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1 Introduction

Computer science as an academic discipline began in the 1960’s. Emphasis was on
programming languages, compilers, operating systems, and the mathematical theory that
supported these areas. Courses in theoretical computer science covered finite automata,
regular expressions, context-free languages, and computability. In the 1970’s, the study
of algorithms was added as an important component of theory. The emphasis was on
making computers useful. Today, a fundamental change is taking place and the focus is
more on a wealth of applications. There are many reasons for this change. The merging
of computing and communications has played an important role. The enhanced ability
to observe, collect, and store data in the natural sciences, in commerce, and in other
fields calls for a change in our understanding of data and how to handle it in the modern
setting. The emergence of the web and social networks as central aspects of daily life
presents both opportunities and challenges for theory.

While traditional areas of computer science remain highly important, increasingly re-
searchers of the future will be involved with using computers to understand and extract
usable information from massive data arising in applications, not just how to make com-
puters useful on specific well-defined problems. With this in mind we have written this
book to cover the theory we expect to be useful in the next 40 years, just as an under-
standing of automata theory, algorithms, and related topics gave students an advantage
in the last 40 years. One of the major changes is an increase in emphasis on probability,
statistics, and numerical methods.

Early drafts of the book have been used for both undergraduate and graduate courses.
Background material needed for an undergraduate course has been put in the appendix.
For this reason, the appendix has homework problems.

Modern data in diverse fields such as information processing, search, and machine
learning is often advantageously represented as vectors with a large number of compo-
nents. The vector representation is not just a book-keeping device to store many fields
of a record. Indeed, the two salient aspects of vectors: geometric (length, dot products,
orthogonality etc.) and linear algebraic (independence, rank, singular values etc.) turn
out to be relevant and useful. Chapters 2 and 3 lay the foundations of geometry and
linear algebra respectively. More specifically, our intuition from two or three dimensional
space can be surprisingly off the mark when it comes to high dimensions. Chapter 2
works out the fundamentals needed to understand the differences. The emphasis of the
chapter, as well as the book in general, is to get across the intellectual ideas and the
mathematical foundations rather than focus on particular applications, some of which are
briefly described. Chapter 3 focuses on singular value decomposition (SVD) a central tool
to deal with matrix data. We give a from-first-principles description of the mathematics
and algorithms for SVD. Applications of singular value decomposition include principal
component analysis, a widely used technique which we touch upon, as well as modern



applications to statistical mixtures of probability densities, discrete optimization, etc.,
which are described in more detail.

Exploring large structures like the web or the space of configurations of a large system
with deterministic methods can be prohibitively expensive. Random walks (also called
Markov Chains) turn out often to be more efficient as well as illuminative. The station-
ary distributions of such walks are important for applications ranging from web search to
the simulation of physical systems. The underlying mathematical theory of such random
walks, as well as connections to electrical networks, forms the core of Chapter 4 on Markov
chains.

One of the surprises of computer science over the last two decades is that some domain-
independent methods have been immensely successful in tackling problems from diverse
areas. Machine learning is a striking example. Chapter 5 describes the foundations
of machine learning, both algorithms for optimizing over given training examples, as
well as the theory for understanding when such optimization can be expected to lead to
good performance on new, unseen data. This includes important measures such as the
Vapnik-Chervonenkis dimension, important algorithms such as the Perceptron Algorithm,
stochastic gradient descent, boosting, and deep learning, and important notions such as
regularization and overfitting.

The field of algorithms has traditionally assumed that the input data to a problem is
presented in random access memory, which the algorithm can repeatedly access. This is
not feasible for problems involving enormous amounts of data. The streaming model and
other models have been formulated to reflect this. In this setting, sampling plays a crucial
role and, indeed, we have to sample on the fly. In Chapter 6 we study how to draw good
samples efficiently and how to estimate statistical and linear algebra quantities, with such
samples.

While Chapter 5 focuses on supervised learning, where one learns from labeled training
data, the problem of unsupervised learning, or learning from unlabeled data, is equally
important. A central topic in unsupervised learning is clustering, discussed in Chapter
7. Clustering refers to the problem of partitioning data into groups of similar objects.
After describing some of the basic methods for clustering, such as the k-means algorithm,
Chapter 7 focuses on modern developments in understanding these, as well as newer al-
gorithms and general frameworks for analyzing different kinds of clustering problems.

Central to our understanding of large structures, like the web and social networks, is
building models to capture essential properties of these structures. The simplest model
is that of a random graph formulated by Erdos and Renyi, which we study in detail in
Chapter 8, proving that certain global phenomena, like a giant connected component,
arise in such structures with only local choices. We also describe other models of random
graphs.
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Chapter 9 focuses on linear-algebraic problems of making sense from data, in par-
ticular topic modeling and non-negative matrix factorization. In addition to discussing
well-known models, we also describe some current research on models and algorithms with
provable guarantees on learning error and time. This is followed by graphical models and
belief propagation.

Chapter 10 discusses ranking and social choice as well as problems of sparse represen-
tations such as compressed sensing. Additionally, Chapter 10 includes a brief discussion
of linear programming and semidefinite programming. Wavelets, which are an impor-
tant method for representing signals across a wide range of applications, are discussed in
Chapter 11 along with some of their fundamental mathematical properties. The appendix
includes a range of background material.

A word about notation in the book. To help the student, we have adopted certain
notations, and with a few exceptions, adhered to them. We use lower case letters for
scalar variables and functions, bold face lower case for vectors, and upper case letters
for matrices. Lower case near the beginning of the alphabet tend to be constants, in the
middle of the alphabet, such as i, j, and k, are indices in summations, n and m for integer
sizes, and z, y and z for variables. If A is a matrix its elements are a;; and its rows are a;.
If a; is a vector its coordinates are a;;. Where the literature traditionally uses a symbol
for a quantity, we also used that symbol, even if it meant abandoning our convention. If
we have a set of points in some vector space, and work with a subspace, we use n for the
number of points, d for the dimension of the space, and k for the dimension of the subspace.

The term “almost surely” means with probability tending to one. We use Inn for the
natural logarithm and logn for the base two logarithm. If we want base ten, we will use

logy, . To simplify notation and to make it easier to read we use E?(1—z) for (E(1 — x))2

and E(1 — z)? for E ((1 — x)?) . When we say “randomly select” some number of points
from a given probability distribution, independence is always assumed unless otherwise
stated.
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2 High-Dimensional Space

2.1 Introduction

High dimensional data has become very important. However, high dimensional space
is very different from the two and three dimensional spaces we are familiar with. Generate
n points at random in d-dimensions where each coordinate is a zero mean, unit variance
Gaussian. For sufficiently large d, with high probability the distances between all pairs
of points will be essentially the same. Also the volume of the unit ball in d-dimensions,
the set of all points x such that |x| < 1, goes to zero as the dimension goes to infinity.
The volume of a high dimensional unit ball is concentrated near its surface and is also
concentrated at its equator. These properties have important consequences which we will
consider.

2.2 The Law of Large Numbers

If one generates random points in d-dimensional space using a Gaussian to generate
coordinates, the distance between all pairs of points will be essentially the same when d
is large. The reason is that the square of the distance between two points y and z,

d
ly —z|* = Z(yz - 2)°,
i=1
can be viewed as the sum of d independent samples of a random variable x that is dis-
tributed as the squared difference of two Gaussians. In particular, we are summing inde-
pendent samples z; = (y; — 2;)? of a random variable x of bounded variance. In such a
case, a general bound known as the Law of Large Numbers states that with high proba-
bility, the average of the samples will be close to the expectation of the random variable.
This in turn implies that with high probability, the sum is close to the sum’s expectation.

Specifically, the Law of Large Numbers states that
Prob ( T+ T+ -+, > €> < Var(x). 2.1)

n ne?
The larger the variance of the random variable, the greater the probability that the error
will exceed €. Thus the variance of x is in the numerator. The number of samples n is in
the denominator since the more values that are averaged, the smaller the probability that
the difference will exceed e. Similarly the larger € is, the smaller the probability that the
difference will exceed € and hence € is in the denominator. Notice that squaring ¢ makes
the fraction a dimensionless quantity.

— E(x)

We use two inequalities to prove the Law of Large Numbers. The first is Markov’s
inequality that states that the probability that a nonnegative random variable exceeds a
is bounded by the expected value of the variable divided by a.

12



Theorem 2.1 (Markov’s inequality) Let x be a nonnegative random variable. Then
fora >0,
E(x)

Prob(z > a) <
a

Proof: For a continuous nonnegative random variable x with probability density p,

E(z) = /xp(ac)dx = /mp(x)dx—i—/xp(az)da:
0 0 a
> /xp(x)dx > a/p(x)d:r = aProb(z > a).
Thus, Prob(z > a) < ES”). [

The same proof works for discrete random variables with sums instead of integrals.

