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PREFACE

This book is about indefinite integrals, definite integrals, and integral applications. It is divided into three

To the teacher

chapters, structured as follows:

4 Chapter 1 covers indefinite integrals. The first section of this chapter provides a basic introduction to integrals
and integration rules. The second section looks at the main methods for evaluating integrals, including
integration by substitution, integration by parts, and the integration of partial fractions.

Chapter 2 covers definite integrals. The first section looks at the concept of the definite integral and its
properties, and introduces two important theorems: the Fundamental Thorem of Calculus and the Mean Value
Theorem. The second section is optional, and covers the integration of three particular types of function:

absolute value functions, sign functions, and floor functions.

Chapter 3 builds on the material of the previous chapter by showing some practical applications of the definite
integral: finding the area under a curve and the length of a curve, and calculating the volume and surface area
of a solid of revolution.
Key emphasis is placed on the methods of integration by substitution and integration by parts in the second half of
Chapter 1 and throughout the rest of the book. I consider these methods to be the most important ones, as they form
the basis of many of the other integration techniques. Therefore, if the student masters these two methods, he or she

will be well equipped to approach any integration problem.

The book follows a step-by-step teaching approach, which leads the student from basic definitions and concepls to
a gradual mastery of the topic, through a large number of clear, solved examples. At each stage, students' progress
can be checked through regular 'Check Yourself sections and graded exercises at the end of each section (see the
section “Using this Book’ at the end of this preface for more information). In addition, the Chapter Revieu Tests at
the end of each chapter check students' understanding of the concepts and techniques in the whole chapter. The
review tests are graded from easy to hard, with review test A being the easiest, review test B being slightly harder,

and review test C (if present) being the hardest level of all
To the student

Integration is important in many areas of mathematics, engineering and architecture. If you are planning to study
any of these things beyond high school, you will need a good, basic understanding of integrals before you begin your
university course. This book has been uritten to help you understand integrals when you study them for the first
time. Take time to understand the material in this book, as your university teachers will expect you to know it when

you arrive at university.

Integration is generally the last topic you will cover in your high school math course. The reason for this is simple:

integration builds on a lot of the math you have covered in previous classes. T herefore, before you begin, make sure
you have a good understanding of the following topics: polynomials, rational expressions, trigonometry, and

logarithms.
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To the Student. Using This Book Chapter 1 w:/’

This book is designed so that you can use it |
effectively. Each chapter has its own special color Chapter 2 ,oi i fpospats —
that you can see at the bottom of the page.

Chapter 3 Ipplications of Definite Integrals

Different pieces of information in this book are useful in different ways. Look at the
types of information and how they appear in the book:

Note Notes help you focus on important details.
We can make the following generalizati¢  When you see a note, read it twice! Make

W sure you understand it.

Definition boxes give formal descriptions of new concepts. Rule

boxes give direct methods for finding the answers to questions. | -I:_et;.:(__-_;____“
Theorem boxes include propositions that can be proved. The .. mspec;?e ]a“rd u(x)
information in these boxes is very important for further = R
understanding and for solving examples.

1 T Examples include problems related to the topic and their
13 -'[ Setlide=1 solution, with explanations. The examples are numbered, so

you can find them easily in the book.

Solution 1 Letu =




Check Yourself sections help you check your understanding

of what you have just studied. Solve the problems alone and | ——
then check your answers against the answer key provided. If CheC’k Yo
your answers are correct, you can move on to the next J_" WValuage the iy
section. If your answer is wrong, go through your working 2 tegrajs,
again and check back through the examples in the section.

urselfz

b 3

A small notebook in the left margin of a page reminds you of
material that is velated to the topic you are studying.
Notebook text helps you to remember the math you need to
understand the material. It might help you to see your
mistakes, too! Notebooks are the same color as the section
you arve studying.

Mg,
y A
= . VALUE % .

Special windows highlight important new information.
Windous may contain formulas, properties, or solution
procedures, etc. They are the same color as the color of
the section.

; . . MULAS
BASIC INTEGRATION FOR

Exercises at the end of each section cover the material
in the whole section. You should be able to solve all the
problems which do not have a star. One star (<) next
to a question means the question is a bit harder. Two
stars (¢3¢3) next to a question mean the question is for
students who are looking for a challenge! The answers
to the exercises are at the back of the book.

The Chapter Summary at the end of each chapter

summarizes all the important material that has been

covered in the chapter. The Concept Check section

contains oral questions. In order to answer them you don't

need paper or pen. If you answer Concept Check questions

correctly, it means you know that topic! The answers to

these questions are in the material you studied. Go back

over the material if you arve not sure about an answer to a

Concept Check question. Finally, the Chapter Review tests ...
include questions in increasing order of difficulty and 'CHAPTER REVIEW TEST 1A :
contain multiple choice questions. The answer key for 1.0 ft=][(~x+3)dx then whatis (2)?
these tests is at the back of the book.
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INTRODUC T1O08

From vour previous studies you know how to find the derivative of a functon. By using the derivative
we can find the slope of a tangent line to a function at a point, as well as the intervals of monotony and
local maximum and minimum points of functions.

In this book we have one question to answer: we can find
the derivative of a function, but if we are given the derivative
of a function then can we find the original function? Trying to
answer this questdon leads us to the concept of inte gration.

We can define integration in two ways:

1. as the process of finding the primitive function of a given
derivative, or

2. as the process of finding the infinite sum of small parts.

This gives us two types of integral. The first type of integral is
called the mdefinite integral (or antiderivative), and the second
type is called the definite integral.

The History of Integrals

We can sav that integration began with the problem of finding the area between a quadratic or cubic
function and one or more axes. Another related problem was finding the volume of revolution that we
generate by revolving a figure around any axis. Mathematicians began studving these problems in ancient
mes.

Hippocrates (440 B.C.) mied to find the area under a curve by dividing the curve into some small
rectangles. This gave an approximate value of the area under a curve.

After Hippocrates, Archimedes (287-212 B.C.) used a polygon with 96 sides to find the area under a
curve and also the area of a circle, and calculated the number 7 approximately. Archimedes tried to divide
the area under a curve into hundreds of infinitesimal rectangles to obtain his results.

Muslim mathematicians also tried to find the area under a
curve. Thabit 1bn Qurrah (826-901) found the area of a
circle using complicated methods. In the eleventh century, ”jfi‘”“y @) )
Ibn al-Haytham evaluated the volume of revolution around

any axis.

In the fourteenth century, Heytesbury found the formula Vi

displocement

for calculating the distance of an object moving at a uniform

L

Lime (L)

velocity. The area under a velocity-time graph gives the
distance, and the area under an acceleration-time graph gives
the velocity of the object. By using this information, Nicole
Oresme invented kinematics.



In the fifteenth and sixteenth centuries, European sailors were exploring the world and needed to find
the distance between any two points on the Earth's surface. For this reason, Edward Wright evaluated the
approximate value of the integral of the secant function. In the seventeenth century, Kepler evaluated the

volume of many tvpes of solids of revolution.

Fermat (1601-1665) evaluated the area under the curve of y = ax~ by
using an infinitesimal number of inscribed and circumscribed rectangles. At
the same time, Vincent evaluated the integral of y:% and his student
Sasara found the other logarithmic functions, then Nejle; calculated the arc
length of a curve.

In 1670 Bartow collected all known information about integrals in a
book. One of his followers, Newton (1642-1727), studied these topics and
wrote a book called On the Quadrature of Curves about integrals. In his
work he developed the Fundamental Theorem of Calculus. By using this
theorem he found many of the formulas of integration, including the

substitution method and integration by parts.

Gottfried Wilhelm Leibniz (1646-1716) thought about the area under a
curve and divided it into infinitely infinitesimal rectangles, whose infinite
sum gives us the total area. In his calculatons he used the symbol Ig dx. In
this notation, I is the first letter of Greek word summa (meaning ‘sum’), y
is the ordinate of a given point, and dx is the differental (i.e. dx is the width
of the rectangle and y is the height. If we muluply them we find the area of
a small part. If we add all these infinitely many parts we obtain the total
area.)

Newton's Fundamental Theorem of Calculus tells us that the
integral is the inverse of the derivative: it is the antiderivative. However,
Leibniz's discoveries and integral notation were also important for our

understanding of the integral as the area under a curve. For this reason, we

can say that Newton and Leibniz are both fathers of the integral.

Other important mathematicians in the development of integral calculus are Bernoulli (who studied
the integration of partial fractions), Cauchy (for his work on integrals as the limit of infinite sums, and the
Mean Value Theorem), and Riemann (who developed general formulas for the integral of any
function).

Mathematicians, physicists, architects and engineers today use many advanced properties of integrals

and special integration methods. In this book, we will begin our study of the subject by looking at the basic
rules and definitions developed by Newton, Leibniz and their successors.
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ANTIDERIVATIVE AND INDEFINITE INTEGRAL

A. DEFINITION OF THE INDEFINITE INTEGRAL

g+ ]

The set of all antiderivatives of a function is called the mdefinite integral of the given
function.

Let F(x) be a differentiable function such that F’(x) = f(x). Then F(x) is called the primitive
or antiderivative of the function f(x), and the expression F(x) + c is called the indefinite
integral of f(x).

We write the indefinite integral as follows: _[f(x.) dx=F(x)+c

The different parts of the expression are as follows:

THE INDEFINITE INTEGRAL

< : differential conslant of integration
integral sign

\If(x) dx=F(x)+c
/

integrand primitive of f(x)

The differential dx in the expression shows that we mean the indefinite integral with respect

to the variable x. We can also find the indefinite integral with respect to other variables, for

example:

J'f(r) dt=F(@) +c.
We read the expression _[f(x) dx as ‘the integral of f(x) with respect to
x'. The process of finding the integral of a function is called integration.
To find the mtegral of f(x) we ask the question: ‘the derivative of which
function is f(x)?'.
In other words, integration is the reverse operation of differentiation.

This 1s why the integral is sometimes called the antiderivative of a

function, plus a constant term. Let us look at some examples.

Integrals
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O 2

|_exavpie J-

Solution

EXAMPLE

Solution

Indefinite Integrals

_[2x dx=x"+c

(The derivative of x” is 2x, so IQx d(x)=x"+c.)

_[4x3 dx =x*+c
(The derivative of x* is 4x?, so _[4x3 dx=x*+c.)
Ismx dx=-cosx+c

(The derivative of —cosx is sinx, so _[sjnx dx= —cosx+c)

In examples 1 to 3 we add a constant c to each primitve. Why do we use it? To understand
the reason, let us look at the derivatives of three different functions:

y=x° Yy = 2x;
y = x*+ 3, y' = 2x;
y =x° -8 y' = 2x.

We can see that the derivatives of the three functions are the same but the primitive
functions are different. In other words, the integral of 2x could be x* or x* + 3, or x* — 6, or
any other expression of the form x* + ¢, where ¢ is a constant number (i.e. not a variable).
Similarly, the integral of 3x* could be x* + 7, or x° — 12, or any expression of the form x° + c.
In fact, when we find the indefinite integral of any function we need to add a constant term, c.
This constant is called the constant of jntegration.

Note

We must always use the constant of integration when finding an indefinite integral.

Iff'(x) = 2x and f(3) = 7 then find f(x).

Jx) = _[f'(x) dx:_[Qx dx=x"+c¢
=3 re=19

c=-2
So f(x) = x* - 2.

_constant of integration
_[ when finding an indefinite integral
dx =7

We know thatdx = 1 -dxandy = x, v’ = 1.
So Idxz_[l-dx:x+c.




Solution This is the same as Example 5 except we need to integrate with respect to . So _[dy =y+ec.

1 7 _[d(tanx):?

Solution Using tan x as variable, _[d(tan x)= J'l -d(tanx)=tanx+c

B. PROPERTIES OF THE INDEFINITE INTEGRAL

Proof

(%]

19

a.

The differental of the indefinite integral is equal to the expression after the integral sign:
(I_[f(x) dx = f(x) dx.
The derivative of the indefinite integral is equal to the integrand:

d d
——[f ) ax=[ ——fx) dx=F (x).
dx dx
The integral and derivative are inverse operations so they simplify each other.

The indefinite integral of the differential of a function is the same function with a constant

term added: _[(IF(x) — F@yEe

Constant multipliers can be taken outside of the integral sign:
Ia fx)dx=a -If(x) dx.

The integral of the sum or difference of two functions is equal to the sum or difference of
the integrals of the given functions:

I[f(x) tgx)] dx= If (x) dx J.g(x) dx.

To prove each property we will use the definition of integration:

if F/(x) = f(x) then j f(x) dx = F(x) +c.

1

)

Differentiating both sides of the equation _[f(x) dx = F(x)+c gives:
(I_[f(x) dx =d(F(x)+c)=F'(x)dx+0dx = f(x)dx.

Sod[f(x)dx = f(x) dx.

. Again, using the definition we get

I ’
rl{_xjf(x)dx =([f@ dx) = F@) + 0 = F(x) + ¢ =f@x) + 0 = fx).

T he proofs of properties > and 4 are left as an exercise for vou.

. Let us take the derivative of both sides of the statement to be proved:

(J[F () £ gx)] dxy = ([ £ (x) dx + [g(x) dxy’
J) 9@ = ([ () dxy £([g(x) ax)’ = fx) +g(x).

Integrals




| 8 7 =[ax®-2x" +1) is given. Find £(2) if f(1) = 0.

Solution Let us use the third property of integration:
f@=[a@*-2x"+1) = 2"~ 2"+ 1 + ¢
fHy="-2-"+1+c=0=c=0andf(x) =x’-2x" + 1
f)=2-2.2°+1=8-8+1=1.

. 9 ng - f(x) dx = 3x* +4x° —x° is given. Find f(x). (x = 0)

Solution We can use the second property of integration. Take the derivative of both sides:
ij . F Tt SRt Ay
dx dx
x” - f(x) =12x° +12x° — 2x

Fx) =12x+12- 2,
X

Evaluate the integral _[(sjn x-3x"+e*) dx.

Solution By the fifth property of integration, I(sjnx— 3x° +e") dx = Isinx dx — J.ng dx+ _[e" dx.
But we know that (cosx)’ = —sinx, (x°) = 3x” and (¢")’ = ¢,

S0 _[sjnx d;x?—_l.Bmv‘1 dx+_[e" dx = —cosx —x* +e* + c

SO B Y e = 120° + 6x° - 4x - 5 and £(2) = 5 are given. Find the value of £(1).

Solution We can use the second, fourth and fifth properties of integration. Integrating both sides gives:
[£/(x) ax = [(12x° + 6x° — 4x-5) ax
Fx)= Ile3 da;:Jr'[(im:'1 dx— I4x i I5 dx
=3. _[4x3 dx+2- _[3;{?'l dx —2_[2x dx —5_[dx

= 350 FiGF 2 2 e B

=3x* +2x7—2x*~bx +(¢ + ¢ T e, 1+ 6):

Indefinite Integrals




However, the expression ¢, + ¢, + ¢, + ¢, 1s equal to any constant real number, so we can
replace it with the single constant c:

fx) = 3x* +2x - 2x* - 5x + c.

Now f(2) = 5 (given), s0 5 = 3-2*+2.2-2.2°-5.2+¢c—48 +16—-8-10+c — 46 + c.
So ¢ = -41 and f(x) = 3x* + 2x° — 2x" — 5x — 41, which means

f1) = 3:1° +2:°.2-17 . 51— 41 = 43,

Check Yourself 1

1. Evaluate each integral by using the definition of integration.
g, I6x5 dx b. I3sin.x dx . I4e£‘ dx
2. Use the properties of the indefinite integral to calculate each integral.

a. J.(x3+4x1—3x—1) dx b. I [%+4cosx—e"]dx
X

3. [x% f(x) dx=x* - 4x® + 2" +1 1s given. Find f(x).

Answers

1. a.x®*+¢ b.-3cosx +¢ . 2" +c¢
| 3 0

P x_+4i_3i_x+c b. - 1ﬂ+4smx—e"+c 3. f(x):5x—g+iq
4 3 2 2x° X X

C. BASIC INTEGRATION FORMULAS

We have seen that integration is the opposite of differentiation. Therefore we can take the
formulas we found for the derivative and ‘reverse’ them to obtain formulas for the integral of
a function. Let us look at each set of formulas in turn, along with some examples of their
application.

Note
The formulas in this section come from ‘reversing’ the formulas we found for the derivative.
We will not prove them here.

BASIC INTEGRATION FORMULAS - 1

mw+l

a. Ix”dx: T nz-1

n+1

b. J-a dx=ax+c fora R

o) Integrals




Iz _[x3 dx =?

3+1 4

Solution Using formula la: _|'x3 ax=2_+c="+c
3+1 4
1
—dx=2?
13 2
44 7

Solution .[i‘* (Ix:_l.x"' ax="2 +c:x—+c:—%+c

X -4+1 -3 3x

CEN 14 [3x ax=

i ) Xt X8
Solution _[3x“ dx = SIx° dx=3- ?+c =} ?+c

CIUN 15 et +ax*-2x +x-5) dx=?

] 4 3 2

Solution [Gx*+4x*-2x*+x-5)dx=32+42 2% 4% 554 ¢
3 4 3 2
I . 2R A
=2 - b+t
] 3 2
Check Yourself 2
Evaluate the integrals.
x® -3 o 3 4
a. J'? dx b. Ix— dx e, I(x -x"+x")dx
d. _[(x—l)\/;dx e. _[(;:c+1)'l dx f .[(3.7(,'3 +4x° —x)dx
Answers
xli- 3 xﬂ 4 5
a. —+t¢ b. —+¢ A .
8 X 3
5f2 3/2 3 4 3 g
d. L +c e X px+axte £ .. +4x ¥
] %) 3 4 3 2

Indefinite Integrals 7




BASIC INTEGRATION FORMULAS - 2

a. _|-l dx=In|x|+c
> .

J'“(x)dx_ln[u(x)Hc

B 16 |5 -

& 1
Solution [~ dy=In|y|+c
Y

X 17 [ -

Solution

—dx :ln‘x"“+c:lnxﬂ+c since (x°)'= 2x

18 = w

dx = In|sinx| + ¢ since (sinx)’ = cosx

Solution _[co
51 X

19 | w=
=

Solution _[

43 dx =4-In|x -3| +¢ since (x-3) =1
x_

Check Yourself 3
Evaluate the integrals.

5 2 3 3
N I{l—iﬂ—%]dx b I5x +2xﬂ+3x ] dx - i
X X X X 1+ 5x
Answers
4
3
b. i +2x+31n|x|+i+c c. gln|5x+1|+c
X

Integrals




BASIC INTEGRATION FORMULAS - 3

it _[e‘dx:e‘+ c

b. Ia‘- dx :a—+c
Ina

SN 20 J’3‘ dx =2

x

Solution _[3‘ dx = 3—+ G

G 21 457 ax=2

Solution _[4-5‘ dx:4-_[5" dx= %ﬂ:
1

TN Q9 [4e ax=2

Solution _[43" dx=4e" +c¢

EXAMPLE "X 1 [7 ax =2

Ay 4yx 4x-3
Solution _[7"“3 dx :I(';) s 73.('71])174 e 47l 7+
; i

XIS 94 |50 ax=2

Solution _[58“1 dx =5e- Ie‘ dx =35e -e* +c=5e"*" +c¢

Indefinite Integrals

c

H A AN/ N
» % " eh
Properties of Exponents:

a™.a® = am+!|




N 28 [ ax=2
3
Solution Iea"” (Ix:e-_[(eg)‘ dx=e- (e )3 te=S
In(e)
Note

EON 26

Solution

Cexanrie B

Solution

Ieuw o

J-a'“*" dx = ia

Ie"“ldx =2

B}? (J_) above, Ie":—l dx = 4le4;_1 .

