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Abstract
Nanofluids are advanced heat transfer fluids whose performance is influenced by various thermo-
physical properties, including nanoparticle volume fraction, base fluid, and temperature.
Rheological mathematical models have been established by using empirical data in order to
characterize these features as dependent on parameters such as volume fraction, base fluid
composition, and temperature. These models have been integrated into transport equations.
Nanofluids composed of metallic oxides (Al2O3, SiO2) and carbon nanostructures (PEG-GnP,
PEG-TGr) dispersed in deionized H2O, with nanoparticle concentrations ranging from 0.025% to
0.1%, and temperatures between 30 °C and 50 °C, were utilized to investigate flow over thin
needle. The rheological models contained transport equations include the partial differential
equations. The transport equations were simplified through various transformations and then
solved numerically. The results in form of velocity and temperature distributions were obtained,
along with boundary layer parameters, Nusselt number and coefficient of skin friction. The
present study contributes to the existing knowledge by elucidating the intricate relationship
between nanoparticle volume fraction, base fluid properties, and temperature in nanofluid
behavior.

Keywords: heat and mass flow characteristics, rheological modeling, temperature dependent
thermophysical, exponential models of viscosity and thermal conductivity

(Some figures may appear in colour only in the online journal)

1. Introduction

Nanofluids, which are fluids containing nanoparticles, are
extensively utilized to improve heat transfer in conventional
base fluids. These fluids’ thermophysical characteristics are
improved by the dispersion of metallic or non-metallic
nanoparticles. However, the performance of nanofluids is
not solely determined by the choice of nanoparticles and base
fluid; it also depends on other critical parameters such as
nanoparticle shape and size, concentration, clustering, and
temperature. These factors are illustrated in figure 1 [1–4].

The thermophysical characteristics of nanofluids, parti-
cularly viscosity and thermal conductivity, which rely on
temperature and the volume fraction of nanoparticles, have a
substantial impact on how well they transport heat. As
temperature increases, thermal conductivity improves while
viscosity of nanofluids diminishes, according to research that
has examined the behavior of viscosity and thermal
conductivity in literature. Sundar et al [5] investigated the
effects of temperature on the viscosity and thermal
conductivity of Al2O3/H2O and Al2O3/EG nanofluids. The
nanofluids were synthesized at 0.3%–1.5% nanoparticle
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concentrations subjected to variation of temperatures between
25 °C and 60 °C. The findings of the study exposed that as
both the temperature and nanoparticle concentration augmen-
ted, the thermal conductivity of the nanofluids exhibited an
upward trend. Conversely, the viscosity of the nanofluids
showed a declining trend with the increase in both
temperature and nanoparticle concentration. Moreover,
Sundar et al [6] examined the same behavior for Fe3O4/
H2O nanofluid. The nanoparticle was synthesized at 0%–2%
nanoparticle concentration under temperature range
20 °C–60 °C. Furthermore, Gao et al [7] analyzed the
viscosity and thermal conductivity’s behavior for of a
Fe3O4/H2O nanofluid under influence of temperature
and nanoparticle concentration. The study included the
0.05%–2% nanoparticle concentrations and temperatures
changing between 10 °C and 55 °C. Godson et al [8]
measured the viscosity and thermal conductivity of an Ag/
H2O nanofluid at temperatures ranging from 50 °C to 90 °C
and nanoparticle concentrations ranging from 0.3% to 0.9%.
Temperature and nanoparticle concentration both increased
the thermal conductivity of the nanofluid, according to the
findings. On the other hand, viscosity surged with increasing
nanoparticle concentration but reduced with increasing
temperature. In order to determine their viscosity and thermal
conductivity, Xie et al [9] studied a number of nanofluids
including MgO/EG, SiO2/EG, TiO2/EG, Al2O3/EG, and
ZnO/EG. Temperatures between 10 °C and 60 °C and a

concentration of nanoparticles between 0.5% and 5% were
utilized in the experiment. The results showed that
temperature and nanoparticle concentration both enhanced
thermal conductivity and viscosity. The viscosity and thermal
conductivity of the nanofluids also showed consistent patterns
in a number of investigations looking at the consequences of
nanoparticle concentration and temperature [10–15].