Corollary 2.2 Prob(z > bE(z)) < 3

Markov’s inequality bounds the tail of a distribution using only information about the
mean. A tighter bound can be obtained by also using the variance of the random variable.

Theorem 2.3 (Chebyshev’s inequality) Let x be a random variable. Then for ¢ > 0,

< Var(x)

Pr0b<|x—E(x)\ > c) >
Proof: Prob(|z — E(z)| > ¢) = Prob(|z — E(z)[* > ¢?). Let y = |z — E(z)|®. Note that
y is a nonnegative random variable and E(y) = Var(z), so Markov’s inequality can be
applied giving:

E(|lz — E(2)]?) _ Var(x).

Prob(|z — E(z)| > ¢) = Prob (|z — E(z)]* > ¢*) < 2 z
|

The Law of Large Numbers follows from Chebyshev’s inequality together with facts
about independent random variables. Recall that:

E(z +y) = E(x) + E(y),
Var(z —c¢) = Var(x),
Var(cz) = *Var(z).
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Also, if x and y are independent, then E(xy) = E(z)E(y). These facts imply that if x
and y are independent then Var(zx +y) = Var(x) + Var(y), which is seen as follows:

Var(z +y) = E(x+y)* — E*(x +y)
E(z® 4 2zy + y°) — (E*(2) + 2E(2)E(y) + E*(y))
= E(a®) — E*(z) + E(y°) — E*(y) = Var(z) + Var(y),

where we used independence to replace E(2xy) with 2E(z)E(y).

Theorem 2.4 (Law of Large Numbers) Let x1,xs,...,2, be n independent samples
of a random variable x. Then
> 6) < Var(x)

Prob
T0 ( 2

Proof: By Chebychev’s inequality

Prob (

Ty +x2+ -+
n

-~ E(z)

Ty +Tp+ -+ Ty
n

— E(z)| > < =

) < Vo)

1
= WVar(xl +a+ -+ 1y)

= n21 5 (Var(xl) + Var(xe) +---+ Var(:tn))

_ Var(x )

ne2

The Law of Large Numbers is quite general, applying to any random variable x of
finite variance. Later we will look at tighter concentration bounds for spherical Gaussians
and sums of 0-1 valued random variables.

One observation worth making about the Law of Large Numbers is that the size of the
universe does not enter into the bound. For instance, if you want to know what fraction
of the population of a country prefers tea to coffee, then the number n of people you need
to sample in order to have at most a ¢ chance that your estimate is off by more than €
depends only on € and 0 and not on the population of the country.

As an application of the Law of Large Numbers, let z be a d-dimensional random point
whose coordinates are each selected from a zero mean, 2 variance Gaussian. We set the
variance to % so the Gaussian probability density equals one at the origin and is bounded
below throughout the unit ball by a constant.® By the Law of Large Numbers, the square
of the distance of z to the origin will be ©(d) with high probability. In particular, there is

If we 1nstead used variance 1, then the density at the origin would be a decreasing function of d,
namely ( )d/ 2, making this argument more complicated.
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vanishingly small probability that such a random point z would lie in the unit ball. This
implies that the integral of the probability density over the unit ball must be vanishingly
small. On the other hand, the probability density in the unit ball is bounded below by a
constant. We thus conclude that the unit ball must have vanishingly small volume.

Similarly if we draw two points y and z from a d-dimensional Gaussian with unit
variance in each direction, then |y|*> ~ d and |z|* ~ d. Since for all i,

E(y; — z)* = E(y}) + E(2]) — 2E(yizi) = Var(y;) + Var(z) + 2E(y:) E(z) = 2,

d
ly—z|?> = > (y;i—2)? ~ 2d. Thus by the Pythagorean theorem, the random d-dimensional
i=1
y and z must be approximately orthogonal. This implies that if we scale these random
points to be unit length and call y the North Pole, much of the surface area of the unit ball
must lie near the equator. We will formalize these and related arguments in subsequent

sections.

We now state a general theorem on probability tail bounds for a sum of indepen-
dent random variables. Tail bounds for sums of Bernoulli, squared Gaussian and Power
Law distributed random variables can all be derived from this. The table in Figure 2.1
summarizes some of the results.

Theorem 2.5 (Master Tail Bounds Theorem) Let x = z1 + x5 + -+ + x,, where
1, T, .., Ty are mutually independent random variables with zero mean and variance at
most 0%, Let 0 < a < \/2no?. Assume that |E(x3)| < o?s! for s = 3,4,...,|(a*/4nc?)].
Then,

Prob(|z| > a) < 3¢~¢*/(1209%)

The proof of Theorem 2.5 is elementary. A slightly more general version, Theorem 12.5,
is given in the appendix. For a brief intuition of the proof, consider applying Markov’s
inequality to the random variable " where r is a large even number. Since r is even, z"
is nonnegative, and thus Prob(|z| > a) = Prob(z” > a") < E(2")/a”. If E(2") is not
too large, we will get a good bound. To compute E(z"), write E(x) as E(x1 + ...+ z,)"
and expand the polynomial into a sum of terms. Use the fact that by independence
E(z}z}) = E(z]")E(x}) to get a collection of simpler expectations that can be bounded
using our assumption that |E(z$)| < o?s!. For the full proof, see the appendix.

2.3 The Geometry of High Dimensions

An important property of high-dimensional objects is that most of their volume is
near the surface. Consider any object A in R?. Now shrink A by a small amount € to
produce a new object (1 —€)A = {(1 — €)z|r € A}. Then the following equality holds:

volume((1 — €)A4) = (1 — €)*volume(A).

15



Condition Tail bound
Markov x>0 Prob(z > a) < @
Chebychev Any x Prob(|z — E(z)] > a) < %
Chernoff r=x1+22+ -+ x, Prob(|x — E(z)| 2 E(x))
€ [0,1] i.i.d. Bernoulli; < 3’ B@)

Higher Moments r positive even integer Prob(|z| > a) < E(z")/a"
Gaussian r=/23+xi+ a2 Prob(|z — /n| > ) < 3¢~
Annulus x; ~ N(0,1); 5 < y/n indep.

Power Law r=x1+ T3+ ...+, Prob(|z — E(z)| > eE(x))
for z;; order k > 4 z;idd e < 1/k? < (4/e%kn) k- /

Figure 2.1: Table of Tail Bounds. The Higher Moments bound is obtained by apply-
ing Markov to z". The Chernoff, Gaussian Annulus, and Power Law bounds follow from
Theorem 2.5 which is proved in the appendix.

To see that this is true, partition A into infinitesimal cubes. Then, (1 —¢)A is the union
of a set of cubes obtained by shrinking the cubes in A by a factor of 1 — . When we
shrink each of the 2d sides of a d-dimensional cube by a factor f, its volume shrinks by a
factor of f?. Using the fact that 1 —z < e~*, for any object A in R? we have:

volume((1 — €)A)

volume(A) (1= < e

Fixing € and letting d — oo, the above quantity rapidly approaches zero. This means
that nearly all of the volume of A must be in the portion of A that does not belong to
the region (1 — €)A.

Let S denote the unit ball in d dimensions, that is, the set of points within distance
one of the origin. An immediate implication of the above observation is that at least a
1 — e~ fraction of the volume of the unit ball is concentrated in S\ (1 — €)S, namely
in a small annulus of width € at the boundary. In particular, most of the volume of the
d-dimensional unit ball is contained in an annulus of width O(1/d) near the boundary. If
the ball is of radius r, then the annulus width is O (g) :
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" Annulus of
O e

Figure 2.2: Most of the volume of the d-dimensional ball of radius r is contained in an
annulus of width O(r/d) near the boundary.

2.4 Properties of the Unit Ball

We now focus more specifically on properties of the unit ball in d-dimensional space.
We just saw that most of its volume is concentrated in a small annulus of width O(1/d)
near the boundary. Next we will show that in the limit as d goes to infinity, the volume of
the ball goes to zero. This result can be proven in several ways. Here we use integration.

2.4.1 Volume of the Unit Ball

To calculate the volume V' (d) of the unit ball in B¢, one can integrate in either Cartesian
or polar coordinates. In Cartesian coordinates the volume is given by

p=1 2= 1—2? Tg= 1—x%—~~-—m3_1
V(d) = / / / dxg - dvodxy.
==l 1-z2 Tg=—q/1—a?——z2 |

Since the limits of the integrals are complicated, it is easier to integrate using polar
coordinates. In polar coordinates, V' (d) is given by

V(d)://lrd‘ldrdﬁ.