[5+ax =2

By (2) above,

I53x+1 dx _ l53:+1 fom 53:+1

= +iG
3 1nd 3Ind

Check Yourself 4
Evaluate the integrals.

a.J'5.3‘ ax b. I(Q"—B’)dx

e. _[383‘ dx P _[26‘2"3’ dx

Answers

a B L b2 A e
In3 In2 In3

e e +c f.e™ +c

eﬂx-l—b

We can make the following generalizations of formulas 3a and 3b:

+c,

mx i

c. J‘65=+1 dx

g _[2“"’ dx

65x+1
' 5In6
24:—6

g
In2

(=7

(=7

x+3
. J'[3-5*+3 +4T]dx

{ j4“+" dx

3 i 5:4—3
Ind

2'_‘sx+'2w—l

e-1n2

4x+3
3In4

+c

i +¢

Integrals



BASIC INTEGRATION FORMULAS - 3

T J-sjnx dx=—cosx+c¢

1
b. J-sin(a.x+b) dx = ——cos(ax+b)+c¢
a
a Icosx dx=sinx+c
d. _[cos(a.x+b) dx:lsjn.(a.x+b)+c
a
e. J- 1,, dx = '[:secE xida= _|'(1tha.n2 x) dx=tanx+c
cos X
12 _[,,17 dx :Ise-cg(ux+b) dx :I(1+t:ms(ax+ b)) dx= ltan(ax+ b+c
cos (ax+b) a
g J- : lﬂ dx= J-csc'l xdx :I(1+ cot” x)dx = —cot x+ ¢
sin® x
h. J-..;dx = Icscﬂ(ax+b) dx= J-(l+ cot“(ax+ b)) dx = —lcot(ax.+ by+¢
fr A /A HK 5j_‘|'1‘(a[x-|—b) a
B b v e
Inverse Trigonometric 1
[dentities: L J- dx = arcsinx+ ¢, = —arccos x+ ¢,

g o
. 1-x-
arcsinx +arccos x =

arctanx +arccotx =

| g L) E

: 1
J: J- —dx = arctanx + ¢, = —arccot x+ ¢,
1+ x -

29 Isme dx="7?

s 1
Solution _[sjn 3xdx = —50053x+ c

Indefinite Integrals
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30 Icos(7x+3) dx=2?

Solution [cos(7x+3) dx= ;sm(7x+ 3)+c

3] Jomor-par=r

Solution J’5 sin (2x—1) dx=35- J'sm (2x-1) dx=5 - %-(—cos(z x-1)) +c=— gcos 2x-D+c

32 (! -

1
cos” 3x

Solution I dx = %-tan3x+c

33 fesciox-9) dv?

Solution Icsc2(5x —3) dx= —%-cot(5x 3)tec

34 Jeor v ax=r

4 9 1+cos2x 0N A n A K
Solution J-cos‘xdx:Ide | " T Y N
Reducing degree of
1 cos2x cosine and sine:
_.[de-l—.[ 9 dx cOsﬂx=1+c:c|\:32x
o 1-cos2x
— i+ ¢+ l.lsjn2x+ Cs sin"a=
2 2 -
X sin2x
=k +c
2 4
12 Integrals




3 5 J'cotg xdx=7?

Solution _[cot'l xdx = J.(cot'lx+] -1) dx
= J'(cot'1 x+1) dx - I(Ix

=-cotx+c, —x+tc,

=-Ccotx—-x-c¢

ETUE 36 [eos"se ax- [omex ax=?

Solution _|.005'1 3x dx —J.s:ing 3x dx = _l.(co's'1 3x —sin”3x) dx
= Icosﬁx dx

smb6x+c

6

A A N AN
1" M
Double Angle Formulas:
cos2x = cos”x —sin’x
sin2x = 2sinxcosx

Indefindte Integrals




37 [3an*@x+1) ax=?

Solution [3tan(2x+1) dx=3[tan*@x+1) dx

= 3](1+ tan®(2x+1) —1) dx

= 3(%tan(2x+1)— x)+c

%tm(2x+ 1)-3x+c¢

Check Yourself 5

Evaluate the integrals.

a. _[(sinx —cosx)” dx

]dx

d _[ 1 ” 1
cos®x sin®x

g _[tamﬂ 2x

d.tanx —cotx + ¢

- tan2x
-x+c¢

]. darctanx + ¢

—

[1+]

=

[=2

: I(QSinx—Scosx)
._[51'114x dx

. Icot2(3x+ 1) dx

. —2cosx — 3sinx + ¢

: —lcos4x+c
4

N cot(3x+1) B
3

x+c

3
=L

f _[cos(Bx—l) dx

L Isin"' x dx

3 .
oA Earcsmx +c

) & %sin(Bx -D+c

X sinxcosx

L ——-—— " +4¢

2 2

Integrals



Sir Jsaac Newton (1642-1727)
Sir Isaac Neu'ton is one of the greatest mathematicians in the Ristory of mathematics.

Isaac was born in England in 1642. His father was a
farmer but he died before Isaac was born. Isaacs
mother remarrvied when Isaac was tuwo years old and left
Isaac in the care of his grandmother. Isaac went to
Trinity College, Cambridge in 1661.

At Cambridge, Isaac want to be a lauwyer, but first stud-
ied philosophy. Houwever, uwhen he learned about the
work of Descartes in algebra and analytic geometry he

decided to study mathematics and mechanics. He
studied mathematics and physics until the University closed in 1665 becawse of the

plague. Then he went home to Lincolnshire for tuwo years.

While Isaac was at home he studied mathematics, optics, physics and astronomy. In
this period of two years he established the beginnings of differential and integral
calculus, independently of from the discoveries of another mathematician, Leibniz. He
also made discoveries concerning the area of the region under a curve, the tangent of a
curve at a point, and the maxima, minima and arc lengths of curves.

In 1669, at the age of twenty-seven, Isaac returned to Cambridge University and
became a professor of mathematics. Then he studied optics. In 1672 he was elected to
the Royal Society.

Neuwton's greatest works were about physics, mechanics and optics. He also discovered

the rules of gravity, and made important discoveries in calculus.

Newton wrote his most famous book, the Principia Mathematica, in 1687 In the
Principia, Neu'ton described his work in physics and its applications in astronomy and
mathematics. Some people today consider the Principia to be one of the greatest science
books ever written.

In 1693, Neuton suffered a nervous breakdoun so he stopped his research and took up a
government position in London. In 1703 he was elected President of the Royal Society.
In 1708, Queen Anne hnighted Neuwton, and he became Sir Isaac Newton. He was the

Jirst scientist to be so honored.

Isaac Neuwton died on 31 March 1727 in London.



A. Definition of the Indefinite Integral
1. Evaluate the integrals.
a. Idu'
b. J'dz

o _[dcosx

d. jd(f +3x%-1)

B. Properties of the Indefinite Integral

2. Given f(x) = [d(x" -1) and f(1) = 2, find f(5).

3. [x-f(x)dx =x* +5x+1 is given. Find f(x).

4. [« f(x)dx =x* —4x” —x +1 is given. Find £(2).

5. f’(x) = 5x" —4x + 1 and f(1) = 3 are given. Find
F3).

&. Evaluate the integrals.

]

: J.(cosx+ 4x* —2e™) dx

=2

- [@x-3x" +5) dx

adx
It

=

: I?x“ dx

®

_[cosélx dx

=h

I?sinx dx

g .[583‘ dx

=

! I(2cos3x+4sinx—4e5‘) dx

Basic Integration Formulas

. Evaluate the integrals, using the basic formulas

for integration.
a. Ix5 dx

b. _[4 dx

0

'[x‘a dx

1]
—_—
w
]
-
=
]

)
—_—
]
-+

o]
I
4l
=
]

u=

_[Ses‘ dx

=

: j(3x9+4x—1) dx

. Evaluate the integrals, using the basic formulas

for integration.
Vi

a. '[x—3 dx
3x*

b. Ix—3 dx

o _[(i+ l+1+x) dx
x* x

Integrals



d. _[(sjnx+cosx) dx 10, Evaluate the integrals, using the basic formulas
for integration.
e. _[r',: dx
% a. _[sjn 4x dx
f _[ 2 dx .
x+1 b. _[cos ox dx
g le dx c -[cojgx dx
3 2 5
4x° +3x° —4dx+1 d. I ——dx
h. I . dx sin” 2x
e

e. _[4590'1 4x dx

9, Evaluate the integrals, using the basic formulas

for integration. £ J.tang x dx
a. J.e'l" dx
g J.(c:otg x+2) dx
b. J.eax dx
h. _[ 8 = dx
c. .[Se"" dx v1-x
b 4
d. _|.5e7“'l dx ]. -[x'1 +1 ax
o j. 45
e. I?e dx ] -I-ig+l dx
I J.Zr"’)'l dx k. .[5005(81"—4) dx
g J'B" dx 1
i - dx
'[Jl—T dx
h. .[69*‘1 dx -
m. I ﬂb dx
1. _[43"* dx e
n. J'sinE x dx
j. J.33” dx

k. .[101'+l dx 0. _[cotﬂ x dx

1, _[4-32’“1 dx p. J.(tan'lx—l) dx

Indefinite Integrals 17




INTEGRATION METHODS

We have seen how to use basic integral formulas and properties to find the integral of
different functions. However, for some questions, using just these rules will not be enough to
find the integral.

In this section, we will look at other methods we can use to integrate a functdon. These are:
integration by substitution,
integration by parts,

and special methods for the integration of ratdonal, radical and trigonomeiric functions.

A. INTEGRATION BY SUBSTITUTION

Proof

For some integral problems, using x as variable does not give an expression that we can
integrate easily. In this situation we can choose to change the variable. This method is called
the substitution method of integration. The following theorem states the formula we use in
the substitution method.

Let F(u) and u(x) be two functions which are differentiable with respect to u and x
respectively. Then

If(u(x)_) -u'(x) dx = F(u(x))+c.
We know from the Chain Rule that when F'(x) = f(x) then M: F'(u(x)) -u'(x).
dx
Integrating both sides of this equation with respect to x gives us:

JELED g = [ seuay)-u' ax.
dx

This implies F(u(x)) + ¢ = If(u(x)) -u’(x) dx, which completes the proof.

In practical terms, we can summarize the substitution method of integration as follows:

SUBSTITUTION METHOD

1. Decide which term to substtute (i.e. select # = g(x)).

2. Differentiate both sides of # = g(x) to get g—u: g'(x).
x
3. Rewrite the result as du = g'(x) dx.
4. Make these substitutions in the original integral to get a simpler expression.

0. Integrate the simpler expression, then substitute back the original terms using # = g(x).

Integrals




MPLE 38 J’(x—l)ﬂ dx=7?

Solution 1 By using basic integration formula 1a we can get the answer:

x3

'[(x—l)'1 (Ix:'[(x"' —2x+1) dx= ?—ngrercl.

Solution 2 We can use the substitution method:
3
. . U
Letu = x -1, thendu = dx. Then I(x—l)‘ dx :Iu‘ du = ?'I'Cﬂ.
Now substitute back u = x — 1:

(x-1° x?—3x" +3x -1 x
+iug, = £ =
3 : 3 3

1 .
We now have §+ ¢, instead of ¢, but we can say the answers are the same. Can you see why?

Note
Any substitution will not work correctly in this method. An ideal substitution is the one that
1. removes all old variables,

2. makes the integral expression simpler.

39 [a-x° ax=>

Solution Letu = 1 —x, then du = —dx. Substitute this in the question:

10 l_x)lD
Ty dii= [ Cdiy=—[d* =2 ge=-0"0 4
I( x)” dx _[u (—du) Iu u Ta c T G

EXAMPLE 40 _[ng cosx’dx = ?

Solution Letu = x° then du = 3x” dx. Substituting these gives:

J.Bmc'l cos x* dx = Icosu du=sinu+c=sinx*+c

Indefinite Integrals 19




I 41 [+ xav=?

Solution Letu = x* + 5, then du = 2x dx, i.e.

Substituting these gives:

I(x +5)’ xdx——J.u"d — u8_+C:

492 J.(Qx'l +1)(2x* +3x)" dx=2?

Solution Letu = 2x* + 3x, then du = (6x° + 3 ) dx, l.e. du _

5 du 1
2x* +1)(2x° + 3x)" dx= 0" —— u du=
[¢ )( ) | = 3j = 8

X 43 [

5 1
Solution Letu = Inwx, then du = —-dx. So
X

In® x
2

—dx— udu:£+c:
2

44 |1 rea=:

Solution Letu = f(x), then du = f"(x) dx. So

6

[rP@ 5@ de=[u® du :%H:

20

+c.

d—u:xdx.
2

IC))
6

+C.

(2x* + 1) dx. So

Integrals



I 45 [ o

du

Solution Letu = 1-3x, then du = -3 dx, Le. dx ==t

So [ V3% ax = [ (- 2

1, 1 1 u%
:——Iu/é du=-—-—+c
3 3 3
2
2
=-2.a-3x)%+c
9
46 [onvcosvax=
Solution Letu = sinx, then du = cosx dx. So
s g . ut sin® x
Ism X-cosx dx :Iu du=—+c= = 1)
4 4

47 Jeosxin=r

Solution Letu = sinx, then du = cosx dx. So
Ic053 x dx= '[cos” x-cosx dx

:_[(1—51'11‘1 x)cosx dx

:j(l—uﬂ) du
3
—u—-—+c
) sin® x
= Ss1mx— +c.
3

Indefinite Integrals

)

N n N A
» b ® @b
Fundamental
Trigonome tric Identity:

sin*x + cos®x = 1

2]



48 |-
,l_e'_‘x

Solution Letu = ¢ anddu = € dx. So

e . du
lel—eﬂx dx—_[ 1-u®

=arcsinu+c; =arcsine” + ¢

or

= —arccosu+ ¢, = —arccose” + c,.

49 [ o ren ax=2

Solution Letu = 3x® + 4x° — 1, then du = (9x~ + 8x) dx.

[3°7+45 (9" +8) dx = [3" du

EXAMPLE 5 o Iﬁdx =7

Solution Letu = 3x, thendu = 3 dx,ie. dx= {%‘ Substituting gives:

dx =

[—%
i 3

1 i 1 i
= —aresinu + ¢, = —arcsin3x+c,
3 3

i 1
N

or
1 1
= —Earccosu+ Gy = —galccos:3x+ C,.

22
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1

—dx =7
1+ 4x

exameLe BN |
’ ; du
Solution Letwu = 2x, thendu = 2 dx, i.e. dx = o So

1 B 1 du
b %=lgas

1
arctanu+ ¢, = Earctm2x+ (vt

NI| =

1 1
= —Ealccot ut+c, = —Ealccot2x+ C,:

X 52 IM‘“ _
X

Solution Letu = Inux, then du = l dx. So
x

Iw dx = _[sinu du
X
=-cosu+tc
= —cos(lnx) +c

ExAmMPLE L1 [a+2)@-n* ax=2

Solution In this problem, we cannot immediately get the answer using one substitution. Let us find a

substitution for each term instead.
Letu = x -1 so du = dx.

Now we can write x = u+1, sox+2 = u + 3. Now we can substitute:
[a+2)x-1* dx = [@+3) u* du
= I(u‘:' +3u*) du
6 5

= 1‘[—+ 3-“—+c
6 5

_ 6 _ ]
_ (x-1) i 3(x-1) o
6 ]

Indefinite Integrals 23
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Solution

g 54 Iﬁ‘“ =2

Letu = 5x+2, then du = 5 dx, 1.e.dx = %

o _[ L dx
(5x+2)°

-+
40(5x +2)°*

Check Yourself 6

Evaluate the integrals.

a. _[sjn(l—x) dx
e. Ie“‘“ sinx dx
1

' e

Answers

acos(x-1) +c

e.—ecosx + ¢

2

b. _[(1— X3 x? dx

J- sinx

f. —arctan(cosx) + ¢

~ 3arcsin2x
) ————+c¢

_I_
¢ 2

=

L

[x sin(6x® -1) ax

J'sm(7x +1) dx

J.]-Iirx‘ L

_cos(ox” - 1) o
10

= %cos(?x +D+c

arctan x”
2

5
- J.1+9;:cf

dx

h. _[5"1“"'2 (x+2) dx

L _[sinx cos® x dx

, Darctan
3
x 44z -0
h. g
2Ind
L _cos"x
4

+c

+c

3x
+c

Integrals



B. INTEGRATION BY PARTS

Theorem

Proof

exampie I 1

Solution

Indefinite Integrals

Integration by parts is the second main method of integration. Many of the other methods of

integration use integration by parts, so it is an important method to master.

Integration by parts 1s a method for evaluating integrals of the form If(x) -g(x) dx which are

diffic ult to evaluate using other techniques. The method uses the following theorem:

Let u = f(x) and v = g(x) be two differentiable functions with respect to x, then

_[u-t" dx=u-v —Itﬂ-u’dx.

We know from differentiatdon that d(u-v) = v-du + u-dv.
If we take the integral of both sides we get _[(I(u -U) = II-‘ du +_[u dv, which gives

u-v= J.v du+_[u dv.

Rearranging gives _[u dv=u-v _Iv du, which is the required result.

SUBSTITUTION METHOD

1. Express the integrand as a product of two expressions such that
a. one of them is easy to differentiate (u)
1. the other is easy to integrate (dv).

2. Use the below scheme to rewrite the integral.

Judv=uv-/vdu

u\éu

dv '!r

Note

In this part we use #’ and v" instead of du and dv to make expressions shorter.

_[x-e‘ dx =7?

Letu = xand v’ = ¢, thenu’ = 1 and v = €°.
So _[x-e" dx =x-e" —_[e" dx=x-e"—-e" +c.
Here note that although v" = e* we did not write v = €* + ¢, but just v = ¢*. This is because

of the fact that after evaluating the final integral there will be a constant which is the sum of
all constants.

25




Note
In this method there is no rule for the selection of # and v’ but generally we choose u to be

the functon whose degree reduces when we take its derivative. Typically, we often choose
logarithmic and inverse trigonometric functions for u, and functions such as €%, sin x, cos x

etc. for ¢/, although these are only guidelines.

EXAMPLE 5 6 _[x"‘ Inxdx=?

4 o , 1 X
Solution Letu =Inxand v" = x°, then #'== and v= Y
X

3
g |

5 3 3 1 3 3 1
So Ix‘ -Inx dx :lnx-x——_[x—-—dx =Inx - ——— Jc—+c :x—(lnx -+t
3 VS 3 3 3 3 3
Inx
T dx =2
exavpLe [y BB
- f 1 ’ 1
Solution Letu =Inxandv' = —|, thena’ = —andv = ——_
X X 3x°
Inx 1 1 1
S dx = - Inx - |- -— dx
2 -[ % 3x® -[ 3x° «x
—lnf+ljx“ dx
3x° 3
Inx 1 1
-+ (- tc
3x® 3( 3x3)
Inx 1
3x®  9x®

EXAMPLE 5 8 _[x ccosxdx =7

Solution Letu = x and v’ = cosx, then #'=1 and v = sinx.

So _[x-cosx dx = x-sinx —_[sjnx dx= x -sinx+cosx+c

26 Integrals




Solution

Solution

Solution

Indefinite Integrals

EXAMPLE 5 9 _[zuctzmx dx="17

Let u = arctanx and v = 1, then &’ = and v = x.

n

1+x

So Iarctanx dx = x-arctan x — I T dx. We can now use integration by substitution:
+x°

Letw = 1+ x* then du — 2x dx and x-dx — d?u This gives

1
_[alctan'x dx= x-arctan x —_[— du
2w
1
=Xx-arctanx —Elnl w|+c

— x-arctanx —%ln(1+ xH+c

EXAMPLE 60 _[x -sindx dx =?

