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Calculus is one of the most important courses of many majors, including engineering and
science, and even some non-engineering majors like economics and business, which is taught in
three successive courses at universities and colleges worldwide. Moreover, in many universities
and colleges, a precalculus course is mandatory for under-prepared students as the prerequisite
course of Calculus 1.

Unfortunately, some students do not have a solid background and knowledge in math and
calculus when they start their education in universities or colleges. This issue prevents them
from learning calculus-based courses, such as physics and engineering courses. Sometimes, the
problem escalates, so they give up and leave the university. Based on my real professorship
experience, students do not have a serious issue comprehending physics and engineering
courses. In fact, it is the lack of enough knowledge of calculus that hinder them from
understanding those courses.

Therefore, a series of calculus textbooks, covering Precalculus, Calculus 1, Calculus 2, and
Calculus 3, have been prepared to help students succeed in their major. This book, Precalculus:
Practice Problems, Methods, and Solutions, Second Edition, is the second edition of the book
of Precalculus: Practice Problems, Methods, and Solutions, which was published in 2021. In
the new version of the book, for almost each problem of the book, a new exercise has been
added after the corresponding problem. Each exercise has been provided with a final answer
(but without full solution) so that the student is encouraged to practice by himself/herself until
he/she achieves the correct solution.

The subjects of the calculus series books are as follows:

Precalculus: Practice Problems, Methods, and Solution

* Real Number Systems, Exponents and Radicals, and Absolute Values and Inequalities
o Systems of Equations

* Quadratic Equations

* Functions, Algebra of Functions, and Inverse Functions

* Factorization of Polynomials

» Trigonometric and Inverse Trigonometric Functions

* Arithmetic and Geometric Sequences

Calculus 1: Practice Problems, Methods, and Solution

* Characteristics of Functions

» Trigonometric Equations and Identities
* Limits and Continuities

* Derivatives and Their Applications

* Definite and Indefinite Integrals
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Calculus 2: Practice Problems, Methods, and Solution

» Applications of Integration

*  Sequences and Series and Their Applications
* Polar Coordinate System

* Complex Numbers

Calculus 3: Practice Problems, Methods, and Solution

» Linear Algebra and Analytical Geometry

* Lines, Surfaces, and Vector Functions in Three-Dimensional Coordinate System
* Multivariable Functions

* Double Integrals and Their Applications

» Triple Integrals and Their Applications

» Line Integrals and Their Applications

The textbooks include basic and advanced calculus problems with very detailed problem
solutions. They can be used as practicing study guides by students and as supplementary
teaching sources by instructors. Since the problems have very detailed solutions, the textbooks
are helpful for under-prepared students. In addition, they are beneficial for knowledgeable
students because they include advanced problems.

In preparing the problems and solutions, care has been taken to use methods typically found
in the primary instructor-recommended textbooks. By considering this key point, the textbooks
are in the direction of instructors’ lectures, and the instructors will not see any untaught and
unusual problem solutions in their students’ answer sheets.

To help students study in the most efficient way, the problems have been categorized into
nine different levels. In this regard, for each problem, a difficulty level (easy, normal, or hard)
and a calculation amount (small, normal, or large) have been assigned. Moreover, problems
have been ordered in each chapter from the easiest problem with the smallest calculations to the
most difficult problems with the largest ones. Therefore, students are suggested to start studying
the textbooks from the easiest problems and continue practicing until they reach the normal and
then the hardest ones. This classification can also help instructors choose their desirable
problems to conduct a quiz or a test. Moreover, the classification of computation amount can
help students manage their time during future exams, and instructors assign appropriate
problems based on the exam duration.

Tuscaloosa, AL, USA Mehdi Rahmani-Andebili
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Problems: Real Number Systems, Exponents
and Radicals, and Absolute Values
and Inequalities

Abstract

In this chapter, the basic and advanced problems of real number systems, exponents, radicals, absolute values, and inequalities
are presented. To help students study the chapter in the most efficient way, the problems are categorized into different levels
based on their difficulty (easy, normal, and hard) and calculation amounts (small, normal, and large). Moreover, the problems
are ordered from the easiest, with the smallest computations, to the most difficult, with the largest calculations.

1.1 Real Number Systems

1.1. Which one of the numbers below exists [1]?
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) The minimum integer number smaller than —1.
2) The minimum irrational number larger than —1.
3) The maximum integer number smaller than —1.
4) The maximum rational number smaller than —1.

1.2. As we know, R is the set of real numbers, Z is the set of integer numbers, and N is the set of natural numbers. Which one
of the choices is correct?

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
HDNCZCR
2QyRCZCN
3 RCNCZ
4) ZCRCN

Exercise: Which one of the rational numbers below can be considered an integer number?

1)%2
2)—g
3)—2—1
4 -3

Final answer: Choice (2).

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 1
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2 1 Problems: Real Number Systems, Exponents and Radicals, and Absolute Values and Inequalities
Exercise: Which one of the choices below is not an irrational number?
1) e
D n
3) 0.3
4H V5
Final answer: Choice (3).
1.3. If % = 2, then which one of the choices is correct?
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
b a
De=s
b ,d
2224
a’ ¢
a , b
Ve
pb_d
a c
1.4. Which one of the choices has the greatest absolute value?
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
) —14+v2-V3
2) —1-vV2+3
3) —1-v2-3
4 1+v2-3
Exercise: Which one of the choices has the greatest value?
D —14+vV2-3
2) —1-vV2+V3
3) —1-vV2-3
4 1+v2-3
Final answer: Choice (4).
1.5. Which one of the choices below might be a rational number if /a and ﬁ2 are rational and irrational numbers,

respectively?
Difficulty level O Easy O Normal @ Hard
Calculation amount @ Small O Normal O Large
Da+p
2) a+p
s
Ry
4 a’+p




1.2 Exponents and Radicals

1.2 Exponents and Radicals

1.6. Calculate the value of x* if x=v/2v/2.
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) V2
2) V2
3) V4
4) 2

Exercise: Simplify the term m
1) 3
2) 3
3) 33
4) 3

Final answer: Choice (1).

V2
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
D —14+V2
2) —2++2
3) —(1+v2)
4 —(2+V2)

—1
1.7. Calculate the value of (L — 1) .

Exercise: Calculate the value of (v2 + 1) (v2 —1).
D1

2) —1

3) V2-2

4) 2¢/2

Final answer: Choice (1).

1.8. Simplify and calculate the final answer of \/(—x)* + V% + /(= 2)* if x > 0.

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) —2x—2

2) =2

3) 2x+2

4)2



4 1 Problems: Real Number Systems, Exponents and Radicals, and Absolute Values and Inequalities

Exercise: Calculate the final answer of y/ (— x)3 + Va2 ifx < 0.
1) 2x

2) —2x

30

4) —x* +x°

Final answer: Choice (2).

5
1.9. Calculate the final answer of (— WY

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) -9

2)9

3) -3

4) 3

1
3

Exercise: Calculate the value of (— V83 ) .
D V2

2) V2

2) —V2

3) —V2

Final answer: Choice (4).

1.10. Calculate the value of 2v/x3 + v if x < 0.
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) 3x
2) x
3) —x
4) —3x

1.11. In the equation below, determine the value of x.

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) 24
2) 27
3) 31

4) 33




1.2 Exponents and Radicals

Exercise: In the following equation, calculate the value of x.

()

s
2) 4
3) 3
4) 2

Final answer: Choice (1).

1.12. Calculate the value of 22 + 1 for k = 3.
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) 33
2) 65
3) 129
4) 257

Exercise: Calculate the value of 2%
1) 16

2) 4

3) 8

4) 32

Final answer: Choice (1).

1.13. Solve the equation below.

0 -6

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) —1
2) 1

3
3) 5

7
H 3
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Exercise: Solve the following equation.

@ -0)"

D1
2) 2
3) 3
40

Final answer: Choice (4).

1.14. Calculate the value of the following term.

(E) T (08)4 %02
25
Difficulty level O Easy @ Normal O Hard

Calculation amount O Small @ Normal O Large
2

1) 3

2) 2
5

3) 3

4)5

Exercise: Calculate the value of the term below.

(3 <on

25
N7
2) 1

4
3) 5%
4

4z

Final answer: Choice (3).

1.15. Calculate the value of the term below.

()0

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large



1.2 Exponents and Radicals

5
D3

10
2) 3
3)5

15
y 5

1.16. Calculate the value of the term below.

16 % (Q)Gx(o.S)ﬁxs—%

2

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large

1
1) 3
2)2
3)8
4) 4

1.17. Calculate the value of the term below.

3% (45)°
(15)° x 37
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
D1
2) 3
3)5
4) 15
Exercise: Calculate the value of the term below.
2% (10)°
(5)° % 2°
2
1) 3
5
2) 3
3) 1
4) 10

Final answer: Choice (1).

1.18. Calculate the value of x in the following equation.

2= ((((16)%)

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large

[N
ol
SN——
ST
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s
2) 6
3)9
4) 12

Exercise: Solve the equation below.

1
2) 2
3) 4
4) 8

Final answer: Choice (4).

1.19. Calculate the value of (x + x~ 1)% ifx=1-1+/2.
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
) —v2
2) -1
3) V2
4) 1

Exercise: Calculate the value of the term below.
1\ 2
(1 V34 (1 _ «/5) )

1) —5+2V6
2) 5-2V6
3) 5+2V6
4) —5-2V6

Final answer: Choice (3).

1.20. Simplify and calculate the final answer of the term below.

1 1 1
+ +
VA+VIT VIT+VI8 VI8 + /25

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large




1.2 Exponents and Radicals

(98] \®) —_
N N N
W N W] =] W N

N
N

1.21. Determine the relation between A and B if:

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small O Normal @ Large
1) AfT =BT
2) A,ﬁ — Bl
3) AFT=B"!
4) A" = Bar

1.22. Assume that a and b have different signs and a < b. Then, which one of the following statements is true?
Difficulty level O Easy O Normal @ Hard
Calculation amount @ Small O Normal O Large
D) o < b*
2) a’ < b’
3) b <d’
Hp<a

Exercise: Assume that a < b and |a| > |b|. Then, which one of the following statements is true?
Dd>b

2) a® > b*

3) a’ < b’

4) The choices of (2) and (3) are correct.

Final answer: Choice (4).

1.23. Determine the final answer of \/4 —2V/2x </6 +4/2.
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) V2
2) 2

3) 2v2
4) 4
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Exercise: Calculate the value of \/ 6 —2v/2x \/ 6 + 2v/2.

H V7

2) 2v/7
3) 6

4) 2¢/2

Final answer: Choice (2).

1.24. Calculate the value of \4/7 — 4\/5\/2 +/3.

Difficulty level O Easy O Normal @ Hard

Calculation amount O Small @ Normal O Large
1

1) 3

2) 1

3) 3

4) 2

1.25. Which one of the following numbers is greatest?
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
) 1+v2
2) 1+/6
3) 14 V4
4143

Exercise: Which one of the numbers below is the smallest?
D V5
2) Ve
3) V4
93

Final answer: Choice (2).

1.26. Determine the final answer of the term below.

40,75

_|_90.25
1+v2+3

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large
DV2-1

2) 1

3) V2

4) 1+v2




1.3 Absolute Values and Inequalities

1.3  Absolute Values and Inequalities

1.27. If |—x + 1| < 2, determine the range of x.
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
) 3<x<—1

2) 3<x<1
3) —1<x<3
4 1<x<3

Exercise: Determine the range of x if [x — 1| < 1.
HDo<x<?2

2) 0<x<2

3) 2<x<0

4) -2<x<0

Final answer: Choice (2).

1.28. What is the solution of —1 <3x —2<1?
Difficulty level ® Easy O Normal O Hard

Calculation amount @ Small O Normal O Large

1)%§x§1

2) —1<x<1
3 —l<xs<s
4) —2<x<1

Exercise: Solve the inequality equation of —1 <2x+ 1 <1

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
D-1<x<0

2)0<x<1

3) 2<x<0

4 0<x<2

Final answer: Choice (1).

1.29. Which one of the choices shows the range of x in the equation of |[2x — 3| < 5?

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) [2, 6]

2) [—1, 4]

3) [-2, 2]

4) [-3, 1]
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Exercise: Which one of the choices shows the range of x in the equation of |3x — 3| < 6?
1) [3, 6]

2) [-3, 1]

3) [1, 3]

4) [-1, 3]

1.30. If the inequalities of |x — 1| < 0.1 and A < 2x — 3 < B are equivalent, calculate the value of A + B.

1) —2.1
2) -2
3) —1.1
4) —1

Exercise: If the inequalities of [x — 1| < 1 and A < x — 2 < B are equivalent, calculate the value of A.
D1

2)0

3) 2

4) -2

1.31. Which one of the choices is equivalent to [2x — 3| < x?

D x—2/ <1
) x—1]<2
3) x=3<1
4) |x—2] <2

Exercise: 'Which one of the choices is equivalent to |3x — 2| < x?
1) Jx— 1] 025

2) |x — 0.75] < 0.25

3) x—05]<05

4) x -1/ <05




1.3 Absolute Values and Inequalities

1.32.

1.33.

1.34.

1.35.

Solve the inequality equation below.

1 1

17 x-3
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
Hx<3
2) 1<x<3
3)2<x<3
4) -2<x<3
Solve the inequality equation of |x — 1| > |x — 3|.
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) x| <2
2) x—2|<1
3)x<L2
4) x>2

Exercise: Solve the inequality equation of |x — 2| < |x — 4.
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
Hx>3

2) x—2]<0

3) x<L2

4) x<3

Final answer: Choice (4).

Solve the inequality of |x + 1| > |x — 1].

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
HDx<0

2) x>0

Hx2=21

4) x<~1

Which one of the choices below is equivalent to —5 < x — 11 < 3?

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) |x+5/<2

2) x| <7

3) x—9|<5

4) |x— 10| < 4
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Exercise: Which one of the choices below is equivalentto 1 <x — 3 <57

1) |x— 6] <2
2) k—3<3
3) x—4/<5
4) x—4| <1

Final answer: Choice (1).

1.36. Calculate the value of [2x — 1| + |2 — x| if =1 < x < 0.

1.37.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) =3 —3x

2) 3 —3x

3) =3+ 3x

H1+x

Exercise: Calculate the value of |3x — 1| + |1 — x| if =1 < x < 0.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) 4x

2) 2 —4x

3) 4x -2

4) 2x

Final answer: Choice (2).

Determine the neighborhood radius for the deleted symmetric neighborhood of (3a — 7, a + 5) — {3}.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1
2) 2
3)3
4) 4

Exercise: Calculate the neighborhood radius for the deleted symmetric neighborhood of (—4, 4) — {0}.
12
2) 4
3) 8
4) 6

Final answer: Choice (2).




Reference

1.38.

1.39.

If b <0 < aand |a| > | b, calculate the final answer of |a + b| + |a| + |b].
Difficulty level O Easy O Normal @ Hard

Calculation amount @ Small O Normal O Large

1) —2b

2) —2a

3) 2a

4) 2b

Determine the number of answers for x in the equation |x + 1| + |x — 3| = 2.

Difficulty level O Easy O Normal @ Hard
Calculation amount @ Small O Normal O Large
1o
2) 1
32
4) 3

Reference

1. Rahmani-Andebili, M. (2021). Precalculus — Practice Problems, Methods, and Solutions, Springer Nature, 2021.
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Solutions to Problems: Real Number Systems, 2
Exponents and Radicals, and Absolute Values
and Inequalities

Abstract
In this chapter, the problems of the first chapter are fully solved, in detail, step-by-step, and with different methods.

2.1 Real Number Systems

2.1. Choice (1) is not correct because the set of integer numbers is not left-bounded [1].
Choice (2) is not correct because between any pair of real numbers, infinite irrational numbers exist.
Choice (3) is correct because —2 is the maximum integer number smaller than —1.
Choice (4) is not correct because between any pair of real numbers, infinite rational numbers exist.
Choice (3) is the answer.

2.2. Figure 2.1 shows the diagram of set of real numbers, irrational numbers, rational numbers, integer numbers, whole
numbers, and natural numbers. Choice (1) is the answer.

Real Numbers

Rational
Numbers

Irrational
Numbers

Whole
Numbers

Natural
Numbers

1,2,3,4..

Figure 2.1 The diagram of problem 2.2

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 17
M. Rahmani-Andebili, Precalculus, https://doi.org/10.1007/978-3-031-49364-5_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-49364-5_2&domain=pdf
https://doi.org/10.1007/978-3-031-49364-5_2#DOI

18 2 Solutions to Problems: Real Number Systems, Exponents and Radicals, and Absolute Values and Inequalities

2.3. We know that:

Therefore:

S
ale

2.4. As we know, v/3 =1.73 and v/2 = 1.41. Therefore:

Choice (1)

S14VI-V3<0 = [—14V2- V3= - (- 14V2-V3) =131
Choice (2):

“1-V24V3<0 = | = 1-VZ+ V3| = = (< 1-V2+ V3) ~ 068
Choice (3):

—1-vV2-V3<0= ’—1—\/5—\/5’:—(—1—\/5—\/5):
Choice (4):

142350 ‘1+ﬁ—f3‘:1+\f2—f3z0.68

2.5. To solve the problem, we need to recall the following points:

Point 1: A rational number will remain a rational number even if it is squared.

Point 2: An irrational number might be changed to a rational number if it is squared (e.g., f = v2 = f* =2).
Point 3: An irrational number will remain an irrational number if its square root is taken.

Point 4: The sum of two rational numbers is always a rational number.

Point 5: The sum of a rational number and an irrational number is always an irrational number.

Point 6: The product of a nonzero rational number and an irrational number is always an irrational number.
Point 7: A rational number will remain a rational number if it is inversed.

Choice (1) might be a rational number based on points 1, 2, and 4.
Choice (2) is an irrational number based on points 1, 3, and 5.
Choice (3) is an irrational number based on points 3, 4, 7, and 6.
Choice (4) is an irrational number based on points 1, 3, and 5.
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2.2 Exponents and Radicals

2.6. We know that:

Hence:

Choice (4) is the answer.
2.7. We know that:
(a+b)(a—b)=ad*—b*

Thus:

e B TV, R TV, R TRV A B
Choice (4) is the answer.

2.8. From exponent and radical rules, we know that:

Va"=a, if nis an odd number

vVa*=lal, if nis an even number
Therefore:

[ 3 [ 2
3 2

V0 Ve (227 =(=x) + 1 +] -2

0
x=>:> —x+x+2=2

Choice (4) is the answer.

2.9. From exponent and radical rules, we know that:

Hence:

) = ) ) ()

Choice (3) is the answer.

)= 1}E) = —1x3=

<1 1) o V2 V2 X1+\/z'_ﬁ(1+ﬁ):7<ﬁ+2>
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2.10. From exponent and radical rules, we know that:
W =a, if nis an odd number
Va*=|a|, if nis an even number
Therefore:
2V 4 Vo =2x + |

x<0
—— 2Xx—X=ux

Choice (2) is the answer.