Sd r=0

Since the variables €2 and r do not interact,

V<d>:5[cm:/0rd—1dr:§/d9:¥

r Sd

where A(d) is the surface area of the d-dimensional unit ball. For instance, for d = 3 the
4

surface area is 47 and the volume is 37. The question remains, how to determine the

17



surface area A (d) = [ dS2 for general d.
Sd

Consider a different integral
[e.e] o

/ / / (veed) dxq- - dradry.

—00 —00

Including the exponential allows integration to infinity rather than stopping at the surface
of the sphere. Thus, I(d) can be computed by integrating in both Cartesian and polar
coordinates. Integrating in polar coordinates will relate I(d) to the surface area A(d).
Equating the two results for 7(d) allows one to solve for A(d).

First, calculate (d) by integration in Cartesian coordinates.

d

— 00

Here, we have used the fact that ffooo e dx = /7. For a proof of this, see Section 12.3
of the appendix. Next, calculate /(d) by integrating in polar coordinates. The volume of
the differential element is r?~'dQdr. Thus,

[e.9]

I(d) = / Q) / e il

Sd 0
The integral [ dS) is the integral over the entire solid angle and gives the surface area,
Sd

A(d), of a unit sphere. Thus, I(d) = A(d) [e " r?'dr. Evaluating the remaining

integral gives
o0 o0

1 d_ 1. /d
/T2d1dr—/ t2dt :5/ e 't2 1dt:§F<§>

0 0

and hence, I(d) = A(d)3I" (%) where the Gamma function I' (z) is a generalization of the
factorial function for noninteger values of z. I'(z) = (z — 1) T'(x — 1), I'(1) =T'(2) =1,

and T' (3) = /7. For integer z, T’ (z) = (z — 1)I.

d
Combining I (d) = 72 with I (d) = A(d) 3T (¢) yields

establishing the following lemma.
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Lemma 2.6 The surface area A(d) and the volume V (d) of a unit-radius ball in d di-
mensions are given by
d d
272 2m2
A(d) = and 'V (d) =
L'(5) dT(3)

2

To check the formula for the volume of a unit ball, note that V' (2) = 7 and V (3) =

3
%#z) = %ﬂ', which are the correct volumes for the unit balls in two and three dimen-
2

sions. To check the formula for the surface area of a unit ball, note that A(2) = 27 and

3
A(3) = ET/ZE = 47, which are the correct surface areas for the unit ball in two and three
2
dimensions. Note that 72 is an exponential in g and I' (g) grows as the factorial of %l.
This implies that dlim V(d) = 0, as claimed.
—00

2.4.2 Volume Near the Equator

An interesting fact about the unit ball in high dimensions is that most of its volume
is concentrated near its “equator”. In particular, for any unit-length vector v defining
“north”, most of the volume of the unit ball lies in the thin slab of points whose dot-
product with v has magnitude O(1/v/d). To show this fact, it suffices by symmetry to fix
v to be the first coordinate vector. That is, we will show that most of the volume of the
unit ball has |2;| = O(1/v/d). Using this fact, we will show that two random points in the
unit ball are with high probability nearly orthogonal, and also give an alternative proof
from the one in Section 2.4.1 that the volume of the unit ball goes to zero as d — oo.

Theorem 2.7 Forc > 1 and d > 3, at least a 1 — %6_62/2 fraction of the volume of the

C

d-dimensional unit ball has |z1| < 7T

Proof: By symmetry we just need to prove that at most a %e_CQ/ 2 fraction of the half of
the ball with 2; > 0 has z; > \/dCTl. Let A denote the portion of the ball with z; > \/dcfl
and let H denote the upper hemisphere. We will then show that the ratio of the volume
of A to the volume of H goes to zero by calculating an upper bound on volume(A) and

a lower bound on volume(H) and proving that

e 2,

volume(A) _ upper bound volume(A4) 2 2
volume(H) ~ lower bound volume(H) ¢

To calculate the volume of A, integrate an incremental volume that is a disk of width
dz; and whose face is a ball of dimension d — 1 and radius /1 — 2. The surface area of

d—1

the disk is (1 — %)™ 2 V(d — 1) and the volume above the slice is

1
volume(A) = / (1— xf)%‘/(d — 1)dz,

c
d—1
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a1
H A .
Vd—1

Figure 2.3: Most of the volume of the upper hemisphere of the d-dimensional ball is

below the plane z; = \/%.

To get an upper bound on the above integral, use 1 — z < e™* and integrate to infinity.
To integrate, insert “¥-— Vcd_l, which is greater than one in the range of integration, into the
integral. Then

~ d—1 o Vd—1 [~ _
volume(A) < 331—6_%35%‘/@ —1)dz, =V (d—1) / I16_%x§d$1

= ¢ ¢ \/;T1
Now

/ T e e L -+

xIi€e r1 = — e = e
T d—1 T d—1
V(d—1) _<

Thus, an upper bound on volume(A) is = 2

The volume of the hemisphere below the plane x; = \/% is a lower bound on the entire

volume of the upper hemisphere and this volume is at least that of a cylinder of height \/dlj

and radius 4/1 — 7. The volume of the cylinder is V/(d —1)(1 — 747)% = Using the

1
fact that (1—x)* > 1—ax for a > 1, the volume of the cylinder is at least ‘2/\%%11) for d > 3.

Thus,
V(d—1) —<
to < upper bound above plane a1¢ ’ 2 _ 2
ratio = =—e
~ lower bound total hemisphere ‘;(dd—ll) c

One might ask why we computed a lower bound on the total hemisphere since it is one
half of the volume of the unit ball which we already know. The reason is that the volume
of the upper hemisphere is %V(d) and we need a formula with V(d — 1) in it to cancel the
V(d — 1) in the numerator.
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Near orthogonality. One immediate implication of the above analysis is that if we
draw two points at random from the unit ball, with high probability their vectors will be
nearly orthogonal to each other. Specifically, from our previous analysis in Section 2.3,
with high probability both will be close to the surface and will have length 1 — O(1/d).
From our analysis above, if we define the vector in the direction of the first point as
“north”, with high probability the second will have a projection of only +O(1/v/d) in
this direction, and thus their dot-product will be +£0(1/+/d). This implies that with high
probability, the angle between the two vectors will be 7/2 + O(1/+/d). In particular, we
have the following theorem that states that if we draw n points at random in the unit
ball, with high probability all points will be close to unit length and each pair of points
will be almost orthogonal.

Theorem 2.8 Consider drawing n points X1,Xa,...,Xn at random from the unit ball.
With probability 1 — O(1/n)

1. |x;| > 1 — 252 for all i, and

2. |xi-x5] < Vfg for all i # j.

Proof: For the first part, for any fixed ¢ by the analysis of Section 2.3, the probability
that |x;| < 1 — € is less than e~“4. Thus

2Inn nn
Prob(|x;| < 1 — y ) < e (Fatd = 1/n?.
By the union bound, the probability there exists an i such that |x;| < 1 — 21% is at most

1/n.

For the second part, Theorem 2.7 states that the probability |x;| > \/%71 is at most

C2 . . . . .
%6_7. There are (Z) pairs ¢ and 7 and for each such pair if we define x; as “north”, the

probability that the projection of x; onto the “north” direction is more than —V\/GC%‘ is at

_6lnn

most O(e™ 2 ) = O(n™?). Thus, the dot-product condition is violated with probability
at most O ((3)n™?) = O(1/n) as well. m

Alternative proof that volume goes to zero. Another immediate implication of
Theorem 2.7 is that as d — oo, the volume of the ball approaches zero. Specifically, con-

sider a small box centered at the origin of side length \/Z‘%l. Using Theorem 2.7, we show

that for ¢ = 2v/Ind, this box contains over half of the volume of the ball. On the other
hand, the volume of this box clearly goes to zero as d goes to infinity, since its volume is

O((224)9/2). Thus the volume of the ball goes to zero as well.

By Theorem 2.7 with ¢ = 2v/In d, the fraction of the volume of the ball with |z;| >
is at most:

]m

d—
2
= 1 p—2Ind 1 < 1'

Ind d?\/Ind ~ d?
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N[

Nearly all the volume

<— Vertex of hypercube

Figure 2.4: Illustration of the relationship between the sphere and the cube in 2, 4, and
d-dimensions.

N[ —=

Since this is true for each of the d dimensions, by a union bound at most a O(3) <
fraction of the volume of the ball lies outside the cube, completing the proof.