1
Letu = x and ¢v* = sin4x, thenu’ = 1and v = —Ecosflx.

dx

x-cosdx I cosdx

Ix-sméx dx = -
4 4

e, JECOSAR + l.[coszlx dx
4 4
x-cosdx sindx
=- + +c

B 4 16

2 3
Letu —xand v =+x-2, thenu’ = land v= E(X—Q)/{. This gives

J.xux—z dx = %(x—Q)%x—J.g(x—z)% dx

8 _9y4
= %(x—Q)/éx—%%+c
-3
= %(x—Q)%x—74(x_2)/€+c.
3 15
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Note

When we integrate a function, we may get two different answers if we use two different
methods. However, if our working is correct for each method then we say that both of the
solutions are correct. This is because the integral is the antiderivative, and there may be two
or more functions with the same derivative.

62 _[e'l" .sine® dx =?

Solution Letu = ¢ and v’ = € sin €', then #’ = €. To find v we need to integrate e* sin €":
Lett = ¢, then dt = ¢ dx and so v= Ie" sine® dx = Isjnr dt = —-cost = —cose™.
Ieg" -sine” dx= —e" cose” — I—e" cose” dx= —e*cose™ + Ie’cose" dx (1)
We now need to integrate e" cose”. Let us use k = €' and dk = €" dx.

By substitution, .[e" cose’ dx = Icos kdk=sink+c=sme” +c (2)

Combining (1) and (2) gives _[e'“ -sine* dx =—e* cose® +sine” +c.

LE 63 _[sm (Inx) dx=7?

cos(ln x) dx
x

Solution Letu = sin(lnx)and v’ = 1, then u'= and v = x.

_ cos(ln x)

This gives _[sjn(]n x) dx = x-sin(In x) — _[x dx =x -sin(In x) —_[ cos(Inx) dx. (1)

Now let us evaluate Icos(ln x) dx separately:

Choosing u, = cos (Inx) and dv’, = 1 gives du, = —w and v, = x, so

X

sin(In x)

_[cos(]n x) dx= x-cos(lnx) - _[x (- ) dx

= x-cos(lnx)+ Isjn (In x) dx. (2)
Substituting (2) in (1) gives

ISiIl(l]l x) dx=x-sin(Inx) — (x-cos(In x)+ I sin(In x) dx)
= x-sin(In x) — xcos(In x) — I sin(ln x) dx

2- _[sm (Inx) dx =x -sin(In x) — x -cos(ln x),

x(sin(In x) —cos(In x)) Pe

_[s:in (Inx) dx = 3

Integrals



Solution

Indefindte Integrals

64 _[e‘ sinx dx =?

Letu = ¢" and v’ = sinx, then ' = ¢* and v = —cosx. This gives
_[e“' sinx dx = —e" cosx +_[e’r cosx dx.
For the second part, we will use integration by parts once more.
Letu, — e¢*and v/ = cosx, then u” — ¢" and v, — sinx. So
Ie" cosx dx =e" sinx — J'e" sinx dx and

J.ex sinx dx = —e" cosx + _[e’ cosx dx

= —e"cosx+e sinx — Ie" sinx dx

2_[6’ sinx dx = —e*cosx+e"sinx

. L
e* sinx dx = —(sinx—cosx)+
2

Check Yourself 7

Evaluate the integrals.

a. _[lnx dx L. J'x'l-sjnx dx c. _[x-]nx dx d. J'x'l-e'l" dx
€. Iarcsinx dx £ _[log(x.+3) dx £. _[(2.\%])5]’113.1? dx h J.eg"-sin x dx
L Ie‘g”“ ccos(x—1) dx § I(x—l)-lnx dx k. J.x«lirl dx L ISx-sinx-cosx dx
Answers
L xlmx-x+c b. (2 -X°) cosx + 2x sinx + ¢
6. x'lnx._ﬂ & e"‘(2x‘—2x+1)+c
2 4 4
o x
e. xarcsimx++l—-x" +c L (x+ 3)log(x +3) - +c
In10
- 2sin3x (2x+1)cos3x 5, ,38INX coOSX
g - +c h &7 (= -——)+ec
9 3 10 10
opn,2c0s(x—1) sm(x-1 . 2 i
Lo e*( E lg (” ))‘rC 1 (x——x)lnx—ix(x Vv
5 5 9
o 2(x i -2 In xcos x
L 2(x+1) y(3x )+c L 35mxcosr+3\"sm 3_3_x+c
15 4 2 4

29



C. INTEGRATING PARTIAL FRACTIONS

o W o WY a )

o W a )
1" R
Given a polvnomial P(x)
to denote its degree we
use deg[P(x)].

G 65

Solution

Solution

Solution

30

We use different methods to evaluate integrals of the form I dx, where P(x) and Q(x)
are polynomials and Q(x) = 0. )

The method we choose depends on the partial fraction involved. Let us look at the main
possibilities.

1. J'% with deg[P(x)] = deg[Q(x)] - 1

For integrals of this type we use the substitution # = @Q(x) and try to find du in terms of P(x) dx.
After this, we try to find the answer.

3
'[5x+1 G

Letu = 5x+1, then du = 5 dx, 1e. dx:d?u.

() _[ 3 dx:_[i duzg-]}l|u|+ czg-hl|5x+1|+c.
ox+1 Su G} ]

Iﬂ(},’x =

x?-3x-1

Letu = x*—3x — 1, then du = (2x — 3) dx.

So I A3 Ix:'[ldu:m|u|+c:ln|x"'—3x—1|+c.
*-3x-1 u

x +2x+1

Ix‘-' FORFER :'[(x+1)'l *

Letu = x + 1, thendu = dx.

I 1 dx:-[iqdu:.[u-z dﬂ:—l+c:_ 1

o) +c
(x+1)° u- u x+1

Integrals
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A polynominl Q(x) is
reducible in Rif it is
possible to factorize it.

Indefinite Integrals

Check Yourself 8

Evaluate the integrals.

4 2x+3 3
a. dx b, |-/ = dx ¢; dx
-[73:—6 -[x‘+3x—1 -[(x+1)"
1x 2 _9yx
dj# e. Ifi%x dx
x +8x+16 x*—3x -1
Answers
a An|7x-6] , b.In|x*+3x-1|+c¢ c. —%+c
7 (x+1)
a1 L. i ln|x3—3xg—1|+c
x+4 3

>3 j% with deg[P(x)] < deg[Q(x)]
and Q(x) reducible in R

In this case, if Q(x) is linear (degree 1)
then we can evaluate }he integral easily
using the formula I“; dx=In|u|+c.

However, if deg|Q(x)] > 1 we begin by
trving to write given expression as the

sum or difference of two or more partial
fractions. The rules for doing this are

given below.

1 P(x) A & B
(ax+b)-(ex+d) ax+b cx+d

5 P® _ A B & D
; - + ~+ —+..+ -
(ax+b)" ax+b (ax+b)" (ax+b) (ax+Db)

3. P(x) A 5 Bx+C
(ax+b)-(cx* +dx+e) ax+b cx* +dx +e

Notice that the number of partial fractions in each expansion is the same as the number of

factors in the denominator of the original fraction.

31




ox+7 _
168 -[(x NGt

Solution We begin by writing the integrand as the sum of partial fractions:

5x+7 A B _3Ax+A+Bx-2B_(3A+B)x+(A-2B)
(x-2)Bx+1) x-2 3x+1 (x-2)Bx+1) (x-2)3x+1)

Solving for A and B gives

3A+B=5
A—-2B =17, s0
A= E and B = —ﬁ‘ and e = 17 - = . This is the sum.
7 4 (x—-2)Bx+1) 7-(x-2) 7-(3x+1)

Sx+7

Now integrate both sides: _[— X = _[de = Iidx
2)(Bx+1) 7(x-2) 7-(3x+1)

= E-111|x—2|—E In|3x+1]+c
7 21

Note

We can also find A and B using the following method:

ax+7 A Y B
(x—2)3x+1) x-2 3x+1

Bx+7 _ A+(x—2)-B
x+1 x+1

multiplv both sides by (x — 2)

9-2+7 0-B
—=A+
3-2+1 3x+1

replace x = 2 (tomake x -2 = 0)
) . 17
which gives A = -

. 16 : : .
We can use the same method to find B= —7, and then complete the integration as in

Example 68.

Integrals
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Solution

Solution

J- 11x+4
2x* + x— 3

First we factorize the denominator:

T+ x-3=(x-1)-Cx +3).
1x+4 _ A B 2Ax+3A+Bx-B _(2A4+B)x+(3A -B)

o = = + = — , which gives
2x +x-3 x-1 2x+3 (x-D(2x+3) 2% +tx~3
2A+ B =11
3A-B =4.
11x+4 3 5

The solution of this system gives A = 3 and B = 5, so we have

o2 +x-3 x-1 2x+3
Nowmtegratebothsides:j lx+4 dx:.[ 3 dx+_[ 5 dx
2x +x—3 x—-1 2x+3
&
:3-ln|x—l|+§ln|2x+3|+c.
70 (2 e
x
Factorize the denominator: x° -1 =(x-1)- &+ x + 1).
This gives
x+1 x+1 A |, Bx+C _Ax*+Ax+A +Bx® -Bx +Cx -C
-1 (@-D@*t+atl) %1 Xtaxtl i |
_(A+B}x*+(A-B+C)x+(A-C)
x*-1
A+B=0
A-B+C=1
A-C=1.
2 2 1
Solving this system gives us A = = B= -3 C= g so we have
x+1 2 1 2x+1
*-1 3x-1D 3 x*+x+1
Now integrate both mdesj Xl I : dx+_|'—l-.12x7+1dx
x*-1 3(x-1 3 x +x+1
2 2x+1
=—In|x-1|l+¢+|-————dx. (1
3' ll-[3x‘3"+l -

Indefindte Integrals
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We can evaluate the remaining integral using the substitutions
u=x"+x+1landdu= 2x + 1) dx:

1 2x+1 1 ¢du 1
.[__'"7:__ —=-ZImlu|+c
3 x +x+1 37 u 3

:—%-ln|xg+x+1|+ c. (2)

Combining (1) and (2) gives I xg+1 dx=1In| w% s
x -1 x~txt+l
= 7' IL_]G(IX{: ?
2x+3)”
Solution Sx-1 A 4 B _ 2Ax +3A+B

©x+3)° 2x+3 ©2x+3)°  (2x+3)°

2A =05
3A+B=-1
. . . ] 17
Solving this system gives A = o and B= - =3 S0

ox -1 5 17
_[7.1 dx = _[ dx —_[ — dx.
2x+3) 2:(2x+3) 2(2x+3)

Use the substitutions # = 2x + 3 and du = 2dx in the second part:

17

ox -1
[ ' _+e¢
4(2x +3)

o 2
iy T [2x+3|+c, - E_l.l—-u'gdu =2m|2x+3|+
@x+3)y 4 212 2

&

e B
LE 72 -l.—(ex 2@ _3) dx=7?

Solution In this problem, the denominator Q(x) is not immediately reducible in R. First we need to

change the given expression to a rational function, then by using partial fractions we will
be able to evaluate the integral.

Letu = ¢" so du = €" dx to give a rational function:

I; dx = J.; du.
(e" +2)(e" -3) (u+2)(u—3)

Now use partial fractions:

1 A B (A+ Bu-3A+2B W
= + = . This gives
(u+2)(u-3) u+2 u-3 (u+2)(u-3)
A+B=0
-3A + 2B = 1.

Integrals




Solving this system gives us A= —l and B = l 1e.

]

J' o :I~ = du+_|.;du:—iln|u+2|+}—h1|u—3|+c
(u+2)(u—-3) (u+2) o(u -3) G} G}
So we get the result;

Ie— dx:—ilnle"+2|+iln|e’—3|+c: ;ln| il
0 9 v}

3
: : |+ c
(e" +2)(e" —-3)

e"+2

- f% with deg[P(x)] < deg[Q(x)]

and Q(x) not reducible in R

1
The expression .[7.1 e e
ax” +bx +c

method to evaluate the integral:

dx is given. If A= b” — 4ac < 0 then we can use the following

1 dx 1 dx
[— dx = = =) :
ax- +bx +c (mx+n) +r- 1r° [mx+n ]‘ -

r

1 r mx+mn 1 mx+n
= — —-arctan( )+ ¢, = —arctan( )+ ¢
7= I r rm r
1 mx+n
or = -——arccot( Y+ c,.
rm T B
13 L
Evaluate .[7% dx.
x-+4x+95
: dx dx dx
Solution _[ - _:_[ - :_[ . =arctan(x+ 2)+c¢
x” +4x+5 x +4x+4+1 (x+2) +1
or = —arccot(x + 2) + ¢

4. f% with deg[P(x)] = deg[Q(x)]

In this situation, we first divide the numerator by the denominator, then calculate the
integrals separately.

Indefinite Integrals 35




74 J-4xk+i43,x;+3 dx =2

We have deg |P (x)| = deg |Q(x)|, so we divide the numerator by the denominator:

Solution
4x" +14x+3 4 2x+3
x®+3x x®+3x
Integrate both sides: Iw dx= _[4 dx+ _[ dx=4x+c,+ _[ 2atd dx
x~+3x x” +3x x® +3x

We can evaluate the remaining integral using the substtutions
u— x"+3xanddu = 2x + 3) dx:

2.+3 ()
I ﬂx Ig—hlluHc
x‘+3r

4x” +14x+3 .
So J-xnixdx =4x + ¢, +Inju| + ¢, =4x +In|x” + 3x| + c.
x~ +3x ?

7 5 J-.vc32+ 3]x P

x +

Solution We have deg |P(x)| > deg |Q(x)|, so we divide the numerator by the denominator:

x* +3x 2x
=X+

x*+1 x*+1

dx.

*+3x

X X 2x
Integrate both sides: dx =—+c, +
& I x* +1 g = Ix"' +

2x
dx = Ix (Ix+I =
x” +1
We can evaluate the remaining integral using the substitutions # = x° + 1 and du = 2x dx,

"3 +3« "2 n &
which give .[“\ . +1a dx = L+cl+ln |ul+c, = %+ln(x‘+l)+(:
e

3x—-1
76 J';+2 dx=7?

Solution 1  We have deg |P(x)| = deg |Q(x)|, so we divide the numerator by the denominator:

3x-1_, 7

x+2_ x+2

)dx—Bx TIn|x+2|+c

o[-

Integrals
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Solution 2 We can use normal substitution twice.
Letu = x + 2 and du = dx.
This givesx =u -2,ie.3x-1=3@m-2)-1=3u-"7. So

_[Bx_l dxz_[su_7 du = _[(3—3) du=3u-7In|u|+c=3x+2)-7TIn|x+2|+¢c
x+2 u u

=3x-7-In|x+2|+c

Check Yourself 9

Evaluate the integrals.
1 2x-1 -1
a, 17 dx b. Ixi dx & Ix— dx

(x—1(x+2) (x+1D(x+2) x+D(x-2)°
d. x +3 3x — ] » f 1 i
.[x _|_] '[X _] -[x"+2x+5
o ; 3
B J'xﬂil dx h. _[ i _[ dx
x-—-16 i +3x e’ -2
Answers
Y | A PR b.Sinjx+2]-3m|x+1]+c e 2m|*=2]-—1 4¢
3 x+2 9 x+1 3(x-2)
1 x+1
d. 2arctanx + x + ¢ elnjx-1] +2-In|x + 1| + ¢ £ Earctan(T)+c
B 1 4
g 15'1 |x 4|+x+c h. ZIn|x|-=In|x+3]|+c¢c i Eln|e"—2|—:‘}—x+c
8 x+4 3 3 2 2

D. INTEGRATING RADICAL FUNCTIONS

The integration of functions of the form .[,/f(x) dx, .[", {f(x) dx, .[«Ia.g +u’ requires the use

of special methods. Let us look at these methods.

1. Integrating Simple Radical Functions

There are many different types of radical function, and we can use different methods to
integrate them. In this section we will concentrate on radical functions that can be integrated
easily using the methods we have studied. We call these functions simple radical functons.

When integrating a simple radical function, we first try to eliminate the radical sign. For this

reason we use substitutions such as u°, u®, etc. depending on the degree of the root.

37
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Solution

ExAMPLE iy K-

Solution

B 79

Solution

Solution

38

J.\/3x+1 dx="?

To eliminate the root we can substitute #°=3x +1 (x > — %), so2u du = 3 dx and dx =

3
Then IJ§x+l dx = I\/u_'l 2“3(1“: Iu-Qu R %Iuﬂdu: %-%+c

3

_[\."3 5x—-2 dx=7?

To eliminate the third degree root we choose u® = 5x — 2, then

n

3u'du = 5dx, ie. dx = S%du_

4

3 4 —
So _['J3Bx—2dx:_[3 %duzj:}%duzg. +C:M+

u
4 20

dx="7?

-[ X
X +5
Letu” = x>+ 5 and 2u-du = 2x-dx, i.e. xdx = udu.

ThenI d _Iudu Idu—u+c—Jx +5+c

dx =7?

Letu®=x—-1, (x > 1) so 2u du = dx.

. ) dx - 2u o
Substituting gives _[ du , so we need to eliminate x.

9

|:|w

2Bx+DF

We can do this by writing x in terms of u, i.e. x — u” + 1 (from the substitution u°

J-4 (u® +1)

i

:8-(%+u)+c:8 -{(x_sl)g +(x —1)'—'_J+c

2-u(1u:_[8(u2+1) du

Now, '[«/_

2u du

=x-1).

Integrals



Solution

A A A AN

e ® WY
Trigonometric Ratios
in Right Triangle:

Indefinite Integrals

Check Yourself 10

Evaluate the integrals.

5 5x
a. [ «f1+4x dx b. [34x-3 dx C. | —— dx
/ f e
d_J- X e..[ 3x Wi f -[\Jx+1+1 -
x* -2 x—1 Jx+1

Answers

3/9 __ay6/5 =
5 (4x+1) fog b, 9(4x-3) . & 5,ﬁx +3+c

6 24 9

d 29’ -2 e Ax+2)Vr-1+c¢ £ 2fxtitatc

2. Integrals of the Form J‘\/a2 + u’ dx or J.\/u2 + a? dx

We can evaluate integrals of this kind by using trigonometric substitution.

We begin by drawing a right triangle and labeling the sides a, u, and Ja“' +u” or -Ju'l +a*,

then we integrate the resulting trigonometric expression.

le—xﬂ dx="?

Look at the figure.
Let sino = x, then

coso. do = dx,

O = arcsinx.

Then —x* dx= —sin” ocos o do.
[ [

:J.cos'l o do= I%dtx

= l_l.d(x+l_|.cos2ocda: E+ l-1-5:1112 ot c
2 2 222

o 1 ) aresmx 1 F;
=—+—-2-sinc-cosotc= —F+ —x-4fl -x" +c
2 4 2 2
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T 82 J’i*m_] dx="?
X

Solution Look at the figure. Let 2x = secc. then 2 dx = tano-sec o do. and o = arcsec 2x, so

I\/ﬁlx = .I-\lsec2 o-1 manaseca iu

sec ol 9
2
= Itano&-t:mo& do= J'tzmﬂ o dot

= [(an® a+1-1) da

= J.(tan'*' a+1) do- jdq

=tano-o+c= J4x"' —1-arcsec2x+ ¢

EXAMPLE - ¥ 1 J’ '_9+4x dx=2?