Above, it is evident that the viscosity of fluids is
significantly influenced by temperature among other factors.
Therefore, in heat and mass transfer problems, the impact of
temperature on viscosity cannot be overlooked. Typically,
temperature-dependent viscosity m g T,( ) is characterized as
the product of temperature and shear rate-dependent functions
 m g m g m=T T, .1 2( ) ( ) ( ) Here, the shear rate-dependent

function is denoted by m g1( ) and the temperature-dependent
function by m T .2 ( ) Limited viscosity models have been
developed in various studies that depend on shear rate and
temperature under diverse flow boundary conditions, as
highlighted in table 1.

In general, the thermal conductivity of most materials
tends to increase as the temperature rises. This can be
attributed to the higher energy levels of atoms and molecules
within the material, resulting in enhanced thermal transport
capabilities. In the literature, different temperature dependent
thermal conductivity models are used for different applica-
tions as illustrated in table 2.

Figure 1. Literature review [1–4] on nanofluid performance factors.
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Based on the preceding discussion, this article explores
the temperature-dependent thermophysical properties of
nanofluids, utilizing existing models and experimental
observations. The thermophysical characteristics of Al2O3/
H2O, SiO2/H2O, PEG-GnP/H2O and PEG-TGr/H2O nano-
fluids are specifically examined in this study at a range of
nanoparticle concentrations and temperatures, with exponential
models developed to match the experimental data. The study is
structured into sections, starting with an introduction.
Following the introduction, the mathematical models of
viscosity and thermal conductivity, along with other proper-
ties, are presented. These models are derived through
experimental results and served into flow equations for

analyzing the flow behavior of schematic nanofluids in section
2. Sections 3 and 4 include the mathematical transport model
and physical and boundary layer parameters. The solutions of
the transport model are calculated by the RK scheme in section
5. Section 6 gives a brief overview of the graphical results,
while section 7 highlights the key findings of the study.

2. Mathematical models for thermophysical
properties

In this section, we present mathematical equations that
establish correlations for the viscosity, thermal conductivity,

Table 1. The temperature dependent viscosity models in different studies.

Authors m g1( ) and m T2 ( ) Remarks

Idowu et al
[16]

m g m m= = + -o T a a T T, w1 2 1 2( ) ( ) ( ) here Tw is a wall temperature, mo is
consistency index and a1 and b1 are curve fitting parameters

The model demonstrates the linear relation-
ship between temperature and viscosity. It
was applied in Casson fluid flow problem
over a stretching sheet

Dada et al
[17]

m g m m= = +
-
-o

¥

¥
⎜ ⎟
⎛
⎝

⎞
⎠

T a
T T

T T
, 1

w
1 2 3( ) ( ) here ¥T is temperature far from

surface and a3 is curve fitting parameter

This model was applied to investigate the flow
of non-Newtonian Williamson fluid over a
stretching sheet, where viscosity exhibits a
linear relationship with temperature

Palani et al
[18]

m g m m= =o
-T e, ,a T

1 2
4( ) ( ) here a4 is curve fitting parameter This model was utilized for Newtonian fluid

flow over an isothermal semi-infinite
vertical plate where viscosity exhibits a
nonlinear behavior with temperature

Kalpana et al
[19]

m g m m= =
-o

¥
T

a T T
,

1
,1 2

5
( ) ( )

( )
here a5 is curve fitting parameter The model was used for two-phase boundary

layer flow of dusty fluid on plate with
nonlinear impact of temperature on
viscosity

Hossain et al
[20]

m g m m= =
+ -

-¥
¥

¥
T

a T T

T T
,

1
,

w
1 2

3( ) ( ) ( )
here m¥ is ambient fluid’s

viscosity

The model was utilized in convective flow of
Newtonian fluid over a vertically isother-
mal cone

Khan et al
[21]

m g m m= =o
- -T e, a T T

1 2
w4( ) ( ) ( ) The nonlinear, temperature-dependent visc-

osity model was applied to study thin film
flow over a stretching sheet

Table 2. Temperature dependent thermal conductivity models in different studies.