2.11. We know that:

Therefore:

(L) ’ —818 = (34)8 —3%
81
3 =32 = x—1=32= 133
Choice (4) is the answer.
2.12. From exponent rules, we know that:

m times

Therefore, for kK = 3, we can write:

[§]

(W)

=22 4 1=2841=256+1=257
Choice (4) is the answer.
2.13. From exponent rules, we know that:
1 —n
= (3)
a
d'=d" =n=m

Therefore:
3 3x—7 7 Tx—3 3 3x—7 3 —Tx+3
(7) *(?) - (7) —(7)
=3x—T7==-Tx+3=10x=10 = x— 1

Choice (2) is the answer.
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2.14. From exponent rules, we know that:

(am)n:amn
Zi::l :anfm

The problem can be solved as follows:

Therefore:

> 3 6 8 6 8 g
<;) ><(:(7),8’)J'x(),2:5—9><2—4><l:5—5><2—9:5><1:2
- 22 5 5 5 2 2 2
Choice (3) is the answer.
2.15. From exponent rules, we know that:
=@
a=(-
a
a\" a"
() =%
(am)n:amn
an n—m
£ _4
am
Therefore:
5 5 -3 543 5 2)3
S A ARYCR SRR Y €)Y € R HOE L JE NENCl)
90 \2) "\ 18 \2 4 2x32 25 33 2x32 2 33
5 6 5 6
xS 2 32 sxix1=5

%3 2k T

Choice (3) is the answer.
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2.16. From exponent rules, we know that:

(am)n:amn
Zi::l :anfm

Hence:

Choice (3) is the answer.

2.17. From exponent rules, we know that:

Thus:

3 x (45)° _3><(5><32)6_3X56X312 3ie N
(15)7%37 (5x3)0x37  50x30x37 3647

Choice (1) is the answer.

2.18. From exponent rules, we know that:

Hence:

3
=
I

[\®]
S

Therefore:
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1

=06

2.19. We know that:

Based on the information given in the problem, we have:

x=1-+2

Therefore:

<1\/§+1—1ﬁ>%_<1ﬁ+1—1fX Hﬂ)}_(l\ﬁ#i?y

(- ()< () -

wl—

2.20. Based on the rule of difference of two squares, we know that:
(\/EJr\/l;) (\/_*\/Z) =a—b

To solve this problem, we need to change the denominator of each fraction to a rational number as follows:

b vA-v, o 1 VIV L VIB-VDS
VARVIT VA-V1T VT +V18 V11-1/18 V184125 18—/25
VAT VT VT VBV Vi IT 4+ VIT - VTE 4 VB V35
= T4-11 T ii—18 T 18—25 —7
VA-V25 2-5

7 —7

2.21. From the problem, we have:

From exponent rules, we know that:

In choice (1):
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'
. [ESR S
Ar+1:(xr)’ =X

M — AMT#£ BT
B% = (_xt%l) ! :x%
In choice (2):
Aﬁ:(ﬁjm:x
=
r+1 ( L) ak
B = [ xi+1 =X
In choice (3):
1 1+1 H+1 1
AT = (x ‘ ) = X! ]
t+1 = ATT£B
B! (x,%]) =X
In choice (4):
At+l (_x# o :x@
= At+l #BHLI

2.22. Based on the information given in the problem, we know that a and b have different signs and a < b. Therefore:

a<0,b>0

O 5 3
= a<0,b>>0=

2.23. We know that:
(a+b)(a—b)=a*—b*

n
Vv an =qam

The problem can be solved as follows:

=\/4—72f2x</22+ (ﬁ)2+4ﬁ:mXW
:,/2(2—ﬁ)xm:\/z(z—ﬁ)(ufz):mz\/z:
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2.24. We know that:
(a+b)(a—b)=a*—b*
Wah = gn

Therefore:

= {‘/7—7\/5{/ (2+ \/5)2

{/(7—4\@)(%ﬁ)2:</(7—4\/§)(4+4\/§+3)

(/(7—4\/5) (7+4v3) =y (7)2_(4\/§)Z=mz<ﬁ=

2.25. From radical rules, we know that:
Now, we should define the radicals based on a common root (greatest common divisor (GCL)), as follows:
GCL{2,6,4,3} =12
Therefore:
1+ ¥2=1+ V20 =1+ Vo4
1+ V6=1+ Vel =1+ ¥/36
1+ Va=1+ "V#=1+ Vos
=1+ V3=

As can be seen, 1 + C/§ is the greatest number.

2.26. We know that:
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The problem can be solved as follows:
3
22 1 1 3
:#+(32)}*: z +3= 2v2 +3
1+V2+V3 1+v2+3 1+v2+3
2V2 14V2-\3 2V2(1+ V2 -3) 2V2(1 + V2 - V3)
= x +V3= - S+V3= +V3
1+vV2+V3 1+V2-V3 (1+v2)" = (V3) 1+2v2+2-3
2V2(1+vV2-V3
_ A ) o1 4Vi- V13-
2V2
2.3  Absolute Values and Inequalities
2.27. We know from the features of absolute value and inequality that:
|x—al<be —b<x—a<b
The problem can be solved as follows:
—1 x(=1)
= —2< —x+1<2=— —-3< —x<l=—=
2.28. The problem can be solved as follows:
1
X —
3
— 5 <x<1

2
<3xr—2<1—2 1 <3x<3

2.29. We know from the features of absolute value and inequality that:
|x—al<b< —b<x—a<b

X

3
<5= —5$2x—3§5;> —2<2x<8—=

The problem can be solved as follows:

N —

2.30. We know from the features of absolute value and inequality that:
|x—a|<bs —b<x—a<b

Based on the information given in the problem, we have:
=
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The problem can be solved as follows:
x—1]<0.1 = —0.1<x— 1<01=2 —02<2x—2<02—) _12<2¢—3< —08 (2) (2)

2.31.

2.32.

2.33.

2.34.

2.35.

By comparing (1) and (2), we can conclude that:
A= —-12,B=—-08=A+B= -2
Choice (2) is the answer.
We know from the features of absolute value and inequality that:
x—al<bs —b<x—a<b
The problem can be solved as follows:

2x—3<x=x<3

:>1<x<3£>2 —l<x=-2<1l= [x-2/<]
—x<2x—-3=1<x

2x—=3|<x= —x<ux—3<x= {

Choice (1) is the answer.
The problem can be solved as follows:

I 1 1 (x—3)— (x—1) 2
a1 =377 o G—1)(x=3)

= @—-1)x-3)<0=1<x<3
Choice (2) is the answer.

The problem can be solved as follows:

(z
ez 3 = =12 (=3 = 241> > P —6x+9 = 4x>8 = 1 >0

Choice (4) is the answer.

The problem can be solved as follows:

Py

e+ 1]>|x— 1\(:; x+1P>x—1) =P +2+1> > 2241 =4x>0= >0
Choice (2) is the answer.
We know from the features of absolute value and inequality that:
|x—al<bs —b<x—a<b

The problem can be solved as follows:

11 —
—5<.\-—11<3+:> 6<x<14:lo> —4<x—10<4 =[x 10/ <4

Choice (4) is the answer.
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2.36. The problem can be solved as follows:

—1<x<0$2> —2<2x<0; —3<2x—1l<—-1=|2x—1]<1—2x

x(=1) +2
—1<x<0—=0< —x<1=2<2—-x<3=2—x|<2—x

=[2x—1|+2—x|=1—-2x4+2—x=3—3x
Choice (2) is the answer.

2.37. The neighborhood center (C) and neighborhood radius (R) for the symmetric neighborhood of (a;, a3) — {a,} can be
determined as follows:

C=ay=0T®% (1)
2
_ -0
Therefore, for 3a — 7, a + 5) — {3}, we can write:
3:(351—7)+(a—i-5)253:451—2:xa:2 (3)
2 2
_(@a+5)—-Ba-7) —2a+12
R= 3 =—= (4)
Solving (3) and (4):
o —=2x24+12
Choice (4) is the answer.
2.38. The problem can be solved as follows:
a>0=la|=a (1)
b<0= |b|=—b (2)
(), (2)
la| > |b|=—= a> -b=a+b>0=|a+b|l=a+b (3)

Solving (1), (2), and (3):
bl +al+hl=a+b+a+ (—b)=2a

Choice (3) is the answer.
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2.39. From the problem, we have:
x4+ 1|+ x—=3|=2 (1)
We know that:
Al +|B| 2 |A - B|
Therefore:
x+1+x=3>2x+1-(x=3)|= x+ 1|+ |x—3|>4 (2)

Solving (1) and (2):
2>4 = Wrong

Therefore, there is no answer to the problem. Choice (1) is the answer.

Reference

1. Rahmani-Andebili, M. (2021). Precalculus — Practice Problems, Methods, and Solutions, Springer Nature, 2021.
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Problems: Systems of Equations

Abstract

In this chapter, the basic and advanced problems of systems of equations are presented. To help students study the chapter
in the most efficient way, the problems are categorized into different levels based on their difficulty (easy, normal, and
hard) and calculation amounts (small, normal, and large). Moreover, the problems are ordered from the easiest, with the

smallest computations, to the most difficult, with the largest calculations.

3.1. For what value of m, the system of equations below has a unique solution [1]?

2x—3y=5
x+my=2
Difficulty level e Easy O Normal O Hard
Calculation amount e Small O Normal O Large
_3
2) m# — %
_ _3
4) For any m

{ax+4y:3
x+ay=4
Da=2

2 a#2

a#t+t2

4) For any value of a

Final answer: Choice (3).

Exercise: For what value of a, the following system of equations has a unique solution?

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
M. Rahmani-Andebili, Precalculus, https://doi.org/10.1007/978-3-031-49364-5_3
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3.2. If the value of x in the system of equations below is 2.5, determine the value of 2a + b.
ax—y=1
bx+2y=3
Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
1) —2
2) —1

3) 1
4) 2

Exercise: Calculate the value of a + 3b for x = 1 in the following system of equations.

ax—3y=1

{bx+y=3
D1
2) 3
3)5
4) 10

Final answer: Choice (4).

3.3. Calculate the value of y* + y from the solution of the system of equations below.

(x+1)*+3y=8
x(x+2)—5y=31

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
1) 12
2) 6
3) 10
4) 8

3.4. For what value of a, the matrix below has a unique solution?

M EH

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
D {-L 1}

2) R— {0, 1}

3) For no value of a
4) R
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Exercise: The matrix below has a unique solution. Determine the value of m.

“l miz} BHT]

D {-1}

2) R—{-1}

3) For no value of a
4) For any value of a

Final answer: Choice (2).

3.5. Calculate the value of y from the solution of the system of equations below.

x y 4
{§_§_§

2x+3y=14

Difficulty level O Easy e Normal O Hard

Calculation amount e Small O Normal O Large

1) —4

2)2

3)3

4) 4

3.6. Solve the system of equations below.

x—1 y—1
(=%

x+2y=11

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
x=-3,y=-4

2)x=3,y=4

3 x=3,y=—-4

4)x=-3,y=4

Exercise: Solve the following system of equations.

{x+y:2
2x+3y=3
Hx=3,y=1

2)x=-3,y=1

Nx=3,y=-1

4) x=-3,y=-1

Final answer: Choice (3).
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3.7. Calculate the value of x + y from the solution of the system of equations below.

x+2y=—1
{ 3x—y=4

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large

1) -1

2)0

31

4)2

3.8. For what value of a, the system of equations below has an infinite number of solutions?

2x+3y=4
y=a(x—2)
Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
3
1) — 3
2
2) — 3
2
3) 3
3
4) 5

Exercise: The system of equations below has an infinite number of solutions. Determine the value of a.

ax+y=4
{x+ay:4a
1) +1
2) —1
31
H R

Final answer: Choice (1).

3.9. Calculate the value of y — x from the solution of the system of equations below.

x+3y= -2
{ x+y=-14
Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
1) —4
2) -3
3)3

4) 6
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Exercise: Calculate the value of x — y from the solution of the system of equations below.

{x—|—4y:5
2x+3y=>5
1) 8

2)0

3) —10

4) -8

Final answer: Choice (2).

3.10. Calculate the value of y from the solution of the system of equations below.

3.11.

L

y
x+2y=4
Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
1) 4
2)3
3)2
41

Calculate the value of xy from the solution of the system of equations below.

3x+2y=—1

{ 2x+3y= -4
Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
1) -3
2) =2
3)2
4)3

Exercise: Calculate the value of xy from the solution of the system of equations below.

x+3y=5
{2x—|—2y= —4
n -z
2) 2
3) -2
4) I

Final answer: Choice (1).
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3.12. Calculate the determinant of the matrix of A if:

A_t_[z T
1 -7 6

Difficulty level O Easy e Normal O Hard

Calculation amount e Small O Normal O Large
1

1) 3
1

2) 9

3)1

4) 33

Exercise: Calculate the determinant of the matrix of A.

1) 10
2) 14
3) 12
4) 8

Final answer: Choice (1).

3.13. Calculate the matrix of X if we have:

[_2 _1]
AX=2],A=
4

3

Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
] -3 -1
JPY
5 3 1
I

P
3)2

4 2

4131
)5[4 —2}
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Exercise: Calculate the matrix of X in the following equation.

35
[1 2}){:1
N —5}
-1 3
205
2 [ %]
2 -5
b
25
D1y 3}

Final answer: Choice (1).

3.14. Calculate the value of x + y.

2 —1][x 3
- 1] H - H
Difficulty level O Easy e Normal O Hard

Calculation amount O Small e Normal O Large

D1

2)2

3)3

4) 4

3.15. Which one of the following matrices is invertible?
Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large

0 (2 4

35

2 4
2)

3 6

2 8

3)

13 12
[—2 —1
4)




38

3 Problems: Systems of Equations

Exercise: Which one of the matrices below is not invertible?

N 4}
)_3 5
NE 4}
)_3 2
30 S
3) ]
13 20
N
(s 2]

Final answer: Choice (4).

3.16. Calculate the value of b if:

Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
o
2) 1
3)2
4) 3

Exercise: Calculate the value of a + b if:
2 517" [a b
1 3] |-1 2

2
2) -2
3) 5

4) —1

Final answer: Choice (2).

3.17. For what value of m, the system of equations below has an infinite number of solutions?

{m(x—l):3(x—y)
dx+ (m+1)y=2

Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
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3.18.

3.19.

3.20.

12
2) -3
3) 3
4) 5

For what value of m, the system of equations below does not have a solution?

my +2x=35
y+(m—1)x=2m-3

Difficulty level O Easy e Normal O Hard

Calculation amount O Small e Normal O Large

1) =2

2) -1

3)1

4) 2

Exercise: For what value of a, the system of equations below does not have a solution?

y+2x=6
{y+(a—1)x=a
D1
2) 2
3) 3
4) 4

Final answer: Choice (3).

Calculate the value of x + y from the solution of the following system of equations.

3 _ 1 _4
2x—1 y—-2 3
1 5

woita—y 2

Difficulty level O Easy e Normal O Hard

Calculation amount O Small O Normal e Large

1

2)2

3)3

4) 4

How many solution(s) does the system of equations below have?

Sx+y 3x—y Tx+y
1 3 2

Difficulty level O Easy O Normal e Hard
Calculation amount O Small e Normal O Large
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H1

2) 2

3) No solution

4) Infinite number of solutions
Reference

1. Rahmani-Andebili, M. (2021). Precalculus — Practice Problems, Methods, and Solutions, Springer Nature, 2021.
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Solutions to Problems: Systems of Equations 4

Abstract
In this chapter, the problems of the third chapter are fully solved, in detail, step-by-step, and with different methods.
4.1. The system of equations with the form presented in (1) has a unique solution (the lines intersect each other) if [1]:

ag b]
a ' by

{a1x+ biy=c
ax + byy=cy

Therefore:

2x—3y=5 2 -3 3
SSF—=mt — =
{x+111y:2 17£ m * 2

Choice (2) is the answer.

4.2. The problem can be solved as follows:

oyl y—25(25a—y=1 ‘2([S5a-2y=2 N
{m y X 2.5{ a—y :>{ $5a+2'5b:5§2a+h:2

bx +2y=3 25b+2y=3 . | 25b+2y=3
Choice (4) is the answer.

4.3. The problem can be solved as follows:

-+ 1) +3y= 242 +3y=7 -
(x+1)"+3y=8 _ R T VN S
=31 x°+2x—5y=31

=y +y=9+(-3)=6

Choice (2) is the answer.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 41
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4.4. The system of equations with the matrix form presented in (1) has a solution (the lines intersect each other) if its

4.5.

4.6.

4.7.

determinant is nonzero as follows:

|A| £0=a1a4 —araz; £0

wene 3 2L

as  da X2 b2

Therefore:

I 2 [«
{(Wl 1} {ﬁ b {”j"q':(””r Da—1)—(2)(—1)=a>—14+2#0=d" +1#0=0c
- a— y

Choice (4) is the answer.

The problem can be solved as follows:

vo4 22 e ay=16 .
) L 1By= 26—y -2

r_Jy
{ S E ey a2
Choice (2) is the answer.
The problem can be solved as follows:

x—1 :‘\'71 ;() 3x—3:2y—2 3X—2y:1 +
2 3 = = 4dx=12=x=3
rh2y=11 = (x+2=11 x+2y=11

A2y 11223 2y 11—y 4
Choice (2) is the answer.

The problem can be solved as follows:

x4+2y=—1=[x+2y=—-1
. %2 = Tx=T=x=1
3x—y=4 = | 6x—2y=8

—1
Ix—y=4—3x1—y—d4=y=—1
=x+y=1+(-1)=0

Choice (2) is the answer.
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4.8. The system of equations with the form presented in (1) has an infinite number of solutions (the lines match each other) if:

ar b ¢

a by o

{fllx-i- biy=c

_ (1)
ax+by=c;
Thus:
{2.\‘+3,\‘4 2x+3y=4 2 3 4 2
- =—a==d= — 5
»\‘:(l(.x‘f 2) ax—y=2a a —1 2a 3

Choice (2) is the answer.

4.9. The problem can be solved as follows:

{.\‘+3>\' -2 X(_3){ —3x—9y=6

R , = —8y=—-8=y=1
X+y= — 14 - 3x+y:_14

x+y=— 142 3x+1=—-14=x= -5
=y-—x=1—=(=5)=6
Choice (4) is the answer.
4.10. The problem can be solved as follows:
{\\2 :{x_zyzog{_)H_zyzo:+>4y:4:>,\'l
x+2y=4 x+2y=4  _ x+2y=4
Choice (4) is the answer.

4.11. The problem can be solved as follows:

x(=2) _

3x+2y= — 1 —6x—4y=2

{ o — SoSy= —10=y=—2
x+3y=—4 23 6x+9y= —12

— —2
2x+3y= —4}:>2x+3><(—2): —4=2x=2=x=1

=Sxy=1x(=2)= -2

Choice (2) is the answer.
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4.12. The determinant of a matrix is determined as follows:

a a
=dajas — adas
as d

a, a
1 2}:>|A|:
ay

The relation below exists between the determinants of a matrix and its inverse matrix.