Solution Let %:t‘.ma, S0

3
= _tana,
2

dx = L Then
2cos” o,

_[ dx _ _[ 3da

x_"\,9+4x_ z.cosga.%-t{[ﬂﬂa-Jg-l—"—l-i—'tmga

3da

9 & P
5005‘0&-{311‘05-3- +ian - o

:I 2do. _ Icosoc o

. sina 1 sin® o
9cos” o -

cos’ o coso

Now use the substitutions ¥ = sinc and du = cosa. do:

cosa 2 rdu 2 2
—I do= [ =nZge=ue 4¢
sin’ o 9 u 9u 9sin o
2.9+ 4x JQ +4x
- +c=- s 3
9.2x 9x

40 Integrals




Check Yourself 11

Evaluate the integrals.

a. J'\.I'Q—x'*' dx b. _[71 dx c. Iﬁ dx

)

9—x"

Answers

a. galcsm(g) + FE K ,|92—x‘+ c b. zl.rcsjn(g) +c o M+ c

E. INTEGRATING TRIGONOMETRIC FUNCTIONS

Let us now turn our attention to methods for evaluating the integral of complex trigonometric

expressions. In this section, we will use the following basic idendties:
Isinx dx =—-cosx+c

Icosx dx =sinx+c

J.tanx dx = J-sjnx

1
dx=-In|cosx|+c=ln| —|+ ¢
cos X s

1. Integrals of the Form Isin'“x-cos“x dx (m, n€N)

Case 1: m and n are both odd numbers

2 k+1

Letm = 2k + 1 and n = 2t + 1, then we can write the integral as Ism x-cos™ x-cosx dx.
Using the substitutions # — sinx, du — cosx dx and cos® x — (1 — sin"x)’ we can evaluate

the integral.

D+l

Alternatively we can write Icos x-sin™ x-sinx dx and use the substitutions

. . 2 k
u = cosx, du = —sinx dx and sin"x =(1 —cos ™ x)".

Evaluate _[cosT x-sin’ x dx.

Solution IcosT x-sin®xdx— _[cosT x-sin® x -sin x dx— _[co-sT x-( —cosx) sin x dx

Use the substtutons ¥ = cosx and du = —sinx dx, then
10 i 10 .S
2 u u cos X cos” X
_[cos?x-smgxdx:—_[uT(l—u‘) du :_[('M9 ~u") du=———tc= = +c
10 8 10 8
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Case 2: one of m or n is odd

In this situation we reduce the odd power by one by writing, for example,

sin"x = sin®x - sinx, or cos’x = cos X - COS X.
Then we can use the substitution # = sinx or # = cosx to evaluate the integral as described
in Case 1.

Evaluate _[sjn6 x-cos® x dux.

Solution _[sinﬁx ccos’x dx = _[sjnﬁx .cos’x- cosx dx = _[sinﬁx (1 — sin"x) - cosx dx

Use the substitutions # = sinx and du = cosx dx:

T 9 e -9
Ismsx-cofx (Ix:ll.uﬁ (l-u?) du= I(uﬁ —ut)y du= “7—“ = TR X g &

Case 3: m and n are both even numbers
In this situation, we use the following identities to evaluate the integral.

. g 1-cos2x
simmx=——"—
2

: 1+ cos2x
coS” X = —5

86 Evaluate Isjn"' x-cos” x dx.

cos2x 1+cos2x
2 2

Solution Isin'l x-cos” x dx = I - dx = }TI(I -c0s°2x) dx

— ;—Ismgﬂx dx = %_[71_ c;s4x

dx = %I dx — %I cosdx dx

5 X sindx
-sindx+c=—-
8 32

0| —
| =

|
oo | =

Integrals




2. Integrals of the Form Isin mx-cos nx dx,

_[sin mx -sinnx dx or Icos mX -cos nx dx

To evaluate these types of integral we use the following inverse conversion identities:

sina-sinb = —%[cos(a+ b) —cos(a-b)]
sina-cosb= %[sin(aJr b)+sin(a -b) |

cosa-cosh= %[cos(a +b)+cos(a -b) |

EXAMPLE 87 _[sjnSx-costdx:?

Solution _[s:in 3x-cos9x dx = _[%[sm 12x+sin(-6x) | dx= %I(smlizx -sin6x) dx

c0512x+ cosb x
24 12

1 1 11
=-—.—cosl2x+ —-—.cosbx+c= -
2 12 2 6

EXAMPLE 88 Icosb‘x-coszx dx=7?

Solution Icosb‘x-cosizx dx= I%[cosSx+cos4x] dx = %J.(coss x+cos4x) dx

11 1 1 sin8x sindx
=— —sin8x+—- —-sindx+c= +c
2 8 2 4 16 8
Check Yourself 12
Evaluate the integrals.
a. J'sjnax-cosx dx b. Ism‘x-cosax dx c. '[sjn_‘x-cos‘ X dx
d. Icost-cosx dx €. _[cos4x-s:in5x dx f Ism_3x-sm5x dx
Answers
s TR e T g = 4 "
i. 3111‘x+c p, Sx _2sinx  sin"x ¢ 3x sindx  sin8x
4 G} 7 9 128 128 1024
sin3x sinx cos9x cos X sin2x sin8x
d. + +c Bi o = +e i - +c
6 2 18 9 4 16

Indefinite Integrals
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Solution

3. Substituting t = tan%

This approach is possible for integrands containing only the first power of sinx and/or cosx.

Look at the steps for deriving the identities provided by ¢t = ta.n(g) :
2

2

dt.

x -
fan—=t =x = 2 arctan t, i.e. dx =
2

From the figure, Sj.IlE: _E and cosfz 1

N1+1 2 Ji+®

Simplifving these expressions gives us

: X x t 1 2t
sinx =2 .sin—-cos —= 2. . = =3
2 2 4 1+ 130

1 1=t
1+ 1+ 1+t

i I
COSX = COS™ ——Sin~ —=
2 2

So we have the following result:

THE u=tan(x/2) SUBSTITUTION

dt

- CoSXx = —— dx= ——
1+t 1+t 1+t

smx =

Sinx
j dx=?

1+ cosx

Substitute the identities from ¢ =tan(-):
2

2t 2 dt 4t dt
I sinx dx:'[l_l_t— 1_|:‘t— :I(l'l'l')(l'l'l') :IZI df
1+ cosx 1-¢° 2 1+¢°
1+1° 1+

Now we can use the substitutions # = 1 + t*and du = 2t dt:

IQ: dt

_ :J'dizln|u|+ c=In(d+ )+ c=Imd+tan>H+ ¢
1+t u 2

Integrals




90 _[ dx =7

Solution

21

Solution

Indefindte Integrals

sinx+1

: 3 o x
Subsititute the identities from t = tan(E) :

2dt 2.dt
J‘ g 1+r _J' 141> _J' QdIﬂ
sinx+1 +1 £ +2t+1 (t+1)"
1+1° T
Substituting « = 1 + t and du = dt gives
2dt 2du iy 2 2 2
_[ P —=2|wdu=-—Fc=-——+c=-———+¢
(t+1) u 1+t -
_[ dx e
1+sinx—cosx
Substitute the identities from ¢ = tan(%) :
2dt
-[ dx _J' 141° _J' 2 dt _-[ 2dt _J' dt _J' dt
1+ sinx—cosx . 2t 1-t 1+t + 2t -1+1¢° 2t + 2t £+t tt+1
1+ 14t

Now we can use method of partial fractions:

1 _A B _At+A+Bt_(A+B)+A

tt+1) t t+1  wt+D  w(t+))
That givesA = land B = 1.
o_[ e = g d—t—ln|r|+cl h1|t+1|+cn:ln|tan£| —]11|tan£+]|+c
vy 1 e 2 2 2
X
tan —
=In 2 g o4
X
tan —+1
2

Check Yourself 13
Evaluate the integrals.

l-sinx cosX — \ dx
a. J'ﬂ dx b I c. I—l CORN g i .[7
1+ cosx ]+5111,x 1+cosx 1-sinx
Answers
X 2 . X 2
2 tan——In|——  |+¢ blnnx +1)+c¢ c 2tan—-x+c d —— +¢
2 1+cosx 2 1 tanx
S
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Gottfried Leibniz (1646-1716)

Gottfried Leibniz (pronounced 'libe-nits') was born in Leipzig (now in Germany) in
1646. His father was a professor of philosophy in
Leipzig. Unfortunately, Leibniz's father died uhen
Leibniz was six years old, so he was browught up by
his mother.

At school, Gottfried learned Latin and Greek, and
also studied philesophy, metaphysics and theology.
When he was fourteen, he went to Leipzig University
and studied philosophy and mathematics for tuo
years before beginning to study law.

In 1672 Leibniz went to Paris and studied
mathematics and physics. During this time he made

some discoveries concerning the sum of a series.
Leibniz visited London a year later, and became a member of the Royal Society.

When Leibniz returned to Paris he began studying calculus. At that time he was still
trying to develop the calculus notation, so his papers and calculations were sometimes
difficult to read. However, in 1675, Leibniz wrote a paper that used the If(.r) dx
notation for the first time. In the same paper he described the product rule for
differentiation, and the power rule.

At around this time, Isaac Newton sent a letter to Leibniz which explained some of
Newton's vesults, although he did not describe his methods. Leibniz replied by
describing his oun results. Unfortunately, Leibniz's letter did not reach Neuton for a
long time, and Newton decided that Leibniz had stolen his methods. This resulted in
many arguments betueen the tuo scientists. Houwever, today we can say that Leibnitz
and Newton discovered the same rules of calculus independently.

Leibniz's other important achievements in mathematics include the development of a
binary system of arithmetic, and his work on determinants. In 1684 he wrote a paper
on calcuilus whose working showed the efficiency of his integral notation. Leibniz also
published papers on dynamics and philosophy.

Leibniz died on 14 November 1716 in Hannover, Germany. His findings continued to
influence the work of many of the mathematicians, philesophers and physicists u ho
followed him. Today we can see that his calculus notation and methods are just as
important as Neuwton's methods, and for this reason, Leibniz is remembered as one of
the two founding fathers of differential and integral calculus.



Indefinite Integrals

Integration by Substitution

. Evaluate the integrals using the substitution
method.

1 COST
: b.
a -[x—3 dx _[ 5 dx
LS . O
¢ .[x'l dx -[3x+1dx
e Ism(4x+1) dx
f. J'(1+ x* +2%) - (2x+3x°) dx
g I(l—x"')T-x dx h. Ix-cos(xﬂ -5) dx
) 1 ;
1. | === dx e™™™ . cosx dx
'[Jl—lﬁx'l /
\ cosx 5
k. J’mdx L Ix-~f1+x dx

m. J'(x" +x*)-2x* +x) dx

. Evaluate the integrals using the substitution
method.

a. .[:Jtr-cosaf:ﬂ dx b. Ix-sin(5x2+7) dx

c. Ilnx d. Icotx dx
1 e —e™™

o '[(1—3x)" < d '[e +e“

g J'ef_s dx h. |- S;I;sxx

. X
ol dx
'[ J5x -1

Integration by Parts

. Evaluate the integrals using the method of

integration by parts.

1 e -xdx b. [x* e dx
c. [x*.€ dx d. [x-smx dx
e J’x dx f. [arccosx dx
g Iln(x+5) dx h. Ilogx dx

s

_[arc cot x dx . Icos(ln x) dx

ook _[sing x-e* dx

Integrating Partial Fractions

. Evaluate the integrals by using partial fractions.

6 9
a. dx b, | —— dx
-[2x+1 J.(3'x+1)"’
4+ 2% +x 2x+1
e [EXEIY g [T g
X x t+x-1
N BPRR Wit P
3x —4x+1 x"+1
Iﬂ;d;x h. I%
x +4x+4 (x+1)

L x+1 .. 4 J'de

(x+1)(x+2) X" —2x-3
k. sz ld I In;dx
x- -1 x-+8x+15
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2 e 1 1—x E. Integrating Trigonometric
m. |— " dx n. — dx z
-[ (x-1)° '[(1+x_)‘ Functions
HE B 1D 2 L 9x 9 7. Evaluate the integral of each trigonometric
x x
0. = dx ©P | —— dx i
-[(x D+ x+2) _[ -1 function.
oq. J’3x4 _ 16)53 +19x* ~5x-4 dx a. _lisin'l x-cosx dx b. Ismx-cosx dx
x’—4x® +1
or _[ 2x+3 e . _[ dx ] Icosax-sinax. dx d. J'cosﬂx-sinx dx
(x+D"+2) 1-4x+x°
I e. _|'sj.n3 x-cos’ x dx f. _|'51'.n‘i x-cos’ x dx
xdx
ot [——
3+x i 5
g Icos x-sin” x dx h. _[cosélx-cos?:x dx

. Integrating Radical Functions

Isinax-cosTx- dx . IsinSx-cosﬁlx dx

-

5. Evaluate the integral of each radical function.

a. IJBx—l dx b. _[\ﬁ—x dx k. _[sjn'Yx-s:inSx dx | _[smB,\"-COSSx dx
] ﬁ T e 3f

& _[x e ax ¢ I xtlde m. Icost-sinélx dx n. Icos5x-s:inx dx

e

x ox
N P — AR I G
'[1/1_;‘72 “ '[«/5x2+3 & 0. Icosx-cos4x dx . Isinﬁx-cosﬁx dx

g I%fH_x dx h. _[ Y ax

1+
i J-\dx—z +3 di
Ax -2

@, Evaluate the integral of each radical function.

a. J'\.-‘l—ﬁlx'1 dx b. I

8. Evaluate the integral of each function by using

X
the substitution ¢ = tan 5

dx

dx a. J' Smx
4
-x

Jl_ 3+cosx
1 X
o dx d. | —————dx
J.~./1+x.ﬂ “ '[J16x2+1

- c : dx
i 17“16*’“‘9@ £ [V16-92% ax IS“‘"""
x 3.smx
d. _[7 dx
oL _[\/mdx ch. J.de Lrcosx
& J-1+sinx dc
o1 1-sinx

J- dx
I Jx?-9

Integrals




CHAPTER SUMMARY =

e If F(x) is a function such that F'(x) = filx) then F(x) is e Integration Methods
called the primitive of the function f{x) and the expression 1 Integration by substitution-
F(x) + c is called the indefinite fntegral of fix). Let flu) and wu(x) be two functions which are
s In every indefinite integral we must use the constant of differentiable with respect to u and x, respectively
integration. Then _[f(u(x)) ~u(x)de =F(u(x ) +ec
e Properues of the [ndefimrte [ntegral 2 Integration by parts:
1 d_[ f(x)dx = f(x) dx Letu = fla) and v = g(x) be two differentiable functions
with respect to x, then _[u-zf dx=u-v —Iv -u'dx.
5 d d “ . . :
5 EI f(x)dx = Iaﬂx) dx = f(x) 3 Integrating partial fractions:
i P(x) - Ay =
3 [dF(x)=F(x)+c a [ Gy With deg(P()) = ceg(@)) -~ 1

For integrals of this tvpe, use the substitution

3 Ia-f(x) = a-_[f(x_) CEira el u = Q(x) and try to find du in terms of P(x)dx. After

.[[f(x) +g(x)] dx = Iﬂx) i i_[g(x) A this, try to find the answer
P(x) .
e Basic [ntegration Formulas & I% dmwith degtFe)) = deglQGa) and Q)
. el ducible in R
La[xdi="+en#-1 e
'[ n+l In this case, if Q(x) is linear (degree 1) then we can

b _[a dx=ax+c fora €R evaluate the integral easily using the formula
Iu—dx =In|u|+c However, if deg(Q(x)) > 1 we
u

1
2. =
.[; de=In|x|+c¢ begin by trving to write the given expression as the

b Iu'(x_) dx T HGRY [ & sum or difference of two or more partial fractions.
u(x The rules for doing this are given below.
2 G, Iex dyr=e"+¢ L P(x) __4A i, B
. (ax+b)-(cx+d) ax+b cx+d
b [a*dx= ? e P(x) A B C
na o = + .+
e (ax+b)" ax+b (ax+b)" (ax+b)"
C la"dx=——+¢
I u'(x)-lna - P(x) o A i Bx+C

K g Isinxdxz—cosx—i—c (ax+b)-(cx*+dx+e) ax+b cx~+dx+e

P(x) .
b. Icosx dx=sinx+c C IQ(x_) dx with deg(P(x)) < deg(Q(x)) and Q(x) not
reducible in R.
2t I 1,1 dxz_l.sec!xdxz_l.(l—{—t:m2 x)de=tan x+c J
COT x Given .[07“” if A = b*—4ac < 0 then use:
d I — dxz_[cscﬂxdlel.(l-f—cotzx) dx=-cotx+c v ket
B [ . 1J- dx
& _[ ! dx =arcsinx +¢, = —arccos x+ ¢, ax*+bx+c 17 (mx+nY
=i ; +1
¥
£ _[1_{_1 .- dx =arctanx+c, = —arccot x+c, ziarct:m( mx+n)+c
X m r
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P(x) _ .
d _[Q(x)dx with deg (P(x)) = deg (Q(x))

In this situation, first divide the numerator by the
denominator then calculate the integrals separately

Integrating radical functions:

a Simple radical functions:
To integrate this type of function, try to eliminate the
radical sign. To do this, we use substitutions such as

u’, u®, etc, depending on the degree of the root.

b. Integrals of the form _[\/a'l +u° dx or I\’uﬂ +a® dx

Use trigonometric substitution. Begin by drawing a
right triangle and labeling the sides as @, u and
Jattu® or Jfut+q®, then integrate the resulting
trigonome tric e Xpre ssiol.

Integrating trigonometric functions:
a Integrals of the form J.sin"' x-cos” x dx

»If m and n are both odd numbers First write the

Lm+l

glven expression as Isin x-cos™" x-cosx dx

then use the substitutions u = sinx and

M)" to evaluate the integral.

in

cos Tt x=(

=Ifone of m and n is odd:
Change the term with an odd power to an equivalent
term with an even power, then use the substitution
u = sinx or u = cos x toevaluate the integral.

»Ifm and n are both even
l-cos2x

2

Use the identities sin” x =

l+cos2x

and cos’x = to evaluate the integral.

b. Integrals of the form J.sin mx - cos nx dux,
_[sin mx-sinnx dx , or Icosmx-oosnx dx

To solve this tvpe of integral, use the inverse
conversion formulas:

sina-sinb z—%[cos(a—l—b)—cos(a—b)]
sina-cosh = %[sin(a—l— by+sin(a—b)]

cosa-cosh= %[cos(a-i— by+cos(a—b)]

c. Integrals containing first only the first power of sinx
and/or cosx.

Use the substitution t=tan 25 as result of which we

have

1-¢* 2dt
cosx = - dx = —
1+t

sinx = ——-, e
+1° 1+¢°

Concept Check _

What is the relation between the derivative and the
integral of a function?

What is the primitive of a function?

Why do we need to add a constant ¢ when calculating the
indefinite integral of a function?

Why do we need to write 'dx’ when we integrate a function?

Can we integrate a function with respect to a variable other
than x?

What are the properties of the indefinite inte gral?
Is there a function whose integral is the same function?
Can we directly integrate trigonometric functions?

Can we get different answers when we integrate a function
by two different methods? If so, which answer is correct?

What are the main methods of integration?
What is the substitution method of integration?

In the method of integration by parts, what is a good rule
for selecting u and v'?

Describe a method for integrating a rational function if
the degree of the numerator is greater than the degree of
the denominator

How can we use trigonometric substitution to integrate a
radical function?

Describe a method for integrating a trigonometric function

of the form Isin a"x-cos"x dx if m and n are both even.
o tan x

How can the substitution ¢t =-2"7" help to evaluate an

. 2

integral?

If we cannot integrate a function by using the basic
integration formulas, which rules we can use?

Integrals




CHAPTER REVIEW TEST 1A

L. If f(x) = [(x® —x+3) dx then what is f* (2)?

A1 B) 3 oy B oy =

3 3

2. I(3x2+4x—5) dx="?
Ay x® +x%— bBx
Cy3x® +4x*-8x + ¢

Fy3x®*—4x*-5x +¢

3. foy= [2EIVETY gy is given. Find f(4) if the
Jx
constant of the integration is 0.
9 17
A)1l B) 2 ) = D) —
) &

4, What is the primitive of the function

o 2
fx) = 8" + 3x - —?
X

5xt 83x¥ 9

A) —+—+—+c¢
3 2 x
3 2
E) ix +3i—2n+c
3 2 X
3 a
) 5i+3i—2111|x|+c
3 2

2
Dylox + 3+ — +c¢
-

E)y dx* + 3x—g+c
x

Dyex —4 +c¢

E) 5

Bya® +2x° - 5x + ¢

' -[2+'x

is f(3)?

