular, it is the basic tool to prove one of
the most important existence results of minimizers under convexity and coercivity
assumptions in an abstract form. There are several versions of this important
theorem: one analytic dealing with the extension of linear functionals; and two
geometric that focus on separation principles for convex sets. There are many
applications of these fundamental results that are beyond the scope of this text.
Some of them will be mentioned in the final Appendix of the book.

We also discuss another two fundamental result that readers ought to know. The
first one is basic for quadratic functionals in an abstract, general format: the Lax-
Milgram theorem. Its importance in variational problems and Partial Differential
Equations cannot be underestimated. The second is also an indispensable tool in
Analysis: Stampacchia’s theorem for variational inequalities.
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94 3 Introduction to Convex Analysis: The Hahn-Banach and Lax-Milgram Theorems
3.2 The Lax-Milgram Lemma

One first fundamental situation is concerned with quadratic functionals over a
general Hilbert space H.

Definition 3.1 Let H be a (real) Hilbert space.

* A bilinear form on H is a mapping
A, v):Hx H— R
that is linear on each variable separately. If A is symmetric, i.e.
A(,v) = A(v,u), u,veH,

the function

is identified as its associated quadratic form.
* The bilinear form A is continuous if there is a positive constant C > 0 with

[A(u, V)| < Cllufl [Ivll,
for every pair u, v € H. If A is symmetric, then
2a(u) < Clluf?, weH.
¢ The bilinear form A is coercive if there is a positive constant ¢ > 0 such that
cllull® < A(u, w
for every u € H. If, in addition, A is symmetric,

cllul? < 2a(), ueH.

If a(u) is the quadratic form coming from a certain bilinear, symmetric form, we
would like to look at the variational problem

Minimizeinu € H: a(u) — (U, u) 3.1

for a given U € H. The following classic result provides a very clear answer to such
quadratic problems.
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Theorem 3.1 (Lax-Milgram) Let A(u, v) be a symmetric, continuous, coercive
bilinear form over a Hilbert space H, with associated quadratic form a(u). The
previous variational problem (3.1) admits a unique minimizer U € H that is
determined by the condition

A@,v) = (U, V) (3.2)

for every v € H.

Proof We start by making sure that the variational problem (3.1) is well-posed in
the sense that if we put

m = inf (a(u) — (U, u))
ucH
then m € R. Indeed, by the coercivity property we can write
Cinl2
au) — (U, u) = —fuf” — (U, w),

and completing squares in the right-hand side,

c (U S T
a) —(U,u) = = jlu—--Ul — —|[U[".
2 c 2¢
The resulting inequality shows that
1
> ——|Uj%
m = = [Ull

Let, then, {u(j )} be a minimizing sequence
a@Py — (U, ) N\ m.
In particular, by the calculations just indicated,

Cc

2
. ) 1
< a@W) — (U, u?) + —|U|I?,
2 2¢

. 1
ul) — —U‘
C

which shows that {u(j )} is uniformly bounded in H, and hence, for some subse-
quence which we do not care to relabel, we will have u) —~ qu for some u € H.
Again by the coercivity property, we find

: 1 o , |
0<a@y —u) = EA(u(J), uy — AP, m) + SA® W,
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that is
D L s )

AV’ u) — §A(u, u) <a(a“’).

If we take limits in j, because A(-, 0) is a linear functional,
A, u) — —A(u, ) <liminfa("’),
2 j—o0o

and

a(@) < liminfau®). (3.3)

J— 00

Again, because (U, -) is a linear operation, we can conclude, by the very definition
of m as the infimum for our problem, that

m < a@) — (U,u) < liminfla@") — (U, u)] = m.
j—o0

Consequently
m =a() — (U, u),

and u is truly a minimizer.

For the second part of the proof, we proceed in two steps. We first show that (3.2)
holds indeed for the previous minimizer u. To this aim, take v € H, and consider
the one-dimensional section

gle)=1@+ev), I =a(a)—(Uywv).

Because u is a (global) minimizer for /, ¢ = 0 ought to be a global minimizer for
g- On the other hand, it turns out, taking advantage of the bilinearity and symmetry
of A, that g is quadratic, and so smooth. Consequently, g’(0) = 0, and a quick
computation yields

0=g'(0) =A@, v)—(Uv).
The arbitrariness of v leads to (3.2).
Secondly, we argue that there cannot be two different vectors u;, i = 1, 2, for

which (3.2) holds. If it were true that

A(;,v)=(U,v), veH,i=1,2,
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we would definitely have
A(up —up,v) =0
for every v € Hj; in particular, for v = u; — up, we would find
a(u; —uwp) =0.

The coercivity of the quadratic form a means that u; = uy. O

The Lax-Milgram lemma is a very powerful tool to deal with quadratic functionals
and linear optimality conditions (linear differential equations) because it does not
prejudge the nature of the underlying Hilbert space H: it is valid for every Hilbert
space, and every coercive quadratic functional. The Lax-Milgram lemma can also
be shown through Stampachia’s theorem (Exercise 10) that is treated in the final
section of the chapter.

In the previous proof, we have already anticipated some of the key ideas that will
guide us for more general situations.

Example 3.1 The first example is mandatory: take
A(u,v) = (u, v)

the inner product itself. In this case the variational problem (3.1) becomes the one
examined in (2.32). There is nothing to be added.

Example 3.2 The prototypical example, in dimension one, that can be treated under
the Lax-Milgram lemma is the following. Let H be the Hilbert subspace Hol(J )
of functions in H'(J) vanishing at the two end-points of J, for a finite interval
J = (xg, x1) of R. Consider the bilinear form

A(u,v) = /[a(x)u’(x)v’(X) + B(X)u(x)v(x)]dx,
J

where functions «(x) and B(x) will be further restricted in the sequel. A is definitely
symmetric. It is bounded if both functions «, and 8 belong to L°°(J). It is coercive
if the same two functions are positive and bounded away from zero. The application
of Theorem 3.1 directly leads to the following result.

Corollary 3.1 Suppose there is a constant C > 0 such that

1

0<C< ineigl(a(x), B(x)) < r)?él}(a(x), B(x)) < rok
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For every function y (x) € L?(J), the variational problem
Lo 1 1 / 2 1 2
Minimize in u(x) € Hy (J) : [Eoz(x)u x)" + Eﬂ(x)u(x) —y@)ux)]dx
J

admits a unique minimizer u which is characterized by the condition

/[Oé(X)ﬁ/(X)v/(X) + Bu(x)v(x) —y(x)v(x)ldx =0 (3.4)
J

foreveryv € HOI(J).

This last integral condition is typically called the weak form of the boundary-value
(Sturm-Liouville) problem

— [e@)u' ()T + Bu(x) = y(x)inJ,  u(xo) = u(xy) = 0. 3.5)

3.3 The Hahn-Banach Theorem: Analytic Form

The analytic form of the Hahn-Banach theorem is typically based on Zorn’s lemma,
which is taken for granted here. The relevant concepts to understand Zorn’s lemma
are gathered in the following statement.

Definition 3.2 Let P be a partially ordered set.

* A subset Q is totally ordered if for every pair u, v in Q, eitheru < vorv < u.

* Anelement w € P is an upper bound for a subset Q C P if u < w for every
ueqQ.

e An element m € P is maximal if there is no element u € P with m < u except
m itself.

¢ P is said to be inductive if every chain (i.e. totally ordered subset) Q in P has an
upper bound.

With these concepts we have:

Lemma 3.1 (Zorn’s Lemma) Every non-empty, inductive, ordered set has a max-
imal element.

In addition, we need to define what is understood by a seminorm in a (real) vector
space [E. It is a real, non-negative function complying with N2 and N3, but not with
N1, in Definition 2.1 in Chap. 2.

Definition 3.3 A function

px):E— R
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is called a subnorm in E if:

N2 for every pair x, y € E,

p(x+y) < px) + p(y);

N3’ for every positive scalar A and vector x € [,

pAX) = Ap(X).

If, in addition, p is non-negative, then p is called a seminorm.
We are now ready to prove the analytic form of the Hahn-Banach theorem.

Theorem 3.2 Let p be a subnorm over a (real) vector space E; M, a subspace of
E, and Ty a linear functional on M with

TIy(x) < px), xeM.
Then a linear extension T of Ty to all of E can be found, i.e. T |y = Ty, so that
Tx) < px), xeck. (3.6)

Proof The standard proof of this result proceeds in two steps. The first one deals
with the case in which

where (x() stands for the subspace spanned by some xo € E. In this situation, every
x € [E can be written in a unique way in the form m + Axg, and, by linearity,

T(x) =T @m) + AT (x0) = To(m) + AT (xo).

Thus, it suffices to specify how to select the number u = T (Xg) appropriately to
ensure inequality (3.6) in this case, that is to say

To(m) + A < p(m + Axo),
or
Ap < p(m + Axg) — To(m)
for every m € M and every A € R. For A > 0, this last inequality becomes

n = p(xo + (1/0)m) — To((1/1)m);
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while for A < 0, we should have
p = —p(=xo — (1/2)m) + To(—(1/2)m).
If we let
v=—(1/A)m, u=(1/A)m,
it suffices to guarantee that there is a real number w such that
To(v) = p(v—x0) < u < =To(w) + p(a+Xo)

for every u,v € M. But for every such arbitrary pair, by hypothesis and the
subadditivity property of p,

To() + To(v) = To(u+Vv) < p(u+v) < p(u+xp) + p(v—Xp).

This finishes our first step.
For the second step, consider the class

G = {(F, Tr) : F is subspace, M C F C E, Tr is linear in I,
Trlv = To, Tr(x) < p(x),x € F}.

@G is an ordered set under the order relation
(F1, Try) < (F2, Tr,) when Py C 2, Ty, |, = T

G is non-empty because (M, Tp) € G. It is inductive too. To this end, let (F;, TF,)
be a chain in G. Set ' = U;[F; which is a subspace of [E as well. For x € [F, define

Tr(x) = Tf, (x), xel;.
There is no ambiguity in this definition, in case x belongs to several of the F;’s. By
Zorn’s lemma, there is a maximal element (H, Tfy) in G. Suppose H is not all of E,
and let xo € E \ H. For our first step applied to the direct sum
G =H® (xo),
we could find 7 with

Tglp=Ta, Tecx <px),xeb.

This would contradict the maximality of (H, 7y) in G, and, hence H must be the
full space E. O
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Among the most important consequences of Theorem 3.2 are the following.
Corollary 3.2 Let E be a Banach space, with dual /.
1. LetF be alinear subspace of E. If Ty : F — R is linear and continuous (Ty € '),
there is T € E with
Tlp=To, |IT| = IToll.

2. For every non-vanishing vector Xy € E, and real a, there is Ty € E' with

||

(To,x0) =, [To,x)| = —Ix[l, xekK.
lIxoll

In particular, for o = ||X0||2 there is Ty € E with

(To, xo0) = Ixol>, 11 Toll = IIxoll-
3. Foreveryx € E,
X = sup (T,x)= max (T,x).
TeE:|T|=1 TeE:|T|=1

Proof For the first part, apply directly Theorem 3.2 to the choice

px) = [Toll lIx|l.

Take, for the second, Ml = (xg) and

To(AXp) = Acx.
Then, it is obvious that
lo|
To(Ax0) < ——[1AXoll.

ol
Apply Theorem 3.2 with

lo|

p(x) = —|Ix].
lIxoll

The third statement is a consequence of the second one, and is left as an exercise.
O
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3.4 The Hahn-Banach Theorem: Geometric Form

A main tool for the study of the geometric form of the Hahn-Banach theorem and its
consequences concerning the separation of convex sets is the Minkowski functional
of an open convex set. Recall the following.

Definition 3.4

1. A convex set C of a vector space [E is such that convex combinations of elements
of C stay in C

tx+(1-1yeC, x,yeC,rel01].

2. The convexification of a set C is given by

co(C) = { Z rix; i x; € C, A €0, 1]’2)"' =1}

i,finite i
It is immediate to check that the convexification of any set is always convex.
Definition 3.5 For a subset C C [E, we define the Minkowski functional of C as
pc(x) 1 E — [0, +00], pc(x) =inf{p >0:x € pC}.

Important properties of pc depend on conditions on C.

Lemma 3.2 Let C C E be open, convex, and 0 € C. Then pc is a subnorm
(Definition 3.3), there is a positive constant M with

0<pcx =MJx|, xek,
and
C={xeE:pcx <1}

Proof Property N3’ in Definition 3.3 is immediate. If C is open, and 0 € C, there
is some positive radius » > 0 such that the closed ball B, C C. This means that

Il Il
xe —B, ¢ —C,
r r

and, by definition,

0<pcx)=Mlx||, M=1/r.
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Suppose x € C. Because C is open, for some € > 0, (1 +¢)x € C, i.e.

1
<— <.
pc(x) < e <

If, on the other hand, pc(x) < 1, p € (0, 1) can be found so that
1
xe pC, —xeC.
P
Since
0.(1/px € C,
by convexity

x=p/p)x+ (1 —p)0eC.

We finally check that pc complies with N2. We already know that for positive € and
x € E,

because

1
re (ree) <!

For every couple x, y € E, and € > 0, by the convexity of C, we will have that

t 1—1t
X + y €
pc(x) + € pc(y) +€

’

forevery t € [0, 1], i.e.

t 1—1¢
pc X+ y) <1
(PC(X)+€ pc(y) +e
By selecting ¢ in such a way that

pe® e peyte | pe® + pe@) + 2

t 1—1¢ , pc(X) +€
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we will have

pc(x+y) < pc(x) + pc(y) + 2e.

The arbitrariness of € implies the triangular inequality. O
We now introduce the concept of separation of sets.

Definition 3.6 Let E be a Banach space with dual E’, and F, G, two subsets of E.
For T € E/, the hyperplane

separates F from G if
(T,x) <a,xeF, (T,x)>a,xeG.
The separation is strict if € > 0 can be found such that
(T,x) <a—¢€,xeF, (I,x)>a+e,xeG.

One preliminary step corresponds to the particular case in which one of the sets in
a singleton.

Lemma 3.3 Let C be a non-empty, open, convex set in &, and xo ¢ C. Then a
functional T € E' can be found with

(T,x) < (T,x9), xeC.

In this way, the closed hyperplane {T = (T, Xq)} separates C from {Xo}.

Proof Without loss of generality through a translation, we may suppose that 0 € C.
Let p = pc be the Minkowski functional for C, and let G be the one-dimensional
subspace generated by xq. Define
ToeG', (To,xo)=1.
Then, for t > 0, we have
(To, 1x0) =t < 1p(x0) = p(tXo)

because xg ¢ C; whereas for ¢ <0,

(To, tx9) =t < 0 < p(txp).
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The analytic form of the Hahn-Banach theorem implies that 7y can be extended to
all of E in such a way that

(T,x) < px), xek,
if T € ' is such an extension. Note that T is continuous because, for some M > 0,
px) =< M|x|, xek.
In particular, for every x € C,
(T,x) = p(x) < 1=(T,x0).

O

We are now ready to deal with the first form of the geometric version of the Hahn-
Banach theorem.

Theorem 3.3 Let F, G be two convex, disjoint subsets of the Banach space E with
dual E'. If at least one of the two is open, there is a closed hyperplane separating
them from each other.

Proof Suppose F is open, and put
C=F-G={x-y:xeF,yeG}=UycF —y).

It is elementary to check that C is convex, open (because each F — y is), and 0 ¢ C.
By our Lemma 3.3, conclude that there is T € ' such that

(T',z) <0, zeC.
Since every difference
z=x-y, xeF,yeg,
belong to C, we find
(T,x) —(T,y) <O.
If p € Ris chosen in such a way that

sup(T', x) < p < inf(T,y),
yeG

xeF

we will have that the hyperplane {T = p} separates F from G. O
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Asking for a strict separation between F and G demands much more restrictive
assumptions on both sets.

Theorem 3.4 Let F, G be two disjoint, convex sets of E. Suppose F is closed, and
G, compact. There is, then, a closed hyperplane that strictly separates them from
each other.

Proof We also consider the difference set C as in the proof of the first version.
We leave as an exercise to show that C is, in addition to convex, closed. The more
restrictive hypotheses are to be used in a fundamental way here. Since 0 ¢ C, there
is some positive r such that the open ball B,., centered at 0 y radius , has an empty
intersection with C. By Theorem 3.3 applied to C and B,, we find a non-null T € E’
so that

(T,x—y)<(T,rz), xe€F,yeG,zeB.

This yields, by taking the infimum in z € By,

1
_<Tax_y>§_”T”7 XEF,yEGa
r

that is to say

L PG |
2 — 9 2 b 9 M

As before, for p selected to ensure that

sup(T,x) + 0 < ) < g, yy — 0
xcF 2 — T yeG 2
we will have that the hyperplane {T = p} strictly separates F from G. O

3.5 Some Applications

Our first application is a helpful fact that sometimes may have surprising conse-
quences. Its proof is a direct application of Theorem 3.4 when the closed set is a
closed subspace, and the compact set is a singleton.

Corollary 3.3 Let M be a subspace of a Banach space E with dual E'. If the closure
M of M is not the full space E, then there is a non-null T € E' such that

(T,x) =0, xeM.
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Proof For the choice
F=M, G={x},x0ecE\M,
by Theorem 3.4, we would find T € E’ and p € R such that
(T,x) < p <(T,xg), xe€DM.
Since
rAx e Mifx e M,

we realize that the only value of p compatible with the previous left-hand side
inequality is p = 0, and then the inequality must be an equality. O

One of the most appealing applications of this corollary consists in the conclusion
that a subspace M is dense in [E, M = E, if the assumption

(T, x) =0 forevery x e M
implies that T = 0 as elements of [E'.

There is a version of the preceding corollary for general convex sets, not
necessarily subspaces, that is usually utilized in a negative form.

Corollary 3.4 Let F be a convex set of a Banach space E with dual E'. If a further
set G cannot be separated from F in the sense

(T,Xx) + p > 0 foreveryx € Fand some T € E/,
implies
(T,x) + p >0 foreveryx € G,

then G C F.
There is even a version of this result in the dual of a Banach space.

Corollary 3.5 Let F be a convex set of the dual space ' of a Banach space E. If a
further subset G C E' cannot be separated from F in the sense

(T,x) + p > 0forevery T € F and somex € E
implies
(T,x)+p>0forevery T € G,

then G C F.
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The following form is, however, usually better adapted to practical purposes.

Corollary 3.6 Let F be a set of the dual space E' of a Banach space E. If a further
subset G C ' cannot be separated from F in the following sense: whenever

(T,x)+p <O0forsomeT € G,xeE, p eR,
then there is T € F with
(f",x)+,o < 0;

then G C co(F).

A fundamental consequence for variational methods is the following.
Theorem 3.5 Every convex, closed set C in a Banach space E is weakly closed.
Proof Let

u; —~u, u;eC,

with C convex and closed in E. Suppose u ¢ C. We can apply Theorem 3.4, and
conclude the existence of an element 7 € E’ and some ¢ > 0 such that

(T,u) <€, (T,v)=>¢e,

for all v e C. This is a contradiction because each v = u; € C, and then we would
have

(T.uj) =z¢, (T,u) <e,
which is impossible if

lLim (T,u;) = (T, u).

J—>00

3.6 Convex Functionals, and the Direct Method

The Lax-Milgram lemma Theorem 3.1 is a very efficient tool to deal with quadratic
functionals and linear boundary-value problems for PDEs. If more general situations
are to be examined, one needs to rely in more general assumptions, and convexity
stands as a major structural property. We gather here the main concepts related to
minimization of abstract functionals.
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Definition 3.7 A functional / : E — R, defined in a Banach space E, is:

1. convex if
I(tuy + (1 = t)ug) < I'(uy) + (1 —1)I(up)
for every
u,u ek re]01];
it is strictly convex if, in addition, the identity
I(tu; + (1 —)we) = I'(uy) + (1 — 1)1 (uo)
is only possible when
u =ug, t(1—1)=0;
2. lower semicontinuous if

I(u) < liminf/(u;)
j—o00

whenever u; — uin[E;
3. coercive if

I1(u) — oo when |u|| — o0;
4. bounded from below if there is a constant ¢ € R such that

c<I(uw, uek

It is not difficult to check that under our assumptions in Theorem 3.1, one can
show the strict convexity of the functional

I - H—> R, I =a()— (U, u). 3.7
Indeed, let
u,u € H, relO0,1].
We would like to conclude that

I(tuy + (I —tug) < 11 (uy) + (1 — 1)1 (ug),
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and equality can only occur if uy = wug, or #(1 — ¢) = 0. Since the second
contribution to / is linear in u, it does not perturb its convexity. It suffices to check
that indeed

a(tu; + (1 — Hug) < ta(uy) + (1 — Ha(uy),

with equality under the same above circumstances. The elementary properties of the
bilinear form A lead to

ta(ay) + (1 —t)a(ug) —a(tu; + (1 — Hug) =t (1 — t)a(a; — ugp).

Because the quadratic form a is coercive, it is strictly positive (except for the
vanishing vector), and this equality implies the strict convexity of /.

This strict convexity of I, together with its coercivity, has two main consequences
that hold true regardless of the dimension of H (exercise):

1. I admits a unique (global) minimizer;
2. local and global minimizers are exactly the same vectors.

There is another fundamental property that has been used for the quadratic
functional / in (3.7). It has been explicitly stated in (3.3). It can also be regarded in
a general Banach space. Because it will play a special role for us, we have separated
it from our general definition above.

Definition 3.8 Let / : E — R be a functional over a Banach space E. I is said to

enjoy the (sequential) weak lower semicontinuity property if

I(u) < liminf 7 (u;)
Jj—00

whenever u; — uin [E.

Note that Definition 3.7 introduces lower semicontinuity with respect to conver-
gence in the Banach space itself. We will refer to this, to distinguish it from weak
lower semicontinuity, as strong lower semicontinuity whenever appropriate.

Before we focus on convexity, let us describe the direct method of the Calculus
of Variations in general terms.

Proposition 3.1 Let I : E — R be a functional over a reflexive Banach space
E, bounded from below by some finite constant, and complying with the two
conditions:

1. coercivity:
1(u) — oo when |u|| — oo;

2. weak lower semicontinuity according to Definition 3.8.

Then the there is a global minimizer for I in E.
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Proof Let m € R be the infimum of / over E, and let {u;} be minimizing

I(uj) ~m.

The coercivity condition implies that {u;} is uniformly bounded in [, and, hence, by
the weak compactness principle Theorem 2.3, there is a subsequence (not relabeled)
converging weakly to some u € E: u; — u. The weak lower semicontinuity
property leads to

m < I(u) < liminf/(u;) = m,
j—00

and u becomes a global minimizer for / in E. O

This principle is quite easy to understand, and it isolates requirements for a
functional to attain its infimum. However, we would like to stress that convexity
comes into play concerning the weak lower semicontinuity property.

Proposition3.2 Let I : E — R be a convex, (strong) lower semicontinuous
functional over a Banach space E. Then it is weak lower semicontinuous.

Proof The proof is based on one of our main consequences of the Hahn-Banach
theorem, specifically Theorem 3.5. We showed there that convex, closed sets in
Banach spaces are also weakly closed.

Suppose u; — u, but

I(u) > liminf 7 (u;).
j—00

Select m € R such that

liminf 7 (u;) <m < I(uw).
J—>00

The sublevel set
C={veE:I(v) <m}

is convex and closed, precisely because [ is convex and lower semicontinuous.
Hence, by Theorem 3.5, C is also weakly closed. But then the two facts

u; —~u, liminf/(u;) <m
J—>0o0

imply u € C, which is impossible if m < I (u). O

As a main consequence, we have an existence abstract theorem for convex
functionals that is a direct consequence of Propositions 3.2 and 3.1
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Corollary 3.7 Let I : E — R be a convex, lower semicontinuous functional over a
reflexive Banach space &, that is bounded from below by some finite constant, and
coercive in the sense

I (u) — oo when |u|| — oo.

Then the there is a global minimizer for I in .

Though this corollary yields a first existence result for a large class of integral
functionals, we will focus on an independent, more specific strategy that can be
generalized to tackle larger classes of problems, as we will see later in the book, and
broader notions of convexity that are central to vector problems.

Conditions to ensure uniqueness of minimizers are, typically, much more
restrictive and are usually associated with strict convexity.

Proposition 3.3 Assume, in addition to hypotheses in Corollary 3.7, that the
Sfunctional I : E — R is strictly convex in the sense of Definition 3.7. Then there is
a unique minimizer for I in E.

Proof The proof of uniqueness based on strict convexity is quite standard. Suppose
there could be two minimizers up, up,

I(uy) =I(up) =m = minl.
Then we would have,
m < I1((1/2)u; + (1/2)up) < (1/2)1 (1) + (1/2)1 (wg) = m.
Hence
I((1/2)u; + (1/2)ug) — (1/2)I (wy) — (1/2)I(ug) =0

and from the strict convexity, we realize that the only alternative is u; = ug. O

Even for more specific classes of functionals like the ones we will consider in the
next chapter, uniqueness is always associated with this last proposition so that strict
convexity of functionals need to be enforced. This is however not so for existence,
since we can have existence results even though the functional / is not convex.

3.7 Convex Functionals, and the Indirect Method

The direct method of the Calculus of Variations expressed in Proposition 3.1,
or more specifically in Corollary 3.7, allows to prove existence of minimizers
“directly” without any further computation, except possibly those directed towards
checking coercivity and/or convexity, but no calculation is involved in dealing
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with the derivative of the functional. In contrast, taking advantage of optimality
conditions in the spirit of Lemma 2.7, to decide if there are minimizers, falls under
the action of techniques that we could include in what might be called the indirect
method.

We already have a very good example to understand this distinction between the
direct and the indirect method in the important Lax-Milgram Theorem 3.1 though
in this particular, fundamental case both are treated simultaneously. Recall that in
this context we are before a symmetric, continuous, coercive bilinear form A(u, v)
over a Hilbert space H, with associated quadratic form

a(un) = %A(u, u).

1. The direct method would ensure, based on the coercivity and the convexity of
a(u), that there is a unique minimizer of problem (3.1)

Minimizeinu € H: a(u) — (U, u) (3.8)

for any given U € H.
2. The indirect problem would focus on the condition of optimality (3.2)

A, v) = (U,v)

for every v € H, and assuming that we are able to find, independently of the direct
method, one solution u, argue, again based on the convexity of the quadratic
functional in (3.8), that such element u is indeed a minimizer for problem (3.8).

Said differently, the direct method points to a solution, the minimizer, of the
conditions of optimality, under smoothness of the functional. As a matter of fact, a
minimizer of a variational problem, regardless of how it has been obtained, will be a
solution of optimality conditions, under hypotheses guaranteeing smoothness of the
functional. From this perspective, we say that existence of solutions of optimality
conditions are necessary for the existence of minimizers, even in the absence of
convexity. But convexity is required to guarantee that existence of solutions of
optimality conditions are sufficient for (global) minimizers.
Consider the variational problem

Minimizeinu e H: [(u) 3.9

where H is a Hilbert space, and [ is differentiable (Definition 2.13).
Proposition 3.4

1. Ifu € H is a minimizer for (3.9), then

(I'@), V) =0 (3.10)
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for every U € H.

2. Ifu € H is a solution of (3.10), and I is convex, then U is an optimal solution
for (3.9).

3. If I is strictly convex, then either problem (3.9) or (3.10) has a unique solution.

Proof Though the proof is pretty elementary, its significance goes well beyond
that simplicity: (3.10) is the abstract expression of the fundamental Euler-Lagrange
equation in its weak form. We will review it in more specific frameworks in
subsequent chapters.

If uis indeed a minimizer for (3.9), then € = 0 has to be a (global) minimizer for
each section

ceeR— I(u+ €U).

In particular, its derivative at e = 0 which, by Lemma 2.7, is given by (3.10), must
vanish. This does not require any convexity. On the other hand, if I is convex, then

I(u+U) > I(u)+ (I'(w),U)

for every u, U in H (exercise below). In particular, if u = u complies with (3.10),
then we immediately see that

Ia+U) > I

for every U, and u becomes a minimizer. The uniqueness has already been treated
in the last section under strict convexity. This is left as an exercise. O

The relevance of the simple ideas in this section will be better appreciated in some
cases when the direct method for integral functionals is inoperative because of lack
of appropriate coercivity properties. In such a situation, the indirect method may be
explored to see if existence of global minimizers may be reestablished.

3.8 Stampacchia’s Theorem: Variational Inequalities

Stampacchia’s theorem is a fundamental statement to deal with quadratic, not
necessarily symmetric, forms in a Hilbert space H. It is the simplest example of a
variational inequality, and it is typically used to have the Lax-Milgram lemma as an
easy corollary (Exercise 10). As we have shown above, we have followed a different,
independent, more variational, route to prove that crucial lemma. However, it is
important to know this other fundamental result by Stampacchia. Its proof is a
beautiful application of the classical contraction principle Theorem 1.1.

Theorem 3.6 Let A(u, V) be a continuous, coercive bilinear form in a Hilbert
space H, and let K C H be non-empty, closed, and convex. For every T € H,
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there is a unique u € K such that
A(m,v—u) > (T,v—u)

for every v € K. In, in addition, A is symmetric, the vector u is characterized as the
unique minimizer of the quadratic functional

V> %A(V, v) — (T, v)

over K.

Proof Through the Riesz-Fréchet representation theorem Proposition 2.14, it is
easy to show the existence of a linear, continuous operator A : H — H such that

A, v) = (Au,v), [Au| <Clul, wu,vel, (3.11)

and, moreover,
1 2
(Au, u) > Ellull , uweH, (3.12)

for some positive constant C. Similarly, through the same procedure, there is some
t € H with

(T,v) =(t,v), veH.
Note that the left-hand side is the duality pair in the Hilbert space H, while the
right-hand side is the inner product in H. There is, we hope, no confusion in using
the same notation. In these new terms, we are searching for a vector u € H such that
(Au,v—u) > (t,v—u), vel (3.13)
If for a positive r, we recast (3.13) in the form

rt—rAu+u—u,v—u) <0, vel,

we realize, after Proposition 2.11 concerned with the orthogonal projection onto a
convex set, that the previous inequality is equivalent to the functional equation

u = ng(rt — rAu + u).
We would like to interpret this equation as a fixed point for the mapping

ut> Tu=ng(t—rAu+ u).
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The contraction principle Theorem 1.1 guarantees the existence of a unique fixed
point for such a mapping, provided that it is a contraction. Since the norm
of every projection is less than unity (check the discussion after the proof of
Proposition 2.11), we find that

[Ta; — Tz || <[lu; —up — rA(u; —w)|?

=lur — w|* = 2r(u; — w2, ACu; — w)) + r2[|A®u; — )l

1
<[luy — wp||? — 2r 5w - wl? + 2 |luy — uy|?
2r
= (1 -t r2C2> ay —wa %,
by (3.11) and (3.12). If we select

0<r<a,

we clearly see that T becomes indeed a contraction, and it admits a unique fixed
point u which is the vector sought as remarked earlier.

The symmetric case and the minimization property is left as an exercise, though
it takes us back to the Lax-Milgram theorem. O

3.9 Exercises

1. Prove the third part of Corollary 3.2 relying on the other two parts.
2. For a finite set of vectors

{x1,%2,....,x} CE

in a normed space E, show that the three numbers

sup{l| Y ajx;l : Aj = %1},
j

sup{[| Y ajxjll: =1 <2; <1},
J

sup{) (. x;)| : X e B, [IX']| < 1},
J

are identical.
3. Show that a difference set C = F — G is closed if F is closed and G, compact.
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4. Let
fx) :RY > R,
be coercive and strictly convex. Prove that f admits a unique local minima
which is also global.
5. (a) Let a function
fx :R"—> R

be C'. Show that it is convex if and only if

fE+yY) = fX+VIX -y
for arbitrary x, y € R”.

(b) Suppose the functional I : E — R is differentiable and convex, where E is
a Hilbert space. Prove that

[(u+U) = () + (I'(w), V)
for every u, U in E. If, in addition, [ is strictly convex then the equality
[(u+U) =1I() +(I'(w), V)
is only valid if U = 0. Based on this, prove the third item of Proposition 3.4.
6. Show that if u is a smooth solution of (3.5), then (3.4) is correct for every

ve H(J).
7. Consider the Hilbert space H = H(} O, 1).

(a) Argue that

1
(u, v) = f W (' (1) dt
0

is an equivalent inner-product in H, and regard H as endowed with it.
(b) Consider the bilinear form

1
A(u, v) =/ tu' (V' (1) dt,
0

and study the corresponding Lax-Milgram problem (3.1) for U = 0.
Show that there is no minimizer for it. What is the explanation for such
a situation?
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10.
11.

12.
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In the context of the Lax-Milgram theorem, consider the map T : H — H
taking each U € H into the unique solution u. Show that this is a linear
continuous operator.
Show Stampacchia’s theorem for the symmetric case by defining on H a new,
equivalent inner product

(u,v)a = A(u, v),
and using the orthogonal projection theorem for it. In this same vein, argue that
the solution u is characterized as the unique minimizer of the corresponding
quadratic functional in the statement of Stampachhia’s theorem.

Prove the Lax-Milgram lemma from Stampachia’s theorem.
For f(x) € L2%(J), define the functional [ : HOI(J ) — R through

I(u) = / F(v(x))dx,
J
—@@) +V @) + f()=0inJ, ve Hy).

Explore conditions on the integrand F : R — R allowing for the direct method
to be applied.
For an open, convex subset D in RN let u(x) : D — R be a convex function.
Let (X, ) be a probability space, and

v;x):X—>R, 1<j<N,
integrable functions such that the joint mapping

x+— (vj(x)); € D

and the composition

X = u(vi(x), v2(%), ..., VN (X))

is integrable (with respect to w).

</ vj(x)du(x)) e D.
X j

(a) Argue that
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(b) Prove Jensen’s inequality

u(/ Ul(X)le«(X)w--’/ UN(X)dM(X)> <
X X

/Xu(vl(x),---, v (X)) dp(x).

(c) Figure out a suitable choice of N, D, u, X and p, to prove that the geometric
mean of m positive numbers r; is always smaller than the arithmetic mean

erjjfz)‘jrj’ )\.j>0,2)\.j=1.
J J

13. Explore conditions on the integrand
F(u,v): R? > R

to guarantee that the functional

I(u)=/J/Jf(u(x),u(y))dxdy

is convex. J is an interval in R.
14. (a) Consider a functional of the form

1 1
I(w) = / ) </ W(x,y, uy)) dy) dx
0 0

for certain functions
W, y,u,v): (0,1)>xR—>R, @&@F):R— R.
Derive a set of sufficient conditions for the functional / to be weak lower

semicontinuous.
(b) The generalization to a funcional of the form

1 1
I(u) = / o) </ Wi(x,y, u(x), u(y))dy) dx
0 0

is much more difficult. Try to argue why.
15. Let functions

fik,w): (0, ) xR—>R, 1=<i=<n, f(xu=(filx,u),
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16.

17.

3 Introduction to Convex Analysis: The Hahn-Banach and Lax-Milgram Theorems

be given, and F : R” — R. Consider the functional

I(u)=F (/ f(x,u(x))dx) .
J

Explore both the direct and indirect methods for this family of functionals.
Let {u;} be an orthonormal basis of L2(£2) for a open set  C R", and consider

sy L2(Q) — R,

N
v = [0 Y wwmy) f»dx dy.
x i=1

(a) Check that each sy is a semi-norm in L2(2).

(b) Show that the usual topology of L%(Q) (the one associated with its
usual inner product) is the coarser one that makes the collection {sy}y
continuous.

For the functional
1
E:Hy(0,1) > R, E@) = /0 [ ' (x) + ¢ u(x))]dx

where ¥ and ¢ are C!-, real functions such that

W @), 1¢ @) < C(1+u?)

for a positive constant C, calculate, as explicitly as possible, its derivative E’(u)
for an arbitrary u € HO1 O, 1).



Chapter 4 ®)
The Calculus of Variations for Creck fo
One-dimensional Problems

4.1 Overview

The goal of this chapter is to study one-dimensional variational problems where one
tries to minimize an integral functional of the form

1(n) :/F(x,u(x),u’(x))dx 4.1
J

among a certain class of functions (paths) A. Here J is a finite interval in R, and
the integrand

F(x,u,v): J xR"xR" - R

is a function whose properties are the main object of our concern. Fundamental
ingredients to be examined are function spaces where competing paths

ulx):J — R"

are to be taken from. Additional constraints, typically in the form of prescribed end-
point conditions, are also to be taken into account. All of these various requirements
will be hauled into the collection of competing paths A.

Our goal is to understand these two principal issues for functionals of this integral

type:

1. isolate properties on the integrand F to ensure the existence of at least one
minimizer in a natural function space, under typical sets of constraints; and

2. determine additional properties, the so-called optimality conditions, that such
minimizers should comply with precisely because they are optimal solutions of
a given variational problem.
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As a general rule, existence theorems for minimizers of functionals can be estab-
lished in Banach spaces; however, optimality conditions involving derivatives
require, at least in a first step, an inner product, and so we will look at them in a
Hilbert space scenario. Optimality conditions in Banach spaces demand additional
training that we will overlook here.

Though variants can, and should, be accepted and studied, our basic model
problem will be

Minimizeinu e A: I(u)

where [ (u) is given in (4.1), and A is a subset of a suitable Sobolev space usually
determined through fixed, preassigned values at the end-points of J

u(xg) =up, ux)) =u;, J=(x0,x1) CR, up,u; €R".

There are many more topics one can look at even for one-dimensional problems:
important issues hardly end with this introductory chapter. As usual, we will indicate
some of these in the final Appendix of the book.

Since convexity will play a central role in this book henceforth, we will remind
readers of the main inequality involving convex functions: Jensen’s inequality. It
has already been examined in Exercise 12 of Chap. 3. Convexity for functionals has
already been treated in the same chapter. We will reserve a more practical look at
convexity until Chap. 8 where functions and integrands depend on several variables.
Though this can be the case for vector, uni-dimensional problems too, we defer a
more systematic discussion until then. Most of the interesting examples examined
in this chapter correspond to uni-dimensional, scalar problems and so convexity is
mainly required for real functions of one variable.

4.2 Convexity

Though often convexity is defined for functions taking on the value 400, and this is
quite efficient, we will only consider real functions defined on subsets.

Definition 4.1 A function
¢p:DcRY >R
is convex if D is a convex set, and
d(nx1+n0x2) <d(X1) +n¢(x2), Xi,x2 €D, t1,n>0,11+n=1 (4.2)

If there is no mention about the set D, one consider it to be the whole space RY or
the natural domain of definition of ¢ (which must be a convex set). Moreover, such
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a function ¢ is said to be strictly convex if the equality in (4.2)
d(nx1 +0x2) =11 (X)) + L (X2), X1,x2 €D, 11, >0,11 +1=1,

can only occur when either x; = x, or t17, = 0.

Though we will be more explicit in Chap. 8 when dealing with high-dimensional
variational problems, we anticipate two basic facts which are easily checked:

1. Every linear (affine) function is always convex, though not strictly convex.
2. The supremum of convex functions is also convex.

One main consequence is that the supremum of linear functions is always convex.
In fact, this is always the case. To dig deeper into these issues, we introduce the
following concept.

Definition 4.2 For a function ¢ (x) : RN — R, we define
Cro =sup{y : ¥ < ¢, ¥, linear},
Ccop =sup{y : ¥ < ¢, ¥, convex}.

It is obvious that

Crp =Ccp =9,

and that if ¢ is convex, then Cc¢p = ¢. The following important fact is an
unexpected consequence of Theorems 3.3 or 3.4. In the finite-dimensional case,
both are equivalent.

Proposition 4.1 A function ¢ (x) : RV — R is convex if and only if
$»=Crp =Cco.
Proof Suppose ¢ is a convex function. Its epigraph
E={x,neR" 1> ¢)

is, then, a convex set. This is straightforward to check. If we assume that there is a
point y where Cr¢(y) < ¢ (y), then the two convex sets

E, {(y,Co(N}
are disjoint with the first, closed, and the second, compact. Theorem 3.4 guarantees
that there is a closed hyperplane in RV *! separating them. Hyperplanes in RV+!

are of the form

u-X+uxyy =c, wxeRY u cekR;
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and hence there is suchu € R, i € R, with

u-X+ ut > cwhent > ¢(x), 4.3)

u-y+uCro(y) <c.
We claim that u cannot be zero, for if it were, we would have
u-x<c<u-y

with no restriction on x € RY . This is clearly impossible. Suppose that, without loss
of generality, u is positive, and define

1 1
Lx=——u-x+4+ —c.
u u

then (4.3) for t = ¢(x) would lead to Lx < ¢ (x) for every x, and yet Ly > Cr¢(y),
which is a contradiction with the definition of Cy ¢. |

The most fundamental fact involving convexity is Jensen’s inequality. It is almost
an immediate consequence of Proposition (4.1).

Theorem 4.1 If ¢ : RY — R is a convex function, and 1 is a probability measure

supported in RN then
¢</ XdM(X)) Sf ¢ (x) dju(x).
RN RN

If ¢ is strictly convex, and

/ P(x)dp(x) = ¢ (/ XdM(X)) ;
RN RN

then  is a Dirac mass 8, supported at

7= / xdu(x).
RN

Proof The fact that p is a positive measure with total mass 1, implies that if L is a
linear function such that L < ¢, then because integration is a linear operation,

L (/ xdu(x)) 2/ L(x)dpu(x)
RN RN

< / $(0) dp(x).
RN



4.3  Weak Lower Semicontinuity for Integral Functionals 125

If we take the supremum on the left-hand side among all linear functions with L <
¢, by Proposition 4.1, we have our inequality.

If, in fact, the last inequality turns out to be an equality, then the support of u
must be contained where ¢ equals Cr ¢; but the strict inequality of ¢ implies that
the support of 1 must be a singleton. O

It is not difficult to generalize in a suitable way these concepts and results for
functions that can take on the value +o0, by restricting all operations to the domain

of ¢.

4.3 Weak Lower Semicontinuity for Integral Functionals

So far, we have been exposed to abstract, general functionals defined over a Banach
or Hilbert space, and have anticipated the central role played by the convexity
property of the functional under consideration. When one restricts attention to
special classes of functionals, finer results can typically be shown. We start now
the study of integral functionals of the type

I(u) =/F(x,u(x),u’(x))dx 4.4)
J

defined over suitable subsets of Sobolev spaces of competing functions or paths u.
Our model problem will insist on end-point conditions of the form

u(xg) =ug, u(x;) =u

if J = (xp, x1) is a finite interval in R, and ug, u; € R”, though other restrictions
can be adapted to variational methods. The properties of the integrand

Fx,u,U):J xR"xR" - R 4.5)

will be crucial to our results. In particular, we are mostly interested in understanding
for which such densities the direct method Proposition 3.1 can be implemented to
produce existence results for minimizers for /. One way or another the convexity of
I or of F will have to play a central role.

To be more specific, and for the sake of definiteness, once J is given, take a finite
p > 1, and let

E=W"?(J;R")

be our basic, underlying Banach space where we will consider our variational
problems. For p # 2, it is a Banach space, while for p = 2, E becomes
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H=H' (J; R™), a Hilbert space. Our model problem will be
Minimize inu €e E= W'?(J; R . I(u) = / F(x,u(x),u (x))dx
J

subject to
u(xo) =ug, u(xy) =uy.
Strictly speaking, the class
A=fueWHURY) ux) = g, ux1) = ui},

is not a vector space. However, if we set

X — X0 X1 — X
L:J—E, Lkx)= u; + ug,
X1 — X0 X1 — X0

then

A=L+ Wy (IR,

Wy P (J;R") = fu € WP (J;R") : u(x) = u(xy) = 0},

and Wé "7 (J; R") is a vector subspace of E. Competing paths for our model problem
can then be written in the form

u=L+u, ueW, (J;R".

We will not insist in this point any longer, and, without further notice, we will work
with the class A as if it were a Banach subspace of E.

The direct method Proposition 3.1 will guide us. In fact, we could already state a
first result through Proposition 4.1. But since we are after a more general existence
result which is specific for our integral functionals and, hence, it can guide us in
other situations, we will follow a different strategy.

Let us focus on functional (4.4) for an integrand as in (4.5). F(x,u, U) is
assumed to be continuous on pairs (u, U), but only measurability on the spatial
variable x is assumed. It is clear that if

Fx,,):R"xR" - R

is convex for each x € J, then the corresponding functional / in (4.4) is also
convex. In this way, and under additional suitable assumptions, we could rely on
Proposition 4.1, as already indicated, for weak lower semicontinuity, and eventually
have an existence result through Corollary 3.7. However, our emphasis is placed in
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the fact that only convexity of F (x, u, U) with respect to variable U is necessary for
our functional / to be weakly lower semicontinuous in Sobolev spaces. Our main
result on weak lower semicontinuity follows.

Theorem 4.2 Let
Fx,u,U):JxR"xR" - R

be continuous in (u, U) for a.e. x € J, and measurable in x for every pair (u, U).
The associated functional I in (4.4) is weak lower semicontinuous in whp(J, RY)
if and only if F (x,u, -) is convex for a.e. x € J and everyu € R".

The proof of this main result is our goal in the rest of this section.

The most interesting part for us is the sufficiency. The necessity part is, however,
relevant too because it is informing us that there cannot be surprises concerning
convexity: weak lower semicontinuous functional cannot escape convexity. This is
in deep contrast with the vector case in which one considers competing fields

ue WhP(Q RY), QcCRV,

and both dimensions n and N are at least two. This requires, as a preliminary step,
a serious concern about high-dimensional Sobolev spaces. We will treat these in
the third part of the book. For vector problems, the necessity part of Theorem 4.2
dramatically fails, and thus opens the door to more general functionals than those
having a convex dependence on U.

We begin by arguing the necessity part. Suppose the functional [ in (4.4) is weak
lower semicontinuous, and let

acJ, uyUyU; eR". (4.6)
Take 6 > O sufficiently small so that
Jas=la—68/2,a+6/2] C J = (x0, x1).
For each j, divide J, s in 2j equal subintervals of length 6/(2j), and let x;(x) be

the characteristic function of the odd subintervals, so that 1 — x;(x), restricted to
Ja.s 1s the characteristic function of the even subintervals of such family. Define

uy, x € (xp,a —6/2)
wj(x) = Yuo+ [i 50 i) dsUr+ [ ,(1 = x;(s))dsUo, x € Jas,
up + (6/2)(U; + Up), x € (a+68/2,x1).



128 4 The Calculus of Variations for One-dimensional Problems

We claim thateachu; € wlr (J; R™). In fact, it is easy to check that it is continuous
as it is continuous in each subinterval

(x0,a —38/2), Jas, (a+38/2,x1),

separately, and it matches across common end-points. On the other hand, the
derivative u’/. (x) turns out to be, except in a finite number of points,

0, x € (xp,a —8/2)
w;(x) = 1 x; (UL + (1 = x;(x)Uo,  x € Jus,
0, X € (a+8/2,x),

and this is definitely a path in L? (J; R"). In addition, if we recall Example 2.12, we
conclude that x; — 1/21in J, s, and u/j — U where

0, x € (xg,a —8/2)
Ux) =1 (1/2)U; + (1/2)Ug, x € Jus,
0, x e€(a+68/2,x1).

If, finally, we define

u(x) = ug + / UG ds,

x0
then, by Proposition 2.8, we can conclude that
u; — uin whr (g, RY).
If our functional 7 in (4.4) is truly weak lower semicontinuous, we ought to have

I(w) < liminf/(u;). 4.7
Jj—>00

Let us examine the two sides of this inequality. For the left-hand side, we find

a—38/2
1(u) =/ F(x,up,0)dx
X

0

a+8/2
+/ F(x,up + (x/2)(U1 + Up), (1/2)(Uy + Vo)) dx
a—38/2

x1
+/ F(x,u0+ (6/2)(U; + Uo), 0) dx.
a+38/2



4.3  Weak Lower Semicontinuity for Integral Functionals 129

Similarly,

a—3§8/2
I(u;):/ F(x,ug,0)dx
X

0

a+8/2
+/ o Fx,u;(x), xj(0)UL + (I — x;(x)Uo) dx

X1
+/ F(x,uy+ (§/2)(U; + Up), 0) dx.
a+8/2

Concerning the central contribution, it is reasonable to expect (proposed as an
exercise) that the difference

a+48/2
/ 2 F(x,uj(x), xj (U + (1 = x;(x)Uo) dx

a+8/2
—/ 2 F(x,ug + (x/2)(Uy + Up), x; (1)U + (1 — x;(x))Uo) dx

tends to zero as j — oo because the convergence u; — u takes place in
L*°(J;R"), and F is continuous with respect to the u-variable. Since the first
and third terms of the above decompositions are identical for both sides in
inequality (4.7), such inequality and the preceding remarks lead to

a+5/2
/ 5 F(x,u + (x/2)(U; + Up), (1/2)(U; + Up)) dx

a+8/2
< liminf / F(x.up+ (x/2)(Ug + Ug), x;(0)Up + (1 — x;(x))Ug) dx.
j—=o0 Ja—5/2

But the integral in the limit of the right-hand side of this inequality can be broken
into two parts

/ F(x,u9 + (x/2)(U; + Uo), Uy) dx
JasN{x;=1}
+/ F(x,up + (x/2)(U; + Uo), Up) dx,
Ja,sN{x;j=0}
For ¢ sufficiently small, each of these two integrals essentially are

1 1
EF(CEUO’ Ul) + EF(a’u()?UO)v
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and the weak lower semicontinuity inequality becomes

1 1
F(a,ug, (1/2)(U; + Up)) < EF(a, up, Up) + EF(a, ug, Up).