Authors Temperature dependent thermal conductivity Remarks

Idowu et al
[16]

= + -ok T k a b T T ,w1 1( ) { ( )} Here ok is curve fitting
parameter

The model was used in energy equation for Casson fluid on a
stretching sheet with linear behavior of temperature on
thermal conductivity

Dada, et al [17]
= +

-
-

¥

¥
⎜ ⎟

⎧
⎨⎩

⎛
⎝

⎞
⎠

⎫
⎬⎭

k T k a
T T

T T
1o

w
3( ) The model was employed for heat transport of Williamson

fluid flow on the stretching sheet under linear effects of
temperature on thermal conductivity

Palani et al
[18]

= +k T k b T1 ,o 3( ) ( ) Here b3 is curve fitting parameter The model was worked for heat equation over an isothermal
semi-infinite vertical plate

Kalpana et al
[19]

=
-

k T
b T T

1
,

w4
( )

( )
Here b4 is curve fitting parameter The model was used in equation of heat for dusty fluid over a

porous media with nonlinear effects of temperature on
thermal conductivity

Hossain et al
[20]

=
+ -

-
¥

¥

⎧
⎨⎩

⎫
⎬⎭

k T k
b T T

T T

1
,o

w

5( ) ( )
Here b5 is curve fitting

parameter

The model was employed in natural heat convection over an
isothermal vertical wavy cone where thermal conductivity
exhibited linear behavior against temperature

Khan et al [21] = + -k T k b T T1 ,o w6( ) { ( )} Here b6 is curve fitting
parameter

The model was utilized in energy equation for thin film fluid
flow on a stretching sheet where thermal conductivity
shows the linear behavior with temperature
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density, and specific heat capacity of nanofluids, utilizing
experimental data as a basis. The analysis takes into account
four different types of nanofluids, which were synthesized by
dispersing Al2O3, SiO2, PEG-GnP, and PEG-TGr in
deionized H2O, respectively, at nanoparticle volume fractions
ranging from 0.025% to 0.1%, within a temperature range of
30 °C–50 °C. The data utilized in this analysis was sourced
from [22].

2.1. Viscosity

Considering the viscosity model given by equation (1)

 m g m g m=T T, , 12 1( ) ( ) ( ) ( )

where, T is the temperature and g is shear rate. The m T1( ) is
taken in exponential function whereas the m g2 ( ) is taken in
the form of power law model. So, the equation (1) is written
as

m m g= - - - ¥e , 2nf
n T T C1 1∣ ∣ ( )( )

where, n, mnf and C1 are curve-fitting constant. These values
are obtained by fitting equation (2) with experimental results
[22]. The obtained results in table 3 [23].

Additionally, the aforementioned values are fit into the
equation (3), which is denoted as

m f f

f f
f f

= + +

= + +
= + +

⎫

⎬
⎪

⎭⎪

a c b

n a c b

C a c b

, 3
nf 1 1

2
1

2 2
2

2

1 3 3
2

3

( )

here =a b c i, , 1, 2, 3i i i, are coefficients. The curve-fitting
coefficients of equation (3) are listed in table 4 [23].

2.2. Thermal conductivity

Given the thermal conductivity model represented by
equation (1)

= - ¥k k e , 4nf
C T T2 ( )( )

where, knf and C2 are curve fitting parameters which are
obtained by fitting the equation (4) with experimental results
[22]. The outcomes of the process of curve fitting are shown
in table 5 [23].

Table 3. The values of curve-fitting parameters of equation (2).

Al2O3 SiO2 PEG-GnP PEG-TGr

f %( ) 0.025 0.050 0.025 0.050 0.025 0.050 0.0250 0.050
mnf 0.8388 0.8564 0.8362 0.8457 0.8423 0.8521 0.8349 0.8496

C1 0.0192 0.0191 0.01931 0.01902 0.0187 0.0184 0.0191 0.0186
n 1.0040 1.0025 1.0076 1.0070 1.0025 1.0024 1.0067 1.0067

Table 4. The results of coefficients =a b c i, , , 1, 2, 3i i i( ) of equation (3).