Discussion. One might wonder how it can be that nearly all the points in the unit ball
are very close to the surface and yet at the same time nearly all points are in a box of
Ind

side-length O (ﬂ) The answer is to remember that points on the surface of the ball

satisfy 22 + 23 + ... + 22 = 1, so for each coordinate i, a typical value will be O (\%)
In fact, it is often helpful to think of picking a random point on the sphere as very similar

to picking a random point of the form <:|:\/L3, :l:\/La, :I:\/La, o E \/ia)
2.5 Generating Points Uniformly at Random from a Ball

Consider generating points uniformly at random on the surface of the unit ball. For
the 2-dimensional version of generating points on the circumference of a unit-radius cir-
cle, independently generate each coordinate uniformly at random from the interval [—1, 1].
This produces points distributed over a square that is large enough to completely contain
the unit circle. Project each point onto the unit circle. The distribution is not uniform
since more points fall on a line from the origin to a vertex of the square than fall on a line
from the origin to the midpoint of an edge of the square due to the difference in length.
To solve this problem, discard all points outside the unit circle and project the remaining
points onto the circle.

In higher dimensions, this method does not work since the fraction of points that fall
inside the ball drops to zero and all of the points would be thrown away. The solution is to
generate a point each of whose coordinates is an independent Gaussian variable. Generate
x1,Z2,...,Tq, Uusing a zero mean, unit variance Gaussian, namely, \/%7 exp(—?/2) on the
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real line.? Thus, the probability density of x is

1 witadtedad
p (X) = € 2
(2m)>
and is spherically symmetric. Normalizing the vector x = (x1, 2, ..., z4) to a unit vector,

namely ﬁ, gives a distribution that is uniform over the surface of the sphere. Note that
once the vector is normalized, its coordinates are no longer statistically independent.

To generate a point y uniformly over the ball (surface and interior), scale the point
ﬁ generated on the surface by a scalar p € [0,1]. What should the distribution of p be
as a function of r? It is certainly not uniform, even in 2 dimensions. Indeed, the density
of p at r is proportional to r for d = 2. For d = 3, it is proportional to 2. By similar
reasoning, the density of p at distance r is proportional to r%~! in d dimensions. Solving
::01 cr@=ldr = 1 (the integral of density must equal 1) one should set ¢ = d. Another
way to see this formally is that the volume of the radius r ball in d dimensions is 7%V (d).
The density at radius r is exactly d%(rdVd) = dri=1V,. So, pick p(r) with density equal to
dr?=* for r over [0, 1].

We have succeeded in generating a point

X
Y =P
]

uniformly at random from the unit ball by using the convenient spherical Gaussian dis-
tribution. In the next sections, we will analyze the spherical Gaussian in more detail.

2.6 Gaussians in High Dimension

A 1-dimensional Gaussian has its mass close to the origin. However, as the dimension
is increased something different happens. The d-dimensional spherical Gaussian with zero
mean and variance o2 in each coordinate has density function

(x) 1 o ( IX\2>

p(x) = ——5—exp(—oz)-
(27T)d/2 O'd 202

The value of the density is maximum at the origin, but there is very little volume there.

When o2 = 1, integrating the probability density over a unit ball centered at the origin

yields almost zero mass since the volume of such a ball is negligible. In fact, one needs

20ne might naturally ask: “how do you generate a random number from a 1-dimensional Gaussian?”
To generate a number from any distribution given its cumulative distribution function P, first select a
uniform random number v € [0, 1] and then choose 2 = P~!(u). For any a < b, the probability that x is
between a and b is equal to the probability that w is between P(a) and P(b) which equals P(b) — P(a)
as desired. For the 2-dimensional Gaussian, one can generate a point in polar coordinates by choosing
angle 6 uniform in [0, 27] and radius r = y/—21In(u) where u is uniform random in [0, 1]. This is called
the Box-Muller transform.
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to increase the radius of the ball to nearly v/d before there is a significant volume and
hence significant probability mass. If one increases the radius much beyond v/d, the
integral barely increases even though the volume increases since the probability density
is dropping off at a much higher rate. The following theorem formally states that nearly
all the probability is concentrated in a thin annulus of width O(1) at radius v/d.

Theorem 2.9 (Gaussian Annulus Theorem) For a d-dimensional spherical Gaussian
with unit variance in each direction, for any 8 < V/d, all but at most 3¢~ of the prob-
ability mass lies within the annulus Vd — B < x| < Vd + B, where ¢ is a fized positive
constant.

d
For a high-level intuition, note that E(|x|*) = Y. E(2?) = dE(2?) = d, so the mean

=1
squared distance of a point from the center is d. The Gaussian Annulus Theorem says
that the points are tightly concentrated. We call the square root of the mean squared
distance, namely v/d, the radius of the Gaussian.

To prove the Gaussian Annulus Theorem we make use of a tail inequality for sums of
independent random variables of bounded moments (Theorem 12.5).

Proof (Gaussian Annulus Theorem): Let x = (x1,22,...,24) be a point selected
from a unit variance Gaussian centered at the origin, and let r = |x|. Vd — § < |y| <
Vd + B is equivalent to |r — v/d| > 8. If |r — v/d| > B, then multiplying both sides by
r+V/d gives |r?> — d| > B(r +/d) > Vd. So, it suffices to bound the probability that
r? —d| > pVd.

Rewrite r? —d = (22 + ...+ 2%) —d = (z? — 1) + ...+ (22 — 1) and perform a change
of variables: 3; = 2 — 1. We want to bound the probability that |y + ... + y4| > BVd.

Notice that FE(y;) = E(z?) —1 = 0. To apply Theorem 12.5, we need to bound the s
moments of y;.

For |z;] <1, |y;]* <1 and for |z;| > 1, |y;|* < |z|**. Thus

|E(y))| = E(lyil*) < E(1+27°) = 1 + E(z}°)

E(|lyi|
=1+ \/7/ 2502y

Using the substitution 2z = 22,

1 o
E(yf)| =1+ —= [ 25252 2qy
' VT Jo
< 2%sl.

The last inequality is from the Gamma integral.
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Since E(y;) = 0, Var(y;) = E(y?) < 222 = 8. Unfortunately, we do not have |E(y;)| <
8s! as required in Theorem 12.5. To fix this problem, perform one more change of variables,
using w; = y;/2. Then, Var(w;) < 2 and |E(w])| < 2s!, and our goal is now to bound the

probability that |w; + ...+ wy| > %ﬁ. Applying Theorem 12.5 where 02 = 2 and n = d,
2

this occurs with probability less than or equal to 3¢~ 5. ]

In the next sections we will see several uses of the Gaussian Annulus Theorem.

2.7 Random Projection and Johnson-Lindenstrauss Lemma

One of the most frequently used subroutines in tasks involving high dimensional data
is nearest neighbor search. In nearest neighbor search we are given a database of n points
in R? where n and d are usually large. The database can be preprocessed and stored in
an efficient data structure. Thereafter, we are presented “query” points in R? and are
asked to find the nearest or approximately nearest database point to the query point.
Since the number of queries is often large, the time to answer each query should be very
small, ideally a small function of logn and logd, whereas preprocessing time could be
larger, namely a polynomial function of n and d. For this and other problems, dimension
reduction, where one projects the database points to a k-dimensional space with k£ < d
(usually dependent on log d) can be very useful so long as the relative distances between
points are approximately preserved. We will see using the Gaussian Annulus Theorem
that such a projection indeed exists and is simple.

The projection f : RY — RF that we will examine (many related projections are
known to work as well) is the following. Pick k Gaussian vectors uj,ug,...,uy in R?
with unit-variance coordinates. For any vector v, define the projection f(v) by:

f(v)=(uy-v,uz-v,...,ux-v).

The projection f(v) is the vector of dot products of v with the u;. We will show that
with high probability, |f(v)| ~ vk|v|. For any two vectors vy and va, f(vi — va) =
f(v1) — f(v2). Thus, to estimate the distance |vq — va| between two vectors v; and va in
R<, it suffices to compute |f(vy) — f(vz2)| = |f(v1 — v2)| in the k-dimensional space since
the factor of v/k is known and one can divide by it. The reason distances increase when
we project to a lower dimensional space is that the vectors u; are not unit length. Also
notice that the vectors u; are not orthogonal. If we had required them to be orthogonal,
we would have lost statistical independence.