The arbitrariness in (4.6) leads to the claimed convexity. There is however a few
technical steps to be covered for a full proof that are left as exercises.

For the sufficiency part, our main tool is the classical Jensen’s inequality,
Theorem 4.1. It was also treated in Exercise 12 of Chap. 3. Turning back to the
sufficiency part of Theorem 4.2, suppose

u; — uin WhP(J; RY). (4.8)

For a positive integer [, write

I
[F(x,u(x),u/(x))dx - Z/ F(x,u(x), u (x))dx
4 i=1 7

where the full interval of integration J is the disjoint union of the J;’s and the
measure of each J; is 1/1. Then

!

/F(x,u(x),u’(x))dx NZEF <l/ xdx,l/ u(x)dx,l/ u’(x)dx).
J l Ji Ji Ji

i=1

Because of the weak convergence (4.8), and the continuity of F,

lim F<l/ xdx,l/ uj(x)dx,l/ u’j(x)dx>

Jj—00 Ji Ji Ji

:F(l/ xdx,l/ u(x)dx,l/ u’(x)dx),
]i Ji ]i

for each i. But for the probability measure u; ; determined through the formula
i) =1 [ o0 dn,
Ji ’

Jensen’s inequality applied to

¢=F<l/ xdx,l/ uj(x)dx,~>
Ji Ji
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implies

F(l/ xdx,l/ uj(x)dx,l/ u/j(x)dx) <

i i Ji

l/ F(l/ xdx,l/ u.,'(x)dx,u/j(x)> dx
i i Ji

The right-hand side, when m is large, is essentially the integral

l/le F (x,uj(x),u/j(x)) dx.

If we put all of our ingredients together, we arrive at the claimed weak lower
semicontinuity result

/F(x,u(x),u’(x))dxs lim fF(x,uj(x),u;(x))dx,
7 j—=oo )y

as the limit for / large, of

1
Z%F(/xdx,l/ u(x)dx,l/ u’(x)dx)
i Ji

i=1 1

. 1
= lim Z—F(l/ xdx, l/ u;(x)dx, l/ u; (x)dx)
j—)OOi:ll I
< i F ; ¢
_jinc}o;/;i (l/;iXdX,l/Ji u](x)dx,u](x)) dx

~ lim Z/ F x,u;(x), u; (x))

= lim JF(x,uj(x),u’j(x)> dx.

4.4 An Existence Result

Based on our main weak lower semicontinuity result Theorem 4.2, we can now
prove a principal result for existence of optimal solutions for variational problems
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with integral functionals of the kind
Minimizeinu e A: I(u) = / F(x,u(x), ' (x))dx (4.9)
J

where A C W!UP(J;R") is a non-empty subset encoding constraints to be
respected. The exponent p is assumed to be strictly greater than unity, and finite.

Theorem 4.3 Let
Fx,u,U):J xR"xR" - R
be continuous in (u, U) for a.e. x € J, and measurable in x for every pair (u, U).
Suppose that the following three main conditions hold:
1. coercivity and growth: there are two positive constant C_ < Cy., and a exponent
p > 1 with
C-(UP ~1) = F(x,u,U) < C4 (JUI” + 1),

forevery (x,u,U) € J x R* x R"*;
2. convexity: for a.e. x € J, and every u € R", we have that

F(x,u,):R" > R

is convex;
3. the set A is weakly closed, and for some xy € J, the set of numbers

{u(xg) : u € A}

is bounded.
Then there are optimal solutions for the corresponding variational principle (4.9).

Proof At this stage the proof does not show any surprise, and follows the guide of
the direct method Proposition 3.1. If m is the value of the associated infimum, the
coercivity and growth condition implies that m € R. Let {u;} be a minimizing
sequence. Through the coercivity condition, we can ensure that, possibly for a
suitable subsequence, the sequence of derivatives {u’j} is bounded in L?(J; R").
Indeed, for such minimizing sequence we would have, thanks to the coercivity
condition,

1
/P i
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Since I (u;) \y m € R, this last inequality implies that the sequence of derivatives
{u’j} is uniformly bounded in L?(J; RV). If we write

X

wj () = u; (x) +f W (5) ds,

X0

the condition assumed on the point xo € J and all feasible paths in A, together with
the previous uniform bound on derivatives, imply that {u;} is uniformly bounded in
Wl’p(J; R"), and hence u; — u for some u, which belongs to A, if this subset is
weakly closed. Our weak lower semicontinuity result Theorem 4.2 guarantees that

m < I(u) < liminf/(u;) < m,
j—)OO

and u becomes a true minimizer for our problem. O
There are several remarks worth considering.

1. We know that the convexity condition on the variable U is unavoidable for
weak lower semicontinuity, however both the coercivity condition and the weak
closeness of the feasible set A may come in various forms. In particular, only the
coercivity inequality

C(JU” - 1) < F(x,u,U) (4.10)

is necessary for an existence result. However, since in such a situation the possi-
bility that / may take on the value +o0o somewhere in the space W7 (J; R") is
possible, one needs to make sure that the feasible set A, where [ is supposed to
take on finite values, is non-empty, i.e. / is not identically 400, and then

m = inf I(u),
ueA

is a real number. In this case, we can talk about minimizing sequences {u;} with
I(u;) \(m € R, and proceed with the same proof of Theorem 4.3.

2. The coercivity condition in Theorem 4.3 is too rigid in practice. It can be replaced
in the statement of that result by the more flexible one that follows, and the
conclusion is valid in the same way: there is C > 0 and a exponent p > 1
such that

C (Il pgryy — 1) < I(u). 4.11)

3. The uniqueness of minimizers can only be achieved under much more restrictive
conditions as it is not sufficient to strengthen the convexity of the integrand
F(x,u, U) with respect to U to strict convexity. This was already indicated in
the comments around Proposition 3.3. In fact, the following statement is a direct
consequence of that result.
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Proposition 4.2 [n addition to all assumptions in Theorem 4.3, suppose that the
integrand F (x,wu, U) is jointly strictly convex with respect to pairs (u, U). Then
there is a unique minimizer for problem (4.9).

However, just as we have noticed above concerning coercivity, some times the
direct application of Proposition 3.3 may be more flexible than Proposition 4.2.

4.5 Some Examples

Convexity and coercivity are the two main ingredients that guarantee the existence
of optimal solutions for standard variational problems according to Theorem 4.3.
We will proceed to cover some examples without further comment on these two
fundamental properties of functions. Later, when dealing with higher-dimensional
problems that are often more involved, we will try to be more systematic.

We examine next several examples with care. In many cases, the convexity
requirement is easier to check than the coercivity.

Example 4.1 An elastic string of unit length is supported on its two end-points
at the same height y = 0. Its equilibrium profile under the action of a vertical
load of density g(x) for x € [0, 1] is the one minimizing internal energy which is
approximated, given that the values of y’ are assumed to be reasonably small, by the
functional

I
E@%=A[§V@f+gQWOﬂdx

We assume g € LZ(O, 1). For the end-point conditions

y(©) =y() =0,
existence of minimizers can be achieved through our main existence theorem,
though the coercivity hypothesis requires some work. In fact, the initial form of
coercivity in Theorem 4.3 can hardly be used directly. However, it is possible to

establish (4.11) for p = 2. As a matter of fact, the ideas that follow can be used in
many situations to properly adjust the coercivity condition. From

y(x) =/ y'(s)ds
0

it is easy to find, through Holder’s inequality, that

1
ﬂnzsx/.M@fd&
0
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and
1 1
f () dx < / V) dx.
0 0
It is even true that
1 1 1
/ y(x)?dx < = / y (%) dx,
0 2 Jo

but this better estimate does not mean any real improvement on the coercivity
condition we are seeking. Then for the second term in E(y), we can write, for
arbitrary € > 0,

1 1 1 ) 2 ot )
[ e@ivwidr =55 [ ewran+ S [ e
0 2¢7 Jo 2 Jo
1 ) &2 rl )
/
=2—E2 A g(x) dx—i—?/o v (x) dx.
We are using the inequality

b 1 1
ab = (ea) (—) < —€%a* + — b2, 4.12)
€ 2 €

valid for arbitrary positive numbers €, a, b. If we take this estimate to the functional
E(y), we see that

1 1 1
E() 25 / Yy (x)? dx — f lg(o)| |y (x)| dx
0 0

1—€? ! 1 1
/ 2 2
z— /Oy(X) dx—gog(x) dx

Since € > 0 is arbitrary, we can take, say, 2¢2 = 1, and then
1 : / 2 ! 2
E(y)=— [ y&x)dx— [ gx) dx.
4 Jo 0
This inequality implies the necessary coercivity. Though the integrand

1
F(x,y,Y) = 5Y2+g<x)y

is not jointly strictly convex with respect to (y, Y), and hence we cannot apply
directly Proposition 4.2, it is not difficult to argue, through Proposition 3.3, that
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there is a unique minimizer because the functional, not the integrand,
1
E:Hy©0,1)— R

is strictly convex.

Example 4.2 A much-studied scalar uni-dimensional problem is of the form

1
I1(u) =/ [au/(x)2+g(u(x))] dx, a>0, (4.13)
0

under typical end-point conditions, with a real function g which is assumed to be just
continuous. For simplicity, we also take vanishing end-point conditions. Once again
coercivity becomes the main point to be clarified for the application of Theorem 4.3.
Uniqueness is, however, compromised unless convexity conditions are imposed on
the function g. As in the preceding example, we see that

1/2

lu(x)| < ﬁ(fol u/<s>2ds) < 'l 220.1)-
The second term in / () is bounded by

max [, Ju = (=1l 1 20, )
Suppose that

lg)| <blU +C, b<a, CeRUEelJ,.
Then the previous maximum can be bounded by

blu'llr20.1) + C,
and then
I(u) > (a— b)||u/||Lz(0,1) -C.

Again, this inequality fits better (4.11) than the coercivity condition in Theorem 4.3.
This last theorem ensures that 7 in (4.13) admits global minimizers.

Example 4.3 In the context of Sect. 1.3.6, the integrand

1 1
L(x,x) = §m|x’|2 — E/<|x|2, m, k > 0,
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is the Lagrangian for a simple harmonic oscillator. The corresponding integral is
the action integral. In these problems in Mechanics only the initial conditions are
enforced so that feasible paths are required to comply with

x(0) =xo, x'(0) =xq,

for given vectors X, X, € RY . We consider then the variational problem
T
Minimizeinx € A: A(X) = / L(x(t), X (1)) dt 4.14)
0
where this time
€
A= {x € H*0, T; RY) : x(0) = xo,/ IX'(1) — xp|>dt — O as e — 0} )
0
Without loss of generality, for the sake of simplicity, we can take

X0 = X = 0,

and in this case A becomes a vector space.

We would like to show that the value of the minimum m in (4.14) vanishes, and
that the only minimizer is the trivial path x = 0. This requires some computations
to assess the relative size of the two terms in the Lagrangian. Using ideas as in the
previous examples, we can write

t
x(0))? < t/ X' ()2 ds.
0

From this inequality, and by using Fubini’s theorem,

T T t
/ |x(t)|2dt§/ t/ IX'(s)|? ds dt
0 0 0
T T t
:/ / z/ IX'(s)|? dt ds
0 s 0

T2 _ 2
=/ IX'(s)|? ds.
o 2
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If, relying on this estimate, we compare the two terms in the action integral A(x),
we would find

Tm o o 2 T(m _T2—22\ ., >
A(;mm|—mm)mzl;<;— : )mm|m

m T2 T/ 2
z(;—;)ﬂlﬂmdt

Since the action integral has to be minimized almost instantaneously as the
movement progresses, we can assume that the time horizon T is small, namely,

if
2m
T <,/=—, (4.15)

then A(X) is non-negative on (A, and it can only vanish if X' = 0, i.e.x = 0in [0, T].
For larger values of T, one can proceed in successive subintervals of length smaller
than the right-hand side in (4.15). This shows that once the pendulum touches the
rest conditions, it needs an external agent to start again the movement.

Example 4.4 The behavior of non-linear, elastic materials (rubber for instance) is
much more complicated to understand and simulate than their linear counterparts.
Suppose that an elastic stick is of length one in its natural rest configuration. When
subjected to an elongation of its right-end point x = 1 to some other value, say,
L > 0, maintaining x = 0 in its position, it will respond seeking its minimum
internal energy under the new end-point conditions. We postulate that each possible
deformation of the bar is described by a function

u(x):(0,1) > R, u@©) =0,u(l)=L, u'(x)>0,

with internal potential energy given by the functional

1
E(u) =/ |:lu’(x)2+ 2 +g(x)u(x):| dx, a >0,
0o L2 u'(x)

where the second term aims at assigning an infinite energy required to compress
some part of the bar to zero volume, and to avoid interpenetration of matter u’ < 0;
and the third one accounts for a bulk load with density g(x). The optimal solutions
of the variational problem

Minimize inu(x) € H'(0,1):  E(u)
under

u@ =0, u(l)=L,
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will be taken to be as configurations of minimal energy, and they will be the ones that
can be adopted by the bar under the indicated end-point conditions. It is elementary
to check that the integrand

I , «
F(x,u,U):EU —l—ﬁ—l—g(x)u

is strictly convex with respect to U in the positive part U > 0, linear with respect
to u, while the functional E («) is coercive in H1(0, 1), just as one of the examples
above. We can therefore conclude that there is exactly one minimizer of the problem.

Unfortunately, many of the geometrical or physical variational problems, some of
which were introduced in the initial chapter, do not fall under the action of our main
existence theorem because the exponent p for the coercivity in that statement is
assumed greater than 1, and quite often functionals with a geometric meaning have
only linear growth on w'. The trouble with p = 1 in our main result Theorem 4.3
is intimately related to the difficulty explained in Example 2.9. The coercivity
condition in the statement of that theorem would lead to a uniform bound of a
minimizing sequence in WI’I(J ‘RN ), but this is not sufficient to ensure a limit
function which would be a candidate for minimizer. In such cases, an additional
argument of some kind ought to be invoked for the existence of a minimizer; or
else, one can examine the indirect method (ideas in Sect. 3.7).

Example 4.5 Let us deal with the problem for the brachistochrone described in
Sect. 1.3. The problem is

Minimize in u(x) : B(u) =

/-A /1 +u/(x)2
——dx
0 Vx

subject to
u0)=0, wu(A) =a.

The factor 1/4/x, even though blows up at x = 0, is not a problem as we would
have a coercivity constant of tremendous force. The difficulty lies with the linear
growth on u” of the integrand. For some minimizing sequence {u ;}, we need to rule
out the possibility shown in Example 2.9. Unfortunately, there is no general rule for
this since each particular example may require a different idea, if indeed there are
minimizing sequences not concentrating. This would be impossible for a variational
problem for which concentration of derivatives is “essential” to the minimization
process. Quite often, the geometrical or physical meaning of the situation may lead
to a clear argument about the existence of an optimal solution. In this particular
instance, we can interpret the problem as a shortest distance problem with respect
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to the measure

dm = —.

x

Note that this measure assigns distances in the real line in the form

€ dx
/6 ﬁzz(f—«/g).

Therefore our problem consists in finding the shortest path, the geodesic with
respect to this new way of measuring distances, and minimal distance between the
points (0, 0) and (A, a). As such, there should be an optimal solution. We will later
calculate it.

Example 4.6 Suppose
Fx): R > R?
is a smooth vector field in three-dimensional space, representing a certain force

field. The work done by it when a unit-mass particle goes from a point x(0) = x¢ to
x(1) = x; is measured by the path integral

1
W(x) = / F(x(1)) - X'(¢) dt.
0
We well know that if F is conservative so that there is an underlying potential
$x): R >R, F=Vép,

then such work is exactly the potential difference

1 1 d
/ F(x(1)) - X' (1) dt =/ d—[d?(X(t))]dt
0 o dat
=¢(x1) — $(X0),

and so the work functional W (x) is independent of the path x. In the jargon of
variational problems, we would say that W is a null-lagrangian. But if F is non-
conservative, then W (x) will depend on x, and hence one may wonder, in principle,
about the cheapest path in terms of work done through it. We would like, hence, to
consider the variational problem

1
Minimize in x(¢) : W(x) = f F(x(t)) - X'(¢) dt
0
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under the given end-point conditions. The integrand corresponding to the problem
is

Fx,X)=F®x) - -X

which is linear in the derivative variable X. The natural functional space for the
problem is then w10, 1); RY). Paths x(¢) in this space are absolutely continuous
and W (x) is well-defined for them. Can we ensure that there is always paths with
minimal work joining any two points Xo, X1? Theorem 4.3 cannot be applied, and
there does not seem to be any valid argument available to ensure the existence
of optimal paths. We will look at the problem below from the point of view of
optimality (indirect method).

4.5.1 Existence Under Constraints

In a good proportion of situations, one is interested in minimizing a certain integral
functional under additional constraints other than fixed end-point conditions. These
can be of a global nature, quite often expressed through an additional integral
functional; or of a local nature by demanding that constraints are respected in a
pointwise fashion. At the level of existence of optimal solutions such constraints
can always be incorporated into the feasible set A of our main result Theorem 4.3.
We present two examples to cover those two situations.

Example 4.7 In the context of Example 4.1 above, where the profile adopted by
a linear, elastic string subjected to a vertical load is given by the minimizer of the
functional

1
E(y) = fo (59 (P + gy ()] dx

under end-point constraints, we may complete the situation with an additional
interesting ingredient. Suppose that there is a rigid obstacle whose profile is
represented by the continuous function

¢(x):(0,1) >R
in such a way that feasible configurations y(x) must comply with

yx) = @), xe(0,1).

In this case, the admissible set for the optimization problem is

A={y(x) e H'(0,1): yx) = ¢(x), y(0) = yo, y(1) = y1},
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and obviously we need to enforce

#0) < yo, o) <y,

if we want A to be non-empty. Theorem 4.3 can be applied. The only new feature,
compared to Example 4.1, is to check if the feasible set of this new situation is
weakly closed. But since weak convergence in H'(0, 1) implies convergence in
L*°(0, 1), an inequality not involving derivatives like

yj(x) = ¢(x)

is preserved if y; — y uniformly in (0, 1). Such problems have been studied quite
a lot in the literature and are referred to as obstacle problems. (See Exercise 29).

Example 4.8 We recover here the problem of the hanging cable introduced in the
first chapter. We are concerned with minimizing the functional

H
/ u(x)v1+u(x)2dx
0

under the conditions

H
u(0) = u(H) =0, L:/ V1+u(x)2dx,
0

and 0 < H < L. Since both integrands involved in the two functionals share linear
growth in the derivative variable, the natural space in which to setup the problem is
WL1(0, H). In addition, the global integral constraint must be part of the feasible
set of competing functions

H
A= {u(x)er’](O, H):u(O):u(H):O,L:/ \/1+u’(x)2dx}.
0

There are two main difficulties for the use of Theorem 4.3 in this situation: one is the
coercivity in which the growth exponent p = 1 for integrands keeps us from using it
directly; the other one is the weakly closeness of A which is not correct either. Can
readers provide an explicit sequence {u;} C A (for H = 1and L = 2/ V2) such
that its weak limit # does not belong to A? (Exercise 14). Even so, the physical
interpretation of the problem clearly supports the existence of a unique optimal
solution which, after all, would be the profile adopted by the cable in practice.
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4.6 Optimality Conditions

In abstract terms, optimality conditions require to work in a Hilbert space to be able
to compute derivatives as in Lemma 2.7. This would lead us to restrict attention to
the particular case in which the exponent for coercivity is p = 2 in Theorem 4.3,
so that the corresponding integral functional would admit minimizing sequences
in the Hilbert space H'(J;R"). This is another aspect in which studying integral
functional becomes much more flexible than doing so for classes of functionals
not specifying its nature. One can actually look at optimality conditions in a general
Sobolev space W2 (J; RY) for any value of p > 1, under appropriate assumptions.
Yet, since, typically, optimality demands more restrictive working conditions and
many more technicalities, we will be contented with a general discussion in the
Hilbert space scenario for growth exponent p = 2, and try to expand the scope of
this particular situation to other cases through examples. Under a simple coercivity
condition like (4.11), where one could allow functionals whose finite set, the set of
functions where it attains a finite value, is not a vector-space, optimality is specially
delicate.

We will therefore be contented with examining optimality under the action of
Theorem 4.3 for the particular case p = 2. Namely, the following is a corollary of
that theorem with the only difference in the statement that we restrict attention to the
case p = 2 so that the underlying functional space is the Hilbert space H'(J; R").

Corollary 4.1 Let
Fx,u,U): J xR"xR" > R (4.16)

be continuous in (u, U) for a.e. x € J, and measurable in x for every pair (u, U).
Suppose that the following three main conditions hold:

1. coercivity and growth: there are positive constants C_ < C with
C-(UP=1) = Fer,u,0) = €y (UP +1),

for (x,u,U) € J x R* x R";
2. convexity: for a.e. x € J, and everyu € R", we have that

F(x,u,):R" - R

is convex;
3. the set

AcC HI(J;RY
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is weakly closed, and for some xo € J, the set of numbers
{u(xp) : u € A}

is bounded.

Then there are optimal solutions for the variational problem
Minimizeinu e A: I(a) = / F(x,u(x),u' (x))dx. “4.17)
J

We place the following discussion in the context of Sect. 2.11.4, and assume that the
integrand F(x, u, U) in (4.16) is, in addition to hypotheses in the previous corollary,
smooth (at least C') with respect to pairs

(0, U) e R" x R"

for a.e. x € J. Moreover, as we describe the process, we will be putting aside
assumptions as they are needed, without pretending to isolate the most general
setting.

One of the most studied situations is concerned with end-point boundary value
problems in which, in the context of Theorem 4.3 or Corollary 4.1,

A={ueH (J;R") :ulxo) = ugp, ux;) = u;} (4.18)

for two fixed vectors ug,u; € R”. Note how the third main condition in
Theorem 4.3 or Corollary 4.1 is automatically fulfilled. Suppose we have found,
through Corollary 4.1 or otherwise, a minimizer u € A. The basic idea was stated
in Proposition 3.4. We would like to “make variations” based on u by perturbing it
with v in the underlying subspace

Hy(J;RY) = {ve H'(J;R") : v(xp) = v(x1) = 0}

that has been introduced earlier in the text. The combination u+ sv for arbitrary real
s is a feasible path for our variational problem, and then we should have

I(w) <I(u+sv)
for all real s. This means that the real function

s I(u+sv) (4.19)
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has a global minimum for s = 0, and hence

dlI(u+ sv)

= 0’
ds s=0

provided (4.19) is differentiable. We can differentiate formally under the integral
sign to find

/ [FuCx,u(x), u'(x)) - v(x) + Fy(x,u(x),w'(x)) - V(x)] dx =0 (4.20)
J

for every such v € HOI(J :R"). If we recall that functions in H'(J;R") are
continuous and uniformly bounded, for the integrals in (4.20) to be well-defined
and so (4.19) be differentiable, we only require, for some positive constant C, that

|FuCx,w, )] < C(UP + 1), |Fy(x,u, V)] < C(|U|+ D).

Consider the orthogonal complement, in the Hilbert space H 1(J ; R™), to the
subspace e generated by the constant vectors e; of the canonical basis of R”, i.e.

et ={wx) e H'(J;R") : f w(x)dx = 0}.
J
For every w € e, its primitive

v(x) =/ w(y)dy

0

belongs to H& (J; R™") and
Vi) =wk), xel.

On the other hand, if we let

<I>(x)=/ Fu(y,u(y),u'(y)dy, W(x)= Fy(x,u(x),u'(x)),

0

(4.20) can be recast in the form

/[é/(x) Sv(x) +F W (x) -V (x)]ldx = 0.
J
Bearing in mind that

v(xg) = v(x1) =0,
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an integration by parts in the first term leads to
/[CD(x) —¥Yx)]-wkx)dx =0
J

for every w € et. Conclude that
®(x) + W(x) = ¢, aconstant vector in J,

or by differentiation
/ d /7 .
Fu(x, u(x), w(x)) = —— Fy(x, u(x), w'(x)) = 0in J.
X

We have just proved the following important statement.

Theorem 4.4 Suppose that the integrand F(x,u, U) is C' with respect to pairs
(u,U) € R" x R", and that

C-(UP=1) = Fx,u,0) = Cy (UP +1),
|Far.uw, U)| < CL((UP + 1), [Fux.w, U)| < (U + 1),

for some positive constants C— < Cy, and every (x,u,U) € J x R" x R". Let
u € A, given in (4.18), be a minimizer of our variational problem (4.17). Then

Fy(x,u(x), u'(x))

is absolutely continuous in J, and
/ d / .
Fo(x,ux),u (x)) — d—FU(x, ux),u(x))=0ae xinJ. “4.21)
X

The differential system in this statement is universally known as the Euler-Lagrange
system of optimality. In the scalar case n = 1, the second-order differential equation
in this result together with the end-point conditions is referred to as a Sturm-
Liouville problem.

One main application of this result stresses the fact that if the minimizer u is the
outcome of Corollary 4.1, because the suitable hypotheses hold, then u must be a
solution of the corresponding Euler-Lagrange problem (4.21). This is the variational
method to show existence of solutions of (4.21). However, some times one might be
interested in going the other way, i.e. from solutions of (4.21), assuming that this
is possible, to minimizers for (4.17). The passage from minimizers u for (4.17)
to solutions of (4.21) does not require convexity, and the process is known as
the necessity of optimality conditions expressed in (4.21) for minimizers; for the
passage from solutions u of (4.21) to minimizers of (4.17) convexity is unavoidable,
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and the process is labeled as sufficiency of the Euler-Lagrange problem (4.21) for
minimizers of the variational problem (4.17). Though this discussion is formally
like the one in Proposition 3.4, in the case of integral functionals the result can be
much more explicit, to the point that we can work in the most general Sobolev space
whi(g; Rm).

Theorem 4.5 Let the integrand F (x,u, U), as above, be C L and convex in pairs
(u, U). Suppose the path

ax) e whli(g; R
is such that (4.21) holds

Fa(x,u(x), 0 (x)) — %Fu(x,ﬁ(x),ﬁ’(x)) =0ae xinJ, (4.22)

the two terms in this system belong to L! (J; R"), and
u(xp) =wp, u(x))=uy,

with ug, u; € R". Then W is a minimizer for the problem

Minimizeinu e A: I(u) = /J F(x,u(x),u(x))dx (4.23)
in the feasible set

A=fue WH(IRY) ulx) = uo, ulxy) = uy}. 4.24)
Proof Let
ve Wy (J;RY),

which is the subspace of WLL(J; R?) in (4.24) corresponding to ug = u; = 0. We

know that v e L°°(J; R") and, moreover, the formula of integration by parts (2.22)
guarantees that

d
/—FU(x,ﬁ(x),ﬁ/(x))’V(x)dx = —/ Fy(x, W(x), @' (x)) - v'(x) dx
7 dx 7
is correct. This identity implies, through (4.22), that

/ [Fux, 0(x), 0'(x)) - v(x) + Fy(x, u(x), @' (x)) - vV(x)] dx = 0. (4.25)
J
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On the other hand, it is well-known that a characterization of convexity for cl-
functions, like F(x, -, -), fora.e. x € J,is

Fx,u+v,U+V)> F(x,u,U) + Fy(x,u,U) - v+ Fy(x,u,U) -V
for every u, U, v, V € R”. In particular, for a.e. x € J,

F(x, 0(x) + v(x), W (x) + V(x)) 2F(x, Ux), W'(x))
+ Fu(x, 0(x), W (x)) - v(x)
+ Fy(x,u(x), o' (x)) - v (x).

Upon integration on x € J, bearing in mind (4.25), we find
I(+v) > I().

The arbitrariness of v € Wol’1 (J; R™) implies our conclusion. m|

As usual, uniqueness of minimizer is associated with some form of strict
convexity.

Proposition 4.3 Assume, in addition to hypotheses in Theorem 4.5, that the inte-
grand F (x,u, U) is jointly convex on pairs (u, U). Then the path u in Theorem 4.5
is the unique minimizer of the problem (4.23)—(4.24).

The proof is just like other such results, for example Proposition 4.2.

4.7 Some Explicit Examples

The use of optimality conditions in specific examples, may serve, among other
important purposes beyond the scope of this text, to two main objectives: one is
to try to find minimizers when the direct method delivers them; another one, is
to explore if existence of minimizers can be shown once we have calculated them
in the context of the indirect method (Sect.3.7). We will only consider end-point
conditions as additional constraints in the feasible set A; other kind of constraints
ask for the introduction of multipliers, and are a bit beyond the scope of this text.
See some additional comments below in Example 4.11.

Example 4.9 We start by looking at the first examples of Sect. 4.5. It is very easy
to conclude that the unique minimizer y(x) for Example 4.1 is the unique solution
of the differential problem

=Y'(0) +g(x) =0in (0,1), y(0) =y(1)=0. (4.26)
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It is elementary to find that such a solution is given explicitly by the formula

X 1
y(x) = / (x —s)g(s)ds — x/ (1 —s)g(s)ds. “4.27)
0 0

For Example 4.2, we find the optimality differential equation
—2au”(x) + g (u(x)) =0in (0, 1), u(0) =u(l) =0.

This time is impossible to know, without looking at the functional it is coming from,
if this equation admits solutions. Note that the problem is non-linear as soon as g is
non-quadratic. According to our discussion above, we can certify that this non-linear
differential problem admits solutions (possibly in a non-unique way) whenever

lgw)| <blu|+C, b<a CeR.

For Example 4.3, there is no much to say. Optimality conditions become a
differential system

mx"(t) + kx(t) =0fort >0, x(0)=x'(0) =0,

whose unique solution is the trivial one x = 0. Finally, for Example 4.4, we find the
non-linear differential problem

, o 1 Y _ .
—u(x) +Em+g(x)_0m(0,l), u) =0,u(l)=L > 0.

It is not easy to find explicitly the solution u(x) of this problem even for special
choices of the function g(x). What we can be sure about, based on strict convexity
arguments as we pointed out earlier, is that there is a unique solution.

Example 4.10 We analyze next the classic problem of the brachistochrone for
which we are interested in finding the optimal solution, if any, of the variational
problem

Minimize in u(x) : Bu) =

/A /1 +u/(x)2 I
0 Vx

subject to

u() =0, u(h) =a.
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We have already insisted in that the direct method cannot be applied in this case due
to the linear growth of the integrand

1
FthUy=?;¢1+U%
X

with respect to the U-variable, though it is strictly convex. We still have the
hope to find and show the unique minimizer of the problem through Theorem 4.5
and Proposition 4.3. This requires first to find the solution of the corresponding
conditions of optimality, and afterwards, check if hypotheses in Theorem 4.5 hold
to conclude.

The Euler-Lagrange equation for this problem reads

4 (L_ww = 0in (0, A)
dx \V* T+ux)?) o
or

ux) _! (4.28)

V(L +u' () €

for c, a constant. After a bit of algebra, we have

X
u'(x)> = 2x , u(x):/ 2S ds.
2 —x o VeZ—s

The constant ¢ would be selected by demanding

A
a:/ lzs ds.
0 ce—3S

This form of the solution is not particularly appealing. One can find a better
equivalent form by making an attempt to describe the solution in parametric form
with the goal of introducing a good change of variable in the integral defining u(x),
and calculating it in a more explicit form. Indeed, if we take

C2
s(r) = C2 sinz(r/Z) = ?(1 —cosr),

and perform the corresponding change of variables in the definition of u(x), we find

T 2
u(t) = cz/ sinz(i)dr = c—(r —sint),
0 2 2
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where the upper limit in the integral is

“a )
X = — — COST).
2

We, then, see that the parametric form of the optimal profile is
(t(t),u(r))=C({ —cost, 7 —sint), te]l0,1],
where the constant C is chosen to ensure that
t(l)=A, u(l)=a.

This family of curves is well-known in Differential Geometry: they are arcs of
cycloids, and enjoy quite remarkable properties.

It is easy to realize that this arc of cycloid u(x) is in fact a Lipschitz function
belonging W10, A), and hence it is a function in W11(0, A) too. Since the
integrand does not depend explicitly upon u, assumptions in Theorem 4.5 and
Proposition 4.3 hold true, and we can conclude that this is the only solution of the
brachistochrone problem.

One of the most surprising features of this family of curves is its tautochrone
condition: the transit time of the mass falling along an arc of a cycloid is independent
of the point where the mass starts to fall from !! No matter how high or how low you
put the mass, they both will employ the same time interval in getting to the lowest
point. This is not hard to argue, once we have gone through the above computations.
Notice that the cycloid is parameterized by

(t(),u(r))=C( —cost, T —sinT)

for some constant C and t € [0, 1], so that it is easy to realize that u’(t) = ¢(z). If
we go back to (4.28), and bear in mind this identity, it is easy to find that indeed

/ t ~
I—FT/(Z‘)Z =, (4.29)

a constant. Because in the variable t the interval of integration for the transit time
is constant [0, 1], we see that for the optimal profile, the cycloid, the transit time
whose integrand is the inverse of (4.29), is constant independent of the height ur.
This implies the tautochrone feature.

Example 4.11 Optimality conditions for problems in which additional constraints,
other than end-point conditions, are to be preserved are more involved. A formal
treatment of these is beyond the scope of this text. However, it is not that hard
to learn how to deal with them informally in practice. Constraints are dealt with
through multipliers, which are additional, auxiliary variables to guarantee that
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constraints are taken into account in a fundamental way. There is one multiplier
for each restriction, either in the form of equality or inequality. If there are local
constraints to be respected at each point x of an interval, then we will have one (or
more) multipliers that are functions of x. If, on the contrary, we only have global,
integral constraints to be respected then each such constraint will involve just one
(or more) unknown number as multiplier.

To show these ideas in a particular example, let us consider the classical problem
of the hanging cable, introduced in Chap. 1,

H
Minimize in u(x) : / u(x)vV1+u'(x)2dx
0
under the constraints
H
u =u(H)=0, L =/ V14u'(x)2dx,
0

with L > H. Since there is an additional global, integral constraint to be respected,
in addition to end-point conditions, we setup the so-called augmented integrand

Fu,U)=uv1+ U2+ /1 + U2 (4.30)
where A is the unknown multiplier in charge of keeping track of the additional

integral restriction. Suppose we look at the variational problem, in spite of not
knowing yet the value of A,

H
Minimize in u(x) : / w(x) + M)V 1 +u'(x)2dx
0

subject to just u(0) = u(H) = O, through its corresponding Euler-Lagrange
equation

V14u'(x)?

u) =u(H)=0.

- {(u(x) + A)ﬁ} V14 w2 =0in (0, H),

The solution set of this problem will be a one-parameter family u; (x) of solutions.
The one we seek is u;,,(x) so that

H
L:/O /1+u;0(x)2dx.

We expect to be able to argue, through Theorem 4.5 and Proposition 4.3, that this
function u;, (x) is the unique minimizer we are searching for.
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Because the integrand in (4.30) does not depend on the independent variable,
the corresponding Euler-Lagrange equation admits an integration in the form
(Exercise 16)

() + M)V +u' ()2 = u' () @ux) + ’\)% =<
u(x

Some elementary but careful algebra carries us to

u'(x) = %v (w(x) +21)? =,

and to

du dx

Jum a2 - ¢

A typical hyperbolic trigonometric change of variables leads to

u(x) = ccosh (% + d) -,

for constants ¢, d and A. These are determined to match the three numerical
constraints of the problem, namely,

H
u(0) = u(H) =0, sz 1+u'(x)2dx.
0

This adjustment, beyond the precise calculation or approximation, informs us that
the shape is that of certain hyperbolic cosine, which in this context is called a
catenary. To argue that this catenary is indeed the minimizer of the problem, we note
that the interpretation of the problem yields ¢ > 0 necessarily, i.e. u(x) + A9 > O,
and the integrand

Fu,U) = (u+r)V1+U?

is strictly convex in U. However, as a function of the pair (u«, U) is not convex, and
hence we cannot apply directly Theorem 4.5. The unique solution is, nonetheless,
the one we have calculated.

Example 4.12 The case in which no boundary condition whatsoever is imposed
in a variational problem is especially interesting. The following corollary is similar
to the results presented earlier in the chapter. The only point that deserves some
comment is the so-called natural boundary condition (4.33) below that requires a
more careful use of the integration-by-parts step. See Exercises 8, 12.
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Corollary 4.2
1. Let

Fx,u,U):JxR"xR" > R 4.31)

be continuous in (u, U) for a.e. x € J, and measurable in x for every pair (u, U).
Suppose that the following three main conditions hold:

a. coercivity and growth: there are positive constants C_ < C with
C-(IUP=1) = Fr,u,0) = Cy (0P +1)),

for (x,u,U) € J x R* x R";
b. convexity: for a.e. x € J, and every u € R", we have that

F(x,u,):R" >R

is convex.

Then there are optimal solutions for the variational problem
Minimize inu € HI(J; RYY: I(w) = / F(x,u(x),u'(x))dx. 4.32)
J
2. If, in addition,

|Fu(x,u, )| < C(UP + 1), |Fy(x,u, )] < C(IU|+ 1)

for some constant C, andw € H'(J; R") is a minimizer of the previous problem,
then

Fy(x, u(x), u'(x))
is absolutely continuous in J,
/ d , :
Foa(x,u(x),u'(x)) — d—FU(x, ux),u(x)) =0ae xinJ,
X
and

Fy(x,u(x),u'(x))| =0. (4.33)

X=X(,X]



4.8 Non-existence 155
4.8 Non-existence

Readers may have realized that our main existence theorem cannot be applied
to examples of variational problems included in the first chapter, not because
integrands fail to be convex but because they fail to comply with the coercivity
condition for an exponent p > 1. Indeed, most of those interesting problems
have a linear growth at infinity, so that, at first sight, existence of minimizers is
compromised. Indeed, taken for granted that there are no troubles concerning the
weak closeness of the set of competing functions or paths, we see that there may
be two reasons for the lack of minimizers, depending on whether coercivity or
convexity fail.

The simplest example of a variational problem without minimizer because of
lack of convexity is due to Bolza. Suppose we wish to

e ! 1 / 2 1 2
Minimize in u(t) : —(u @) — D"+ zu(t) | dt
o L2 2
under #(0) = u(1) = 0. The integrand for this problem is the density

1 2, 1o
S, U)=Z(U| =D~ + su”,
2 2
which is not convex in the variable U. Coercivity is not an issue as f has quadratic
growth in both variables. The reason for lack of minimizers resides in the fact that
the two non-negative contributions to the functional are incompatible with each
other: there is no way to reconcile the vanishing of the two terms since either you
insist in having |u’| = 1; or else, u = 0. Both things cannot happen simultaneously.
Yet, one can achieve the infimum value m = 0 through a minimizing sequence in
which slopes +1 oscillate faster and faster to lead the term with u? to zero. This is
essentially the behavior of minimizing sequences due to lack of convexity, and we
refer to it as a fine oscillatory process.
A more involved, but similar phenomenon, takes place with the problem in which
we try to minimize the functional

1
1 = [ (1500 + a0 = (5. 0F ) . w= (),

in the feasible set of functions
A={ue H'(0,); R :u(0) =0,u(l) = (I, H}.
It should be noted, however, that lack of convexity does not always lead to lack of

minimizers. As a matter of fact, there are some interesting results about existence
without convexity. See the final Appendix.
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There is also a classical simple example due to Weierstrass for which the lack of
uniform coercivity is the reason for lack of minimizer.s Let us look at

. . ! 1 2 7072
Minimize in u(t) : Et u(t)-dt
-1

under
u(—=1)=-1, u(l)=1.

We notice that the factor %> accounting for coercivity degenerates in the origen. It
is precisely this lack of coercivity, even in a single point, that is responsible for the
lack of minimizers. If there were some minimizer u, then it would be a solution of
the corresponding Euler-Lagrange equation which it is very easily written down as

(%' (1)) = 0in (=1, 1).
The general solution of this second-order differential equation is
a
u(t) = " + b, a,b, constants.

The end-point conditions lead to » = 0, a = 1, and so the minimizer would be
u(t) =1/t

which blows up at ¢+ = 0, and hence it does not belong to any of the spaces
wlr(o, 1).

Example 4.13 The work done by a non-conservative force field. Suppose that we
consider the functional

T
W(x) = / F(x(1)) - X () dt
0

furnishing the work performed by a non-conservative force field F(x) in going from
a point Xg to X7 in a time interval [0, 7] through a continuous path

x(#):[0,T] — R", x(0) =xp,x(T) =x7.

It is easy, but surprising, to check that the Euler-Lagrange system is void !! It does
not provide any information. This is so regardless of whether the force field is
conservative. To better comprehend the situation for a non-trivial, non-conservative
force field F, suppose that the system of ODE

X'(t) = —F(X(1)), >0,
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has a periodic solution passing through a given point xp € R” with period P > 0,
so that

X(0) = xp, X(P)=xp.

In this situation, the integral

P P
f F(X(1)) - X'(r)dr = —/ IF(X(1))|* dt
0 0

is a strictly negative fixed quantity M < 0. If a fixed time interval 7 > 0 is given,
and take A = j P /T for an arbitrary positive integer j, then the path

x(1) =X (%t) , tel0,T],

is such that
x(0) =x(T) =xp,
and by an easy change of variables, and periodicity, we find that
W) = jM.

In this way, we see that if m is the infimum of the work functional under the
given conditions, then m = —oo. It suffices to select a sequence of paths x;(t)
as indicated, reserving an initial time subinterval to go from X( to xp, and another
final time subinterval to move back from xp to X, after going around the periodic
solution X j times. Note that it is imposible for a gradient field to have periodic
integral curves as the above curve X.

Is there anything else interesting to do with such non-convex examples? Is there
anything else to be learnt from them? We will defer the answer to these appealing
questions until Chap. 8 in the context of multidimensional variational problems.

4.9 Exercises

1. Let H be a vector space, and / : H — R, a functional. Show that if 7/ is strictly
convex, then it cannot have more than one minimizer, and every local minimizer
of I is, in fact, a global minimizer.

2. Let

3
¢a () = u* +aud + §a4u2,
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where a is a real positive parameter. Study the family of problems

1
Minimize in u(x) : / oa (' (1)) dt
0
under end-point conditions
u(0)=0,u(l) =«.

We are especially interested in the dependence of minimizers on a and on «.

. Argue that all minimizers of the functional

b 1 l 2 1 3
1(u) :/ Eu (x) +§u(x) dx

are convex functions in (a, b).
Provide full details for the necessity part of the proof of Theorem 4.2.

. An integrand

F(x,z):RNxRNaR

is a null-lagrangian if the integrals

b
/ F(x(1), X' (1)) dt

only depend upon the starting point x, and the final point x;, and not on the
path itself

x(t) : [a, b] — RN
as long as

x(a) = x4, x(b) =Xxp.

(a) Argue that for a conservative force field
F(x) : RY - RV,
the integrand

Fx,z) =F®X) -z
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is a null-lagrangean. What is the form of the Euler-Lagrange system in this
case?

(b) Study the corresponding variational problem for a non-conservative force
field.

Provide all missing technical details for a full proof of Theorem 4.4.
Determine the infimum of the functional

1
/ lu' (x)|* dx
0

over the class of Lipschitz functions (W!->°(0, 1)) with #(0) = 0, u(1) = 1, in
terms of the exponent o € R.

Derive optimality conditions for a variational problem like the ones in Sect. 4.6
under periodic boundary conditions

u(xg) —u(xy;) =0.

Examine the form of optimality conditions for a variational problem depending
explicitly on second derivatives of the form

/ F(x,ux),u'(x),u’(x))dx
J

under end-point conditions involving the values of u and u’ at both end-points
of J.

The typical way to proceed in the proof of Theorem 4.4 from (4.20) focuses on
an integration by parts on the second term rather than on the first. Follow this
alternative route, and provide the details to find the same final result.

For each positive €, consider the problem that consists in minimizing in pairs
(u1(t), ur(t)) the functional

! 1 2 € 2 / 2
f [—(ul(t)uz(t)—l) + @ (D)7 +uy(@) )} dt
o L2 2
under

u1(0) =2,u2(0) =172, u1(1) =—-1/2,ur(1) = 2.

(a) Argue that there is an optimal pair u¢c = (41 ¢, u2,¢) for each e.
(b) Examine the corresponding Euler-Lagrange system.
(c) Explore the convergence of such optimal path u, as € N\ 0.
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For a regular variational problem for an integral functional of the form

1
Iw) = / Flu), w' () dt,
0

derive optimality conditions for the problem in which only the left-hand side
condition u(0) = wug is prescribed but the value u(l) is free. Pay special
attention, precisely, to the optimality condition at this free end-point (natural
boundary condition).

Explore how to enforce Neumann end-point conditions

u'(xo) = ug, u'(x1) =u}

for arbitrary numbers u(,, u} in a variational problem of the particular form

f <%u’(x)2+ F(x,u(x))) dx, J = (xo,x1).
J
Show that the subset
1
A= {u(x) e W0, 1) : u(0) = u(1) = 0,2 = / 1+ u'(x)? dx}
0

is not weakly closed in W!1(0, 1).
Check that the unique solution of problem (4.26) is given by formula (4.27).
Show that if the integrand F for a integral functional does not depend on the
independent variable x, F = F(u, U), then the Euler-Lagrange system reduces
to

Fu(x),u' (x)) —u'(x) - Fy(u(x), u'(x)) = constant.
For paths

x(1) € H'([0, T1:R"),  x(0) = xo,

consider the functional

T
E(x) = / EIX’(I)—f(X(t))IZdt,
0

where f(x) : R” — R" is a continuous mapping.

(a) If f is Lipschitz
|f(z1) — f(22)| < Ml|zy — 22|, M >0,

show that there is a unique minimizer X(¢) for the problem.
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(b) If, in addition, f is C!, then the unique minimizer X is the unique solution
of the Cauchy problem

X'(1) = fX(@), X(0)=xo.

18. Let the C' mapping
Xy :R"xR" - R"

be given complying with the conditions:

(a) uniform Lipschitzianity with respect to y:

[ f(z1,y) — f(z2,¥)| < M|z1 — 22|

with a positive constant M valid for every y;
(b) coercivity with respect to y: for every compact set K C R",

lim sup £ (x. y)| = oo.

Y= 00 xeK

Consider the controllability situation
X' (1) = f(x(2),y@)in[0,T], x(0)=xq,x(T) = xr.

It is not clear if, or under what restrictions, there is a solution of this problem.

(a) Study the surjectivity of the mapping
y e R" = x(T)
where x(¢) is the unique solution of
X (1) = f(x(1),y) in [0, T, x(0) = xo,
by looking at the variational problem
Minimize in (x(¢),y) € H' ([0, T]; R") x R" :

T
/'Emm>—fuaxwﬁm
0

subjected to

x(0) =x9, x(T)=xr.
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i. show that there is always an optimal pair
(x,y) € H'([0, T]; R");

ii. write optimality conditions.

(b) Do the same for variable paths y(z).
(c) Examine the particular case of a linear map

f ) R"xR—R",  f(x,y) = Ax+by,

for constant matrix A and non-vanishing vector b.

19. For a standard variational problem of the form

1
/ F(t,u(),u'())dt
0

explore general optimality conditions of the form
u(s, 1) : (—e, €) x H'([0, 11; RY) - RN

if u(0, ¢) is a true minimizer under, say, end-point conditions.
20. For a standard variational problem of the form

I(w) = /01 F(t,u(t),u' (1)) dt,
transform the functional
1) = 1(uy)
for competing fields of the form
uy (1) = u@@ ' (),

where u is fixed, while i varies in the class of diffeomorphims of the interval
[0, 1] leaving invariant both end-points, by performing the change of variables
Y (s) = t in the integral defining / (uy ). Investigate optimality conditions for
iw).

21. For a variational problem of the form

1
/ F(t,u(t),u'(t))dt
0
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22.

23.
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under a point-wise constraint
¢u@) =0forallz € [0,1], ¢:RYN - R",
examine optimality conditions with respect to inner-variations of the form
u@y (@), ¢@) 10,11 — [0, 1], ¥(0) =0,y (1) = 1.
For a finite number n, and a finite interval J = (xg, x7) C R, consider

fitx,u,v) 1 J xRxR— R,
Fouv) = (fiGou,v)i 0 J x Rx R — R,

and another function F : R" — R. Explore optimality conditions for the
functional

I(w)=F (f FO,ux), u' (x)) dx)
J
subjected to typical end-point conditions

u(xo) =ug, ulxr)=ur,

assuming every necessary regularity hypothesis on the functions involved. Look
specifically to the case of products and quotients for which n = 2, and

Pu) = (/ fl(x,u(x),u’(X))dX) </ fz(x,u(X),u’(X))dX>,
J J

Q) = </ Jix, M(X),u’(X))dx) / </ Ja(x, u(x), u’(X))dX>-
J J

If a non-singular symmetric matrix-field
A®x) : RN — RVXN

determines how to measure distances locally around the point x € R", then we
already described that the distance functional

1
f X' (T Ax(0)X (1)]"/? dt
0

provides the length of the curve

x(1): 10,11 = RY, x(0)=P,x(1) =Q
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24.