1
A=
} | |A|

Therefore:
2 3
‘ 6‘:2X6—(—7)X3:12+21:33

1 1
TETE

4.13. The system of equations in matrix form can be solved as follows:

AX=B=X=A"'B

[al aszl xz}_{bl bz]:{xl xz]_[al az}‘[bl bz]
as  dg X3 X4 N b3 b4 X3 X4 B as  dg b3 b4
|:x1 xz] 1 {04 az} |:bl bz}
= =—
X3 X4 ajdq —axas | —aj ay by by
Therefore:
P | el B PR P
= = =
4 3 X3 X4 0 1 0 2
[M n}_{—z —W‘F 0}_ 1 {3 1 }V o]_ 1[6 2 }_
x5 ox4) [403 0 2] 2B)-@E1)[-4 —2Jl0 2] 2| -8 —4]
4.14. The system of equations in matrix form can be solved as follows:
AX=B=X=A"'B
M MR
= = =
ay  dg X2 b2 X2 as da bz
MR W
= . S
ajas —a2a3 | —asz  a by
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“Ll-arrtmes (00 S0

Therefore:

4.15. A matrix is invertible if its determinant is nonzero. In other words:

a a a a
A:|: :|$|A|: ¢0:>a1a4—a2a37é0
as  da as
Choice (1):
2 4 2 4
=]A| = =2%x5—-4x3=
35 35
Choice (2):
2 4 2 4
=A| = =2x6—-4%x3=0
3 6 3 6
Choice (3):
2 8 2 8
=]A| = =2x12—-8%x3=0
3 12 3 12
Choice (4):
2w e amexen—o
= = = (— X3—06X(— =
6 3 6 3
4.16. The inverse of a matrix can be determined as follows:
a, a a a] ! 1 a —a
A:|:l 2:|§A1:|:l 2} _ { 4 2}
az dg az dag ayaqs —aas | —as aj
Therefore:
4 —1 b L -1 »1°! 1 1 —b L —1 b 2
0 1 0 1 (=1)x1=0xb|0 -1 0 1

Based on the information given in the problem, we have:

3
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Solving (1) and (2):

4.17. The system of equations with the form presented in (1) has an infinite number of solutions (the lines match each

other) if:
a_bi_ca
az_bz_CZ
{a1x+b1y=C1 (1)
ax +by=c;
Hence:
3 m ’
(m=3)x+3y=m m—3 3 m m+1_§()
A
dx+ (m+1)y=2 4 m+1 2 m—37ﬂ(3)
4 2
(Z)émiH:%:\mz—|—m=6:5m2+m—6:0:¥(m+3)(m—2)=0$m:—3,2

However, m = 2 does not satisfy (3), as is shown below:

2-3
S =52-7#1

Therefore, only is acceptable.

4.18. The system of equations with the form presented in (1) does not have a solution (the lines are parallel) if:

a by, c

ar - b2 Co

{a1x+b1y=cl (1)
ax+by=c
Therefore:
2 m
2x+my=>5 2 m 5 m—1_1 @)
= — = =
1" 2m—-3 )

% = %émzfm:2:>m2fm72:0é(m72)(m+ 1)=0=m=—1,2
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Reference
However, m = — 1 does not satisfy (3), as is proven below:
m 5 —1 5
T7om—3 1 Taxn—g F oI Wone
Therefore, only 7 — 2 is acceptable. Choice (4) is the answer.

4.19. The problem can be solved as follows:

4 (=55
ol oo 3 ) ) iy 5o 1 0,
1 5 1 3 2x—1 2x—-1 3

— + =2 = — 4+ =7
2x — 1 2*'\‘ 2x — 1 2—y
—14 14
izx_l——?¢2x—l—3:$x—2
1 5 x=2 1 5 o 5 =§:>2—y=3:¥y:—1

no1 T3y 2T rxa-1T3y 2y 3

=x+y=2+(-1)=1

Choice (1) is the answer.

4.20. The system of equations shows the equations of two lines. Therefore, we need to check each pair of equations.

Sx+y 3x-—y
Sx+y  3x »\'77,\‘1>\'$ 1 T 3 {15x+3y3xy {12x+4y0
1 3 2 3x—y Ix+y 6x —2y=21x+ 3y 15x +5y=0
302
{3x—|—y=0
3x+y=0

Therefore, the equations of the lines are the same and the lines match each other. Hence, the system of equations has an

infinite number of solutions. Choice (4) is the answer.

Reference
1. Rahmani-Andebili, M. (2021). Precalculus — Practice Problems, Methods, and Solutions, Springer Nature, 2021.
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Problems: Quadratic Equations 5

Abstract

In this chapter, the basic and advanced problems of quadratic equations are presented. To help students study the chapter in
the most efficient way, the problems are categorized into different levels based on their difficulty (easy, normal, and hard)
and calculation amounts (small, normal, and large). Moreover, the problems are ordered from the easiest, with the smallest
computations, to the most difficult, with the largest calculations.

5.1. Two times of a positive quantity is 9 units fewer than one-third of its squared value. Determine this quantity [1].
Difficulty level e Easy O Normal O Hard
Calculation amount e Small O Normal O Large
19
2) 12
3) 15
4) 18

Exercise: Calculate the value of a positive nonzero quantity, where four times of this quantity is equal to one-half of
its squared value of squared value.

1

2)2

3)3

4) 4

Final answer: Choice (2).

5.2. For what value of a, the value of the term ax” + 2x + 4a is always positive?

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
1) a>05

2)a< =05

3) 0<a<0.5

4) —05<a<0.5
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50 5 Problems: Quadratic Equations

Exercise: For what value of a, the value of ax” + 2x + 1 is always positive?
)a>1

2)a>0

3 0<ax<1

4) —1<a<0

Final answer: Choice (1).

5.3. For what value of k, the roots of the quadratic equation 2x* + 3x — k = 0 are two units fewer than the roots of the quadratic

equation 2x* — 5x + 1 = 0.

Difficulty level O Easy e Normal O Hard

Calculation amount e Small O Normal O Large

D1

2)2

3)3

4) 4

Exercise: For what value of k, the roots of the quadratic equation x* + x + k = 0 are one unit more than the roots of
the quadratic equation x* + 3x + 2 = 0.

1o

2) 1

3)2

4) 3

Final answer: Choice (1).

5.4. For what value of m, the quadratic equation 2x> — 5x + m = 0 has two real roots that are reciprocal to each other?

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
11
2) 2
3)3
4) 4

Exercise: For what value of m, the roots of the quadratic equation 3x> + 7x + 3m = 0 are reciprocal to each other?
1
2)2
3)3
4) 4

Final answer: Choice (1).

5.5. Determine the value of m so that the quadratic equation (m + 2)x* + 4x + m — 1 = 0 has two real roots.
Difficulty level O Easy e Normal O Hard

Calculation amount e Small O Normal O Large
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5.6.

5.7.

H—2<m<1

2)1<m<2
3) 2<m<2
4) —3<m<2

Exercise: Calculate the value of m so that the quadratic equation mx” + 2x + m — 1 = 0 has two real roots.
DO0<m<1
1-V3 1+V3

2
1-42 1+v2

<m<

2)

3)

Final answer: Choice (4).

For what value of m, the inequality m>x* + mx + % <0 is always true?
Difficulty level O Easy e Normal O Hard

Calculation amount e Small O Normal O Large

1) Iml <3

2y m<0

3)ym>0

4y meR

Exercise: For what value of m, the inequality mx* + mx + L is always positive?
1) —2<m<2

2)0<m<2

3)0<m<?2

H meR

Final answer: Choice (3).

Which one of the quadratic equations below has the root values that are 9 times the roots of the quadratic equation
X +x—3=0?

Difficulty level O Easy e Normal O Hard

Calculation amount e Small O Normal O Large

DX¥+9x—243=0

)X +9%—27=0

3) X+ 18x — 243 =0

4) X+ 18x —27=0
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Exercise: Which one of the following quadratic equations has the root values that are one-third of the roots of the
quadratic equation x* + 2x — 1 = 0?
1) %szr%xfl:O
2) ¥+ %x - é =0
3) %xZ + %x +1=0
1

2

Final answer: Choice (2).

5.8. The sum of the roots of the quadratic equation ax” + bx + ¢ = 0 is equal to the product of the reciprocal of the roots. What

5.9.

relation exists between the parameters?

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
Da*+bc=0
2) &> —bc =0
3) b> —ac=0
4 b*+ac=0

Exercise: The sum of the roots of the quadratic equation ax” + bx + ¢ = 0 is equal to the product of its roots. What
relation exists between the parameters?

Difficulty level O Easy e Normal O Hard

Calculation amount e Small O Normal O Large

Da+c=0

) d>—c=0
3)b—c=0
Hb+c=0

Final answer: Choice (4).

. . 3 .
For what value of a, the quadratic equation 2x> + ax + a — = = 0 has two distinct roots?

2

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
1)a<2ora>6

2)a<3ora>4

3)2<a<6

H3<a<4

Exercise: For what value of a, the quadratic equation 2x*> 4+ v/8x 4+ a = 0 has two distinct roots?
)a>1
2)a<1
HNax>1
4Hax<li

Final answer: Choice (2).
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5.10. Determine the range of m so that 4x* — 2mx + 4m> > 0.

5.11.

5.12.

5.13.

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
1) meR

2) me{ }

3) Iml <2

4) Iml>2

In the quadratic equation 2x* + (2k — 1)x — k = 0, for what value of k, the sum of the reciprocal of the roots is equal to %?

Difficulty level O Easy o Normal O Hard
Calculation amount O Small e Normal O Large
1) —4

2) -3

3)3

4) 4

Exercise: Calculate the value of k so that the sum of the reciprocal of the roots of kx* + (k + 1)x + 1 = 0 is equal to 2.

1) —1
2) -2
3) -3
4) —4

Final answer: Choice (3).

Determine the quadratic equation if its roots are 2 + v/4 —a and 2 —v/4 —a.
Difficulty level O Easy e Normal O Hard

Calculation amount O Small e Normal O Large

DX —4x+a=0

)X +ax—4=0

) +4x—a=0

4) X —ax+4=0

Exercise: Determine the quadratic equation if its roots are 1 + /4 —a and 1 — v4 —a.
DxX*+@—3x—2=0

DX —(@@—-3x—-2=0

) +2x+a—3=0

4 X —2x+a—-3=0

Final answer: Choice (4).

37

For what value of m, the sum of the squares of the roots of 2% —5x+m=01is I?
Difficulty level O Easy e Normal © Hard

Calculation amount O Small e Normal O Large

1) -2

2) -3

3)2

4) 3
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Exercise: For what value of m, the sum of the squares of the roots of 2—2x+m=0is 1?2

1) 05
2) 1

3) 2.5
415

Final answer: Choice (1).

5.14. If x; and x, are the roots of the quadratic equation mnx> + n’x + m* = 0, determine the value of x%xz + xlx%.

5.15.

5.16.

Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
1) -1
2) 1
3) m-—+n

mn
4) mn

Exercise: Calculate the value of x%xz + x;x3, if x; and x, are the roots of the quadratic equation P +4x+3= 0,

1) —12
2) 12
3) 4
4) —4

Final answer: Choice (1).

For what value of m, the quadratic equation (m + Dx? + m(m* — 9)x — 2 = 0 has two real and symmetric (equal in

magnitude, but different in sign) roots.

Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
1) -1

2) -3

3)3

4)9

What is the minimum value of x* — x + 2?
Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large

1
I)Z

[\S)
~

9]
N
LIS RO, SN OS]

~
N
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5.17.

5.18.

5.19.

Exercise: Calculate the minimum value of x> — 2x + 1.
Ho
2) 1
3) 2
4) 3

Final answer: Choice (1).

Determine the value of k if the relation of x7 + x3 = 12 exists for the roots of the quadratic equation x* — 2kx —2=0.
Difficulty level O Easy e Normal O Hard

Calculation amount O Small e Normal O Large

1) +v2

2) +V3
3) +2
4) £3

Exercise: Calculate the value of k if x3 + x3 = 5, where x; and x, are the roots of the quadratic equation x* + x —
k=0.

1

2)2

3)3

4) 4

Final answer: Choice (2).

The difference of the roots of the quadratic equation 2x* — 3x + m = 0 is § Determine the value of m.

2
Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
1) -2
2) -1
3)1
4) 2

Exercise: Determine the roots of the quadratic equation 2% —2x+a= 0, if the difference of the roots is 2.
1) —1.5,—-05

2) 1.5,0.5

3) —1.5,0.5

4) 1.5, —-0.5

Final answer: Choice (4).

If the roots of the quadratic equation x> + ax — a” = 0 are x; and x,, determine the quadratic equation when its roots are
x; + 1and x, + 1.
Difficulty level O Easy O Normal e Hard

Calculation amount e Small O Normal O Large
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5.20.

5.21.

5.22.

DxX+@—2x+a*+a—1=0
DX +@+2x—a*—a—-1=0
3)x2+(a—2)x—a2—a+1:O
4)x2+(a+2)x+a2+a—1:O

Exercise: If the roots of the quadratic equation x> — 2x — 3 = 0 are x; and x,, determine the quadratic equation
when its roots are x; — 1 and x, — 1.

Dx*+4=0
DX —2x—5=0
3 —4=0

4) ¥ —2x—1=0

Final answer: Choice (3).

The sum of the squares of two successive numbers is 925. Determine the sum of these two numbers.
Difficulty level O Easy O Normal e Hard

Calculation amount e Small O Normal O Large

1) 41

2) 43

3) 45

4) 47

If x" and x"" are the roots of the quadratic equation 2> — 4x + 1 = 0, determine the value of |\/)7 — X" |
Difficulty level O Easy O Normal e Hard

Calculation amount O Small e Normal O Large

) v2

2) V3
3) 2
4) 3

Exercise: Calculate the value of ’\/)7 — VX"
1
2) V2

3) V3
4) 2

,if X’ and x'/ are the roots of the quadratic equation x* — 5x + 1 = 0.

Final answer: Choice (3).

If the quadratic equations x> — x — 2a = 0 and x* + 2x + a = 0 have a common root, determine the common root for
a> 0.

Difficulty level O Easy O Normal e Hard
Calculation amount O Small e Normal O Large
1) -2

2) -1

3) 1

4) 2
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Exercise: If the quadratic equations x> — 3x + 2a = 0 and x* + 2x + a = 0 have a common root, determine the
common root for a > 0.

D%
2) —35
3) 0
7
4 -3

Final answer: Choice (2).

5.23. What is the solution of the following inequality?

x—1

T >2x
Difficulty level O Easy O Normal e Hard
Calculation amount O Small e Normal O Large
Dx< =1
2)x> —1
3) —1<x<1
4) 2<x< =1
Exercise: Solve the inequality equation below:
2x—1 <1
x+1

1) -1<x<2
2) —1<x<?2
3) 1 <x<2
4) —1<x<2

Final answer: Choice (4).

5.24. How many distinctive real roots does the equation (x2 — 2x)2 — (x2 — 2x) = 2 have?

Difficulty level O Easy O Normal e Hard
Calculation amount O Small e Normal O Large
D1

2) 2

3)3

4) 4
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5.25. For what value of m, does the quadratic equation mx” + 5x + m*> — 6 = 0 have two real roots that are reciprocal to each
other?
Difficulty level O Easy O Normal e Hard
Calculation amount O Small O Normal e Large
1) -2,3
2) =2
32
4) 3

Exercise: For what value of m, does the quadratic equation x* + 5x + m* = 0 have two real roots that are reciprocal
to each other?

1

2) —1

3) =1

4)0

Final answer: Choice (3).

5.26. For what value of m, the sum of the squares of the roots 2x* — mx + m — 1 = 0 is 4?
Difficulty level O Easy O Normal e Hard
Calculation amount O Small O Normal e Large
1) -2,6
2) -2
3) 2
4) 6

Exercise: For what value of m, the sum of the squares of the roots P—mx+m—1=0is1?
Ho
2) 1
3) 2
4) 3

Final answer: Choice (2).

Reference

1. Rahmani-Andebili, M. (2021). Precalculus — Practice Problems, Methods, and Solutions, Springer Nature, 2021.
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Solutions to Problems: Quadratic Equations 6

Abstract
In this chapter, the problems of the fifth chapter are fully solved, in detail, step-by-step, and with different methods.

6.1. Based on the information given in the problem, two times a positive quantity is 9 units fewer than one-third of its square
value. In other words [1]:

x>0 (1)
1
2x==-x*—-9 (2)
3
=X —6x—27=0=(x—9)(x+3)=0=x= —3,9 (3)
Solving (1) and (3):
x=9

Choice (1) is the answer.
6.2. The value of the quadratic equation ax® + bx + ¢ is always positive, if « > 0 and A < 0.

Therefore, for the given quadratic equation ax” + 2x + 4a, we can write:

a>0 (1)
2 2 1 1 1
A=2"—4(a)(4a) <0=4—16a"<0=a >Z:>a>§& a< -5 (2)
Solving (1) and (2):
a> 1
2
Choice (1) is the answer.
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 59
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6.3. Based on the information given in the problem, we have:

2 +3x—k=0 (1)
2X* —5X +1=0 (2)
x=X-2=X=x+2 (3)
Solving (2) and (3):
26+2)7 —5(x4+2)+1=0=2243x—1=0 (4)

Comparing (1) and (4):

6.4. The product of the roots of a quadratic equation can be determined as follows:
ax® 4+ bx + ¢ =0= Product of roots = 2
Since the roots are reciprocal to each other, the product of the roots is equal to one. Hence:
2x? — 5x + m= 0= Product of roots = % =1=
6.5. A quadratic equation has two real roots when its discriminant is equal to or greater than zero. In other words:
ax* + bx+c=0=A=b*—4ac>0
Therefore, for the quadratic equation (m + 2)x2 +4x+m — 1 =0, we can write:
A=4—4m+2)(m—1)20=16—4(m* + m—2) 20=m> + m—6<0

=m+3)(m-2)<0=

6.6. The value of the quadratic equation ax® + bx + ¢ is always negative, if a < 0 and A < 0.

Therefore, for the given quadratic equation m>x> + mx + % , We can write:

m'<0=m<0 (1)

A:m2—4(m3)(%) 0=m’—4m* <0= —3m* <0=m*>0=mc R (2)
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6.7.

6.8.

6.9.

Solving (1) and (2):
m<0
Choice (2) is the answer.

Based on the information given in the problem, we know that:

X=9x:¥x=§ (1)
X +x-3=0 (2)

Solving (1) and (2):

2
(g) +§_3:oz>x3 HOX — 243 =0

Choice (1) is the answer.

We know that a quadratic equation has the form below, where S and P are the sum and the product of its roots.

X —Sx+P=0, S=sum of roots= — Z, P = product of roots = 2 (1)
Based on the information given in the problem, we know that:
1
X1+x=—X—=— (2)

Solving (1) and (2):

Choice (1) is the answer.

A quadratic equation has two real distinct roots, when its discriminant is greater than zero. In other words:
ax* + bx+c=0=A=b*>—4ac>0

Therefore:

5

%
22 + ax + a g:o:Azaz—zxxzx(a—%)>o:a2—8a+12>0

=(@—-6)(a-2)>0=a<2&a>6

Choice (1) is the answer.
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6.10. The value of the quadratic equation ax” + bx + c is always nonnegative, if « > 0 and A < 0.
Therefore, for the given quadratic equation 4x> — 2mx + 4m> > 0, we can write:
4>0 (1)
A= (—2m)” —4(4)(4m?) 0= 4m* — 64m* <0 = — 60m> <0=m* >0 (2)

As can be seen in (1) and (2), both criteria are satisfied disregarding the value of m. Therefore:

6.11. Based on the information given in the problem, we have:

1 1_7:>)C1+XQ:z

X1 X2 3 X1X2 3

As we know, the sum and the product of the roots of a quadratic equation can be determined as follows:

ax’ + bx + ¢=0=$=sum of roots = —

ISERN

c
, P =product of roots = p

Hence, for the quadratic equation 2% + 2k — 1)x — k= 0, we can write:

X1 +Xx3= — (2k2_ 1) <2)

X1Xp = —(— (3)

Solving (1), (2), and (3):

(2k—1)
I BN Sl S A
%k _3$ 3 —3:>6k 3=Tk=

6.12. A quadratic equation has the following form, where S and P are the sum and the product of its roots.
x> —Sx4+P=0, S=sum of roots, P=product of roots (1)

Therefore, for the given roots 2 + /4 —a and 2 — v/4 — a, we can write:
S=(2+va—a)+(2-vi—a)=4 (2)

P:(Z+\/E><2—\/E)z4—(4—ﬂ):a 3)
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6.13.