Theorem 2.10 (The Random Projection Theorem) Let v be a fized vector in R?
and let f be defined as above. There exists constant ¢ > 0 such that for e € (0,1),

Prob (|| 7(v)| — VEIvI| > eVilv] ) < 3,

where the probability is taken over the random draws of vectors u; used to construct f.
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Proof: By scaling both sides of the inner inequality by |v|, we may assume that |v| = 1.
The sum of independent normally distributed real variables is also normally distributed
where the mean and variance are the sums of the individual means and variances. Since
u v = Z;.lzl u;;v;, the random variable u; - v has Gaussian density with zero mean and
unit variance, in particular,

d d
_ 2 _ 2
Var(u;-v) =Var E Vi) E viVar(ui;) = E vy =
Jj=1 J=1
Since uy -v,uy-v,...,ux-v are independent Gaussian random variables, f(v) is a random

vector from a k-dimensional spherical Gaussian with unit variance in each coordinate, and
so the theorem follows from the Gaussian Annulus Theorem (Theorem 2.9) with d replaced

by k. ]

The random projection theorem establishes that the probability of the length of the
projection of a single vector differing significantly from its expected value is exponentially
small in k&, the dimension of the target subspace. By a union bound, the probability that
any of O(n?) pairwise differences |v; — v;| among n vectors vy, ..., v, differs significantly
from their expected values is small, provided k& > CE% Inn. Thus, this random projection
preserves all relative pairwise distances between points in a set of n points with high
probability. This is the content of the Johnson-Lindenstrauss Lemma.

Theorem 2.11 (Johnson-Lindenstrauss Lemma) For any 0 < € < 1 and any integer
n, let k > 3 > Inn with ¢ as in Theorem 2.9. For any set of n points in R, the random
projection f R? — R* defined above has the property that for all pairs of points v; and
vj, with probability at least 1 — 3/2n,

(1 —eWklvi — v < [f(vi) — f(vj)] < (L +e)VE |vi — vjl.

Proof: Applying the Random Projection Theorem (Theorem 2.10), for any fixed v; and
vj, the probability that |f(v; — v;)| is outside the range

(1= e)WVEIvs = vyl (1 -+ )VElvi = vil|

is at most 3e~<* < 3/n3 for k > 3In Since there are () < n?/2 pairs of points, by the
union bound, the probability that any pair has a large distortion is less than % ]

Remark: It is important to note that the conclusion of Theorem 2.11 asserts for all v;
and vy, not just for most of them. The weaker assertion for most v; and v; is typically less
useful, since our algorithm for a problem such as nearest-neighbor search might return
one of the bad pairs of points. A remarkable aspect of the theorem is that the number
of dimensions in the projection is only dependent logarithmically on n. Since k is often
much less than d, this is called a dimension reduction technique. In applications, the
dominant term is typically the 1/&% term.
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For the nearest neighbor problem, if the database has n; points and ny queries are
expected during the lifetime of the algorithm, take n = n; + ny and project the database
to a random k-dimensional space, for k£ as in Theorem 2.11. On receiving a query, project
the query to the same subspace and compute nearby database points. The Johnson
Lindenstrauss Lemma says that with high probability this will yield the right answer
whatever the query. Note that the exponentially small in k£ probability was useful here in
making k only dependent on Inn, rather than n.

2.8 Separating Gaussians

Mixtures of Gaussians are often used to model heterogeneous data coming from multiple
sources. For example, suppose we are recording the heights of individuals age 20-30 in a
city. We know that on average, men tend to be taller than women, so a natural model
would be a Gaussian mixture model p(x) = wip;(z) + weps(x), where p;(z) is a Gaussian
density representing the typical heights of women, po(z) is a Gaussian density represent-
ing the typical heights of men, and w; and wy are the mizture weights representing the
proportion of women and men in the city. The parameter estimation problem for a mixture
model is the problem: given access to samples from the overall density p (e.g., heights of
people in the city, but without being told whether the person with that height is male
or female), reconstruct the parameters for the distribution (e.g., good approximations to
the means and variances of p; and ps, as well as the mixture weights).

There are taller women and shorter men, so even if one solved the parameter estima-
tion problem for heights perfectly, given a data point, one couldn’t necessarily tell which
population it came from. That is, given a height, one couldn’t necessarily tell if it came
from a man or a woman. In this section, we will look at a problem that is in some ways
easier and some ways harder than this problem of heights. It will be harder in that we
will be interested in a mixture of two Gaussians in high-dimensions as opposed to the
d = 1 case of heights. But it will be easier in that we will assume the means are quite
well-separated compared to the variances. Specifically, our focus will be on a mixture of
two spherical unit-variance Gaussians whose means are separated by a distance Q(dl/ 4.
We will show that at this level of separation, we can with high probability uniquely de-
termine which Gaussian each data point came from. The algorithm to do so will actually
be quite simple. Calculate the distance between all pairs of points. Points whose distance
apart is smaller are from the same Gaussian, whereas points whose distance is larger are
from different Gaussians. Later, we will see that with more sophisticated algorithms, even
a separation of Q(1) suffices.

First, consider just one spherical unit-variance Gaussian centered at the origin. From
Theorem 2.9, most of its probability mass lies on an annulus of width O(1) at radius v/d.
Also e=X/2 = T, e=*i/2 and almost all of the mass is within the slab { x | —¢ <z < ¢},
for ¢ € O(1). Pick a point x from this Gaussian. After picking x, rotate the coordinate
system to make the first axis align with x. Independently pick a second point y from
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Figure 2.5: (a) indicates that two randomly chosen points in high dimension are surely
almost nearly orthogonal. (b) indicates the distance between a pair of random points
from two different unit balls approximating the annuli of two Gaussians.

this Gaussian. The fact that almost all of the probability mass of the Gaussian is within
the slab {x | —¢ < x; < ¢, ¢ € O(1)} at the equator implies that y’s component along
x’s direction is O(1) with high probability. Thus, y is nearly perpendicular to x. So,
Ix —y| = /|x|?> + |y|?. See Figure 2.5(a). More precisely, since the coordinate system
has been rotated so that x is at the North Pole, x = (v/d & O(1),0,...,0). Since y is
almost on the equator, further rotate the coordinate system so that the component of
y that is perpendicular to the axis of the North Pole is in the second coordinate. Then

y = (O(1),V/d £ 0O(1),0,...,0). Thus,
(x—y)?=d+0(Wd)+d+0OWd) = 2d+ O(Vd)
and |x — y| = v/2d & O(1) with high probability.

Consider two spherical unit variance Gaussians with centers p and q separated by a
distance A. The distance between a randomly chosen point x from the first Gaussian
and a randomly chosen point y from the second is close to v/A2 + 2d, since x — p,p — q,
and q — y are nearly mutually perpendicular. Pick x and rotate the coordinate system
so that x is at the North Pole. Let z be the North Pole of the ball approximating the
second Gaussian. Now pick y. Most of the mass of the second Gaussian is within O(1)
of the equator perpendicular to z — q. Also, most of the mass of each Gaussian is within
distance O(1) of the respective equators perpendicular to the line q — p. See Figure 2.5
(b). Thus,

x—yPPr=A+]z—q]*+]|q—y|?
= A2 +2d + O(Vd)).

To ensure that the distance between two points picked from the same Gaussian are
closer to each other than two points picked from different Gaussians requires that the
upper limit of the distance between a pair of points from the same Gaussian is at most
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the lower limit of distance between points from different Gaussians. This requires that
V2d+0(1) < v2d + A2—0(1) or 2d+0(v/d) < 2d+ A?, which holds when A € w(d"*).
Thus, mixtures of spherical Gaussians can be separated in this way, provided their centers
are separated by w(d'/*). If we have n points and want to correctly separate all of
them with high probability, we need our individual high-probability statements to hold
with probability 1 — 1/poly(n),®> which means our O(1) terms from Theorem 2.9 become
O(y/logn). So we need to include an extra O(y/logn) term in the separation distance.

Algorithm for separating points from two Gaussians: Calculate all
pairwise distances between points. The cluster of smallest pairwise distances
must come from a single Gaussian. Remove these points. The remaining
points come from the second Gaussian.

One can actually separate Gaussians where the centers are much closer. In the next
chapter we will use singular value decomposition to separate points from a mixture of two
Gaussians when their centers are separated by a distance O(1).

2.9 Fitting a Spherical Gaussian to Data

Given a set of sample points, X1, Xa, ..., Xy, in a d-dimensional space, we wish to find
the spherical Gaussian that best fits the points. Let f be the unknown Gaussian with
mean g and variance o2 in each direction. The probability density for picking these points
when sampling according to f is given by

CeXp<_ (Xl_H)2+(X2—”)2+,..+(Xn_u)2>

202

_lxe—p? , )
where the normalizing constant c is the reciprocal of [ / e 202 d:zs] . In integrating from

1x[2 "
—00 to 0o, one can shift the origin to p and thus c is [/e_%?dx] = (21 7 and is

)

independent of .

The Mazimum Likelihood Estimator (MLE) of f, given the samples x1, X2, . .., Xy, iS
the f that maximizes the above probability density.