25.
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joining the two given points. Geodesics are the paths minimizing such
functional. Study the corresponding Euler-Lagrange system, and identify the
Chrystoffel symbols Ffj of Differential Geometry when the system is written
in the form

X (1) — Z I‘k (x1)'x}; = 0.
i,j=1

Start with the case N = 2, and try to figure out the general case from there.
Consider the functional

1
I(u):/ W@ >de, u:[0,11— R ue H' (0, 1; RY),
0

and define

Ii(n) = iII;fI(u,p), uy =uoy,

where i runs through all diffeomorphisms of the unit interval preserving its
two-end points.

(a) For each feasible u fixed, define

[(Y) = I(uy),

and compute the optimal .
(b) Calculate

inf 7 (),
13 W)

for each fixed u. Is /; (u) a typical integral functional?
(¢) Redo the same calculations with the functional

1
I(u):/ W' ()| dt, u:[0,1]1— RY ue whl,1;RY).
0

‘What is the main difference between the two cases?

Suppose the family of functions {ac(x)} is strictly positive and uniformly
bounded

O<m=<a(x) <M < +o00, x¢€]0,1].



4.9 Exercises 165
Consider the variational problem

! ae(x) /7

Minimize in HI(O, D: Q) = / Tu (x)2 dx
0

subject to u(x) — x € Hy (0, 1).

(a) Check that there is a unique minimizer u., which is a uniformly bounded
sequence in H 1 (0, 1), and therefore, for a suitable sequence (not relabeled),
there some feasible u € H'(0, 1), u(x) —x € HJ(0, 1), such that uc — u.

(b) Use optimality to derive a closed form for u..

(c) See how to arrange things in such a way that the limit function u becomes
the minimizer of a similar variational problem

1
Minimize in H'(0,1) :  Qc(u) = f a(x) u' (x)? dx

o 2

under the same end-point conditions.
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Basic Operator Theory



Chapter 5 ®
Continuous Operators oo

Though we have insisted in the pivotal rule played historically by the Calculus
of Variations in the initial steps of Functional Analysis as a discipline on its
own, it has grown to be an immense and fruitful field, crucial to many other
areas of Mathematics and Science. In particular, Operator Theory is one of those
fundamental parts of Functional Analysis that we briefly treat in the following
two chapters. We focus on some of the more relevant results that applied analysts
and applied mathematicians should know. Most of the concepts and results in this
chapter are abstract. But they are so important for fundamental applications in
Analysis when spaces become either Lebesgue or Sobolev spaces, as we will see
in later chapters, that they need to be taken into account very seriously.

5.1 Preliminaries

We start by considering linear, continuous operators, between Banach spaces which
are a natural extension of the ideas discussed earlier in Sect. 2.7 about the dual space.

Proposition 5.1 Let E, F be Banach spaces. A linear map T : E — F is continuous
if and only if there is a positive constant M such that

[Tull < M|ull, uek.
The proof of this fact is easy and similar to the one in Sect.2.7. It makes the
following definition sensible.
Definition 5.1 If T : E — F is continuous, we put

T =inf{M > 0 |Tul| < Mllul[} = sup |[Tual.
luf=1
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The space of linear continuous operators from E to I, written L(E, ), becomes a
Banach space under this norm. This is straightforward to check.

Note that a bijection T : [E — T is an isomorphism if there is a positive constant
M > 0 such that

1
77 1ol = Tl < Mjjull,  u e E.

In particular, two different norms || - ||, || - |2, in the same underlying space [ are
equivalent if there is a constant M > 0 with

1
—Iall; < all2 < M|ul;, uekE.
MII i < lullz2 < Ml

Complete metric spaces enjoy quite remarkable properties. Since Banach spaces are
a subclass of the class of complete metric spaces, we are interested in stressing some
fundamental properties of those spaces related to Baire category methods. There are
various equivalent definitions of Baire spaces. We stick to the following.

Definition 5.2 A topological space X is a Baire space if the countable intersection
of open and dense subsets of X is dense in X. Alternatively, X is a Baire space if for
every sequence of closed subsets with empty interior, the union of them all still has
empty interior.

The fundamental result we are interested in is the fact that every complete metric
space is a Baire space.

Theorem 5.1 Every complete metric space is a Baire space.
Proof Let X be a complete metric space with distance function d (., -), and let O;
be open and dense. We pretend to show that O = N;0; is dense too. To this end,
choose an additional arbitrary open, non-empty set G, and show that G N O is non-
empty.
Take some xq € G, and, given that G is open, ro > 0 so that
B,,(x0) = {x e X:d(x,x0) <19} CG.
Since O is open and dense, we can find x; and r; > 0 with
B ,x)={xeX:dxx1) <rn}CByXx)NO;, 0<r <rg/2.

In a recursive way, we find sequences {x;} and {r;} such that

Ber(XjJr])CBrj(Xj)ﬂOj+1, Fit+1 <I"j/2.
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It is then clear that {x;} is a Cauchy sequence because for all j,
dXj11 —Xj) <rj,

and, hence, if j < k,

k—1 k—1 k—1—j
d(Xp, Xj) < Zd(xi,xi+1) < Zri <r;j Z 27 = rjzl—k+1_
i=j i=j i=0

The completeness of the space leads to a limit x. Since the sequence of balls
{Br; (x;)} is a nested, decreasing sequence of subsets of G N O;_j, the limit x will
belong to G N O. This proves the result. O

5.2 The Banach-Steinhaus Principle

The Banach-Steinhaus principle enables to derive a uniform bound from a pointwise
bound, which is a quite remarkable fact given that, in general, it is far from being
SO.

Theorem 5.2 Let E and F be two Banach spaces, and {T;};ey, a family (not
necessarily a sequence) in L(IE, ). The following two assertions are equivalent:

1. there is a constant C > 0 such that

IT;x| <Clxll, xekE, jelJ;

sup | T;x|| <oco, xek. G.D
jeJ

Proof Suppose (5.1) holds, and set, for each i € N,

Fi={xeE:|Tx|| <i, forall j € J}.
It is clear that each F; is closed, and E = U;F;, precisely by (5.1). Since every
Banach space is a complete metric space, by Theorem 5.1 and Definition 5.2, there
must be some i with F;, having a non-empty interior. This means that there is some

xo € E and p > 0 with

ITj(xo + px) <io, Jje€J,[Ixll <1
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This inequality can be recast as
1.
IT;ll < ;(lo + 11T x0l)

which is our conclusion. O
An interesting corollary is the following.

Corollary 5.1 Let E, F be two Banach spaces, and (T} a sequence in L(E,TF),
such that the limit of {Tjx} exists for every x € K, and is denoted by Tx. Then
T e L(E,F) and

IIT|| < liminf |T;]|.
J—>00

Proof Directly from Theorem 5.2, we conclude that T € L(E, [F). Since, it is true
that

ITx|l < 1T 11|l

for every j, we can conclude the inequality in the statement. O

Remark 5.1 It is important, however, to realize that it is not true, in general, that

IT; —T| — 0.

5.3 The Open Mapping and Closed Graph Theorems

These two are among the classical results in Functional Analysis that ought to be
studied in a first course.

Theorem 5.3 Every surjective, linear operator T : E — T between two Banach
spaces E and F is open, i.e. the image T(O) of every open set O in E is open in F.

Proof 1t is easy to argue that it suffices to show that there is some p > 0 such that
B, C T(By), (5.2)

where the first ball is a ball in I centered at 0, while the second ball is the unit ball
in E (exercise). To show (5.2), put
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Since T is onto, it is true that F = U;F;. By the Baire category result Theorem 5.1,
there must be some iy with F;; not having non-empty interior, for otherwise the
union would have empty interior which is not the case. There are, therefore, p > 0
and yo € F with

B4, (yo) C T(By).

Due to the symmetry of T(B) with respect to changes of sign, it is easy to have

B4, (0) C T(By) + T(By) = 2T(By),
or
B;,(0) C T(By). (5.3)
Based on (5.3), we would like to prove that
B, =B,(0) Cc T(By).
To this end, let y € [F be such that ||y|| < p; we want to find x € [E with
x| <1, Tx=Yy.

Because of (5.3), for € > 0 arbitrary, a vector z € [E can be found so that

lzll < 1/2, |y —Tz| <e.
In particular, for € = p/2, there is some z; € E such that

lzill <172, |y —Tzi| < p/2.

But this same argument applied to the difference y — Tz, instead of y, and for
€ = p/4,yields z; € E and

lz2ll < 1/4,  II(y = Tz1) — Tz2f| < p/4.

Proceeding recursively, we would find a sequence {z;} with the properties

()

lz: ]l <27, <p27,
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for every i. Consequently, the sequence of partial sums

is a Cauchy sequence, hence convergent to some x € By, and, by continuity of T,
Tx =Yy,

as desired. O

There are at least three important consequences of this fundamental result, one of
which is the closed graph theorem which we discuss in the third place.

Corollary 5.2 If T : E — F is a linear, continuous operator between two Banach
spaces that is a bijection, then T™' : F — E is linear, and continuous too.

Proof We investigate the consequences of injectivity together with property (5.2).
Indeed, if T is one-to-one, and x is such that ||Tx|| < p then necessarily |x| < 1.
For an arbitrary x € [, the vector

_ 0
X = X
2(Tx||
is such that | TX|| < p, and hence
o
—||ITx]|.
[l < = Il
This is the continuity of T~ O

A particularly interesting situation of this kind occurs when a unique underlying
space turns out to be a Banach space under two different norms.

Corollary 5.3 If a vector space E is a Banach space under two different norms
I - It and || - ||2, and there is a constant C > 0 with

Ixll2 < Clixll, xe€k,

then the two norms are equivalent, i.e. there is a further constant ¢ > 0 with
Ixlh < clixll2, x€E.

Proof The proof is hardly in need of any clarification. Simply apply the previous

corollary to the identity as a continuous bijection between the two Banach spaces
(]Ev ||||l)9l:112 O

It is of paramount importance that [E is a Banach space under the two norms.
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Finally, we have the closed graph theorem. For an operator T : E — F, its graph
G(T) is the subset of the product space given by

GT) ={x,Tx) CExF:x € E}.

Theorem 5.4 Let T : E — F be a linear operator between two Banach spaces.
The two following assertions are equivalent:

1. T is continuous;
2. G(T) is closed in E x IF.

Proof 1If T is continuous then its graph is closed. This is even true for non-linear
operators. For the converse, consider in E the graph norm

Ixllo = IIx[le + ITx||r.

Relying on the assumption of the closedness of the graph, it is easy to check that E
is also a Banach space under || - || (exercise). We trivially have

Ixle < lIxllo, x€E.
By the preceding corollary, the two norms are equivalent
Ixllo < clixllg, x €k,
for some positive constant c. But then
ITx[r < clxlle, x€E,

and T is continuous. O

5.4 Adjoint Operators

There is a canonical operation associated with a linear, continuous mapping T :
E — F between two Banach spaces with respective dual spaces E', F'. If T € F' so
that T : F — R is linear and continuous, the composition

ToT:E—-R

is linear and continuous as well, and hence it belongs to E'.
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Definition 5.3 Let T : E — T be linear and continuous. The map T' : F' — FE/
defined through the identity

(T'T,x) =(T,Tx), xeck,

is called the adjoint operator of T.

It is very easy to check that

1Tl gy = 1Tl £ )

The duality between a Banach space IE and its dual E can be understood as a bilinear
mapping

() :ExE — R.

Definition 5.4

1. For a subspace M of a Banach space [E, we define its orthogonal subspace
Mt = (T e E : (T, x) = 0 forall x € M}.
Similarly, if M is now a subspace of the dual E’, then
Mt ={xeE:(T,x)=0forall T € Mj}.

2. Given a linear, continuous operator T : E — [F there are two special subspaces,
one in [E, and another one in [F, associated with T

N(T) ={xeE:Tx=0}, R(T)={Tx:xcecE}.

It is instructive to relate the various concepts in this definition. To do this in an
efficient way, we first show the following which is also a nice fact on its own right.

Proposition 5.2 [f M is a subspace of a Banach space E, then
1
(Ml) — M. (5.4)
However, if Ml is a subspace of the dual I, then
N =
(I\\/JI ) 5 M. (5.5)

If E is reflexive, (5.5) becomes an equality too.
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Proof 1f M is a subspace of the Banach space E, it is easy to check that Ml C
M)+, and that (M)~ is closed. In particular, (M+)1 is a Banach space itself
(under the same norm in E). According to Corollary 3.3, to show (5.4) it suffices to
prove that for a linear functional 7' € E’ such that

(T,x) =0forallx e M (5.6)
we have
Tty =0. 5.7)

But (5.6) exactly means that T € M, and so (5.7) holds by definition.

The proof of (5.5) is similar. However, equality might not hold because linear
continuous functionals over [/, i.e. elements of IE”, vanishing on M may not belong
to E and not be elements of M-, If E is assumed to be reflexive, the equality is
recovered as before. O

Proposition 5.3 Let T : E — F be a linear, continuous operator between two
Banach spaces, and T' : F' — F/, its adjoint. Then

N(T) =R(T)*, NT) =R(D)*,
N(M* > R(T), NT)* =R(D.
IfE is reflexive, then
N(T)* = R(T).

Proof The first two identities are essentially a consequence of the definitions.
Concerning the other two, they are implied by the first two if we bear in mind
Proposition 5.2, including the situation when E is reflexive. O

We wrap this section by commenting briefly on the double adjoint T” : E” — F”.
If we start with T : E — T, we know that the adjoint operator T' : I/ — E' is
determined through

(T'T,x) =(T,Tx), xecE,TelF.
Once we have T' : I/ — [/, we can talk about T” : E” — F” characterized by

(T'x, T) = (x,T'T), xeE', T eF.

In particular, since E C E” is a closed subspace, if we take x € E we would have
forevery T € I/,

(T'x, T) = (T, Tx).
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This identity yields, again because IF is a closed subspace of IF, that T”x = Tx. This
fact can be interpreted by saying that T : E” — F” is an extension of T : E — T.
If E is reflexive, T” and T is the same operator with a different target space if F is
not reflexive.

5.5 Spectral Concepts

For a Banach space E, we denote £(IE) the collection of linear, continuous operators
from E to itself. 1 € L(E) stands for the identity map.

Definition 5.5 Let T € L(E) for a Banach space E.

1. The resolvent p(T) of T is the subset of real numbers A such that T — A1 is a
bijection from E onto E. We put

R, =T -2, xep.
2. The spectrum o (T) is defined to be
o(T) =R\ p(T).
The spectral radius v(T) is the number
v(T) = sup{|r] : L € o (T)}.
3. Areal number A € R is an eigenvalue of T if
N(T — A1) # {0}.

If X is an eigenvalue of T, the non-trivial subspace N(T — A1) is, precisely, its
eigenspace. The set of all eigenvalues of T is denoted e(T).

Note that we always have
e(T) C o(T).

Some basic properties follow. Let T € L(IE) for a certain Banach space E.
Proposition 5.4

1. The resolvent p(T) is open in R.
2. For every pair A, u € p(T),

R, — R, = (A — W)R,R;. (5.8)
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In particular,

R, — R
lim ——"* _ R2,
Aop A— ®

3. The spectrum o (T) is a compact set of R.
4. The spectral radius v(T) is smaller than the norm ||'T|.

Proof We first check that the class of isomorphisms in L(EE) is open in this Banach
space. Indeed, if T € L(E) is an isomorphism, the ball

B={SeL®:IS—TI<1/IT"'|}

is fully contained in the same class. To check this, we can write
S:T—(T—S):T(I—T_I(T—S)). (5.9)
Butif S € B,
IT="(T -9l <1,
and then (see exercise below)
1-T(T-9)

is an isomorphism. Equation (5.9) shows that so is S. Since the resolvent of T is the
pre-image of the class of isomorphisms, an open subset in £(IE) by our argument
above, through the continuous map

Y(A) R — LE), ¢YvA)=T-2l,

we can conclude that the resolvent is an open set of R.
Formula (5.8) is straightforward. In fact

R, —R, =R, (R;'R; — 1)
=R, (R;' —R; R,

=\ — WR,R;.

The spectrum is a closed set of R, given that its complement, the resolvent, has been
shown to be open. Moreover, it is easy to prove that

o (D) C [=IITIl. [T, (5.10)
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which, by the way, proves the last statement of the proposition. Equation (5.10) is
a direct consequence of the exercise mentioned above: [|(1/A)T|| < 1 implies that
1 — (1/0)T is an isomorphism, and so is T — A1, i.e. A € p(T). If |A| > ||T| what
we have just argued is correct. O

5.6 Self-Adjoint Operators

Since the dual space H' of a Hilbert space H can be identified canonically with itself
H' = H, given an operator T € L(HH), its adjoint operator T’ can also be regarded
as a member of L(H), and is determined through the condition

(Tx,y) = (x, Ty), x,yeH.

Definition 5.6 Let T € L(H) for a Hilbert space HL. T is self-adjoint if T = T, or,
equivalently, if

(Tx,y) = (x, Ty), x,yeH.
In addition, a self-adjoint operator T is positive if
(Tx,x) >0, xeH.
Theorem 5.5 For a self-adjoint operator T € L(H),

o(T) Cm,M], m= | i‘Illf1<TX, x), M = sup (TX, x).
Xll= Ix||=1

Moreover, both end-points m and M belong to o (T).

It is very easy to argue that e(T) is a subset of the interval [m, M]. Indeed, if there
is a non-null vector x such that

(T—ADx=0, Tx=Axx,
which can be assumed to have size one ||x|| = 1, we would trivially have
(Tx, x) = Alx|* = 4,
and hence A € [m, M]. However, given that e(T) C o (T), what this proposition
ensures is more than that. But it requires the self-adjointness of the operator T. For

self-adjoint operators T, it is true that

e(T) Cc o(T) C [m, M].
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Proof The main tool for the proof is the Lax-Milgram lemma Theorem 3.1. Assume
that A < m. By our above remark that A cannot be an eigenvalue, T — A1 is injective.
Take € > 0, so that m — A > €. In this case the bilinear form

A(X? Y) = <TX - )"Xv Y)

turns out to be symmetric (because T is self-adjoint), continuous, and coercive, since
the associated quadratic form

(Tx — A%, x) > €|x||?

is coercive. By the Lax-Milgram lemma, for every given element y € H, there is X
with

<Ti - )\iv Z> = (ys Z)
forevery z € H, i.e.
TX—AX =Y,

and T — A1 is onto. This means that A € p(T).
If A > M, argue in the same way with the bilinear form

Ax,y) = (Ax — TX, y).

For the last part of the proof, suppose, seeking a contradiction, that m € p(T), so
that T — m1 is a bijection and (T — m1)~! is continuous. By definition of m, there
is a sequence of unit vectors X;, ||X;|| = 1, such that

(Tx; —mx;j,x;) — 0. (5.11)
If we could derive from this convergence that the only way to have it is
Tx; —mx; — 0, (5.12)
that would be the contradiction with the continuity of (T — m1)~! and the fact that
the x;’s are unit vectors.
Concluding (5.12) from (5.11) involves the non-negativity of the bilinear,
possibly degenerate, form
AKX, y) = (Tx — mx,y).
This is nothing but the classical Cauchy-Schwarz inequality that does not require

the strict positivity of the underlying bilinear form to be correct. We include it next
for the sake of completeness and clarity. O
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Lemma 5.1 Let A(u, v) a symmetric, bilinear, non-negative form in a Hilbert space
H. Then

A(u, v)2 > A(u,uw)A(v,v), u,velH

Proof The proof is elementary. For an arbitrary pair u,v € H, consider the
quadratic, non-negative polynomial

Pit)=A(u+rtv,u+tv),

and conclude by demanding the non-negativity of the discriminant. O

If we use this lemma for the usual bilinear form
Ax,y) = (Tx —mx,y),
in the context of the convergences (5.12) and (5.11), we see that
ITx; — mx; > < (Tx; — mx;,x;) = 0,

and the proof of this item is finished. The case A < M is treated in the same way.

Corollary 5.4 The only self-adjoint operator with a spectrum reduced to {0} is the
trivial operator T = 0.

Proof By Theorem 5.5, if o (T) = {0}, we can conclude that the two numbers
m = M = 0 vanish. Hence

(Tz,z) = 0 for every z € H.
In particular, for arbitrary X, y,

0=(T(x+y),x+Yy)
=(Tx, x) + (Tx, y) + (Ty, x) + (Ty, y)
=2(Tx,y),
and T = 0. m]

Remark 5.2 In the context of the two previous results, it can be shown that for a
self-adjoint operator T, it is true that

(| = max{|m], |M]}.
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5.7 The Fourier Transform

The utmost importance of the Fourier transform in Analysis can hardly be suitably
estimated. In this section, we look at it from the viewpoint of the theory of
continuous operators. It is just but a timid introduction to this fundamental integral
transform.

Definition 5.7 For a function f(x) € L'(RV; C), we define
Ffy)=f:RY > C
through

fon= / fx)e i *Vdx,  ye RV,
RN

i is, of course, the imaginary unit. Recall that the inner product in L?(RV; C) is
given by

(f, 8) =/ f(x)g(x)dx
]RN

where - represent the complex conjugate.
We immediately notice that for every individual y € RY, we have

1)l 5/ 1/ (o)) dx,
RN

and so

I fllze@y,cy = Nl @y ;o)

However, the full power of the Fourier transform is shown when it is understood as
an isometry in LZ(RN ; ©). To this end, we state several basic tools, whose proof is
deferred until we see how to apply them to our purposes, and are sure they deserve
the effort.

Lemma 5.2 (Riemann-Lebesgue) If f € L'(RY; C), then

lim Fx)e T*Y dx = 0.
|yl—o0 JrRN

Lemma 5.3 (The Inverse Transform) If f, f e L'(RN; C), and

lim f(x/r) = £(O),
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then
f) = / fydy.
RN
In general, for almost every individual x € RV,
) = / F @Y 4z dy.
RN xRN

This lemma permits the following coherent definition.

Definition 5.8 For a function f € L! (RN ; ©), we define

FH) =T = /R )T dx
The previous lemma can be interpreted in the sense that

FH) =F),

when both transforms are appropriately interpreted in L>(R"; C).

Proposition 5.5 (Plancherel’s Theorem in L' N L?) If f g, f , & belong to
L'®RN;C) N L2RN; C), then

(f.8)=1(f 2

In particular; | f||* = || f12.
Define, for f € L>(RV; C),

Firo = [ rwe T ar = 7).

[=j.j]

where yx; stands for the characteristic function of the box [, 71V This definition
is legitimate because

fxj e L'®RY;0)nL*®RY; ©).
Moreover, we claim that
F(fxj) € L'R"; C).

To show this, we use the Riemann-Lebesgue lemma for ¥( f x;)(y) and all of its
partial derivatives of any order. Indeed, if j is fixed, since f x; has compact support,
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so does the product of it with every complex polynomial P (x), and hence
fx;jP e L'®RY;0).

In this case, we can differentiate F( f x ;) (y) with respect to y any number of times.
For instance,

OF(fxj)

. = / FOx;j ) (=2mixe ™ Y dy,  x = (xk, ¥y = O
Yk RN

This implies that F(f x;)(y) is C*°, and, thanks to Lemma 5.2 applied to fx; P,
the limit of all partial derivatives of ¥(f x;)(y) vanishes as |y| — oo. This, in
particular, means that

Ff )W) € L'RY: ©) N L*RY; C).
Proposition 5.3 permits us to ensure that

IFCFANI* = x> < A1 (5.13)

for all j. This fact means that operators ¥ ; are well-defined from L2RY: ) to
itself.

We are now ready to show the main fact of the theory of the Fourier transform in
L>(RN; C). We will apply Corollaries 5.1 and 5.2.

Proposition 5.6 The limit

F= lim F; in L>(RY; C)

j—o00
defines an isometry in this same Hilbert space
IFFI =1f1. feL*®R";C). (5.14)

Identity (5.14) is known universally as Plancherel’s identity.

Proof According to Corollary 5.1, we need to check that the limit of ¥ f exists in
L*(R¥; C) for every individual function f in the same space. Let j < k be two large
positive integers. By our calculations above redone for the difference f(x; — xx),
we can conclude that

175 f = Fafll=1f(x —xll = 0, j. k— oo,
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i.e. {f; f} is a Cauchy sequence in L*(RN; C), and, as such, it converges to an
element

Ff e L>RY; C).

By Corollary 5.2, ¥ is a continuous operator in such Hilbert space, and, according
to (5.13),

171 < 1.

More is true because (5.13) implies that

IFCf x93l = 1 xx

for every compact subset K C RY, and, by density through the theorem of
dominated convergence,

171 =111 -

We therefore see that the proofs of Lemmas 5.2, 5.3, and Proposition 5.14 are
important. We now examine them.

Proof (Lemma 5.2) This important fact is essentially Exercise 16 in Chap.2. We
argue in several steps:

1. Suppose first that f is the characteristic function of a box B = Ii[ak, br]. Then

. by .
/ e—2mx'y dx =Hk/ 672mxkyk dxy
B

Ak

1 P by
: e 2 X Yk -0
—2miyx ax

:Hk

as yr — oo. Since at least one of the coordinates y; must tend to infinity, the
claim is correct.

2. By linearity, the conclusion is valid for linear combinations of characteristic
functions of boxes.

3. By density, our claim becomes true for arbitrary functions in the space
L'(RY; C). The argument goes like this. Take

feLl'®RY;0),
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and for arbitrary € > 0 find a linear combination yx of characteristic functions of
boxes with || f — x || < €. In this manner

/ f(x)e_z’”x'y dx :/ (f(x) — X(x))e—Znix-y dx
RN RN

—i—/ x (x)e 2TV dx.
RN

The first term cannot be any greater than €, while the second can be made
arbitrarily small by taking y sufficiently large, according to our previous step.
0

Proof (Lemma 5.3) We start looking at the Fourier transform of the special function
_ —n\x\z _ —imx?
PN(x) =e = xe "%,
where its product structure enables us to focus on the one dimensional version

P1(x) = P(x) = V.

Once we have its Fourier transform dA)(y), then

N () = T ().

For the one-dimensional case, we write

$(y) = / ¢ (x)e " dx.

R

If we differentiate formally with respect to y, we are led to
() = / G () (=2mix)e TV dy = / ¢ (x)(—2mx)e XY dx.
R R
If we notice that ¢’(x) = —27x¢(x), then
¢ =i / ¢'(x)e > dx,

R

and an integration by parts takes us to (contributions coming from infinity vanish)

¢'(y) = —2my /R P (x)e TV dx = 27w yh(y).
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We conclude that qg(y) = c¢(y) for some constant c. If we examine this identity at
y = 0, we see that

c=¢0) = / d(x)dx = 1.
R
This last integral is well-known from elementary Calculus courses. Hence
N 2 N _ 2
S =dM =, dn(y) =T
For positive r, if we put

gx) =o¢n(x/r),

we can easily check that

/ £GPy (x) dx = / FE8() dx
RN RN

by manipulating the change of scale in the natural manner. It is also elementary to
realize, through Fubini’s theorem, that the Fourier transform is formally self-adjoint
in the sense

/ f(x)g(x)dx=/ f(x)g(x)dx,and
RN RN
hence we arrive at
[ remavear = [ s
RN RN

for every positive r. If we take r to infinity, the right-hand side converges, because
f € LY(RY; ©), to the integral of f, and we obtain our claim.

For a.e. x, we can apply the previous result translating the origen to the point x,
and so

f(x):f f fz4x)e 2%V dz dy.
RN JRN

A natural change of variables in the inner integral leads directly to our formula. O

Proof (Proposition 5.14) Plancherel’s identity is a direct consequence of the more
general fact concerning the behavior of Fourier’s transform with respect to the inner
product in L?(RY; C), namely, if

f.g € L*(RY; 0),
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then

>

(f.8) = (/.8

In fact, the left-hand side is

(f.2) = / [/ F)e 2T gy / ?(z)ezm'ydz} dy,
RN RN RN

and elementary manipulations lead to
(f.8) =/ [/ F(0)g(2)e™ EY qx dz} dy
RN LJRN xRN

= / 8(z) [ f f(x)e?TiE@E=x)y gy dx:| dz.
RN RN xRN

We conclude directly by Lemma 5.3. O

In the proof of these fundamental facts we have used along the proof some of
the basic properties that make the Fourier transform so useful in Applied Analysis:
the behavior with respect to translations and changes of scale, the derivative of the
transform, the transform of the derivative, etc.

As remarked at the beginning of the section, the importante of the Fourier
transform goes well beyond what has been described here.

5.8 Exercises

1. Show that the two definitions of a Baire space in Definition 5.2 are indeed
equivalent.
2. Prove that if

B, C T(By)
for a linear, continuous map T : E — F between Banach spaces, and for some
p > 0, then the image under T of every open subset of [E is open in F.
3. Show that if the graph of a linear operator T : E — F is closed in the product
space, then [E under the graph norm

lallg = llullg + [Tullr,

is a Banach space too.
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Let E be a Banach space, and T € L(E) such that || T|| < 1. Argue that1 — T
is an isomorphism, by checking that the series

is its inverse.

. Consider the operator

T:L*(—m, 7)) > L*(—m,7), Tfx)=f(2x),
where functions in L?(—m, ) are regarded as extended to all of R by
periodicity.

(a) Check that T is linear, continuous, and compute its norm.
(b) Show that 0 € o (T) \ e(T).
(¢) Calculate its adjoint T'.

Let H be a Hilbert space.
(a) If 7 : H — His such that

rt=m  (mx,y) = (x, 1Y),

for every x,y € H, prove that  is linear continuous, and has norm 1.
Conclude that K = 7 (H) is a closed subspace, orthogonal to the kernel of
7, and 7 is the orthogonal projection onto K.

(b) If v € L(H) is such that 72 = 7, argue that the four following assertions
are equivalent: 7 is the orthogonal projection onto 7 (H); 7 is positive;
is self-adjoint; and 7 commutes with 77’.

For the operator
T: 07 — £7, T(x,x,...)=(0,x1,x2,...),
show that
oM ={Al =1}, e =40
For the operator
T: P — ¢P, T(xy,x2,x3,...)=(x1,x2/2,x3/3,...),

find o (T) and e(T). For A € p(T), calculate explicitly (T — AL
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9. Suppose

10.

K(x,y):[0,1]1x[0,1] = R, K(x,y)=0ifx <y,

is bounded, and continuous when x > y. The integral operator

Tu(x) 2/0 K (x, y)u(y)dy

is known as the Volterra operator with kernel K.

(a)
(b)

©
(d

(e

Show that T is linear and continuous from C[O0, 1] to itself, and that the
successive powers T/ also are Volterra operators.
Show, by induction, that if K ; is the kernel of T/, then

J

_ )/
G-

IKj(x, )| =

if M > 0 is an upper bound of | K (x, y)|.
Look for examples of kernels K (x, y) for which 0 € e(T) and O ¢ e(T).
For the particular example

K(x,y) = xa(x,y), A={(xy) e€l0,1?:x >y},

the indicator function of A, calculate explicitly K ;, T/, and (1 — T)~!. In
this way, the equation (1 — T)u = v can be resolved for v € C[O0, 1].

If v is differentiable, check that the equation (1 — T)u = v is equivalent to
a linear differential equation with a suitable initial condition, and that the
corresponding solution in the previous item coincide with the one coming
from the theory of Differential Equations.

Let T = L(IE), for a Banach space E, such that the series

> T
j=0

converges in [E for every x € E (note the difference with Exercise 4 above).

()

Show that 1 — T is an isomorphism of E and

A-D7 'y =) T@y.
=0
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11.

12.

13.

14.

15.

5 Continuous Operators

(b) For arbitrary xo € E, consider the sequence
Xj+1 =y + Tx;.

Argue that it converges to (1 — ) ! (y), regardless of how X is selected.
(c) If we put

x = lim x;, Xx;41=y+Tx;,
J—>00

show that, for all j,
Ix = x;1 < 1A =T~ 1T/ 11 — xoll.

In the Banach space E = ([0, 1], endowed with the sup norm, let K be a
subspace of differentiable functions (C'). The derivative operator taking each
u € Kinto its derivative u’ € E is continuous if and only if K is finite-
dimensional. In particular, if K C C 1[0, 1] is closed in E, then it has finite
dimension.

For functions

a(x) € L¥(Q), bx) e L*(Q), QcCRY,
define the operator T € £(L?(£2)) by putting
T(H(x) =a(x)f(x)+ b(x).

The Laplace transform is universally defined through the formula

Lu)(s) = /Oou(t)e_” dt, s € (0,00).
0

Use the Riesz representation theorem, Proposition 2.14 and the duality rela-
tions 5.3, to prove the non-symmetric version of the Lax-Milgram lemma: Let
A(u, v) be a continuous, coercive bilinear form over a Hilbert space H. For
every U € H, there is a unique u € H such that

A(a,v) = (U, v).
for every v € H.
For E = CJ[0, 1] under the sup-norm, consider the operator T taking each y(¢) €
[E into the unique solution x (¢) of the differential problem

xX'@) =x@) +y@)in[0,1], x(0)=0.

Check that it is linear, continuous, and find its norm, and its eigenvalues.



Chapter 6 ®
Compact Operators Qe

Compactness of an operator goes one step beyond continuity. Its treatment is
fundamental in many areas in Applied Analysis, particularly Differential Equations
and Variational Methods. Since compactness is one of the main concepts in
Topology when applied to Analysis, compact operators will also play a fundamental
role. In some sense, the class of compact operators is the one that allows to shift our
intuition about finite-dimensional spaces to the infinite-dimensional scenario.

6.1 Preliminaries

We start with the basic definition, properties, and examples.

Definition 6.1 A linear, continuous operator T : E — T between two Banach
spaces is said to be compact if the image of the unit ball Bg of E is relatively
compact in IF. Equivalently, if from every uniformly bounded sequence {u;} in K,
one can find a subsequence {Tu; } converging in F. The set of compact operators
from E to F is denoted by K(E, F).

Because uniformly bounded sequences in reflexive Banach spaces admit subse-
quences converging weakly, roughly speaking compact operators are those trans-
forming weak into strong convergence.

Proposition 6.1 For two given Banach spaces E and F, K(E,F) is a closed
subspace of L(E, F).

Proof The fact that K(E, F) is a subspace of L(E, IF) is pretty obvious. Let

{Tx} CKE,F), Tiy— Tin LE,F),
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and {u;} C E uniformly bounded. Since, I is a complete metric space, it is a well-
known fact in Topology, that it suffices to check that the image T(BE) can be covered
by a finite number of balls of arbitrarily small size. Take € > 0, and k with

Tk — Tl < €/2.
Since T} is compact, we can find v; € F with
Ty Bg) C U;B(v;, €/2).
The triangular inequality immediately leads to
TBr) C UiB(vi, €),

and the arbitrariness of € implies T € K(E, ). O
There are several main initial examples of compact operators.

Example 6.1 A linear operator T : E — F is of finite rank if the image
subspace T(E) is finitely generated. Every linear operator of finite rank is compact.
According to the previous proposition, every limit operator of a sequence of finite
rank operators is also compact. The converse of this statement is known as the
approximation problem: to decide whether every compact operator is a limit of a
sequence of finite-rank operators. Though the answer is positive when, for instance,
F is a Hilbert space, it is indeed a very delicate issue which is not true in general.

Example 6.2 Let J = (x¢, x1) be a finite interval. The integration operator
X
I:WhP(RY) — L2®(J;RY),  Tu(x) =/ u'(y)dy,
X0

for p > 1 is compact. We already know this from Chap. 2.
Example 6.3 The prototype of an operation which is compact is integration, as
opposed to differentiation, as we have started to suspect from the previous example.
To clearly show this assertion, let Q2 C RY be a bounded open set, and let
Kx,y:QxQ—>R, |Kxy —K(zyl =< Mx—z/"y),
k(y) € LA (),

for a positive constant M, and exponent & > 0. Define the operator

T: L2(Q) — L®(Q), Tu®Xx) = /Q K, y)u(y)dy.
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T is compact. This is easy to see because for a bounded sequence {u;} in L2(),
we can write for an arbitrary pair of points x and z,

ITuj(x) — Tuj(2)| < MIx —z|*[[kll 20
where constant M incorporates constant M and the uniform bound for the sequence

{u;}. This final inequality shows that the sequence of images {Tu ;} is equicontinu-
ous, and hence it admits some convergent subsequence.

Example 6.4 The compactness of an operator may depend on the spaces where it
is considered. A convolution operator of the kind

Tuo = [ px—yuty) dy
with a smooth, compactly supported kernel
p(z) : RY > R,
is compact when regarded as
T:L'RY) - L®RY).
It is a particular example of the situation in the preceding example for a kernel
KX, y) =px—y).

However, it is not compact when considered from LY(RN) to itself, because the
injection

LR N L'®RY) c L'RY)

is not compact. If we restrict attention to a subspace L'(2) for a bounded subset
Q C RV, then it is compact though.

Example 6.5 The kind of integral operators considered in the last examples can be
viewed in a much more general framework, and still retain its compactness feature.
These are called Hilbert-Schmidt operators. Let

KX,y :2xQ—>R, QcRN,

with

K(x,y) € L*(Q x Q), / IK (x,y)|* dxdy < oo,
QxQ
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and define the corresponding integral operator as before
Tu(x) = f Kx yu@y)dy, T:L*Q) — L*(Q).
Q

It is easy to check that T is continuous. To show its compactness, we take
an orthonormal basis {v;} for L2(2), and realize that the set of all products
{vi(x)v;(y)} makes a orthonormal basis for L2(2 x ). In this way we can write

K(e,y) =Y kijuiuy), Y lki % < oo,
iJj

i,j

and

Tue =3[ Yk /Q v ) dy | vix).
J

i
For a finite k, define

k k
Ty : L2(Q) - LY(Q), T =Y | Y kij /Q v (Wu(y)dy | vix).
J

i

It is clear that Ty is a finite-rank operator; and, on the other hand, the condition
on the summability of the double series for the coefficients k; ; (remainders tend to
zero) directly implies that

Ty —T|| - 0, k — oo.

Conclude by Proposition 6.1.

Proposition 5.3 establishes a clear relationship between the kernel and range of an
operator T and its adjoint T'. In order to make use of such identities in the context of
compact operators, it is important to know whether the adjoint of a compact operator
is compact as well.

Theorem 6.1 Let T € L(E,F) for a couple of Banach spaces E and F. Then T €
K(E, ) if and only if T' € K(F', E).

Proof Suppose T : E — F is compact. Let {y;} be a sequence in the unit ball B’ of
IF’. We would like to show that {T’(y,)} admits some convergent subsequence. Our
main assumption, the compactness of T, implies that K = T(B) is compact in I, if
B is the unit ball of E. Each yi is, in particular, continuous in the compact set K,
and because |yx|| < 1 for all k (y;x € B’), the whole family {y} is equicontinuous
when restricted to K. By the classical Arzeld-Ascoli theorem, there is a convergent
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subsequence (not relabeled), and hence

sup [y, Tx) — (yx, Tx)[ = 0

xeB

as k, j — oo. This is exactly the same as saying
ITy; — Tyl = 0

as k, j — oo; that is {T'y;} is convergent in E’.

Assume now that T : F* — [E’ is compact. What we have just proved implies
that T” : E” — F” is compact. By our remarks at the end of Sect. 5.4, we know that
T(B) = T”(B) if B is the unit ball of E. Moreover, T” (B) has a compact closure in
F”, and F C F” is a closed subspace. We can then deduce that T(B) has compact
closureinF, and T : E — T is compact. m|

6.2 The Fredholm Alternative

For a Banach space E, we designate by K(E) the class of compact operators from
E into itself. A first fundamental result with a couple of basic facts about compact
operators, that is the basis for the Fredholm alternative, follows. Recall that 1 is the
identity map.

Proposition 6.2 Let T € K(E).

1. If T(E) is a closed subspace, then it has finite dimension.
2. The subspaces N(T — 1) and N(T' — 1) always have finite dimension (and it is
the same for both).

Proof If T(E) is closed, it is a Banach space itself, and T : E — T(E) turns out to
be onto. According to the open mapping theorem, T is open, and so T(B), the image
under T of the unit ball B in E, is a relatively compact, neighborhood of zero in the
space T(E). In this way, there is a finite set {u;} C T(E) such that

T®) c | <u- + lT(]B)) cM+ lT(IB%)
i "2 2

if M is the finite-dimensional space spanned by {u;}. By Exercise 2 below, we
conclude that T(IE) has finite dimension.

The subspace N(T—1) is closed, and the compact restriction of T to this subspace
is the identity. Thus the image subspace T(N) = N is closed. By the previous item,
such subspace must be finite dimensional. The same applies to the compact operator
T.

0
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We are ready to deal with one of the most remarkable facts about compact
operators.

Theorem 6.2 (Fredholm Alternative) Let T € K(E), and A € R\ {0}. Then
R(T — A1) = N(T' — A1)*.

The usual, and useful, interpretation of this statement refers to the solvability of the
equation

Tx —Ax=y, yekE,A#0, (6.1)

in two “alternatives":

1. either there is a unique solution x for (6.1) for every y € E, in case N(T' — 1) is
trivial; or else

2. Equation (6.1) for y = 0 has a finite number of independent solutions, and the
non-homogeneous equation (for y # 0) admits solutions if and only if

y e N(T' — At : (y,x) = 0 whenever T'x’ — Ax’ = 0.
Proof By Proposition 5.3, it suffices to show that R(T — A1) is closed. Since T is
compact if and only if (1/A)T is compact for non-zero A, we can, without loss of
generality, concentrate in showing that R(T — 1) is closed.
Assume then that
Tx; —x; - X, Xek. (6.2)
We are supposed to show the existence of some x € E with
Tx —x=X.
Note that for arbitrary
z; e N(T-1),
we can replace x; by x; + z; without changing the limit X
Tx;+z;) - x; +z;) > X (6.3)

In addition, by Proposition 6.2, the subspace N(T — 1) is finite-dimensional.

* We claim that z; in the kernel of T — 1 can be chosen so that x; + z; remains a
bounded sequence. To this aim, consider the function

Ix; + - : N(T — 1) - R*.
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This is a convex, coercive function defined over a finite dimensional space. It
therefore attains its global minimum at some z; € N(T — 1) (possibly non-
unique if the norm is not strictly convex). Suppose the sequence of numbers
{aj = |Ixj +z;]||} is not bounded. In this case,

1 1
—Tx; +z;) — —(x; +z;) = 0. (6.4)
o aj
But if, after extracting a subsequence not relabeled, due again to the compactness
of T,
L1 +27)

—Tx; +2z;) > z,

o J J
then from (6.4),
: (xj +zj)
—X;j+z)) >z
o; J J

as well, so that Tz = z, and z € N(T — 1). But because N(T — 1) is a subspace
and z; belongs to it, on the one hand,

min [|(1/«;)(X; +2z;) +u|

ueN(T-1)
=(1/u; min X; +ul| =1, 6.5
(1/aj) et 1% l (6.5)
because this last minimum was attained at z;; but on the other, by taking u = —z

on the minimum on the left-hand side, we see that such an minimum must be
smaller than

(/) (x; +2;) — z|

which tends to zero, a contradiction with (6.5). Hence, {x; + z;} is bounded.
* By the compactness of T, for a subsequence which we do not care to relabel,

T(x;+z;)) =Y, someY ek
By (6.3),
Xj+z; > Y —-X,
and, then,

T(x; +2z;) > T(Y — X).



200 6 Compact Operators

Putting these last two convergences together, and bearing in mind (6.2),
TY-X)—(Y-X) =X,

i.e. X € R(T — 1), as desired.
O

Remark 6.1 The fact that the dimension is the same for the two finite-dimensional
spaces N(T — 1) and N(T' — 1), when T is compact, can be shown in a elementary
way by using Theorem 6.2 (and also Proposition 5.3, and the fact that finite-
dimensional subspaces always admit complement).

6.3 Spectral Analysis

Recall that (Definition 5.5) a real number A is an eigenvalue of an operator T €
L(E), and we write A € e(T), if the subspace N(T — A1) is not the trivial subspace.
The resolvent p(T) is the set of numbers A for which T — A1 is a bijection. Finally,
the spectrum o (T) is the complement of the resolvent.

Before we discuss the main result in this section, we prove a very helpful tool.
The distance function to a set U in a Banach space E is taken to be

dx,U) = inf [x —y|, xeE.
yeU

Lemma 6.1 (Riesz) Let E be a Banach space, and M, a proper, closed subspace.
For every € > 0, there is x € E with ||x|| = 1 and such that

dx,M) >1—e.
Proof By Corollary 3.3 of the Hahn-Banach theorem, there is T € E’ with
ITI=1, Tly=0.
For € > 0, there is some unit x, ||x|| = 1, such that
1T —e < KT, x)I.
Then, for every y € M,

Il —e=|T| —e=KT.x)|

=(T.x =y =Tl lIx=yll = Ix-yl.

This is the conclusion of the lemma because y € M is arbitrary. O
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This lemma will be an indispensable tool for yet an intermediate step for our main
theorem which is a revision of some spectral concepts for compact operators. It very
clearly expresses the remarkable and surprising consequences of compactness.

Proposition 6.3 Let T € K(E). N(T — 1) is the trivial subspace if and only if
R(T — 1) the full space, i.e. T — 1 is injective if and only if it is surjective.

Proof Suppose first that N(T — 1) is trivial but R(T — 1) is not the full E. By
Theorem 6.2, the proper subspace M = R(T — 1) is closed, and so M is a Banach
space on its own. Moreover, it is evident that T(M) C M, but T(M) cannot fill up
all of M, precisely because N(T — 1) is trivial and R(T — 1) is not the full [E (this is
exactly as in Linear Algebra in finite dimension). In addition,

Ty € KM).
We therefore see that we can define recursively the following sequence of subspaces
M; =(T-1D'E, j=>0,
in such a way that it is a strictly nested, decreasing sequence of closed subspaces

(for the same reason indicated above). By Lemma 6.1, we can find a sequence {x;}
in such a way that

(6.6)

N =

x;j e M;, [x;ll=1, dist(x;, M) >
If for j < k, we look at the difference
Tx; — Tx; = (Tx; —x;) — (Txx — xp) + (X; — Xp),
we realize that
(Tx; —x;) — (Tx —xp) — X, € M4y,
and hence
Tx; —Txy =x; +2z, z¢e€M;.

But (6.6) implies, then, that

N =

ITx; — Tx|| =

for all j, k, which is impossible for a compact operator. This contradiction leads us
to conclude that, indeed, R(T — 1) is the full space.
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The converse can be argued through the adjoint T, the dual E’ and the relations
in Proposition 5.3. It is left as an exercise. O

We are now ready for our main result concerning important spectral facts for
compact operators.

Theorem 6.3 Let E be a (non-trivial) Banach space, and T € K(E).

1. 0 € o(T),
2. every non-vanishing X in o (T) is an eigenvalue of T:

o(T)\ {0} Ce(T) or o(T)=e(T)U/{0};
3. for positive r > 0, the set
E-={Aeo(D:|A|=r}

is empty or finite;
4. the spectrum o (T) is a non-empty, countable, compact set of numbers with 0 as
the only possible accumulation point.

Proof 1f0 € p(T), then T should be a bijection but this is impossible for a compact
operator on an infinite-dimensional Banach space.

Suppose a non-vanishing X is not an eigenvalue, so that T — A1 is injective. By
Proposition 6.3, it is also surjective, and so A € p(T).

For the third item, we follow a proof similar to that of Proposition 6.3. Let, for
some fixed, positive » > 0, the set E, be infinite: {A;} C E,. By the previous item,
each A; is an eigenvalue of T with some eigenvector €; in such a way that the set {e; }
is a linearly independent set. Put M, for the finite-dimensional subspace spanned by
{€i}i=1,2,....n sO that

MyCM,C---CM, C...

with proper inclusions. By Lemma 6.1, we can find a sequence {x;} with

1
il =1 x €M, [x—ylz7
for every y € M;_;. We claim, then, that the sequence {Tx;} cannot possess a

convergent subsequence, which is impossible due to the compactness of T. Indeed,
we can write for j < k,

ITx; — Txpll = ITx; — (T — A D)X — AeXll.
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Because (T — A;1)x; cannot have a non-vanishing component along ey, precisely
because ey is an eigenvector associated with the eigenvalue Ay, we see that (j < k)

Tx; — (T — A Dxp € Mg

and so does this same vector divided by Ax. In this way

1 1
—(Tx; — (T — 11 — > -,
”Ak( xj —( kDXi) — Xi |l = >
or
Akl _ 1
ITx; — Txkll = [ITx; — (T — AcDxpe — Aexie|l = - Z5
This is impossible for a compact operator T, and this contradiction implies that each

E, must be finite (or empty).
The last item is a direct consequence of the previous ones. O

6.4 Spectral Decomposition of Compact, Self-Adjoint
Operators

We would like to explore a main fact that is a consequence of putting together these
two fundamental properties, self-adjointness and compactness, in a given operator
T from a Hilbert space into itself. It is the most fundamental property that we would
like to highlight: they are always diagonalizable.

Theorem 6.4 Let T € K(H) be a compact, self-adjoint operator over a separable
Hilbert space H. There exists a orthonormal basis of H made up of eigenvectors of
T.

Proof By Theorem 6.3, there is a sequence of non-zero eigenvalues A ; converging
to 0. By Proposition 6.2 each subspace N(T — A1) is of finite dimension. Put

Hy = N(T), Hj ZN(T—)\/‘I),]' > 1.