6.14.

Solving (1), (2), and (3):

Based on the information given in the problem, we know that:

7 37
T (x1 +)C2)2 —2X1X = —

x%+x§:4 7

63

(1)

On the other hand, we know that a quadratic equation has the form below, where S and P are the sum and the product of

its roots.

X —Sx+P=0, S=sum of roots= —

QS

c
, P =product of roots = 2

Solving (1) and (2):

2
2 ,p 3 _ (b _<£)_ﬂ
§-2p=7 = (- 2) —2(5) =

Solving (3) for the given quadratic equation 2x* — 5x + m = 0:

o -s5\' ,m_37 25 37
2 274 "3 My

The sum and the product of the roots of a quadratic equation can be determined as follows:

ISERN

ax* + bx + ¢=0= S =sum of roots = — —, P = product of roots = 2
The problem can be solved as follows:

x%xz + xlxg =x1x(x1 +x2)

Solving (1) and (2):

X%XQ +XIX%:P><S: <— é) (£>
aj)\a

For the quadratic equation mnx® + n’x + m> = 0, we can write:

(e

(2)
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6.15. Based on the information given in the problem, we have:
X1=—Xp=x; +x=0 (1)

As we know, the sum and the product of the roots of a quadratic equation are determined as follows:

ISERN

ax* + bx + ¢=0=S=sum of roots= — —, P = product of roots = 2 (2)
Solving (1) and (2):

S=—

ISERN

=0=5b=0 (3)
Hence, for the given quadratic equation (m + l)x2 + m(m2 — 9)x — 2 =0, we can write:
m(m*—9)=0=m=0, —3,3 (4)

On the other hand, to have real roots for the given quadratic equation, the constraint below must be satisfied.

A>0=m*(m?—9)’ +8(m+1)>0=8m+1)>0=m> — 1 (5)
Solving (4) and (5):
=m=0,3
However, m = 0 does not exist in the choices. Therefore, is the only acceptable choice.

6.16. The problem can be solved as follows:

> 2 LT s (1) (1)2 z_(_l)z 7
X —x+2=x x+4+4—x2 2(5)x+ (5) +3=(x—5) +3

The term ( — l)2 is equal to or greater than zero. Hence:

2
e B (=

6.17. Based on the information given in the problem, we know that:
x%+x%:12:>(x1—|—x2)2—2x1x2:12 (1)

On the other hand, we know that a quadratic equation has the form below, where S and P are the sum and the product of
its roots.

xszerP:O, S =sum of roots = —

ISERNY

, P =product of roots = 2 (2)
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Solving (1) and (2):

52—213:12;»(— g)z—z(f)zlz (3)

a

Solving (3) for the given quadratic equation x> — 2kx — 2 = 0:

2
(— _TZI‘) —2(_72) AR A= 122

6.18. We know that a quadratic equation has the form below, where S and P are the sum and the product of its roots.

X —Sx+P=0, S=sum of roots = —g

c
, P =product of roots = p
Therefore, for the given quadratic equation 2x* — 3x + m = 0, we can write:

-3 3
S e )

Based on the information given in the problem, we have:

X] — X —é
1 2= 5
Hence:
3
X1+X2:§ n
= 5 =2 =4=x=2
xl—x2=§

3 x=2 1
x1—|—x2=§:>x2= -3

c 1 m
X]XZZP:Z:>2X(— i)zjj

6.19. Based on the information given in the problem, x; and x, are the roots of the quadratic equation x* + ax — a* = 0.

To determine the quadratic equation when its roots are y; = x; + 1 and y, = x, + 1, we need to replace x by y — 1 in the
same quadratic equation, as follows:

(=11 4aly—1)—a®=0=>y"—2y+ 1 +ay—a—a*=0

2_ )t

=y +(@-2y+l-a—d*=0—
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6.20. Based on the information given in the problem, we know that the sum of the squares of the two successive numbers
(e.g., nand n + 1) is 925. In other words:

4 (n+1)7=925=n"+n> +2n+1=925=2n> + 2n =924 = n(n + 1) = 462 (1)
We can consider 462 as follows.
462=21x%22 (2)
Solving (1) and (2):
nn+1)=21x22=n=21

= =21422=

6.21. The sum and the product of the roots of a quadratic equation can be determined as follows:

ax2+bx+c:0:>S:sum0froots:72, P:productofroots:2 (1)

The problem can be solved as follows:
(\/)7—\/x7)2:x'+x”—2\/w (2)
x274x+1:0:>5:—2:—%4:4,P:2:%:1 (3)

Solving (1), (2), and (3):

2
(\/)?—\/)7) =X ¥ =2V =S —2/P=4-2V/1=2~

6.22. Based on the information given in the problem, we have:
a>0 (1)

If it is assumed that x; is the common root, then we can write:

2
2 =0 -
x12+ xta =3x+3a=0=x=—a (2)
xX{—x1—2a=0
By replacing x; = — a in one of the equations, we have:

O+ 2x —l—a:Oﬂ:——_g(—a)z—i—Z(—a) +a=0=a*—a=0=a(a—1)=0=a=0,1 (3)
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Solving (1) and (3):

a=1=
6.23. The problem can be solved as follows:
x—1 x—1 x—1—2x* —2x 2% 4 x+ 1
x+1>2ﬁ¢517—2x>0:- P} >0= P <0

The term 2x> + x + 1 is always positive, because a > 0 and A < 0, as can be seen below:
a=2>0
A=1—-4x2x1=-7<0
Therefore:

x+1<0=

6.24. First Method: By defining the new variable below, the equation (x* — 2x)*> — (x> — 2x) = 2 can be simplified and
changed to a quadratic equation as follows:

vy, —bE VPP —ac _ —(—1)1\/(—1)2—4X1X(—2)_ 1£V9 143
= X1,X2 = 2a - 2x1 B 2 2

=X = #,Xzi % $X1:2,X2: —1

Now, we need to come back to the primary variable (x). Therefore, we have two separate quadratic equations.
K —2x=2
¥ —2x=—1

To solve x> — 2x — 2 = 0:

bV dae — (2D dx1x (=) 5P
= 2a = %1 = 2 =143

:>x1:1+\/?_>,x2:1—\/§

As can be seen, this equation includes two distinctive real roots.
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6.25.

6 Solutions to Problems: Quadratic Equations
To solve x* — 2x + 1 = 0, we do not need to apply the quadratic equation formula, since it is a binomial expression.
(x—1)>=0= (x—1)=0=x=1 (Double root) = x3 = 1,x;, = 1
As can be seen, this equation has only one distinctive real root.
Therefore, the main equation has three distinctive real roots, overall.

Second Method: In this method, we do not need to solve the quadratic equations. In fact, we can determine the number
of distinctive real roots based on the value of discriminant of each quadratic equation (A = b* — 4ac).

Regarding the equation x> — 2x — 2 = 0:
A=b—dac=(-2)" —4x1x(-2)=12>0

Therefore, we will have two distinctive real roots, since the discriminant is greater than zero.
Moreover, regarding the equation x> — 2x + 1 = 0:

A=b"—dac=(-2)" —4x1x1=0
Thus, we will have just one distinctive real root, as the discriminant is equal to zero.
Overall, we will have three distinctive real roots.
A quadratic equation has two real distinct roots when its discriminant is greater than zero. In other words:

ax* +bx+c=0=A=b*—4dac>0
Therefore:

ma* +5x+m* —6=0=A=5"—4m(m> - 6) >0 (1)

Moreover, the product of the roots of a quadratic equation can be determined as follows:

ax’ + bx + ¢ = 0= Product of roots = g

Since the roots are reciprocal to each other, the product of the roots is equal to 1. Hence:

2

mx®> + 5x + m> — 6 = 0= Product of roots = m —6 =l=m"-—m—-6=0

=(m+2)(m—-3)=0=m=—2,3 (2)
Solving (1) and (2) for m = 3:

3

A=5 —dm(m® —6) =5 —4x3(32—6) =25 12x3= — 11 <0

Therefore, m = 3 is not acceptable.
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Solving (1) and (2) for m = —2:

m= —2
N

A=5"—4m(m® —6) 52—4><(—2)((—2)2—6):25—16:9>0

Thus, m = —2 is not acceptable.
6.26. Based on the information given in the problem, we know that:
B2 =d= () +x0)—2xx=4 (1)

On the other hand, we know that a quadratic equation has the form below, where S and P are the sum and the product of

its roots.
¥ —Sx+P=0, S=sum of roots= — g, P = product of roots = 2 (2)
Solving (1) and (2):
b 2 c
52—2P=4:>(— —) —2(—):4 (3)
a a

Solving (3) for the given quadratic equation 2x* — mx + m — 1 = 0:

_ 2 _ 2 2
(— —m) M 4 30— P —dm—12=0

2 2 4 4
=m—-6)(m+2)=0=m=6, —2
m = 6 is not acceptable because the equation will not have real roots, as can be seen below:

22 —mrAm—1=0"=0 02 61 5-0=A=(—6) —4(2)(5)=36—40= —4<0

is acceptable because the equation will have two real roots, as presented below:

2 mxtm—1=0" =202 | 2x 30 A=(2)P —4(2)(—3) =4+ 24=28>0

Reference

1. Rahmani-Andebili, M. (2021). Precalculus — Practice Problems, Methods, and Solutions, Springer Nature, 2021.
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Problems: Functions, Algebra of Functions,
and Inverse Functions

Abstract

In this chapter, the basic and advanced problems of functions, algebra of functions, and inverse functions are presented.
To help students study the chapter in the most efficient way, the problems are categorized into different levels based on
their difficulty (easy, normal, and hard) and calculation amounts (small, normal, and large). Moreover, the problems are

ordered from the easiest, with the smallest computations, to the most difficult, with the largest calculations.

7.1 If (1) =\ /251 and g(x) = 2cos*(x), calculate the value of fog (%) [1].

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
Ho

1
2) 3

V3
vy
4) 2

Exercise: Calculate the value of fog (%) if f (1) = | /5! and g(x) = sin*(x).
V3
1) -5

2 Y3

Final answer: Choice (2).

7.2. Determine the value of fog(3), if f(x) = /x — 2 and g(x) = x + 1.
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
10
2)1
3)2
4)3
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7.3. If fix) = 2x — 2 and g(x) = x> — 1, solve the equation fog(x) = 0.

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) £v2

2) £2

3) +V3

4) £3

Exercise: Solve the equation fog(x) = 0, if fix) = x + 1 and g(x) = X — 1.

o
2) 1
3) 2
4) 3

Final answer: Choice (1).

7.4. In the function below, calculate the value of f(—2) + f(2).

2244 x>2
f(x)_{[x]—4 x<2

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) 8

2) 6

3) 10

4) 5

Exercise: Calculate the value of f{—1.5) + f(2.5) if:

(21 x20
f(x)_{|x|—1 x<0

1) 25
2)'5

3) 6.5
4) 5.5

Final answer: Choice (4).
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7.5. Determine the domain of y=+v/2 — x2.
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) x< —V2,x>V2
2) —V2<x<V2
3) x=0
4) —V2<x<V2

Exercise: Determine the domain of the function below.

Dx<-1,x>1

2) -1<x<1
Nx<—1,x>1
4) —1<x<1

Final answer: Choice (4).

7.6. Calculate fog(x), if fix) =1 — x> and g(x) = sin (x).

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) cos?(x)
2) cos(x)

3) sin(1 — x%)
4) sin(cos(x))

7.7. What is the inverse function f(x) = 1?

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) x
1
2) e
1
3) — o

VA

Exercise: Calculate the inverse function of the function below.

1
FO =5
Dx+1
2) 4
3) l;x
4) 1=

Final answer: Choice (3).
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. 1—x
7.8. Calculate fofix), if f(x) = Tox
Difficulty level ® Easy O Normal O Hard
Calculation amount O Small @ Normal O Large
14 x\2
b (1 —x)
2) 1
3) x

(152

Exercise: Calculate fof(x), if f{x) = x*.
D1

2)

3) x*

4) 24°

Final answer: Choice (3).

7.9. Determine the inverse function of f{x) = x* — 2x
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
D1+vx+1
) 1—vx+1
H1+vx—1
4H1—vx—1

Exercise: Calculate the inverse function of f{x) = x> + 2x.
D —1+vx+1

2) —1—vx+1

3 1+vVa—1

4H1-vx=1

Final answer: Choice (1).

7.10. Determine the value of f(x) if flx + 1) = x> — 2x + 1.

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
D (x—2)7°
2) (x— 1)
3) X2 — 2x

4) (x +2)°
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Exercise: Calculate the value of f(x), if f(x — 1) = X —2x+ 1.

D (x+2)?
2) (x — 1)
3) X

4) (x —2)

Final answer: Choice (3).

7.11. Which one of the terms below is not a function?

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
)y =x
2)y’ =x

3) y=\/)—cE

2

x> x>0
4) y= -
)y {1 x<0

Exercise: Which one of the following mathematical expressions is a function?

1) Iyl =x
2) yt=x
3) y=1Ix
4y =x

Final answer: Choice (3).

7.12. If f(/x) = x + /x, calculate the value of £(2) + f(1).
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) 6
2) 7
3)8
4)9

Exercise: Calculate the value of f(2) if f (xz) =+ %
D1
2)2
3) 4
4) 6

Final answer: Choice (4).
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7.13. Calculate the value of f( f(0)), if:

B A1 x>1
)= 2x+3  x<1
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
13
2) 5
3) 10
4) 26

Exercise: Calculate the value of f(f(0)), if:

©+3 x>0

f(x)_{x+3 x<0
o6
2) 30
3)0
4) 3

Final answer: Choice (2).

7.14. Determine the domain of the function below.

[1— |«
flx)= 1+ |x|

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
R

2)x<1

Hx=21

4) —1<x<1
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Exercise: Calculate the domain of the following function:

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
) -1<x<1

2)x<1

3Hx>1

4) -1<x<1

Final answer: Choice (4).

7.15. Determine the domain of the function below.

f= x—3+ X

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) (0, 1]
2) [0, 1]
3) (0, 2]
4) (1, 3)

Exercise: Calculate the domain of the following function:

[ =x+1
f(x)_ x_3
D1<x<3
2) 1<x<3
3)x<1,x>3
4)1<x<3

Final answer: Choice (4).
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7.16. Determine the domain of the function below.

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large

HR

2) [0, oco) — {1}
3) R— {1}

4) [0, o0)

Exercise: Determine the domain of the function below.

1) [0, c0) — {2}

2) [0, 00) — {2, 2}
3) R - {-2, 2}
4HR-{2)

Final answer: Choice (3).

7.17. Determine the domain of the function below.

Vit

f(x) - x\/)_c+ 1
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
)R- {0}
2) [1, o0)
3) [0, o0)
4) R - {-1,0}

Exercise: Determine the domain of the following function:

1
f(x):xxzil
DR—{-1, 1}
2) R — {1}
)R- {1}
4 R

Final answer: Choice (4).
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7.18. Which number does not exist in the domain of the function below?

1—x

fx)= 4x + 3
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) -2
2) 1
3)2
4) 0

Exercise: Which number(s) does/do not exist in the domain of the following function?

. x+3
f(x)_x2+4x—|—3
D -1
2) =3
3) -1,—-3
4H 1,3

Final answer: Choice (3).

7.19. Determine g(x), if f(x) = 2x and f(g(x)) = 2x + 2.

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
Hx-—1
2) x+2
3Hx+1
4) x—2

Exercise: Determine g(x), if f(x) = x — 1 and f(g(x)) = 3x + 4.
1) 3x+5
2) 3x+3
3) 3x—3
4) 3x =5

Final answer: Choice (1).

7.20. Determine g(x), if f(x) = x — 1 and f(g(x)) = x.

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
D x+1

2) X —x

3) 2x—1

4) ¥ -1
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7.21. Calculate the inverse function of f(x) =+/1 —x.
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
Df'o=1-x%4x>0

P e
M) =vVT+x
Hflw=1-x

Exercise: Calculate the inverse function of f(x) =+/1 + x.
D 'w=—-1+xx>0
)W =-1+x
“1()— 1
Hf )= Titx
Hflm=1-x

Final answer: Choice (2).

7.22. What is the inverse function of f(x) = sin (x) — 2.
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) 2arc(sin(x))

2) —2arc(sin(x))
3) arc(sin(x — 2))
4) arc(sin(x + 2))

Exercise: What is the inverse function of f(x) = cos (x + 1) + 1.
1) —1 + arc(sin(x — 1))

2) 1 + arc(cos(x — 1))

3) —1 + arc(cos(x + 1))

4) —1 + arc(cos(x — 1))

Final answer: Choice (4).

7.23. Calculate the inverse function of fog(x), if f(x) = 3x — 2 and g(x) = 2 + x.

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1 4
1) gx— §
2)3x—4
1 4
3) §x + §

4) 3x+ 4
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Exercise: Calculate the inverse function of fog(x), if fix) = g(x) = x — 1.
) x+2

2)x—2

3) —x+2

4) —x -2

Final answer: Choice (1).

7.24. Calculate the inverse function of f(x) = X+ 38 +3x+ 2.
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
DI1-vVx—1
) 1-vx+1
3) —14+x—1
4) —1—vyx+1

Exercise: Calculate the inverse function of f(x) = X+ 3x% + 3x.
D14+vx+1

) 1-vx+1

3) —1—-vx—1

4) —1+Vx+1

Final answer: Choice (4).

7.25. If f(x) + xf(—x) = x° + 1, then what is the value of f(2)?

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) —1

2) =2

3)3

4) 4

Exercise: Determine the value of f(1) , if f(x) + xf(—x) = x.
1
2) 2
3)3
4) 4

Final answer: Choice (1).
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7.26. Calculate the value of f{ A{ A2 cos (x)))), if f(x) = = 2.
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) 2sin®(x)
2) Zcoss(x)
3) 2 sin (8x)
4) 2 cos (8x)
7.27. Determine the domain of the following function:
165) Vet
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
D [-1,0)
2) [-1,1]
)= D
4) [1, c0)
Exercise: Determine the domain of the following function:
X —
f(x + 1) =Vl
Hx<l
2) —-1<x<1
3 x<1
4) -1<x<1
Final answer: Choice (3).
7.28. Determine the domain of f(x) =+v/1—vx— 1.
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
Dx>1
2) 1<x<L2
3) x<L2
5 7
T<x< =
4) 1 SX<y
7.29. Determine the domain of the function f(x) = /x| — 1 + /|x| + 1

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
DR—-[-1,1]

2) R

3) [-1, 1]

4H R - (-1, 1
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7.30. Calculate the value of f(3), if:

GURSE

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
28
1) 3
1
2) 5
3)7
3
4) 73
7.31. For what value of a, the function f{x) = Ix + 2| + alx — 2l is even?
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) —1
2)0
3H1
4)2

Exercise: For what value of a, the function fix) = Ix + 2| + alx — 2l is odd?
-1

2) 0

3) 1

4)2

Final answer: Choice (1).