Al2O3 SiO2 PEG-GnP PEG-TGr

ai bi ci ai bi ci ai bi ci ai bi ci

mnf 0.8 81 −27636 0.8 28 18608 0.8 32 12840 0.8 35 19260

C1 0.1 −11 0.10 0.1 −18 0.099 0.9 9.9 0.09 0.1 −15 0.10
n 1.0 0 0 1.0 0 0 1.0 0 0 1.0 0 0

Table 5. The results of curve-fitting parameters of equation (4).

Al2O3 SiO2 PEG-GnP PEG-TGr

f(%) 0.025 0.050 0.075 0.025 0.050 0.075 0.025 0.050 0.075 0.025 0.050 0.075
10 × C2 0.049 0.051 0.052 0.044 0.045 0.046 0.058 0.006 0.062 0.058 0.059 0.061
knf 0.612 0.621 0.628 0.599 0.609 0.617 0.673 0.693 0.712 0.678 0.698 0.718

Table 6. The results of coefficients (ai, bi, ci, i = 4,5) of equation (5) [23].

Al2O3 SiO2 PEG-GnP PEG-TGr

f(%) ai bi ci ai bi ci ai bi ci ai bi ci

10 × C2 0.23 64 0.238 0.21 40 0.215 .28 80 0.28 0.28 64 0.283
knf 0.61 27 4920 0.59 35 280 0.64 100 −22 800 0.66 88 −7168
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Moreover, the values in table 5 are fitted into following
equation

f f

f f

= + +

= + +
⎫
⎬⎭

k a b c

C a b c
, 5

nf 4 4 4
2

2 5 5 5
2

( )

here =a b c i, , 4, 5i i i, are coefficients and their results are
presented in table 6.

2.2.1. Density. The correlation model for density rnf( )
represented by equation (6) is developed by fitting a first-
degree polynomial to the experimental data [22]

r f= +a b , , 6nf 6 6 ( )

where the coefficients a6 and b6 of equation (6) obtained from
curve fitting are shown in table 7 [23].

2.2.2. Heat capacity. The co-relation model for heat capacity
Cp nf( ) is developed through curve fitting the polynomial of
1st degree with experimental data [22]. The polynomial for
heat capacity is defined as

f= +C a b . 7p nf 7 7( ) ( )

The values of equation (7)’s co-efficient a7 and b7 are
displayed in table 8 [23].

3. Mathematical model for heat and mass flow

Consider a fluid flow over a horizontal, moving thin needle
that satisfies the conditions of being irrotational, steady-state,
and incompressible within the boundary layer. The velocity of
the fluid at the wall of the needle is =u x u xw

m
1( ) while in the

free stream region, it is =¥u x u x ,m
2( ) where m is velocity

index, and u1 and u2 are velocities parameters. The
temperature of the fluid at the wall of the needle is maintained
at a constant value of T ,w and the free stream region is
assumed to have a temperature ¥T > ¥T T .w( ) Flow structure
over geometry is displayed in figure 2.

In accordance with the boundary layer approximation,
the mathematical expressions governing heat and mass

transport may be formulated as follows:

¶ + ¶ =ru rv 0, 8x r( ) ( ) ( )

r m+ = ¶ -uu u v
r

ru p
1

9nf x r y r x( ) ( ) ( )

r
+ = ¶uT T v

r C
krT

1
, 10x r

p nf
r r( )
( ) ( )

where x r, are coordinates axes, u v, are velocity components
and T is temperature.

Taking the boundary conditions according to geometry as

= - = = =
   ¥¥ ¥

⎫
⎬⎭

u u x T T v r R x
u u x T T r

, 0, at
, as

, 11w w( ) ( )
( ) ( )

here =
-

R x
a

A x
.

m
2

1
( )

Table 7. The values of coefficients of equation (6).