We will show that H is the closure of the union of all the H;’s, and they are mutually
orthogonal. Indeed, if x € H; and y € Hy with j # k, then

(Aj — A (x,y) = (Tx,y) — (x, Ty) =0
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because T is self-adjoint, and
Tx =A;x, Ty=MAy.

Consequently because A ; # Ax, we conclude that x and y are orthogonal.

Let M be the subspace spanned by the union of the H;, j > 0. We claim that
the closure of M is the full H. Suppose, seeking a contradiction, that it is not so.
Let M be the orthogonal complement to the subspace M. Because T(M) C M, if
y € Mt and x € M, then

(Ty, x) = (y, Tx) = 0.

The arbitrariness of x and y implies that T(M+) c M+, as well. Thus M+ is a
Hilbert space on its own, and T|y;. is a compact, self-adjoint operator. But since we
have already recorded all of eigenvalues of T in the initial sequence {A;}, including
Xo = 0, the restriction of T to M- cannot have eigenvectors. According to the last
item of Theorem 6.3, the only possibility left is for M+ to be trivial. Conclude then
that M = H by Corollary 3.3.

If we organize over each H; orthonormal bases, the union of them all will be an
orthonormal basis for the full space H, according to our proof here. The existence of
orthonormal bases for H are guaranteed by Proposition 2.12 in case it is an infinite-
dimensional subspace, while the H;’s, for j > 1, are finite dimensional. O

As in the finite-dimensional setting, this fundamental result is informing us that
there is a special basis for H, in which the compact, self-adjoint operator T admits
a especially convenient representation: if

X = E Xj€j, Tejzkjej,
J

i.e. {e;} is an orthonormal basis of H with eigenvectors, then
Tx = Z )ij]'ej.
J

Example 6.6 Trigonometric bases. This is related to Example 2.14. Take H to be
the Hilbert space Lz(—n, 1), and define the operator

X T

+
T:-H— H, Tukx)= (y—x)u(y)dy — % (y —mu(y)dy.

. ).

It is very easy to check that T is well-defined.
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Moreover, it is compact because T is essentially an integral operator (check the
examples in Sect. 6.1). It is very easy to realize that, in fact, if we put U (x) = Tu(x)
then

—U"(x)=u(x), U(-n)=U(m)=0,

i.e. U is the unique minimizer of the variational problem

Minimize in U (x) € Hol(—n, ) /ﬂ [%U’(x)z _ u(x)U(x):| dx.

However, the image of T is contained in the subspace L%(—n, ) with vanishing
average
T
f(x)dx =0.

-7

This is very easily checked because this integral condition is correct for function
U € Hol(—n’, 7). Restricted to this subspace H = L(z)(n, ), T is also compact. T
is self-adjoint too because if for v(x) € H, we put V (x) = Tv(x), then

(Tu, v) = /77 Ux)v(x)dx = _/‘ﬂ Ux)V"(x)dx

-7 -7

and two successive integrations by parts yield

(Tu,v) = — fﬂ U"(x)V(x)dx = (u, Tv).

-7

According to Theorem 6.4, the full collection of, suitably normalized, eigenfunc-
tions for T furnish an orthonormal basis for L*(—, 7). Such eigenfunctions, and
their respective eigenvalues, are the posible non-trivial solutions of the problem

—U'(x)=AUx), U(=n)=U(m)=0.

It is an elementary exercise in Differential Equations to find that the only non-trivial
solutions of this family of problems correspond to

A= %4, j=1,2,...,

and

1 1 1
Uio) = ——sin(~i Zir)
i (x) ﬁsm <2jx+ 2]71)
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This family of trigonometric functions is an orthonormal basis for L?(—, ). Note
how different it is from the one in Example 2.14, in spite of both being orthonormal
basis of the same space.

Example 6.7 A typical Hilbert-Schmidt operator. In the context of Example 6.5,
KX,y :Q2xQ—> R, QCRN,

with

K(x,y) € L* (2 x Q), / K (x,y)|* dxdy < oo,

QxQ

define the corresponding integral operator

Tu(x) = / K&, yu@y)dy, T:L*Q) — L*(Q).

Q

If the kernel K is symmetric, then the operator T is compact and self-adjoint. As a
consequence of Theorem 6.4, there is a basis of L?(£2) made up of eigenfunctions
of T. Eigenfunctions are solutions of the integral equation

/ K x, y)u(y) dy = ru(x).
Q
Of particular importance is the case of a convolution kernel

KX, y) =px—Yy).

It is hard to solve these integral equation even for simple situations.

Example 6.8 Definition of a function of an operator. If T is a compact, self-adjoint
operator of a Hilbert space into itself, we already know there is a special orthonormal
basis {e;} very well adapted to T in such a way that if

x=) xje;, Tej =Ajej, (6.7)
j

then
Tx = Z)ij]'ej.
J

Given a real continuous function

JO):R=>R, f(0)=0,
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we can define the operator f(T) which is a linear, compact, self-adjoint operator
uniquely determined by putting

fMx =" f())xje;
J

under (6.7). See an explicit example below.

6.5 Exercises

1. LetE, F, G, H be four Banach spaces. Suppose that
Se LE,F), TeKF, G), UeLG,H).
Argue that the composition Uo T o S € K(E, H).

2. Show that if U and M are a bounded set and a subspace, respectively, in a
Banach space E, such that

1

then U C M.
3. Let T € L(H) with H, a Hilbert space. Show that o (T) = o (T’), and that

N(T) = R(T)*, N(T) =R(D)*.

4. (a) Define the logarithm of a symmetric, positive-definite matrix A. Calculate

log A for
3 11
A=|—-4-1-2
2 1 2

(b) Argue that for the operator

T:L*0,1) — L*©,1), U =Tu,
—U” =uin(0,1),U(0) =U(1) =0,

its square root is well-defined.
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. Argue that there is a basis of LZ(0, 1) composed of solutions of the problems

—uj(x)" 4+ uj(x) = Aju;j(x)in 0, 1), u’j(O) = u/j(l) =0,

for a collection of numbers A ; tending to co.
Let E be an infinite-dimensional, separable Hilbert space with

E=ULE;, E; CEi,

and each [E; of finite dimension. Let m; be the orthogonal projection onto E;,
and JTiJ‘, the orthogonal projection onto its orthogonal complement. Argue that

1

7ix—>0

for every x, and yet it is not true that ||JTI-J‘ || = 0. Does this fact contradict the
Banach-Steinhaus principle?
Let [E be a separable Hilbert space with

E=UE;,, E CEi-',-l»

and each E; of finite dimension. Let ; be the orthogonal projection onto E;.
An operator T € L(E) is compact if and only if

|l7;T—T| — 0, i— oo.

Suppose T € L(H), H a Hilbert space, can be written
o
T(x) =Y a;mi(x)
i=1

where m; are the orthogonal projections onto finite-dimensional, pairwise-
disjoint subspaces K;, and g; are distinct, non-vanishing numbers converging to
0. Show that T is compact, commutes with its adjoint, the a@;’s are its non-null
eigenvalues, and

K; = ker(T — q;1).

. Let T : £? — ¢ be defined by

T(xy, x2, x3,...) = (2x1, x3,x2,0,0,...).

Prove that T is compact, and self-adjoint. Calculate o (T), the corresponding
eigen-spaces, the orthogonal projections, and the spectral decomposition of T.
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For the kernel

I-x)y, 0<y=<x<=I,

K(x,y)=
(I—=yx, 0<x=<y=1,

consider the integral operator T : L2(0, 1) — L?(0, 1) associated with K.

(a) If A # 0Ois an eigenvalue and u, a corresponding eigen-function, argue that
u is C*° and

a +u=0in(0,1), u©) =u(l)=0.
(b) Conclude that
o(T) = {(jm)?: j e NJU{O}.

Find the associated eigen-functions. Is 0 an eigenvalue?
(¢) Calculate T', and give conditions on v so that the equation

(T —Alu = v

be solvable for A = (jn)_z.

Investigate whether the operators of Exercises 7 and 8 of Chap. 5 are compact.
For a continuous function f(x) : [0, 1] — [0, 1], define the operator

Tyw) =u(f(x), ueC(0,1]).

Prove that T ; is compact if and only if f is constant.
Show that the integral equation

u(x) — /n sin(x + y)u(y)dy = v(x), x €][0,rn],
0

always has a solution for every v € C([0, 7]).
For a orthonormal basis {e;} in a Hilbert space H, let T € L(H) be such that

Z ITe; || < oo.
j

Prove that T is compact. Give an example of a compact operator T in ¢ of the
form

Tx) = (xj);, xX=(x1,x2,...),
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16.

17.
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19.
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such that

D ITejl> =00, e = x(j)-
J

Let T be a compact operator in a reflexive Banach space E. Argue that the image
of the unit ball B of IE under T is closed. For the particular case E = C([—1, 1])
and the Volterra operator

X
T(u)(x) = / u(y)dy,
-1
show that T(B) is not closed looking at the sequence

0, —1<x<0,
uj(x) =14jx, 0<x<1/j,.

I, 1/j=x=1

Argue that the injection operator
WP > LP()), tw) =u

is a compact operator.
Use the Riesz lemma Lemma 6.1 to argue that if [E is a normed space such that
the unit ball B(0, 1) is compact, then E is finite-dimensional.

Let H = L%(0, 1), and

T:H—H Tf(s)=sf(s).

(a) Check that T is linear, continuous and self-adjoint with || T|| = 1.
(b) Show that o (T) = [0, 1], and calculate ¢(T). Is T compact?

The operator T determined by

X 1
FG) > Tf(x) = /0 FO)dy —x /O FO)dy

yields the unique solution u(x) of the problem

(' (x)— f(x))=0in (0, 1), u(0)=u(l)=0.
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(a) Show that the it is so.
(b) Prove that T : L%(0, 1) — L%(0, 1) is compact.
(c) Show that the operator derivative

f@) =T f(x)=(Tfx)

is not compact.
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Chapter 7 ®
Multidimensional Sobolev Spaces oo

7.1 Overview

We have introduced one-dimensional Sobolev spaces in Chap. 2. The fundamental
concept that is required is that of weak derivative. In the case of higher dimension,
we need to talk about weak partial derivatives. The basic identity that allows to
introduce such fundamental concept is again the integration-by-parts formula which
in the multidimensional framework is a consequence of the classical divergence
theorem and the product rule. Though many concepts are similar to the one-
dimensional situation, technical issues are much more involved.

Again, our initial motivation comes from our interest to deal with variational
problems where one tries to minimize an integral functional of the form

I(u):f F(x,u(x), Vu(x))dx,
Q

where Q C RY is a certain domain; feasible functions
ux): 2—->R

should, typically, comply with further conditions like having preassigned boundary
values around 9€2; and the integrand

F(x,u,u):Qx]RxRN%R

determines in a crucial way the nature of the associated functional /.
Our first main task focuses on defining a weak gradient

vm—(a—”()a—”() 8—”())
u(x) = ax]x,axzx,...,aij
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that takes the place of the variable u € RY in the integrand F(x, u,u) when
computing the cost I (u) of every competing function u. Sobolev spaces will then
be the class of all those functions whose weak derivates, i.e. weak gradient, enjoy
certain integrability conditions. This chapter concentrates on setting the foundations
for such Banach spaces, while the next chapter builds on Sobolev spaces to explore
scalar, multidimensional, variational problems.

One of the main reasons why multidimensional Sobolev spaces are much more
sophisticated than their one-dimensional counterpart, is that the class of domains
in RN where Sobolev spaces can be considered is infinitely more varied than in R.
On the other hand, there is no genuine multidimensional version of a fundamental
theorem of Calculus as such, but every such result is based one way or another in the
classical fundamental theorem of Calculus which is essentially one-dimensional.

The study of Sobolev spaces in the multidimensional setting is a quite reach
and fascinating subject. Though in this chapter we focus our attention on those
fundamental facts necessary for their use in minimization problems for standard
variational problems, we will come back to them in the final chapter to explore
some other crucial properties of functions belonging to these spaces to enlarge their
use in variational problems and other important situations.

7.2 Weak Derivatives and Sobolev Spaces
Suppose
ux),ox): 2—-R

are two smooth functions, with ¢ having compact support within 2. By the classical
divergence theorem, we have

/ div[¢ (x)u(x)e;]1dx =/ ¢ (x)u(x)e; -n(x)dS(x), (7.1)
Q aQ

where n(x) stands for the outer, unit normal to 9€2, and {e; };—1 2,... v is the canonical
basis of RY. The right-hand side of (7.1) vanishes because ¢, having compact
support contained in €2, vanishes over 92, while the left-hand side can be written,
through the product rule, as

/ ()Y (x) - & + d(x)Vu(x) - ei]dx = O,
Q

i.e.

0 0
/ [u(x>—3¢ () + ¢ (X) —(x)] dx = 0,
Q Xi 0x;



7.2 Weak Derivatives and Sobolev Spaces 217

foreveryi = 1,2,..., N. If we regard ¢ as a varying test function, this identity,
written in the usual form

/u(x)%(x)dx :—/ qﬁ(x)a—u(x)dx
Q 0x; Q ax;

permits us to declare a function u; (x) as the weak ith-partial derivative of u if

/ u@) 22 (x) dx = —/ 6 (o) (x) dx
Q 0x; Q

for every smooth, compactly supported ¢. The coherence of such a concept is clear,
for if u is indeed smooth with a gradient (in the usual sense) Vu(x) then

Vulx)=u(x), u= ui,ur,...,un).

But there are non-differentiable functions u in the classical sense which admit weak
gradients. We write Vu(x) to designate the vector of weak, partial derivatives u(x)
of u, and then we recover the formula of integration by parts

/ u(x)Ve (x)dx = —f ¢ (x)Vu(x) dx (7.2)
Q Q

which is valid for every smooth function ¢ with compact support in 2.
Mimicking the one-dimensional situation, we introduce the multidimensional
Sobolev spaces.

Definition 7.1 Let © be an open subset of RY, and let exponent p € [I, 4-00]
be given. The Sobolev space W7 () is defined as the collection of functions of
LP(2) admitting a weak gradient Vu, in the above sense, which is a vector with
components in L”(€2) as well. In compact form, we write

WhP(Q) = {u € LP(Q) : Vu € LP(Q; RV)}.
The norm in W1-P(Q) is

”u”lel’(Q) = |lullLr@) + ||VM||Lp(Q;RN)-

Equivalently, we can take, in a more explicit way,

el g = /Qnu(x)w +Vu(x)|") dx.
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As in the one-dimensional situation, the exponent p = 2 is a very special case. To
highlight it, we use a special notation, which is universally accepted, and put

HY(Q) = W'(Q).

There is an inner product in H'() given by
(u,v) = / [u(x)v(x) + Vu(x) - Vu(x)ldx,
Q
with associated norm

el 31 gy = /Q[uz(x)—{— |Vu(x)*]dx.

Our first statement asserts that these spaces are Banach spaces. In addition, H'(2)
is a Hilbert space.

Proposition 7.1 W7 (Q) is a Banach space for every exponent p € [1,+00].
H'(Q) is a separable Hilbert space.

The proof of this fact is exactly like the one for Proposition 2.3.

Remark 7.1 Most of the basic properties of multi-dimensional Sobolev spaces are
inherited from the corresponding Lebesgue spaces. Features like reflexivity and
separability hold for W'-7(Q) if p e (1, +00), while W1 1(Q) is also separable.
When one works with weak derivatives, duality is not that important. In fact, there is
no standard way to identify the dual of W7 (£2). It is more important to identify the
dual spaces of certain subspaces of WP () as we will see. On the other hand, we
have not paid much attention to the separability property except for Hilbert spaces.

Since even just measurable functions are nearly continuous according to Luzin’s
theorem, when deciding in practice if a given function belongs to a certain Sobolev
space, one would differentiate such function paying attention to places where such
differentiation is not legitimate, and proceed from there. However, it may be not so
easy to finally decide if a given function belongs to a Sobolev space in the multi-
dimensional scenario because the set of singularities of derivatives may be quite
intricate and its size, and integrability properties, at various dimensions may be
crucial in the final decision. This may be a quite delicate and specialized issue well
beyond the scope of this text. There are however easier situations in which one can
decide in a more direct way.

Proposition 7.2 Let u(x) be a function in L°°(2) that is continuous and differen-
tiable except in a singular subset w of Q of measure zero that admits a family of
regular subsets Q¢ (in the sense that the divergence theorem is valid in Q2 \ Q2¢) with

w C e, [082], |2 — 0
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as € \( 0, and its gradient Vu(x) € LP(RQ) for some p € [1,00]. Then u €
WLP(Q), and its weak gradient is Vu(x).

Proof Let ¢(x) be a smooth, compactly-supported function in €2, and take the
family of subsets €2, indicated in the statement such that u is continuous and
differentiable in Q\ ¢ and |0€2¢|, |2¢| N\ 0. By our hypotheses, the three integrals

/ ¢ (X)Vu(x) dx, / ¢ (Ou()n(x) dS ),
Qe Q¢

/ Vo (x)u(x)dx,

Qe

converge to zero as € \ 0. The first one because it can be bounded from above by

1/q 1/p
(/ ¢ (x)]? dx) (/ IVu(x)I”dx> ,
Qe Qe

and this integral converges to zero if |Vul|? is integrable and |Q2¢| Y\, O (this is
even so if p = 1). The second and third ones are straightforward if u € L*®(R2) is
continuous.

On the other hand, by the regularity properties assumed on # and on 2 \ Q,, we
can apply the divergence theorem in 2 \ Q2¢, and find

f Vox)u(x)dx = — / ¢(x)Vu(x)dx
Q\Q Q\ Qe
+/ d(x)u(x)n(x) dS(x),
092

where n(x) is the unit, “inner” normal to the hypersurface 9€<2,.
With these facts, let us examine the following chain of identities

/ Vo (x)u(x)dx = lim (/ Vo (x)u(x)dx +/ Vo (x)u(x) dx)
Q e—>0 Q\Qe

Qe
= lim Vo (x)u(x)dx
e—0 Q\ Qe
= lim (—/ ¢ (x)Vu(x)dx
e—0 Q\ Qe

+/ ¢>(x)u(x)n(x)dS(x)>
3%

= — lim ¢(x)Vu(x)dx
e—0 Q\ Qe
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e—0

= — lim (/ ¢ (x)Vu(x)dx + / ¢ (x)Vu(x) dx)
Q\Qc Qe

=— / ¢(x)Vu(x)dx.
Q

The arbitrariness of ¢ in this final identity implies our claim. O

Example 7.1 The family of functions

Xi .
ui(x)=—, i=12,...,N,
x|
are the components of the mapping
x
ux) = —.
x|

They are differentiable except at the origin. Off this point, the functions are smooth,
and their gradients are easily calculated as

1 1
Vu(x) = ml - Wx ®x, (x®x)j=xxj,x=(x),

where, as usual, 1 is the identity matrix of the appropriate dimension (N x N). It is
then elementary to realize that

C
[Vu(x)| < —,
|x

for some positive constant C. We therefore see, according to Proposition 7.2 where
€, is the ball B, of radius € around the origen, that the Sobolev space to which these
functions belong to depend on the integrability of the function

Lemma 7.1 For R > 0, the integral
/ lzI°dz, Br={x eR" :|x| <1},
Br

is finite whenever s > —N.

According to this elementary lemma, we conclude that our family of functions in
this example belong to W17 () for a bounded domain containing the origen at least
for 1 < p < N; and if the origen does not belong to €2, for every p.
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Example 7.2 For a bounded domain R? with non-empty intersection with the
Y -axis, consider the function
X1
u(xi, x2) = —.

|1

It is clear that the second partial derivative vanishes; however, the first one has a
jump all along the part J of the Y-axis within 2. The point is that this set J cannot
be covered by a sequence like the one in Proposition 7.2. Indeed, it is impossible
to have that €2 be made arbitrarily small; after all, the length, the 1-dimensional
measure, of J does not vanish. This function u does not belong to any Sobolev
space, but to some more general space whose study goes beyond the goal of this
text.

7.3 Completion of Spaces of Smooth Functions of Several
Variables with Respect to Integral Norms

As in Sect. 2.10, we can talk about the vector space C°°(2) of smooth functions in
a open subset Q@ C RY. Endowed with the integral norm

ul? =f (U@ + V@ IP]. dx, e C®@). p = 1,
Q

the space is not complete. But it can be immediately completed according to
Theorem 2.1. The space so obtained is then complete with respect to the above
norm. In it, smooth functions are dense.

We could legitimately call the resulting space W17 (), and argue that functions
u in this space admit a weak gradient Vu € L?(2; RY). What we cannot know in
advance is whether this space is the full set of functions in L”(£2) with such a weak
gradient. This would require to work harder to be convinced that smooth functions
are dense, under this norm, in the set of all functions in L? (2) with a weak gradient
in LP(L2; RN ), much in the same way as in Sect. 2.29. Under additional assumptions
on €2, this density fact can be shown to hold. See Corollary 9.1 below.

From the viewpoint of our interest in variational problems, one can work in the
completion of C*°(2) with respect to the above norm, and proceed from there.
Nothing essentially changes in the analysis that we will perform in the next chapter.

7.4 Some Important Examples

We describe in this section some important examples of multi-dimensional Sobolev
functions of special relevance.
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Suppose we have a measurable kernel

Kx,y):Q2xQ—>R

with the fundamental property that
K(.y)ewhl@)

for a.e. y € Q. In addition, there are symmetric, measurable, non-negative kernels

Ko(x,y), Ki(x,y)
with

|K(x,y)| < Ko(x,y), [VxK(x,y)| < Ki(x,y),

and the measurable functions

i () =/ Ki(x,y)dy, i=0,1, (7.3)
Q

turn out to be bounded in  (they belong to L°°(£2)). For a given measurable
function f(y), define

u(x) = fQ K. pfo)dy. xeg, (7.4)

through the corresponding Hilbert-Schmidt type operator.

Lemma 7.2 If f(y) € L?(Q) for some p > 1, then u(x) defined through (7.4),
under all of the previous assumptions, belongs to WP (), and

Vu(x) = /Q VoK (x. ) f () dy. (15)

Proof We first check that u(x) defined through (7.4) belongs to L?(£2). We first
have

|u(2)] EfQIK(x,y)IIf(y)IdyS/;ZKo(x,y)lf(y)ldy-

Since po(x) is finite for a.e. x € 2, according to (7.3), the measure

Ko(x,y)

dve(y) =
)= @



7.4 Some Important Examples 223

is a probability measure. By Jensen’s inequality applied to the function | - |, which
is convex if p > 1,

14
5/9 FOIP dve ()

1
po(x)

‘ / )] dve(y)
Q

/QKo(x,y) LFDIP dy.

Hence
()P < o)™ fQ Kox. y) | £ (9|7 dy.

If we integrate in x € €2, we arrive at

-1
Wl gy = ||uo||§m(m/gfgz<o<x,y)|f(y>|"dydx.

By Fubini’s theorem, and the symmetry of Ky, we can also write

Concerning derivatives, it is immediate to check formula (7.5) testing it against a
smooth function ¢ (x) with compact support in €2 as in (7.2). In checking this, it is
also crucial to use Fubini’s theorem to interchange the order of integration. Finally
each weak partial derivative in (7.5) belongs to L?(2), by the same ideas as with
(7.4) replacing the kernel Ko(x, y) by K1(x, y). a

One fundamental particular case follows. Define the newtonian potential w(x) of
an integrable function f(y) : 2 — R by the formula

wix) = /Q O -y f(y)dy, xeRY, (7.6)
where

1 2—-N
vaman X Y N> 2,
O —y)=0(x -y = {fj@ Ve
57 log|x — yl, N =2.

The positive number wy is the measure of the unit ball in R¥, and Nwy the surface
measure of the unit sphere. Note that w in (7.6) is defined for every x € R", though
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f(y) is only defined for y € €. It is true however that we can also rewrite (7.6) in
the form

w(x) = / Ok — Wxa() () dy
RN

for the characteristic function xq(y) defined as 1 for points y € €2, and vanishing
off Q.
According to our general discussion above, we need to check that

/ O —y)dy
Q

is uniformly bounded in x € €2, to conclude that w(x) defined through (7.6) belongs
to LP(Q2) if f belongs to this same space. Notice that we can take

Ko(x,y) =0(x —y).

Now, if €2 is bounded, and 2 — 2 C Bg for some positive R > 0, then

/@(x—y)dy =;/ 1z N dz
Q N2 —-N)oy Je—g

< x5 v | P Vaz,
NQ@ -~ Noy /B

and this last integral is finite according to Lemma 7.1, and independent of x € .
The case N = 2 can also be checked separately. Consequently, if f € L?P(£2), so
does w(x) in (7.6). But more is true.

Lemma 7.3 If f € LP(Q) with Q, bounded, and p > 1, then its newtonian
potential w(x) given by (7.6) belongs to WP ().

Proof After our previous calculations, all we need to find is a symmetric, upper
bound K (x, y)

[VxO(x — y)| < Ki1(x,y)
with

/ Ki(x,y)dy
Q

bounded uniformly in x € Q. It is an elementary exercise to find that

1 _
VO (x = y) = o——|x = y| Nx -y,

WN
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and hence, we can take

1 1-N
Kix,y) = .
1(x, y) No lx — yl
Lemma 7.1 enables us to conclude that
/ Ki(x,y)dy
Q
is uniformly bounded in x € €, and hence w(x) € WP (Q). m|

Remark 7.2 One can explore the possibility of a further differentiation. Indeed, we
are led to compute the hessian matrix of w(x) in (7.6) through the formula

ViOx —y) =

xr—-Jy x—-Jy
N — ,

Nwmx—ﬂN< x =yl |lx—y

where 1y is the identity matrix of size N x N, and, as already introduced earlier,
u®v=(4v), u=@u)eR" v=(v;)eR"
is the tensor product of two vectors in R" . Hence
IVe®(x — )| < Ka(x, ) = Cylx — yI 7"

for a certain constant C. However, the integral

| Katx.may

Q

is no longer finite according to Lemma 7.1. We can easily check, though, that
ArO(x —y) =tr(V2O(x — ) =0

for every y except when x = y. We will come back to these facts in the final chapter.

Another interesting example is the generalization of the results in Sect. 2.29 to a
higher dimensional situation. Specifically, take a smooth function p(x) : RY — R,
supported in the unit ball B, and with

/ px)dx =1.
B
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The typical choice is similar to the one in the above-mentioned section

1
ooy = 1 € PR =L
0, x| = 1,

for a suitable positive constant C. Define
K@.y)=px—-y). x.yeR",

and
1u(x) =/ p(x =y f(y)dy (7.7)
]RN

for f € LP(RN). As a direct corollary of Lemma 7.2, based on the smoothness of
p, the following is immediate.

Corollary 7.1

1. For f € LP(RN), the function u in (7.7) belongs to the space WP (RN) N
C®(RN).
2. Moreover if

1
pi(2) = ~p(io), fj(x)=/ pi(x — W) F () dy
J RN

for f € WHP(RN), then fj — f in WEP(RV).

The proof is similar to the one for Lemma 2.4.

7.5 Domains for Sobolev Spaces

Sobolev spaces can be defined for any open set 2 C R". Yet, from the viewpoint of
variational problems, fundamental properties of Sobolev functions, that one cannot
be dispensed with, can only be shown under some reasonable properties of the
sets were Sobolev functions are defined and considered. There are three main facts
that Sobolev functions should comply with to be of use in variational problems of
interest with sufficient generality:

1. Sobolev functions in W!?(Q) should have traces on the boundary 9€2, i.e.
typical variational problems demand preassigned boundary values for competing
functions;

2. coercivity often asks, under boundary conditions, for the L”(£2)-norm of a
function in W17 () to be included in the L? (§2)-norm of its gradient (Poincaré’s
inequality);
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3. weak convergence of derivatives must imply strong convergence of functions: the
injection from W7 () into LP (£2) must be a compact operator.

There are various ways to formulate geometric properties on subsets €2 for which
the three above properties hold. We have adopted the one we believe is most
economical in terms of technicalities. It makes multidimensional Sobolev spaces
to raise naturally, and in a transparent form, from their one-dimensional version, as
we focus on the restriction of functions to one-dimensional fibers or sections.

One initial technical lemma will be helpful. Curiously, it is usually known as the
Fundamental Lemma of the Calculus of Variations.

Lemma 7.4 Let ®(x) be a measurable, locally integrable function defined in an
open set D C RN. If for every ¢ (x) smooth, and with compact support in D, we
have that

/ Px)p(x)dx =0, (7.8)
D

then ®(x) = 0 for a.e. x € D.

Proof The proof is straightforward if we are allowed to use general measure-
theoretic results. Other possibilities use approximation by mollifiers to generalize
(7.8) for functions ¢ € L°°(D) as in Lemma 2.4. We seek a contradiction between
(7.8), and the fact that ® might not vanish somewhere. Suppose we could find some
non-negligible set C where & is strictly positive. We can approximate C by non-
negligible compact subsets K from within. If then ¢ is selected strictly positive
and with compact support in K, we would find that the integral in (7.8) would be
strictly positive, a contradiction. The same argument works if ® is negative in a
non-negligible subset. O

The following proposition is the clue to our definition below of a domain. It
clearly explains why Sobolev functions in W7 (£2) are in fact Sobolev functions in
one-dimensional fibers in a generalized cylinder €2.

Proposition 7.3 Let I' be an open piece of the hyperplane xy = 0 in RN, and J,
an open interval in R for a.e. x' € T such that

Q=T+ Jyey={x'+tey:x' eI, t € Jy) (7.9

is an open subset (a cylinder with ey-axis and variable vertical fibers) of RN . If
u € WHP(Q), the function of one variable

tedJy—ulx' +tey) =ux', 1)

belongs to WP (Jy) for a.e. x' € T, and hence it is absolutely continuous (as a
function of one variable).
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Proof If u(x) € WP (), then
d ou
f [u(x)—¢(x) +¢(x)—(x):| dx =0 (7.10)
Q IxXN oxXN
for every test function ¢ (x), smooth and compactly-supported in 2. In particular,
we can take test functions of the product form

dp(x) =¢' xXNpn(x', xy), x =", xy),x" €T,

for arbitrary ¢’, smooth and compactly-supported in I'. By taking smooth test
functions of this form into (7.10), we realize that

/qﬁ/(x’)/ [u(x)gqﬁﬂ(x) +¢N(x)a—u(x)} dxy dx' = 0.
r Iy XN oxn

If we put
a d
o) = [ ut o) G2 o) + o o)) | o,
Ty dxn dxn
by the preceding lemma, we conclude that
0 0
/ W x) S (i) + a8 i) () [ dxy = 0
To 0xn oxn

vanishes for a.e. x’ € T'. The arbitrariness of ¢, implies our result. Note that for
fixed x’ € T, the test function ¢y (x’, x) can be taken to be of the product form
too (Exercise 1). O

All we need for this proof to be valid is that the last partial derivative du/dxy belong
to LP ().

We expect our definition below will be clearly sensed after the preceding result.
We designate by {e;}, the canonical basis of RY and by 7;, the i-th coordinate
projection of RN ontoRN-!,i =1,2,..., N.

Definition 7.2 We will say that an open subset @ C R" is a domain if it enjoys the
following “cylinder” property:

There is a finite number n, independent of i, such that for every i = 1,2, ..., N, and for
every x’ € m; 2, there is J; ,» C R which is a finite union of at most n open intervals (some
of which could share end-points), with

Q=mQ+ Jiye = (x' +te:x emQ.te Jix'}, (7.11)

foreveryi =1,2,..., N.
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Any reasonable set will fall under the action of this definition. Singular sets
violating this condition are related to not having the finiteness of 7.

Proposition 7.3 can be strengthened in the sense that partial derivatives can be
measured along any orthogonal system of coordinates. Once functions posses weak
partial derivatives with respect to one such system, then they have weak partial
derivatives with respect to every other such system too.

Proposition 7.4 Let Q@ C R be a domain, and u € WP (Q). For a.e. pair of
points x, y € S, the one-dimensional section
f@:LkyCR->R, JLy={teR:tx+(1-1)ye}
f@)=u(@x+ (1 —1)y),

is absolutely continuous, and for a.e. t € [0, 1],
f'@) =Vutx+ 1 -1y (x—y).

Proof For an arbitrary rotation R in RV, RTR = 1, define the function
ur(@) :RTQ - R, ur(z) = u(Rz).

It is easy to check that this new function ug belongs to wLP(RTQ) (Exercise 3),
and that

Vur(z) = RT Vu(Rz).

Proposition 7.3 can then be applied to ug to conclude, due to the arbitrariness of R,
that u is also absolutely continuous along a.e. (one-dimensional) line intersecting
Q. |

In practice, quite often domains are usually defined through functions in such a
way that the regularity or smoothness of such functions determined the regularity of
their associated domains.

Definition 7.3 We will say that a domain @ C RY is a C'-domain if there is a
C'-function o(x): RV — R such that

L.Q={p>0), RV\Q={p<0}, 9Q={p=0}
2. for some positive €, the function ¢ has no critical point in the strip {—€ < ¢ < €}
around 9€2.

The domain

Qe = {—€ < ¢}
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is an extension of 2. The normal direction to d<2 is given by the gradient V¢,
which, by hypothesis, is non-singular over 2. Every regular domain according to
Definition 7.3 is a domain according to Definition 7.2.

If Q is a C'-domain, the signed-distance function to 92 is one standard choice
for ¢

¢ (x) = dist(x, 0Q2).
A ball is, of course, a prototypical case
Br(xo) = {x eRY : lx —xo <R}, ¢(x) =R~ |x —xol”.
The definition of a domain through a smooth function ¢ permits some interesting

manipulations with functions u € WP () as we will later see. For instance, the
following fact may be interesting in some circumstances.

Lemma 7.5 Let @ C RY be a C'-domain with bounded boundary determined by
¢ (x). Then there is a sequence {n;} of C Ufunctions defined in Q2 such that:

1. nj(x): Q2 —[0,1], n; =00n 0L
2. ifw;j =12\ {nj =1}|, thenw; \ 0 as j — oo;
3. |Vl < C/wj, for some constant C (that may depend on Q).

Proof SelectaC !_function P(y) in [0, 1] with the four properties
PO)=P@0)=P(1)=0, P() =1,
for instance the polynomial
P(y) =3y" —2y".
Extend it by putting
P(y)=1fory>1, P(y)=0fory <O0.
The resulting function is C! in all of R. For a positive integer j, put
Pi(y) = P(jy), nj(x) = Pj(@x)).
It is clear that each P; is C!, and that

(P, =0} =RV \(QUIQ), (P;=1}={p>1/j},
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at least for large j. In this way, by the standard co-area formula or Cavalieri’s
principle,
wj =2\ {n; =1}|
=0 < ¢ = 1/j}

1/j
=/ ¢ = s}lds.
0

The smoothness of ¢ and the boundedness of €2 imply that indeed w; “\ 0. Finally,

Vi;(x) = Pl(¢p(x) Vo (x).

This last product vanishes except when 0 < ¢ < 1/j. For points x in this region,
we find

Vi (x) = jP'(j¢(x) Ve (x).

Every factor in this product is bounded by a constant, independent of j, except the
factor j itself. But the relationship between j and w; involves a further constant
because w; is of the order of 1/;. O

There is no particular difficulty in raising the degree of smoothness in 2 and in ¢,
though one would have to replace the polynomial P by a better auxiliary function.
Sometimes one may need a slight different version of these cut-off functions {n;},
which require a slight modification of the above proof.

Lemma 7.6 Let @ C RV be a C'-domain with bounded boundary determined by
@ (x). Then there is a sequence {n;} of C Ufunctions defined in Q such that

1. there is compact set K C 2, such that supp(n;) C K forall j;
2. ffwj =12\ {n; =1}, thenw; \(0as j — oo,
3. IVn;| < C/wj, for some constant C (that may depend on Q).

We next explore the validity of the three main features we need for Sobolev
functions to be of use in variational problems.

7.6 Traces of Sobolev Functions: The Space W(} P(Q)

One vital ingredient in variational problems is the boundary condition around 92
imposed on competing functions. This forces us to examine in what sense functions
in Sobolev spaces can take on boundary values. It is another important consequence
of Proposition 7.3, and our definition of a feasible domain Definition 7.2. Note that
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functions in L?(£2) cannot have, in general, traces over N — 1 dimensional sets in
RY, as these have a vanishing N-dimensional Lebesgue measure.

We need first an interesting technical result involving the boundary a2 of a
domain to facilitate proofs, which is implicit in the definition of a domain. In fact,
this property can be included in Definition 7.2 as part of it.

Lemma 7.7 Let Q be a domain according to Definition 7.2. Then for a.e. point x
in the boundary 0%2, there is some (most likely more than one) i € {1,2,..., N},
possibly depending on x, such that

x =mx+te, teingx (7.12)
Proof In the context of Definition 7.2, consider the set
Ui (miQ+0J;ivei) =Uilx' +1e i x' € miQ, 1 € 3J; 4}
which is a subset of d€2. Each of the sets, for fixed i,
(x' +1e:x' €emiQ,t €93}

covers the part of 9€2 that is projected onto 7; 2, and hence our result is proved once
we realize that the set

9\ U; (ni_l(niQ) n aQ)

is negligible in 0€2. O
Our main result in this section follows.

Proposition 7.5 Let Q2 C RY be a domain, and u € WY-P(Q). Then the restriction
M|3Q 02— R

is well-defined, and measurable.

Proof Through Lemma 7.7, consider a partition of 92 in N subsets I';, i =
1,2,..., N, so that for every x € I';, (7.12) holds. In this way, we can restrict
attention to the case in which the decomposition (7.12) holds for a particular i, and
show that Sobolev functions in W7 (Q) have a trace for a.e. x € I';. Consider the
case, without loss of generality, i = N, and put

=Ty, x'=nayx, Jy,aconnected subinterval of IN, oyx-
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We can write through Proposition 7.3, for every pair of numbers y and z in Jy/,

y a
ux',y) — u(x',2) =/ o) d
Z

u
= Xezy(®)— (", x)dx,
, dxy

X

and, by Holder’s inequality if p > 1,

lu(x’, y) —ux’, 2)| < (/J

Since the quantities

0
2 x)

p 1/p | |
dx) ly—z|V4, —+-=1.
8)61\/

are finite for a.e. x’ € Q' (because the integral of its p-th power is finite), we
conclude that u is absolutely continuous along a.e. such fiber, and hence it is well-
defined on a.e. point of the form

x +tey, tedg.

This implies our conclusion over I' = I'y since points in this set are exactly of
this form. The case p = 1 is argued in the same way, though the above Holder’s
inequality is not valid. O

Once we have shown that Sobolev functions in W17 (), for a certain domain €2,
have traces on the boundary 9€2, one can isolate the following important subspace.

Definition 7.4 For a domain Q C R", the subspace
Wy (@) ¢ Whr()
is the closure in W17 (2) of the subspace C2°(€2) of smooth functions with compact

support in €2.

It is evident that the set of smooth functions with compact support in 2 have a
vanishing trace on 9€2. In fact, one can, equivalently, define WO1 "7 () as the class of
functions with a vanishing trace on 2. If we adopt the above definition, however,
this must be a result to be proved.

Proposition 7.6 Every function in WO1 "P(Q) has a vanishing trace on 3.
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Proof 1t consists in the realization that the proof above of Proposition 7.5 is valid
line by line for a full sequence {u ;} converging in W1P(), in such a way that we
conclude that there is a point-wise convergence of their traces around 9€2. If these
vanish for a sequence of compactly supported functions, so does the trace of the
limit function. |

There still remains the issue of whether every function in W17 () with a vanishing
trace on d<2 belongs, as a matter of fact, to WO1 P (£2). This amounts to showing
that such functions can be approximated, in the norm of W7 (), by a sequence
of smooth functions with compact support contained in 2. This issue is technical

and requires some smoothness on 92, as in other situations. Though we treat
below some other similar points, we will take for granted, under the appropriate
smoothness on €2, that Wol’p (2) is exactly the subspace of wbhr(Q) with a
vanishing trace on 9€2. Under this equivalence, we find that (7.2) is correct for
u € WhP(Q) and ¢ € Wé’q(Q). In particular, it is correct for u, ¢ € H'(Q)
and one of the two in HO1 ().

The most important point is that Wol‘p (€2) is a Banach space on its own right,
under the same norm. H(} (2) is a Hilbert space with the same inner product of

HY(Q). It suffices to check that Wé’p(Q) is a closed subspace in whr(Q).

Proposition 7.7 W,"”(Q) is closed in W'-?(Q).

Proof Suppose we are facing a situation where
uj— uin W(Q), u; e W,'(Q),
and we would like to conclude that necessarily u € WO1 P(Q).
By Definition 7.4, we know that there is a sequence {¢;} of smooth functions
with compact support contained in €2 and such that
lp; —ujll — Oas j — ooin W"P(R).
On the other hand
luj —ull — 0as j — ooin WhP ().
It is immediate to conclude that

lp; —ull — 0as j — ooin WhP(Q),

and u € W, (), again by Definition 7.4. O

Another natural and relevant question is what functions, defined in the boundary
92 of a domain  C R, can be attained as the trace of a Sobolev function in 2.
There is a very precise answer to this question that is a bit beyond this first course
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about Sobolev spaces. A practical answer that is sufficient in practice most of the
time, is that such traces functions are, of course, of the form

Uy, ueWhHP(Q).
In this way, fixed boundary values around 9€2 for a certain variational problem are
given by providing a specific Sobolev function ug € W'7(Q), and then feasible
functions u € W7 (Q) are asked to comply with the requirement

u—ug e Wy (Q).

Remark 7.3 Note that W, ”(RY) = Wl (RY).
The following is another remarkable but natural result.
Proposition 7.8

1. Ifu € W(}’p(Q), then its extension by zero, indicated by the operator -,

_ {u(x), xeQ,
0, x ¢Q,

is a function in wLP(RN)Y. Moreover

Vu(lx), x e,

Viu(x) = {
0, x ¢ Q,

and
12l gy = 1Tl co-

2. If Q is a regular domain (according to Definition 7.3), and the extended function
i belongs to WP (RN), then u € Wol’p(Q).

Proof Suppose first that u € Wol""(Q), and let u; € C2°(£2) such that
lu — uj||W1,,,(Q) — 0.
It is evident that u; € C° (RV), and that
lu —ujllyrp@yy = llu —ujllwipg — 0.

Hence 7 € W7 (RY). This part does not require any smoothness on .
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Conversely, assume that € W7 (R"). By Remark 7.3, there is a sequence {uj}
of smooth functions with compact support such that

”ﬁ —Uuj ”WI”)(RN) — 0.
But since
lujllwrr @iy < 1w —ujllwir @y,

we conclude that u; — 0 in WLP@RN \ Q). If  is regular and ¢ is its defining
function, by Lemma 7.6 (or rather its C*°-version) there is a sequence {n;} with
those stated properties. Then the sequence {v; = u;n;} C C2°(R2) and

luj —vjllwir — 0.

Therefore

lu —vjllwir) <lu—ujliwirq) + luj —villwirg

<llw—ujllwrrwyy + lluj —vjllwir g,

and u € Wy'P(Q). o

7.7 Poincaré’s Inequality

Our manipulations in the proof of Proposition 7.5 lead in a natural way to the
following remarkable fact. Recall that 7;, i = 1,2,..., N, is the i-th canonical
coordinate projection so that 1 — 7; is the projection onto the i-th axis.

Proposition 7.9 Suppose @ C RY is a domain such that at least one of the N

projections (1 — ;)2 is a bounded set of R. Then there is a constant C > 0

(depending on p and on the size of this projection in R) such that, for every
Lp

u € Wy'"(£2), we have

lullrg) < ClIVullLpgumn)-

Proof Suppose, without loss of generality, that the index i is the last one N, so
that the diameter of the projection (1 — )2 onto the last axis is not greater than
L > 0. We can write, with the notation in the proof of Proposition 7.5 above, for
ae. x ey,

, Y ou u
ulx’',y) = 8—(x ,X)dx = Xzy) () — (', x) dx,
: 0xn Ty dxy
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if the point (x/, z) € 3%2, and hence u(x’, 7) = 0. The diameter of the set J is not
greater than L for a.e. x’ € my 2. Again by Holder’s inequality,

(', y)l < (/
‘,x/

that is to say

0
2 x)
xN

1
p /p y 11
dx ly —z]'4, —+4+—=1,
P q

(', y)| < (/
Jx/

for all y € J. Therefore

/ |u(x’,y>|"dys/
J.r ‘Ix/

X

XN

A further integration with respect to x’ leads to

ey = [ [ v ayax
NI I

du P /
<LP —(x',x)| dxdx
N IS 8-XN
p
Yy LN

It is then clear that

lullLr) < LIVUullpLr@:rNy-
Notice that g + 1 = p. The case p = 1 is also correct, and the proof requires some
very minor adjustments. O

This result indicates that when boundary values around €2 are preassigned, the size
of functions is somehow incorporated in the norm of the gradient. In particular, we
see that the p-th norm of the gradient

IVull?, g =/ Vu(o)|? dx
Q
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is truly a norm in the space Wol’p(Q), and
f Vu(x) - Vu(x)dx
Q

is a genuine inner product in H(} (R2). Poincaré’s inequality is the second main point
that we set to ourselves before proceeding to examining scalar, multidimensional
variational problems.

7.8 Weak and Strong Convergence

One main ingredient to reduce in an important way the convexity requirement
on integrands for multidimensional variational problems, is to show that weak
convergence in W!7(Q) implies strong convergence in L”(£2). We will focus on
these properties from a broader perspective in the final chapter, but now we will
treat this issue in a right-to-the-point manner. Our plan is to complete Corollary 2.4.

Proposition 7.10 Let p > 1, and suppose {u;} is a bounded sequence of functions
in Wl'p(SZ) for a domain Q C RN, There is a subsequence, not relabeled, and a
function u € WhP(Q) such that uj —uin Whr(Q), and uj — uin LP(Q).

Proof The N sequences of functions
{ou;/ox;}, i=1,2,...,N,
are bounded in L?(£2). By the first part of Corollary 2.4, there are functions
u®eLP(Q), i=01,2,...,N,

with

We first claim that u = u©® belongs to wlp (£2), and its i-th weak, partial derivative
is precisely u® . To this end, take a test function ¢, and write for each j and i, since
uj € Whe(Q),

3(]5 auj
/ [ (x)—(x) + ¢ (x) —(x)]dx = 0.
Q ax; x;
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By the claimed weak convergences, a direct passage to the limit in j, leads to
9 .
/ ()22 (x) + ¢ (oou ()] dx = 0.
Q ax;

This identity, valid for arbitrary test functions ¢, exactly means, given that each u®
belongs to LP(2), that u € Wl’P(Q), uD is the i-th partial derivative of u, and
hence, u; — u in whr(Q).

It remains to show the fundamental additional fact that u; — u (strong) in
L?(£2). We know that

P ou ; P
ouj r_ J
/ / —L (', xy)| dxydx' =|—L| <M < o,
@ Ji, |9xN XN
814]‘ ou
3)CN 3)61\7’

for a positive constant M, independent of j. This weak convergence means that

<8uj du )
/ —x)——X) )p(x)dx —> O (7.13)
Q 3)61\/ 8xN

for all ¢ € L9(2). By (7.11) in Definition 7.2
Q= x{Jyey :x' €Q), Q=ayQcR"

and we can recast (7.13) in the form

/ / ( /(x xN)—%(x xN))¢>(x xn)dxy dx' — 0.

0x N
In particular, we can take ¢ of the product form

P(x',xn) = Y (x)g(xn),

to find

’ 8uj ’ dJu ’ ,
/ ¥(x) / (8_(x yAN) — — (", xy) | o (xn) dxn | dx” — 0.
Q T \9XN axy

Due to the arbitrariness of i, thanks to Lemma 7.4, we can conclude that, for a.e.
U /
x' e Q,

ou ; ou ;
) e LP(Uy), —L
oxy

o)~ 2
axN ’ axN T
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From Proposition 2.7 and the observations before its statement, we can conclude
that

uj(x', ) +vi(x) = uix', )

for certain measurable functions v, independent of x, and for a.e. x’ € Q. For this
fact to be precisely true, one would have to partition the domain €2 in subsets where
the transversal sets J,» of R are single intervals (Exercise 2 below). Our conclusion
exactly means that we have the point-wise convergence

uj(x) + vj(x/) — u(x)

fora.e. x € Q, and a.e. x’ € Q. There is nothing keeping us from going over this
argument with a different partial derivative

a/ox;, i=12,...,N—1,

so that we would conclude that in fact the functions v; (x") can be taken as constants
v; independent of x. Since, on the other hand, we indeed know that u; — u in
L?(£2), by uniqueness of limits, we conclude that v; — 0, because weak and strong
convergence for constants is the same, and u; — u strongly in L? (). O

With this result we complete our initial analysis of first-order, multidimensional
Sobolev spaces that permits us to deal with the most pertinent issues about scalar
variational problems. We will do so in the next chapter. We include a final section to
briefly describe how to set up, in an inductive manner, higher-order Sobolev spaces.
These will allow to deal with higher-order variational problems.

7.9 Higher-Order Sobolev Spaces

Once we have defined Sobolev spaces of first-order involving first-order weak
derivatives belonging to Lebesgue spaces, it is easy to move forward and define
second-order Sobolev spaces, and high-order Sobolev spaces.