7.32. The functions f(x) = ¥+ (A — Dxand gx)=B+ 2)x% + sin (x) are even and odd, respectively. Calculate the value of

A+ B.

Difficulty level O Easy @ Normal O Hard

Calculation amount O Small O Normal @ Large

1) -2

2) —1

3H1

4)2

7.33. Which one of the following functions is odd?
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small O Normal @ Large
1) arc(cos(x))

) VI—x—v1+x
3) 2 x
4) x sin (x)
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Exercise: Which one of the following functions is odd?
s

2) cos(x)

3) 2+ x

4) sin(x)

Final answer: Choice (4).

7.34. Which one of the functions below is odd?
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small O Normal @ Large
D x—1+Ix+1l
2) sin(lxl)
3) 2+ 47
4) Ix =1 —Ix+1l

7.35. Which one of the functions below is even?
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small O Normal @ Large
D be— 1+ e+ 11+ I
2) (x+ D*

3) f2(x) +Vx—1=0
4) flx)y=[x] +1

7.36. We know that f(g(x)) =x> —i—xlz —4 and g(x)=x— % Determine f{x).

Difficulty level O Easy O Normal @ Hard

Calculation amount @ Small O Normal O Large

Dx*—4

2) > —2

3) x°

4) X +2

. { P2+1 x>0
7.37. Calculate the value of {—f(x)), if f(x) = .
1 x<0

Difficulty level O Easy O Normal @ Hard

Calculation amount @ Small O Normal O Large

D1

2) x+1

3) 2+ 1

4 P+1)%+1
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2
I x>0
Exercise: Calculate the value of f{ f{x)), if f(x) = vl .
1 x<0
D1
2) x+1
H P+

4H P+ 12 +1

Final answer: Choice (3).

7.38. Determine the domain of the function below.

9=y 1og ()

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
D1l<x<4
2)0<x<5
3) 1<x<4
4)0<x<5

Exercise: Determine the domain of the following function:

F)=1n 2)6;)62
Difficulty level O Easy O Normal e Hard
Calculation amount O Small @ Normal O Large
D -1<x<1
2) —1<x<1
3 0<x<2
4)0<x<2

Final answer: Choice (3).

7.39. Determine the domain of f(x) = +/ log (x> +9).
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) (—o0, 00)

2) (0, o0)
3) [-3, 3]
4) x>0— {1}
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Exercise: Calculate the domain of fix) = logx(—)c2 +1).
D -1<x<l1

2)0<x<1

30<x<1

4) -1<x<1

Final answer: Choice (3).

7.40. Calculate the range of the function fix) = 2x — 2[x] + 1.

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) [0, 2]
2) 1, 3)
3) [0, 2)
4) 10, 3]

7.41. Calculate the range of fog(x), if fix) = x* + 1 and g(x) = vVx — 1.
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) [0, co0)

2) [1, o0)
3) [-1, 00)
4) R

7.42. Calculate the range of f(x) = v/x2 — 2x + 3.
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) [V2,0)

) [V3.%)
3) [0, o0)
4) [1, c0)

Exercise: Calculate the range of f(x) = Vx> — 8x + 17.

1) [V7.50)
2) [3, 00)
3) [0, 00)
4) [1, o0)

Final answer: Choice (4).
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7.43. Which one of the following functions is equivalent to f(x) = lx — 2I?
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large

D g (x) _ ‘xz 73x+2‘

2) g2(x) = x+2
3) g3(x) = \x_z\
4) gy(x) =251

Exercise: Which one of the following functions is equivalent to f(x) = lx + 11?
D @x+1)

2) x—l)
3 B2

x+1)?
4) (\x+1)\

Final answer: Choice (3).

Reference

1. Rahmani-Andebili, M. (2021). Precalculus — Practice Problems, Methods, and Solutions, Springer Nature, 2021.
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Solutions to Problems: Functions, Algebra 8
of Functions, and Inverse Functions

Abstract
In this chapter, the problems of the seventh chapter are fully solved, in detail, step-by-step, and with different methods.

8.1. Based on the information given in the problem, we have [1]:

-y

g(x) =2cos?(x)

The problem can be solved as follows:

50 o) () ) - P

Choice (3) is the answer.

8.2. Based on the information given in the problem, we have:
f@)=vi-2
gx)=x+1
The problem can be solved as follows:
= J0g(3) =(8(3) =f( + 1) =f(4) = VA -2=0
Choice (1) is the answer.
8.3. Based on the information given in the problem, we have:
fx)=2x-2

gx)=x"—1

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 89
M. Rahmani-Andebili, Precalculus, https://doi.org/10.1007/978-3-031-49364-5_8


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-49364-5_8&domain=pdf
https://doi.org/10.1007/978-3-031-49364-5_8#DOI

920 8 Solutions to Problems: Functions, Algebra of Functions, and Inverse Functions

The problem can be solved as follows:
= fog(x) =f(gx))=f(x* —1)=2(*—1) —2=2x" -4

fog(x) =0 =2 —-4=0=x*=2 =

8.4. Based on the information given in the problem, we have:

2% +4  x>2
f(x)_{[x]—4 x<2

The problem can be solved as follows:

= f(2) =20 +4=12

8.5. Based on the information given in the problem, we have:
y=v2—x2

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero. Therefore:

2-¥>0= <2 =

8.6. From trigonometry, we know that:
sin?(x) + cos?(x) =1
Based on the information given in the problem, we have:
flx)=1-x
g(x) = sin(x)

Therefore:

=/(g(x)) =/ (sin(x)) =1 = (sin(x))*
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8.7. Based on the information given in the problem, we have:

To determine the inverse of a function, it is convenient to use y instead of f(x). Then, we need to determine x based on y
After that, we must replace x with y and vice versa. Note that the domain of f~'(x) is the same as the range of f(x).

Therefore:

NP SOV ¢
Y=z =y Y=z
8.8. Based on the information given in the problem, we have:
1—x
f()C) - 1 +x

Therefore:

1—x 1— l=x I+x—(1-x) 1&
1) =f (1) = T = = =
Ty M

8.9. Based on the information given in the problem, we have:
flx)=x*—2x

First, we need to define the function in a square form as follows

= fX) =2 =24+ 1-1=fx)=(x—1)°"—1

To determine the inverse of a function, it is convenient to use y instead of f(x). Then, we need to determine x based on y
After that, we must replace x with y and vice versa. Note that the domain of f~'(x) is the same as the range of f(x).

Therefore:

—y=(x—-1 -1=y+1=(x—1)7>=

y+l=x—-1=y+l+l=x=y=y+1+1

or

=
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8.10.

8.11.

8.12.

8.13.

8.14.

8 Solutions to Problems: Functions, Algebra of Functions, and Inverse Functions
Based on the information given in the problem, we have:
flx+1)=x*—2x+1
The problem can be solved as follows:

x—x—1
B

F(x=D)+D)=@x—-12=2x—1)4+1=fx)=x>—2x+1-2x+2+1

= fx)=x—4x+4 =

A mathematical relation is a function if for any value of x, one value of y is achieved at most. Or, a function is a binary
relation between two sets that associates every element of the first set to exactly one element of the second set. Herein,
y* = x is not a function because, for x = 1, y = —1, 1 are achieved.

Based on the information given in the problem, we have:

F(Vx) =x+Vx

The problem can be solved as follows:

PV =+ VE= (VA + VE L ) = 4 x

= =242+ 17 +1=

Based on the information given in the problem, we have:

2
x+1 x>1
X)=
U {2x+3 x<1

The problem can be solved as follows:

f(0)=2x04+3=3= —f(3) =3+ 1=

Based on the information given in the problem, we have:

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero. Therefore:

1— x| >01+\x\>0
1+ ¥ =

1—|x|20= |x[]<1 =
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8.15.

8.16.

8.17.

Based on the information given in the problem, we have:

f@ =g+

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero. Therefore:

[

x—1 X —

0
=

0
X X

\
(=]

v

= W

= =

{xﬁLx>3 a
0<x<2

N W
IA
(=

N =

\%

Note that x = 0 must be excluded from the domain, since it makes the denominator zero.

Based on the information given in the problem, we have:

A
=7

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero. Moreover, the values of those x that make the denominator zero must be excluded from the
domain. Thus:

{ x>0 {xZO {xZO N
= = =
|x| —1#0 x| #1 x

Based on the information given in the problem, we have:

VA4

f(X)_)C\/}—‘rl

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero. Moreover, the values of those x that make the denominator zero must be excluded from the
domain. Thus:

{ x>0
x/x+1#0

Note that xy/x + 1 #0 is true for any x. Hence:
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8.18.

8.19.

8.20.

8.21.

8 Solutions to Problems: Functions, Algebra of Functions, and Inverse Functions

Based on the information given in the problem, we have:

1—x

f()= 4x + x3

The values of those x that make the denominator zero are not in the domain. Thus:
dx + X #0 = x(4—|—x2) #0

Note that 4 + x> # 0 for any x. Hence:

Based on the information given in the problem, we have:
flx)=2x
fg(x)=2x+2

Therefore:
f(g(x)) =2¢g(x)
Solving (2) and (3):

2e(x)=2x+2=

Based on the information given in the problem, we have:

fx)=x—1

Thus:

Solving (2) and (3):

Based on the information given in the problem, we have:

f)=v1—x

To determine the inverse of a function, it is convenient to use y instead of f(x). Then, we need to determine x based on y.
After that, we must replace x with y and vice versa. Note that the domain of f~'(x) is the same as the range of f(x).
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8.22.

8.23.

8.24.

Therefore:

or

y=Vl-x=y=l-x=x=1-y =y=1-=f 'x)=1-»

Since the domain of f_l(x) is the same as the range of f(x), which is [0, c0), we need to add x > O to f 1) as its
domain. Thus:

Based on the information given in the problem, we have:
Sf(x)=sin(x) — 2

To determine the inverse of a function, it is convenient to use y instead of f(x). Then, we need to determine x based on y.
After that, we must replace x with y and vice versa. Note that the domain of f~'(x) is the same as the range of f(x).

Therefore:

or

y=sin(x) —2 = y+ 2= sin(x) = x=arc(sin(y + 2)) = y=arc(sin(x + 2)) =

Based on the information given in the problem, we have:
f(x)=3x-2
g(¥)=2+x

First, we need to determine fog(x) as follows:
fogx) =f(g(x)) =f(2 +x) =3(2 +x) —2=3x + 4

To determine the inverse of a function, it is convenient to use y instead of f(x). Then, we need to determine x based on y.
After that, we must replace x with y and vice versa. Note that the domain of f ~(x) is the same as the range of f(x).

Therefore:

=

MES

y—

W[ =

y=3x+4=3x=y—4=x=

Based on the information given in the problem, we have:
fx)=x>+3x° +3x+2
First, we need to define the function in cube form as follows:

S f)=(CH+32 3+ 1) H 1= +1)]° +1
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To determine the inverse of a function, it is convenient to use y instead of f(x). Then, we need to determine x based on y.
After that, we must replace x with y and vice versa. Note that the domain of f ~1(x) is the same as the range of f(x).

Therefore:

Sl—

:xy:(x—|—1)3—|—1éy—lz(x—i—l)3 = (y—l)%:x—kléx:(y—l)%—l =y=(x—-1p3-1

or

=

8.25. Based on the information given in the problem, we have:
[+ (—x)=2+1
The problem can be solved as follows:

X= —

222 { f2)+21(~2)=2 +1 {f(2)+2f(—2)=5 ﬁ{ f@+A(=2)=5
) =
1

)4 (=) =27 +1 (=2 -2@)=5 S| —2f(—2)+4r2)= —10

= 5f(2)= -5 =

8.26. From trigonometry, we know that:
1 4 cos(2x) =2 cos *(x)
Based on the information given in the problem, we have:
flx)=x*-2
The problem can be solved as follows:
= f(2cos(x)) = (2cos(x))* —2 =4 cos 2 (x) —2=2(1 + cos(2x)) — 2 =2 cos(2x)
— f(f(2cos(x))) = (2cos(2x))* — 2 =4 cos 2(2x) — 2 =2(1 4 cos(4x)) —2 =2 cos(4x)

S = (2cos(4x))* —2=4cos?(4x) —2=2(1 + cos(8x)) —2=

8.27. Based on the information given in the problem, we have:

S65) Vet

First, we need to determine f(x) as follows:

"1:t:>x:1:»f(t):\/2x CERE Y S Py L
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8.28.

8.29.

8.30.

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero. Therefore:

1+x_ x+1§0;>
1—x x—1

Note that x = 1 must be excluded from the domain, since it makes the denominator zero.

Based on the information given in the problem, we have:

fx)=y1-vx—1

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero. Therefore:

AN
x—1>0 x>1 x>1 >1

{1—vx—1zo {vx—lgl {x—lsl {x§2
= = =

Based on the information given in the problem, we have:

f@) =Vl =1+ V/Ix +1

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero.

{|x|—120 {x|21 {xs—l,le'W
= =

<—-1,x>1
|x|+1>0 xeR xerR ST hLrELT
Note that x| + 1 > 0 is true for any x.

Based on the information given in the problem, we have:
1 1
ety =2+
The problem can be solved as follows:
1 , 1 1?2
:>f<x—|——) =X +5+2-2= (x—l——) -2
X X X

1
X+—-—Xx
X
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8.31. Based on the information given in the problem, we have:
f)=Ix+2[ +alx-2| (1)

Based on the definition, the function f(x) is even if its domain is symmetric and:

Therefore:
= f=x)=|-x+2[+a[—x-2|=]|-(x=2)| +a| - (x+2)|=|x—2[ + alx + 2| 3)
Solving (1), (2), and (3):

x—=2|+alx+2|=x+2|+ax—2| =

8.32. Based on the information given in the problem, we have:
f(x)=x*+ (A—1)x is an even function (1)
g(x) = (B 4+ 2)x* + sin(x) is an odd function (2)
Based on the definition, the function f(x) is even if its domain is symmetric and:
f=x)=f(x) (3)
Additionally, the function f(x) is odd if its domain is symmetric and:
f=0)=—f(x) (4)
Solving (1) and (3):
(x)?+A-1)(x)=F+A-1Dx=>2A-1)x=0=>A=1
Solving (2) and (4):
(B+2)(—x)* + sin(—x) = — ((B+2)x> + sin(x) )
= (B+2)x* — sin(x) = — (B+2)x* — sin(x) = 2(B+2)x*=0= B= —2

Therefore:
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8.33. Based on the definition, the function f(x) is odd if its domain is symmetric and:
f=x)==f(x)
Choice (1):
f(x) =arc(cos(x)) = f(—x) =arc(cos(—x)) = — arc(cos(x)) # { —f(x),f(x)} = Not even nor odd

Choice (2):

() Vi—-x—V/14+x=f \/1—— —/1+ =VI+x—V1-x
(\/1— 1—|—x):—f

Choice (3):
f@) =x*+x=f(=x)=(=x)"+ (—x)=x* —x#{ —f(x).f(x)} = Not even nor odd
Choice (4):

f(x) =xsin(x) = f(— x) = — xsin(—x) = xsin(x) =f(x) = Even

8.34. Based on the definition, the function f(x) is odd if its domain is symmetric and:

FEx) = —f()
Choice (1):
FE=lr— 1+ 1] = fx) =] —x— 1]+ —x+ 1 =]~ (c+ D +] — (x~1)]
=[x+ 1]+ [x— 1]=/(x) = Even
Choice (2):
£() = sin(Jx]) = £(~ x) = sin(| —]) = sin(|x) =f(x) =
Choice (3):

f@ =X +x=f(=x)=(=x) + (—x)?= =X + > #{ —f(x).f(x)} = Not even nor odd
Choice (4):

) =x—1-x+1]=f(-x)=[-x—1-|-x+1=|-(x+1)|— |- (x—1)
=px+1-|x—1=—-f(x) =
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8.35. Based on the definition, the function f(x) is even if its domain is symmetric and:

f=x)=f(x)
Choice (1):
f)=x—=1+x+1+x=f(—x)=|—x—1]+|—x+ 1|+ |—x]
==+ DI+ == DI+[=x=k+ 1+ x—1[+]x[=f(x) =
Choice (2):

f@ =+ = fx)=(—x+ 1) =x—=1)*#{—f(x).f(x)} = Not even nor odd

Choice (3):

f*(x) + Vx— 1=0 = Not a function
Choice (4):

fE)=K+1=f(=x)=[—x]+1#{—f(x).f(x)} = Not even nor odd

8.36. Based on the information given in the problem, we have:

Therefore:

Solving (1) and (3):

8.37. Based on the information given in the problem, we have:

2
f(x){x +1 x>0

1 x<0

Hence:

As can be noticed from f(x), the value of function is always positive. Therefore, the value of —f(x) is always negative.
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8.38. Based on the information given in the problem, we have:

0=y 1og ()

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero. Moreover, the domain of a logarithmic function can be determined by considering its argument
greater than zero. Therefore:

Sx—x% 2 5
10g< 4 )ZO25 log(5x4x>zlog(l) Sx;le é{)c2—5)c—|—4ﬁ0

= 4
2 _
5x —x <0 2—5c<0 x(x—5)<0 x(x 5)<0

4

x—4)(x—-1)<0 1<x<4 n
{ x(x—5)<0 {O<x<5

8.39. Based on the information given in the problem, we have:

f(x)=+/log (¥ +9)

The domain of a function in radical form, including even root, is determined by considering the radicand equal to and
greater than zero. In addition, the domain of a logarithmic function can be determined by considering its argument
greater than zero. In addition, the base of the logarithm must be greater than zero but not equal to one. Therefore:

log (x> +9) >0 log (¥* +9) > log (1) X +9>1
©+9>0 = ¥ +9>0 =< 2+9>0
x>0,x#1 x>0,x#1 x>0,x#1

Note that x* + 9 > 0 and x* + 8 > 0 are true for any x. Hence:

N
=

8.40. Based on the information given in the problem, we have:
fx)=2x-2[x] +1
Based on the definition, we know that:

— 'X" l
<< [ 10 < ] < 1220 <2 — 2] < 2= <20 2 1 <3

= 1<f(x)<3 =
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8.41. Based on the information given in the problem, we have:

fx)=x"+1
gx)=vx—1

= fog(x) =f(g(x)) zf(M) = (\/ﬁ)z +l=x—1+4+1=x

Next, we need to determine the domain of the function. As we know, the domain of a function in radical form, including
even root, is determined by considering the radicand equal to and greater than zero.

x—1>0=x>1= Dy, =][1,00)
Now, we can determine the range of the function based on its domain as follows:

Djpg =1, 00)
f()g(x) :x:‘,>

8.42. Based on the information given in the problem, we have:

FxX)=vx2—2x+3
The problem can be solved as follows:
=fx)=1/(x— 1)2 +2

As we know:

(x—1)2zo;2»(x—1)2+222¥> (x—17+2>V2=f(x)2V2 =

8.43. Based on the information given in the problem, we have:
f)=|x—2| = D;=R
Based on the definition, two functions are equivalent if they are equal and their domains are the same.
Choice (1):

(xr—1)(x—2)
x—1

g1(x)=

¥ —3x+2|
x—1 |

‘:|x—2|

= D, =R —{1}

Therefore, the functions are not equivalent, since their domains are different. Note that x = 1 makes the denominator
zero, thus it is not in the domain.
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Choice (2):
=4 [(x=2)(x+2)
] e e
= Dy, =R —{ -2}
Therefore, the functions are not equivalent because their domains are not the same. Note that x = —2 makes the
denominator zero, thus it must be excluded from the domain.
Choice (3):
(x=2)* -2
e f— — _ 2
g3(x) ‘X—2| |X—2| |'x |
=D 8 R-— { - 2}
Therefore, the functions are not equivalent because their domains are not the same. Note that x = —2 makes the

denominator O, thus it must be excluded from the domain.
Choice (4):

_|ex—12]  6]x—2|
== =

=

Therefore, the functions are equivalent because their functions and domains are the same.