Al2O3 SiO2 PEG-GnP PEG-TGr

a6 b6 a6 b6 a6 b6 a6 b6

rnf 1001.5 2000 998.4 2000 991.4 2000 991.5 2000

Table 8. The results of coefficients of equation (7).

Al2O3 SiO2 PEG-GnP PEG-TGr

a7 b7 a7 b7 a7 b7 a7 b7

Cp nf( ) 3.9945 −19.2 4.10735 −4.52 4.066 −4 4.066 −4

Figure 2. Flow configuration over the needle.

Table 9. The comparison of the values f ″(a) with the existing results
in [27].

a Ishak et al [27] Current results

0.1 1.2888 1.28883
0.01 8.4924 8.49238
0.001 62.1637 62.16366
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To simplify and non-dimensional the above equations,
introduced the similarity transformation a.s.

h
m

r
y

m

r
h

y y
q h

= =

=
¶
¶

= -
¶
¶

=
-
-

-

¥

¥

u x r xf

u
r r

v
r x

T T

T T

, ,

1
,

1
12

bf

bf

m bf

bf

w

2
1 2 ( )

( ) ( )

After substitution of equation (12) into equations (8)–
(11), the following non-dimensional equations are obtained as

m

m
h h q

r

r
¢¢ + ¢¢¢ - ¢¢ ¢ +

´ ¢¢ - ¢ + =

q-f f A f e

ff mf
m

2

4
0, 13

nf

bf

A nf

bf

2

[ ]

[ ] ( )

q hq h q

r
r

q

¢ + ¢¢ + ¢

+ ¢ =

k

k
B e

C

C
f

2

Pr 0, 14

nf

bf

BT

p nf

p bf

2( ( ) )

( )
( )

( )

l l q

q

= ¢ = =

¥ = ¢ ¥ =

⎫
⎬
⎭

f a f a a

f

, , 1,

0,
1

2
,

, 15
1 2( ) ( ) ( )

( ) ( )
( )

where = - = -¥ ¥A C T T B C T T, ,w w1 2( ) ( ) l l= - -m a1 ,1 2( )

l = -
¥

u x

u x

1

2
,w

2
( )
( )

r

m
=

¥u x
Re

bf

bf

and
m

=
c

k
Pr .

bf bf

bf

Figure 3. Variations in the velocity profile of Al2O3 Nanofluid across differing nanoparticle volume fractions.

Figure 4. Variations in the velocity profile of SiO2 nanofluid across differing nanoparticle volume fractions.
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4. Physical parameters

4.1. Displacement and momentum thicknesses

The displacement and momentum thicknesses are formulated
as

òd = -
¥

¥
* ⎜ ⎟

⎛
⎝

⎞
⎠

r
u

u
dr1 , 16

R x

2 ( )
( )

òd = -
¥

¥ ¥
** ⎜ ⎟

⎛
⎝

⎞
⎠

r
u

u

u

u
dr1 17

R x

2 ( )
( )

After applying the equation (12), the equations (16) and
(17) are interpreted as

òd h= - ¢
¥

f d1 2 , 18
a

¯ ( ) ( )

òd h= ¢ - ¢
¥

f f d1 2 , 19
a

( ) ( )

where d d= -*A x2 ,m
2

2 1¯ d d= -** A x .m2
2

1

4.2. Nusselt number and skin friction coefficient

The Nusselt number and coefficient of skin friction are
formally defined as

t

r
=

¥

C
u

1

2

, 20f
w

bf
2

( )

=Nu
hx

k
21x

bf
( )

In above, tw is shear stress and h is represented as convective
heat transfer coefficient at wall and expressed as

t m= =u , 22w r r R x∣ ( )( )

= -
¶ -

-
¥ =

¥
h

k T T

T T
. 23

nf r r R x

w

( )∣
( )

( )( )

After applying the transformation equation (12), we get

m

m
=  q- -C a f a e8 Re , 24f

nf

bf

A a1
2

1
2( ) ( ) ( )( )

q= - ¢ qNu
k

k
a a e2 Re . 25

nf

bf

B a1
2

1
2( ) ( ) ( )( )

5. Solution technique

The solution to equations (13) and (14) in relation to
equation (15) is derived by using the Runge–Kutta (RK)
scheme. This technique shows promising results as compared
with other similar methods [24–26] and it has been widely
used. It can be implemented in the following form:

Figure 5. Variations in the velocity profile of PEG-GnP nanofluid across differing nanoparticle volume fractions.