Definition 7.5 Let Q2 be an open subset of RV and let exponent p € [1,4o0]
be given. The Sobolev space W27 () is defined as the collection of functions in
WP (Q) whose partial derivatives

9
M oerLr@). i=1.2....N,

1
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admit a weak gradient

ou <8 ou 0 Ou 8814)

ax;  \oxi ox dxaox " dxy ox;

As in the smooth case, the full collection of weak second partial derivatives can be
arranged in the weak hessian

5 ( 9%u )
Vou =
dx; x ij=12,..,N

which is always a symmetric N x N-matrix. In compact form, we write

W2P(Q) = {u € LP(Q) : Vu € LP(Q; RY), VZu € LP(Q; RV*M)).

W2P(Q) is a Banach space under the norm
Jull? = f (1GOOI +1Vu(@)I? + [V2u(@)I?) dx,
Q

or, equivalently,
lull = llullLr@) + IVullpr.ryy + ||V2M||LP(Q;RNxN)-

The space H?(2) = W?2(Q) is a separable, Hilbert space with the inner product
(u, v) =/ (u(x)v(x) F Vu(x) - Vo) + VZu(x) : Vzv(x)) dx.
Q

In a similar, inductive way, one can define Sobolev spaces WP (Q2) for m > 1,
by demanding that derivatives of order m — 1 belong to W7 (). Recall that the
product A : B of two N x N-matrices is, as usual,

A:B=u(ATB).

The fact that the weak hessian is a symmetric matrix, because of the equality of
mixed partial derivatives, is also a direct consequence of the same fact for smooth
functions through the integration-by-parts formula.

Most of the important facts for functions in W2P () can be deduced from
parallel facts for functions in W7 (), applied to each partial derivative. Possibly,
one of the points worth highlighting, from the viewpoint of variational problems,
is the fact that functions in W27 (§2) admit traces for functions and all their partial
derivatives. In particular, if 2 has a smooth boundary with outer, unit normal n, then
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the normal derivative

ou
— =Vu-n
on

is well-defined at points in 9€2. In particular, we can also talk about the space
Wg’p(Q) which is the subspace of W2P(Q) with
u=Vu=00n0%,

or equivalently
a
U= =0ondQ.
on

From this standpoint, it is important to understand the distinction between the two
spaces

Wol(Q), Wyl (@) nw>P(Q).

Definition 7.6 Let Q C RY be a domain.

1. The subspace
WP (Q) ¢ WHP(Q)
0
is the closure in W27 (2) of the subspace of smooth functions with compact
support in 2.
2. The subspace

Wy (@) N W2P(Q) ¢ WHP(Q)

is the closure in W () of the subspace of smooth functions vanishing at <.

We will come back to these spaces in the final part of the next chapter, when dealing
with second-order variational problems.
7.10 Exercises

1. Let Q ¢ RN be an open subset, and let

{(xp. 1) :1€J}CQ
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for some fixed x6 and compact interval J C R. Show that if ¢ (xy) is a test
function with support contained in J, then there is another test function ¥ (x”)
such that

¢ (x) =y (x)p(xn)

is a test function in Q with ¥ (x) = 1.

2. Argue that a connected domain © in RY can be partitioned in disjoints parts
Qk, k € K, so that over each part €4 the decomposition in (7.11) is such that
Jys 1s a true single interval in R.

3. For an arbitrary rotation R in R, R”R = 1 (1, the identity matrix), define the
function

ur(@) :R'Q >R, ur(z) = u(Ra),
if @ C R" is a domain, and u € W7 (). Prove that ug € W' ”(R7Q), and
Vur(z) = R Vu(Rz).
4. In the field of PDEs, spaces of functions where not all partial derivatives have

the same integrability properties need to be considered. To be specific, consider
the space

9
e lXQ): i cLXQ)). x=(x.x),QCR2

but nothing is required about du/dx,. Show that it is a Hilbert space under the
inner product

(u, v) =/[u(x)v(x)+;—u(x)a—v(x)]dx, x = (x1, x2).
Q Xy 0xy

5. Show rigorously that:

(@ if u € WHP(Q) and /S CS"(RN), then the product uy belongs to
wlp (£2), and the product rule holds

Vwuy) =Vuy +uViy in Q;

(b) ifu e Wol’p(Q) and ¥ € CX(RY), then the product uyr € WOI”’(Q) t00.

6. Given a domain  C R" and a positive volume fraction ¢ € (0, 1), there is
always a sequence of characteristic functions { (x)} of subsets of €2 such that
Xj — t.

7. Let @ C RY be a bounded, regular domain with a unit, outer normal field n on
092.
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10.
1.

12.
13.

14.

7 Multidimensional Sobolev Spaces

(a) Define the subspace chh.v(Q) of fields in L2(§2; RY) with a weak diver-
gence in L%(Q).
(b) Consider the further subspace

H={F e L;,(2R"Y) : divF = 0},

and check that it is the orthogonal complement of the image, under the
gradiente operator, of HO1 (2).

Take = (0, 1)? C R2. Declare a measurable function
u(xg, x2) : 2 —> R,

as mildly differentiable with respect to x1, with mild derivative u(x1, x2), if

1
lim —/ lu(x + h, x2) — ux, x2) — huy (x1, x2)|* dxj dxz = 0.
h—0 /’l2 Q

In a similar way declare a function us(x1, x2) as the mild derivative of
u(xy, xo) with respect to x». Explore the differences between mild and weak
differentiability, starting with smooth functions.

Mimic the passage from the rationals to the reals with the absolute value, to
define Sobolev spaces from test functions.

Show that WP (RN) = W, 7 (RY).

Argue how to define the sequence in Lemma 7.6 from the sequence in (the
proof of) Lemma 7.5. Provide the details for the proofs of C°°-versions of
Lemmas 7.5, and 7.6.

Redo the proof of Lemma 2.4 in the higher-dimensional setting Corollary 7.1.
Let B C R? be the unit disc in R?. Isolate the conditions for functions of a
single variable u = u(x1) to be elements of H 1(B). How would be the situation
for a general, regular domain Q C R??

With the notation and the ideas of the previous exercise, consider the set of
functions

L={u(x):uecwWh®=1,1}c H'®B).

Argue that it is a subspace of H 1(B) that is not closed (under the norm of
H'(B)).



Chapter 8 ®
Scalar, Multidimensional Variational ek
Problems

8.1 Preliminaries

Once we have established a solid functional-analytical foundation, we are ready to
tackle multidimensional variational problems in which we pretend to minimize the
value of the standard, integral functional

/ F(x,u(x), Vu(x))dx
Q

among a given set A of competing functions. The main situation we will explore
is that in which feasible functions in A are determined through their preassigned
values around 9€2.

We will start with the particular, fundamental case of quadratic functionals which
builds upon the Lax-Milgram theorem of Chap. 3. This is rather natural and does not
require any new fundamental fact. After that, we will focus on the three important
aspects as in Chap. 4, namely,

1. weak lower semicontinuity, the direct method, and one main existence result;
2. optimality conditions in the Hilbert-space scenario, and weak solutions of PDEs;
3. explicit examples.

We will wrap the chapter with a look at the most important example of a second-
order problem that is important in applications: the bi-harmonic operator. We will
cover, in such a case, much more rapidly the two issues of existence of optimal
solutions and optimality.

Since at this point we already have a non-negligible training on most of the
abstract, underlying issues, proofs dwell in more technical facts, and, sometimes,
they are shorter than the ones for previous similar results.
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246 8 Variational Problems
8.2 Abstract, Quadratic Variational Problems

Our abstract discussion on the Lax-Milgram lemma in Sect.3.2 can be applied
directly to quadratic, multi-dimensional variational problems of the form

Minimize in u € H} () : / [%Vu(x)TA(x)Vu(x) + f(x)u(x):| dx
Q

under vanishing Dirichlet boundary conditions around 9€2. The important ingredi-
ents to ensure the appropriate hypotheses in Theorem 3.1 are
A(x), symmetric, |A(x)|<C, C>0,x € Q,
c|u|2 < uTA(x)u, c>0,xeQ,ue RVN.
In addition f(x) € L?(). Under these assumptions the following is a direct
application of Theorem 3.1.

Corollary 8.1 The variational problem just described admits a unique minimizer
ue H(} (R2) that is characterized by the condition

/[Vv(x)TA(x)Vﬁ(x) + fx)v(x)]dx =0 8.1)
Q

foreveryv € HO1 ().

The main specific example is, of course, the Dirichlet principle described in
Sect. 1.4, and also mentioned in Sect. 1.8, because of its historical relevance in the
development of Functional Analysis and the Calculus of Variations. It corresponds
to the choice

A®) =1, f(x) =0,

which is obviously covered by Theorem 3.1 and Corollary 8.1. Due to its signifi-
cance, we state it separately as a corollary.

Corollary 8.2 (Dirichlet’s Principle) For every domain 2, there is a unique
function u(x) € HOl (2) which is a minimizer for the problem

1
Minimize in v(x) € H(Q) : 5/ |Vo(x)|* dx
Q

under u — ug € HOI(Q) for a given ugy € HY Q). This unique function u is
determined as a (weak) solution of Laplace’s equation

Au(x) =0in 2, u=ugonoS2.
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As we comment below, much more regularity for the harmonic function # can be
derived if one can count on further regularity of the domain €2, and the boundary
datum ug.

Several variations can be adapted to this model problem. We name a few, some of
which are proposed as exercises in the final section. We would have a corresponding
corollary for all of them.

¢ The linear term
/ fux)dx
Q
can be of the form
/ F(x) - Vu(x)dx
Q
for a field
F(x) € L*(2; RY),
or a combination of both. Even more generally, it could also be

(fiu), feH (),

if we declare the space H ~1(Q) as the dual of HOl (€2). More on this in the final
chapter.

* Boundary conditions can be easily changed to a non-vanishing situation, as in
the Dirichlet’s principle, by selecting some appropriate specific function uy €
HY(Q), and defining the bilinear form over functions of the kind u + ug for
u € Hj (Q).

* The bilinear form, i.e. the integral functional, can also incorporate a quadratic
term in u

/ [%Vu(x)TA(x)Vu(x) + %a(x)u(x)2 + f(x)u(x)] dx
Q

for a non-negative coefficient a(x).
¢ One can also consider the same variational problems without an explicit bound-
ary condition like

Minimize inu € H' (Q) :

/ [%Vu(x)TA(x)Vu(x) + %u(x)z + f(x)u(x)] dx.
Q
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The minimization process in this situation leads to the so-called natural boundary
condition, as it is found as a result of the optimization process itself, and not
imposed in any way.

Boundary conditions may come in the Neumann form for the normal derivative

Minimize inu € H'(Q) :

/ I:%Vu(x)TA(x)Vu(x) + %u(x)2 + f(x)u(x)] dx.
Q

under
Vu(x) -n(x) = h(x) on 02,

for a function /& defined on 9€2, and n(x), the unit, outer normal to 9€2. 2 is
supposed to have a boundary which is a smooth N —1 compact hypersurface. This
problem would require, however, a much more detailed analysis to determine
Lebesgue spaces defined on manifolds for functions /.

The matrix field A (x) might not be symmetric.

There are two important issues to explore, once one has shown existence of optimal
solutions for a certain variational principle.

1.

In the first place, it is most crucial to establish optimality conditions. These are
additional fundamental requirements that optimal solutions must comply with
precisely because they are optimal solutions for a given variational problem; they
typically involved, in the multidimensional case, partial differential equations
(PDEs). These are initially formulated in a weak form; in the case of quadratic
functionals, such optimality conditions are given as a fundamental part of the
application of the Lax-Milgram lemma. In Corollary 8.1, it is (8.1). We say that
(8.1) is the weak form of the linear, elliptic PDE

—div[A(x)Vu(x)] + f(x) =0in 2, u =00n0dLQ,

because by multiplying formally this equation by an arbitrary function v €
HO1 (€2) and integrating by parts, we recover (8.1).

. The second important issue is to derive further regularity properties (better

integrability, continuity, smoothness, analyticity, etc) for the optimal solution u
from additional conditions on the ingredients of the problem: the domain €2, and
A(x) and f(x). Typically, this regularity issue is delicate and requires quite a bit
of fine work.

We will be using these quadratic model problem for a more general integral

functional. However, when one is off the quadratic framework, the existence of
optimal solution is much more involved as there is no general result as neat as the
Lax-Milgram lemma.
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8.3 Scalar, Multidimensional Variational Problems

We are now ready to tackle scalar, multi-dimensional variational problems of the
form

I(u) = / F(x,u(x), Vu(x))dx (8.2)
Q

under typical constraints prescribing boundary values
U =uyon o2 (8.3)
for a fixed, given function ug. Since such variational problems will be setup in
Sobolev spaces W!7() for exponent p > 1, the underlying set Q will always be
taken to be a bounded domain according to Definition 7.2. Moreover the function

uo will belong to the same space W7 () and competing functions u € W17 (Q)
will be further restricted by putting

u—ug e Wy (Q).

This is our formal way to enforce (8.3). More specifically, we will be concerned
with the variational problem

Minimize inu € A : I(u):/ F(x,u(x), Vu(x))dx
Q

where A ¢ W!P(Q) is a non-empty, weakly-closed subset. We would like to learn
what structural conditions on the integrand

F(x,u,u): 2 x RxRY > R, (8.4)
and on such feasible set A of competing functions, guarantee the success of
the direct method Proposition 3.1. In this section we focus on the weak lower

semicontinuity property. This will be a direct corollary of the following general
result.

Theorem 8.1 Let
Fu,v):R" xR" - R

be continuous, and bounded from below. Consider the associated integral functional

E(u,v) =/ Fu(x),v(x))dx
Q
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for pairs
(u,v) € LP(Q; R™ x R™).
Then E is strong-weak lower semicontinuous, i.e.
E(,v) < lijrgng(uj, vj)
whenever
u; — uin LP(Q;R™), v; = vinLP(Q2;R"), (8.5)

if and only if F (u, -) is convex for every u € R™.

Proof We follow along the lines of the similar proof for dimension 1 Theorem 4.2.
Suppose we have the convergence (8.5). For each j, by Jensen’s inequality we have

F <ﬁj, é/fzvj(x)dx) < é/S;F(ﬁj,vqi(x))dx
for arbitrary subsets Qc 2, and
- 1
u; = @/Quj(x)dx.
In particular, if {€2;}; is a finite, arbitrary partition of €2, and
ﬁy) = ﬁ/& u;(x)dx,

we will have
. 1 .
|Q<|F(ﬁ(.’),—/ v-(x)dx>§ /F(ﬁ(.’),v(x))dx
IZ l Qi Ja IZ o
5/ F(uj(x),vj(x))dx + R;,
Q

where

Rj =) Rji. Rji :/Q_ |F(uj(x),vj(x))—F(ﬁ;.i),vj(x))|dx.

1
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If we select the partition {€2;}; of €2, depending on j, in such a way that

w@ =Y xe (x)ﬁg.") -0

L

pointwise in €2, the sequence of functions
(x) = . . i? v, - .
rj(x) = E X (O F(u(x), vj(x)) — Fu;", v; ()|, R, —/ rj(x)dx,
- Q
]

converges pointwise to zero in 2. Let E C €2 be a measurable subset in which the
sequence of remainders {r;} is uniformly bounded. If all the previous integrals are
restricted to E, by the Lebesgue dominated convergence theorem, we would find
after taking limits in j, because

R;(E) = /Erj(x)dx — 0,
that
/ Fux), v(x))dx < liminf/ F(uj(x),vj(x))dx.
E j— JE
Since F can be assumed, without loss of generality to be non-negative F > 0, then
/ Fux),v(x))dx < li_minf/ F(uj(x),vj(x))dx,
E j—oo Jo

and the arbitrariness of E filling out all of €2, leads to the sufficienty.

For the necessity, we invoke a generalization of Example 2.12 in the higher
dimensional setting. Given a domain @ C RY and a positive volume fraction
t € (0, 1), there is always a sequence of characteristic functions { (x)} of subsets
of @ such that y; — ¢|€2|. This is left as an exercise. If we now consider the
sequence of pairs

(u, xj(x)vi + (I — x;(x))vo),
for vectors u € R™, vq, vo € R”, we see that

Xj @)V + (1 — x;(x))vo — tvi + (1 — 1)vo,
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and by the strong-weak lower semicontinuity we would conclude that
|QF(u, tvi 4+ (1 —t)vp) §li_minf/ Fu, xj(x)vi + (1 = x;j(x))vo) dx
j—oo Jo

=1i_minf/ [xj ) F @, v)) + (1 — xj(x)F(u,vo)] dx
x© JQ

]

=|Q|(F(u, vi) + (1 —1)F(u, vp)). 0
Note how this proof has turned out much simpler than its one-dimensional twin
Theorem 4.2 because in the current higher-dimensional situations we have decou-
pled the two sets of variables u and v, i.e. they are unrelated.

Corollary 8.3 Suppose the integrand in (8.4) is measurable in x, and continuous
in pairs (u,w) and bounded from below. Then functional (8.2) is weakly lower
semicontinuous in WP (Q) if and only if F is convex in u for a.e. x € Q, and
uelR

Proof The sufficiency part of this corollary is a direct consequence of the previous
theorem if we identify

Uj(x) = (x,u;(x))

in such a way that the strong convergence of {U;} in L?(2; RN+ is equivalent to
the convergence of {u;} in L?(£2; R™). The necessity is a bit more involved than the
property shown in Theorem 8.1 precisely by the remark made right after the proof
of it. But it is a clear indication that it should be correct; and indeed it is. Its proof
would require finer calculations as in the proof of Theorem 4.2. We do not insist on
this point because our main interest is in the sufficiency part. O

8.4 A Main Existence Theorem

Corollary 8.3 is the cornerstone of a general existence theorem for optimal solutions
for variational problems with an integral functional of type (8.2)

I(u):/ F(x,u(x), Vu(x)) dx
Q

under boundary values around 92 for admissible u’s, and additional assumptions
ensuring coercivity in appropriate Sobolev spaces.

Theorem 8.2 Let

Fx,u,u): 2 xRxRY > R



8.4 A Main Existence Theorem 253

be measurable with respect to x, and continuous with respect to pairs (u,u).
Suppose in addition that.

1. thereis p > 1 and C > 0 with
C(luf’ =1) < F(x,u,u) (8.6)

for every triplet (x, u, u);
2. the dependence

ut— F(x,u,u)
is convex for every pair (x, u).
Then for every ug € W'-P(Q), furnishing boundary values, the variational problem
Minimize inu € WP (Q) 1 I(u)
under
u—ug € Wy ()

admits optimal solutions.

Proof The proof reduces to the use of the direct method Proposition 3.1 together
with Corollary 8.3 for the weak lower semicontinuity.

* Note how the coercivity condition (8.6), in addition to the Dirichlet boundary
condition u — up € WO1 "P(Q) imposed on competing functions, imply that
minimizing sequences are uniformly bounded in W7 (). In fact, if {uo + u il
is minimizing with

{uj} € Wy (),
then
» 1
Vuo + Vujllypq =1+ El(uo +uj),

if I is the corresponding integral functional. Thus, if {zo-+u ;} is truly minimizing
with a value m € R for the infimum,

m+1\"?
Vuo + Vujllrr@) < (1 + T) ,
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and

IVujliLr) <IIVuo + VujllLre) + IVuollLr ()

m+1\"?
<|1+ — + IVuollLr (),

for all j large, and a constant on the right-hand side independent of j.

e Because p > 1, there are subsequences converging weakly in W7 (Q) and
strongly in L?(2) to limit functions u that, therefore, comply with the same
boundary condition, and are hence admissible.

* The convexity of the integrand with respect to the gradient variable yields,
according to Corollary 8.3, a functional / which is weakly lower semicontinuity
in WhP(Q).

We therefore are in possession of all required ingredients for the direct method
Proposition 3.1 to work, and conclude the existence of minimizers. O

Boundary conditions allow for some variations. Some of these are proposed in the
exercises, as well as specific problems for concrete integrands. One important such
situation is that of the natural boundary condition (Exercise 1). Another important,
even more general situation corresponds to a feasible set A which is weakly closed
in the appropriate space. Such a subset A must be weakly closed to ensure that weak
limits of sequences in A stay within A. A paradigmatic situation corresponds to the
classical obstacle problem Exercise 29. We will see some other relevant situation in
the next chapter.

Uniqueness of optimal solutions require, as usual, more demanding conditions
on the integrand: jointly strict convexity with respect to (u, u). In general, it is not
sufficient to have strict convexity only with respect to u. As a matter of fact, lack
of strict or even plain convexity with respect to u, having the same strictly convex
dependence on u, yields a lot a flexibility to study interesting problems.

Proposition 8.1 Suppose, in addition to hypotheses in Theorem 8.2, that the
integrand F is jointly strictly convex with respect to pairs (u,u). Then there is
a unique optimal solution of the corresponding variational problem under given
Dirichlet boundary conditions determined by ug € WP ().

The proof is similar to that of Proposition 3.3.

8.5 Optimality Conditions: Weak Solutions for PDEs

We now come to the last of the main issues concerning variational problems, that
of deriving optimality conditions that optimal solutions of problems must comply
with precisely because they are optimal. As usual, the natural scenario to derive
optimality is that of Hilbert spaces, though it can be generalized to Banach spaces.
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For this reason, we restrict attention in this section to the case p = 2, and so we will
be working in the space H'!(2). For the sake of simplicity, we avoid the irrelevant
dependence of the integrand F(x, u, u) on x. We are not writing the most general
conditions possible, but will be contented with understanding the nature of such
optimality conditions. Note that no convexity is assumed on the next statement of
optimality conditions. It is a necessary statement.

Theorem 8.3 Suppose the integrand
Fu,u):RxRY > R
is continuously differentiable with partial derivatives
Fy(u,w),  Fu(u,w),
and, for some constant C > 0,

|F(u,w)| < C(Ju)® + |u?),
|Fu(u, w)| < C(Jul + lul),  [Fu(u,w)| < C(lu| + |ul).

If a function v € H'(Q) is a minimizer for the problem
Minimize inu € HI(Q) I = / F(u(x), Vu(x))dx
Q

under
u—ug € H (), uo e H'(Q), given,

then

/ [F,(v(x), Vv(x))V(x) + Fu(v(x), Vv(x)) - VV(x)] dx =0 (8.7)
Q

foreveryV e HOI(SZ).

Condition (8.7) is the weak form of the PDE which is known as the Euler-Lagrange
equation of the problem

—div[Fu(x, v(x), Vv(x)] + F,(x, v(x), Vu(x) =0in 2, v = vgondf.

Note how (8.7) is precisely what you find when, formally, multiply in this
differential equation by an arbitrary V € H(} (£2), and perform an integration by
parts, as usual. Solutions v of (8.7) are called critical functions (of the corresponding
functional).
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Proof Note that under the bounds assumed on the sizes of F(u, u) and its partial
derivatives F, (u, u) and Fy(u, u), the integral in (8.7) is well-defined for every V €
H} ().

The proof of (8.7) is very classical. It follows the basic strategy in the corre-
sponding abstract result Proposition 3.4. Let v € H(} (£2) be a true minimizer for the
variational problem in the statement, and let V € HO1 (£2) be an arbitrary element.
For every real s € R, the section

gs)=E(+sV)

is a function with a global minimum at s = 0. If g is differentiable, then we should
have g’(0) = 0. We have

gls) = / Fwx)+sV(x), Vvo(x) +sVV(x))dx.
Q

Since the integrand F(u, u) is continuously differentiable, and the result of the
formal differentiation with respect to s

/ F,(v(x)+sV(x),Vv(x)+sVV(x))V(x)
Q
+Fa(v(x) +sV(x), Vu(x) +sVV(x)) : VV(x)dx

is well-defined because of our upper bounds on the size of F and its partial
derivatives, it is easy to argue that indeed g is differentiable, and its derivative
is given by the last integral. The condition for global minimum g’(0) = O then
becomes exactly (8.7). O

A final fundamental issue is that of the sufficiency of optimality conditions.
Suppose we have a functionv € H 1(€2) for which (8.7) holds for every V € HOl (2).
Under what conditions on the integrand F (u, u) can we be sure that v is in fact a
minimizer of the corresponding variational problem? This again involves convexity.
One main point of research, that we will barely touch upon in the next chapter,
is to derive results of existence of critical functions which are not minimizers for
different families of integral functionals.

Theorem 8.4 Suppose the integrand
Fu,n):RxRY >R
is like has been indicated in Theorem 8.3, and it is jointly convex in pairs (u, ).

Suppose that a certain function v € H'(Q), withv—ug € HO1 (2) and u prescribed,
is such that (8.7) holds for every V € H(} (R2). Then v is a minimizer for the problem

Minimize inu € HI(Q) I = / F(u(x), Vu(x))dx
Q



8.6 Variational Problems in Action 257

under
u—ug € H} (Q).

Proof The proof is essentially the one for Theorem 4.5 adapted to a multidimen-
sional situation. Suppose the feasible function v is such that (8.7) holds for every
Ve HO1 (£2). The sum v+ V is also feasible for the variational problem, and because
of the convexity assumed on F, for a.e. x € Q,

Fwx)+ V(x),Vulx)+VV(x)) >F(v(x), Vv(x))
+F,(v(x), Vo(x)) V(x)
+Fa(v(x), Vv(x)) : VV (x).

Upon integration on x, taking into account (8.7), we see that I (v + V) > I (v), for
arbitrary V € H(} (£2), and v is indeed a minimizer of the problem. O

8.6 Variational Problems in Action

We have seen that the two main ingredients that ensure existence of optimal
solutions for a typical variational problem associated with an integral functional

/ F(x,u(x), Vu(x))dx, F(x,u,u):QxRxR¥Y >R
Q

is the convexity and coercivity of the integrand F(x, u,u) with respect to the
gradient variable u. Though readers may think that once understood this, one can
be reputed to know a lot about variational problems, the truth is that the application
of Theorem 8.2 to concrete examples might turned out to be more challenging than
anticipated.

One needs to deal with convexity in the most efficient way, and this implies to
know the main operations among functions that preserve convexity in order to have a
clear picture of how to build more sophisticated convex functions from simple ones.
We assume that readers are familiar with the use of the positivity of the hessian to
check convexity for smooth cases. This is taught in Multivariate Calculus courses.
Often times, however, the application of such criterium, though clear as a procedure,
may be not so easy to implement. For instance, the function

I, N 1

F) =su”+uu-v, veR" |v| <,

2 2
is convex, but it is not so straightforward to check it. Same comments apply to
coercivity. At times, convexity may be quite straightforward, and it is coercivity
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that turns out to be more involved. We aim at giving some practical hints that may
help in dealing with examples.
Recall again (Definition 4.1) that a function

¢:DcCRVY SR
is convex if D is a convex set, and
P(tix1 +0x2) < HP(x1) +ho(x2), Xxi,x2€ D, t1,>0,11 +1=1.

If there is no mention about the set D, one consider it to be the whole space RN or
the natural domain of definition of ¢ (which must be a convex set).

The following is elementary, but they are the principles to build new convex
functions from old ones. We have already mentioned it in Sect. 4.1.

Proposition 8.2

1. Every linear (affine) function is convex (and concave).

2. A linear combination of convex functions with positive scalars is convex. In
particular, the sum of convex functions is convex, and so is the product by a
positive number.

3. The composition of a convex function with an increasing, convex function of one
variable is convex.

4. The supremum of convex functions is convex.

We already know (Proposition 4.1) that, when ¢ is convex, then

Cro =sup{y : ¢ < ¢, ¢, linear} = ¢.

If it is not, we isolate the following important concept.

Definition 8.1 For a function ¢ (x) : RN — R, we define the convex function
Crp=Ccop=Co

as its convexification. It is the largest convex function, not bigger than ¢ itself.

Concerning coercivity, we just want to mention a main principle that plays an
important role in many different contexts when contributions in inequalities are
desired to be absorbed by other terms. It is just a simple generalization of inequality

4.
Lemma 8.1 Fore >0, andu,v € RV,

e 2 2
u-v<—ul"+—|v/|".
S 1ul + o1Vl

Some examples follow.
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Example 8.1 The size of a vector u — |u] is a convex function. Indeed, because

lul = sup v-u,
[v|=1

it is the supremum of linear functions. Hence, all functions of the form ¢ (u) =
f(Ju]) for a non-decreasing, convex function f of a single variable, are convex. In
particular,

[w?,p>1, /1+|ul4,q>2.

Example 8.2 If ¢ (u) is convex, then ¢ (u) = ¥ (Au) is convex as well for every
matrix A. In this way the functions

[Au|?, p>1, /14 |Aul?,q > 2,

are convex too.

Example 8.3 This is the one written above

(8.8)

N =

1
F(u) = 5|u|2 +luu-v, veRN |y <

One first realizes that for an additional constant vector w € RY, we have that the
quadratic function

1 1
ur §|u|2+u~wu~v=u<51—|—w®v)u

is convex (because it is positive definite) provided |w| < 1, |[v| < 1/2. Hence if we
take the supremum in w, the resulting function is convex too, i.e. F'(u) in (8.8) is
convex.

8.7 Some Examples

Quadratic variational problems are associated with linear Euler-Lagrange equations,
and can be tackled within the scope of the Lax-Milgram lemma as we have already
seen. In this section, we would like to mention some non-linear problems that come
directly from our basic results for scalar, multidimensional variational problems.
Some examples are based on the ones in the last section.

1. One first easy example is the one corresponding to the integrand

1
F(x,u,u) = 5|u|2 + uu - F(x)
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for a given field F(x) such that
[F(x)| <1/2, xe€Q.

It admits the variant

1
F(x,u,u) = E|u|2 ++/1+ [u?u-F(x).

The existence of minimizers under standard Dirichlet boundary conditions is
straightforward. Coercivity can be treated through Lemma 8.1. The associated
Euler-Lagrange equations are a bit intimidating. For the first case, it can be
written in the form

div [ Vu+ vul (1+ 2 o Y V| =0
e V| S val) | T

where the rank-one matrix u ® v, for two vectors u, v is given by

(u®v)ij =uv;.
Note that the existence of a unique minimizer for the integral functional with one
of these two integrands immediately yields the existence of (weak) solutions of,

for example, this last non-linear PDE.
2. Our second example is of the form

1
Fx,u,w) = > (Ju] + f)? +ux)g(x),

with f € Ll(Q), and g € L2(Q). Once again, the existence of a unique
minimizer does not require any special argument, and such minimizer is,
therefore, a (weak) solution of the non-linear PDE

div (Vi + %
1V R =
TVl 8

under typical boundary conditions.
3. Consider

1
F(x,u,u) = E|u|2 + f(u)

where f(u) is a real, non-negative, continuous function. The existence of
minimizers is straightforward. Without further conditions on the function f, it
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is not possible to guarantee uniqueness. Compare the two cases

_1, _ Lo
f)=Zu fl)=S(ul =17

4. For exponent p greater than 1, but different from 2, the parallel functional for the
pth-Dirichlet problem is

1
Minimize in u(x) € W"7(Q) : /—IVu(x)V’dx
QP

under prescribed boundary conditions u — ug € W(}’p (2) for a given uy €
WP (). The associated Euler-Lagrange equation reads

div(|Vu|’>Vu) = 0in Q.

This non-linear PDE is known as the pth-laplacian equation for obvious reasons,
and it probably is the best studied one after Laplaces’. Even for the case p = 1, a
lot of things are known though the analysis is much more delicate. The existence
of a unique minimizer for the underlying variational problem is, however, a direct
consequence of our analysis in this chapter.

5. The functional for non-parametric minimal surfaces

/ V1 + [ Vu(x)? dx
Q

faces the same delicate issue of the linear growth so that W1-1() is the natural
space. It is also a problem that requires a lot of expertise. One can always try a
small regularization of the form

/Q <§|Vu|2 + 1+ |Vu(x)|2> dx

for some small, positive parameter €. Or even better

V12, luf <e!,

Fe(u) =
¢ {e|u|2 F((+)2—jul+e(1+e) 2 e, jul>e .

The form of this integrand has been adjusted for the zone [u| > ¢! in such way

that it has quadratic growth, and the overall resulting integrand F, turns out to be
at least C'. The variational problem for F, has a unique minimizer u.. This is the
easy part. The whole point of such regularization is to investigate the behavior of
such minimizers as € tends to zero. This is typically reserved for a much more
specialized analysis.
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6. Our final examples are of the form

F(u,u) = @Mz, F(u,u) =u’ A(u)u,

where the respective matrices involved
1
A(u) = Ea(u)l, Au),

need to be, regardless of its dependence on u, uniformly bounded and positive
definite. The existence of minimizers can then be derived directly from our
results.

8.8 Higher-Order Variational Principles

Once we have spaces W7 (2) to our disposal we can treat variational problems of
second-order, whose model problem is of the form

Minimize in u € W>P(Q) : I(u):/ F(x,u(x), Vu(x), VZu(x)) dx,
Q

typically, under boundary conditions on competing functions that might involve u
and/or Vu around 9€2. In full generality, the density

Fx,u,u,U): Q x R x RN x RVN 5 R (8.9)

is supposed to be, at least, continuous in triplets (#, u, U) and measurable in x € Q.
Q c RY is a smooth, regular, bounded domain.

We could certainly cover similar facts for second-order problems as the ones
stated and proved in Sects. 8.3, 8.4, and 8.5 for first-order problem, but we trust, just
as we have done with higher-order Sobolev spaces, that the experience and maturity
gained with first-order problems may be sufficient to clearly see the validity of the
following results which is a way to summarize the main points about one problem
like our model problem above. It is by no means the most such general result. There
might be several variants concerning constraints to be respected either as boundary
conditions around 9€2, or otherwise. Though, it is a long statement, we believe it is
a good way to sum up the fundamental facts.

We are given a density like F in (8.9) which is measurable in the variable x, and
continuous in (#, u, U). We consider the corresponding variational problem

Minimize inu € A C W>P(Q) :  1(u) =/ F(x,u(x), Vu(x), VZu(x)) dx,
Q
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where we have added the restriction set A, typically incorporating boundary
conditions for feasible functions.

Theorem 8.5
1. Suppose that

(a) there is a constant ¢ > 0 and exponent p > 1 such that
c(UI? = 1) < F(x,u,u,U),
or more in general
¢ (||u||w2vp(§z) - 1) < I(u);
(b) the function
U— F(x,u,u,U)

is convex, for every fixed (x, u,u);
(c) the class A is weakly closed as a subset of WZP(Q).

Then our variational problem admits optimal solutions.
2. Suppose the integrand

Fu,u,U) : R x RN x RV*N 5 R
is continuously differentiable with partial derivatives
F,(u,u,U), Fyu,u,U), Fyu,u )
and, for some constant C > 0,

|F(u,u,U)| < C(UP + [u* + [u?), |Fu(u,u,U)| < C(U| + [u] + |ul),
|Fu(u, w, U)] < C(|U| + [u| + |u]), |Fu(u,u,U)| < C([U| + [u] + |ul]).

If a function v € Hg(Q), withv —ug € Hg(Q), is a minimizer for the problem
Minimize inu € HX(Q) :  1(u) =f F(u(x), Vu(x), VZu(x)) dx
Q

under

u—ug € HJ(Q), uo € H*(Q), given,
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then
/Q [Fu(v(x), Vo(x), V2u(x))V (x) + Fu(v(x), Vo), VZo(x)) - VV(x)
+Fu(v(x), Vo(x), Vu(x)) : VZV(x)] dx =0
for every V € H}(RQ), i.e. v is a weak solution of the fourth-order problem

div[div Fy(v, Vv, V2v)] — div Fu(v, Vv, V20) 4+ F, (v, Vv, V?0) = 0 in £,

v = ug, Vv = Vug on 0€2.
3. Assume the integrand F (x, u,w, U) and its partial derivatives
Fu(u,qu), Fll(uaua U)a FU(M,U, U)

enjoy the properties of the previous item, and, in addition, it is convex with
respect to triplets (u, w, U). If a certain function v € H>(S2), complying with
vV —uUg € H02(S2) and ug, prescribed, is a weak solution of the corresponding
fourth-order Euler-Lagrange equation just indicated in the previous item, then v
is a minimizer of the associated variational problem.

4. If in addition to all of the hypotheses indicated in each particular situation, the
integrand F is strictly convex in (u,u, U), there is a unique minimizer and a
unique weak solution to the Euler-Lagrange equation, and they are the same
function.

We will be contented with explicitly looking at the most important such example:
the bi-laplacian.

Example 8.4 For a regular, bounded domain 2 C RY, and a given function ug €
H?(2), we want to briefly study the second-order variational problem

1
Minimize in u € HZ(Q) o I(w) = 5/ |Au(x)|2dx
Q

under the typical Dirichlet boundary conditions
u—ug € H(Q).

Recall that

N 2

ad
Mutx) = 37 25 (0.

i=1
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and, hence, the integrand we are dealing with is
1 2
Fx,u,u,U) = E(trU) .

It is elementary to realize that the associated Euler-Lagrange problem is concerned
with the bi-laplacian or bi-harmonic operator

2 = 0 g, 28O0
A“u=0inQ2, u=uog, = on 0%2. (8.10)
on on

By introducing v = u —ug € HOZ(Q), so that u = v+uy, and resetting notation v
u, we see that we can work instead, without loss of generality, with a variational
problem with integrand

F(x,u,u,U) = %(trU)2 +ax)trU+ Fy(x, u(x), Vu(x)) (8.11)

but vanishing boundary conditions u € Hg(Q). For the sake of simplicity, we will
simply take Fyp = 0, and will take a(x) € LZ(Q). We will, therefore, focus on the
optimization problem

Minimize in u(x) € H02(SZ) I = / (%mu(x)l2 +a(x)Au(x)) dx.
Q
(8.12)

We will take advantage of this special example to stress the following general fact.

If the integrand F of an integral functional / is coercive and (strictly) convex,
then 7 inherit these properties from F. But an integral functional / may be coercive
and strictly convex in its domain of definition while none of these properties be
correct for the integrand of / pointwise.

It is clear that the integrand F in (8.11) is not coercive on the variable U nor
strictly convex because some of the entries of the hessian of # do not occur in F.
Yet we check below that the functional itself / is both coercive and strictly convex
in H3}(Q).

Proposition 8.3 The functional I : HOZ(Q) — R in (8.12) is coercive, smooth
and strictly convex. Consequently, there is a unique minimizer for (8.12) and for its
corresponding Euler-Lagrange problem (i.e. for (8.10)).

Proof The proof only require one important, but elementary fact: for every u €
HE(S), it is true that

/|V2u(x)|2dx=/ Au(x)? dx. (8.13)
Q Q
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A more general form of this equality is proved in the next chapter. This identity
implies that we can also represent our functional in (8.12) by

1
1(w) :/ <E|V2u(x)|2 +a(x)Au(x)> dx.
Q
But the integrand for this representation is
~ 1 5
F(x,u,u,U) = EIUI +a(x)trU,

which is point-wise coercive and strictly convex in the variable U. We would
conclude by Theorem 8.5.

To show (8.13), notice that through a standard density argument, given that
C2°(R2) is, by definition (Definition 7.6), dense in Hg(Q), it suffices to check that
for every pair 7, j, and for every u € C2°(€2), it is true that

9 (ou\ 9 [ du 9%u 9%u
T2 () g = | 22T
Q dx; \0x; /) 0x; \ 0x; Q ijz axl?

This identity is checked immediately after two integration by parts (or just by using
the product rule for smooth functions) bearing in mind that boundary values for u
and Vu vanish around 9€2. O

We can, of course, consider variational problems of order higher than two.

8.9 Non-existence and Relaxation

We have stressed the fundamental concept of convexity throughout this text.
Together with coercivity, they are the two building properties upon which existence
of optimal solutions to variational problems is proved. Two natural questions arise:
what may happen in problems when one of these two ingredients fail? What
behavior is expected when the integrand is not convex; or when the integrand is
not coercive? There are two terms that refer precisely to these two anomalies:
oscillation, when convexity fail; and concentration, when coercivity does. The first
indicates a persistent oscillatory phenomenon that is unavoidable in a minimization
process, similar to weak convergence when it is not strong; in the second, the loss
of mass at infinity is part of the minimization process, and is associated with lack of
coercivity. In some cases, both phenomena may produce a combined effect. We are
especially interested in having a first contact with these two phenomena.
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Example 8.5 Consider the situation
Minimize in u € H'(B) : / [arctan2 (IVu)) + u(x)z] dx,
B

under u = 1 on 3B. B is the unit ball in R". Though the form of this problem may
look a bit artificial, it is designed to convey the concentration effect. We claim that
the infimum of the problem vanishes. If this is indeed so, then it is clear that there
cannot be a function u realizing it, because of the incompatibility of the functional
with the boundary datum. Minimizing sequence then should jump abruptly from
zero to meet the boundary datum in small boundary layers around dB. Indeed, the
following is a minimizing sequence of the problem

0, 0,1 —1/j1,
1 =y fj(x)z{j(x—l)ﬂ ijl—l/j/i]]

If definitely shows the concentration phenomenon we are talking about.

We plan to spend more time with the oscillatory effect that is a consequence of
lack of convexity. To this aim we make the following definition.

Definition 8.2 Let ¢ (u) : RN — R be continuous. We define its convex hull as the
function

1

¢*(u) = inf { &

/ d(Vu(x))dx : u € C°B), u(x) =u-x on 8B} .
B

B is the unit ball in RV,
A first immediate information is the following.
Proposition 8.4

1. We always have
Cp <¢' <¢.

2. If ¢ is convex, then ¢ = ¢*.

Proof The inequality ¢ < ¢ is trivial because the linear function u(x) = u - X is,
of course, a valid function to compete for ¢ (u).

Let u be one of the competing functions in the definition of ¢* so that u(x) = u-x
on 9B. Define a measure through the formula

1

(W, ) = ]

f U (Vu(x)) dx.
Q
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It is clear that every such 1, is a probability measure, compactly supported in RY
and barycenter u. By Jensen’s inequality, since C¢ is convex and p,, a probability
measure with first moment u,

1 1
Cop(u) < —/ Cop(Vu(x))dx < —/(P(VM(X))dx-
1Bl /B 1Bl /B
By taking the infimum in u, we conclude that C¢ < ¢*. O

The fundamental and surprising property is the following.
Theorem 8.6 The function ¢* is always convex. Consequently, Co = ¢*.

Proof As in the proof of the last proposition, we put
F={u,:uecC®B),u(x)=u-xondB},

and G, the set of all probability measures with first moment u and compact support
in RV It is therefore clear that F ¢ G. We will use Corollary 3.6 to show that in
fact G C co(F) in the Banach space C%B) and its dual, which was identified in
Example 7.3 of Chap. 2. Though we did not prove this fact, it is however clear that
both sets F and G, being subsets of probability measures, are subsets of the dual
of C°(B). Let then suppose that for a continuous function v, a probability measure
i € G, and a real number p, we have that

(1) +p <0.

This implies that ¢ must be less than —p somewhere in B, for otherwise the previous
inequality would be impossible. By continuity, this same inequality ¢ < —p still
holds in a certain ball B, (u). In this case we can find, for instance, a continuous
radial function

u(x) = u(lx)),  Vu(x) = u/(|x|)lz—|,

with
u@®) (0,11 - R, u()=0,u" <r,
in such a way that

u-x+u(x)eF, supp(Vu) C B,(u).
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It is then elementary to realize that for such u, the corresponding 1, is an element
of F and, by construction,

(¥, u) +p < 0. -

A fundamental interpretation of the last theorem leads to the remarkable conclusion
that the two numbers

inf{/ Cop(Vu(x))dx :u € C°(B),u(x) =u-xon 8B}
B
and
inf{/ ¢(Vu(x))dx : u € C*°B), u(x) =u-x on BB} ,
B

are equal because both numbers are equal to |B|C¢ (u). This is the simplest example
of what in the jargon of the Calculus of Variations is called a relaxation theorem.
Since this is a more advanced topic, we just state here a more general such fact for
the scalar case, and leave a more complete discussion for a more specialized treatise.
Let
F(x,u,u):QxRxRNaR

be measurable with respect to x, and continuous with respect to pairs (u, u) and
such that there is p > 1 and C > ¢ > 0 with

c(ul = 1) < F(x,u,w) < C(ju]” +1)
for every triplet (x, u, w). As usual, we put

I(u):/ F(x,u(x), Vu(x))dx.
Q

Let CF (x, u, u) stand for the convexification of F(x, u, -) for each fixed pair (x, u).
Then Theorem 8.2 can be applied to the (convexified) functional

Cl(u) :/ CF(x,u(x), Vu(x)) dx,
Q

and for given ug € W17 () there is, at least, one minimizer v of the problem.

Theorem 8.7 Under the indicated hypotheses, we have

CI(v) = min{CI (u) : u — ug € W"P(Q)} = inf{I () : u — ug € WH?(Q)}.
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What this statement is claiming is that the problem for the non-convex integrand
F may not admit a minimizer for lack of convexity, but if we replace it by
its convexification, we recover minimizers and the value of the infimum has not
changed.

There are several other important ways to show the convexity of ¢*. These are
important for the proof of the previous statement even in a vector situation. As
such, they need to be known by anyone interested in deepening his insight into the
Calculus of Variation. Since this is a primer on variational techniques, we do not
treat them, but just mention them.

The first one is based on the classical Carathéodory theorem, and a funny
construction of a Lipschitz function whose graph is some sort of pyramid. Recall
the concept of the convexification of a set in Definition 3.4.

Theorem 8.8 For every set C C RY, we always have

N N
co(C) = Ztiui 1t >0, Zti =1,u €C
i=0 i=0

The important point here is that in spite of limiting, to N + 1, the number of terms
in convex combinations with elements of C, yet one does not loose any vector in
co(C).!

Proposition 8.5 Let

N N

. N

u:E t,'u,'.t,‘ZO,E ti=1,u e R".
i=0 i=0

Then there is a simplex X C RN and a Lipschitz function u(x) : X — R such that
u(x) =u-x on doX,
and
{HVu ¢ {uw; :i=0,1,...,N}}| =0.
By putting together these two results, one can show, much more explicitly than we
have done above, Theorem 8.6.

The second one involves a fundamental construction whose interest goes well
beyond our scalar problems here.

I'We are using the same letter C for two different things: a set in R and to indicate the
convexification of a function. We hope not to lead to any confusion as the context makes clear,
we believe, we are referring to in each case
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Lemma 8.2 Let Q2 be a bounded, regular domain, and u; € RN, i =1,0,¢t €
(0, 1). Putu = tuy + (1 — t)ug. There is a sequence of functions uj(x) : @ — R
with the following properties:

I uj(x) =u-xond;
2. {uj} is bounded sequence (of Lipschitz functions) in W),
3. as j — oo,

Hx € Q:Vu;(x) ¢ {ur,up}}| — 0.

8.10 Exercises
1. Consider the variational problem
Minimize in u € Wl’p(Q) : f F(u(x), Vu(x))dx
Q

where the integrand F is assumed to comply with hypotheses in Theorem 8.2,

and no condition is assumed on 9€2. Argue that the problem admits an optimal

solution, and derive the so-called natural boundary condition for the problem.
2. Show that for every

Fx):QcRY > RN, FelL*RY),

f(x) € L3(Q),and ug € H'(Q), there is a unique solution u € H'(2) solution
of the variational problem

Minimize inv € H'(Q) : /Q va(x) —F@x)> + f(x)v(x)] dx

under the boundary condition v — ug € HO1 (€2). Write with care the associated
Euler-Lagrange equation.
3. Study the problem

Minimize in u € HI(Q) :

/ BW(x)TA(x)w(x) + %u(x)z + f(x)u(x)i| dx
Q

under no boundary condition whatsoever where the matrix field A enjoys
the usual conditions to guarantee convexity and coercivity. By looking at
conditions of optimality, derive the corresponding natural boundary conditions
that minimizers of this problem should comply with. Based on this analysis, try
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to write down a variational problem that formally would yield a (weak) solution
of the problem

9
Au=0inQ, X —hono,
on

where n is the unit, outer normal to 9<2.

. Consider the variational problem associated with the functional

/ <E|Vu|2 +Vu-FVu - G) dx

o \2

under usual Dirichlet boundary conditions. Give conditions on the two fields
F(x),Gx): Q cRY - RV,

so that the problem admits a unique solution. Explore the form of the Euler-
Lagrange equation.

. Argue if the non-linear PDE

—div(aVu + b|Vul|F) =0
can be the Euler-Lagrange equation of a certain functional for suitable constant

(or functions) a and b, and field F. Find it if the answer is affirmative.
Consider the family of radial variational problems with integrands of the form

F(u) = f(luaf)
for f : [0, 0c0) — R. Explore further conditions on f guaranteeing existence

of minimizers under standard Dirichlet boundary conditions.
Obstacle problems. Show that the problem

1
Minimize in u(x) € HOI(SZ) : E/ |Vu(x)|2dx
Q
under
u(x) > ¢(x) in Q
admits a unique minimizer, provided ¢, the obstacle, is a continuous function

that is strictly negative around 0€2. The set where u = ¢ is known as the
coincidence set, and its unknown boundary as the corresponding free boundary.
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8. Consider a variational problem of the form

/ [1|W(x)|2+w<x) ~F(x)} dx
al?2

under a typical Dirichlet condition around 92, where the field F is divergence-
free divF = 0 in Q. Explore the corresponding Euler-Lagrange equation, and
try to understand such behavior.

9. Let A(x) be a matrix-field in €2, not necessarily symmetric. Argue that the two
quadratic variational problems with identical linear and zero-th order parts but
with quadratic parts

u’Ax)u, uT%(A(x) +Ax) Hu

are exactly the same. Conclude that the Euler-Lagrange equation of such a
quadratic problem always yield a symmetric problem.