A) 7 B)6 ) D) 27

W=

. What is the primitive of the function

f(x) = 3 cosx — 4 sinx?
A) 3sinx + 4 cosx + ¢
B) 3sinx —4cosx + ¢

C) -3sinx —4 cosx + ¢
D) -3sinx + 4 cosx + ¢

3cos” x
2

-2sin2x + ¢

)

dx=7?

2
A) —In|x| + ¢
3

1
C) l]_n|2 +x| +c¢ D) —111E L
3 2 x

3

F) ——+c¢
)ln|2+x|

: I(cotﬂx+1) dx=?

A) —cotx + ¢ B) cotx + ¢
Cysinx + ¢ D) tanx + ¢
cot® x

E) +x+c

8. f/(x) =3x"+ 2x + 4and f(1) = 3 are given. What

E) 45

B)3ln |2 + x| +¢



Q, _[cotx dx=7? 13, IQ-sjngx-cosx dx=7?

A)In|sinx] + ¢ B)In|cosx| + ¢ sin'® x ., cos®x
A) 75 +c B) T{—C
)y —cot2x + ¢ Dysec2x + ¢
_ o) 9sin'® B D) 90051°x+c
F)—csc2x + ¢ 10 10
PR a
E) 9sin x-cos x+c
20
4x -1
s X I :? 11‘4. e (IX‘: ?
10, J.alccos,x dx -[2,\"' ——

A) xarccosx +x +¢ ~
_ A)3-In(x -3) +c¢
B) xarccosx + +fl-x~ +¢

- BE)y2:Injx + 2| + 3:-In|x -5| + ¢
(') arccosx + xarccosx + ¢

! 5 1
D) xarccosx — fl-x~ + ¢ £ 1 +]+C
x
E) xarccosx + «fl+ x> +c¢ A
D) +c
dx -1

E)ln @x°—x +5) + ¢

1L -[ 5 dx =2 15. Icos4x-0052x dx="7?
3x+1
5 A) cos4x 0052,\"+C B) sin4x-sm2x+
A)BIn |3x + 1| + ¢ B) 51n|3x+1|+c ’ 4 9 : 8 €
S . cosbx cos2x . sin6x  sin2x
C)18In|3x + 1| + ¢ Dyln|3x + 1] +c¢ Q) g +c D) 3 iy
12 4 12 4

E)3In|3x + 1| + ¢ Cosx_l_sjn,x‘.

E) +c
2 3
16, J.cosgx dx=7?
12, J.(0052x—3) dx=7? sin® x x  sin2x
A) +c B) §+ +c
A) Sl1’12x+c B) 51n2x_3x+c it
2 2 ) +e D) cosx + ¢
Cy2sinx + ¢ D)2 cosx + ¢ 3
. X cos2x
B B B c
C F/ﬁ

e !

P



CHAPTER REVIEW TEST 1B

1. f(x):_[d(x +1) and f(1) = 2 are given. What is 8. J.(X‘ﬂ +4x)° - (x+2)dx=?
7@)? o
(x* +4x)° (x* +4x)
A)0 B) 1 C) 2 D) 3 E) -2 e W e
6
* - 2x+4
) P AR +c 5 P kN
3
2 L) (2
?—I—x_ * 2_+x
" . E) 5 +c
9 J-x +4Ji -3x =2
o
x* W
A) ?+4x—3+c B) §+4x—3-ln|x|+c
4 3 2
LA % 6. _[ LI
c)y 42 3 2 4c D) xta-Z+c 2
x X 1 .
3 A) —+Fic B) Vx + ¢ C) £+c
2x 2
3 g
Ey x° +4x° -3x D) xJ;Jrc ) 1 s
3 3
’ F. |smn3x dx=7?
3 (2 ques J
F(x) _ .
E A)cos3x + ¢ B) =sin3x + ¢
A)Vfi(x) + ¢ B) fix) +¢ 3
UL )
CyIn|fx)| +¢ D) -n(f*(x)) + ¢ ) —500533;". +c D)sin3x + ¢
E) f2(x) E) O
g [ _,
4 f(x)l._a 445 18 s A
J. o dx = x" +4x” +5x—1 1s given. A s 4c B) cosx + ¢
Whatis f(1)? C)In|sinx| + ¢ D)-n|cosx| + ¢
A) -7 B)3 E)e2 D) 16 E) 20 EyIn|cosx| +¢
C r/ﬁ

e



g _[xs:inx dx=7? 13. Imn2x-cos4x dx =?

A)xcosx + sinx + ¢ E)xcosx —sinx +c¢ cos2x cosBx
) x*cosx + xsinx + ¢ D) —xcosx +sinx + ¢ ' 4 12
E)xcosx —sinx + ¢ B) w+c
12
. sin®2x  cos*4x
C) + +c
2 4
[ sinbx cos2x
1Q. J.e" cosx dx=7? ) 6 9 e
e’ .
A) —(cosxt+sinx)+c cos2x—2sin4x
2 E) = i +c
B) xarccosx + +fl—-x* +¢
(') arccosx + xarccosx + ¢
DY $669% 4.é 14, [x* f(x) dx =5x*+ 2x* —1is given. Whatisf(x)?
E) xarccosx + +fl+x* +c¢ A) 20x + 2 B)20x® + 4x +c¢
X
a3
)2 _ox e Dy 8x*+2 + ¢
3
2
E)y —+bdx +c¢
1 x
11, | ——dx=?
-I-x'+2x+2
Ayarctan (x — 1) + ¢ Eyarctan (x + 1) + ¢ .
( ) : ) 15. I4-e‘““ dx =?
Cyarccot (x + 1) + ¢ D)In|x” +2x + 2| + ¢
A) e**™ + ¢ B) 4e** + ¢
F)2In|x + 1| +¢ et
| | gy =——t:e D) 4e**3 + ¢
4
E) e**! + ¢

12. _[5]'113 x-cos®x dx =?

18, Iw dx =?
X

A) 15sin"xcosx + ¢ B) 8sin’x + 8cos'x + ¢
S b 3 6
. sin"x  cos’x cos’x cos’x i 2
) + 25 X, D) g Hic A)sinx + ¢ B) cosx + ¢
4 ] 8 5] . 5
i Cycos(Inx ) + ¢ Dysin(nx ) +¢
£ sin” x sin®x
) 7 5 - E)cos(sinx ) + ¢

C F/ﬁ
-



L. fau)= j(xu- —w) duw is given. What is f(w)?

A) ﬂ—mt:ﬂ: B) E—warr:
2 2
xw®  wt s o s
C) 7_?+c D) xXuw +uw +ce
E) xuw-2 +¢

2. f(x):J-(xg+x—2) dx and f(1) = 2 are given.

What is f(2)?

Hv2E 5l o2 pa B3

6 3 2

3. Ie”"“ cosx dx =?

A)sinx + ¢ B)e™ +¢

C)e™ +i¢ D)cosx + ¢

E) 1+c
e

3
4 [——ax=?
J.«.-‘I—Q;x:‘z
A) arcsinx + ¢ B) arccosx + ¢

C)arcsin3x + ¢ D) arctan3x + ¢
F)arccos3x + ¢

Chapter Ravezew Tast [

5, _I'es‘z*'1 xdx="7?

32t 44

Gx.
AL ¢ B) S +¢
3x” +4 bx
C) E:h:“ D) 3" 4
. = +c bx-e +c
3" 44
B & _+c
X
X
— _dx=7?
2 2 1432
A E By U,
3 4
& -1
C)y In|x”-1|+¢ D)y ———+t¢
) Inx" -1 e
oy P
X

7. _[5-.97"'2 dx =?

Tx-2
A)35e™ +¢ B) Te +c
Tx-2
C) 35¢" + ¢ ) T
T
B P,

A) Len*xte
2

Q) Lty
3

8. _[36““1‘ sin2x dx = ?

1 e,
B) —e™ *+c
3

D) 6e** +¢

E) 3e=*+¢

¢

n

|



9. _|‘ea"'ar2 dx =?

A) e¥*+x*+¢

xfe:i‘x 2xe3x 283:\:

B) = + +c
3 9 27
xe3x X 83': X 383:\
€) + +c
3 9 27

3x 3

23 e—+x—+c
3 3

eExx'_‘

E) —6xe*™ +e* +c

10, _l.xal.nx dx =?

ay EODEL B py X%
3 9
x*lnx x* x*lnx
) -—+c¢ D)
4 16 4
4 4
gy X lnx+x_+
4 16

1. | “3111 dx =2
Ayln|x*+ 1] + ¢

x+1
BylIn — +¢
A —x+1

OyIn(lx + 1P°x°—x + 1) + ¢

D) %]11”‘"3 +1|+c

) lln| x —-x+1

3 x* +2x+1

|+ ¢

3x+1

A L
x-+3x—4
Ayln|jx + 4] +In|x-1] + ¢
xt+4
BE) In +c
x_
; W 4
oy m(|x+4[ (x-1 )+c
bv]

D)yIn(jx + 4|"x -1 + ¢

FyIn|x® + 3x—4| +¢

14. |

113._[ 2% dx =?

N

Ayln|l1-x*| + ¢ B) aresinx + ¢

C) —241-x" +¢ D) 24f1-x +¢

E) lln|1—x'1|+c
2

l-cosx

- dx =7
sin” x
X x
A) 2tan—+c B) tan—+c
2 2
2y X X g i
C) 2tzm§+25m §+c D) sinx + cosx + ¢

X X
F)sin—+cos—+¢
2 2

15. Icos(cosx)-smzx dx="7?

A) cosx + ¢
E) sin(cosx) + cos(sinx) + ¢
C)sinx + ¢
D) sin(cosx) +cos(sinx) + ¢

') —2(cos(cosx) + cosx sin(cosx)) + ¢

; Ie"(x—l) dx=7?

Aye'(x-1) +c Eye'(x + 1) + ¢
Crxe* + €+ ¢ Dye'e+1) +c
Eye'(x-2) +c¢






EVALUATING DEFINITE INTEGRAL

A. DEFINITION OF THE DEFINITE INTEGRAL

Definition defpteintonyat
Let f(x) be a continuous function defined on an interval |a, b|. Then the area between the
graph of f(x) and the x-axis is called the definite jntegral of f(x) betwen a and b.

y
For example, in the figure opposite, the shaded area A y = f{x)

shows the definite integral of f(x) on the interval |a, b|.

b
We can write this expression as A = _[f (x) dx.

THE DEFINITE INTEGRAL

Note
If the graph is below the x-axis then its integral will

be negative. However, area is a positive quantity so
b
we Teverse the sign: A = —J. f(x) dx.

‘We say that the definite integral can be negative but

the area 1s always positive.

Note
If part of the graph is below the x-axis and part of the

graph is above the x-axis then the integral will be the
algebraic sum of the areas.

In the figure, all of the areas A, B, C are positive

b
numbers, so J'_f(x) dx=A-B+C.
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Note
For linear functions we can use geometric methods (by finding the area of a riangle) to
calculate the area under a curve.

| I Find the area of the region between the graph of ¥ = 3x and the x-axis on the interval |0, 4].

Solution The shaded area is y

F ot

4
1
A=[3xdx= 5412=24 square units, by the
(1]

formula for the area of a triangle.

In the figure, the areas of the shaded parts A, B and

Care givenasA =7cm’, B =9 cm’and C = 8 em”.
Find the total area of the shaded region in the figure
and evaluate the integral on the interval |a, b|.

Solution Totalarea=A+B+C=7+9+ 8 =24cm’

b
The integral on |a, b] = _[f(x) dx=A-B +C

=7-9+8 =6.

Definite Integrals




B. THE FUNDAMENTAL THEOREM OF CALCULUS

Theorem Fundmnened Theorengf Calaulus

Let f(x) be a function such that f: |a, b|] = R. If F' (x) = f(x) and _[f(x) dx = F(x) + c, then

_[f(x) dx :(F(x)+c)i: F(b) - F(a)

b
Here we use the notation | to show the boundaries of the integral.

Note

The Fundamental Theorem of Calculus shows us that we do not need a constant of integration
¢ when we evaluate a definite integral. For example, suppose we write F(a) + c¢ instead of
F(a), and F(b) + c instead of F(b). Then by the Fundamental Theorem of Calculus,

_[f(x) dx=(F(b)+c)—(F(a)+c) = F(b)-F(a) + c—c = F(b) - F(a).

FUNDAMENTAL THEOREM OF CALCULUS

ff x) dx=F(b)- F(a)

T 4 ¢ -
3

: T 5 5% 3 125-27 98
Solution _[x dx = % [ e =
3

! 3 3 3 3
EXAMPLE [ JEEVEY RS
0
Solution Ismx dx = —cosx| = —cos T — (-cos0)=1+1=2.

0 ]
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1 l 1
Solution _[83‘ et ol A A
0 3 0

' 6 j.e3‘ dx =?
[1]

Check Yourself 1
Evaluate the definite integrals.

a. j:xa dx b Tcosx dx c. j.e'l" dx d. jl dx
1 0 0 1 X

Answers

5156 Bo &€ =1 g1
)

C. PROPERTIES OF THE DEFINITE INTEGRAL

Proof

Proof

Proof

Proof

Definite Integrals

Letf: |a, b] = R and g: |a, b] = R be two integrable functions. Then the following properties
hold:

1. Tf(x)dx:(}

f f(x) dx = F(a) - F(a) =0

13 a
9 J; fx) dx == J; f(x) dx

[ £y dx = F(by ~ F(@) =—(F(@) ~ Fby) == ] f(x) dx

b b
3. Foranvc € R, I c-fx)ydx =c- .[f(x) dx.

¢ [ f@) dx=c(F(b)~F(a))=c -F(b)y ~c -F(a)= ¢ Fx)| = [e fex) ax

[ b b
L[ 1) £g@)l de = [ fx) dx £ [ gx) ax
[0y dxt [g(x) ax =IF(b) -F@)| £IG®) -G(@)| = [F(b) £G(b)| -] F(a) +G(a)|
= | F£GI(b)-| F Gl(a)

= [If (0 + g(@)| dx

:{Q



< L] [
5. Foranva, b, c € Rwitha <b < c, then .[ flx) dx = I flx) dx + J' J(x).
a ) b

Proof j f(x) dx = F(c) - F(a) = F(c) — F(a) + F(b) —F(by = |F(b) —F(a)|+|F(c)— F(b)|

:_Tf(x) (Ix+jf(x) dx

b b
6. If f(x) = g(x) for every x € |a, D|, then _[f(x) dx = _[ g(x) dx.

Proof If f(x) = g(x) then f(x) — g(x) = 0.

Let us write h(x) = f(x) — g(x), so h(x) = 0 for every x on |a, D|.

b
We know that J.h(x) dx 1s the area between the graph of h(x) and the x-axis.

b
If h(x) = 0 then jh.(x) dx >0.

SI |f (x)] ax

.Tf(x) dx

b
Proof We know that _l'f(x) dx is the area between the graph of f(x) and the x-axis on the interval

la, b]. So we have two possible cases:

Case 1: f(x) < 0, for every x € |a, b| or f(x) = 0, for everv x € |a, b|.

¥ ¥
A 3

] b b
In the first figure, A =—[ f(x) dx or [f(x) dx=-Aand |-A|=| A|= [|f(»)|dx

] ]
In the second figure, A = _[f(x) dx = _[|f(x)| dx. This concludes half of the proof.
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Case 9: Letc € |a, b|. If f(x) < 0 for x € |a, c| and y

L
e

b
f(x) = 0 for x € lc, bl then If(x) dx=A, - A

and so

A, - A,|.

_Tf(x) dx

b
However, I|f(x) |dx=|A,|+| A | and

PRUNE

A, +A1| by the triangle inequality.

So

_Tf(x) dx

< _Tf(x) dx.

Note

1. All continuous functions have integrals on a closed interval |a, b|.
2. A functon with a countable number of points of discontinuity has an integral on the
closed interval |a, b|. For example, if the points ¢, ¢,, ..., ¢, € |a, b| are the points of

discontinuity of f(x) then 'Tf(x) dx= cjf(x) dx + Tf(x) dx+..+ Tf(x) dx.

1

7 Tx.dx:?
3

a 3
Solution We know If(x) dx =0, so Ix dx =0.
a 3

' 8 j.5x'lsm34x. dx=7?
4

. . ) ) Bos o
Solution In a similar way to the previous example we can write I 5x® sin® 4x dx = 0.
4

| 9 T(2x5+3x—4) dx =7?
1

; 3 . 3 . 3 3 xﬂ 3 2
Solution [(@2x* +3x-4) dx=2-[a* dx+3 - [x dx-4 - [dx =2 - [+3 |4 x]
A T A A 1 2 1 1

1 9 1 52 64
=90 =4 Bo(C =y (B =T =0 1 =,
( 3) (2 2) B-D 3 3

Definite Integrals
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Xl 10 j( “OHL) ga=2

Solution I(ﬂ) dx = _[(x 5+—) dx = _[x dx —5- _[dx+_|- dx = x—f—5xi+lnxf
1 X 21 1 1
e 1 e —10e+11
= - -b-(e-D+@ne-Inn="""7""2
(2 2) (e—1) +(n ) 5
1
Eol 11 [ ax=2
0
1 3x+l 4
Solution _[93“1 dx="° | = A
5 3 o 3
w2
EXAMPLE I 2 _[ (sinx+cosx) dx="7?
1]
/2
Solution _[ (sinx+cosx) dx = (—cosx+ sinx) | =(-cos E+5111 5) — (-cos0 + sin0)
1]
= (0 +1)-(1+0)=2.
1
J.ng +1 dx=7?
1]
Solution 1 We can calculate the integral using substitution: f8 A AN AN
L = 3x 1 du=34d *» 55 b b
ety = ox¥ lisogn = % If we calculate a definite
Now we need. to calculate the boundaries in terms of «. Integral using the substittion
method, we must always
The lower boundis 3-0 + 1 = 1. remember to calculate
the boundaries in terms
The upper bound is 3-1 + 1 = 4. So we can write of the substitution,
4 1a’® + 2u® &+ 2.4% 214 16-2 14
J§x+1dx-— udu:—— = — — = =it
I 'JN_ 33 e 9 9 9
2

Solution 2 Alternatgvely, in this example we can calculate the integral directly:

jJéx+ dx——(B +1)/4| 43f" _%_13,9: %:%

&d Integrals




14 jxlnx dx=7?
T

0

|
Solution Letu =Inxand ¢v' = x, then #'= —andv = %
x

X x* Xt e e’ 1
xInx dx= —Inx = —(Ix —Inx-—) |= —lne—— - —lnl——
j S - j 5 o =K )~ ( -

e e® 1 e*+1

e P SRR | e :

2 4 4 4

15 [ 2" n=2

LxT+2x

Solution We can calculate the integral using partial fractions:

- dx=| ——
Lx-+2x 1x(x+2)

Tx+4 ¢ 2 x+4

x+4 _A_ B _(A+Bx+24

SRR ;A+B=1and 2A=4.So A=2and B=-1, and
x(x+2) x x+ 5 x(x+2)

3 3 3 3 2 3

| x+4 (Ix:_l'glx—_[ ! gv=@nizi-miz+2hl == {{=in2 fai=12,
x4+ 2x 5 x+2 -1 x 42| G} G}

Check Yourself 2
Evaluate the definite integrals.

a 4 e
a. Ixa-cos4x dx b. I(x3 +4x° -3x—2) dx c. Ix +4x" +5x-1 dx
2 1
3 m 4
d-:l;(xﬂ+x—2) dx €. “_[g(zcosx—snlzx) dx f -[2x"+x
3 ot
1 .
g J'qﬁx+3 dx h. IM dx
x
e, o 1
Answers
3
a0 p, 455, g & ogmm. 90 j 28
4 3 3 6]
e =1 i %— 6In2 g ? h.ln4 -2
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D. LEIBNIZ'S RULE
Leibmz's Bule

Let f: |a, b] = R be a continuous function such that F(x) = _[f(t) dt. Then
d (7 ’

F(x) = —[ff(t) at ]z F).
dx|”

Leibniz's Rule gives us two important corollaries:

COROLLARY TO LEIBNIZ'S RULE

Let u(x) and v(x) be two differentable functions. Then
vix)

L. FGy= J‘ f@ dt = F'(o=f(v() v'(x)

o | o |
2. F)= [ FO dt = F'(x) = f(v(x)- v'(0) - f (@) '().

uix)

N
2

F(x) = _[cos t? dt is given. Find F'(X2).
1

vix)

Solution We know from corollary 1 to Leibniz's Rule that F(x) = I fdt = F'(x) =f@w®) v x).