Lemma 2.12 Let {x1,Xa,...,X,} be a set of n d-dimensional points. Then (x; — u)2 +
(xg — u)2+- et (X — ,u,)2 s minimized when p is the centroid of the points X1, Xsa, . .., X,
namely p = %(Xl +Xg 4 -+ Xp).
Proof: Setting the gradient of (xq — p)* + (xo — p)° + - - - + (x, — p)” with respect to
to zero yields

—2(x1—p) —2(x2—p) = = 2(x, — p) =
Solving for p gives pr = £(x; + X3 4 - -+ + X,). B

3poly(n) means bounded by a polynomial in n.
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To determine the maximum likelihood estimate of o for f, set p to the true centroid.
Next, show that o is set to the standard deviation of the sample. Substitute v = # and
a=(x;—p)’+(x2— p)’+- -4 (x, — p)” into the formula for the probability of picking
the points x1,Xs,...,X,. This gives

—av

_c
{f e‘“QVd:U}

Now, a is fixed and v is to be determined. Taking logs, the expression to maximize is

2
—av —nln /e Y dx

x

To find the maximum, differentiate with respect to v, set the derivative to zero, and solve
for 0. The derivative is ,
[ z|?e " da

—a+n=

[ e dx
Setting y = |/vx| in the derivative, yields

J y2e v dy

n oy

Oty Tevdy
y

Since the ratio of the two integrals is the expected distance squared of a d-dimensional
spherical Gaussian of standard deviation \/LE to its center, and this is known to be g, we
get —a + 22, Substituting o? for o= gives —a + ndo?. Setting —a + ndo* = 0 shows that
the maximum occurs when o = ‘fd. Note that this quantity is the square root of the
average coordinate distance squared of the samples to their mean, which is the standard
deviation of the sample. Thus, we get the following lemma.

Lemma 2.13 The maximum likelihood spherical Gaussian for a set of samples is the
Gaussian with center equal to the sample mean and standard deviation equal to the stan-
dard deviation of the sample from the true mean.

Let x1,x5,...,X, be a sample of points generated by a Gaussian probability distri-
bution. Then pu = %(Xl + X3 + -+ +X,) is an unbiased estimator of the expected value
of the distribution. However, if in estimating the variance from the sample set, we use
the estimate of the expected value rather than the true expected value, we will not get
an unbiased estimate of the variance, since the sample mean is not independent of the
sample set. One should use g = ﬁ(xl + X2 + - -+ + x,,) when estimating the variance.
See Section 12.5.10 of the appendix.
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2.10 Bibliographic Notes

The word vector model was introduced by Salton [SWY75]. There is vast literature on
the Gaussian distribution, its properties, drawing samples according to it, etc. The reader
can choose the level and depth according to his/her background. The Master Tail Bounds
theorem and the derivation of Chernoff and other inequalities from it are from [Kan09].
The original proof of the Random Projection Theorem by Johnson and Lindenstrauss was
complicated. Several authors used Gaussians to simplify the proof. The proof here is due
to Dasgupta and Gupta [DG99]. See [Vem04] for details and applications of the theorem.
[IMUO5] and [MR95b] are text books covering much of the material touched upon here.
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2.11 Exercises

Exercise 2.1

1. Let x and y be independent random variables with uniform distribution in [0, 1].
What is the expected value E(z), E(z?), E(x —y), E(zy), and E(x — y)*?

1

2. Let x and y be independent random variables with uniform distribution in [—%, 5]

What is the expected value E(z), E(z?), E(x —y), E(zy), and E(x — y)*?

3. What is the expected squared distance between two points generated at random inside
a unit d-dimensional cube?
Exercise 2.2 Randomly generate 30 points inside the cube [—1,1]'% and plot distance
between points and the angle between the vectors from the origin to the points for all pairs
of points.

Exercise 2.3 Show that for any a > 1 there exist distributions for which Markov’s in-
equality is tight by showing the following:

1. Foreacha = 2,3, and 4 give a probability distribution p(z) for a nonnegative random
variable x where Prob (33 > a) = @

2. For arbitrary a > 1 give a probability distribution for a nonnegative random variable

x where Prob (ZB > a) = @

Exercise 2.4 Show that for any ¢ > 1 there exist distributions for which Chebyshev’s
inequality is tight, in other words, Prob(|x — E(z)| > ¢) = Var(x)/c*.

Exercise 2.5 Let x be a random variable with probability density }l for 0 <z <4 and
zero elsewhere.

1. Use Markov’s inequality to bound the probability that x > 3.
2. Make use of Prob(|z| > a) = Prob(z* > a?) to get a tighter bound.

3. What is the bound using Prob(|z| > a) = Prob(z" > a")?

Exercise 2.6 Consider the probability distribution p(x = 0) =1 — % and p(z = a) = %
Plot the probability that x is greater than or equal to a as a function of a for the bound
given by Markov’s inequality and by Markov’s inequality applied to x* and z*.

Exercise 2.7 Consider the probability density function p(z) = 0 forz <1 and p(x) = ¢4
forx > 1.

1. What should ¢ be to make p a legal probability density function?

2. Generate 100 random samples from this distribution. How close is the average of
the samples to the expected value of x?¢
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Exercise 2.8 Let G be a d-dimensional spherical Gaussian with variance % in each di-

rection, centered at the origin. Derive the expected squared distance to the origin.

Exercise 2.9 Consider drawing a random point x on the surface of the unit sphere in R.
What is the variance of x1 (the first coordinate of x)? See if you can give an arqument
without doing any integrals.

Exercise 2.10 How large must € be for 99% of the volume of a 1000-dimensional unit-
radius ball to lie in the shell of e-thickness at the surface of the ball?

Exercise 2.11 Prove that 1 + x < e for all real x. For what values of x is the approzi-
mation 1 4+ x =~ e* within 0.017

Exercise 2.12 For what value of d does the volume, V(d), of a d-dimensional unit ball

take on its maximum? Hint: Consider the ratio %.

Exercise 2.13 A 3-dimensional cube has vertices, edges, and faces. In a d-dimensional

cube, these components are called faces. A wvertexr is a 0-dimensional face, an edge a
1-dimensional face, etc.

1. For 0 <k <d, how many k-dimensional faces does a d-dimensional cube have?

2. What is the total number of faces of all dimensions? The d-dimensional face is the
cube itself which you can include in your count.

3. What is the surface area of a unit cube in d-dimensions (a unit cube has side-length
one in each dimension)?

4. What is the surface area of the cube if the length of each side was 27

5. Prove that the volume of a unit cube is close to its surface.

Exercise 2.14 Consider the portion of the surface area of a unit radius, 3-dimensional
ball with center at the origin that lies within a circular cone whose vertex is at the origin.
What is the formula for the incremental unit of area when using polar coordinates to
integrate the portion of the surface area of the ball that is lying inside the circular cone?
What is the formula for the integral? What is the value of the integral if the angle of the
cone is 36°7 The angle of the cone is measured from the axis of the cone to a ray on the
surface of the cone.

Exercise 2.15 Consider a unit radius, circular cylinder in 3-dimensions of height one.
The top of the cylinder could be an horizontal plane or half of a circular ball. Consider
these two possibilities for a unit radius, circular cylinder in 4-dimensions. In 4-dimensions
the horizontal plane is 3-dimensional and the half circular ball is 4-dimensional. In each
of the two cases, what is the surface area of the top face of the cylinder? You can use
V(d) for the volume of a unit radius, d-dimension ball and A(d) for the surface area of
a unit radius, d-dimensional ball. An infinite length, unit radius, circular cylinder in 4-
dimensions would be the set {(x1, 2, T3, x4)|235 + 23 + 23 < 1} where the coordinate x is
the axis.
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Exercise 2.16 Given a d-dimensional circular cylinder of radius r and height h
1. What is the surface area in terms of V(d) and A(d)?

2. What 1s the volume?

Exercise 2.17 How does the volume of a ball of radius two behave as the dimension of
the space increases? What if the radius was larger than two but a constant independent
of d? What function of d would the radius need to be for a ball of radius r to have
approzimately constant volume as the dimension increases? Hint: you may want to use
Stirling’s approximation, n! ~ (%)n, for factorial.

Exercise 2.18 If dlim V(d) = 0, the volume of a d-dimensional ball for sufficiently large
—00

d must be less than V(3). How can this be if the d-dimensional ball contains the three
dimensional ball?

Exercise 2.19

1. Write a recurrence relation for V (d) in terms of V (d — 1) by integrating over x;.
Hint: At x; = t, the (d — 1)-dimensional volume of the slice is the volume of a
(d —1)-dimensional sphere of radius v/1 — t2. Express this in terms of V(d—1) and
write down the integral. You need not evaluate the integral.