10. Let @ C RY be a bounded, regular domain with a unit, outer normal field » on
0€2, and consider the space H = L(Zﬁ ,(§2) of Exercise 7 of the last chapter.

(a) Use the Lax-Milgram theorem for the bilinear form
/ Fx)"A(x)F(x)dx, FeH,
Q

for a coercive, continuous matrix field A(x) : @ — RV*V,

(b) Derive optimality conditions for the variational problem
1
Minimize in F € H : / |:§F(x)TA(x)F(x) +F(x)- G(x):| dx,
Q

under

F(x) -n(x) = f(x) on 0Q.
11. Consider the variational problem for the functional

1
/Q Sl () + @), (0 dx

where

acl*Q), QCR*> x=(x,x).
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12.

13.

14.

8 Variational Problems

(a) Explore if one can apply directly the fundamental existence theorem of this
chapter under standard Dirichlet conditions on 9€2.
(b) Perturb the previous functional in the form

1
fQ [mel @) + a()uy, (X)2 + %uxz(x)z] dx

for a small positive, parameter €. Show that this time there is a unique
minimizer u, of the problem.
(c) What are the changes if we start instead with a functional

1
/Q iy () + (), ()P dx

where this time a is a real function as regular as necessary?

As in Exercise 1, consider the variational problem
Minimize inu € WHP () : / Fu(x), Vu(x)) dx
Q

where the integrand F' is assumed to comply with hypotheses in Theorem 8.2,
and we demand u = ug only on a given portion I' C 92 of the boundary. Argue
that the problem admits an optimal solution, and derive the corresponding
optimality conditions.

Argue what are the optimal solutions of the variational problem

Minimize inu € L*®() : / F(x,u(x))dx
Q
under
/ u(x)dx = |Q|uo,
Q

where u( belongs to the range of u.
Among all surfaces S, that are the graph of a function u of two variables

u(x,y): Q2 — R, QCRZ,

complying with some prescribed boundary values given by a specific function
uo(x, y),

u(x,y) =uo(x,y), (x,y) €I,
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15.

16.

17.

write the functional furnishing the flux of a vector field
F(x,y,7) : R’ > R’
through S,. Argue if there is an optimal such surface, and examine the

corresponding equation of optimality.
Consider the functional

1
1) :/ 5(detvzu(x))zdx, u:QCR>—>R.
Q
(a) Check that the function
1
F(A) = 5 detA?, A e R**?

is not convex, and therefore, our main result for second-order problems
Theorem 8.5 cannot, in principle, be applied.
(b) Calculate, nonetheless, the corresponding Euler-Lagrange equation.

Consider the functional

/ ayx(x) +ap(l — x(x))
Q

5 [Vu(x)|> dx

where x and 1 — x are the characteristic function of two smooth subsets €2
and Q¢ sharing a smooth boundary I within €.

(a) Show that there is a unique optimal solution for u —ug € H(} (2), provided
that o1, g are non-negative.

(b) Use optimality conditions to describe u with the so-called transmission
condition through I'.

Consider the quadratic functional
/ @) G dx
Q 2
with
ac —apinQ, O0<c<acay=<C.

(a) Show that there is a unique solution u, under a typical Dirichlet boundary
condition around 9€2.

(b) Show that there is a function ug € H'(S2) such that uc — ug in H'(2) as
e — 0.
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18.

19.

8 Variational Problems

(c) Suppose that for each v € HO1 (£2) one could find a sequence {v¢} C Hé ()
such that

a.Vve — apVv in L*(Q).

Show that the limit function ug is the minimizer of the limit quadratic
functional

x
/ &) G x)2 dx.
Q 2
In this context, we say the initial quadratic functional I"-converges to this
last quadratic functional.
Let Q be an open subset of RY and u € W!7(Q). Consider the variational
problem

Minimizein U € W"?@RY) 1 |Ullyro@mg) + 1U — ullwirg)-

(a) Show that there is a unique minimizer & € W17 (RN).

(b) Suppose that €2 is so regular that the divergence theorem holds. Deduce the
corresponding transmission condition as in Exercise 16 above.

(c) Explore the effect of using a positive parameter € to change the functional
to

1
1U lw1.r@i\g) + EHU — ullwir(q)-
Suppose that # admits an extension to U in the sense that
1L,pmN o
UeW" P(RY), U=uing.

If i, is the unique minimizer for each €, what behavior would you expect
for it as e — 0?

This exercise is similar to the previous one for the particular case p = 2. Let Q
be an open subset of RN and u € H'(2). Consider the variational problem

1 1
le(v) = > /R R [XRN\Q(va(x)F + ~ X (@) Vo) - w(x)ﬂ dx,

over the full space v € H'(RV).

(a) Prove that there is a unique minimizer v, € H'(RV).



8.10 Exercises 277

(b) Write down the weak formulation of the underlying Euler-Lagrange equa-
tion of optimality, and interpret it as a linear operation

E:HY(Q) - H'RY), ur v =8&u.
(c) Let m¢ be the value of the minimum, and suppose that it is a uniformly
bounded sequence of numbers. Use the Banach-Steinhauss principle to
show that there is limit operator & : H'(Q) — H'(RY) which is linear

and continuous.
(d) Interpret the operation & : H'(Q2) — H!(RY) as an extension operator.

20. Let F(x) be a tangent vector field to €2 that can be assumed as smooth as
necessary. Explore how to deal with the variational problem
. 1 2
Minimize in u : —|Vu(x)|-dx
Q2
subject to
F-Vu=0o0n0dQ.

Can it be done in a consistent way? Is it a well-posed problem?

21. For the following examples, explore if the basic existence theorem, under
Dirichlet boundary conditions, can be applied and write the underlying PDE
of optimality. Argue if optimality conditions hold.

f 1
Q2
1 du \2 u\> _du 9
/- (2 () 22 ) gy do,
02 axi ax2 dx1 9xz
u 2 ou 2 Ju ou
— + | — -2
dx1 0x2 dx1 dxp
a 172
i dx dxy,
9% > X14ax2
172
1 du \* au \* u du\?
/- () () (2 dxi dxa,
Q2 0x1 dx2 dx1 dx2
1/2
Ju 4+ ou 2 /+ dJu 2 dxid
— — — x1dxz,
X1 0x) 0x2 ! ?

ou
3)61

ou

2
dxydxy,
3x2> x1dx;

dx) dxa,

ou
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1/2 1/2
/1 8u4+8u2/+ 8u2+8u4/dd
- — — — — x1dxy,
Q2 0x1 dx2 dx1 dx2 L
FRYEIARITH N (Y
- — xp|—|— — —| — x1dxy,
2 \ox P oy ox2 L
/ ou
Q 0x2
1/2 172
du \? / au \? /
14+ — 14+ — dxydxy,
Q dx1 dxp
1/2
du\? du \? /
1+(— ) +{— dxidx,.
Q 0x1 0x2
22. Other boundary conditions. In the following three situations, investigate the

interplay between the functional and the boundary condition. For the sake of
simplicity, take in all three cases the usual quadratic functional

1
-/ [Vu(x)|? dx.
2 Ja

a
—u dX1 dX2,

0x1

(a) Mixed boundary condition. The boundary 92 of the domain €2 is divided
in two sets I'g and I';, where a Dirichlet condition # = ug and a Neumman
condition Vu - n = 0, respectively, are imposed.

(b) Robin boundary condition. This time we seek an explicit linear dependence
between a Dirichlet and a Neumman condition

Vu-n = yuondf2,
where y is a non-null constant.

(¢) A mixed boundary condition with a free boundary between the Dirichlet
and Neumann contition. Take as boundary condition # < u on 9€2.

23. If @ C R3, write the Euler-Lagrange equation for the functional

E(u) = %fgwu(x) A Vw(x) — Fx)|? dx
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where the function w and the field F are given so that the gradient Vw of w and
F are parallel at every pointx € Q

Vw(x) || F(x), x e Q.

u A v stands for the cross or vector product in R>.



Chapter 9 ®
Finer Results in Sobolev Spaces oo
and the Calculus of Variations

9.1 Overview

This chapter focuses on some important issues which arise when one keeps working
with Sobolev spaces in variational problems and PDEs. We can hardly cover all of
the important topics, but have tried to select those which, we believe, are among
the ones that might make up a second round on Sobolev spaces and variational
problems.

The first situation we will be dealing with is that of variational problems under
additional constraints, other than boundary values, in the form of global, integral
conditions. In general terms, we are talking about problems of the form

Minimize inu € A : f F(x,u(x), Vu(x))dx
Q

where the set A of competing functions is a subset of some Wl’p(Q), which, in
addition to boundary conditions around 9€2, incorporates some integral constraints
given in the form

/ F(x,u(x),Vu(x))dx < (=) f
Q
where
Fix,u,u): Q x RxRY - RY,  feR%

The various components of the vector-valued map F are assumed to be smooth. We
have already seen one important such example, though constraints are imposed in a
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point-wise fashion, in Exercise 29 of the last chapter. For such a situation
1
F= Elulz, A={uecH(Q) :u>yinQ),

where the continuous function i represents the obstacle. Another fundamental
problem is that in which we limit the size of feasible «’s in some suitable Lebesgue
space. The existence of minimizers for such problems is essentially covered by our
results in the previous chapter. We will also look at optimality conditions.

A second important point is that of better understanding the quantitative rela-
tionship between the norm of a function u in W7 () and its norm in the Lebesgue
space L4 (<), for a domain @ c RY. This is directly related to variational problems
of the form

/ [lIVu(x)Ierllu(x)lp—)»llu(x)l"] dx O.1)
QLP p q

for different exponents p, g, and positive constant A. Note that if A < 0, the unique
minimizer of the previous functional in WO1 "P(Q) is the trivial function. However,
the problem becomes meaningful (non-trivial) if A > 0. Indeed, the functional in
(9.1) is closely related to the constrained variational problem

.. . 1,p . 14
Minimize inu € W () : ||u||W1_1,(Q)
under the integral constraint

lullpa@ =C, C >0, given.

To better realize what is at stake in such situation, suppose we take 2 all of space
Q = RV, For real, positive r, we put

uy(x) = u(rx), ue whr®RY).
A simple computation leads to
IVurliey =r' =N PIVulr@,  lullia@) =rYlullLa@),
for each such r, and exponents p and ¢. This identities show that u, € WP (RN)
for all such r; and, moreover, if the norms of Vu in L? (RY) and u in L9 (R") are to

be comparable for every function u in W17 (RV), then we need to necessarily have
that

1—1+1 9.2)
N p q '
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for otherwise, the limits for r — 0 or r — oo would make invalid the comparison.
The condition (9.2) yields the relationship between exponent p for the Sobolev
space, exponent g for the Lebesgue space, and the dimension N of the domain.
The situation for a different (in particular bounded) domain is much more involved
and technical. Indeed, the usual way of looking at the issue is by resorting to the
case of the whole space R" through the use of an appropriate extension operator Y
defined as

T:WhP(@) > WHRN), I Yullyi,gyy < Callullyirg). (9.3)

for a constant Cq depending exclusively in the domain €2 (and dimension N). If this
is the case, and assuming that we establish first an inequality

Ivllza@®yy = CN.p.gllvllwremnys
for every v € WHP(RN), we would have
lullLa) < I ullpa@wyy < CnpgllTullwromyy < Cn.pgCallullwir ),

for every u € W!7(Q). Though there is, apparently, no full characterization of
those domains that admit such extension operators with the fundamental property
in (9.3), there are various ways to construct them based on additional smoothness
of their boundaries. Most of them require a good deal of technicalities. One way
relies on the use of partitions of unity, as well as other more intuitive extension
techniques like reflection. This process typically requires C'-smoothness. Other
techniques only demand Lipschitzianity of d2. In fact, there is a particular case
in which such extension procedure is especially easy: from Proposition 7.8, we
already know that for functions in Wol’p (£2) the extension by zero off 2 makes the
function an element of W17 (RN), or of W17 () for any bigger domain € for that
matter. We will therefore start with the study of the relationship between the norms
in L9(2) and WP (Q) for functions in Wé’p(Q). We will also briefly describe a
different technique that is sufficient to deal with most of the regular domains, and is
based on Definition 7.3 and ODEs techniques.

One of the most studied scalar variational problems corresponds to the integrand

1 2
F(u,u) = EIUI + fw)

where the continuous function f (u) is placed into varying sets of assumptions. One
could even allow for an explicit x-dependence, though for simplicity we will stick
to the above model problem. To fix ideas, we could think of f as a polynomial
of a certain degree. If f(u) is strictly convex and bounded from below by some
constant, then our results in the previous chapter cover the situation, and we can
conclude that there is a unique critical function (a unique solution of the underlying
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Euler-Lagrange equation) which is the unique minimizer of the problem. If we are
willing to move one step further, and be dispensed with these assumptions, then
more understanding is required concerning the two basic ingredients of the direct
method:

1. the convexity requirement in Theorem 8.2 does not demand the convexity of
f(u), since it suffices the convexity of F(u, u) with respect to u;

2. the coercivity condition in that same result (for p = 2) might not hold true if
f(u) is not bounded from below.

Therefore, there are two main issues to be considered for a functional like

1
I(u) = /Q <§|Vu(x)|2 + f(u(x))) dx. (9.4)

One is to understand more general coercivity conditions than those in Theorem 8.2
that still may guarantee the existence of minimizers. The second is to explore
under what circumstances this last functional may admit critical functions other
than minimizers. Note that the Euler-Lagrange equation for such a functional is

— Au+ f'(u) =0in Q.

The first question leads to investigating further integrability properties of Sobolev
functions, while the second pushes in the direction of finding methods to show
the existence of critical functions solutions of the above PDE not relying on
minimization.

Another final fundamental point we would like to consider is that of the further
regularity of weak solutions of PDEs, let them be minimizers or just critical
functions of a certain functional. We will concentrate on the following basic
problem:

Au e L*(Q) < uc HX(Q).

This is a quite delicate topic that we plan to address by means of considering
higher-order variational problems. Second-order boundary-value problems are also
important and appealing. We have already had a chance to explore the important
case of the bi-harmonic operator in the last chapter which is associated with the
second-order functional

1
/ —|Au(x)|? dx.
o2

Their nature depends in a very fundamental way on the boundary conditions that are
enforced in concrete variational problems.
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9.2 Variational Problems Under Integral Constraints

Variational problems in which integral constraints, in addition to boundary values,
are to be respected as part of feasibility can be interesting and important. We
have already mentioned and proposed one such example in the last chapter. As a
matter of fact, the main existence result for such problems comes directly from a
direct generalization of Theorem 8.2 which is modeled after Theorem 4.3 that we
transcribe next.

Suppose that

Fx,u,u): QxR xRY > R,

is measurable in x and continuous in (u, u). Consider the variational problem
Minimize inu(x) € A: [I(u) = / F(x,u(x), Vu(x))dx
Q

where the feasible set A is a subset of W17 ().
Theorem 9.1 If the three conditions:

1. I is non-trivial, and coercive in the sense
I(u) — oo whenever |[ully1.pq) — 00;

2. F(x,u,-) is convex for every pair (x, u);
3. A is weakly closed in WP (Q);

hold, then the above variational problem admits minimizers.

The proof must be clear at this stage right after the direct method. As usual, the
coercivity of the functional [/ is derived from the coercivity of the integrand F just
as in Theorem 8.2. Our emphasis is here is in some typical examples of feasible sets
A complying with the weak closeness in the previous statement.

Proposition 9.1 Let
Fx,u,u): 2 xR xRY - RY,

be a mapping whose components are measurable in x and continuous on (i, w).

1. If every component of F is convex in u, then
A={u e Wol’p(Q) : / F(x,u(x), Vu(x))dx < f}
Q

is weakly closed for every fixed f € R.
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2. If every component of F is linear in u (in particular for those components of F
independent of u), then

A={ueW, (Q): / F(x, u(x), Vu(x)) dx = f}
Q

is weakly closed for every fixed f € RY.

One can obviously mix the equality/inequality conditions for different components
of F asking for the linearity/convexity of the corresponding components. The proof
amounts to the realization that, due to the weak lower semicontinuity, of the family
of functionals

/ F(x,u(x), Vu(x))dx,
Q

the definition of the admissible set A with inequalities turn out to be weakly closed.
For the case of linearity, note that both F and —F are convex in u.
As indicated above, the particular case for an obstacle problem

A={ueHH(Q) :u>yinQ)
falls under the action of the preceding proposition, and so does
A={ue W Q) : llulre = k)

for a fixed positive constant k. In both cases, there are unique minimizers for the
minimization of the L?(£2)-norm and the L”(£2)-norm of the gradient, respectively
ifp>1).

Optimality for such constrained problems involves the use of multipliers. This
can be setup in full generality, but since the most studied examples correspond to
very specific situations, we will be contented with looking at the following example.

Example 9.1 Let us investigate the problem
S 1 1 2
Minimize inu € Hy () : 7 [Vu(x)|” dx
Q
subject to the condition

/u(x)zdx =1.
Q

It is easy to see how the combination of Theorem 9.1 and Proposition 9.1 yields
immediately the existence of a unique global minimizer u( for this constrained
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variational problem. Let
1 2
m=— [ |Vuo(x)|“dx > 0.
2 Ja

If u is an arbitrary, non-trivial function in HO1 (2), then it is elementary to realize
that

1

U= —u
lullz2(q)

is feasible for our constrained variational problem, and hence
1 — N2
= | Vu(x)|"dx = m,
2 Ja
that is
1 2 2
—|Vu(x)|* —mu(x)“| dx > 0.
Ql?2

This inequality exactly means that ug is also a global minimizer for the augmented
functional

7 1 2 2
1(u) :/ |:—|Vu(x)| — mu(x) ] dx,
al2

because | (up) = 0. The function uy is, then, a solution of the corresponding Euler-
Lagrange equation

—Au=2muin Q, u =0o0no2.
We say that the problem
—Au=Xxuin2, u=0o0nadQ 9.5)

is the optimality condition for the initial constrained problem for a certain value
for the multiplier A(= 2m). Note how Eq. (9.5) can be interpreted by saying that
u = ug is an eigenfunction of the (negative) Laplace operator corresponding to the
eigenvalue A.

The obstacle problem is different because constraints are enforced in a point-wise
manner, and so multipliers would not be vectors but functions. We will not treat this
kind of situations here.
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9.3 Sobolev Inequalities

One fundamental chapter in Sobolev spaces is that of understanding how much
better functions u in W1 7(S) are compared to functions in Lebesgue spaces
L?(Q) depending on the exponent p and the dimension N where 2 C RY. The
basic tool is again the fundamental theorem of Calculus used as in the proofs of
Propositions 7.3, 7.5 and 7.9. Once again we can write

X ou

ux’', x) =ulx',y) + f (x', 2)dz (9.6)

y OdxN
fora.e. x’ € myQ, and x, y € R so that
', x), (', y) e Q.
If, as usual, we put
Q={(',x)eRY :x e nxnyQ,x € Jp},
and
y@) =infJy, (', y(x")) €0,

then (9.6) becomes

dz.

e, 0] < us ye )] + /

u
_(x ’ Z)
T | 0xXN

At this initial stage, we are not especially interested in measuring the effect of the

term |u(x’, y(x’))| at the boundary, which will take us to introducing spaces of
functions over boundaries of sets, so that we will assume, to begin with, that u €

Wé’p(Q). If this is so, then
ux’, y(x") =0,

and

()] = Ju(x’, x)| s/

Ty

dz. 9.7)

ou o' 2)
—(Xx s
3XN ‘

We define the function uy (x’) as the right-hand side in this inequality

uy(x') = /
Jyr

a
_u(x/’ Z)

d ’
BxN ¢
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and realize that we could redo all of the above computation along any of the
coordinate axes e; to find

lu@)| <wui(xp), i=12,...,N, 9.8)
where
ou
ui(xg)z/;x{ B_JC,-(x;’Z) dz.

i

We would like to profit inequalities (9.8) as much as possible. We know that each
right-hand side in (9.8) belongs to L! of its domain

/ ou
ui(x;) w2 —> R, uillpigo = T ,
YillLv@
provided u € W!1(). But (9.8) also implies
lu @)V V=D < Hui(x;)l/(N—l)’ 9.9)

1

and we have the following abstract technical fact.

Lemma 9.1 Suppose we have N(> 2) functions f; € LN"1(7;Q) for open sets
T Q2 cRN-1i=1,2,...,N, and put

f) =[] fitmix).

Then f € LY(Q), and

£y < JTIA A1 )
i

Proof The first case N = 2 does not require any comment. Take N = 3, and put,
to better see the structure of the situation,

fx1, x2, x3) = f1(x2, x3) falx1, x3) f3(x1, x2),
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with the three factors on the right being functions in L? of the corresponding
domains. For a.e. pair (x2, x3) € 712, we see that

/ | f(x1,x2, x3)| dxy <
I x

12
|f1<xz,x3)|<fJ Ifz(X1,X3)|2dX1> (/J |f3(x1,x2>|2dx1)
m X ﬂlx

Integration on the variables (x», x3) € w12, together with Holder’s inequality leads
to the desired inequality. The general case proceed by induction (exercise). O

1/2

1

If we go back to our situation in (9.9), and apply to it Lemma 9.1, we conclude that
ue LN/(N_U(SZ), and, since,

N/(N-1) N/(N-1
el Rov—1y gy = Mt M NV 1 g
we arrive at
1/(N—1
”u”N/(N—l) <l—[‘3_u /(N=1)
N/N-D (@) = ’
L (Q) ; axi LI(Q)

Finally, because

ou
— = IVull 1 q.rN),
LY(Q)

Null pviv-n @y < IVullprg.rny-

axi

we find

Lemma 9.2 Let Q C RN be a domain, and u € W(}’l (). Thenu € LN/WV=D(Q),
and

Null pviv-n ) < IVullprg.rny-

This is the kind of result we are looking for. It asserts that functions in WOI’I(Q)
enjoy much better integrability properties since they belong to the more restrictive
class of functions LY/NV-D(Q).
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9.3.1 The Case of Vanishing Boundary Data

Assume that @ € R" is a domain, and u € Wé "7 (). We will divide our discussion
in three cases depending on the relationship between the exponent p of integrability
of derivatives, and the dimension N of the domain, according to the following
classification.

1. The subcritical case 1 < p < N.
2. The critical case p = N.
3. The supercritical case p > N.

We will treat the three cases successively.

9.3.1.1 The Subcritical Case

We place ourselves in the situation where the integrability exponent p is strictly
smaller than dimension N. We will be using recursively Lemma 9.2 in the following
way.

Suppose u € Wol’p(Q) with 1 < p < N. Take a exponent y > 1, not yet
selected. Consider the function

U) = lu@)”u),
and suppose that y is such that U € WOl ’I(Q). It is easy to calculate that
VU (x) = ylu@)|” ~'Vu(x).

If we want this gradient to be integrable (U € Wé ’I(Q)), since Vu belongs to
LP(2), we need, according to Holder’s inequality, that V=1 e LP/P=D(Q).
Given that u € L?(), this forces us to take y = p. If we do so, then
Lemma 9.2, implies that in fact U = |u|"~'u belongs to LN/ N=D(Q), that is,
u € LPN/N=D(Q). Once we know this, we can play the same game with a different
exponent y, in fact, with

N
y-n——L-=2L

p—1 N-1

If we so choose y, the same previous computations lead to another U to which we
can apply Lemma 9.2. By the new choice of y, the factor |u|¥~! € LP/(P=D(Q).
The conclusion is that u € LYN/(N=D(Q). Proceeding recursively, we realize that
we can move on with this bootstrap argument to reach a exponent y such that

p VYN

-1 = ,
(y )p_1 N1
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and, in such a case, u € LYN/(N=D (£2). Some elementary arithmetic yields

_p(N-1)
y=21"7

. uc LNP/(N—P)(Q).
N-—p

Theorem 9.2 Ifu € Wol’p(Q), and1 < p < N, thenu € LNP/N=P)(Q), and
Nl pnp/v-p @y < ClIVullLe(e)

for a positive constant C depending on p and N (but independent of <2, exercise
below).

The exponent

__PN
=3

*

p

, 1<p<N,

is identified as the critical exponent.
For bounded domains, we can state a more complete result.

Theorem 9.3 IfQ2 C RY is a bounded domain and 1 < p < N, then
W, P(@) C L1Q). g e[l pl.
and

lullLe@) < ClIVullLr (@),

for a constant depending on p, q, N, and 2.

The proof is a combination of the case ¢ = p* shown in the previous result, and
Holder’s inequality when ¢ < p* (€2, bounded).

9.3.1.2 The Critical Case

When p = N, notice that the critical exponent p* = co. As a matter of fact, in this
situation the recursive process above corresponding to the proof of Theorem 9.2
never ends (exercise), and we can conclude that u € L9(2) for every ¢, in case Q2
is bounded. This is however different to saying that u € L°°(2). In fact, for N > 1,
there are functions in W!-¥ (R") which do not belong to L>(2).

Theorem 9.4 Every function u € WOI’N(Q) belongs to every L1(R2) for all finite q.
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9.3.1.3 The Supercritical Case

Let us now deal with the supercritical case p > N. To better understand and
appreciate the relevance that the power of integrability be strictly larger than
dimension, let us recall first the case N = 1. The conclusion in this case is exactly

inequality (2.8) where we showed easily that

() = u)| < ' leenle =y p > 1,
for x,y € J C R. As matter of fact, our approach to higher dimensional
Sobolev spaces relies in the fact that one-dimensional sections along coordinate
axes are continuous for a.e. such line. Recall Proposition 7.3 and even more so
Proposition 7.4. We proceed in several steps.
Step 1. By Proposition 7.8, we can assume that u € W7 (RY), so that the
domain € is all of space. We regard, then, u as defined for every vector x € RY.

Step 2. Suppose that Q is any cube with axes parallel to the coordinate axes, and
such that 0 € Q. For any point x € Q, we have, according to Proposition 7.4, that

1
ulx) —u(0) = / Vu(rx) - xdr.
0

If we integrate with respect to x € Q, we arrive at

1
/u(x)dx—|Q|u(0)=// Vu@rx)-xdrdx.
Q QJo

If we interchange the order of integration in the last integral, we can also write

1
/u(x)dx—|Q|u(0)=/ [Vu(rx)-xdxdr.
Q 0 JQ

We can perform the change of variables
y=rx, dy= rNdx,

in the inner integral, for each r € (0, 1) fixed, and find that

b
f e 1o = [ o [ vu -yayar.

For the inner integral, after using the classic Cauchy-Schwarz inequality and
Holder’s inequality, bearing in mind that rQ C Q for r € (0, 1),

f o Vu(y) - ydy < |Vullppqpwyr TV P~ D/PgHN@=D/p
:
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if |Q| = sV. Altogether, we find, performing the integration with respect to r,

1
‘/Qu(x)dx - |Q|u(0)‘ < m||Vu||L,,(Q;RN)31+N(P—1)/P_

Dividing through |Q| = sV, we finally get

ux)dx —u(0)| < Vu RNy
Ql Jo 1-N/p LPQRD)

Step 3. Because in the previous step the cube Q was simply assumed to contain
the origen 0, and the two sides on the last inequality are translation invariant, we can
conclude that

' 1 / P sI=N/p
— | ux) x—u(y)’s—nwn QRN
1Ql Jo 1-N/p EIQED

is also correct for any such cube Q, and any y € Q. In particular, if y and z are two
given, arbitrary points, and Q is a cube containing them with side, say, s = 2|y — z|,
then

lu(y) —u(2)| <

ﬁ/Qu(x)dx —u(z)

<Cly — 2"/ Vul Lo @y g,

+ ‘ﬁ/()u(x)dx —u(y)‘

for a constant C depending on N and p but independent of u.

Theorem 9.5 If Q@ C RY is a domain, and p > N, every function u € Wol"D(Q)1
is such that

lu(y) —u@| < Cly — 2" VP Vul Lpq.rv)

foreveryy,z € Q, and a constant C independent of u. In particular, bounded sets
of Wé "P(Q) are equicontinuous, and

Wy P (Q) C L¥(Q).

! This is understood in the sense that u can be redefined in a negligible set in such a way that the
modified function complies with this statement.
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9.3.2 The General Case

Note that for the particular case Q2 = R¥ | the two spaces wL-P(RN) and WO1 P (RN)
are identical, and so all of our results are valid for this special domain (without
boundary). Recall Remark 7.3. In this section, we would like to explore the
extension of the same inequalities we have examined in the previous section to
functions u in W17 () without demanding to have a vanishing trace around 9<2.
This job typically restricts more the domains €2 where that goal can be achieved.

Since the treatment of the general situation is rather technical, though important,
and relies on the extension property indicated in the Introduction of this chapter, we
will not cover such. Instead, and as an example of how the inequality in Theorem 9.2
demands the explicit presence of the L'-norm of the function u, we will redo the
above calculations for a cube Q = Q in RY with edges of size |Q|'/V.

We retake identity (9.6) to write

X

WWCMIEWGCwL+/ dz. 9.10)

Y

u
—(x S
3)61\] ( Z)
The numbers x and y belong to J,» where, according to (7.11),

Q=nay x Jyxen,

and the same can be done for every coordinate direction e;,i = 1,2,... N.
If we integrate this inequality in the variable y in the two subsets

Iy = Jy N (nf Jyr, x), Dy = Jy N (x, sup Jyr),

we arrive at
/ / x au /
[Le| u(x’, x)| < lu(x’, )| dy + —(x', 2)| dzdy,
I 1, Jy [9xN
/ / Y 8” /
[Dyr| lu(x’, x)| < lu(x’, y)Idy + — (', 2)| dzdy.
Dy Dy Jx |0xN

If we use Fubini’s theorem in the two double integrals (assuming the partial
derivative extended by zero when necessary), we find that

Ihﬂwfwﬂfflwfwww+/(k4ﬁhd
I / !

X Ix

du
— (', 2)| dz,
8xN

dz,

ou o' 2)
—(x s
3)CN <

[Dy/| |u(x’, x)| Sf Iu(x’,y)ldy+f (sup Jy — 2)
’ Dx’

X
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or even

dz,

|1x/||u<x’,x>|s/ ', pldy + [ inf g
1. ‘]x/

X

u
M(x ,2)

dz.

| Dyr| |u(x’, x)| 5/ |u(x’,y)|dy+f (sup Jy — 2)
’ Jyr

x

au o' 2)
— x .
axN ¢
If we add up these two inequalities, we have

d(Jx)lu(x’, )| S/ u(x’, y)1dy +d(Jy) dz,

Tyt Ty

X

ou o' 2)
oxy , 2

where
d(Jyr) = sup Jy —inf Jy

is the diameter of J,/. Dividing through by this positive number d(Jy’), we are led
to the inequality

dz.

ou
_(x s Z)
N

1
! < / d
|u(x’x)|_d(Jx/) [x/ lu(x’, 2)] Z+[]x’ i

This is a possible replacement of inequality (9.7) to the general situation of a
function u in W1 1(). Suppose, in particular, that Q = Q is a certain fixed cube.
Then

ou
u(x’, x)| < IQI‘”N/ lu(x’, 2)| dz +/ — (', 2)| dz.

Ty Ty |0xN

If we now define

/ —1/N / ou
ui(x;) = Q] lu(x;, 2)ldz + —(x;,2)| dz

! T 10X

fori =1,2,..., N, we have exactly the same inequality (9.8). Since

1/N

||ui||L1(niQ) <1QI” ||“||L1(Q) + ||V14||L1(Q;RN),

the same use of Lemma 9.1 in this situation yields

/N|

||M||LN/(N71)(Q) = |Q|_l |M||L1(Q) + ||V”||L1(Q;RN)~

It does not seem possible to extend this inequality for more general domains than
just cubes.
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The following is a full summary of the fundamental results of this section.

Theorem 9.6 Let @ C RY be a C'-domain (its boundary 3S2 is a C'-manifold of
dimension N — 1). Let p € [1, +00].

1. Subcritical case 1 < p < N:
1 x 1

wWhP(Q) CcL? (), —=
p

2. Critical case p = N:
WhP(Q) C LY. g € [p, +00).
3. Supercritical case p > N:
WhP(Q) c L™(R).

Moreover,

1. if Q is bounded, and p < N, then

whP(Q) c L1(Q), qell,p*l;

N

all the above injections are continuous;
3. in the supercritical case p > N, we have the inequality

u(x) — u(y)| < Cllullyrpgle — y' =7 (9.11)

valid for every u € WHP(Q) and every couple x,y € Q, with a constant C
depending only on 2, p and dimension N; in particular, u admits a continuous
representative in Q.

It is also important to highlight how these results, together with the ideas in the
proof of Proposition 7.10 also yield the following fine point.

Theorem 9.7 For a bounded and C' domain Q@ C RY, the following are compact
injections

whP(Q) c L1(Q), qell, p*l,
WhP(Q) c L1(Q), q €[l,+00),
whP(Q) c C(Q),

in the subcritical, critical and supercritical cases, respectively.
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Proof The supercritical case is a direct consequence of (9.11) and the classical
Arzela-Ascoli theorem based on equicontinuity. Both the subcritical and critical
cases, are a consequence of the same proof of Proposition 7.10. Note that this
explains why the limit exponent p* can be included in the subcritical case p < N,
while it is not so for the critical case p = N. O

9.3.3 Higher-Order Sobolev Spaces

One can definitely apply Sobolev inequalities to first partial derivatives of functions
in W7 (), thus leading to better properties of functions in this space. We simply
state here one main general result which does not deserve any further comment as it
can be deduced inductively on the order of derivation.

Theorem 9.8 Suppose Q2 C RY is a C'-, bounded domain. Let u € WF-P ().
1. Ifk <N/pand1/q =1/p —k/N, thenu € L1(2), and
lullLa@) < Cllullwr.r )

for a positive constant C independent of u, and depending on k, p, N and 2.
2. Ifk > N/p, put

[N/pl+1—N/p, N/p is not an integer,
o=

any positive value < 1, N /p is an integer.
Then® u e Ck=IN/PI=Le(Q) and

[u” (x) — u? ()| < Cllullwrpg)lx — yI*

where uY is any derivative of u of order k — [N /p] — 1, x, y are two arbitrary
points in 2, and the constant C only depends on k, p, N, a, and 2.

9.4 Regularity of Domains, Extension, and Density

We have examined above two particular situations where functions in a Sobolev
space €2 can be extended in an ordered way to functions in all of space RY. We
would like to briefly describe, without entering into details, a more general method
where this extension can be carried through. Basically, extensions of functions

2 The notation [] indicates integer part of the number r.



9.4 Regularity of Domains, Extension, and Density 299

defined in  to a bigger set &, requires some regular transformation ® : Q\Q —
to define the extension through

Ux) = u(®x)) forx € Q\ Q.

Suppose € is a C'-domain according to Definition 7.3 with ¢ its defining C'-
function, and € > 0 the strip parameter around 9€2.
We learn from ODEs courses, that the flow

@@t,x):[0,T) xRY > RN, @/(t,x) = Vop(P (¢, x)), (O, x) = x,
corresponding to the dynamical system

x'(1) = Vo (x (1)) 9.12)

is a continuous mapping in the variable x. Moreover, we also define the function
t (x) through the following condition

t(x) : {—e<9p <0} > {0<¢ <€}, P(PUX),x))=—d().
This function is as regular as the flow ®, and, moreover
t(x) = 0 for every x € 092.

Note that integral curves of (9.12) travel perpendicularly into 2.

Though the following result can be treated in the generality of Definition 7.3, for
the sake of simplicity and to avoid some additional technicalities, we will assume
that the function ¢ is C? to rely on the C'-feature of the flow mapping .

Proposition 9.2 Let Q, ¢, and € be as in Definition 7.3 with ¢, a C*-function, and
0%, bounded. Let u € Wl’p(Q), and define

u(x), x e Q,
U@ =1 (1-16@0@), ) u@@), %), x (e <¢ <0},
0, x e RV \ Q..

Then U € WEP(RN) is an extension of u, and

1Ullw1.r@yy < Cllullwir ),

for some constant C depending on Q2 through ¢ and €.
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With the help of the extension operation, it is easy to show the density of smooth
functions in Sobolev spaces. The proof utilizes the ideas of Sect.2.29 in a high-
dimensional framework in the spirit of Corollary 7.1.

Corollary 9.1 The restrictions of functions in C*° (RN ) with compact support make
up a dense subspace of WP (Q) if Q is C'.

9.5 An Existence Theorem Under More General Coercivity
Conditions

Though more general examples could be dealt with, we will restrict attention to
functionals of type (9.4)

I () =/ <%|Vu(x)|2+f(u(x))> dx (9.13)
Q

to understand how, taking advantage of the better integrability properties that we
have learnt in previous sections, one can relax the coercivity condition in our
Theorem 8.2, and yet retain the existence of minimizers for the functional under
typical Dirichlet boundary conditions. We therefore stick in this section to the model
problem

Minimize in u(x) € H (Q) : / (%qu(x)|2 + f(u(x))) dx 9.14)
Q

under
u—uo € H(Q), uoe H(Q), given.

Our goal is then to find more general conditions on function f (u) that still allow to
retain existence of minimizers. In particular, some of these conditions permit non-
linearities f (#) not bounded from below. In all cases, the main concern is to recover
the necessary coercivity. The basic idea is to arrange things so that the contribution
coming from the function f can be absorbed by the term involving the square of the
gradient. Some of the techniques utilized are typical in this kind of calculations.

Theorem 9.9

1. Suppose f(u) : R — R is a continuous, bounded-from-below function. Then
there are minimizers for (9.14).
2. Let f(u) be such that

u fkuz—i—C, 0<A<—,
|f ()l 3C2
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where Cp > 0 is the best constant for Poincaré’s inequality in HO1 (R2). Then
there are minimizers for (9.14).
3. If the function f(u) is such that

[f| <clul"+C, r<2,c>0,

then there are minimizers for our problem.

Proof The first situation is immediate because the coercivity condition (8.6) for
p = 2is valid as soon as f(«) is bounded from below by some constant C € R, i.e.

1 1
§|u|2 +C< 5|u|2 + f ).

The existence of minimizers is then a direct consequence of Theorem 8.2.
The second possibility is also easy. Note that, by Poincaré’s inequality applied to
the difference u — ug € HOl (),

fQIf(u(x))Idx <Mlull?a g, + Cl2

<2hu = uol7a g, + 2Mlluoll7 g + I
<UCHIV @ = 1)1 2y + 2Huoll3 g + €12
<A CHIVul ]2 g.pn, + A CHIVuoll72 g v,

+ 24 uol 72 g, + €12

=4.Cp | Vull32 g.m + C,

where C is a constant independent of u. Hence,

1 2 2 ~ 1 2
(5 - 4ACP) IVul 0, — C < fg <5|W<x>| + f(u(x))> dx.
with
1 2
S -4 >0

This is the coercivity required to recover existence of minimizers through the direct
method.

For the third case, by Young’s inequality Lemma 2.1, applied to the factors, for
an arbitrary § > O and x € €,

1
a=38ux)|", b= 3
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with the exponents

2 1 r
= - > 3 = )
p r 1 2—r
we see that
1 11
u(x)|” = lab| < ;5P|u<x>|2 +-—.

q 81
An integration in 2 leads to

8P 12|
x)| dx < —|lu|? —.
[ or dr = 2l + 2
From this inequality, and following along the calculations of the previous case, we
find that

/Q S VHEOP + [ @) ) dx = (5 = = =Ch ) IVulFa g, + CO).

where the constant C (8) turns out to be

4c8? 2¢8P c|L|

CO) =-— QRN — TC%uuoniz(g;RN) — 5

2 2
C3IVuol2

Since we still have the parameter § to our disposal, it suffices to select it in such a

way that
1/p
0<d < P ,
8cC?

to ensure the necessary coercivity, and to conclude the proof. O

9.6 Ciritical Point Theory

In this section, we become interested in solutions of the critical function equation
(the Euler-Lagrange equation), not coming from minimization, for a functional
of the same kind (9.13); that is to say, critical functions that are not minimizers.
The emphasis is placed on the fundamental compactness property of Palais-Smale
that permits to translate some of the intuitive ideas for functions of several (finite)
variables to the infinite-dimensional setting. Unfortunately, checking details in a
complete way requires quite a good deal of calculations with constants, exponents,
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norms in different spaces, various easy estimates and inequalities with numbers and
functions, etc. In particular, we will have an opportunity to see the relevance of
Poincaré’s and Sobolev inequalities. The basic relevant concepts are exactly as in
the finite-dimensional case.

Definition 9.1 Let E : H — R be a C'-functional defined in a Hilbert space H.

1. A vector u € H is critical for E if E/(u) = 0.
2. A number c is a critical value for E if there is u € H such that

Ew =c¢, E'(u)=0.

The basic heuristic principle to detect critical points which are not minimizers is
the following. When one is seeking a minimizer, one is led to minimize “in every
possible direction or way”. If, on the other hand, we look for critical points (where
the derivative or gradient must vanish) of a function or functional that may not
be minimizers, the first attempt would be to minimize “in all but one direction or
dimension”. This is the simplest version of a primitive min-max principle: minimize
the maximum across a family of objects of a finite dimension. It can be made specific
in the following intuitive way.

Let E : H — R be a C!-functional over a Hilbert space H. Take two vectors ug,
u; in H, and consider the class I of smooth curves, regarded as one-dimensional
objects,

I'={y@) :[0,1] — H:y©0) =up, y(1) =uy}.

For each such curve y € I', we would like to detect the maximum of the composition
with E

max E(y (1)),
t€[0,1]

which is obviously attained at some ¢y, that will, most likely, depend on y . Then, we
take the minimum (infimum) of all these maximum values across the set of curves
inIC

¢ = inf max E(y (1)),
yerl tel0,1] ()/( ))

and trust that this value ought to be critical. There are three main concerns:

1. c is a finite value (it suffices that E is bounded from below, though this is not
always the case);

2. c is indeed a true critical value so that there some u € H with E'(u) = 0 and
E() =c;

3. cis not a critical value for a minimizer.
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The subtle issue is to ensure that ¢ is a critical value. This would be almost
immediate in a finite-dimensional setting. But it requires some caution in an infinite
dimensional situation that, as in the case of weak convergence, is related to lack of
compactness. The nature of the functional E needs to be strengthened, but we will
see exactly in which step and what that reinforcement should be.

Imagine that a certain ¢ € R is not a critical value for the functional E. This
means that the derivative cannot vanish in the region

{c—e<FE@u<c+e}={ueHlH: E) €[c—c¢,c+e€l}

at least for some small positive €. If we are working in finite dimension, this implies
that the derivative E’ is uniformly away from zero in such a region, i.e. there is some
6 > 0 (depending on €), such that

{c—e<E@m) <c+e} C{|E| =35}

However, in an infinite-dimensional setting, there might be a sequence {u;} such
that

E(j) €lc—€,c+el, E'(uj)—0.

Such sequence could even be uniformly bounded in H, but only converge in a weak
sense to some u. The point is that because the convergence is only weak, we loose
all information concerning E(u) and E’(u). There is no way to ensure whether u
is a critical point for E. This is precisely what needs to be adjusted for functionals
defined in infinite-dimensional spaces.

Definition 9.2 A C!-functional E : H — R defined on a Hilbert space H is said to
enjoy the Palais-Smale property if for every sequence {u;} C H such that {E(u;)}
is a bounded sequence of numbers and E’(u;) — 0 (strongly) in H, we can always
find some subsequence converging in H. Sequences {u;} with

|E(uj)| <M, E'(uj)—0,

for some fixed M, are called Palais-Smale sequences (for E).

Before proceeding, since this concept may sound a bit artificial to readers, it is
interesting to isolate the main family of functionals that comply with the Palais-
Smale condition. Recall that 1 : Hl — H is the identity operator.

Proposition 9.3 Suppose that Palais-Smale sequences are uniformly bounded (for
instance if E is coercive), for a C'-functional E : H — R, and

E'=1+K, K:H — H, acompact operator.

Then E enjoys the Palais-Smale property.
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Proof If {u;} is a Palais-Smale sequence for E, it is bounded, and, for some
subsequence, not relabeled, we would have the weak convergence u; — u. The
compactness of K would lead to a further subsequence, if necessary, with Ku; — 1.
Thus

u; = E/(llj) —Kllj — —u

strongly. O

We now focus on the most studied situation in which we take H = Hé (R2) for a
bounded domain @ C R¥, and E : H — R defined by

E(u) =/ <%|Vu(x)|2 + f(u(x))) dx 9.15)
Q

with f a C!-function. Most of the statements of the technical assumptions for the
non-linearity f(u) would require the distinction between dimension N = 1,2 and
N > 2. As arule, we will assume in what follows that N > 2, and will leave the
cases N = 1, 2 for the exercises.

Lemma 9.3

1 If

N+2

! < " C7 Oa ~r A’
|ffw)| <clul” + c > r<N_2

(9.16)

then the functional E in (9.15) is CLand E' =1+ KwithK, compact.
2. If, in addition to (9.16),

|f )| < Aul* +C,
with

0<i< %,
P
where Cp is the best constant in Poincaré’s inequality in H(} (), then Palais-
Smale sequences are uniformly bounded in HO1 (2), and by Proposition 9.3,
functional E in (9.15) complies with the Palais-Smale condition.
3. If, in addition to (9.16),

f) —rf'wu=C, i< % 9.17)
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then Palais-Smale sequences are uniformly bounded in Hé (2) (though this time
the funcional might not be coercive), and again by Proposition 9.3, functional E
in (9.15) complies with the Palais-Smale condition.

Proof In order to apply Proposition 9.3 to functional (9.15), we need to check three
things:

1. EisCl;
2. E' =1+ K with K, compact;
3. Palais-Smale sequences are uniformly bounded in H.

For the first point, and according to Definitions 2.13 and 2.14, we need to calculate
the directional derivative

d

e=0

and make sure that it is a continuous operation in u and linear in U. Based on the
differentiability of f, it is easy to conclude that

d

= <1|vu(x) +eVU®)|? + f(ux) +eU(x))> dx
de Q 2

e=0

is given by the expression
/ (Vu@) - VU(x) + f'u@x)U (x)) dx,
Q

that indeed it is continuous in u, since f’ is, and linear in U. Moreover, by
Lemma 2.7, the derivative can be identified as the unique minimizer of the quadratic
variational problem that consists in minimizing in H& (£2) the functional

/Q [%Wu(x)ﬁ — Vu(x) - VU(x) — f’(u(x))U(x)} dx.

The unique solution U of this problem is furnished, for instance, by the versions of
the Lax-Milgram lemma in Sect. 8.2, and can be identified with the unique solution
U(= I'(w)) (for given u) of the linear PDE problem

—div(VU —Vu) — f'(u) =0inQ, u =00ndQ.

We clearly see that U = I’(u) = u plus the operation K taking u into the solution
v E HO1 (£2) of the problem

—Av=f'(u)inQ, v=00ndQ.
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By writing its weak formulation, using as a test function v itself, we see that

/|Vv(x)|2dx=/ ' u(x))v(x) dx.
Q Q

Using Holder’s inequality on the integral on the right-hand side for exponents

2N 2N
q

we arrive at
IV0I17 gy < IVl g2y I @)l g2v/oven gy -
The corresponding embedding inequality leaves us with
IVUll 2y < IF' @l v g
and the bound on the size of f’(u) leads us to conclude that
IVull 2@ < cllull pwv+arwv-29) + C

for new constants ¢ > 0 and C. Due to the compact embedding of H(}(Q) into
L2(2), we see that indeed K is compact.

In case the upper-bounds for f/ and f can be established in relationship to
Poincaré’s inequality, then the coercivity shown in the proof of the second part of
Theorem 9.9 furnishes the final ingredient: Palais-Smale sequences are uniformly
bounded.

For the last item, suppose {u} is a Palais-Smale sequence

E(uj) <M, E'(uj)—0,

that is
1
fQ (§|Vu,-(x>|2 + f(u,-(x))) dx < M.
fg (Vatjx) - VUG + ' (0))U (x) dx — 0,

uniformly on bounded sets of test functions U’s in HO1 (£2). In particular, for

1
= —uj’
Vil
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we can deduce that
/Q (Vi @) + ' 0 ) dx < 1Vl 20

for j sufficiently large. From all this information, we conclude that for the
combination

1
0= /Q <§|Vuj(x)|2+f(u,-(x))> dx
—A/ (|Vuj(x)|2 —i—f’(uj(x))uj(x)) dx
Q
we find, through (9.17),

1 2

Since the coefficient in front of the square is strictly positive, this inequality implies
the uniform boundedness of the sequence of numbers {||Vu ||}, as claimed. m|

We finally need to face the min-max principle announced above. It is universally
known as the mountain-pass lemma, as this term intuitively describes the situation.
Recall the definition of the class of paths I' when the two vectors ug and uj are
given.

Theorem 9.10 Let H be a Hilbert space and E, a C'-functional defined on H that
satisfies the Palais-Smale condition. If there are ug, uy in H, and

0<r <|u—ugl
such that

max{E(uy), E(uy)} <m, = | inf  E(u),

u—ug||=r
then the value

¢ = inf max E(y(t)) > m,
yel 1€[0,1]

is a critical value for E.