F(x) :J.cost"‘ dt and f(f) = cost’, then F'(x) = cosx”- (x)' = cosx”.
1

Jr Jn 2
2

b0 T
So F/'(X12) = cos(X)" =cos
(2) (2)

F(x) = J'(x2 —4t+1) dt is given. Find F'(2).

Solution We know from corollary 2 to Leibniz's Rule that,

Fy= [ f@dt = F(x)= Fu@) (@)= fu) ().

x

So if we have F(x) = '[(tﬂ —4t+1) dt then

F'(x) = f(x*) + (x")' — f(x) - (x)' where f(t) = t* — 4t + 1,
F'ix) = (x*—4x"+1)-2x) - (x"—4x + 1) -1,
Fl) =@ -4-22+1)-©2-2)—-(2°-4-2+1)

=,

| [oTe) ! Integrals




E. THE MEAN VALUE THEOREM

MEAN VALUE THEOREM

Solution

Definite Integrals

¢ € |a, b| such that

==

Let f: |a, b] = R be a continuous function. Then there exists at least one real number

]'f(x) dx
b-a

In the given formula, f(c) is called the mean wvalue of f(x) on the interval |a, b|.

Find the mean value of f(x) = x* — 4x on the interval |0, 4].

Let f(c) be the mean value of f(x) in |0, 4].

By the Mean Value Theorem we have

4
J.(;vc'J —4Ax)dx
fle)=2

Check Yourself 3

x i E
1. Given F(x)= Isin t* dt, find F (d;)-

2. Given F(x) = J'(F+4t—1) dt, find F'(3).

3 2
3. Find the mean value of f(x) = w
Answers
L B 13

2.21876 3. —
2 3

on the interval |1, 3.
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A. Definition of the Definite Integral

I. Evaluate the area between the graph of f(x) = x
and the x-axis on the interval |0, 3|.

2. Find the integral of the function f(x) = 3x —2 on the
interval |0, 4| and find the area between the graph
of f(x) and the the x-axis on the same interval.

3. In the figure, A = 5 cm”,
B=4cm andC = 7cm". i
Find the area of the TN /P

f
shaded region and P A

L

evaluate the integral of
f(x) on the interval |a, b|.

B. The Fundamental Theorem of Calculus

4. Evaluate the integrals.

8 Tx‘ dx b. TBx dx
2 1
g jx3 dx d. jln_x dx
] 1 x
e. h.‘[‘e" dx f Tcosx dx
o (4]
g ]:.(\/_‘I'JE) dx h. :[(a.x'1 +a’x) dx
7

I\p‘x+9 dx
[}

C. Properties of the Definite Integral
&. Evaluate the integrals.

(5x* +4x+cosx+e™*) dx

c. [3x® dx

.}
1
J' ..mt].ntcucx] dx
1
.T

3
4

d. j (5x° +4x* +3x - 5) dx
24

68

4
e. J.(3x‘ +ax®+ 14 Jx) dx
x
1
3 _[(51113x+4c052x) dx

i :[x +x+1
1

5 3
A If(x) dx =7 1s given. Evaluate If(x) dx.
3 5

i _[f(x) dx =5 and _[f(x) dx = 8 are given. Evaluate
P 3

Tf(x) dx.

Leibniz's Rule

x dF
. 4. Given F(x)= Icost dt, find I
1

: daF
b. Given F(x)= | (¢*+ 2¢t) dt, find —.
()= [ @ +2n) =

iz

- _dF
c. F(x)= _[sjnt dt is given. Find —.
5 dx

d. F(x)= [ (x+4) dx 1s given. Find z—F
X

The Mean Value Theorem

. Find the mean value of each function on the

given interval.
a. f(x) =x + 1 on |0, 3]

b. f(x) = x*+ 1 on |-1, 2|

¢ fx)= x+2x+4 -3, 3|
x

d. f(x) = sinx on |0, 2x|

Integrals




A. INTEGRATING ABSOLUTE VALUE FUNCTIONS

Cexanric B[

Solution

EXEE 20

Solution

Definite Integrals

Recall that an absolute value function [f(x)]| is a function such that
fx), f(x)=0
k|
-f(x), f(x)<0.

When integrating absolute value functions, first we find the positive and negative parts of

given functon. For the intervals where f(x) changes its sign we use the fifth property of

definite integrals: . i .

fora<b<c _[f(x) dx = If(x) dx + If(x) dx.
a a b

T|x| dx ="7?

-3

xifx=0
[x] =
—xifx<0

So Tlxldx:T(—x) dx+_Txdx:—
i -3 o

(L0 ¥ (2 00 13
| 2 2 2 Z 9’

I|x—2| dx=7?

]

x—-2=0 = x =2isthe root of x — 2.
—(x-2) ifx<2
So f(x)=
x—2 ifx=2.
3 2 3
So _[|x—2| dsz—(x—?) dx+I(x -2) dx
0 ] a

9 o 2 3
= -2 oy [+ L oy |
2 0 2 a

:-'!Q



Solution

Solution

2' T|x1—1| dx=2?
iz

Ifx*-1=0,thenx =1lorx =-1.

i x*-1 x=lorx=<-1
|[x*-1] =
1-x7, -l<x<l1

3 -1 1 3
J’| x*-1ldx= j(x2 1) dx+ [(1 —x%) dx+J'(x9 -1) dx
3 —3 -1 1

Z(%—x):ﬂx—

x 1 X 3 44
Y[+ (- ]= 2
A

I|cosx| dx=7?
0

b
cosx on |0, §|
|cos x| =
b
—-cosx on |— 7
2
I|cosx|(1x:Icosx(1x+f—cosx dx
1] 1] g

|a

= (sinxT ) + (—sinx T)

ki

)

:(sing—smO)+(—s:inn+sm;—5:1+1.

Check Yourself 4

Evaluate the definite integral of each absolute value function.
a 4
a.j|x+1|(1x b._[|x2—3x+2|dx c. _[|smx|dx

3 3
cl._[«]x”—zx+l dx e. _[|x"'—x.|dx f._[|x."'—9|dx
-1

i -3

Answers

Integrals



B. INTEGRATING SIGN FUNCTIONS

Recall the definition of the sign function:

1, fx)=>0
senf(x)=1 0, f(x)=0.
=1 fix) <0

When integrating a sign function, we divide the interval into two parts as negative and

positive intervals, since f(x) is not continuous at the point where f(x) = 0

23 [sencer av=?

Solution x+1=0 = x=-1

1 x>—1

sen(x+1)=: 0 x=-1

-1 x<—1

1 -

Isgn(x+1) dx= f—l dx+ jldx
) o

) 2

-1 1
——x|+x]

o I
=1-2+1-(-1)
=1.

24 [senc -9 ax=»
i

Solution x*-4=0 > x=1=2

1 x<-2orx>2

sen(x*—4)=1{ 0 )

-1 2<x<?2

_ngnl.(x'2 —4)ydx = de+ _T- —dx+ de
3 2 ) a

= x_|g+(—x) i+xi’
=(-2)-(-3)+(-2)-2+4-2
=]y

Definite Integrals




C. INTEGRATING FLOOR FUNCTIONS

X 25

Solution

The floor function [f(x)] is the greatest integer value which is not greater than f(x). If
f(x) € Z then [ f(x)] is not continuous. For the points of discontinuity (i.e. for critical points)
there is no integral. For this reason, when integrating a floor function we divide the interval
into subintervals by using discontinuity points.

T[x—l]] dx=7?

Look at the graph of [x —1]).
For-1=x<0, [x-1]=-2.

ForO0<x<l1 [x-1]= -1.

Forl<=x<2 [x-1]=0.

For2<x<3 [x-1]=1.

So T[[x—l]] dx = T—z dx+j—1 dx+'2[0 dx+ de
=1 0 1 2

-1

o 1 3
=-2x |+ (-x) [+ 0+ x|
1 o &

=0-24+(1)-0+3-2
=9

Check Yourself 5

Evaluate the integrals.

2 4 3
1. a. _[sgnx dx b. _[sgn(x—3) dx c I|sgn(x"‘—1)| dx
_1 3 o
1 p x =
2. a. _[[[x—l]] dx b. _[[[?[I dx e. _[sgn[[x]] dx
_n -1 -1
Answers

1.8 b5 €5 2.a-6 b0 c0
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acceleration (a)
A

s
P

e

-

rd
velocity

[

time (L)

velocity (v)

b,
--—--/

s
F ;
|~ displacement

[

time (L)

APPLICATIONS IN PHYSICS

Integrals have many applications in physics. In fact, some people say
that calculus developed because of physics. Newton, one of the
fathers of calculus, was also a great physicist.

How can we use integrals in physics? Let uslook at some applications.

The area under a velocity-time graph gives us the displacement of a
moving object. Also, the area under an acceleration-time graph is the
velocity of the object. So we can say that the integral of the function
of acceleration is velocity, and the integral of the function of velocity

is distance or displacement.

We know that the gravity of acceleration of the earth (g) is about 9.8 my/s”.

Therefore, when vou drop an object from a height, its speed after ¢

seconds will be Ia(t) dt where a(l) is the acceleration of the earth, g.

After integrating this function we get;

velocity = Ia(t) dt = _[g dt=g-t+c=98 ‘t+c

How can we calculate the constant ¢? For this, we use information
about the velocity. If we throw an object with a speed v, then at time
t = 0 the velocity will be v,. Substituting this information in the

equation gives us:

r=98-1t+c

v, =98-0+c=c

So we have the equation:

velocity = acceleration - time + initial velocity -

If we integrate this velocity function with respect to time then we get the distance:
Distance = _[v(t) dt.

Again by using the given information we can find c¢ from the initial height.

Let us look at two examples of using these formulas.




I A rocket is launched. Its initial velocity is 120 m/s.

2. What is the velocity of the rocket after five seconds?
b. Whatis the height of the rocket after five seconds?
c. What is its maximum height?
Solution We can begin by writing v, = 120 m/s, ¢ = 9.8 m/s’. The rocket
moves upward but the acceleration of gravity works downward, so
we will take the acceleration of the rocket as negative: g — -9.8 m/s”.
Now,
a. o(t) = _[gdt =—g-t+c
v(0) = —g - 0 + ¢,. This means ¢, = v, = 120 m/s.
So the velocity at time t = 3 1s v(9) = -9.8 - & + 120 = 120 - 49 = 71 m/s.

. Let d(t) be the distance after time {.
Then d(t) = I(—9.8 1+120) di= - %-9.8 41201+ c,

We assume that the inital distance of the rocket i1s 0 m. Therefore when t = 0 we have
d0)= —%-9.8 07 +120 0+¢c,=0.
This gives us ¢, = 0, which means d(t) = —% .98 +120-1.

So we have d(5) = —% -9.8.5°+120-5 = 477.5 m.

. At the rocket’'s maximum height its velocity will be 0 m/s. Using the formula from part a
wegetv(t) = -98-t+ 120 = 0 =-98-1t + 120. This gives t = 12.24.
So the maximum height = d(12.24) = 734.7 m.

2 A stone is dropped from a balloon.

a. What is the velocity of the stone after ten seconds?
b. If the stone hits the ground after twenty seconds, what is the
height of the balloon?

Solution a. Given information: g = 9.8 m/s’, v, = 0,
o(t) = Igdt =g-t+ec,.
Whent=0v,=0s0¢, =0.

Using v(t) = g - t after ten seconds:
v(10) = 9.8 - 10 = 98 m/s.

LA = J'9.8 ‘tdt= %-9.8 -t°+ ¢, m. The initial distance 1s assumed. to be 0 so ¢, = 0.

] a
So the height of the balloon = d(20) = 5 9.8-20 = 1960 m.




A. Integrating Absclute Value
Functions

1. Integrate the absolute value functions.

a. T|x—1| dx
-3

o

.T|x+3| dx
3

c. [l2x+3] ax

d. _5[|x9—1| dx

e _T|x2—3x—4|

]

[x* +3x+2] dx

o
h—

g Ilsj:nxl dx
0

k. ﬂ_|'|x3| dx

i

4
1. _[Jx'“'+6x+9 dx
Sy

B. Integrating Sign Functions

2, Integrate the sign functions.
i
a. _[sgn(x2 1) dx
g

b. [sgn(x+1) dx

| —— 12

5
c. J.sgn(xg —2x +3) dx

ik

4
d. J'sgn(x3 —3x% —18x + 40) dx
=)
3
e. J'|sgn|Ix]]| dx
V]

I J.sgn(xg -3x -6) dx
g

Integrating Floor Functions

. Integrate the floor functions.

a. _ﬂ[[[x+1]] dx

(=2

! T[Qx—l]] dx

x-[x+ 2] dx

o
e e, 1

o

.3[[f]]d
1%

; _T[[I}x]] dx

-1

[1°]

[
|x]|x? dx

B4
—_—i2

(€]

=

g Il sem[1—x] | dx

=

3
.J'x-[[2x+5]] dx

Definite Integrals
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CHAPTER SUMMARY =

Definition gf $he Definite [ntegral

a. Let fix) be a continuous function defined on the
interval [a, b] Then the area between the graph of
flx) and x-axds is called the definite integral of f{x).

b If the graph is under the x-axis then its integral will be
negative. However, the area A is a positive value:

A= —_Tf(x) dx.

The Fundamental Theorem of Calculus
If fixr) is 2 function such that f [a, b] — R
If F'(x) = fix) and _[f(x) dx =F(x)+c, then

[£(x) dx = F(b)-F(a).
Properties gf the Definite Integral

Let f [a, b] = R and g [a, b] — R be two integrable
functions Then the following properties hold:

e Tf(x_)dxzo
2 j.f(x)dxz—j.f(x)d:c
3 Tc-f(x)dxzc-].f(x)dx

a

4

[ —

[£(x)% gla)] dv = [f(x) dx + [g(ax) dx
0 Ifa<b<cthen jf(x) dx = j.f(x) dx+ jf(:r) dx.

6 Iffx) 2 g(x), then [f(x)dx2 [g(x)dx.

b

< [|f(x))| da

-

_Tf(x_) dx

Leibniz's Bule

If f [a, bB] — R isa continuous fumcton and F(x) = _x[f(a:_) dt
d 7 ¢

then F(x)= —([ f(t) ) = f(x).
ax s

This implies that for any two differentiable functions
u(x) and v(x)-
vix)

2 F(xy= [ f(t)dt= F(x)=f(u(x) vix).

vix)

b Fx)= [ fnar

uix)

= Fla)=f(v(x))v{x)— flulx) ulx).

The Mlean Yalue Theorem
Let f- [a, b] — R be a continuous function. Then themr
exists at least one ¢ € [a, b] such that

b
[ £ dx
=5 ___
fle) T
The real number c¢ is called the mean yalue of f{x) on the
interval [a, b].
Integrating Absolute ¥alue Functions

f(x), f(x)=0
e
~f(x),  f(x)<0

To integrate an absolute value function, first find the
positive and negative parts of the given function. For the
intervals where f(x) changes sign, divide the interval into
two or more subintervals by using the fifth property of
definite integrals and change the negative parts to positive.

Integrating Sign Functicons

1, flx)=0
senf(x)=1 0, f(x)=0
-1, flx)<0

To integrate a sign function, divide the interval into two
parts as negative and positive intervals, since f{x) is not
continuous at the peint where f(x) = 0.

Integrating Floor Functions

[fix)] is the greatest integer value which is not greater
than fla). Iffix) € Z then [f(x)] is not continuous. For
the points of discontinuity (1e. for critical points) them
is no integral, so divide the interval into subintervals by
using the discontinuity points.

Concept Check —

What is a definite integral?

What is the relation between the definite integral of a
function and the area between the x-axis and the graph
of the function?

What is the Fundamental Theorem of Calculus?

How can we explain Leibniz's Rule?

How can we find the mean value of a function on a closed
interval [a, b]?

Name three special types of function and the integration
methods we use for them.

Why do we need to divide the interval into parts when we
integrate these special functions?

Integrals




1. In the figure, A, B
and C are areas
such thatA = 3

s
8. _[33:7 .cosx-Inx dx=7?
K

unit’, B = 6 unit’, H-1 B0 01 Dicosmx) E) 2.
sin
and C = 5 unift". _
What is [ f (x) dx?
A) 27 B) 14 C) 4 D) 2 E) 8
d 7
6. E[_J;(4x2+3x —4) de: ?
1
: A) - BE)3 C)y3x-4 D E) O
2, ng dx =2 L ) ) 2=
1
26 i .
Ay A B) © C) 5 D) 8 E) 0
3 9
1 7. Ix“ —2x+3 dx =2
3. [5-e ax=? X
a
’ A) 1 B)O ¢y Ind-e"
0 o L 2
A) 5L B) be ) be” -5 . .
2 9t D) e —‘;e+9 E) e te-1
L —4 2
D) € -1 gy £ —¢
10e* 2
w2 3
4. Isinx dx =2? 8. _[x3 dx =?
1] 1]
" 1
A) 0 By 1 C) -1 D)y = E) f A) 9 B) 2 Q) 81 D) 17 ) 0
2 2 3
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C

P!

9, [@x+D@"+x-1) dx=?

A)6 BE)-4

7 {6

10, _[ sin2x dx =?
1]}

A)l B)yO

11. ](33:—1)2 dx=?

7

A) 13 BY —
6

1
12, _[x-e" dx="7?
0

A0
o

d ¥

B) -1

B2

1

o) e

2

€y.é2

D)4

D) E

3

Dy 1

E) -6

E}g
5

E) —

13, dx="7?
{(2 =
Ay 2 B8 L D) 2 E) T
13 25 7 25 125
m /3
2 2x
14. _[ ﬂ dx =?
o sm2x
A1l B)O C)In2 D) % E) g

15. F(x) = [ cos(3) dt is given. What is F'(0)?
3

1
) T D) £ E) l
B 2 4

A0 B) 1

16. What is the mean value of the function f(x) = cosx
- g nonl,
on the mterval | 7~ |°
P2 I = 55

|, [ 4
27 T

A) DO



L
2 2

© d

In the figure, [ f(x) dx =18 and | f(x) dx=10.
b a

What is the total area of the shaded region?

A) 28 B)8 C) 10 D) 12 E) 26

2. T(sxﬂ—z;x) dx=7?
1]

A) O B)4 C) 12 D) 16 E) -4

3. je“ dx=2?
1]

1 e A e* -1

AYO By = £) = Dye*—-1 E

) ) 1 ) 2 ) ) 1
/2

J-cosx-sm;t dx =7
w4

2 1 1

AY == By = )1 Dy — Ey O

) 5 )2 ) ) A )

b
5. J’(x+2) dx=10 and a — b = 2. What is a?