2. Verify the formula for d =2 and d = 3 by integrating and comparing with V(2) =7
and V(3) = 37
Exercise 2.20 Consider a unit ball A centered at the origin and a unit ball B whose
center is at distance s from the origin. Suppose that a random point x is drawn from
the mizture distribution: “with probability 1/2, draw at random from A; with probability
1/2, draw at random from B”. Show that a separation s > 1/v/d — 1 is sufficient so that
Prob(x € AN B) = o(1); i.e., for any € > 0 there ezists ¢ such that if s > c¢/v/d — 1, then
Prob(x € AN B) < e. In other words, this extent of separation means that nearly all of
the mizture distribution is identifiable.

Exercise 2.21 Consider the upper hemisphere of a unit-radius ball in d-dimensions.
What is the height of the maximum volume cylinder that can be placed entirely inside
the hemisphere? As you increase the height of the cylinder, you need to reduce the cylin-
der’s radius so that it will lve entirely within the hemaisphere.

Exercise 2.22 What is the volume of the maximum size d-dimensional hypercube that
can be placed entirely inside a unit radius d-dimensional ball?

Exercise 2.23 Calculate the ratio of area above the plane x1 = € to the area of the upper

hemisphere of a unit radius ball in d-dimensions for e = 0.001,0.01,0.02,0.03,0.04,0.05
and for d =100 and d = 1, 000.
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Exercise 2.24 Almost all of the volume of a ball in high dimensions lies in a narrow
slice of the ball at the equator. However, the narrow slice is determined by the point on
the surface of the ball that is designated the North Pole. Explain how this can be true
if several different locations are selected for the location of the North Pole giving rise to
different equators.

Exercise 2.25 Ezxplain how the volume of a ball in high dimensions can simultaneously
be in a narrow slice at the equator and also be concentrated in a narrow annulus at the

surface of the ball.

Exercise 2.26 Generate 500 points uniformly at random on the surface of a unit-radius
ball in 50 dimensions. Then randomly generate five additional points. For each of the five
new points, calculate a narrow band of width \/LS—O at the equator, assuming the point was
the North Pole. How many of the 500 points are in each band corresponding to one of the
five equators? How many of the points are in all five bands? How wide do the bands need
to be for all points to be in all five bands?

Exercise 2.27 Place 100 points at random on a d-dimensional unit-radius ball. Assume
d s large. Pick a random vector and let it define two parallel hyperplanes on opposite
sides of the origin that are equal distance from the origin. How close can the hyperplanes
be moved and still have at least a .99 probability that all of the 100 points land between
them?

Exercise 2.28 Let x andy be d-dimensional zero mean, unit variance Gaussian vectors.
Prove that x and y are almost orthogonal by considering their dot product.

Exercise 2.29 Prove that with high probability, the angle between two random vectors in
a high-dimensional space is at least 45°. Hint: use Theorem 2.8.

Exercise 2.30 Project the volume of a d-dimensional ball of radius v/d onto a line
through the center. For large d, give an intuitive argument that the projected volume
should behave like a Gaussian.

Exercise 2.31

1. Write a computer program that generates n points uniformly distributed over the
surface of a unit-radius d-dimensional ball.

2. Generate 200 points on the surface of a sphere in 50 dimensions.

3. Create several random lines through the origin and project the points onto each line.
Plot the distribution of points on each line.

4. What does your result from (3) say about the surface area of the sphere in relation
to the lines, i.e., where is the surface area concentrated relative to each line?

35



Exercise 2.32 If one generates points in d-dimensions with each coordinate a unit vari-
ance Gaussian, the points will approzimately lie on the surface of a sphere of radius v/d.

1. What is the distribution when the points are projected onto a random line through
the origin?

2. If one uses a Gaussian with variance four, where in d-space will the points lie?

Exercise 2.33 Randomly generate a 100 points on the surface of a sphere in 3-dimensions
and in 100-dimensions. Create a histogram of all distances between the pairs of points in
both cases.

Exercise 2.34 We have claimed that a randomly generated point on a ball lies near the
equator of the ball, independent of the point picked to be the North Pole. Is the same claim
true for a randomly generated point on a cube? To test this claim, randomly generate ten
+1 wvalued vectors in 128 dimensions. Think of these ten vectors as ten choices for the
North Pole. Then generate some additional £1 valued vectors. To how many of the
original vectors is each of the new vectors close to being perpendicular; that is, how many
of the equators is each new vector close to?

Exercise 2.35 Define the equator of a d-dimensional unit cube to be the hyperplane

i

1. Are the vertices of a unit cube concentrated close to the equator?

2. Is the volume of a unit cube concentrated close to the equator?

3. Is the surface area of a unit cube concentrated close to the equator?

Exercise 2.36 Consider a nonorthogonal basis e1,€a,...,eq. The e; are a set of linearly
ndependent unit vectors that span the space.

1. Prove that the representation of any vector in this basis is unique.

2. Calculate the squared length of z = (‘/75, 1), where z is expressed in the basis e; =
(1,0) and ey = (—¥2, ¥2)

2772
3. Ify = > aie; and z = ) biey, with 0 < a; < b;, is it necessarily true that the
length of z is greater than the length of y? Why or why not?

4. Consider the basis e1 = (1,0) and e = (—‘/75, \/75)

(a) What is the representation of the vector (0,1) in the basis (e1,ez2).
- - V3 3

(b) What is the representation of the vector (%=, %5°)?

(¢) What is the representation of the vector (1,2)?
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Exercise 2.37 Generate 20 points uniformly at random on a 900-dimensional sphere of
radius 30. Calculate the distance between each pair of points. Then, select a method of
projection and project the data onto subspaces of dimension k=100, 50, 10, 5, 4, 3, 2, 1
and calculate the difference between 'k times the original distances and the new pair-wise
distances. For each value of k what is the mazimum difference as a percent of Vk.

Exercise 2.38 In d-dimensions there are exactly d-unit vectors that are pairwise orthog-
onal. However, if you wanted a set of vectors that were almost orthogonal you might
squeeze in a few more. For example, in 2-dimensions if almost orthogonal meant at least
45 degrees apart, you could fit in three almost orthogonal vectors. Suppose you wanted to
find 1000 almost orthogonal vectors in 100 dimensions. Here are two ways you could do
it:

1. Begin with 1,000 orthonormal 1,000-dimensional vectors, and then project them to
a random 100-dimensional space.

2. Generate 1000 100-dimensional random Gaussian vectors.

Implement both ideas and compare them to see which does a better job.

Exercise 2.39 Suppose there is an object moving at constant velocity along a straight
line. You receive the gps coordinates corrupted by Gaussian noise every minute. How do
you estimate the current position?

Exercise 2.40

1. What is the mazximum size rectangle that can be fitted under a unit variance Gaus-
sian?

2. What unit area rectangle best approximates a unit variance Gaussian if one measure
goodness of fit by the symmetric difference of the Gaussian and the rectangle.
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Exercise 2.41 Let X1,Xa,...,Xy be independent samples of a random variable x with

n

mean p and variance 0. Let mg = %Z x; be the sample mean. Suppose one estimates
i=1

the variance using the sample mean rather than the true mean, that s,

1 n
o - Z(Xi —my)?
i=1

Prove that E(c?) = ”7_102 and thus one should have divided by n — 1 rather than n.

Hint: First calculate the variance of the sample mean and show that var(mg) = fvar(x).
Then calculate E(c?) = E[2 37" | (x;—mg)?] by replacing x;—mg with (x;—m)—(mg—m).
Exercise 2.42 Generate ten values by a Gaussian probability distribution with zero mean
and variance one. What is the center determined by averaging the points? What is the
variance? In estimating the variance, use both the real center and the estimated center.
When using the estimated center to estimate the variance, use both n = 10 and n = 9.
How do the three estimates compare?

Exercise 2.43 Suppose you want to estimate the unknown center of a Gaussian in d-
space which has variance one in each direction. Show that O(logd/e*) random samples
from the Gaussian are sufficient to get an estimate my of the true center u, so that with
probability at least 99%,

lp — mgllee < e

How many samples are sufficient to ensure that with probability at least 99%
lp —mgfl2 < €7

1 (z—5)2

Exercise 2.44 Use the probability distribution #ﬂe 279 to generate ten points.

(a) From the ten points estimate u. How close is the estimate of p to the true mean of
57

10
(b) Using the true mean of 5, estimate o by the formula 0 = 5 ;(xz —5)2. How close

is the estimate of o® to the true variance of 97

(c) Using your estimate m of the mean, estimate o by the formula 0? = & 3" (z; —m)>2.

=1
How close is the estimate of o2 to the true variance of 97
10
(d) Using your estimate m of the mean, estimate o by the formula 0 = } ;(QZZ —m)?.