Proof Since each element y in I will intersect at some point the set where m, is
the infimum, because r < |[ug — uy||, we clearly see that ¢ > m,, and, hence, ¢
cannot be a critical value corresponding to a (local) minimum.
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We will proceed by contradiction assuming that c is not a critical value. If this is
so, and E verifies the Palais-Smale condition, we claim that there are

€ < %(m, —max{E(ug), E(u;)}), & >0,

with the property
E(u) € [c — €, ¢ + €] implies || E'(w)]| > 8. (9.18)

Suppose this were not the case, so that we could find u; with E(u;) — ¢ — 0, and

yet E’(u;) — 0. These conditions exactly mean that {u;} would be a Palais-Smale

sequence, and therefore, we would be able to find an accumulation vector u which,

by continuity of E and E’, would be a critical point at level c. If this situation is

impossible, we could certainly find some such € and § for which (9.18) is correct.
By definition of c, there should be a path y € I" such that

E(y@®) <c+e 1te€]0,1].
The idea is to use the flow of E to produce a new feasible path 7 such that
E(y@) <c—e

This would be the contradiction, since again the definition of ¢ makes this
impossible. But calculations need to be performed quantitatively in a very precise
way.

For each fixed ¢ € [0, 1] for which

E(y (1) > c—e,
consider the infinite-dimensional gradient system
o'(s) = —E'(a(s)), 0o(0)=y().
We will assume that E’ is locally Lipschitz continuous to avoid some more
technicalities. This requirement is not necessary, but if £’ does not comply with this
local lipschitzianity condition one needs to modify it appropriately. By Lemma 2.6,

the previous gradient system is defined for all s positive, and its solution o (s; y (¢))
depends continuously on the initial datum y (¢). Furthermore, again by Lemma 2.6,



310 9 Finer Results in Sobolev Spaces and the Calculus of Variations

forr > 0,
E(o(r) — E(y (@) =/0 (E'(0(s)),0'(s)) ds

=—Aﬁﬂwmm%s
<—r8,
while o (s) stays in the region {E € [c — €, ¢ + €]}. Thus, while this is correct,
E(@(r) < E(y(1) —ré* <c—e, 9.19)

as soomn as

E(y@)—e—c _
82 -

If we let r(¢) be the (continuous) minimum of the these values for which (9.19)
holds, we find a new continuous path

y@) =o@r@®);y@)
with
E(y(t)) <c—e, 1te€][0,1].

This contradicts the definition of ¢, and consequently, it must be a critical value. O

One of the principal applications of the results above which justifies the central
role of the Palais-Smale condition for the critical point theory in infinite dimension
refers again to the situation around (9.15) for which

Ew) : H(Q) — R, E(u)= fg (%Wu(x)lz — f(u(x))) dx.

Note the change of sign in front of f(u).

Theorem 9.11 Consider this last problem with

N+2
N -2’

lf'w)| <clul"+C, ¢>0,1<r< (9.20)

fa) _

lim 5

u—0 u

0, (9.21)
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0< fuw) <Af'(Wu, O<A<%,|u|zR, (9.22)

for some positive R. Then there is some non-trivial critical function for the problem.

Proof Since condition (9.22) clearly implies (9.16), and, thus, by Proposition 9.3
and Lemma 9.3, the functional enjoys the Palais-Smale property, all that is left to
do, to be able to apply Theorem 9.10, is to detect the two functions uq, u| for which
the situation in that theorem holds. We will show that ug = 0 with E(0) = O is a
strict local minimizer, and for every v € HO1 (£2), there is always ¢ with E(tv) < 0.
Hence if we take u; = rv, the condition of the trivial function being a strict local
minimum clearly indicates that we are in the situation of Theorem 9.10, and we can
conclude our result by Theorem 9.10.

It is clear that £(0) = 0. We want to show that for some positive p, E(u) > 0,
whenever O < |lu|| < p. Recall that

lull = IVullp2(q)-
Let € > 0 be arbitrary. From (9.21), there is some § = §(¢) > 0 with the property
€ 9
[f )] < S lul < 4.
On the other hand, from (9.20) by integration, we find, for some constant C = C(¢),
|f@)] < Clul™, |u] > 6.
Altogether, we have
€ r+1
[fw)] < 74 + Clul

for all u. We bear in mind this estimate, and go to estimating £ («). Indeed,

1 €
E@) = S1IVulzq) = S 1ullgaiq) = Clull g

We now invoke two facts. First, Poincaré’s inequality
lullz2i) = CrlIVull2q);
secondly, the Sobolev inequality

lullpr+1@) < CsliVull2 g
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for some constant. Note that  + 1 < (2N)/(N — 2). We can hence estimate

1 €

E(u) > <2 5

1 1
C%) IVullZ> g, = CCH VUl Eig)-

If we take € sufficiently small so that the coefficient in front on ||u 12 is positive, and
realizing that » 4+ 1 > 2, we can certainly conclude that E'(x) > 0 for all non-trivial
u in a certain ball around the trivial function. This is exactly what is meant by saying
that u = 0 is a strict local minimum.

Finally, it is elementary to check (Exercise 4) that (9.22) implies

1
f) >alul’” +b, a >0,b€R,p=X > 2.
By using this estimate in our functional, we arrive at the upper bound

E@) < <||Vul?, — bRl

1 p
E' () _a”u”Ll;(Q)

But replacing tu by u and letting r move, we find that the right-hand side converges
to —oo, because p > 2, as t — 00. Consequently, the same is correct for E (tu).

In particular, for each u given, there is some ¢ sufficiently large so that E(tu) < O.
This was the other necessary ingredient. O

We will see more specific examples in the exercises.

9.7 Regularity. Strong Solutions for PDEs

We start with an extension of the identity (8.13).

Lemma 9.4 Ler Q C RY be a regular, smooth domain with boundary 02 which
is a Cz-smooth, (N — 1)-dimensional manifold, possibly with several connected
components, and unit, outer normal direction n(x).

L Ifu € HX(Q) N H} (), then

/|V2u(x)|2dx=/ |Au(x)|2dx+/ Hx)|Vu(x) -n(x)>dS(x),
Q Q R

where H (x) is the curvature of 92 at x.
2. Ifu € H*(R) with

Vulx) -nx) =0
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then

2 2 2 1 2
/|v u(x)| dx:/ |Au(x)| dx+f v<—|w| >~ndS(x).
Q Q FYe 2

3. In particular, ifu € HOZ(Q), then

/|v2u(x)|2dx=/ [Au(x)|? dx.
Q Q

Proof The main computation involves a typical integration by parts. Proceeding by
density, just as in Definition 7.6, suppose for the time being that u is C°°- in . Then

/ IV2u(x)|? dx :/ tr (Vzu(x)Vzu(x)) dx
Q

—Z/ (8_x,> —(Vu)dx

We can use the divergence theorem for smooth functions and domains twice in each
of the terms of the last sum to write, keeping track of boundary contributions and
putting n = (n;),

ou ou ou 0
fv(—) 9 wwydx = [ 22 (au )dx+/ O 9 Gy nds)
Q 0

0x; 0Xx; Q 0Xx; 0x; Q 0x; 0x;

0
/—Audx—/ —uniAudS(x)
Q0 aQ 9x;

du 0
+/ — —Vu-ndS(x).
a0 0X; 0X;

The sum in the index i carries us, through the first identity above, to
/ |V2u(x)|*> dx :/ |Au(x)|* dx (9.23)
Q Q
+ / (w VZun—Vu-n Au) dS(x).
aQ

If u = 0 on 02, then

|[Vuln = Vu, Vu-n=|Vu|,
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on 92 because this boundary becomes a part of the level set {u = 0}, and then
f [V2u(x))? dx =/ |Au(x)|* dx
Q Q
+/ V| (n V2un — Au) dS(x).
a0

But under our smoothness assumptions (Exercise 1 below)
nVZun—Au=— Alyqu+HVu-n (9.24)
at 02 where

Alyg

is the Laplace operator over 9K2. If u = 0 on 9€2, then
A|3Q u = 0,

and this yields our first formula.
For the second situation, simply note that by retaking formula (9.23), the second
term in the surface integral vanishes, and we find

2 2 2 1 2
/|v u(x)| dx:/ |Au(x)] dx+/ v<—|W| )-ndS(x).
Q Q FYe 2

In both cases, a standard density argument yields the claimed formulas for functions
in the respective Sobolev spaces. O

For f(x) € L%*(S), with Q a C*-domain as in the previous lemma, we would
like to consider the second-order problem

Minimize in u(x) € H>(2) N H () : /Q (|v2u(x)|2 4 2f(x)Au(x)) dx.

This is a standard second-order variational problem that does not require any special
consideration.

Proposition 9.4 The previous variational problem admits a unique minimizer u €
H*(Q) N H} ().

Proof The functional is well-defined; it is coercive in its feasible set, and strictly
convex. Theorem 8.5 applies. Note that indeed it is a quadratic, strictly convex
functional on its admissible set. m|
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The point is that, due to Lemma 9.4, our second-order, variational problem above
is exactly the same, except for the constant term

/ |f(x)* dx,
Q

as

Minimize in u(x) € H*(Q) N H} () : / [Au(x) + f(x)|*dx
Q

+ / H@®)|Vux) -nx)P dSo).
02

This variational problem is a bit special in that the functional incorporates a term
which is a surface integral, and we have not explored how to deal with such. Some
examples have been considered in connection with Neumman boundary conditions.
Yet, because of the equivalence of these two variational problems, as indicated, we
do know that the minimizer & in Proposition 9.4 must also be a minimizer for the
same variational problem in the second form. In particular, the surface integral

/ H(x)|Vii(x) - n(x)|* dS(x) (9.25)
IR
is well-defined and is finite. If we now look at the restricted variational problem

Minimize in u € H3 () : / |AG(x) + Au(x) + f(x)]? dx,
Q

because i +u, for a feasible u H02(SZ), does not change the boundary value of i or
of its normal derivative involved in the surface integral (1.2), we conclude that the
trivial function # = 0 is a minimizer of this last problem. As such, we can examine
optimality conditions as derived in Sect. 8.8, to argue that

/(Aﬂ(x) + f(x)Av(x)dx =0 (9.26)
Q

for every feasible v € Hg(Q). Since we know that the classical problem
Av=ginB, v=0o0nodB

for arbitrary smooth functions g and any ball B has a unique smooth solution v, we
realize that (9.26) implies that indeed

Adi(x) + f(x) =0 (9.27)

for a.e. x € Q. This is essentially a consequence of Lemma 7.4.
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Definition 9.3 We say that a function u € H>(S2) is a strong solution of Au+ f = 0
for a function f € L*(Q) if

Au(x) + f(x) =0

forae. x € Q.

Note how different the definition of weak and strong solutions for the same PDE
are. This definition can, of course, be generalized to many more families of PDEs.

Our arguments above (9.27) show that i is a strong solution of Au+ f = 0, and,
hence, it is also the weak solution of the problem.

Theorem 9.12 Letu € Hd (R2) be the unique minimizer of the problem
1
Minimize inv € H(} () : / |:5|Vv(x)|2 _ f(x)v(x)] dx
Q
where f € L*(2), and Q is a C*-domain. Then u € H*(Q) and Au + f = 0 a.e.

in Q.

Proof Under the smoothness assumptions on €2, the function u € HO1 (R2) is a strong
solution, i.e.

Au(x) + f(x) =0

for a.e. x € Q. Therefore for an arbitrary v € HOl (2),

/ (Ai(x) + f(x)v(x)dx = 0.
Q

But the integration-by-parts formula applied to the first term yields
f [Vi(x) - Vu(x) — f(x)v(x)]dx = 0.
Q

The arbitrariness of v € Hé (2) in this equality implies that # must be the weak
solutions of our problem, which belongs, then, to H 2(Q). O

This result is the basis of the regularity theory for PDEs: under suitable smoothness
assumptions on 2 and the right-hand side f € L?(S2) of the PDE, the unique weak
solution u € H(} (f2) turns out to belong to H 2(Q). From here one can translate
further regularity on f and on €2 into more regularity for the weak solution u. The
smoothness of d€2 is unavoidable.
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9.8 Eigenvalues and Eigenfunctions

Possibly, the most important case and application of Theorems 6.4 and 6.3 (see also
Example 6.6) is that of the eigenvalues and eigenfunctions of the Laplace operator
under vanishing Dirichlet boundary conditions. Consider the operator, for a given
bounded domain Q ¢ RV,

T:L*(Q) > L*(Q), U=Tu,—AU =uinQ,U € H}(Q).

In other words, for each u € L*(Q), U is the unique minimizer in HOl (2) of the
functional

/ [l|VU(x)|2 — U(x)u(x)i| dx.
Ql2
In particular, we have that
/ [VUX) - VV(x) —u@x)V(x)]dx =0 (9.28)
Q

forevery V € HO1 ().
The operator T is compact and self-adjoint:

1. self-adjointness: for u, v € L2(Q) we easily realize, if we set U = Tu, V = Tv,
that

(u, V) =/ u(x)V(x)dx
Q
:/ VU(x)-VV(x)dx
Q
:/ Ux)v(x)dx
Q

=(U, v),

by (9.28);
2. compactness: this is a direct consequence of the fact that the operation

uel* Q) UeHi(Q), —AU=uinQ
is continuous, because by (9.28) for V = U itself,

2
MU o < Ul < lullp2) 102
H(Q)



318 9  Finer Results in Sobolev Spaces and the Calculus of Variations
and by Poincaré’s inequality
1U31q < Cllull 2@ 10113
the compactness of the injection HO1 () into L?(R) yields the compactness of

the operator T.

As a direct consequence of those theorems recalled above, we conclude the
following classic result.

Theorem 9.13 There exist a sequence of positive numbers {A;}, L; — 00, and a
sequence of functions

{uj} C Hy () NC™(R)
that make up an orthonormal basis of L*>(Q), such that
—Aujzkjuj in Q. (929)

Proof We have already checked that the operator T is compact and self-adjoint. It
is, in addition, positive which means that

(Tu, u) 2.y = IITull3, 0

@ =
for every u € L?($2). By Theorems 6.4 and 6.3, we can conclude the existence of a
sequence of non-vanishing eigenvalues {1/}, which are positive because so is T,
converging to zero, and a sequence of corresponding eigenfunctions {u }, i.e. (9.29)
holds. Finally, from the regularity results from the previous section, which may be
restricted to arbitrary compact, smooth subdomains of €2, utilized in a recursive way
through (9.29), we conclude the (interior) smoothness of each eigenfunction u;. O

For obvious reasons, the numbers A; in (9.29) are called eigenvalues of the
Laplace operator (under vanishing Dirichlet boundary conditions) in €2, while the
corresponding u ; are the associated eigenfunctions.

It is interesting to realize, as we described in the Introduction to this chapter, that
solutions for the problem

—Au=Xduin2, wu=0o0noa<2,

correspond to critical functions for the functional

1 1
/ —|Vu)?> = r=u?) dx.
o \2 2



9.9 Duality for Sobolev Spaces 319

We now know that when A < 0, the corresponding integrand

W, w) > SupP = At
2 2
is convex, or even strictly convex if A < 0, and hence the unique critical function
would be the unique minimizer which is the trivial function. For A > 0, this is no
longer true. However, the associated variational principle might not be well-posed in
the sense that the infimum might decrease to —oo. To recover a meaningful problem,
one needs to limit the size of the competing functions u

1
Minimize in u € Hy () : 5/ [Vu(x)|> dx
Q

subject to

/u(x)zdx =1.
Q

For such a variational problem, the set A of admissible functions would be
A={ueHy Q) : ull 2 = 1}

Because of the compact injection of H(; (Q) into L2(2), the set A is weakly closed,
and hence there is a unique global minimizer u; € Hol(Q) for such a problem.
Recall our discussion in Sect.9.2. Indeed, Theorem 9.13 ensures that there is a
whole sequence of such values.

9.9 Duality for Sobolev Spaces

Even though duality is quite well-known and useful for Lebesgue spaces, it not so
for Sobolev spaces. The main reason is that Sobolev spaces are the fundamental
function spaces for variational problems and PDEs involving weak derivatives, and
in this context duality does not play such a prominent role.

Possibly, the most used dual for a Sobolev space is the dual space of HO1 (),
which is designated by H~!(Q) to stress that functions in this space have one
“negative” weak derivative in the sense that they can be identified with derivatives
of functions in L?(£2) (which do not admit, in general, weak derivatives).
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Proposition 9.5 Let T € H~'(Q). Then there is F € L*(;RN) such that,
formally, T = divF, that is to say

(T, u) = / F(x) - Vu(x)dx (9.30)
Q

forallu € H(} (2).

As a matter of fact, the identification of the dual of a Hilbert space with itself leads
to a more explicit identification: for T € H —1(Q), there is a unique v € H(} ()
such that

(T, u) = / Vu(x) - Vu(x) dx, 9.31)
Q

so that F = Vv for a unique v € HO1 (2). Moreover

1T -1 = IVllg1 (@)
Formally, (9.31) can be written as
—Av=T, |Tlg-1q =Ivigg-
On the other hand, every field F € L?*(Q; RY) defines an element T of H~!(RQ)

through the integral (9.30). Again, it can be represented by a unique v € HOI(Q)
such that

/ F(x)-Vu(x)dx = / Vu(x) - Vu(x)dx (9.32)
Q Q
forallu € HO1 (€2). Condition (9.32) amounts to

div(F — V) =0in Q, v e Hy(Q),

i.e. the function v € HO1 () representing the element divF € H~!(Q) is the unique
minimizer v of the quadratic problem

1
Minimize in u € H} () : 5/ IF(x) — Vu(x)[* dx.
Q

Even more generally, for a given 7 € H~!(Q), it is identified as the unique solution
of the quadratic problem (recall Lemma 2.7)

1
Minimize in u € Hé () : §||u||2 — (T, u).
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The optimality condition for the minimizer v of this problem becomes exactly
(9.31). In practice, elements 7T of the dual space H “1(Q) are manipulated via its
unique representative v € H(} (£2) given by these conditions.

There are analogous identifications for elements of dual spaces W~19(Q) for
WO] "P(Q) and conjugate exponent ¢, although the identification cannot go as far as
with the Hilbert space HO1 ().

9.10 Exercises

1. Let u(x) be a smooth function defined on a domain Q@ C R¥ limited by a
smooth (C2-) manifold <2 such that

MlaQ =0.

Let smooth functions (X (x), Xy (x)) be defined in a neighborhood U of any
point in 9$2 in such a way that at every point of U, gradients VX, (x) fori =
1,2,..., N —1 are tangent to 92 while VX (x) is the unit, outer normal n(x)
to 0€2.Put

ux) =UX(x), Xn(x)).
(a) Argue that

92U

Viu=—-
2
90X,

104
(X, Xn) VXN ® VXy + = —(X, XN)V2Xy
N

over U.
(b) Proceed by density to prove (9.24).

2. Show that the best constant in the Poincaré’s inequality in HO1 (2) is the inverse
of the first positive eigenvalue of the operator —A by examining the constrained
variational problem

Minimize in u(x) € Hy () : / |Vu(x)|> dx
Q
under the integral constraint
/ u(x)2 dx = positive constant.
Q

3. Examine the various results in Sect. 9.6 and how they should be adapted for
dimensions N = 1 and N = 2.
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4. Prove that if for a C'-function f(x), we know that
0<pf(x)<xf'(x), |x]|>R>0,p>0,
then there are constants a > 0 and b such that
fx)>alx|? +b

for all real x.

5. Explore the eigenvalues and eigenfunctions of the Laplace operator under
Neumann boundary conditions following the same steps as with the case of
Dirichlet boundary conditions. The following fact (which we have not proved
in the text)

“u ||L2(Q) < C”Vl,t ”LZ(Q;RN)
is valid for functions in the space H 1 ()N L%(Q) where

L3(Q2) = {u e L*(Q): f u(x)dx = 0}.
Q

This inequality is known as Wirtinger’s inequality.
6. (a) Explore the variational constrained problem

Minimize inu € H' () : f lu(x)|*> dx
Q
subject to
/ IVu(x)|>dx = 1.
Q

Is there an optimal solution? Look for an easy counterexample in dimension
1.
(b) Consider the variational problem

Maximize in u € Hj () : / lu(x))? dx
Q
subject to
/ [Vu(x)|>dx < 1.
Q

Is there an optimal solution?
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7. For a real function
f@):[0,400) = [0,00), (like f(t) = V1),

use Theorem 9.13 to define f(A) through the spectrum of A.
Complete the induction argument of Lemma 9.1.
9. Keep track of the various constants in the recursive process associated with
Theorem 9.2, and conclude that it is independent of the domain 2.
10. Show how in the critical case p = N, the recursive process associated with the
proof of Theorem 9.2 can be pushed to infinity.
11. Suppose u is a smooth minimizer for the Dirichlet integral

®

1
-/ |Vu(x)|*dx, € cRV,
2 Jq

under some (non-null) Dirichlet boundary conditions. Use inner variations of
the form

Ue(x) =u(x + e®(x)), @x):Q—RY, @5 =0,
to deduce the corresponding optimality conditions.

12. The basic strategy of the direct method can be used in more general situations.
Consider the following one. It is a matter of

MinimizeinF: EF) = / [%F(x)TA(x)F(x) + A(x) oF(x)i| dx
Q

where F(x) : @ ¢ RY — R¥, and
divF=0inQ, F.-n=00n0S.

(a) Define in a suitable way the space where a weak null-divergence can be
enforced, together with the normal component on the boundary.

(b) Apply the direct method to the proposed problem.

(c) Derive the form of optimality conditions in this case.
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Hints and Solutions to Exercises

A.1 Chapter 1

1. Computations are not hard if performed with some care.

2. No comment.

3. (a) If there is no constraint to be respected, the minimizer will be achieved by
minimizing the integrand pointwise for each x € Q: the optimal function
will be

ulx) = rrbin F(x,u),

and optimality conditions will be given by

oF
—(x,u) =0forx € Q2.
ou

As soon as there are global conditions to be preserved, this process can
hardly yield the optimal solution. Even a condition like

/ u(x)dx = ug
Q

spoils the above procedure, as it is shown next.
(b) A bit of reflection leads to the minimizer xo where the set A is described
by the condition on constant M so that

A={xeQ: fx) <M}, Al =s|Ql
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5.

A Hints and Solutions to Exercises

CIf

h(x):[0,L]1 - RY, h(0)=h(L)=0

is an arbitrary path joining the departure point (0, 0) and the arrival point (L, 0),
its cost will be given by the integral

L
/ e~ MO 1 4 0 (x)2dx
0

where
V14+h'(x)2dx

is the element of arc-length.
We have already used earlier in the chapter that

T:/dt:/d—s.
v

In this particular situation we would have

L
T = / n(x, y(x))y/1+ y(x)2dx
0

under the end-point conditions
y(0) =yo, y(L)=yrL.
It is just a matter of bearing in mind that
YxX' () =1, dx=x'(y)dy

to find that the resistance functional can be written in the form

h
[ —
u 1+x'(y)
From elementary courses of Calculus, it is known that the surface of revolution

generated by the graph of the a function u(x) between x = 0 and x = L is
given by the integral

L
S=2n/ u(x)v/'1+u'(x)2dx.
0
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8. A curve o () with image contained in the cylinder of equation
x2 + y2 =1
can obviously parametrized in the form
o(t) = (cost,sint, z(1))
with ¢t € [0, 8], with 0 < 7, if

Pr>1t=0200=0, Qr>1t=0,2(0)=LEeR,

if the points P and Q are, respectively, the initial and final points and L can be
positive or negative. The functional providing the length of such a curve is then

0
/ V1+7Z/(@t)2dr.
0

For the sphere, one can use spherical coordinates and write

o(t) = (sinz(t) cost, sinz(t) sint, cos z(t)),

z2(0) =m/2,z(0) = ¢ € [0, ],
if, without loss of generality,
0,7/2,0,¢), 0<0=<mw

are the spherical coordinates of the initial and final points.
9. Itis easy to write the functional

f \/1 + u,(x, y)2\/l +uy(x, y)?dxdy.
Q

Clearly a function for which u, = u, = 0, i.e. a constant function, is a
minimizer of this functional. It would be hard to give another one.
10. Itis clear that all possible parametrizations of the path u(z) are of the form

v(s) =u(y(s)), t=vy(s),
with

y(s):[0,11 = [0,1], y(©) =0,y(1) =1
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The variational problem would be

1
Minimize in y : /0 Fu(y(s)), Yy (Hu'(y (s))) ds.

If y is assumed bijective and smooth, then a change of variables leads to the
problem of minimizing in y

! 1 / /
/o F (u(r), y/(t)u (t)) y'(t)dt.

Here we have replaced y by its inverse y~!. We therefore see that those
integrands F (u, v) that are homogeneous of degree 1 in v are parametrization-
independent. A fundamental example is

F(u,v) = |v|

whose associated functional is the length of the curve.

A.2 Chapter 2

1.

That these two sets are vector spaces is a direct consequence of the triangular
inequality. As in other initial examples in the chapter, L°°(2) is seen to be
complete. The case of L!() is included in the proof of Proposition 2.2. It is a
good idea to review that proof for the case p = 1.

This is clear if we notice that every continuous function g in © always belong
to L9(L2), even if ¢ = oo. More directly, simply use Holder’s inequality for
q < oo.

This kind of examples is easy to design once the underlying difficulty is
understood. For instance, take

X
uj(x) = /0 ixoapnMdy,  wi(x) = jxoi/;)x),u;0) =0,

where x(o,1/j) is the characteristic function of the interval (0, 1/;) in the unit
interval (0, 1). It is easy to check that {u} is uniformly bounded in whio, 1)
but it is not equicontinuous because the limit of any subsequence cannot be
continuous.

(a) This is elementary.

(b) By using the double-angle formula, it is not difficult to conclude that

b 5 b—a
uj(x)dx—> —

a
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In terms of weak convergence, we see that

1
PR N 2 —_
u j 0, u j 2 )
which is a clear indication of the unexpected behavior of weak convergence
with respect to non-linearities.
5. Under the hypotheses assumed on {f;}, we know that there is some subse-
quence jx and f € LP(J) with

fi — fin LP(J).

But the convergences in arbitrary subintervals imply that

b b
ff(x)dx:/ f(x)dx.

Since a and b are arbitrary, we can conclude that f = f as elements in L (J).
Since the convergence in subintervals takes place for the full sequence (no
subsequences), the same is correct at the level of weak convergence.

6. Let {x’j} be a Cauchy sequence in E'. Proceed in two steps:

(a) Show that the limit {x’j (x)} exists for every individual x € E. Define x'(x),
as the limit. x’ is linear by definition.
(b) Show that the set of numbers {||x’j I} is bounded, and conclude that x’ € E'.

7. The proof of Proposition 2.7 can be finished after Exercise 5 above.

8. The vector situation in Proposition 2.8 is similar to the scalar case. It is a good
way to mature these ideas.

9. If one admits that

o0
X = Zanj e H
j=1
because

x> <) aj < oo,
J

then the other conclusions are a consequence of the first part of the proposition.
Based on the summability of the series of the a;’s, it is easy to check that the
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sequence of partial sums

N
D ajxjiy
j=1

is convergent.

10. (a)
(b)

©)
(d)
(e)

11. (a)

(b)

()

The same example in Exercise 3 is valid to show that E; is not complete.
It is not difficult to realize that | Ty || = [|g|lco. In fact, if we regard E; as a
(dense) subspace of L!(0, 1), then it is clear that 1Tl = llglloo-

It suffices to take f = g/|g| on the subset of (0, 1) where g does not vanish.
It is obvious that 81 is a linear, continuous functional on E«.. However, it
does not belong to E/ because functions can take on arbitrarily large values
off {1/2} without changing its value at this point.

The subspace H is the zero-set of the linear, continuous functional T, for
g = 1. Since by the previous items, T; belongs both to E} and E, we
have our conclusion.

This is a direct consequence of the triangular inequality and works as in
any vector space; namely

IxIl < Ix =yl +llyll, Iyl < Ix—yll + lIxIl,

for any two pair of vectors X, y, and so

NI =1yl =< lIx = ylI.

Let

7= Zz,-e,-, {e; : i} C R", the canonical basis.
i
Then, by linearity,
Tz = Z ziTe;,
i

and

1Tzl <Y lzil I Terll < llzlloo Y IITei]].
i i

This is immediate: for every k, j larger than some jy, we will have

Ix; —x¢ll <1
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if {x;} is a Cauchy sequence. In particular,
X1 < lIx; = Xjoll + x| < T+ 1%l

for every j larger than jj.
(d) Itis easy to realize, if {e;} is the canonical basis of R”, that if

X = E Xi€;,
i
then

Ixl < > Ixillleil < lleilllxlloo = MXloo-
i

1

12. (a) Itis clear that if x € £ for some positive p, i.e. the series

D IxjlP <00, x=(x1,x2,...),

J

then all the terms, except a finite number, must be less than 1, and hence
Ixj|9 < |x;|P, andx e 9.

Moreover, there is always a finite index set K C N such that
[Xlloo = lxkl,  |xj] < |xkl,

for k € K, and all j. Hence

1/q
Ixly _ (g bl
%]l 0o 7 | |4
share the limit with

#K)/1 > 1, asqg — oo.

(b) This is similar to the previous item.
13. (a) Itis clear that

[Xlloo = X[l
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However, the elements

Xp = Zei

iel
for a sequence of finite sets /; with cardinal k — oo, are such that
IXcllt =k, |Xklloo = 1.
(b) The index set [ is infinite (because E has infinite dimension), and select a
copy of N within /. Define a linear functional T over E by defining it on
the basis {e;} and putting

T(e,) = nlles|l,n €N, T(e;) =0,i e I\N.

This linear functional cannot be continuous.
14. The given function || - || is a norm, because the only solution of the problem

u(t) +u'(t) =0in [0, 1], u(0) =0,

is the trivial function. The other conditions are inherited from the similar
properties of the absolute value. In particular,

llaell < Nuelloo + [l lloo-

For the reverse inequality, bear in mind that

t

()] < [lul +/O lu(s)|ds,

t
' (O] < llull +/O lu' ()| ds,

and use Gronwall’s inequality.
15. (a) implies (b) is elementary. For the reverse implication, use a sequence {p;}
in L' (R), as in Sect. 2.29 with the property

T(pj) *v="T(p; *v) - T(v)
for all v. {p;} is called an approximation of the identity in L(R). On the other

hand, show that some subsequence of {T(p;)} converges weakly in L”(R) to
some w.
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16. Note that for fixed x € H, the convergence of the series
Z(X i X)X
J
implies that
(xj,x) = 0,

for all x € H.

17. All conditions of an inner product are fine, except for the last one. Note that if
a non-null function f(x) is orthogonal (in L?()) to the full set {w;}, then the
inner-product with a double integral would vanish.

18. Integrate by parts in the product

1
/Lj(t)Lk(t)dt, j >k
-1

as many times as necessary, charging derivatives on Lj; and checking that
contributions at the end-points vanish, until you see that the integral vanishes.

(a) They are asking about the projection of > onto the subspace generated by
{Lo, L1, L2}, namely

2 3 L:
”QZE:ng%h“)
i=0 >

More specifically, the minimum sought is

1
/ 113 — wi3% dr.
—1

(b) The maximum is attained for

p 2 —mtd).

TR

19. (a) It suffices to realize that the leading coefficient of all the P;’s is unity,
as a consequence of the Gram-Schmidt orthogonalization process, and so
tP;_1(t) — P;(¢t) has, at most, degree j — 1.

(b) One must show that

(Pj(t) —tPj_1(t), P(2)) =0, k=<j—3.
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Indeed,
(tPj_1(8), Pr(t)) = (Pj_1(2),t P(t)) =0
if k < j — 3. This implies that
Pij(t) —tPj () =a;jP; 1(t) +b;P; 2(t).

The inner product with P; 5, after the use of the previous item, yields the
sign of b;.

(c) Argue first that P; ought to have at least one real root in J because
(Pj, 1) = 0.If we let

n<h<---<l
be the roots of P; in J in which P; changes sign and set
P)y=1"_,¢—-1)

argue that (P;, P) cannot vanish, which is absurd if ¢ < j.
20. It is a simple exercise to check that the complex system of exponential is
orthonormal. To see that it is a basis for H, separate in real and imaginary parts.
21. Proceed in various steps:

(a) Show first that {v,, ,} is orthonormal by considering the two cases (m1, n),
(my, n), first; and then (m1, ny), (mo, ny).

(b) Argue that every function in L2(R) can be represented as a linear combina-
tion of the Haar system of wavelets in the following way.

(i) Define the subspace H; as the set of square-integrable functions which
are constant on dyadic intervals of length 27/. Note that

- CH,,CcH_ CHyCcH; CH, C...,
and that
N; H; = {0}.

(ii) Show that H = U;H; is dense in L?(R). Characteristic functions of
the form f(x) = x[4.p)(x) can be approximated by elements of H if
we put

k
a=—
2n

g(xX) = Xk am(x) € H, |If —gll < 2!

l
—a, b=2—n+b1, ap, by <27",
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22.

23.

24.

Since H is a subspace, linear combination of characteristics (simple or
step functions) belong to H too. Since simple functions are dense in
L2(R), so is H.

Though a complete and clear answer to this problem would require further
knowledge about wavelet analysis, take the previous exercise as a model, and
write conditions on ¥ in terms of the density in L*>(R) of a certain subspace
associated with .

Such complement is spanned by functions u(#) such that

/(u([)v(t) +u' (V' (1)dt =0, ve HJ).
J

By integrating by parts on the second term, we deduce that u = u”.
The same procedure shown in (2.27) is valid in more generality for a linear,
self-adjoint, differential operator L. Indeed, if

Lug 4+ ojug = 0in (0, 1),  ux(0) = ugx (1) =0,

for a certain sequence of (pair-wise different) numbers wy so that uy is not the
trivial function, then

1 1
a),%fo g ()uj (x) dx :—/O Lug (x)u j (x) dx
1
:—/ u(x)Luj(x)dx
0

1
=w5 /0 up(x)uj(x)dx.

If wx # wj, we conclude that u; and u; must be orthogonal. The self-
adjointness of L (see Chap.5 below) means, through integration by parts,
precisely that

1 1
/ Lu(x)v(x)dx = / u(x)Lv(x)dx,
0 0
under the end-point conditions
ur(0) = ur(1) = 0.
Operators of the form

Lu(x) = —(p(x)u' (x)) + q(x)u(x)



336

25.

26.

27.
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for arbitrary functions p(x) > 0 and g(x) are valid for these computations to
hold (Sturm-Liouville eigenvalue problems).

For the triangle inequality, note that the function ¢ (r) = r/(1 + r) is strictly
increasing for positive r. Then

¢(f — g =p(f —hl+1h—gD
__f=hl+1h—gl
L+ |f —hl+1|h—g]
<¢(f —hD+¢h - g.

For the completeness, reduce the case to L'(J).
(a) This is easy to argue because for positive numbers a and b, we always have

\/a—i-bfx/a—i-\/z.

(b) However || - |l1/2 is not a norm because it does not respect the triangular
inequality. To check this, consider the situation for x, the characteristic
function of the interval (0, 1/2) in (0, 1), and 2 — x.

(c) As in the first item above, it is easy to check that d(f, g) is indeed a
distance. The completeness reduces to the same issue in L (0, 1) for p > 1.

Define

1 2 2
(x,y) ZZ(||X+Y|| — IIx =¥l

1 2 1 2 1 2
=5 IXI" + Syl = S lx = ylI*,

and prove that it is an inner-product whose associated norm is || - ||, through the
following steps:

(a) Check through the parallelogram identity that
2x,y) = (x+zy) + (x—zY).
(b) By writing
(x+zy) = %((X+Z+W,Y) +{x+z—-wy)),
and choosing w in an appropriate way, conclude that

x+zy) =Xy +(zYy).
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28.

29.

30.

(¢) Show that

(2x,y) = 2(x,y),

and then, writing an arbitrary A in base 2, through the previous item,
conclude that

(Ax,y) = A(x,y).

If we rely on the similar result for the one-dimensional situation, one can
deduce the same result for the closure of the subspace of LZ([—n, z]V: C)
made up of linear combinations of the form

D Mifubw),  fu € L=, 7; C).
I

It is a standard separation-of-variables process.
The projection theorem Proposition 2.11 can be applied directly to this situation
under the following elements:

(a) H is H(} (0, 1) while we take x, the trivial function. The norm in H is
precisely

1
| =f W' ()2 dx.
0

(b) Kis the subset of H given by
K ={ueHO,1):ux) < ¢x))

which is clearly convex.

One can then conclude the existence of a unique function u# € K realizing the
minimum of the problem. This function is characterized by the condition

1
/ u(0)[u(x) —u(x)]dx =0
0

for every u € K.

The upper bounds given in the statement ensure that the functional E is well-
defined in H(} (0, 1). According to Definition 2.13, we need to calculate the
derivative of the section

1
t = E(u+tv) =/ [y (' (1) 10 (X)) + (u(x)+1v(x)]dx, v e H O, 1),
0
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which is explicitly given by the formula

1
(E"(u), v) =/0 ¥/ @' ())v'(x) + ¢ (u(x)v(x)] dx.

Lemma 2.7 informs us that the derivative E’(1) will be the unique minimizer
of the problem

1
veH 0 1) /0 Bv’(x)2 — ¥ () (x) — ¢’(u(x))v(x):| dx.

This is a typical situation for the application of Theorem 2.1 of Chap.2, in a
similar way as in Sect. 2.10 of the same chapter.

A.3 Chapter 3

N =

B

This is immediate from the statement of Corollary 3.2.

. If welet a, b, and c be those three numbers, respectively, then it is immediate to

check that a < b < c. For this last inequality, note that there is always x’ € E’
with

(X', x;) = AjlIx;

for every particular choice of numbers A; € [—1, 1]. In particular, there is
always one such X" with

&Y ax) = 1Y ax;l
J J

if A;, with |A ;| = 1, are the numbers furnishing the sup for a.
This is elementary if argued through sequences.
This is a fine exercise in Mutivariate Calculus.

. (a) This is an interesting exercise of the manipulation of the convexity

inequality to end with the sought inequality.

(b) Check that the previous proof in a finite-dimensional scenario is valid in
an infinite-dimensional situation too. The application to Proposition 3.4 is
immediate.

Multiply (3.5) by an arbitrary v € H& (J), and perform an integration by parts.

(a) This is standard. Check first that (i, v) is a seminorm, and then that the
associated norm only vanishes at the trivial function.
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11.

12.

(b) The corresponding Lax-Milgram lemma is concerned with the minimiza-
tion problem for the functional

1! )
— tu' (t)* dt
2/0 W' (1)

over H. It is enlightening to check that there cannot be a minimizer, since
if there would, it would be a solution of the Euler-Lagrange problem

— [t ®1 =0in (0,1), u(0) = u(1) = 0.

It is elementary to check that there is no solution for this problem. The
whole point is that the given bilinear form is not coercive as the coercivity
constant ¢ degenerates as ¢ moves closer to the origen.
The linearity of such a mapping is clear. For the continuity, use v = u in the
statement of the Lax-Milgram lemma, and conclude by the coercivity of the
bilinear form, and the Cauchy-Schwarz inequality for the inner product.
If the bilinear form A(u, v) is symmetric, continuous, and coercive, it defines a
inner product in H which is equivalent to the one we already have. Apply the
orthogonal projection Theorem 2.11 to the space

(H’ <'7 ')A)v

as well as the Riesz-Freéchet representation theorem Proposition 2.14. The

minimization property is nothing but the corresponding minimization of the

distance with this new inner product (Theorem 2.11 again).

Apply Stampachhia’s theorem for the choice K = H which is a vector space,

not just a convex set to see that the inequality in Stampachhia’s theorem

becomes an equality.

If u/j — u/, and v;. are the corresponding solutions, check that there is some

feasible v with v/, — v/, and then both limits u and v are related through the

same differential problem. Since in this situation v; — v in L, the only

requirement on the integrand F is its continuity.

(a) Through a process limit, one can assume that the probability measure w is
finitely-supported

IL:ZMiSX,-a i >0,ZM:‘ =Lx eX.

1 1

In this case, the vector

(/X v,(x)du(x))_z(va,(xn) = wi(j(xi);
J i j i

belongs to D, directly from convexity.
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(b) This is easily seen through the approximation procedure of the previous
item, and the definition of convexity.

(c) It suffices to use the convexity of the function u(r) = —logr.

In general terms, convexity of the functional / can be written in the form

f Flt1r(x) + bua (), 111 (v) + Bua(y)) dx dy <
JxJ

" / £y () dx dy + 1 / Fua(x), uz(y)) dx dy
JxJ JxJ

for arbitrary #1,t, > 0, t; 4+t = 1, and functions u1, u>. It is not easy to find a
simple necessary and sufficient condition for this inequality to hold in general.
For instance, if functions u#; and u; are taken to be constant, then a necessary
condition is that the function of one variable

ur> f(u,u)

must be convex, but this is far from being sufficient because it does not provide

any information on f off the diagonal. A bit of experimentation with simple

functions can help us realize that there is no simple answer.

(a) It suffices to take W (x, y, -) convex for every pair (x, y) € (0, 1)2, and @,
increasing.

(b) If there is an explicit dependence of W (x, y, u, v) on the variable u, then
there is no way to derive any information of the behavior on the integrals

1
/0 W, y,uj(x),u;(y)dy

when u; weakly converges to u. Note how this is not an issue in the
previous item.
One weak lower semicontinuity statement is the following. Assume each
fi(x, u) is convex in u, and F is non-increasing in the following sense

F(x) < F(y) when x; < y; foralli.
Then functional [ is weak lower semicontinuity. It can be generalized to include

a more general statement as follows. Suppose the function (—1) f;(x, u) is
convex for each i, and

F(x) < F(y), (—D'x; <Dy

Then functional I is weak lower semicontinuous.
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16. (a) This is elementary since

N 2
Nsn(f)? =Z (/Q F(x)u;(x) dx>

i=1
N

= (fou).
i=1

(b) From the last identity and the classical Cauchy-Schwarz inequality, it is
clear that

sv(f) = ILfI

and so each sy is continuous. Moreover, because

f=Y (fruiui,

i
we can deduce that

1P = Y _(foui) = Jim sn(f),

1

and this limit is monotone. This suffices to finish.
17. This is the final part of Exercise 30 of Chap.2. The derivative E’(u) can be
given the explicit form

E'(u)(x) =/0 W' W' () — (x = »)¢' W) dy

1
“x /O W (5)) = (1= )¢ WG] dy.

A4 Chapter 4

1. This is the infinite-dimensional analogue of Exercise 4 of Chap. 3. The argu-
ment is formally the same as the finite-dimensional case.
2. Write

2
() = AR
¢a(u)—12[(u~l—4) + 16(a D].
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Ifa’2—-1>0, ¢, is convex, and the unique minimizer of the problem is the
linear function u(t) = at. If a®> — 1 < 0, there is a part of the graph of ¢, that is
not convex, and so existence of minimizers is compromised. Take ¢ = 1/2, and
explore the corresponding variational problem, to check that there is a small
interval J in such a way that if « ¢ J, the lineal function still is the unique
minimizer, but if « € J, then there are infinitely many minimizers, but the
linear function is not a minimizer any longer.

. Check that the functional admits minimizers because convexity dependence

with respect to u’ is strictly convex. Minimizers are solutions of the differential
equation u” = u? which are convex functions of one variable.

In the proof of Theorem 4.2, there is a step where a certain difference of
integrals should be shown to converge to zero (indicated as a proposed exercise:
this one). Use the fact that for a.e. a € J, the integrand F'(x, u, U) is bounded
from above by some constant when triplets (x, u, U) belong to a box

[a—8/2,a+8/2] x Ju x Ju

where Jy and Jy are specific compact sets for the variables u and U,
respectively. Use the dominated convergence theorem to conclude that such
difference of integrals tend to zero.

(a) This is an elementary Multivariate Calculus exercise.

(b) This has already been shown in the final section of the chapter.

Missing technical details refer to the justification of differentiation under the
integral sign. This is correct under the bound assumed on the integrand F and
its partial derivatives.

It is not difficult to conclude that if m(«) is the value of the infimum, then
m(a) = 1 fora =0and o > 1, while m(«) = 0, else.

. Consider perturbations in the subspace

Hpor (iR = {v € H'(J1R") 2 ¥(x0) — v(x1) = 0},

to conclude that (4.20) is valid for all v in this subspace. Proceed in two
successive steps:

(a) take first, in particular, v € Hol(J :RM) to conclude (4.21) as in Theo-
rem (4.4);
(b) forve H [ﬁer(J ; R™) such that the constant vector

vo = V(xg) = v(x1)

is free, and bearing in mind (4.21), go back to (4.20) and, by integrating by
parts, conclude that this time the end-point contributions amount to

Fy(x, u(x), w' () - vo = 0.
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10.

11.

12.
13.

The arbitrariness of v leads to

Fy(x, u(x), w' (), = 0.

This final condition, together with differential system (4.21) (and the periodicity
conditions for u), make up the optimality problem.
Mimicking the process around the proof of Theorem 4.21, one finds that

d
Fa(x, u(x), ' (x), u"(x)) — 7 Futr u(), u'(x), u’ (x))

2
+——Fz(x,u(x), v (x),u’(x)) =0ae. xin J,
d?x

if F(x,u, U, Z) is the integrand for the second-order functional
/ F(x,u(x), u'(x),n”(x)) dx
J

under end-point conditions both for u and u'.
Perform an integration by parts on the second term in (4.20) to find that

/[Fu(x, u(x),u'(x)) — %Fu(x, u(x), u'(x)]-v(x)dx =0
J

because contributions from end-points vanish. The arbitrariness of v, other than

end-points restrictions, imply (4.21).

(a) Corollary 4.1 can be applied to deduce the existence of solutions for each
fixed e > 0.

(b) The Euler-Lagrange system becomes

— eu/l/ + (uqupy — up, =0, —eu/Z/ + (uqupy — Huy =0,

which is a singularly-perturbed, second-order, non-linear differential sys-
tem.

(c) The previous system is impossible to solve explicitly. However, its asymp-
totic limit as € becomes smaller and smaller can be figured out. In fact, in
the complement of a smaller and smaller symmetric interval with respect
to t = 1/2, the solution will essentially follow the curve ujus — 1 = 0. In
that particular, central subinterval due to symmetry, the curve will follow
momentarily the principal diagonal of the plane.

Use the same ideas as in Exercise 8 above.

Neumann boundary conditions cannot be imposed directly in a first-order

system because competing functions will, typically have weak derivatives in a

certain Lebesgue space, and these cannot admit individual point values. Instead,
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consider the problem for the modified functional

f (%u/()c)2 + F(x, u(x))) dx — ugu(0) + uju(l)
J

minimized among all feasible u’s in the appropriate space without any end-

point conditions.

This is the typical situation with a saw-tooth sequence of functions where only

slopes £1 are used, and they alternate in smaller and smaller scales, while

preserving the given end-point conditions. All this functions belong to A, and

yet its weak limit, which is the trivial function, does not belong to A because

the integral condition would yield 1 instead of +/2.

Checking that (4.27) is a solution of (4.26) is an interesting Calculus exercise.

On the other hand, it is elementary to argue that problem (4.26) can admit at

most one solution.

This exercise involves an interesting manipulations to find a way to perform a

first integration in the Euler-Lagrange system. The statement itself yields the

clue.

(a) Inorder to apply our main existence theorem for such a variational problem,
the main point to discuss is the coercivity. Note that the strict convexity of
[ in the derivative is very easily checked. If we put f = f(y),

1 2
0< (5|z| - |f|> < Z'Z'z — |zl I f1+ 1 fI%,
and
1
lz| | f| < z'zl2 +1f12
In this way, since
1 1
Slz= fI>= 5|z|2 — |zl fl,
we can conclude that
1 1
Slz= f1>= Z|Z|2 —1fm* (A.1)

This is not exactly the coercivity condition required because our lower
bound incorporates an explicit dependence on the variable y. However, for
arbitrary t € J = [0, T'], we have

t
x(1) —xo|* <t / X'(s)|* ds,
0
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due to Jensen’s inequality

1 t
‘—/ X' (s)ds
tJo

2 1 t
<! / X ()P ds.
t Jo

Then, by (A.1),
t
IX(0) — xoP? <t / X () ds
0

t
<ATE(X) + 4T / | f(x(s))|? ds.
0

For the last term, in turn, we find that
! 2 ! 2 ! 2
/o | f(x(s)|"ds 52/0 | f (x(s)) — f(x0)| dS+2/0 |f (X0)|” ds

t
§2M2/0 IX(s) — xo|> ds + 2T f (x0)|>.

Altogether, we obtain
IX(1) = %ol* < 4T E(x)
t
+ 8M2T/ IX(s) — Xo|% ds
0
+ 877 f (x0)|*.
If E(x) belongs to a bounded set of numbers, we can conclude, through
Gromwall’s lemma, that [x(#) — Xg| is uniformly bounded, and in this
case (A.1) becomes the appropriate necessary coercivity. More specifically,
suppose {Xx;} is minimizing for E. In this case, the sequence of numbers
{E(x;)} is certainly bounded, and by our hypotheses and our discussion

above, {x;} is bounded uniformly:

xj(t) € Kforall jandall? € J,
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for a certain, fixed compact set K. Once we can count on this piece of
information, (A.1) implies

4f X, (s)[*ds <E(xj) + f max | f(y)|* ds
J J K
<E(x;)
+ [ 2w maxly = xol + 215 xo)P1ds < .
J
and so {x;} is uniformly bounded in H 1(J: R™). This is the main conclu-

sion of coercivity.
(b) The Euler-Lagrange system can be rewritten in the form

e®) +Vfx@)Te@t)=0inJ, eT)=0,
where x(¢) is any minimizer of the problem, and
e(n) =x'(1) — f(x())

is the residual associated with such minimizer. Conclude that the only
solution for the previous linear problem for e is the trivial one.