A) 2 B)-6 ) -4 D) & E)6

@. _[(smx+cosx) dx =?
1]

A)0 B) 1 )2 D) 4 E) -1
7
7 J‘Jm&":?
0
74 16 7 7 128
Ay mE gl ml mpdd
'3 '3 1z Py TS
e+l x
8 I dx =7?
s x—1
Ae+3 gy £ 1 oy e
4 2
Dye Eyl-e
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3 7 /3
g, Imx dx="7? 13. J.sjngx-cosax dx="7?
1 0
1+¢€° 2e” -1 e 17 9 .. b8 1
A B) Cye®* + 1 A) — B)—_——- €6 — D - E)-1
) 3 7 o e 43 128 161 ’ ’
D) 23 Eyl-e
ld(xa) A —— 2
10, [—=5=2 14. F(x) = [ at 1s given. What is F'(x) ?
1t L1+t
x” 2x* : 2x
, A) X _ B) =% _ C) =
A0 Hynd eyt 1+e Tre 1132
Bydara-Jud D D) 0 F)In|1 + x|
19X+
11. _[ dx =?
1 2x—1
w4
Ny | =
A)In9—In3 B)yIn3 —Inb )0 15. [ cosxsm®xdx=?
i}
Dy2 +1n25 Eylnd -1 1 1 1
A) D By1 £y Dy = By
16 4 2
12. _[ 2.1"‘1_3 dx="7?
lJr‘+3x
16, What is the mean value of the function
7 125 ]
A) 2In3 + Ind B) m(i) ) In( 5 ) f(x) = 2x* +1 on the interval |0, 5|?
5 27 48 i | 62 17
D)1+ In2 E) m(io2y AZ: B o D2 B
128 4 o 3 7 5
C F/‘\
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jFINDING TlHE AREA UNDER A'CURVE%

Definite integrals have many applications. We can use definite integrals to find the area of a
region bounded by a curve, the volume created by rotating a curve, the length of a curve, the
mean value of a function, the center of mass of an object, and to calculate the displacement

and work done in motion and projectile problems.

Most of these applications are useful in mathematics or physics. In this chapter we will look
at the applications of the definite integral in mathematics.

FINDING AREA

Let f: |a, b — R be a continuous function such that for y
every x, f(x) = 0. Then the area of the region between 1 )

y = f(x) and the x-axis on the interval |a, b| is

b :
A= _['f(x) dx. -

b I |
Conclusions
The theorem above gives us four important p
results.

a b
> X

1. If f(x) < 0 then the area of the region between
y = f(x) and the x-axis on the interval |a, b|
will be

A= T—f(x) dx = —Tf(x) dx.

More generally, if y = f(x) is any continuous function on the interval |a, b| then the area

between y = f(x) and the x-axis is

A=[1f@)| ax.

2. In the figure, the total area of the region will be y

Area=A+B+C= | f(x) dx - cJf(x) dx+ df(x) dx. ; Fixd
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Remember: y

a. The definite integral of f(x) on |a, b| is T /\ e
H |
[f(x) ax=4-B. /H
p /a > b

b. The area between f(x) and the x-axis on |a, b| is ‘ \_/

Area = A + B.

3. The area between y = f(x), the y-axis and the

linesy =mandy =nis A= _[f(y) dy.

4. We can use the formula for the area under a curve to define the area between two curves.

1.y ] y
A A A
..'II: s
: gix) al T
i - i ¢ a
¥ b gix)y

Let f(x) and g(x) be two curves. Then the area A between f(x) and g(x) on the interval

la, b| is A= I[f(x) - g(x)] dx.

The area between f(x) and g(x) is

b [ d
A+B+C = [(f(x) - g(x)) dx+ [(9(x) = F(x)) dx+ [(F(x) —g(x)) dx.

Applications of Definite Integrals 83



EXAMPLE I Find the area A of the region bounded by the graph of y = x + 1, the x-axis, and the lines
x=2and x = 4.

4 o
Solution Az_[(x+1) dx = [%+x]

19—

=(8+4)-(2+2)

=8.

EXAMPLE 2 Find the area A bounded by the graph of y = -3x + 1, the x-axis, and the lines x = 1 and
x = 3.

L2

2 3
Solution A:_[—(—3x+l) dx:[%_x]|
1

-

-
=g =i

91

2
=10

NI | =

EXAMPLE 3 What is the area of the finite region between the graph of ¥ — 1 — x* and the x-axis?

Solution f(x)=1-x*=0 = x==%1
1 x:; 1
A:j(l—x‘l)dx:[x__) |

21 3 A

Sl L
Sl==iEl40

*
-
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Solution 2-3x +x°=0 = x, = 1,x,= 2

A

4 What 1s the area of the finite region between the graph of y = 2 — 3x + x” and the x-axis?

¥ y=2-3x + x*
f S
all

2 o 3 2
= [«@-Sntatdn=| owa X T ] 2t
1 2 3

B 8 3 1
SCARE - (2 o)

1
B

EXAMPLE 5 Find the area of the region bounded by the graph of y*— 1 = x and the y-axis.

Solution 7°

A

- 1=0=9y==1

1 5 3 1
=[-@-vay=-ZL - v
% 3 -1

2
S

4
5

Check Yourself 1

1
2

Find the finite area between the graph of y = x° — 4 and the x-axis.
Find the area of the region bounded by y = 2x* — 4x + 5, the x-axis, and the lines x = 2

and x = 3.

3. Whatis the area of the region bounded by y = 3x + 5, the x-axis, and the lines x = 1 and
x =47

4. Find the area of the region bounded by the graphs of y = 5x + 1, the y-axis, and the lines
y=2andy = 3.

5. Find the area of the region bounded by the graph of y° = x + 9 and the y-axis.

6. What is the area of the region bounded by y = 2" and thelinesx = 1,x = -1 andy = 0?

Answers

118 a2 2§ 3, ! 4. 3, 3. 36 G.L
3 3 2 10 2In2

Applications of Definite Integrals
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EXAMPLE 6 Find the area of the finite region between the graphs of y, = x° + 1 and y, = 5.

Solution Before we begin, we need to find the interval for the
integration. If we sketch a rough graph we can see
that the interval is set by the intersection of the two
lines. Therefore, we need to solve the two functions
simultaneously to find the upper and lower limits
for the integral. Then we can find the definite
integral between the limits.
y,=x"+1

v = B Y= =2 X 4+1=8 3. x=%2

13

A=

EXAMPLE 7 Find the area of the region bounded by y, = x° + 2 and y, = x + 4.

Solution Agam, we find the interval by solving the two
functions simul taneously.
g =4, =% B2 =%+ 4
x,=2and x, = -1

a

A= J:((Jt:+4)—(xﬂ +2)) dx= I(—x9+x+2) dx

-1

3 X 2 8 11
X X
= -+ 42 =(——+2+4)—(=+—-2
[ 3 2 x] ! 3 )Gty

G- (" +1)) dx = [(4-x") dx:[4x_ﬁ) f=c -8 <
la 3 J == 3

EXAMPLE 8 Find the area of the region bounded by f(x) = x* —x and g(x) = 3x — x".

Solution fx) = gx)
g = Quead

Sox, =0, x, = 2.

86

y

A

k.

flx) =la® —x

g(x) = 3x -x°
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EXAMPLE 9 Find the finite area between the graphsofy = x* y = 0, x = 2 and x = 1.

Solution The graph intersects the x-axis at the point x = 0,
so part of the area lies above the x-axis and part of

it 1s below the x-axis. Therefore we divide the area

mto two parts.

o 1 4
X 1]
:I—x3 (Ix+'[x3 dx=-"— | |
o o 4 -

EXAMPLE I o Find the area of the region boundedbvy =x° x =0,y = 2and y = 2.

Solution y=x> = x= iﬁ

|

o =13
I

A:T%dy:j‘y%d? =3
1] o

o]

4
] 330 33
o=
33p 3P

Total area = A+ B = —+——

1

X
4 o

335

These two areas are symmetric. Therefore, if we muldply A by 2 we will find the total area.

EXAMPLE I I What is the area of the region bounded by y = x° + 3x, the x-axis and the line x = 3?

0 3
Solution A+B=[-(x*+3x)dx+[(x"+3x) dx
gl ) (1]

Applications of Definite Integrals

Y= x"+-3x
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EXAMPLE I 2 What is the area of the region between y = cosx and the x-axis on the interval |0, 27|?

88

Solution

Solution

We can see from the figure that the areas of all
four parts A, B, C, and D are equal. So we can

calculate the answer as follows:

Total atea = 4 - J:cos x dx= 4sin xfé
o o
:4sin£—4s:in0
2

=4.

First we need to find the intersection points:

Y, = Y,

Xox;x-x=0;x(x-D@xx+1)=0.

So the intersection points arex = -1, 0, 1.

A= Jq(xg—x) dx+_1[(x—x3) dx

ot (0 ) 1
e [ |—|— AR S |:_
4 2 |1 2 4 o 2

Check Yourself 2

1. Find the area of the region bounded byy — x* + land y = 3x - 1.
. What 1s the area of the region bounded by y = 3x* + 1 and y = 4?

L

y = COSX

9
3. Find the area of the region bounded by y = 2x* + 3x and y — —x° — 3x + 24.
4

. What is the area of the region bounded by the graphsof y — x* -2 and y — -2x° + x?

Answers
1 l 2.4 3.108 4. ﬂ
6 12
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Applications of Definite Integrals

. Find the area of the region bounded by the graph
of y — 4 —x” and the x-axis.

. Find the area of the region bounded by the line
y =3 + x and the x and y axes.

. Find the area of the region bounded by y = 2x -1
and the x-axis on the interval |0, 3|.

. Find the area of the region bounded by the graph
of y = 1 — 3x and the x-axis on the interval |2, 5].

. Find the area of the region bounded by the graph
of y = x* + 5 and the x-axis on the interval |0, 3|.

. Find
the graph of y — x* - 3x — 4 and the x-axis on the
interval |-1, 7].

the area of the region bounded by

. Find the area of the region bounded by the graphs
ofy=x-1,y=0,x =1and x = 3.

. Find the area of the region bounded by the graphs
ofy=x"-1,y=0x=1andx = 2.

. Find the area of the region bounded by the graphs
ofy=3-x"y=0,x=0andx = 2.

10,

11.

12.

13.

14,

15.

1.

17.

18.

19.

Find the area of the region bounded by the graphs
ofy =2x+1,x =0,y =1and y = 3.

Find the area of the region bounded by the graph
of y = 3x - 1, the y-axis, and the lines y = 0 and
y =2,

Find the area of the region bounded by the graph
of y = Jx, the y-axis, and the lines ¥y = 1 and
y = 3.

Find the area bounded by the graph of x = y° - 4
and the y-axis.

Find the area of the region bounded by the graph
ofx = y° - 3y + 2 and the y-axis.

Find the area of the region bounded by the graphs
of y = 2x" - 3x + 1 and y = 3 on the interval
12, 3].

Find the area of the region bounded by the graphs
ofy =2x-05,y =-2,x = 1and x = 3.

Find the area of the region bounded by the curves

y—x"-landy = 1-x"

Find the area of the region bounded by the curves

f(x) = x*and g(x) = Jx.

Find the area of the region bounded by the curves
y=4-x"andy = x° + 2.

89




20.

21,

22.

o3

27.

29,

90

Find the area of the region bounded by the graphs
ofy =2x°-3x + landy = -8x + 4.

Find the area of the region bounded by the graphs
ofy =x*-1andy = 3x +3.

Find the area of the region bounded by the graphs
ofy —4-x"andy = 2x + 1.

. Find the area of the region bounded by the graphs

of y = x’ — 2x" and y = 3x.

. Find the area of the region bounded by the graphs

of f(x) = x” and g(x) = 4.

. Find the area of the region bounded by the graphs

of f(x) = 3 —xand g(x) = 2.

. Find the area of the region bounded by the graphs

ofy —x*and x = y°.

Find the area of the region bounded by the graphs
of y = cosx and y = sinx on the interval |0, 7|

. Find the area of the region bounded by the graphs

ofy = sinx and y = cos2x on |0, gl.

Find the area of the region bounded by the graphs
sinx on Im: 1_1:|
3 3 9

of yz? and y =

30,

31.

32.

33.

36.

36.

Find the area of the region bounded by the graphs
of y = 2sinx and y = 3cosx on |0, gl.

Find the area of the region bounded by the curve
y = sinx and the x-axis on |0, 27].

Find the area of the region between the graph of

y = 5 - cos4x and the x-axis on |0, gl

Find the area of the region bounded the graph of

y = 3-sinx, the x-axis, and the lines x = 0 and
x="T
3

. What 1s the area of the region bounded by the

graphs of y = x°, y = 3x" and y = 4x?

In the figure the shaded y

area is 12 cm® and

If(x)(fx:O. _ 2

I
[}

What'is [ f(x) dx?
(1]

The area of the region bounded by y = ax* (a > 0),
the x-axis and the Line x = 3 is 18 cm®. What is the

value of a?

Integrals




37, Find the area of the region bounded by the graph

1
of y=—, the x-axis, and the graphs x = 1 and
X

3
X =e€.

38. Find the area of the region bounded by the graph
of y = Inx, the x-axis, and the graphs x = ¢ and

X =e.

39. The figure shows the graph of the function f(x).
1 5
_[f(x) dx = -5 and _[f(x) dx =5 are given. Find

g
the total area of the shaded region.

y
-3 o I 1. D
; : ‘ = . i
|

4(), The figure shows the y
graph of f(x). T

T

If [ f(x) dx = -3 and
1

the area B is 8 cm’,

7
what is _[l f(x)] dx?
1

41. Find the area of the region bounded by the graphs
ofy=x"+3-1,y=0x=-3andx =0.

42. Find the area of the region bounded by the graphs
ofy — x* and y = 1 on the interval |-2, 1].

Applications of Definite Integrals

48.

al.
o0

52.
GO

. Find the area of the region bounded by the graphs

ofy = x* + 1 and y = 5 on the interval |0, 2|.

. Find the area of the region bounded by the graphs

ofy=1+3x,y=8x=2andx = 3.

Find the area of the region bounded by the curves
y=2x"-3x +5andy = 10 —x —x".

. Find the area of the region bounded by the curves

y=x"+x"+2xandy = 7x* - 9x + 6.

. Find the area of the region bounded by the graphs

ofx =y andy = x - 3.

. Find the area of the region bounded by the graphs

I
ofy =sm3x,y = 2cosx, x = 0and x= 3

. Find the area of the region bounded by the graphs

of y = cos 2x and y = 2sinx on %ﬁ' 7?|

. What i1s the area of the region bounded by the

tangent line of f(x) = Inx at the point x = e, the
graph of the functon g(x) = Inx, and the x-axis?

Find the area of the region bounded by y° = «x,

a 3
y:six-‘ y=1, y:i_

Find the area of the ]
shaded region in the
figure.

21




A. CALCULATING THE VOLUME OF A SOLID OF REVOLUTION

‘When a region is rotated about an axis we obtain a solid figure. This figure is called a solid of
revolution. We can use the definite integral to find the volume of a solid of revolution.

FINDING VOLUME

Note
fx is used in the place of |f(x)|".

EXAMPLE I 4 What is the volume V of the solid figure generated by rotating the area between y = 3x and

the x-axis around the x-axis on the interval |0, 2|?

Solution Look at the figure. Using the theorem we can write

V= '."I:-.T(3x)2 dx = ﬁ-:l%gx2 dx
0 o

2
=3m’|
o

=24m.

EXAMPLE I 5 What is the volume V of the solid obtained by rotating the region between y = x* + 2 and
the x-axis around the x-axis on the interval |1, 3|?

3
Solution V= -.::-_[(xE +2)° dx
1

3
= :lt-_[(:x:“h':l;x:E +4) dx
i\

5 4 3 3
5 3 1

13667
15
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Note

If we rotate a figure around the y-axis then the
volume 1is created by x = f(y) and we integrate it

with respect to dy:

Ve[ dy. "

EXAMPLE I 6 Find the volume V of the solid figure generated by rotating the region between f(x) = 3x — 1,
the y-axis, and the lines y = 2 and y = 5 around the y-axis.

Solution To find the volume, we find x in terms of y and
integrate the expression with respect to dy:

y+1

y=3x-1 = x=

v y;—ln 7 Yy +2y+1 .

) 9
A
(27 9 9)|g
125 25 5 8 4 2
= (—tFt—F+ )
29 9 9 27 9 9
=
Note

= flx)
If we rotate the area between two curves y =1

f(x) and g(x) on the interval |a, b| then the
volume of the solid figure generated is:

y = gix)

V=mn[(f () -g°(0)) dx.

@3

Applications of Definite Integrals



_'E)(_'AHPL'E I 7 Find the volume V of the solid figure which is generated by rotating the area of the region

Solution

bounded by the graphs of ¥ = 2x° + 2 and ¥y = 3 — 2x” around the x-axis.

222 1+2=3-2x% = x— i%

V=m. lj'ﬂ [(3 — 9%y — (222 +2)° } dx
-1y

3

1/2
=2 I (-20x" +5) dx
-1/2

n

20x°

1
+5x) |
-1/2

— s . 200y A D
_“[( 2072 2)]

= ;r[.(_

107w

s

EXAMPLE I 8 Find the volume V of the solid figure generated by rotating the area bounded by the graphs

Solution

ofy =x’and y = Jx around the x-axis through 60°.

We can solve the equations simultaneously to find the intersection points:

x* =x,x, =0 and x, =1.

ﬂ- (total volume)
360

m- [ ((e)* - ()7) ax

-n-j(x—xa) dx

94
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EXAMPLE

ofy =€, x=1x

3
Solution V=mx-[(e* -1) dx
1

2x

:7[.(

)
— X
2 1

P
‘"[(2 H-G 1)]

T, & o
—(e"—e -4
2( )

Applications of Definite Integrals

I 9 What is the volume V of the solid figure generated by rotating the area bounded by the graphs

=3 and y = 1 around the x-axis?

Check Yourself 3

. Find the volume of the solid figure generated by rotating the area
between y — x* — 4 and the x-axis around the x-axis.

2. Find the volume of the solid figure generated by rotating the area
bounded y = 4x — 1, the x-axis, and the lines x = 1 and x = 3 around
the x-axis.

3. Fmd the volume of the solid figure generated by rotating the area
bounded by y = 3x* + 2x + 1, the x-axis, and. the lines x — 0 and
x = 2 about the x-axis.

4, Fmd the volume of the solid figure generated by rotating the area
bounded by y = 2x + 1, the y-axis, and the lines y = 2 and y = 5
around the y-axis.

3. Find. the volume of the solid figure generated by rotating the area
bounded by y = 2x* + x + 2 and thelinesy = 1, x = 1 and x = 2
around the x-axis.

6. Use the definite integral to show that the volume of a sphere with
radius R is :_xR3.

Answers

1 512w 9. 326m 3 2134n 4 21n 5. 3497

15 3 15 4 5

6. Place a circle at the centre of the coordinate plane and use the equation
of circle.
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B. FINDING THE LENGTH OF A CURVE (OPTIONAL)

The length L of any curve (or line) between the points @ and b of a continuous and
differentiable function f(x) 1s:

b
L :_j +(f'(x)° dx.

E 20 Find the length L of the graph of f(x) = 4(x — 1)** between x = 1 and x = 2.

Solution Using the formula we get:
f@)=6-(x-1)"

L= I\/]+(6(a ok dx— +36(x-1) dx= J.ﬁﬁa —35 dx

u=36x-30 = du=36dx or dng—g

u? %o L
dx:_ju/d _ (36x-35) |:37J§_7 1
54 54 1 54

X MPLE 2 I Find the circumference of a circle with radius 2 units.

Solution Letus assume that the center of the circle is at the origin of a graph, then the equation of
the circle is x* + y* = 4.

So y =+J4—x°.

Now let us divide the circle into four parts and find the length ofjust one part:

J_',/1+(( 14— x°))? dx.