Reference

1. Rahmani-Andebili, M. (2021). Precalculus — Practice Problems, Methods, and Solutions, Springer Nature, 2021.
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Problems: Factorization of Polynomials

Abstract
In this chapter, the basic and advanced problems of factorization of polynomials are presented. To help students study the
chapter in the most efficient way, the problems are categorized into different levels based on their difficulty (easy, normal,
and hard) and calculation amounts (small, normal, and large). Moreover, the problems are ordered from the easiest, with

the smallest computations, to the most difficult, with the largest calculations.

9.1. Which one of the following terms is not a factor of X — 7% + 6x [1]?

9.2.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
M. Rahmani-Andebili, Precalculus, https://doi.org/10.1007/978-3-031-49364-5_9

Difficulty level e Easy O Normal
Calculation amount e Small O Normal
1) x

2) x—1

3)x—6

4) x+6

O Hard
O Large

1) x

2)x—1
3Hx—4
4) x+3

Final answer: Choice (2).

Exercise: Which one of the following terms is not a factor of x> — x* — 12x?

Calculate the value of the following term.

Difficulty level e Easy O Normal
Calculation amount e Small O Normal
1) x+2
2) x—2
3 x+1
4Hx—1

X +8
xX>—2x+4

O Hard
O Large
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9.3.

9.4.

9.5.

Exercise: Calculate the value of the term below.

=27

1) x+3
2) x—3
3) x> —3x+9
4 P +3x+9

Final answer: Choice (4).

Which one of the choices is a factor of x* + y*?
Difficulty level e Easy O Normal O Hard
Calculation amount e Small O Normal O Large
1H)x—y

2) X +xy+y

3) 2 —xy+y

4) x+y+xy

Which one of the choices is a factor of x* — y*?
Difficulty level e Easy O Normal O Hard
Calculation amount e Small O Normal O Large
DX +xy+y°

2) & —xy+y

3)x+y

4) x+y+xy

Which one of the choices is not a factor of x* + 2x* — 3x?
Difficulty level e Easy O Normal O Hard
Calculation amount e Small O Normal O Large
Dx+1

2) x

3)x—1

4) x+3

Exercise: Which one of the following terms is not a factor of x* + x> — 12x?

1) x

2)x—3
Hx—4
4 x+4

Final answer: Choice (3).
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9.6. Which one of the choices is a factor of 6x° + 7x> + 2x?

9.7.

9.8.

9.9.

Difficulty level e Easy O Normal O Hard
Calculation amount e Small O Normal O Large
1) 3x+2

2) 2x — 1
3) 3x% — 2x
4) 2x* — x

Exercise: Which one of the choices is a factor of 2x° + 5x” + 3x?
1) 2x+3

2) x—1

3) 2x+5

4) 2x% + 5x

Final answer: Choice (1).

Which one of the choices is a factor of x* + x — 10?
Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
Dx*—2x+5

2) > +2x+5

3)x+2

4) ¥ —1

Exercise: Which one of the choices is a factor of x* + x + 30?
Hx—-3

2) X +x+10

3) X +3x+ 10

4) x> —3x+ 10

Final answer: Choice (4).

Which one of the choices is a factor of 3a* + 2ab — b*?
Difficulty level O Easy e Normal O Hard

Calculation amount e Small O Normal O Large
1) a—2b

2) 3a—b
3a—>b
4) 2a — b

Which one of the choices is not a factor of x* — x* — 4x + 4?2
Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
Dx*—2

2) x+1

3) % +2

4Hx—1
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9.10.

9.11.

9.12.

Exercise: Which one of the choices is not a factor of x* — x* — 16x + 16?

Hx—2
2) x+2
3) P+ 4
4) x+1

Final answer: Choice (4).

Calculate the value of x* + % if x + % =2.
Difficulty level O Easy e Normal
Calculation amount e Small O Normal
18
2) 6
3) 4
4) 2

Calculate the value of the following term.

Difficulty level O Easy e Normal
Calculation amount e Small O Normal
1) X1 —3x2 —3x

B+l
2) 1
X —3x
3 B+l

=322
4 B+l

Calculate the value of (50.01)% — (49.99)%.
Difficulty level O Easy e Normal

Calculation amount e Small O Normal
1) 0.2

2) 0.02

3)2

4)0

O Hard
O Large

(x+1)° =3x(x+1)
x¥+1

O Hard
O Large

O Hard
O Large

Exercise: Calculate the value of (1.9)> — (1.1)%

1) 0.24
2) 0.024
3) 2.4
4) 24

Final answer: Choice (3).
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9.13. Which one of the following terms is not a factor of x* + 2x> — x — 2?
Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
Dx*—x+1
) P rx+1
3)x+2
) x—1

9.14. Which one of the following terms shows the correct factorization of x* + x* — 2?
Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large
D@ -2)*+1)
2) (¢ + 27+ 1)
3) (C+ 2+ Dix— 1)
4) (@ =2+ Dx—1)

9.15. Calculate the value of the term below.

© 2841
(d—1)°

Difficulty level O Easy e Normal O Hard
Calculation amount e Small O Normal O Large

12

2) x—2

3H1

4) x

Exercise: Calculate the value of the following term for x = 16.

¢ 2d 41

1) 81
2) 25
3) 9
4) 289

Final answer: Choice (1).

9.16. Calculate the value of @ — b°,ifa — b = 1 and &* + b> = 5.

Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
1) 10

2)9

37

4) 6
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9.17. Calculate the value of the following term.

(a+b’+(b+c)+(@a+c)—(a+b+c)

@+ b+

Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
D1

ab + bc + ac

@+ b+ 2
3) (a+b+c)

@+ b+
2 2(ab + bc + ac)

a2+ b+

a* + b* + ¢ + 2ab + 2bc + 2ac

D1
2) 2
3) 3
4) 4

Final answer: Choice (4).

Exercise: Calculate the value of the term below for a=+/3, b= —+/3, and ¢ = 2.

9.18. Calculate the value of x> + y*, if xy =5 and x + y = 7.
Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
1) 216
2) 238
3) 244
4) 264

9.19. Calculate the value of the term below.

Ut —4x—2

x¥» =2
Difficulty level O Easy e Normal © Hard
Calculation amount O Small e Normal O Large
1) 2x
2) 2x — 1
3) 2x+ 1

4) x+ 1
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Exercise: Which one of the following terms is not a factor of 2x* + x* + 16x + 8?
Hx+2

2) 2x + 1

3) X +4x+4

4) X’ —4x+4

Final answer: Choice (3).

9.20. Calculate the value of the term below.

|
X 4+x+1
Difficulty level O Easy e Normal O Hard
Calculation amount O Small e Normal O Large
D +x+1
2) X +x

)P —x+1
4HPrx—1

Exercise: Which one of the following terms is a factor of x* + x* + 1?2
DxXX—x+1

) —x—1
3 +x—1
4 ¥ +1

Final answer: Choice (1).

9.21. Calculate the value of the following term.

X0+ 4x? +5
2+1

Difficulty level O Easy O Normal e Hard
Calculation amount e Small O Normal O Large
Dax*+x+5

)t —x+5

3y xt -2 +5

4) X 420 +5

9.22. Calculate the value of the following term.

1
+1

+ | Be
| |

¥

Difficulty level O Easy O Normal e Hard
Calculation amount e Small O Normal O Large
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9.23.

9.24.

D41
2) -1
3) X +2
4) 2 -2

).

Calculate the value of x* + y*, if x* + y* + 4 = 2(2x% + 2y> — x
Difficulty level O Easy O Normal e Hard
Calculation amount O Small e Normal O Large

12

2) 1

3)0

4) 8

Exercise: Calculate the value of the term below for x=+/2 and y = 1.
eyt a4 2(2)(2 +2y° —xzyz)

1o

2) 1

32

4)3

Final answer: Choice (2).

Calculate the value of the following term.

C+D(22+1)(2*+1)...(2%+1)

Difficulty level O Easy O Normal e Hard
Calculation amount O Small e Normal O Large
2% 4+1

2) 2"+ 1

3) 2128 _ g

4) 225 _

Exercise: Calculate the value of the following term.
B+DO+1D)BL+1)...(37+1)

D341

2) 3128 _ |

3) 3%+ 1

4) 3% _ 1

Final answer: Choice (4).
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Solutions to Problems: Factorization 1 O
of Polynomials

Abstract
In this chapter, the problems of the ninth chapter are fully solved, in detail, step-by-step, and with different methods.

10.1. The problem can be solved as follows [1]:
X =T+ x=x(a* = Tx + 6) =x(x — 1)(x — 6)
As can be seen, x + 6 is not a factor of the expression. Choice (4) is the answer.
10.2. Based on the rule of sum of two cubes, we know that:
a’+b=(a+b)(a> —ab+b?)
Therefore:

o8 (x+2)(a —2x+4) 42
X2 —2x+4 x2—2x+4 o

Choice (1) is the answer.
10.3. Based on the rule of sum of two cubes, we know that:
X4y = (JH—y)(x2 —xy+y2)
Choice (3) is the answer.
10.4. Based on the rule of difference of two cubes, we know that:
=y == y) (¥ +xy+)?)
Choice (1) is the answer.
10.5. The problem can be solved as follows:
X428 = 3x=x(x* + 2x—3) =x(x + 3)(x 1)
Choice (1) is the answer.
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10.6.

10.7.

10.8.

10.9.

10.10.

The problem can be solved as follows:
67 + 70" + 2x=x(6x> 4+ Tx +2) =x(3x + 2)(2x + 1)
Choice (1) is the answer.
Based on the rule of difference of two cubes, we know that:
2 =y= (=) (@ +ay+y?)
Therefore:
- 10=( —8) + (x—2)=(x—2)(F +2x+4) + (x—2)=(x —2) (" +2x +5)
Choice (2) is the answer.
Based on the rule of difference of two squares, we know that:
(a+b)(a—b)=a*—b*
The problem can be solved as follows:

30’ 4 2ab — b’ =2a* + 2ab 4+ a* —b* =2a(a +b) + (a+b)(a—b)=(a+b)(2a+a—b)=(a + b)(3a—b)
Choice (2) is the answer.
From the rule of difference of two squares, we know that:
(a+b)(a—b)=a*—b*
The problem can be solved as follows:
O ex Ay A= —dx— (P —4) =x(x —4) - (F ) = (P —4)x—)= (" +2) (- 2)(x— 1)
Choice (2) is the answer.

Based on the information given in the problem, we have:

1
The problem can be solved as follows:
x2+i—x2+i+2—2—(x+1)2—2 (2)
X2 x? N x
Solving (1) and (2):
bl l 2
=2y -2=2

Choice (4) is the answer.
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10.11. As we know:
(a+b)’ =a® + 3db + 3ab® + b°
Therefore:

(x+1)° = 3x(x + D_ 2432 +3+1-3° 3x_ 2 +1

B+ B+1 B+l

Choice (2) is the answer.

10.12. Based on the rule of difference of two squares, we know that:
(a+b)(a—b)=a*—b*
The problem can be solved as follows:
(50.01)" — (49.99)" = (50.01 + 49.99)(50.01 — 49.99) = (100)(0.02) = 2

Choice (3) is the answer.

10.13. Based on the rule of difference of two cubes, we know that:
@ —b*=(a—b)(a’ +ab + )
The problem can be solved as follows:

ol 2= (x4 2) (k2 =+ 2)(F 1) =+ 2) (- (T Hx+1)
Choice (1) 1s the answer.
10.14. Based on the rule of difference of two squares, we know that:
(a+b)(a—b)=a*—b*
The problem can be solved as follows:
A 2=x -1+ - I= (P -+ )+ I= (1) (P +2) = D)t )2
Choice (3) is the answer.
10.15. Based on the perfect square binomial formula, we have:
a* +b* —2ab=(a—b)’

The problem can be solved as follows:

Choice (3) is the answer.
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10.16. From the rule of difference of two cubes, we know that:
a>— b =(a—b)(a®>+b* + ab)
Based on the information given in the problem, we have:
a—b=1
@+ =5
From (2), we have:

2
a—b=1==(a—b)?=1=d*+b*—2ab=1

Solving (3) and (4):
5—2ab=1=ab=2
Solving (1), (2), (3), and (5):
a b =1x(5+2)=7
Choice (3) is the answer.
10.17. As we know:

(a+b+c)* =d®+ b + & + 2ab + 2bc + 2ac

Therefore:
(a+ /7)2 F(bH (')z F (a4 (')3 (a+ b+ (.)z
a2 +b* + 2

B @ + b* +2ab + b* + 2 + 2bc + a*> + ¢* + 2ac — (a2+b2+c2+2ab—|—2bc+2ac)

N a* +b* + 2

_ a* + b + 2 1

a’ +b* + 2

Choice (1) is the answer.

10.18. Based on the information given in the problem, we have:
xy=35
x+y=7
Based on the rule of sum of two cubes, we know that:

X4y =(x+y)(F—xy+y?)
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10.19.

10.20.

10.21.

Therefore:
3 3_ 2 2 _ 2 _ 2 _ _
Oy =4y (C 2y +y —3xy)-(x+y)<(x+y) —3xy)—7><(7 —3x5)=7x34=238

Choice (2) is the answer.

The problem can be solved as follows:

2x* + \’ A2 (2 =4+ (P -2) (P -2)+ (P -2) (P -2)(2x+ 1)

B =2 x»3=2 B =2 -2
Choice (3) is the answer.
Based on the rule of difference of two squares and perfect square binomial formula, we know that:
(a+b)(a—b)=a*—b*
a + b? +2ab:(a+b)2

The problem can be solved as follows:

x4+ x4 l_)c“—f—xz—i-l—i—xz—xz_)c4—|—2x2—|—1—x2_()cz—i-l)z—x2
2Hx+1 2 4+x+1 o2 4x+1l T 2 4x4+1
241 1— 5
:(x a —2|—x)(x2—|— %) =x"—x+1
x*+x+1

Choice (3) is the answer.
Based on the information given in the problem, the answer of the following term is requested.

X444k +5
X2 +1

The problem can be solved as follows:
x® +4x? +5 [x2+1
x® +x* x*—x%+5

—x* 4+ 4x?
4 2

—x
5x2 4+ 5
5x% 45

X

Choice (2) is the answer.
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10.22. Based on the rule of difference of two cubes, we know that:
a®—b*=(a—b)(a*>+ab+b?)

Therefore:

Choice (2) is the answer.
10.23. As we know:
(a+b+c)* =d®>+b* + &+ 2(ab + bc + ac) (1)
Therefore:
eyt a0 (27 H 2 - ) =ty 4 -2(27 + 27 —Py?) =0
= (2 + () 24 22(- ) +2(- ) + (- 2) (1) =0 2)
Solving (1) and (2):
() + (=) +2)°=0= ==y 42=0=1"+ " =2
Choice (1) is the answer.
10.24. Based on the rule of difference of two squares, we know that:
(a+b)(a—b)=a*—b*

Now, the problem can be solved as follows:

L—_1>)(2—1)(2+1)(22+1)(2“+1)...(26“+1)=(22—1)(22+1)(24+1)...(264+1)
=2 =D+ 1) . 2%+ )= -1) ... 2%+ 1) =... =2 -1 (2% +1)=2"" 1

Choice (3) is the answer.
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Problems: Trigonometric and Inverse 1 1
Trigonometric Functions

Abstract

In this chapter, the basic and advanced problems of trigonometric and inverse trigonometric functions are presented. To
help students study the chapter in the most efficient way, the problems are categorized into different levels based on their
difficulty (easy, normal, and hard) and calculation amounts (small, normal, and large). Moreover, the problems are ordered
from the easiest, with the smallest computations, to the most difficult, with the largest calculations.

11.1. Calculate the value of 2 cos (x), if sin(x) = % and the end of arc x is in the second quadrant [1].

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
) -3
2) —V2
3) V2
4 V3
Exercise: Calculate the value of sin(x), if cos(x) = % and the end of arc x is in the fourth quadrant.
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) 2
) -4
3) -}
4) %

Final answer: Choice (2).

11.2. If cos(a)(1 + tan*(@)) > 0, determine the quadrant where the end of arc a is located.

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) First

2) Second

3) First or third
4) First or fourth
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Exercise: If sin(a)(1 + sin*(@)) > 0, determine the quadrant where the end of arc a is located.
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) First
2) Second
3) First or second
4) First or fourth
Final answer: Choice (3).

11.3. Calculate the value of cos(10°) + cos (190°).

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1)o0
2) 2 cos (10°)
3) 2 sin (10°)
4) cos(200°)
Exercise: Calculate the value of sin(20°) + sin (200°).
1) sin(220°)
2) 2 sin (20°)
3) 2 cos (20°)
4)0
Final answer: Choice (4).
11.4. Calculate the value of sin(200°) + sin (10°) + sin (20°) + sin (190°).

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) 2 sin (10°)

2) 2 cos (10°)

3)0

4) — sin (10°)

Exercise: Calculate the value of cos(5°) + cos (—5°).
1) cos(10°)

2) 2 cos (5°)

3) — cos (10°)

4) 0

Final answer: Choice (2).
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11.5. Calculate the value of sin(1860°) + cos (1860°).

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) L3

2) -1

3) 153

4)0

Exercise: Calculate the value of sin(3630°) + cos (3630°).
1) 1+2\/§
3_
2) ¥3-1
3) 172\/3
4) 0

Final answer: Choice (1).

11.6. Calculate the value of tan(135°)sin2(60°).

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) —%

2) —%

3) %

4) %

Exercise: Calculate the value of cot(135°)c052(60°).
1) i

2) —
3) —
4 3

A= o=

Final answer: Choice (3).

11.7. Calculate the value of cos?(3) + sin(%Z).

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1
2) %
3) i

4)0
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Exercise: Calculate the value of sin 3 + cos 32,

V2

2)\/7Z

3)0
4) 222

Final answer: Choice (3).

11.8. Calculate the value of (sin(60°) — sin (45°))(cos(30°) + cos (45°)).
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
3
1) 7
1
4

2)

—_

3 5
41

11.9. If cos(0) = — % and tan(d) cos (0) > 0, which quadrant is the location of the end of arc 6?
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) First
2) Second
3) Third
4) Fourth

Exercise: If sin(@) < 0 and sin(0) cot () > 0, which quadrant is the location of the end of arc 7
1) First

2) Second

3) Third

4) Fourth

Final answer: Choice (4).

11.10. In Fig. 11.1, in triangle ABC, determine the value of sin(6).
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large

W A%} —_
=~ ~ ~
Bl A RlLONW

~
N
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Exercise: In the triangle shown in Fig. 11.1, calculate the value of cos(8).
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large

w 3] —
~ ~ ~
Al b BlLWONW

N
N

Final answer: Choice (3).