Table 10. The results of temperature dependent parameters A and B at various nanoparticle concentration when Tw−T∞ = 20.

SiO2 Al2O3 PEG-TGr PEG-GnP

f% 0.025 0.05 0.075 0.025 0.05 0.075 0.025 0.05 0.075 0.025 0.05 0.075
A 3.873 3.783 3.692 3.865 3.809 3.754 3.817 3.745 3.672 3.749 3.699 3.650
B 0.0982 0.1014 0.1046 0.088 0.09 0.092 0.116 0.12 0.124 0.1162 0.1194 0.1226
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Let =f F ,1 q = G1 and convert the equations (13) and
(14) into the system of first order differential equations as

h

r

r

m

m

h

h
r
r

h

¢ =
¢ =

¢ = - -

- -
¢ =

¢ = -
+

+ +-

⎜ ⎟

⎡

⎣
⎢

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢

⎛
⎝

⎛
⎝

⎞
⎠

⎞
⎠

F F
F F

F mF F F e
m

F A G

G G

G
k

k

C

C

m
F G

e G B G

,
,

1 1

2 4

1 ,

,

1 1

2
Pr

1

2

1 26

nf

f

bf

nf

AG

nf

f

p nf

p bf

BG

1 2

2 3

3 2
2

1 3

3 2

1 2

2 1 2

2 2

1

1

[ ]

( )]
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Here W1 and W2 unknown boundary conditions.
The code was tested by comparing the results with

existing data for flow over the same needle geometry,
considering limited physical parameters effect existed in the
literature. The analysis exposed that the numerical values
closely matched the existing data, validating our numerical

Figure 7. Variations in the temperature profile of Al2O3 Nanofluid across differing nanoparticle volume fractions.

Figure 6. Variations in the velocity profile of PEG-TGr nanofluid across differing nanoparticle volume fractions.

8

Nanotechnology 34 (2023) 505404 M Hassan et al



simulation. The comparison is shown in table 9 when f = 0
and e = 0.

6. Results and discussion

The results of velocity and temperature profiles of Al2O3/
H2O, SiO2/H2O, PEG-GnP/H2O and PEG-TGr/H2O nano-
fluids in graphical form under the impact of various
nanoparticle concentration and different temperature for flow
over a horizontal thin needle are displayed and discussed.
Physical parameters like boundary layers thicknesses, skin
friction coefficient and Nusselt number are displayed as well.
The results are calculated at fixed values of mainstream and
free stream velocities as taken =u 0.01w and =¥u 0.04

respectively. Furthermore, the embedding parameters exhibit
variability based on the nanoparticle concentration, as shown
in table 10.

Figures 3–6 depict the velocity profiles of schematic
nanofluids influenced by varying nanoparticle concentrations
ranging from 0.025% to 0.075%. The results show that
increasing the nanoparticle concentration leads to a reduction
in the velocity profiles of the nanofluids. This reduction can
be attributed to the increased consistency index resulting from
the enhanced nanoparticle concentration. Notably, the effect
of nanoparticle concentration on the velocity profile is most
significant in the case of the SiO2/H2O nanofluid, as it
exhibits the largest difference in consistency index values
compared to the other nanofluids.

Figure 8. Variations in the temperature profile of SiO2 Nanofluid across differing nanoparticle volume fractions.

Figure 9. Variations in the temperature profile of PEG-GnP Nanofluid across differing nanoparticle volume fractions.
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Figures 7–10 illustrate the impact of different nanopar-
ticle concentrations on the temperature profiles of schematic
nanofluids. The findings indicate that there is a positive
correlation between the concentration of nanoparticles and the

corresponding temperature profiles of the nanofluids. This
behavior is happened due to enhancing thermal conductivity
knf( ) and the temperature constant C2( ) as well as the decrease
in specific heat resulting from the higher nanoparticle

Figure 10. Variations in the temperature profile of PEG-TGr Nanofluid across differing nanoparticle volume fractions.