18. The situation for a constant vector y or a variable path y(¢) is the same. The
existence of an optimal path is shown, under the conditions given for the map
f(X,y), by checking how the uniformity of the Lipschitz constant M permits
to exactly reproduce the proof in Exercise 17, both in the constant and variable
cases. Note that the problem is first-order in X, but zero-order in y. Optimality
conditions become a differential-algebraic system of the form

€(1) + Vs f(x(1), y() e(t) =0in (0, T),
Vy f(x(1), y(t) e(t) = 0in (0, T),
if
e(t) =X (1) — f(x(1), y(t))

is the residual vector. One would like to be able to conclude, from these
optimality conditions, that e = 0. However, it is not easy to give an explicit
answer unless we assume a more explicit form of f. In the case of a linear

mapping

f(x,y) = Ax+by,
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20.

21.

those optimality conditions become
€ +ATe=0, b'e=0.
From here one can deduce that e = 0 if and only if the rank condition of Kalman
rank (b Ab A%b ... A" 1b) =n

is verified.
In this case, one considers apparently more general variations as indicated in
the statement. Consider the real function

1
sE(—€,€) > g(s) = / F(t,u(s,t),u(s,t))dt,
0

and impose the condition that g’(0) = 0. Though one is considering more
general variations, optimality is reduced to the usual Euler-Lagrange system
of optimality.

Regarding the path u as fixed, we perform a change of variables setting

v(t) = u(p~ (1)),

and consider the variational problem for ¢

1
Minimize in ¢ : / F(ug (1), wy (1)) dt
0
under the constraints

¢0)=0,6()=1, ¢ >0.

The functional to be minimized can be explicitly written, through the change of
variables s = ¢~ (¢), as

1
/() F (u(s), ¢/ts) u’(s)) @' (s)ds.

It is with respect to this integral as a functional of ¢, for fixed u, that one should
write optimality conditions.

This is a continuation of the previous exercise to stress how inner-variations are
especially well-suited to study optimality under point-wise constraints. Note
how paths of the form

uy (1) =w(y (1))
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comply with point-wise constraint if u itself does for arbitrary function ¥. In
particular, if u is optimal, then one can explore optimality by looking at the real
function

s€(—€,€) > gs) =u@+sy@), ¥(0O0)=0¢%(1)=0,
and asking for g’(0) = 0.

This new situation does not deserve special comments. It is a matter of
following the formalism for optimality conditions by considering the sections

s€E(—€,€e)r>gs)=F (/ fO,u(x) +sv(x), u' (x) + sv'(x)) dx)
7

for fixed v with v(1) = v(0) = 0, if u is indeed a minimizer.
For this problem we have the integrand

F(x,u) = [ul Ax)u]'/?.

It is not easy to write the corresponding Euler-Lagrange system in a meaningful,
compact form. In fact, to identify the Chrystoffel symbols, it is better to derive
the system in a fully developed form

Fwy = Aijuiup)'?, A= (Aj),u= ().
)

For the two-dimensional case, we have

F(x,u) = \/An(xl,xz)u% + 2A12(x1, x2)urus + Az (x1, x2)u3.

It is easier to write the two-equation system for this particular case.
Through optimality conditions for the minimization problem in v for fixed u,
it is easy to find that

1 2
li(u) = (/ ' (1)] dl) ,
0

which is not a local integral functional. The calculation for the second situation
are trivial and one finds that I = I;.

The application of basic results in this chapter to the problem proposed for fixed
€ is straightforward (though it requires some care in calculations). The basic
property to define the limit problem is to write the weak limit of the quotiens
1/ac¢(x) in the same quotient form

1 1

_

ae(x) a(x).
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A.5 Chapter 5

—_

. This is a straightforward, practice exercise.

2. Use linearity to translate the given fact about balls into the claimed statment:
the map T is open.

. This is just a direct argument.

. Under the condition on T, it is standard to check that the series determining S
is well-defined. Then check easily that

~ W

1-T)S=SAa-17)

is the identity.
5. (a) This is straightforward.
(b) This amounts to checking that T is injective but not onto.

(© T'f(x) = f(x/2).
6. (a) To show that 7 is linear, argue as follows. For X,y € H arbitrary, and a
scalar o, we have
(m(@x), y) = (ax, Ty) = (ax, 7°y)
and then

(T(ax),y) = a(x, 7%y) = - = a(7X,y).

The arbitrariness of y implies 7 (¢X) = amrX, and in a similar way for sums
of vectors. For the continuity, bear in mind that

2 2
l7x|” = (7°x, x) = (7x, x) < [|7x]| [[x]|.

This inequality also shows that ||| < 1. But notice that

x|l = flx,
and so ||| = 1.
(b) Identify the four statements as (a), (b), (c), and (d), respectively. Then (a)
means that
(X_T[X,T[X):O, (Xa7TX>:||7TX||2EO,

which is (b). (c) trivially implies (d).
7. Since ||Tx| = |Ix||, IT|| = 1, and so

o(T) C{lrl = 1}.
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To show the equality, for arbitrary A with |A| < 1 prove that (T — A1) is not
onto by trying to find the inverse image of, for instance, (1,0, ...).

. Itis clear that e(T) = {1/j : j € N}. Since | T|| =1,

o(T) C{|A] =1}. (A.2)
If X has size not greater than unity, it is non-zero, and not one of the 1/n, then

1
T 1) — A

(T-ADx=y, x; yj-

For j large, |A — 1/j| > |1|/2, and then vector x given by the above formula

belongs to £7. Operator T — A1 is bijective, and by the open-mapping theorem

is isomorphism. This implies that (A.2) is an equality.

(a) The linearity and continuity is straightforward. For the composition, use
Fubini’s theorem to show that

TZWX):/O Ko(x, y)u(y)dy
where
K2(x,y):/ K(x,2)K (2, y)dz.
y

Keep iterating. In fact, if

X

Tu(x) = /0 Ko yu(y)dy, Su(x) = /0 L(x. yu(y) dy,
then
T(Su)(x) = /O K, vuly) dy

where

X

K(x,y) =[ K(x,2)L(z,y)dz.
y

(b) There is no special difficulty with induction based on the previous calcula-
tions.
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©

(d)

(e)
10. (a)

(b)
(©)

A constant kernel have a trivial kernel for the corresponding operator. The
kernel

K(x,y) = xcos (gy)

has a constant function in the kernel of the corresponding operator.
In the case K (x, y) = 1, the rule found in the first item leads to

1 . )
Kj(xa)’)zf(x_)’)j’ ]20
j!
In this way, one can write

A=) u@) =) Tux)
j
X .
=3 [ = udy
7 0o J:

_ / " e uy) dy. (A3)
0

This is straightforward.
Apply Corollary 5.1 to conclude that the limit operator

Sy = Zij
J

is linear and continuous, and because (1 — T)S = 1, S is the inverse of
(1 — T) which is, therefore an isomorphism of E.

Show that it is a Cauchy sequence based on the convergence of the sum of
powers of T.
Write
j—1 oo
X; = ZTky—i— T/x9, X= ZTky.
k=0 k=0

The difference x — x; becomes

o0
3 Ty~ Tixg =T ((1 T ly— x()) .
k=)
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Suppose {u’j} is an infinite number of linearly independent C’-functions in
[0, 1], which we can assume uniformly bounded but with the same size in terms
of the sup-norm. This effect can be achieved by multiplying each derivative by
an appropriate constant. Then we know that, at least for a subsequence and
subtracting a fixed function, u’; — 0 but this convergence cannot be strong
(because the norm is the same and away from zero). Then u ; — 0 (strong), but
their derivatives converge only weak, and so the derivative operator cannot be
continuous.

It is clear that T is linear and continuous. If a number A belongs to the resolvent
then T — A1 must be a bijection:

(a) T — Alis injective: all level sets {a = A} of @ must be negligible;
(b) T — Al is onto: the function 1/(a(x) — A) must belong to L°°(2).

Eigenvalues are those A’s for which the level set {a = A} is non-negligible,
while A belongs to the resolvent when

Use the change of variables st = r to see that

slin;o Lu)(s) = 0.

Through the mean-value theorem for the exponential, and the same change of
variables prove that Lu is a continuous function, and that L is continuous. The
property of the derivative of Lu is standard.

Define a linear operator T and its adjoint T’, through the Riesz representation
theorem, by putting

A, v) = (Tu, v) = (u, T'v).
Check, through the coercivity of A and the Cauchy-Schwarz inequality, that
cllvll < IT'v|.
The duality relations imply that the closure of R(T) is the full space H.
Conclude by checking that T is closed.

This is the same operator of the two final items of Exercise 9. It does not have
eigenvalues, and its norm is e — 1.
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1. This is immediate from the definitions upon some reflection.
2. Letu € U. By hypothesis,

u=m+ (1/2)u;, me M, u; € U.

By the same reason, there are

1
m eMuw eU, wu =m1+§llz

i.e.
1

1 1 1
u=m -+ E(m1 +§u2)=m+§m1 +§ll2.

Proceed in a similar manner to find that
n

1 1
u= Z Emi + ﬁ“nﬂ, m = my,
i=0

for every n. This decomposition of u implies, because U is bounded, that u €
M.

3. The orthogonality relations are immediate upon interpretation of them in a
Hilbert space scenario. For the equality of spectra, it suffices to check that the
resolvents are the same. Suppose that (T — A1)x = 0, then one concludes that

x,(T—ADy) =0

for all y. If T — A1 is a bijection, then this can only happen if x = 0, and
(T’ — A1) is injective. Note that

(T—A1)' =T —Al,
and use the orthogonality relations to conclude.
4. (a) If A is a symmetric, positive-matrix, it has non-negative eigenvalues 1; >
0, and it is diagonalizable
A= PDP_l, D = diag(% ), P, non-singular.

We can define, then, in a coherent way

logA =PlogDP™!, logD = diag(log ;).
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For the concrete matrix provided, it is elementary to find that

1 0 1 100 -1 -1-1
A=|-11 -2]1010 32 11,
—-1-11 002 2 1 1

and
1 0 1 00 O -1 -1-1
logA=|-11 -2])]00 0 32 1),
—-1-11 001log2 2 1 1
ie.
2 1 1
logA =log2 | —4 -2 -2
2 1 1

It is easy to check that exp(log A) = A.
The formula

1 '
Tu(t) = t/ u(s)(1 —s)ds — / u(s)(t —s)ds
0 0

yields an explicit form to the operator T which proves that T is compact.
However, it is better, for other purposes, to use its definition in the
statement. Two successive integration by parts show that

/ Vds =/ V'ds, U®©) =U(l)=V(©0) =V,
U

U

and hence T is self-adjoint. In addition, one integration by parts leads to

1
(Tu, u) =/ u'(s)*ds = 0,
0

and T is positive as well. Consequently, for any continuous function f(r) :
[0, o0) — [0, 00), the operator f(T) can be defined as in Example 6.8.

5. This exercise reduces to checking that the operator

T:L%*0,1) — L*0,1), U=Tu

defined through

—U'"(x)+Ux) =u(x)in (0,1), U'(0)=U'(1) =0, (A4)
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is compact, self-adjoint, and positive, just as in the second part of the previous
exercise. There is no explicit formula for T though.

(a) In the first place T is well-defined. Note that problem A.4 admits a unique
solution for u € L2(O, 1) as it is the minimizer of the quadratic functional

! 1 l 2 1 2
/ [ZU x)"+=Ux) —ux)U(x)]dx
0o 2 2

under no boundary condition. Refer to Corollary 4.2.
(b) For the compactness, multiply (A.4) by U itself and integrate by parts to
find

1 1
/ [U/(x)2+U(x)2]dx=/ u(x)U(x)dx.
0 0

From here, we deduce that

IUIl < llull in L*(0, 1),
IU'1? < lull 1U|| < llul® in L*(0, 1).

Hence, if u belongs to a bounded set in L2(0, 1), so does the set of
derivatives U’, and by Proposition 2.7, the set of functions U themselves
belong to a compact set in L2(0, 1).

6. Since by definition, it is always true that
1:71,‘4—71}, T — 1

we should have the given statement. However, if it were true that ||n,.L|| —
0, that would imply that the identity operator 1 would be compact, which is
impossible in an infinite-dimensional Hilbert space. There is no contradiction
with the Banach-Steinhaus principle.

7. Because m; — 1 point-wise, if T is compact then T(B) is a compact set and
hence

|lmiT—T| = sup |(miT-T)x|] >0, i— oc.

x[x[=1

Conversely if the norm in the statement tends to zero, T turns out to be a limit,
in the operator norm, of a sequence of finite-rank operator, and hence, compact.

8. The arguments are much in the spirit of Proposition 2.13. Bear in mind that
under the given hypotheses m;w; = 0 for i # j. For the compactness use the
fact that a limit of finite-rank operators is compact.
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9.

10.

1.

12.
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This is a typical Linear Algebra exercise stated in an infinite-dimensional
scenario.
(a) From

X 1
ku(x)=/0 (1—X)yu(y)dy+/ (I = y)xu(y)dy,

it is easy to check the first item by differentiating twice with respect to x.
(b) This is elementary from the previous item. The eigen-functions are

uj(x) = sin(mjx).

(c) For integral operators of this kind, the adjoint is the integral operator
corresponding to the symmetric kernel

(I-yx, 0=x=<y=<l,
= K(x,y).
(I—-x)y, 0<y<x<l1

= 4

K'(x,y) =K(y,x) =

T is then self-adjoint. The Fredholm alternative ensures that the equation
(T—(jm)*Du=v
is solvable, provided (v, w) = O for all w such that
(T~ (jm)*Dw =0,
i.e. v belongs to the orthogonal complement of the eigen-space associated
with (/) ~2.
The one in Exercise 7 is not compact, for example, by Theorem 6.3: every

compact operator must have eigenvalues. However, the one in Exercise 8 is
compact. To argue this, consider the finite-rank operator

Tjx = (x1,x2/2,x3/3,...,x;/j,0,0,...,0,...),

and Iealiz € that

If f is non-constant, its image contains a certain non-negligible interval J C
[0, 1]. The sequence u;j(x) = sin(jf(x)) is continuous, uniformly bounded,
but it will not converge in the subinterval f~!(J).
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13.

14.

15.

16.

17.

18.

19.

Since T is compact and self-adjoint, the Fredholm alternative ensures the result
if the unique solution u(x) of the homogeneous equation

u(x) — / sin(x + y)u(y)dy =0
0

is the trivial one. Write this integral equation in the form

T

T
u(x) =sinx/ cosyu(y)dy—i—cosx/ sin yu(y) dy
0 0
=asinx 4+ bcosx,

and write u(y) = asiny + b cos y back into
T
a= / siny(asiny + bcosy)dy,
0

T
b= / cosy(asiny +bcosy)dy,
0

to conclude thata = b = 0.

It is very natural to argue that such a T is a limit of a sequence of finite-
rank operators. For a counterexample, check examples of the form given in
Exercise 8 of Chap. 5 that has been discussed in Exercise 11 above.

In a reflexive Banach space, the unit ball B is weakly compact. This suffices
to prove the claim easily. In the explicit situation given, the sequence Tu;
converges, in the sup norm, to the function 0 for x < 0; x for x > 0, whose
derivative is discontinuous, and hence, it cannot belong to the image of T.
This property has sufficiently emphasized earlier.

This proofis a very typical application of Riesz lemma. If the space is not finite-
dimensional, a sequence can be found inductively in the unit sphere that cannot
converge to anything. The argument is similar to the proof of Proposition 6.3.
(a) To calculate ||T||, evaluate T(f;) for

fr=xrn, 0=r=L
(b) Forany A € [0, 1], it is easy to realize that the equation
(s =2 f(s) =g(s)
for f, g in L*(0, 1) is impossible. However, there is no particular difficulty
if A ¢ [0, 1]. The operator does not have eigenvalues, and so it cannot be

compact (Theorem 6.3).
(a) This is just a simple calculation.
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(b) Both terms in T f represent compact, integral operators of Volterra type in
both cases.
(c) The operator derivative

1
FG) > fG0) - fo £ dy

is, however, not compact because the first term is just the identity, but the
second contribution is compact.

A.7 Chapter 7

1. This is elementary. Take the open set 7y €2, and select a test function i for such

an open set in RN ~! with V(xy) = 1.

This is also a geometric property which is, at least, easy to visualize.

This is just a change-of-variables issue.

There is nothing surprising in this exercise.

(@) If ¥ € CPRY) and ¢ € C°(Q), the product ¥¢ is a smooth function
with compact support in €2, and hence

RANE e

/ uV(e)dx = —/ Vuyddx.
Q Q

Thanks to the product rule for smooth functions,

/ uV(e) dx :/ u(Vrd + Vo) dx.
Q Q

If we reorganize these identities we find

/ulﬁV(])dx = —f(Vulﬁ+uV1ﬁ)¢dx.
Q Q

The arbitrariness of ¢ leads to the desired result.
(b) This is straightforward from the definition.
6. This can be accomplished through the same ideas as in Example 2.12 of
Chap. 2. Apply the one-dimensional construction in that example to the func-
tion

x(x) = x/(x - n)

where x; is the 1-periodic function of one variable of that example, and n is any
unit normal vector.
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7.

1.
12.
13.

(a) Justas in the case of the standard Sobolev spaces, one can define the Hilbert
space

L2,,(Q) = (F e L2 (2 RY) : divF € L2(Q))

where the weak divergence div F is defined through the usual integration-
by-parts formula

/divF¢dx=—/F~V¢dx
Q Q

valid for every test function ¢ in 2.
(b) This is straightforward because divF = 0 means, according to the previous
formula,

/F-Vq&dx:O
Q

for all test functions. These are dense in HOl ().
This exercise is left for exploration to interested readers.
This is similar to arguments in Sects. 2.10 and 7.3.

. Use Corollary 7.1 and Lemma 7.5 for an increasing sequence of balls {B;} with

radii tending to oo to conclude that the set {C2° RN )} is dense in whp (RN,
These facts are straightforward.

This is an interesting exercise but straightforward after the proof of Lemma 2.4.
It is easy to calculate that if a function u(x1, x2) € H L(B) is independent of x»,
then

1
2 _ ’ 2 _ 2
IVal?, g e, _2Lu en)2J1 = x? dxy.

Similarly
2 ] 2
el 22/_1u(x1) - x2dn.
In this way, one can define the Sobolev space with weight

1
sz(—l, 1) = {u(x), measurable : / u(x)zw(x)dx < 00},
-1

H (=1, = {ux) e L2 (~1,1) 1t/ (x) € L} (—1, 1)},
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for the weight function
wx)=+v1—-x2, xe(=1,1.
For a general domain the procedure is formally the same for the weight function
w(x) = |{x; = x}|.
This procedure can be implemented in a completely general way.
That L is a subspace is straightforward. It is also easy to argue that it is a
subspace of Hl})(—l, 1) with the ideas and notation of the previous exercise.

To check that it is not closed, it suffices to find a function in HIL(— 1, 1) which
does not belong to L. The function

x 1
= —d
u(x) /(; T t

is a good candidate.

A.8 Chapter 8

1.

By looking with care at the integration by parts involved in deriving the weak
form of the Euler-Lagrange equation in 8.7, one can conclude that

Fu(u(x), Vu(x)) -n(x) = 0on 992. (A.5)

Proceed in two steps:

(a) use first a test function V € H(} (£2) for which the integration by parts does
not interfere with boundary contributions, to derive the PDE itself;

(b) once one can rely on the information coming from the previous PDE, use a
general test function V € H'(Q) to conclude (A.5).

This is a direct application of our main existence result. Since the functional is
quadratic, it can also be solved with the help of the Lax-Milgram lemma. The
optimality condition reads

div(Vv —F) = finQ, u =uponadf.

The first part is a consequence of the first exercise of this chapter. It amounts to
writing the natural boundary condition

Au-n=0o0nodQ.
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It is relevant to note the presence of the quadratic term in u to avoid the situation
in which minimizing sequences do not remain bounded in H'(£2) by adding an
arbitrary constant to u. If one is interested in adjusting a non-vanishing normal
derivative, then the functional should be formally changed to

1
/ —|Vu@)|>dx + / h(x)u(x) dS(x).
Q2 Ble)
4. The integrand for this problem can be writte n in the form
(1
Vu 51 +F®G | Vu.
It is therefore a quadratic variational problem and one needs the condition
a > 2||FllLe@)IGlliz=@)
to guarantee convexity and coercivity. The Euler-Lagrange equation is
. 1 1
div(aVu + EF -VuG + EG -VuF | =0.
5. The functional with integrand
> Ll + 2l
u— —u —[ulF -u
2 2
has the given Euler-Lagrange equation. The condition

a > ||bF|| Lo ()

is required to ensure existence of solutions.

6. According to the third item of Proposition 8.2, the function f needs to be
convex and increasing to ensure convexity of F. Moreover, one needs the
asymptotic behavior

p
lim A =a>0, p>1.
F—> 00 r
In fact, it suffices
lim AW = +00
rF—>0Q r

7. This is similar to Exercise 29 of Chap. 2.
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8. If the field F is divergence-free, then it this term does not affect the underlying
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Euler-Lagrange equation. On the one hand, by the divergence theorem

and this last integral is independent of u as it only depends on its boundary
values which are fixed. This is a null-lagrangian, meaning that this second term
does not affect the optimization process, as it is constant. On the other, it is
elementary to realize that when writing the Euler-Lagrange equation, this term

/ Vu(x) -F(x)dx = / u(x)F(x) -n(x)dS(x),
Q Q2

drops out precisely because F is divergence-free.
9. This is straightforward.

10. (a)
(b)

11. (a)

(b)

The application of the Lax-Milgram lemma is direct in the space H.

We have to change H slightly to incorporate the normal boundary condition.
In this case the subspace of L2(2; RY) made up of gradients of functions
in H'() is the orthogonal complement to H. Hence, optimality becomes

curl(AF + G) = 0.

Therefor there exists u with Vu = AF + G. This is formally equivalent, by

solving for F, to

div [A—l(vu — G)] —0inQ,

A" (Vu—G) -n= foniQ.

According to Exercise 3 of this same chapter, these are exactly the

optimality condition for the standard problem for the functional
| T p—1
~Vu' A" 'Vu —Vu' AT G ) dx + uf dS(x)
a\2 ile)

over H! ().
The standard theorem cannot be applied because the matrix

1
-102)
2\aa
is not positive definite.

The proposed perturbation transforms the previous matrix A to

— 1
A:-(l ,¢ )
2\aa”+¢€

This time the theorem can be applied and there is a unique solution.
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12.

13.

14.

(c) The situation is exactly the same. The main change for this new problem
would affect the form of the Euler-Lagrange equation that it would be non-
linear.

This is a straightforward generalization of Exercise 1. The corresponding

optimality problem would read

—div[Fy(u, Vu)] + F,(u, Vu) =01in Q,
u=uponl, Fy(u,Vu) - n=00ndQ2\T.

This is a zeroth-order problem. A typical existence theorem would require the
convexity of the integrand F (x, -) for a.e. x € €2, and the coercivity

C(lul? =1) < F(x,u), C=>0,p>1.
Optimality conditions would amount to
F,(x,u)(x)) = A, constant in €2,

where such constant value A is determined so that the integral constraint is
respected

f uy(x)dx = |Q|ug.
Q

It is well-known from Vector Calculus courses that the flux of a vector field F
across a given surface S is given by the surface integral

éF(x) -n(x)dS(x),

where n(x) is the unit normal vector field to S (one of the possible two options).
If surface S is given by the graph of a certain function u(x, y) over 2, then the
flux is

/ F(x, y,u(x, y)) - (—ux(x, y), —uy(x, y), Hdxdy.
Q
More explicitly, if we put

F(x,y,ux,y) = (Fi(x,y,u(x,y), Fax, y, u(x,y)), F3(x, y, u(x, y))),
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16.
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the flux is given by

/Q[Fs(x,y,u(x,y))—Fl(x,y,u(x,y))ux(x,y)
— Fa(x, y, ulx, y)uy(x, y)ldx dy.
After a few careful calculation, the equation of optimality is written
divF(x, y, u(x, y)) =0,

which forces optimal surfaces to have their image on the set where the
divergence of the vector field F vanishes. This is clearly impossible if this
possibility is forbidden by the function u( furnishing the boundary values for
u. If F is divergence-free, the Euler-Lagrange equation becomes void, and the
integrand becomes a null-lagrangian.

(a) It is easy to check that the square of the determinant is not convex. For

instance, the section
01 10
t F t .
() )

is not convex.

(b) With a bit of care the equation becomes
V(det V2u) - (tyy — thyy, xy — tiyy) = 0in Q,

which is a highly non-linear equation.
(a) It is immediate to show the existence of a unique solution either through

the Lax-Milgram theorem (we are talking about a quadratic functional) or

by our main existence result in the chapter.
(b) Optimality conditions lead to

/Q[onx(x) +ap(l — ¢ @ENIVu(x) - Vo) dx = 0

forall v € HO1 (£2). Use successively test functions v with support in €24
and €29 to conclude that # must be harmonic separately in both sets. Once
this information is available, for a general v with arbitrary values on I", use
the divergence theorem and deduce the transmission condition

(a1 —ag)Vu-n=0onT.

Both «’s could be functions of x.
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17. (a)

(b)

©

18. (a)

(b)

(©

19. (a)
(b)

(©

Once again, it is immediate to show existence of a unique solution for each
€ fixed, either through the Lax-Milgram lemma or our main existence result
for variational problems.

Argue that the sequence of minimizers {u.} is uniformly bounded in
H'(€), and, hence, possibly for a subsequence (not relabeled) it converges
weakly to some limit u.

Under the hypothesis suggested one would find that

0= / acVue - Ve dx — / agVv - Vudx.
Q Q
Hence

/aOVv~Vudx=O
Q

for all v € Hé (£2), and this implies that uq is the minimizer of the limit
functional.

This is again a consequence of our main existence theorem for convex,
coercive variational problems.

As in the mentioned exercise, the transmission condition would be

[|Vii — Vu|P~2(Vii — Vu) — [Vi|P~2Vi]-n = 0 on 9.

Because the value of the functional for U is finite (it is important that U = u
in ), independently of €, we can deduce that iie — u in Q.

This is standard after main results in this chapter.

This is a particular case of the same question in the previous exercise.
The main difference is the linearity of the operation taking each u to the
corresponding minimizer v.

Note that

2

1
@M g T 5g Vv — Yl

1
me = z”vve [ (A.6)

()
and bear in mind that we can take

2 2
l[vell = [[Voe|

2 _ 2
HIRY\@) 2RV \@)’ ”UE”HI(RN) = [[Vvel|

L2(RYy
Then

2
H'R"\0)

2 2
”vG”Hl(RN) ”vE” + ”VUGHLZ(Q)s
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and, on the one hand, by (A.6),

2 < 2me,

10el, g <

whereas on the other,

2
”Vve”iz(g) < (IVve = Vull 20 + IVl 12(e))
< 2| Vve = Vul}a g, + 201 Vul}2 g,

< dmee + 2| Vuljs g

Since we are interested in small values of €, these computations show that
there is a uniform constant C such that

Eeull < Cllull.

(d) Conclude accordingly.
The natural possibility would be to consider the subspace

H={ueC®RQ):F-Vu=0o0nd%}

of HY(Q), and its closure in H1(2), which we designate by the same letter H.
However, it is not difficult to realize that H becomes the full H!(2) because
one can modify a given functionu € H () in a small amount (in the H'()-
norm) near de boundary to make it comply with the given boundary condition.
This is similar to the situation of the L2(£2)-closure of the set C2°(2) of smooth
functions with compact support in €, which is the full L(£2). The problem is
not well-posed. It is ill-posed.

This is a practice exercise with typical integrands in the quadratic case. It
amounts to checking (strict) convexity and coercivity in each particular case, as
well as smoothness conditions to write the underlying Euler-Lagrange equation,
at least formally. We briefly comment on each case.

(a) The integrand is

1
Fuy,u2) = > (| + lua)?.

It is strictly convex and coercive.
(b) The integrand is quadratic corresponding to the symmetric, positive definite

matrix
A= (271,
-1 1
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(c) Similar to the previous one for the matrix
1 -1
A= .
-1 1
Though it is convex (not strict), it is not coercive. Check the diagonal | =

uy.
(d) The integrand is

1
F(uy,uy)) = E(u? + u;)l/z.
It is strictly convex and coercive. Note that
1
Fw = Zlulf,  w= G, u), uly = uf +u5.

All norms are equivalent in R?, and the p-th norm is strictly convex for
p> 1
(e) The integrand is

F(ui,uz) =

172
w2y ( 2 (1)
P20 -1 1 ) \u3

It is strictly convex and coercive.
(f) The integrand is

| =

F(ui,up) = (('/1‘ +ud)'? + ”%) .

N1 —

It is strictly convex and coercive.
(g) Slight variation of the previous one.
(h) The integrand is

1
F(up, up) = E(u% + u3) + Texp(—(u; — D* — u3).

It is coercive but not convex.
(i) This time

Fup, uz) = fuy| |uzl.

It is neither convex nor coercive.
() The integrand is

Fup,uz) = (1+uhH2(1 +ud)l/2.
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(k)

22. (a)

(b)

()
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It has linear growth at infinity; it is not enough for coercivity. It is not
convex either.
This time

F(up,upy) =1+ u% + u%)l/z.

It has linear growth, but it is strictly convex.

The mixed boundary condition can be implemented by minimizing the
functional over the set of feasible functions

{u e HY(Q) : u = ug on Ty}
It requires to examine the subspace of H' (), given by
{u e HY(Q) : u = 0on Ty},
as the closure in H!(§2) of the same subspace of smooth functions.

Mimic the non-homogeneous Neumman boundary condition by minimiz-
ing the augmented functional

l/ |Vu(x)|2dx+Z/ W2 (x) dS(x).
2 Ja 2 Jaq

If boundary condition is restricted through an inequality, then the part of
Dirichlet condition will be the coincidence set # = ug on 952, while the
Neumman part Vi -n = 0 will correspond to its complement where u < ug
on 9€2.

23. This is a practice exercise. With a bit of care, one finds that the corresponding
Euler-Lagrange equation turns out to be

div[d - Vw((x) ® Vw(x)) Vu(x)] =0.

A.9 Chapter 9

1. Almost all main ingredients of the computations have been given in the
statement. The formula in the first part is just a careful use of the chain rule.
Note that, unless we differentiate twice with respect to the normal to 9€2, i.e.
with respect to X, at least one derivative has to be computed tangentially,
and so it must vanish. In order to conclude (9.24), recall that we learn from
Differential Geometry that the quantity

VXNV2XNVXN
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yields the curvature H of a hyper-surface if it is given by a level set of X, and
V X is unitary.
2. The optimality condition for the suggested constrained variational problem is

Au=2xuin, u=0o0ndQ,

for a positive multiplier A. The smallest possible such A is the first eigenvalue
of the Laplacian. From this equation one concludes that

x/ u(x)zdxz/ |Vu(x)|? dx.
Q Q

On the other hand, the best constant C in Poincaré’s inequality will be such that

/u(x)zdxfC/ |Vu(x)|? dx.
Q Q

3. For the case N = 2, the exponent p = (N+2)/(N —2) cannot be taken directly,
so one needs to work with an arbitrary p, apply the corresponding inequalities,
and then take p to oo.

4. This is an elementary Calculus exercise. For x > R, write

Fl) = fﬂx) +g(), g(x)=0.

Use the explicit formula

_ X p X y p
f(x) =exp =ds||f(R)+ [ exp|—| —ds)glydy
R S R R S

for the solution of such a linear, first-order ODE to conclude, based on the fact
g(x) > 0, that

f(R)xP, x> R.
R

fx) >

From here, it is easy to deduce the final result.
5. The main point is to define the operator T in this new setting appropriately. Put
U = Tu for the unique minimizer of the functional

/ [1|VU(x)|2 — U(x)u(x):| dx
ol2

over the space H Leyn L%(Q) This constraint on the mean value of functions
is necessary to have a substitute for Poincaré’s inequality through Wirtinger’s
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inequality, and to have that the L2-norm of the gradient is again a norm in
HY(Q)n L%(Q). Everything else is like in the Dirichlet case.

6. (a) This variational problem may not have solutions. Note that if {u;} is a
minimizing sequence, their gradients are uniformly bounded in L?, and
there is a weak limit u. But this weak limit may not comply with the
constraint (being an equality constraint). In dimension 1, a simple example
may help us in realizing the difficulty. The function

up(x) = {‘/’7_75’

’

is such that

2

1 1 h
/ ) (x)*dx =1, / up(x)>dx = —
0 0 3

A minimizer u would be such that

1 1
/u’(x)2dx=1, /u(x)zdxzo
0 0

which is, obviously, impossible.
(b) Itis easy to realize that the proposed problem is equivalent to

Minimize inu € H' () : —/ lu(x)|? dx
Q

subject to

f IVu@x)|>dx < 1.
Q

This time the direct method furnishes minimizers, because we have an
integral constraint in the derivative in the form of an inequality.

7. According to Theorem 9.13, the Laplace operator A (under Dirichlet boundary
conditions) has a sequence of positive eigenvalues A ; and eigenfunctions u,
which make up an orthonormal basis of L2(R2). For a L?()-function u, write
the decomposition

u= Z(u, uj)uj
J
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12.

and define

= {u,uj) fju,.

. No comment. This is a practice exercise.
. No comment. This is a practice exercise.
10.
11.

No comment. This is a practice exercise.
It is a matter of computing the derivative

d

de

/ l|w<x +e®(x))(1+eVD(x))|*>dx.
e=0JQ 2
With a bit of care, one finds that
0 :/ [Vu(x)Vzu(x)CD(x) F Vu(x) - Vo (x) Vu(x)] dx
Q

for all such ®. After rewriting this integral and using an integration by parts,
we have

0= / [[Vu(x)Vzu(x)CD(x) — div[Vu(x) ® Vu(x)]cb(x)] dx.
Q

The arbitrariness of ® leads to
VuViu — div(Vu ® Vu) = 0.

Of course, this system reduces, after some calculations, to Au = 0.
(a) Define the space Hy;,(S2) as the subspace of fields F(x) : @ — RY in
L%(Q; RY) such that

/ F(x) -Vo(x)dx =0
Q

for all smooth functions ¢ in Q. Note how this definition forces both
conditions divF = 0in Q and F - n = 0 on 992. The norm in this space
is just the norm of the ambient space L2(2; RY). It is easy to check that
Hiv(2) is a closed subspace of L2(2; RY), and consequently it is also
weakly closed. Recall Theorem 3.5.

(b) If the matrix field A(x) is symmetric and uniformly positive-definite in the
sense

FTAx)F > C|F>, C>0,FeR",
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and the vector field A € L*(2;RY), then the given functional in the
statement is coercive, and strictly convex, and the direct method yields a
unique minimizer Fe Hgyiy (R2) of the problem.

To derive the corresponding optimality conditions, we perform variations
of the form

F+€F, F e Hyn(Q).

The computation

E® + ¢F
7e (F + €F)

e=0

gives
/(FAF+A~F)dx =0
Q

for all such F € Hy;i, (2). According to the definition of Hy;,(£2), as the
orthogonal complement of gradients of functions in H'(2) in L*(Q2; RY),
we deduce that

AF+A=Vep, ¢ecH (Q).

This can be written, equivalently, in a differential form

curl(AF 4+ A) = 0 in Q.



Appendix B
So Much to Learn

There is so much material one can look at after having covered the material in this
course, depending on preferences and level of understanding, that we have tried
to organize it according to the four main areas involved in this textbook: the three
occurring in the title, and PDEs. Seeking that these comments may be helpful to
students, we have tried to avoid dispersion, and so we highlight a few sources, at
most, for each mentioned subject. In some of these, we also provide some clues at
our discretion. There is no aim at completeness or relevance on the selection that
follows. On the other hand, we have tried to include general references accessible
to students; this explains why some more specialized material is not included.

B.1 Variational Methods and Related Fields

This is the broader section in this Appendix, as the Calculus of Variations has been
our main interest. Readers will see that, even so, we have left out far too many
interesting topics.

B.1.1 Some Additional Sources for the Calculus of Variations

There is a number of fundamental textbooks dealing with various viewpoints on
variational methods that can support parts of this text, or go well beyond. We cite the
following, some of which are very classic sources, though the goal and methods are
not uniform in them [Bu89, CI13, Da08, Dal5, FoLe07, GiM0S098, Gi03, JoLi98,
Mo08, Mor96, Mo03, Ril8].
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B.1.2 Introductory Courses

One can feel some curiosity at how variational methods can be introduced even at
a more elementary level; or how it is presented to other scientists and/or engineers.
We just mention some [BuGiHil98, Dal5, Kil8, Kol4, Kot14, Tr96].

B.1.3 Indirect Methods

Though our treatment of variational problems is essentially based on the direct
method, there is a lot of fundamental classic material that can be integrated under
the umbrella of the indirect method. Inner-variations and corresponding optimality
conditions are also relevant in this regard. Some of those issues are

¢ Legendre-Hadamard condition;

*  Weierstrass necessary condition;
* Du Bois-Reymond Lemma;

*  Weierstrass-Erdmann conditions.

The encyclopedic work [GiHil96] is a main reference for this area.

B.1.4 Convex and Non-smooth Analysis

Chapter 3 is a mere, brief introduction to Convex Analysis so readers already know
a bit what this important area is about; though, again, we have not explored basic
material that needs to be studied at some point like, for instance, the theory of
conjugate convex functions . In addition to the classical books [EkTe99] or [Ro97],
there are excellent additional references like [AtBuMil4, BoLe06, Bol4, CI90,
HiLeO1, Mo18, MoNal4, Ta09].

Convex analysis deals, in a general abstract way, with convex sets and convex
functions, duality in convex optimization, complementary conditions and problems.
Techniques of non-smooth analysis are intimately connected to convex analysis.
We mention some important sources for non-smooth analysis in addition to those
alreacy cited: [CI90, Io17].

B.1.5 Lagrangian and Hamiltonian Formalism

Historically, a lot of effort has been devoted to topics within the indirect method.
On the other hand, there is a rich tradition on variational methods in Mechanics.
Our main reference for this field is [GiHil96], where most of the knowledge in this
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area is gathered. This is also a good source for everything related to variations in
the independent variable, and Noether’s conservation law theorems, as has already
been indicated above.

B.1.6 Variational Inequalities

These deal with optimality conditions in optimization problems where the set of
competing objects is a convex set of functions or fields but they do not support an
underlying linear structure. Two basic references are: [KiSt00, Ul11].

B.1.7 Non-existence and Young Measures

Ever since the pioneering work of Young, Young measures has been a main tool to
tame non-convexity and non-existence. Our basic references are [CRV04, FiGol2,
Pe97, Yo69].

B.1.8 Optimal Control

Optimal control is a fundamental part of optimization of paramount importance in
Engineering. Traditionally is studied together, or after, the Calculus of Variations
for one-dimensional problems. Some basic textbooks are: [Bel7, Bul4,Lel4,Lil2,
Me09, Tr96, Yo69].

Optimal control is however much more in the sense that the part of this area
where state equations or systems are PDE is considerably more complicated, but
the scope goes well beyond.

B.1.9 T-Convergence

The area of I'-convergence deals with sequences of functionals and how its limit
behavior can be explored in an orderly manner. There are not yet many textbooks in
the subject [AtBuMil4, Br02, DM93].
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B.1.10 Other Areas

There are a number of important topics that are part of more general fields but they
have a character on their own. There are not yet textbooks as they are being intensely
explored these days. Some of those are:

» Existence without convexity

* Regularity in variational problems

* Second-order optimality conditions

* Non-local functionals

* Constrained variational problems and multipliers
* Stochastic Calculus of Variations

* Variational problems in L

The two references [Ul11, Is16] treat some of these.

B.2 Partial Differential Equations

The interconnection between the Calculus of Variations and PDEs is so deep that
it is impossible to tell them apart. Variational methods are utilized constantly in
problems in Analysis where the main interest is the underlying PDEs themselves;
and, viceversa, fundamental motivation and techniques in variational problems
are constantly borrowed from the field of PDEs. We refer here to additional
sources where variational methods are at the background of viewpoints on prob-
lems [ACM18, Br13, Brl1, CaVil5, CDR18, Cr18, Ev10, GiTr01, Kr08, MaOc19,
SVZZ713, Sal6, SBH19, Tal5].

B.2.1 Non-linear PDEs

Non-linear PDEs are sometimes quite different from their linear counterparts, and
typically much more difficult. This is almost always true in every part of Analysis.
In particular, quite often non-linear PDEs pose quite challenging problems to
researchers. Most of the references in the previous item have chapters dealing one
way or another with non-linear problems. Some other interesting resources are
[AmArl11, Co07].
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B.2.2 Regularity for PDEs: Regularity of 2 Is Necessary

The theory of regularity either for variational problems or PDEs is quite delicate
and technical, but it should be known to a certain extent by every Applied Analyst.
Our basic reference here is [Grl1].

B.2.3 Numerical Approximation

The numerical approximation of solutions to PDEs and variational problems is
another fundamental chapter of the theory with a major relevance in applications.
The fundamental terms here are finite element analysis. We just name a few books
as a guide [Dall, LaBel3, Ma86, Wh17, ZTZ13].

B.3 Sobolev Spaces

The theory of Sobolev spaces is fundamental for Applied Analysis. In this text we
have but covered the most basic facts, but a much deeper knowledge is required for a
finer treatment of variational problems and PDEs. Some additional references where
readers can keep on learning on this area are [Ad03, Agl5,Lel7,Mall, Ta07,Zi89].

B.3.1 Spaces of Bounded Variation, and More General Spaces
of Derivatives

Spaces of bounded variation are becoming a cornerstone in many technological
applications. They are a first step beyond Sobolev spaces in that derivatives do not
necessarily be measurable functions but can be measures. The area is quite mature
at this point. Some relevant sources are [AFP0O0, Lil19, Zi89].

There are other important topics that are being intensely investigated these
days like fractional Sobolev spaces [RuSi96] or the interplay between PDEs and
harmonic analysis [Ab12].

B.4 Functional Analysis

As we have tried to stress in the initial chapters of this text, the role played on
Functional Analysis by problems in the Calculus of Variations has been, historically,
crucial. Nowadays there is also a clear and important interaction in the other
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direction to the extent that one cannot be dispensed with a solid foundation in
Functional Analysis to understand the modern Calculus of Variations or the modern
theory of PDEs. We name a few additional references for Functional Analysis,
in addition to some other more specialized texts in the subsequent subsections
[Bol4, Cel0, Cil3, Fal6, LeCl03, Lil6, Ov18, Sal7, Sil8].

It is again important to stress that Functional Analysis is a very large and
fundamental area of Mathematical Analysis that we cannot cover in a few lines,
or with a few references.

Nevertheless, we include a few more important subareas of Functional Analysis
with some other resources.

 Distributions. The theory of distributions was a fundamental success for Applied
Analysis, hardly overestimated ever since [HaTr0O8, Mil8].

¢ Unbounded operators and Quantum Mechanics [Sch12].

» Topological vector spaces. Locally convex topological vector spaces [Vo20].

* Orlicz spaces. These spaces are a generalization of Lebesgue spaces that are built
by retaining the fundamental properties of the pth-power function that permit that
Lebesgue spaces become Banach spaces [HaHal9].

* Non-linear Analysis [AuEk84, Pal8, Ta09].
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Symbols
£P-spaces, 38
C'-functionals, 82
I"-convergence, 276
p-laplacian, 261

A

Area, 3

Area of a graph, 4

Area of revolution, 4
Arzela-Ascoli theorem, 52, 298

B

Baire category, 170
Banach-Alaouglu-Bourbaki theorem, 61
Barycenter, 268

Basic density result for functions, 64
Bi-harmonic operator, 265

Bounded variation, 85

Brachistochrone, 6,27, 139, 149

Bulk load, 138

C

Cancellation phenomenon, 60
Carathéodory theorem, 270
Catenary, 153
Cauchy-Schwarz inequality, 70
Cavalieri’s principle, 231
Chrystoffel symbols, 164
Co-area formula, 231
Coercivity, 17, 19, 82, 133
Coincidence set, 272, 368
Compactness, 18, 20, 25
Complete metric space, 170

Concentration, 266

Concentration phenomenon, 55, 139
Conjugate exponents, 57
Conjugate function, 13
Constraints, 141, 152

Continuity of partial derivatives, 81
Contraction-mapping principle, 24
Convexity, 108, 148

Convolution, 64

Convolution kernel, 206
Convolution operator, 195

Critical point for a functional, 80
Critical points, 17

Critical value, 303

Curvature, 312, 369

Cycloid, 151

D

Dido’s problem, 11
Differentiability of a functional, 80
Direct method, 93

Dirichlet boundary condition, 249
Dirichlet’s principle, 9, 27, 246
Distance function, 36

Divergence theorem, 216

Double adjoint, 177

Duality pair, 57

Dual of a Hilbert space, 79

E

Eigenfunction, 287
Elastic materials, 138
Elastic membrane, 9
Epigraph, 123
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Euler-Lagrange equation, 114 J
Euler-Lagrange system, 146 Jensen’s inequality, 119, 130,223
Jordan-Von Neumann theorem, 92

F
Failure of convexity, 127 K
Fine oscillations, 155 Kalman’s rank condition, 347

Finite-rank operator, 194
First moment, 268

Flow of a dynamical system, 299 L
Flux, 4 Lack of coercivity, 156
Fréchet differentiability, 81 Lack of convexity, 155
Fréchet-Riesz representation theorem, 79 Laplace operator on a hyper-surface, 314
Free boundary, 272 Laplace’s equation, 246
Fubini’s theorem, 137, 223 Lavrentiev’s phenomenon, 22
Function of a compact operator, 206 Lébesgue spac.es,~42
Fundamental Lemma of the Calculus of Lipschitz continuity, 52
Variations, 227 Local lipschitzianity, 82
Fundamental Theorem of Calculus, 51 Logarithm of an operator, 207

Luzin’s theorem, 218

G

Gateaux differentiability, 80
Generalized cylinder, 227
Geodesics, 8, 30, 164
Gram-Schmidt process, 74
Graph length, 4

Graph of an operator, 175

M

Mathematical Programming, 1, 3
Mechanics, 137

Method of variations, 27

Mild derivative, 244

Minimal surfaces, 10, 27, 30, 261
Minkowski functional, 102
Min-max principle, 303
Mixed-boundary condition, 278

H Mollifier, 64

Haar system, 90 Moment of inertia, 4
Hamiltonian mechanics, 13 Morse theory, 27

Hanging cable, 12, 142, 152 Mountain-pass lemma, 308
Harmonic function, 247 Multipliers, 148, 151, 286

Hessian, 257

Hilbert-Schmidt operator, 195, 206, 222

Holder continuity, 52 N

Holder’s inequality, 2, 43 Natural boundary condition, 153, 160, 248
Neumann boundary condition, 160, 248, 272
Newtonian potential, 223

I Non-conservative field, 156
Ill-posed problem, 277 Norm, 36
Indirect method, 374 Null-lagrangian, 140, 362

Inner product, 69
Inner-variations, 163, 374

Integral equation, 26, 27, 209 [0)

Integral functional, 121 Obstacle problem, 92, 142,272, 286
Integral operator, 196 One-dimensional fibers, 227
Integration-by-parts formula, 46, 67 Operations Research, 3

Internal energy, 134 Optimal control problems, 16
Isomorphism, 170 Order of a variational problem, 16

Isoperimetric problem, 10 Orthogonal projection, 71
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Orthonormal basis, 74 Subnorm, 99
Oscillating test functions, 276 Surface tension, 10
Oscillation, 266

T
P Taytochrone, 151
Palais-Smale condition, 304 Topological vector space, 85
Partitions of unity, 283 Total variation, 59
Periodic boundary conditions, 159 Transit problems, 6
Persistent cancellation, 54 Transmission condition, 275
Plancherel’s identity, 184, 185 Trigonometric basis, 77, 204
Plateau’s problem, 27 Tychonoff’s theorem, 61
Projection onto a convex set, 71, 73
Propagation of light, 29

U

Uniqueness, 133

R Utility function, 2

Radon-Nykodim theorem, 58
Reflexive spaces, 57

Relaxation theorem, 269 v

Riemann-Lebesgue lemma, 183 Variations, 144

Riemann-Stieltjes integral, 85 Vector, one-dimensional Sobolev spaces, 63
Riesz representation theorem, 57 Vector problems, 15

Riesz’s lemma, 200 Volterra operator, 191

Robin boundary condition, 278 Volume of revolution, 4

S w

Scalar problems, 15 Wavelet. 91

Second-order problem, 159 Weak convergence, 52

Sem?continlﬂty, 27 Weak divergence, 244
Semmor.n.l, 98 Weak lower semicontinuity, 110
Separability, 74 Weight function, 84

Separation of sets, 104 Well-posed problem, 277
Sequence of cut-off functions, 229 Wirtinger’s inequality, 322
Signed distance function, 230 Work. 4 ’

Singularly-perturbed problem, 343

Size of a function, 20

Sobolev spaces with weights, 359 Y
Solid of minimal resistance, 30
Square root of an operator, 207
Strict convexity, 112

Strong solution, 316 7
Strong-weak lower semicontinuity, 250
Sturm-Liouville problem, 98, 146, 336

Young’s inequality, 43

Zorn’s lemma, 98