11.11.

Figure 11.1 The graph of problem 11.10

In Fig. 11.2, determine the value of tan(a) + tan (f).
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large

w \°] —_
~ ~ ~
Al Nl B~

~
N

Exercise: In Fig. 11.2, calculate the value of sin(a) + cos (53).
1) V104615
10
V10+4V/5
2) 1*6
Vi0+2V5
3) 1+0

4

Final answer: Choice (2).




126 11 Problems: Trigonometric and Inverse Trigonometric Functions

Figure 11.2 The graph of problem 11.11

11.12. Calculate the value of cos(60°) cos (30°) + sin (60°) sin (30°).
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) tan(30°)

2) cot(45°)
3) sin(60°)
4) cos(60°)

11.13. Which one of the statements below is correct?
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) sin(50°) < sin (40°)

2) cos(50°) < cos (40°)
3) tan(50°) < tan (40°)
4) cot(40°) < cot (50°)

Exercise: Which one of the statements below is incorrect?
1) sin(10°) < sin (20°)
2) cos(10°) > cos (20°)
3) tan(10°) < tan (20°)
4) cot(10°) < cot (20°)

Final answer: Choice (4).

11.14. Simplify and calculate the final answer for the term below.

sin(60 ° ) cos(60 °) tan(60 ° )csc(60 ° ) sec(60 ° ) cot(60°)
sin(40°) cos(40° ) tan(40 ° )csc(40° ) sec(40° ) cot(40°)

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
o
2) %
31
4) 2

11.15. Calculate the value of sin(135°) + cos (45°) + tan (225°) + cot (315°).
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
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1) 2+2
2) V2

3) V2-2
4) 2

11.16. Which one of the choices is equal to tan(10°)?
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) tan(—10°)

2) cot(100°)
3) tan(170°)
4) tan(190°)

Exercise: Which one of the choices is equal to sin(10°)?
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) sin(—10°)

2) sin(170°)

3) cos(—10°)

4) cos(170°)

Final answer: Choice (2).

11.17. Calculate the value of tan(@), if sin(f) = — é and the end of arc @ is in the third quadrant.
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) -2
1

2) — 3

1
3) 3
4)2

Exercise: Calculate the value of tan(@), if cos(0) = ‘/73 and the end of arc € is in the fourth quadrant.
1) V2
2) —V2
V2
N
V2

4 -5

Final answer: Choice (2).
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11.18. Which one of the choices is equivalent to the angle of —27°?
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) 127°
2) —127°
3) 333°
4) 53¢

Exercise: Which one of the choices is not equivalent to the angle of 1°?
1) 361°

2) —1°

3) 721°

4) 1081°

Final answer: Choice (2).

11.19. Calculate the range of m if:

m—1 b2 b4
cos(3x) = 5 T <*<jy
Difficulty level O Easy O Normal e Hard
Calculation amount @ Small O Normal O Large
D (1, 2]
2) (0, 2)
3) (2,3]
4) (2,3)
Exercise: Calculate the range of m if:
m+ 1 b4 7
cos(2x) = S T <Y< 1
Difficulty level O Easy O Normal @ Hard
Calculation amount @ Small O Normal O Large
D V3<m<2
2)0<m<1
3) V3<m<1

HV3-1<m<l1

Final answer: Choice (4).
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11.20.

11.21.

11.22.

11.23.

Calculate the range of m if:

sin( )—m Tox< 3n
T2 4 5
Difficulty level O Easy O Normal @ Hard
Calculation amount @ Small O Normal O Large
1) m< ¥
2) m> L2
3) V2<m<2
4) 1<m<V2
Calculate the range of m if:
1 7 3z
cos(2a) = T=m® 4°9<7
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
2) (1, 00)
3) [2, 0)
4) (—o0, )
Calculate the range of m if:
sin(x) = oz <x< S
3+m? 3 6
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) |m| <3
2) |m| <2
3) Iml <1
4) |m| <3

If sin(a) cos (a) > 0 and cos(a) cot (a) < 0, then determine the quadrant where the end of arc « is located.

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) First

2) Second

3) Third

4) Fourth

Exercise: If sin(a) cos (@) < 0 and sin(a) tan () < 0, then determine the quadrant where the end of arc « is located.

1) First

2) Second

3) Third

4) Second or fourth

Final answer: Choice (2).
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11.24. Which one of the inequalities is correct?
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) sin(20°) > sin (170°)
2) c0s(20°) < cos (160°)
3) sin(20°) < sin (10°)
4) cos(10°) < cos (20°)
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Solutions to Problems: Trigonometric 1 2
and Inverse Trigonometric Functions

Abstract
In this chapter, the problems of the 11th chapter are fully solved, in detail, step-by-step, and with different methods.

12.1. Based on the information given in the problem, we know that [1]:

<x<r

SRS

sin(x) = 3
Moreover, from trigonometry, we know that:

sin?(x) + cos?(x) =1

The problem can be solved as follows:

2cos(x) =24/1— sin?(x) =24/1 — (%)222\/22 +V3

As can be noticed from Figure 12.1, V/3 is not acceptable for cos(x), because the end of arc x is in the second quadrant
(cos(x) < 0). Therefore:

2cos(x)= —V/3
Choice (1) is the answer.
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sin()=0 b sin(c)=>0
cos(o)<0 cos(w)=0
tan(a)<0 tan(a)=0

col{a )<[WMCUI(:1 =0
sin( u)f-'.iwywin(a}f: 0
(a)=0

cos(w)<0 cOS
tan(a)=0 tan(a)<0
cot{a)=0 cot(a)<0

Figure 12.1 The graph of the solution of problem 12.1

12.2. Based on the information given in the problem, we know that:

1+ tan*(a) >0
cos(a) (1 + tan*(a)) >0 =——————> cos(a) >0

Therefore, the end of arc « is in the first or fourth quadrant, as can be noticed in Figure 12.2. Choice (4) is the answer.

sin(a)>0 t sin(a)=>0
cos(u)<0 cos(a)=0
tan(o)<0 tan(a)=0
cot(u )<lmmcol(u =0

:<in(u)~tiw Wﬁill(u)‘:(]

cos(w)<0 cos(a)=0
tan(a)=0 tan(a)<0
cot(a)=0 cot(u)<0

Figure 12.2 The graph of the solution of problem 12.2

12.3. From trigonometry, we know that for an acute angle of :
cos(180° + 6) = — cos(0)
Therefore:
cos(10°) 4+ cos(190°) = cos(10°) 4+ cos(180° + 10°) = cos(10°) — cos(10°) =0
Choice (1) is the answer.
12.4. From trigonometry, we know that for an acute angle of 0:
sin(180° + ) = — sin(6)
Therefore:

sin(200 °) 4 sin(10°) + sin(20°) + sin(190°)
= sin(180° +20°) + sin(10°) + sin(20°) + sin(180° + 10°)
= — sin(20°) + sin(10°) + sin(20°) — sin(10°) =0

Choice (3) is the answer.
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12.5. From trigonometry, we know that for an acute angle of 6:

sin(nx360° + 0) = sin(),n € Z

cos(nx360° 4 0) = cos(9),n € Z

Moreover, we know that:

$in(60°) = \/7§
1
cos(60°) = 3

Therefore:
= sin(5%360° + 60°) + cos(5x%360° + 60°)

= sin(60 °) + cos(60°) = -+

oI5
N —

12.6. From trigonometry, we know that for an acute angle of 6:
tan(180° — @) = — tan(0)
In addition, we know that:

tan(45°) =1

oI5

sin(60 °) =
Therefore:

= tan(135 °) sin2(60 °) = tan(180° — 45 °) sin (60 °)

= — tan(45°)sin*(60°) = — 1 x (?)2:

12.7. From trigonometry, we know that for an acute angle of 6:
cos(z + 0) = — cos(6)
sin(z + 0) = — sin(0)

Moreover, we know that:
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Therefore:

=t (o) inlo §) = (-eo(5)) - n(E)= (- F) 3=33

12.8. From trigonometry, we know that:

$in(60°) = ?
sin(45°) = ‘/75
c0s(30°) = ?
s = L

In addition, based on the rule of difference of two squares, we know that:
(a+Db)(a—b)=a*—b*

The problem can be solved as follows:

() (L)

2 2 )\2 "2 (?)2_(§)2:%_§:

12.9. Based on the information given in the problem, we know that:

cos(6) = — 3 = cos(6) <0 (1)
tan(6) cos(8) > 0 2)

Solving (1) and (2):
tan(6) <0 (3)

By considering Figure 12.3 as well as (1) and (3), we can conclude the location of the end of arc @ is in the second
quadrant.
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.

sin(a)>0 sin(a)>0
cos(a)<0 cos(a)=0
tan(a)<0 | tan(o)=0

cnl[u}*flm (mcul{u.]:--n

sinfo)<0 Q3 Qyﬁin[u]ﬁ:ll

cos(a)<0 1 cos(ua)=0
tan(a)=0 tan(o)=0
cot(a)=0 cot(a)<0

Figure 12.3 The graph of the solution of problem 12.9
12.10. From trigonometry, we know that:

Side opposite to the angle

sin(angle) = Hypotenuse

Moreover, using the Pythagorean formula for the triangle shown in Figure 12.4, we can write:

BC?—=AB® + ACP=AB=VBC* —AC* =5 — 42 =3

Therefore:

Choice (1) is the answer.

Figure 12.4 The graph of the solution of problem 12.10

12.11. From trigonometry, we know that:

Side opposite to the angle

tan(angle) = Side adjacent to the angle
Therefore:
. CB CB 1 1 1. 1 5
tan(a) + tan(f) = B DB TF 151 1 1= 3t5=,
Choice (1) is the answer.
1
a 4]
E 1 D1 E 18

Figure 12.5 The graph of the solution of problem 12.11



136 12 Solutions to Problems: Trigonometric and Inverse Trigonometric Functions

12.12. From trigonometry, we know that:

cos(60°) = %
cos(30°) = ?
sin(60 °) = \/T§
sin(30°) = %
Therefore:
cos(60°) cos(30°) + sin(60 °) sin(30°) = % X g—i—? x % = ?4—? = g = sin(60 °)

Choice (3) is the answer.
12.13. We know that for an acute angle, sin(a) and tan(a) have ascending trends. Therefore:

sin(40°) < sin(50°)
tan (40 °) < tan(50°)

Moreover, for an acute angle, cos(a) and cot(a) are descending. Therefore:
cos(50°) < cos(40°)
cot(50°) < cot(40°)

Choice (2) is the answer.

12.14. From trigonometry, we know that:

1
cot(a) = tan(a)

1
sec(a) = cos(a)
csc(a) = !

sin(a)
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The problem can be solved as follows:

sin(60 °)csc(60 ©) cos(60 °) sec(60 °) tan(60 °) cot(60 °)
sin(40 °)csc(40 ©) cos(40 °) sec(40 °) tan(40 °) cot(40 °)
1

. o 1 o b o ;
B sm(60 )W COS(6O ) COS(60 o) tan(60 ) tan(60 0) _ 1x1x1 N
PN o 1 o L TxIx1
sin(40 )W cos(40 )W tan(40°) tan(40°)

12.15. From trigonometry, we know that for an acute angle of 6:
sin(180° — @) = sin(0)
tan(180° + 6) = tan(6)
cot(360° —0) = — cot(6)

In addition, we know that:

sin(45°) = \/72

cos(45°) = g
tan(45°) =1
cot(45°) =1

The problem can be solved as follows:

360° —45°)

—~

= sin(180° —45°) + cos(45°) + tan(180° + 45°) + cot

= sin(45°) + cos(45°) + tan(45°) — cot(45°) = 72 +

S

+1-1=

12.16. From trigonometry, we know that for an acute angle of 9:
tan(— @) = — tan(0)
cot(90° +6) = — tan(0)
tan(180° — @) = — tan(0)

tan(180° + 6) = tan(0)
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Choice (1):
tan(— 10°) = — tan(10°)
Choice (2):
cot(100°) = cot(90° 4 10°) = — tan(10°)
Choice (3):
tan(170°) = tan(180° — 10°) = — tan(10°)
Choice (4):

= tan(180° + 10°) =

Based on the information given in the problem, we know that the end of arc @ is in the third quadrant and:

sin(0) = — 5 (1)
sin?(60) + cos?(0) =1 (2)
tan(0) = sz)r;((z)) (3)

The problem can be solved as follows:

Solving (1) and (2):

w«w=¢7:$?5=wl—@?fzyﬁf§=i§§ n

In (4), the negative value is acceptable, because the end of arc @ is in the third quadrant (See Figure 12.6).

Solving (1), (3), and (4):

_sin(0) _ =%
~ cos(0) 7%_
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smfa)=0 + sin(a)=0

cos(o)=0 cos(u)=0

tan(o)<0 | tan(a)=0

mn(u_:-::'::/): {hlcu[(u}ii"(]
[ = |

51‘”'[“]'“-"% l\}‘l/)l_\sini[n'-':{}

cos(a)<0 1 cos(w)=0
tan(w)=0 tan(a)<0
cot(w)=0 cot(a)<0

Figure 12.6 The graph of the solution of problem 12.17

12.18. As we know from trigonometry, in a unit circle, the relation below holds for any pair of angles:
0, —0,=nx360°,ne€ 7=0, =0,

The problem can be solved as follows:

Choice (1):
127° — (=27°)=154°=127°# —27°
Choice (2):
—127° —(—27°)=100°= — 127°# —27°
Choice (3):
333° —(—27°)=360°=333° = —27°
Choice (4):

53° —(—27°)=80°=53°%=—-27°
Choice (3) is the answer.
12.19. Calculate the range of m if:

S om—1 A
cos(3x) = 5 76<.\‘<6

The problem can be solved as follows:

<x<IZ I
9 3

<3x<g

ol

Equation (1) and Figure 12.7 show the range of 3x. Therefore:

;&% < cos(3x)§1:>% < mT_] <l=l<m—1£2=2<m<3

Choice (3) is the answer.
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Figure 12.7 The graph of the solution of problem 12.19

12.20. Calculate the range of m if:

~

sin(x) = 5 (1)
T _ 3
45757 @)

Equation (2) and Figure 12.8 show the range of x. Therefore:

éﬁ < sin(x) V2

m _
<l=XZco< /2<m<2
5 _1:52 <2_1:$\ m<

Choice (3) is the answer.

Figure 12.8 The graph of the solution of problem 12.20

12.21. Based on the information given in the problem, we have:

o 1 r 3n
.0<(? - <
cos(2a) [ —m’ 4° 4

The problem can be solved as follows:

< <3—”;>25<2 <3—” (1)
A )
As can be seen in (1) and Figure 12.9, 2« is in the second and third quadrants. Therefore:
:>—1§cos(2a)<0:>—1§1_1m<0
1

17<O:¥1—m<0ém>1 m

= —m 1 11— . =m>2
> l=——+1>0= m>0=-2"" >0- >0=m<1,m>2
1—m 1—m 1—m 1—m m—1

Choice (3) is the answer.
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Figure 12.9 The graph of the solution of problem 12.21

12.22. Calculate the range of m if:

sin(x) 3—m" Ty
MWW= 35 %
The problem can be solved as follows:
/2 Sn
§ <x< ? (1)

Equation (1) and Figure 12.10 show the range of x. Therefore:

1 1 3-m?
—< —
=5 < sm(x)<1$2 <3 s
3—m? 2 2 2
T 3 31=3-mm <3 +m=m"20=meR n
Y1 3—m? 3+m = |m| <1
5 < S=34m? <6—2m=3m* <3=mP < l= —1<m<l=|m| <1
2 "34m
Choice (3) is the answer.
O
Figure 12.10 The graph of the solution of problem 12.22
12.23. From trigonometry, we know that:
cos(a)
= 1
cot(a) sin(a) (1)
Based on the information given in the problem, we know that:
sin(a) cos(a) >0 (2)
cos(a) cot(a) <0 (3)

Solving (1) and (3):
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2
cos(a) cos %(a) cos“(a)>0 .
cos(a) sin(a) sin(a) <0 Sin(a) < 0= sin(a) <0 (4)
Solving (2) and (4) and considering Figure 12.11:
cos(a) <0 (35)

Therefore, based on (4) and (5), the end of arc « is in the third quadrant. Choice (3) is the answer.

sin(a)=0 + sin(a)=0

cos(o)=0 cos(u)=0

tan(o)<0 e tan(a)=0

l;nt(:r_]-:itl/[): Q |\Icnl(u}::-(]
{ \

Hin{u]*iftw (\H/{;lniu}--‘-{}

cos(a)<0 1T cos(w)=0
tan(a)=0 tan(a)<0
cot(a)=0 cot(a)<0

Figure 12.11 The graph of the solution of problem 12.23

12.24. From trigonometry, we know that for an acute angle of 9:
sin(180° — @) = sin(0)
sin(180° + 6) = — sin(#)
cos(180° — ) = — cos(0)
cos(180° + ) = — cos(0)

Moreover, we know that for an acute angle of 0, sin(¢) and cos(f) have ascending and descending trends, respectively.

Therefore:
Choice (1):
sin(20 °) > sin(170 °)=-sin(20°) > sin(180° — 10°)=-sin(20°) > sin(10 °)=-Correct
Choice (2):
c08(20°) < cos(160°)=c0s(20°) < cos(180° —20°)=c0s(20°) < — c0s(20°)=2¢c0s(20°) < 0=cos(20°) < 0=Wrong
Choice (3):
sin(20 °) < sin(10 °)=Wrong
Choice (4):
cos(10°) < cos(20°)=-Wrong

Choice (1) is the answer.
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Problems: Arithmetic and Geometric Sequences 1 3

Abstract

In this chapter, the basic and advanced problems of arithmetic and geometric sequences are presented. To help students
study the chapter in the most efficient way, the problems are categorized into different levels based on their difficulty (easy,
normal, and hard) and calculation amounts (small, normal, and large). Moreover, the problems are ordered from the easiest,
with the smallest computations, to the most difficult, with the largest calculations.

13.1. If the 12th term and the common difference of successive terms of an arithmetic sequence are 34 and 2, respectively,

determine its 18th term [1].

Difficulty level ® Easy O Normal O Hard

Calculation amount @ Small O Normal O Large

1) 46

2) 48

3) 50

4) 52

Exercise: Calculate the 10th term of an arithmetic sequence, if the fifth term and the common difference of
successive terms of an arithmetic sequence are 20 and 3, respectively.

1) 38

2) 28

3) 35

4) 25

Final answer: Choice (3).

13.2. In an arithmetic sequence, the first term and the common difference of successive terms are 2 and 4, respectively.

Determine the ratio of the 11th term to the first term in this arithmetic sequence.

Difficulty level ® Easy O Normal O Hard

Calculation amount @ Small O Normal O Large

1) 19

2) 20

3) 21

4) 42
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13.3. In the arithmetic sequence of 2, %, ..., which term is equal to 6?
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) 10
2) 11
3) 12
4) 13

Exercise: In the arithmetic sequence of 1, g, ..., which term is equal to 9?
1) 23
2) 24
3) 25
4) 26

Final answer: Choice (3).

13.4. The common term of a geometric sequence is presented in the following. Determine the common ratio of successive
terms of this geometric sequence.

2
3x2"

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large

1
D¢

1
2) 3

1
3) 5

2
4) 5

Exercise: The common term of a geometric sequence is a, = % Determine the common ratio of successive terms
of this geometric sequence.