Figure 11.Momentum and thermal boundary layer thickness at various nanoparticle volume fractions and different location on the surface of
the needle along x-axis.
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concentration. Notably, when the temperature effect on
thermal conductivity becomes zero, the temperature distribu-
tion of the fluid slows down. Additionally, the PEG-GnP/
H2O nanofluid exhibits the highest temperature profile due to
its superior thermal conductivity compared to other
nanofluids.

The graphical representations of velocity profiles,
thermal boundary layer thickness, displacement, and momen-
tum thickness for the examined system are shown in figures 11
and 12. In contrast, figure 13 illustrates the outcomes of the
skin friction coefficient and Nusselt number.

Figure 11 displays the results of velocity and thermal
boundary layer thickness at various locations on x-axis. The
findings reveal that both thicknesses increase with higher
nanoparticle concentrations, and this enhancement is more
prominent along x-axis. The SiO2/H2O nanofluid exhibits the
maximum thickness values, while the PEG-GnP/H2O
nanofluid shows the minimum thickness values. Furthermore,
it has been discovered that the augmentation in nanoparticle
concentration results in a subsequent augmentation in both
thicknesses, regardless of the influence of operating
temperature on the physical attributes.

Figure 12 presents the results of displacement and
momentum thickness under the influence of nanoparticle
concentration. The displacement thickness increases with

higher nanoparticle concentrations, particularly along x-axis.
Notably, the PEG-GnP/H2O nanofluid exhibits the maximum
displacement thickness, while the SiO2/H2O nanofluid
displays the lowest. Similarly, the momentum thickness
increases with increasing nanoparticle concentration. Further-
more, both thicknesses show a greater increase when the
parameters are considered = =C C 0.1 2

Figure 13 presents the coefficient of skin friction and the
Nusselt number at various locations on x-axis influenced by
nanoparticle concentration. The graphs reveal that the
coefficient of skin friction decreases as the nanoparticle
concentration increases. This decrease is attributed to the
reduced velocity gradient at the wall. Similarly, the Nusselt
number values decrease with increasing nanoparticle con-
centration, resulting from the decreased temperature gradient
at the wall. Furthermore, it is observed that the PEG-GnP/
H2O nanofluid exhibits the minimum coefficient of skin
friction, while the Al2O3/H2O nanofluid displays the
minimum Nusselt number.

7. Conclusions

The current study involves the development of a mathema-
tical model for a homogeneous nanofluid. This model is

Figure 12.Displacement and momentum thickness at various nanoparticle volume fractions and different location on the surface of the needle
along x-axis.
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constructed by using experimental correlations of thermo-
physical parameters. The model was used to compute velocity
and temperature profiles, thereafter, employed to examine the
influence of temperature and nanoparticle concentration on
several physical parameters. The results obtained led to the
following conclusions:

• As the concentration of nanoparticles in nanofluids rises,
there is a corresponding drop in their velocity.
Furthermore, this decline is particularly noticeable in
cases when the impact of temperature is insignificant.

• In contrast to the velocity profile, the temperature profile
exhibits an opposite behavior in response to changes in
nanoparticle concentration.

• The boundary layer parameters, including velocity, thermal,
displacement, and momentum thicknesses increase with
rising nanoparticle concentration. This increase is further
amplified when the temperature has no influence.

• The augmentation of nanoparticle concentration results in
a drop in both the skin friction coefficient and Nusselt
number.

The aforementioned results provide significant contribu-
tions to the understanding of nanofluid behavior in relation to
changes in nanoparticle concentrations and temperatures.

Data availability statement

The data cannot be made publicly available upon publication
because they are not available in a format that is sufficiently
accessible or reusable by other researchers. The data that
support the findings of this study are available upon
reasonable request from the authors.
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