So the circumference of the circle=4 -

Oy 13
-
flary
+
_—
|
=
g
[5-]
=
-

[l
e
e L e L - b 1]
W
=
=

=9
|
-
is

=8 - (arcsin

M| =
s
Q=13

=8 - (arcsinl-arcsin0)
= 41 units.
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C. CALCULATING THE AREA OF A SURFACE OF
REVOLUTION (OPTIONAL)

FINDING SURFACE OF REVOLUTION

If a functon f(x) has a continuous first derivative on |a, b| then the area A of the surface

generated by revolving the curve about x-axis is

A=9m. Tf(x) : ,fl +(f'(x)) dx.

Such a surface is called a surface of revolution.

22 Find the surface area of a sphere with radius r = 3 cm.

Solution Letustakethecirclex™ + 3" =9 = y=£9-x".
Now let us use the arc between x = 0 and x = 3 and rotate it. This will give us half of the sur-
face area of the sphere, so we need to multply the result by 2 to obtain the whole surface area.

3
surface area =2 -27- .[\15 Xt (WD —x)H? ax
o

3 >
:4n-_|'yl'9—xg-1‘1+ X —dx
s 9-x"

3
:411-_[\!'9—379 - dx
1}

9-—x*

3
=471 -(3x) |
o

=36m cm”

Check Yourself 4

1. Find the length of the curve y = 2(x + 3 )* between x = 1 and x = 3.
2. Find the length of the curve y = 4x” — x + 1 on the interval |0, 1|

3. Find the length of the curve y = x** on the interval |0, 2].

4

4. Find the area of the surface of revolution which is generated by rotating the curve

y = 2x + 1 about the x-axis on the interval |1, 3].

3. A parabolic reflector is obtained by rotating the parabola y = Jx on the interval |1, 2| about

the x-axis. What is the surface area of the reflector?

Answers
1110«./5_52;74437 " 9\/2_—11;(./2_—1) y 22«/;?—8 £ aulsl 9;_011:{;/5
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PracTicAaL INTEGRAL APPLICATIO

We have seen how to use the definite integral to find the
area under a curve, the volume of a solid, and the length of

a curve. These results have many practical applications.

For example, Table 1 shows a graph about a cell phone
company. The graph shows the number of new users the
company hopes to have per month. How many users wil
there be after five months? The

answer is the area under the
graph.

The definite integral is also
number of users (v) - useful m economics and busi-
i ; ness. Statistics is the branch of
mathematics that studies and

processes data. Statisticlans use

o tables and graphs to find out
months

about changes over time, for
example, changes in a compa-
ny's income, or changes in the population of a city or
country. For example, imagine you are studying the pop-
ulation of an island. You have found that the popula-
tion increase P over t years is given by P = 25t + 20. The current population is
1200. How many people will be living on the island in thirty vears' time? (This
problem is left as an exercise for you. Hint: use the definite

integral.)

The definite integral also has applications in circuit design,
architecture, astronomy and many other fields. Integrals
tell us about the dilation of electronic circuits, the curves
and surface areas of buildings, and the movements of the

stars and planets.




Applications of Definite Integrals

Calculating the Volume of a Solid of
Revolution

. Find the velume of the solid figure generated by

rotating the area of the region bounded by
¥y =2x + 95, x = 2and x = 3 around the x-axis.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y = x° + 1 and the x-axis on |0, 1| about the
x-axis.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y = x°— 1 and the x-axis on |1, 2| around the x-axis.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y = 3x + 1, the x-axis, and the lines x = 1 and
x = 3 about the x-axis.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y = 1—x"and the x-axis around the x-axis.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y = x° — 4 and the x-axis about the x-axis.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y = 2x — 1, the y-axis, and the linesy =1,y = 2
0 about the x-axis.

Find the volume of the solid figure generated by
rotating the area of the region bounded by
y = 2x° — 1, the y-axis, and the lines y = 0 and
y = 3 about the y-axis.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y =x"+4and y = 2 on the interval |1, 3| about
the x-axis.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y — x*—4 and y — 3x + 6 and x-axis about the
x-axis.

11,

12,

14.

15,

16.

17.

18,

19.

20.

Find the volume of the solid figure generated by
rotating the area of the region bounded by
y = 4x — 1, and the x-axis on |0, 3| about y-axis.

Find the volume of the solid figure generated by
rotating the area of the region bounded by
y =€, x = 2 and the x and ¥y axes about the
X-axis.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y =sinx, x = 0, x = © and x-axis about the
X-axis.

Find the volume of the solid figure generated by
rotating the area of the region bounded by

s
Yy =cos2x, x= o> and x-axis about the x-axis.

Find the volume of the solid figure generated by
rotating the area of the region bounded by y = x*
and y = x about the x-axis.

Find the volume of the solid figure generated by
rotating the area of the region bounded by y — x*
and y = x about the y-axis.

Find the volume of the solid figure generated by
rotating the area of the region bounded by

¥ =x + 4, x = 2and y — 2 about the x-axis.

Find the volume of the solid figure generated by
rotating the area of the region bounded by
y = 2x"+3x - land y = x> + x — 2 about the
x-axis on |1, 3.

Find the volume of a cone with radius r = 3 cm
and altitude 4 cm by using integration.

Find the volume of the solid figure generated by
rotating the area of the region bounded by
y=x"+ 1and y = 3x — 1 about the x-axis.
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21. Find the volume of the solid figure generated by

rotating the area of the region between y = tanx
and the x-axis on the interval [0, g} about the

x-axis through 180°.

22. Find the volume of the solid figure generated by
rotating the area of the region bounded by
y =5-—x"and y = x° + 3 about the x-axis.

23, Find the volume of the solid figure generated by
rotating the area of the region bounded by
f(x) = =x*and g(x) = x* — 3 about the x-axis.

24. Find the volume of the solid figure generated by
D]
rotating the area of the region bounded by

1
f(x) = —, the x-axis, x = 1 and x = 3 about the
x

Iy -axis.

25, Find the volume of the solid figure generated by
rotating the area of the region bounded by

1
f(x) = —, the x-axis, x = 1 and x = 3 about the

x

X-axis.

26. Find the volume of the solid figure generated by
rotating the area of the region bounded by
y=x"+x+1,x=1 x = 2and the x-axis about
the x-axis through 90°.

27. Find the volume of the solid figure generated by
rotating the area of the region bounded by
y =¢€,x = 1, x = 2 and the x-axis about the
x-axis through 120°.

28. Find the volume of the solid figure generated by
Y rotating the area of the region bounded by

y=5-x",y=2,x=0,x=1abouty = 1.

100

30,

31.

32.

33.

37.

38.

39.

40.

. Find the volume of the solid figure generated by

rotating the area of the region bounded by
y = 1 —x° the x-axis, x = 1 and x = 3 about the
y-axis.

Find the volume of the solid figure generated by
rotating the area of the region bounded by
y — x°, the x-axis, x = 0 and x = 2 about the y-
axis.

Finding the Length of a Curve
Find the length of the graph ¥ = 3x + 1 between

x=0and x = 4.

Find the length of the curve y = 2. (x — 1)** on
the interval |1, 2|.

Use integration to find the circumference of a
circle with radius 5 cm.

. Find the length of the parabola y° = x on the

interval |0, 1].

. Find the length of the graph y = x** over |0, 1|.

. Find the length of the curve ¥ = x* — 1 between

x=0andx =1.

Calculating the Area of a Surface of
Revolution

Use integration to find the surface area of a
sphere with radius 2 cm.

Find the surface area of the solid figure
generated by revolving the parabola y — x* around
the x-axis on the interval |0, 1].

Find the surface area of the solid generated by
372

rotating the curve y= on |1, 2| about the

X-axis.

Calculate the surface area of the solid obtained by
rotating the graph of f(x) = Jx on the interval
|0, 1| about the y-axis.

Integrals




Chapter Summary

CHAPTER SUMMARY

1 Iff- [a, b] — R is a continuous, positively defined
function (fix) = 0) then the area A of the region
between y = fix) and the x-axis on the interval [a, b]

15
A= Tf(x) dx.

2. Ify = fix) is anv continucus function in the interval
la, b] then the area between y = fix) and the x-axis is

b

] ax

a

3 The area A between y = flx), the y-axis and the lines

y=mandy =nis

=[5y dy

4 Let flx) and g(x) be two curves Then the ama A

between f{x) and g(x) on the interval [a, b] is

=

[ —

[f(x)-g(x)] dx.

Volume of & Solid of Bevolution

1. Let f{x) be a continuous function defined on [a, b].
Then the volume V of the solid obtained by rotating

the area between f(x) and the x-axis on [a, b] is
b
V=m- J’f"-(x) dx.

2. If we rotate the figure around the y-axdis we use

x = fly) and inte grate with respect to dy-
d
V=m[fdy

3. If we rotate the area between two curves flx) and g(x)

on the interval [a, b] then the volume V of the solid

figure 1s:

V= n-_[f'l(x_)— gi(x) dx.

Length af a Curve

The length L of any curve (or line) between the points
a and b for a continuous and differentiable function
flx)is
b
L=[JI+(f(x))?* dx

Area of g Surface of Revolution

If a function fix) has a continuous first derivative on
la, b] then the area A of the surface generated by

rotating the curve about the x-axis is

AZQE-.Tf(x)-J +(fTx)* dx

Concept Check ——

» How can we use integration to find the area under a

curve?

How can we find the area between the graph of a
function and the x-axis if the function is below the

X-axis?

How can we find the area between two curves if they

intersect at a countable number of points?

How can we find the area between the graph of a

function and the y-axis?

How can we find the volume of a function rotated around

an axis by using integration?

How can we find the length of a curve on a closed

interval [a, b]?

How can we use inte gration to find the area of revolution
of a surface?
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CHAPTER REVIEW TEST 3A
l|.v y

L
-

3
In the figure, If(x) dx=12 cm® and
Ly

]

_[f(x) dx =5 cm®.

a3

W hat is the total area of the shaded region in cm®?

A) 7 B) 12 C) 17 D) 19 E) 21

2. What is the area of the region bounded by the
graphs of ¥y = 2x - 3, the x-axis, and the lines
x =2and x = 4?

A) 6 B) 9 Cy 10 D) 16 E)21

3. What is the area of the region bounded by the
graphs of y = —x + 5, the x-axis, and the lines
x =3and x = 5?

A) 27 B) 13 C): D)3 E) 2

4. What is the area of the region bounded by the
graph of y = x° - 9 and the x-axis?

A) 27 BE) 36 C) 28 D) 40 E) 49

=D
T

5., What is the area of the region bounded by the
graphs of y — x* — 3x + 2, the x-axis, and the
linesx = 1 and x = 3?7

D) l By

A) l
6 12 5

B) E )1
6

©. What is the area of the region bounded by the
graph of y = x°, the y-axis, and the line y = 8?

A)12 B g o E) 17

7. What is the area of the region bounded by the
graph of y = x*— 7x + 10 and the line y — x + 3?

A) 33 B) 27 C) 18 D) 36 E) 42

8. What is the area of the region bounded the graphs
ofy = x*—x+ land y — —x* + 2x + 3?

A) 1—46 B) @ =) & D) 12—7

E) 49
7 3 24



9@, What is the area of the region bounded by the
graph of ¥ = sin 2x and the x-axis on the
interval |0, m|?

A) 2 B) 4 £1):H D) 3x E) 4m

10. What is the area of the region bounded by the
graph of ¥ = 3x - 4, the y-axis, and the lines
y=1andy = 4?

7 13 8 .

AY == B) i~ & i E) 10
3 2 5 i

11. What is the volume of the solid figure generated
by rotating the area between y = x and the
x-axls around the x-axis on the interval [0, 3|?

. 2m
y =

_-\:-g B) 27 C D)27 E)On

12. What is the volume of the solid figure generated
by rotating the area between y — x° + 1, the
x-axis, and thelines x = 0 and x = 1 around the
x-axis?

13, What is the volume of the solid figure generated
by rotating the area between the graphs of
y = x*+ 2 and y — 3 around the x-axis?

27w
(i

A) i 104w o 452

— ]E." —
] 15 0
\ 161_’:11 F) 327

15 3

D

14, What is the volume of the solid figure generated
by rotating the area between the graphs of
y=3x + 2 and y = x + 8§ around the x-axis on
the interval |0, 1]?

A) BOT B) 27x k) Ari

147w 637w

D)

15. What is the volume of the solid figure generated.
by rotating the area of the region between
y = 3x — 1, the y-axis, and the lines y = 1 and
y = 2 around the y-axis ?

| 197

A) — 5
27 3 9

16, What is the volume of the solid figure generated
by rotating the area of the region between the
graph of ¥y = 2x — 1 and the x-axis through 180°
on the interval |0, 2|?

21m o 21m ~. 14n
;g a )

D) T—TE E) 5w
3



CHAPTER REVIEW TEST 3B

L.

2.

3.

4.

(r/‘x
e

What is the area of the region bounded by the
graphs of ¥ = 3x — 1 and the lines x = 0 and
y=2?

3

A) — B)

E D1 E) Z
7 2 3

w| N

What is the area of the region bounded by the
graph of y = 3x° + 4, the x-axis, and the lines
x=1landx = 3?

A) 34 B) 29 €321 D) 16 E) 9

=

The figure shows the
graph of f(x) = x".
Given 25, = §,, find a.

o DB E) N3

A)2 B) 235

What is the area of the region bounded by the
graph of y = 5x + 1 and the x and y-axes?

A) 1l By 3 C) 03 D) 0.2 £)o0.1

5., What is the area of the region bounded by the

graphs of y = 2x + 1 and y = 5 - 2x and the
x-axis?

A) 1 B) g )
6 6

M| ©
o

@. What is the area of the region bounded by the

graph of ¥y — x* — 4x and the x-axis?

16

A) 12 B) 8_ Y= D)8 E) 16
3 3

. What is the area of the region between the graphs

ofy = x°— 6x and y = -9 and the y-axis?

A) 32 B) 27 C) 18 D)o Ey4

8. What is the area of the region between the graphs

ofy = x"—x+ landy — —x° —4x + 3?

127
A) Ao B) 29 == ) i E) 49
8 24 25 2



9@, What is the area of the region bounded by the
graphs of y = cos2x and x = wand the x-axis?

A) 2 B) 4 C)b D) 3m E) 4n

1@, What is the area of the region bounded by the

graphs of ¥y = cos2x and y = sinx on the interval

10, m?
A) 3J3-2 ) V3 -2 C)12n -2
D) 63 + 2 F) 643 -2

11. What is the area of the region bounded by the
graphs of x = yg + 1, y-axis, y = 1 and y = 3?

vl ¥ e 2 g7

3 3 3 6

12. What is the volume of the solid generated by
rotating the area between the graphsofy = 3x -1,
x = 2and x = 3 around the x-axis?
277

Ay = 1) 16w
5

C)22r D) 42n E) 43=n

13. What is the volume of the solid figure generated
by rotating the area between y = x° — 2x and the
x-axis around the x-axis ?

28
A) 2w B) 19_11: k) D) Tn y19n

15 15

14. What is the volume of the solid figure generated by
rotaung the area between the graphs of y = ox — 1,
x =1, x = 2 and the x-axis around the y-axis?.

35

Ay 228 B) 27m o
3 3

147m - 63m

3 2

D)

15. What is the volume of the solid figure generated
by rotating the area between the graphs of
y=x -3x -4 x = 2 x = 5 and the x-axis
around the x-axis?

L 197m 28n . 441n 177 27

By == By == BY —
27 3 10 3 3

A

16. What is the volume of the solid figure generated
by rotating the area between the graphs of
y=2x-1,x =1, x = 2and the x-axis through
180° around y-axis?

A) 64m B) 41r o) 14w 961

3 12 5 "B
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absolute paliwe function: a function which is always
defined positively: if f(x) = 0 then [f(x)| = f(x), and if
f(x) < 0 then |f(x) | = —f(x).

antiderivative: a funeton F(x) + c for which F'(x) = f(x).

e

boundary: a curve or a point which limits a region or a

line.

C

constant gf integration: the constant term ¢ which must

be added when calculating an indefinite integral.

confinuous function: a function whose graph is a

continuous line, with no breaks.

5

definite integral: the area between the graph of a
continuous function f(x) on an interval |a, b| and the
Xx-axis.

derivative: the rate of change of a function at a given
point.

differenttable function: a function which has a
derivative at a given point.

differential. the expression dx which shows the

variable in an integral.

differentiation: the process of finding the derivative of

a function.

7 ™

discontinuity: a point at which a mathematical

function is not continuous.

floor function: a function which gives the greatest
integer number which is smaller than the value of a
given function.

fundamental theorem af calculus: the theorem that we
use to find the definite integral of a function.

J

indefinite fntegral: the set of all the antiderivatives of
a function.

integrable function: a function which has an integral

on a given interval.

integral: a mathematical term that can be interpreted
as the area under a graph or as a generalization of this

area.

integral sign: the sign _[ that we use to show the
integral of a function.

tntegrand: the algebraic expression under the integral
S1¢m.

integration: the process of finding the integral of a
function.

integration by parts: a technique for finding an
integral of the form Iu-t!’ dx by expanding the
differential of a product of functions d(uv) and
expressing the original integral in terms of a known
integral.

interval- the set of all real numbers between two

known numbers a and b, written |a, b|.




Gu'erse gonversion form ulas: the formulas for writing
the product of two trigonometric functions as the sum

or difference of two other trigonometric functions.

k.

Letbniz's yule: a rule which gives a formula for
the differentiation of a definite integral whose limits
are functions of the differentiable variables.

lower fimit: in a definite integral, the lower limit is the

first number in the interval.
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number ¢ in an interval |a, b| such that f(c) is the ratio”
of the definite integral on the given interval to the .
difference of @ and b.

P

partial fraction: when a complicated fraction is given

we can write it as the sum of simpler fractions. These =

fractions are called partal fractions.

primitive of @ function: the antiderivative of a sl

function.

24

radical function: a function which contains one or
more radical expressions such square roots, cube roots,

etc.

rational function: a function which is written as the

quotient of polynomials.

reducible ﬁmcrion: a funcoon that can be writtenina .
=

simpler form, or as the multiplicaton of simpler |

functions.

S

stgn function: a funetion that gives the sign of a function
J(x). If f(x) is positive then the sign functdon has value
+1, if f(x) is 0 then the sign 1s 0 and when f(x) is
negative its signum is —1.

solid gf revolution: a solid figure that is generated by
rotating any curve or the graph of a function around

the x or y axis.

substitution wmethod- the method for finding the
integral of a function by using different and suitable

variables instead of x.

surface of revolution: the surface area of a solid of
revolution.

11

tan x/2 substitution: a method for integrating a
function which includes linear expressions of sin x
and cos x by using the substitution ¢ = tan (x/2).

trigonometric substitution: a method for finding the
integral of a radical expression which includes

expressions such as x* + a” or a*+ x°.

i)

wpper fimit: in a definite integral, the upper limit is
the last number in the interval.

\ 14

tolume @f revolution: the volume of a solid of
revolution.




BASIC DERIVATIVE FORMULAS

4 (sinx)’ = cosx

(

d
+ —(©=0

4 (cosx) = —sinx

o own
& E(x )= nx

4 (tanx) = sec’x = 1 + tan"x
d Ho

+ d—(c-f(x)):c-f(x)

X 4 (cotx) = —csc’x = —(1 + cot'x)

+ ‘%U(x)Jrg(x)l =f(x)+g(x) 4 (secx)’ = secx-tanx

4 (cscx)’ = —cscx-cotx

+ iy -l =D —-g'0)
dx

4 (arcsin x)’ = L
- J= s
+ Elf(x) g0 = f(x) -g(x)+ f(x) -9 (%)
4+ (arccosx) = - ! —
1-x~
s 47X _Fx)-g(x) -g'(x) - f (x)
dx g(x) g7 (x) 4+ (arctanx)’ = -
1+x
: 1
dy_dy du & may=—-
+ dx du dx g x
4+ (og x) =
. i(ﬂ“): ,_Id_ﬂ & x-Ina
dx
_‘ (eX)f — _ex
dy
dy _ q _y@®

| ar 4+ (@) =a-lna