1

2)2

3) 4

4) 8

Final answer: Choice (2).

13.5. In an arithmetic sequence, the first term and the common difference of successive terms are 0.5 and —1, respectively.
Calculate the sum of first eight terms of this arithmetic sequence.

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) —16
2) —20
3) —24

4) —25
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difference of successive terms are 3 and 0.5, respectively.
1) 55

2) 7.5

3) 525

4) 12.5

Final answer: Choice (3).

Exercise: Calculate the sum of first 10 terms of an arithmetic sequence given that its first term and common

13.6. Which term of the arithmetic sequence 2, 5, 8, ... is equal to 56?

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) 18
2) 19
3) 20
4) 21

D 13
2) 14
3) 15
4) 16

Final answer: Choice (2).

Exercise: Which term of the arithmetic sequence —12, — 9, — 6, ... is equal to 27?

13.7. In an arithmetic sequence, a; = 4 and a,, , | = a, + 3. Determine the n-th term of the sequence.

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
Hn+5

2) 3n+1

3) 2n+3

4) 4n — 1

1) =3n -1
2) 3n — 1
3)3n+1
4) -3n+1

Final answer: Choice (4).

Exercise: In an arithmetic sequence, a; = — 2 and a,, , | = a,, — 3. Determine the n-th term of the sequence.
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13.8. In an arithmetic sequence, the sum of the first and the third terms is equal to 1.5 times the sum of the second and the
fourth terms. What relation exists between the first term and the common difference of successive terms?
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) ay =—4d
2) d = —4aq,
3) d= a;
4) a; = —d
Exercise: In an arithmetic sequence, the first term is 2 and the sum of the third and the sixth terms is equal to two
times of the sum of the second and the fifth terms. Calculate the value of common difference of successive terms.
4
D — =
) 3
4
2y =
) 3
2
3)
) 3
2
4) — =
) 3
Final answer: Choice (1).
13.9. Calculate the sum of the infinite number of terms of the geometric sequence 12, 8, %, ..
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) 32
2) 36
3) 48
4) 54

Exercise: Calculate the sum of the infinite number of terms of the geometric sequence —2, 1, — 0.5, 0.25, ...
1) —4
2) 4
4
3) 3
4

M -3

Final answer: Choice (4).

13.10. Calculate the geometric mean of /15 and /240.

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
D 3v13
2) 2v/13
3) 3V15
4) 2v/15
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Exercise: Calculate the geometric mean of 5 and 125.
1) 65

2) 25

3)5

45

Final answer: Choice (2).

13.11.

Determine the fifth term of the geometric sequence 4, —6, 9, ... .

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) —24—1

a

3) ng

4) T

Exercise: Determine the sixth term of the geometric sequence 4, —8, 16, ... .

1) 128
2) —128
3) 256
4) —256

Final answer: Choice (2).

13.12.

Calculate the sum of the first six terms of the geometric sequence 32, 16, ...
Difficulty level ® Easy O Normal O Hard

Calculation amount @ Small O Normal O Large

1) 58

2) 62

3) 63

4) 66

Exercise: Calculate the sum of the first five terms of the geometric sequence 18, 9, ...

279
DTS
2) 18
3) 36

279
Y5

Final answer: Choice (4).




150 13 Problems: Arithmetic and Geometric Sequences

13.13. Calculate the limiting sum of the infinite geometric sequence —12,4, —#%

30 -
Difficulty level ® Easy O Normal O Hard

Calculation amount @ Small O Normal O Large

1) =3

2) —6

3) -9

4) —18

Exercise: Calculate the sum of the infinite number of terms of the geometric sequence 2, 1, 0.5, . ..
1) —4
2) 4
4
3) 3
4
4) — 3

Final answer: Choice (2).

V3
1
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large

1)\/7§

2)

13.14. Calculate the geometric mean of v/3 and

(9%)
N
EN OS] [\SIRON)
“ﬁw

~
N

Exercise: Calculate the geometric mean of 2 and 14.

D V7
2) V16
3) 2V7
4) V12

Final answer: Choice (3).

13.15. Calculate the arithmetic mean of 3 and 5.

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) 4
2)3
3)5

4) /15
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Exercise: Calculate the arithmetic mean of 2 and 14.
1) 16

2) 8

3) 12

4) 6

Final answer: Choice (2).

13.16.

If the second and the fifth terms of a geometric sequence are 6 and 19, respectively, determine the common ratio of

successive terms of the geometric sequence.

Difficulty level ® Easy O Normal O Hard
Calculation amount O Small @ Normal O Large
1) %
2) i
3) g
4) 3

Exercise: Calculate the common ratio of successive terms of a geometric sequence when its third and seventh terms
are 6 and 9, respectively.

D V3
2)\@
ORVE
9\

Final answer: Choice (1).

13.17.

Determine the first term of an arithmetic sequence if the sum of its first 12 terms is 120 and the common difference of
successive terms is 2.

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) =2

2) —1

3) 1

4) 2
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Exercise: Calculate the common difference of successive terms of an arithmetic sequence when the sum of its first

10 terms is 100 and the first term is 3.

196
D5

2) 20

Final answer: Choice (4).

13.18. In a geometric sequence, the sum of the first and third terms is equal to 1.5 times the sum of the second and fourth
terms. Determine the common ratio of the successive terms.

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) %
2) g
3) g
4) 3

13.19. In a geometric sequence, the subtraction of the fifth and third terms is equal to 3% If the common ratio of successive
terms is %, determine the first term of the geometric sequence.
Difficulty level O Easy @ Normal O Hard

Calculation amount @ Small O Normal O Large

2
n -3
1
6

13.20. Calculate the common ratio of successive terms of a descending geometric sequence given that its limiting sum is
equal to four times the sum of the first two terms.
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large

7

3
D

2)

W
p—

AW Al—
Sh

N
N
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Exercise: Calculate the common ratio of successive terms of a descending geometric sequence given that its
limiting sum is equal to three times the sum of the first two terms.

1)\/§
2) /4
ORYE
93

13.21.

13.22.

In a geometric sequence, the first and seventh terms are 10 and 640, respectively. Calculate the sum of the first six
terms of the sequence.

1) 1260
2) 640
3) 730
4) 630

Which one of the following successive terms belongs to an arithmetic sequence?

1 \/ig 1,V5
I
Y355

Exercise: Which one of the following successive terms belongs to an arithmetic sequence?

19 19
]) ?’ 79
2) —1,0,1

1
3) —.,1,V2
UG
4H1,2,5

19
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Exercise: Which one of the following successive terms belongs to a geometric sequence?

1) 13—9, %,19

2) —1,0, 1
1

3) —,1,V2

NG

4H1,2,5

Final answer: Choice (3).

13.23.

13.24.

Calculate the common difference of successive terms of an arithmetic sequence when its 7th and 15th terms are
20 and 30, respectively.
Difficulty level O Easy @ Normal O Hard

Calculation amount O Small @ Normal O Large

w N =
~ ~ ~

~
N
Wl Nl w

The seventh and ninth terms of an arithmetic sequence are 15 and 19, respectively. Calculate the 12th term of this
arithmetic sequence.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) 24
2) 25
3) 27
4) 29

Exercise: The fifth and eighth terms of an arithmetic sequence are 10 and 4, respectively. Determine the 10th term
of this arithmetic sequence.

Ho

2) 1

3)2

4) 3

Final answer: Choice (1).

13.25.

The terms é, % ,and %are the successive terms of a geometric sequence. Which one of the following statements is true
about the successive terms of loga, log b, and log c?

Difficulty level O Easy O Normal @ Hard

Calculation amount @ Small O Normal O Large

1) They are the successive terms of an arithmetic sequence

2) They are the successive terms of a geometric sequence

3) They can be the successive terms of an arithmetic or a geometric sequence

4) They are not the successive terms of a sequence
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Solutions to Problems: Arithmetic and Geometric 1 4
Sequences

Abstract
In this chapter, the problems of the 13th chapter are fully solved, in detail, step-by-step, and with different methods.

14.1. As we know, the common term of an arithmetic sequence is as shown below [1]:
a,=a; + (n—1)d (1)

Based on the information given in the problem, we have:

a, =34 (2)
d=2 (3)

Solving (1), (2), and (3):
=g+ (12— 1)x2 = a; =12 (4)

Solving (1), (3), and (4):
a;g=12+ (18—1)x2=46
Choice (1) is the answer.
14.2. As we know, the common term of an arithmetic sequence is as shown below:
ay=a;+ (n—1)d

Based on the information given in the problem, we have:

a) = 2
d=4
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Therefore:

_ai+(n—1)d 2+ (11-1)x4 42

aq 2 2

14.3. From the arithmetic sequence 2, %, ..., the following information can be extracted.

a]:2 (l)

7 1
d= 3~ 2= 3 (2)
Moreover, the information below is given in the problem.
a,=6 (3)

As we know, the common term of an arithmetic sequence is as shown below:
ap=a;+ (n—1)d 4)

Solving (1)—(4):

6=24(n—1)x1 = (n-)x3=4=n-1=12=

W —

14.4. Based on the information given in the problem, we have:

2

W= 3

As we know, the common ratio of successive terms of a geometric sequence can be determined as follows:

_ p41
ay
Therefore:
2 1
_ a2 3x2* _ 3x2 _
===t ==
a3 3
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14.6.

14.7.

As we know, the sum of the first n terms of an arithmetic sequence can be calculated as follows:
n
Sp= E(Zal + (n—1)d)

Therefore:

As we know, the common term of an arithmetic sequence is as shown below:

a,=a;+ (n—1)d (1)

By looking at the arithmetic sequence 2, 5, 8, .. ., the following information is achieved.
a =2 (2)
d=5-2=3 (3)

Solving (1), (2), and (3) for a,, = 56:

56=24+n—-1)x3=n—1=">F=18=

>4
3
As we know, the common term of an arithmetic sequence is as shown below:
ap=a;+ (n—1)d (1)
Based on the information given in the problem, we have:
a; =4 (2)
apr1=a, +3 3)
The common difference of successive terms can be calculated as follows:
d=a, —a,=3 (4)
By solving (1), (2), and (4), the n-th term of the sequence can be determined.

=4+ (n—1)x3=



160

14.8.

14.9.

14.10.

14 Solutions to Problems: Arithmetic and Geometric Sequences
Based on the information given in the problem, we have:
a;+az=15(a; + ay) (1)
As we know, the common term of an arithmetic sequence is as shown below:
ap=a;+ (n—1)d (2)
Solving (1) and (2):
a+a+B-1)d=15(a+2-1)d+a + (4—1)d) = 2a; +2d=1.5(2a, +4d)

=

16

By looking at the geometric sequence 12,8, 3, ..., the following results can be achieved.

a1:12

_8_2
=127 3

The sum of infinite number of terms of a geometric sequence, where the magnitude of its common ratio of successive
terms is less than 1, can be calculated as follows:

a
1—gq°

Jim S, = lg| < 1

Therefore:

In a geometric sequence, the geometric mean (G. M.) of a and b can be calculated as follows:

GM.=Vaxb

Therefore:

VIS V3R0 = \ VIS % VI6% 15 = |/ VIS < 4V15 = VA X 15 =
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14.11. As we know, the common term of a geometric sequence is as shown below:

Moreover, the common ratio of successive terms of a geometric sequence can be determined as follows:

From the geometric sequence 4, — 6, 9,

Solving (1), (3), and (4):

14.12. From the geometric sequence 32, 16, ..

The sum of finite number of terms of a geometric sequence can be calculated as follows:

n—1
a, =daiq

An+1

q= @

..., the information below can be extracted.

611:4

., the following results can be concluded.

a1:32

16 1

=373

g - al—-¢")
n 1 _q
Therefore:
6
2(1-(L 1 63
2 32(1 B 64) 32" 64
2 2 2
14.13. By looking at the geometric sequence — 12,4, — %, ..., the following results are achieved.
ay = — 12
4 1

1= 3

161
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The limiting sum of the infinite geometric sequence can be calculated as follows:

__a
S_l_q’ |q|<1

Therefore:

ai —12 —12

BEETAN S CH

14.14. In a geometric sequence, the geometric mean (G. M.) of a and b can be calculated as follows:

GM.=+Vaxb

Therefore:

:,/\@X?:\/%:

14.15. In an arithmetic sequence, the arithmetic mean (A. M.) of a and b can be calculated as follows:

_a+b
AM. = o)
Therefore:
_a+b 345
=5 ="5"=

14.16. Based on the information given in the problem, we have:

02:6 <1)
as=§ (2)

As we know, the common term of a geometric sequence is as shown below:

ap=a1q""" (3)
Solving (1) and (3):
6:a1q271 = 6=aq (4)
Solving (2) and (3):
16 _ 16
5 —ai ' = 9 =ayq* (5)
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Solving (4) and (5):

14.17. As we know, the sum of the first n terms of an arithmetic sequence can be calculated using the formula below.

n

S,,z2

(2a; + (n—1)d)

Based on the information given in the problem, we know that:

n=12
S, =120
d=2

Therefore:

120:%(2(11 +(12=1)%x2) = 20=2a; +22 = —2=2a; =

14.18. Based on the information given in the problem, we have:

a1+a3:1.5(a2+a4) (1)
As we know, the common term of a geometric sequence is as shown below:
an=a1q""" (2)

Solving (1) and (2):

ay +arqg ! :1.5(511412_1 —|—a1q4_1) =1 +q2:1.5q(1 —|—q2) = 1=15¢g =

14.19. Based on the information given in the problem, we have:

1
057613:3—2 (1)

As we know, the common term of a geometric sequence is as shown below:

a,,zalq'“1 (3)
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Solving Egs. (1)—(3):

@ (3)

5-1 4

o) (-

14.20. Based on the information given in the problem, we have:
Soo =4(a1 + a2) (1)
The common term of a geometric sequence is as shown below:
an=arq"”" (2)

In addition, the limiting sum of the infinite geometric sequence can be calculated as follows:

_ 4
s=2 Jgl<1 ®

Therefore:

14.21. Based on the information given in the problem, we have:
a; =10 (1)
a7 =640 (2)
Moreover, the common term of a geometric sequence is as shown below:
t=aig" (3)

The sum of finite number of terms of a geometric sequence can be calculated as follows:

a(l1—4q"
Sn: l(lqu) (4)
Solving (1), (2), and (3):
640=10g"""' = ¢° =64 = g=2 (5)

Solving (1), (4), and (5):
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14.22. If three successive terms belong to an arithmetic sequence, the relation below, which is used to calculate the arithmetic
mean of the successive terms of a; and a3, must be held.

14.23.

+
@:mzw
Choice (1):
1
VS 3V/5
1EP g \5[
Choice (2):
5,2
>+3 7
373 !
1#—2 :>1;é6
Choice (3):
6_5t5 0 0
57 2 5 5
Choice (4):
9 Z+i 9
5773 7573

Choice (3) is the answer.

As we know, the common term of an arithmetic sequence is as shown below:

ay=a;+ (n—1)d

Based on the information given in the problem, we have:

ay =20

(115:30

Solving (1), (2), and (3):

{20:a1+(7—1)d {20=a1+6d
30=a; + 14d

=
30=a, + (15— 1)d

Choice (3) is the answer.

14.24. Based on the information given in the problem, we have:

a7:15

619:19

= 10=8d = d —

|
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Moreover, as we know, the common term of an arithmetic sequence is as shown below:
ap=a;+ (n—1)d (3)
Therefore:
15=a;+(7—-1)d 15=a; + 6d
1 ) = ! = 4=2d=d=2 (4)
19=a;+(9—-1)d 19=a; + 8d
d=2
15=a;+6d—— 15=a1 + 12 = a1 =3 (5)
Solving (3), (4), and (5) for n = 12:
=34 (12—-1)x2=3+22=
14.25. In a geometric sequence, the relation below is held, where a; is the geometric mean of the successive terms of ay, a,,
and as if:
(a2)” = ayas (1)
Moreover, in an arithmetic sequence, the relation below is held, where a, is the arithmetic mean of the successive
terms of a;, a», and a; if:
ay = ard ; = (2)
In addition, we know that the relations below are held for logarithm.
log (x*) =2 log(x) (3)
log(xy) = log(x) + log(y) (4)
Based on the information given in the problem, we know that the terms %, %,and % are the successive terms of a
geometric sequence. Therefore, by considering (1), we can write:
N2 1.1 )
(5) =axc =V =a (5)
Log
:é> log(b*) = log(ac) = 2log(b) = log(a) + log(c) = log(b) = w
Therefore, by considering (2), we see that the successive terms of loga, log b, and log ¢ belong to an arithmetic
sequence.
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A Inverse trigonometric function, v, 121-142

Absolute values, 1-15, 17-29 Inversible matrix, 37, 45

Algebra of functions, v, 71-87, 89-103 Irrational numbers, 1, 2, 17, 18

Arithmetic mean, 150, 151, 162, 165, 166

Arithmetic sequences, 145-148, 151-154, 157-160,

162, 163, 165, 166 L

Limiting sum of infinite geometric sequence, 150, 162, 164
Location of end of arc, 121, 124, 129, 134

C
Common difference of successive terms of arithmetic sequence, 145,
147, 148, 152, 154 M
Common ratio of successive terms of geometric sequence, 146, 151, Matching lines, 43, 46, 47
152, 158, 160, 161 Matrix, 32, 33, 36-38, 42, 44, 45

Common root, 25, 56, 57, 66
Common term, 146, 157-166

N

Natural numbers, 1, 17
D Neighborhood center, 28
Denominator, 23, 93, 94, 97, 102, 103 Neighborhood radius, 14, 28
Descending sequence, 152, 153
Determinant of a matrix, 44
Distinct roots, 52, 61, 68 (0}
Domain of function, 73, 76-78, 82, 85, 90, 92, 93, Odd number, 19, 20

97-99, 101-103

P
E Parallel lines, 46
Even number, 19, 20 Perfect square binomial formula, 117, 119
Exponents, 1-15, 17-29 Product of roots
F Q
Factorization of polynomials, v, 105-112, 115-120 Quadratic equations, 49—69
Functions, 71-87, 89-103

R
G Radicals, 1-15, 17-29, 90, 92, 93, 97, 101, 102
Geometric mean, 148-150, 160, 162, 166 Range of function, 86, 102
Geometric sequences, 145154, 157-166 Rational numbers, 1, 2, 17, 18, 23
Greatest common divisor, 25 Real number systems, 1-15, 17-29

Rule of difference of two cubes, 115-118, 120

Rule of difference of two squares, 23, 116, 117, 119, 120, 134
I Rule of sum of two cubes, 115, 118
Inequalities, 1-15, 17-29, 51, 57, 130 Rule of sum of two squares, 23, 116, 117, 119, 120, 134
Infinite number of solutions, 34, 38, 40, 43, 46, 47
Integer numbers, 1, 17

Intersecting lines, 41, 42 S

Inverse functions, 71-87, 89-103 Sum of infinite number of terms, 160

Inverse matrix, 44 Sum of roots, 61-66, 69
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168 Index

Symmetric neighborhood, 14, 28 U
Systems of equations, 31-47 Unique solution, 31-33, 41
T w
Term, 3, 6-8, 10, 49, 64, 67, 75, 105, 106, 108-112, 119, 126, 145-154,  Whole numbers, 17
158, 159, 161, 163-166 Without a solution, v

Trigonometric function, v, 121-142
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