How close is the estimate of 0 to the true variance of 97
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Exercise 2.45 Create a list of the five most important things that you learned about high
dimensions.

Exercise 2.46 Write a short essay whose purpose is to excite a college freshman to learn
about high dimensions.
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3 Best-Fit Subspaces and Singular Value Decompo-
sition (SVD)

3.1 Introduction

In this chapter, we examine the Singular Value Decomposition (SVD) of a matrix.
Consider each row of an n x d matrix A as a point in d-dimensional space. The singular
value decomposition finds the best-fitting k-dimensional subspace for £ = 1,2,3, ..., for
the set of n data points. Here, “best” means minimizing the sum of the squares of the
perpendicular distances of the points to the subspace, or equivalently, maximizing the
sum of squares of the lengths of the projections of the points onto this subspace.* We
begin with a special case where the subspace is 1-dimensional, namely a line through the
origin. We then show that the best-fitting k-dimensional subspace can be found by k
applications of the best fitting line algorithm, where on the i** iteration we find the best
fit line perpendicular to the previous i — 1 lines. When k reaches the rank of the matrix,
from these operations we get an exact decomposition of the matrix called the singular
value decomposition.

In matrix notation, the singular value decomposition of a matrix A with real entries
(we assume all our matrices have real entries) is the factorization of A into the product
of three matrices, A = UDVT, where the columns of U and V are orthonormal® and the
matrix D is diagonal with positive real entries. The columns of V' are the unit length vec-
tors defining the best fitting lines described above (the i'® column being the unit-length
vector in the direction of the i line). The coordinates of a row of U will be the fractions
of the corresponding row of A along the direction of each of the lines.

The SVD is useful in many tasks. Often a data matrix A is close to a low rank ma-
trix and it is useful to find a good low rank approximation to A. For any k, the singular
value decomposition of A gives the best rank-k approximation to A in a well-defined sense.

If u; and v; are columns of U and V respectively, then the matrix equation A = UDV7T

can be rewritten as
A = E diiuiViT.
i

Since u; is a n x 1 matrix and v; is a d x 1 matrix, u;vi’ is an n x d matrix with the
same dimensions as A. The " term in the above sum can be viewed as giving the compo-
nents of the rows of A along direction v;. When the terms are summed, they reconstruct A.

4This equivalence is due to the Pythagorean Theorem. For each point, its squared length (its distance
to the origin squared) is exactly equal to the squared length of its projection onto the subspace plus the
squared distance of the point to its projection; therefore, maximizing the sum of the former is equivalent
to minimizing the sum of the latter. For further discussion see Section 3.2.

A set of vectors is orthonormal if each is of length one and they are pairwise orthogonal.
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This decomposition of A can be viewed as analogous to writing a vector x in some
orthonormal basis vy, va, ..., vq. The coordinates of x = (x-vy,X-Va...,X-Vvq) are the
projections of x onto the v;’s. For SVD, this basis has the property that for any k, the
first k vectors of this basis produce the least possible total sum of squares error for that
value of k.

In addition to the singular value decomposition, there is an eigenvalue decomposition.
Let A be a square matrix. A vector v such that Av = Av is called an eigenvector and
A the eigenvalue. When A is symmetric, the eigenvectors are orthogonal and A can be
expressed as A = VDVT where the eigenvectors are the columns of V and D is a diagonal
matrix with the corresponding eigenvalues on its diagonal. For a symmetric matrix A
the singular values and eigenvalues are identical. If the singular values are distinct, then
A’s singular vectors and eigenvectors are identical. If a singular value has multiplicity d
greater than one, the corresponding singular vectors span a subspace of dimension d and
any orthogonal basis of the subspace can be used as the eigenvectors or singular vectors.®

The singular value decomposition is defined for all matrices, whereas the more fa-
miliar eigenvector decomposition requires that the matrix A be square and certain other
conditions on the matrix to ensure orthogonality of the eigenvectors. In contrast, the
columns of V' in the singular value decomposition, called the right-singular vectors of A,
always form an orthogonal set with no assumptions on A. The columns of U are called
the left-singular vectors and they also form an orthogonal set (see Section 3.6). A simple

consequence of the orthonormality is that for a square and invertible matrix A, the inverse
of Ais VDU,

Eigenvalues and eignevectors satisfy Av = Av. We will show that singular values and
vectors satisfy a somewhat analogous relationship. Since Av; is a n x 1 matrix (vector),
the matrix A cannot act on it from the left. But A", which is a d x n matrix, can act on
this vector. Indeed, we will show that

AVi = diiui and ATui = diivi'

In words, A acting on v; produces a scalar multiple of u; and A7 acting on u; produces
the same scalar multiple of v;. Note that AT Av; = d%v;. The i'" singular vector of A is
the i"" eigenvector of the square symmetric matrix A7 A.

3.2 Preliminaries

Consider projecting a point a; = (a;1, 2, - - - , a;q) onto a line through the origin. Then

a2 +a% + - + a2, = (length of projection)® + (distance of point to line)*.

SWhen d = 1 there are actually two possible singular vectors, one the negative of the other. The
subspace spanned is unique.
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a; Minimizing ) dist; is equiv-
7
alent to maximizing > proj?
i

T,
proyj;

Figure 3.1: The projection of the point a; onto the line through the origin in the direction
of v.

This holds by the Pythagorean Theorem (see Figure 3.1). Thus

(distance of point to line)* = a2 + a% + - - + a2, — (length of projection)®.

n
Since Y (a4 + a%, + -+ + aZ;) is a constant independent of the line, minimizing the sum

of thel siluares of the distances to the line is equivalent to maximizing the sum of the
squares of the lengths of the projections onto the line. Similarly for best-fit subspaces,
maximizing the sum of the squared lengths of the projections onto the subspace minimizes
the sum of squared distances to the subspace.

Thus we have two interpretations of the best-fit subspace. The first is that it minimizes
the sum of squared distances of the data points to it. This first interpretation and its use
are akin to the notion of least-squares fit from calculus.” The second interpretation of
best-fit-subspace is that it maximizes the sum of projections squared of the data points
on it. This says that the subspace contains the maximum content of data among all
subspaces of the same dimension. The choice of the objective function as the sum of
squared distances seems a bit arbitrary and in a way it is. But the square has many nice
mathematical properties. The first of these, as we have just seen, is that minimizing the
sum of squared distances is equivalent to maximizing the sum of squared projections.

3.3 Singular Vectors

We now define the singular vectors of an n x d matrix A. Consider the rows of A as
n points in a d-dimensional space. Consider the best fit line through the origin. Let v
be a unit vector along this line. The length of the projection of a;, the i** row of A, onto
v is |a; - v|. From this we see that the sum of the squared lengths of the projections is

"But there is a difference: here we take the perpendicular distance to the line or subspace, whereas,
in the calculus notion, given n pairs, (z1,41), (T2,92), - - -, (Tn, yn), we find a line | = {(z, y)|y = mz + b}
minimizing the vertical squared distances of the points to it, namely, Z?:l(yi —ma; — b)2.
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|Av|?. The best fit line is the one maximizing |Av|? and hence minimizing the sum of the
squared distances of the points to the line.

With this in mind, define the first singular vector vy of A as

vy, = arg max |Av]|.
|v|=1
Technically, there may be a tie for the vector attaining the maximum and so we should
not use the article “the”; in fact, —vy is always as good as vy. In this case, we arbitrarily
pick one of the vectors achieving the maximum and refer to it as “the first singular vector”
avoiding the more cumbersome “one of the vectors achieving the maximum”. We adopt
this terminology for all uses of arg max .

The value oy (A) = |Avy] is called the first singular value of A. Note that o? =

> (a;-vq)? is the sum of the squared lengths of the projections of the points onto the line
i=1
determined by v;.

If the data points were all either on a line or close to a line, intuitively, v; should
give us the direction of that line. It is possible that data points are not close to one
line, but lie close to a 2-dimensional subspace or more generally a low dimensional space.
Suppose we have an algorithm for finding vy (we will describe one such algorithm later).
How do we use this to find the best-fit 2-dimensional plane or more generally the best fit
k-dimensional space?

The greedy approach begins by finding v; and then finds the best 2-dimensional
subspace containing vy. The sum of squared distances helps. For every 2-dimensional
subspace containing vy, the sum of squared lengths of the projections onto the subspace
equals the sum of squared projections onto vy plus the sum of squared projections along
a vector perpendicular to vy in the subspace. Thus, instead of looking for the best 2-
dimensional subspace containing vy, look for a unit vector v, perpendicular to vy that
maximizes |Av|? among all such unit vectors. Using the same greedy strategy to find the
best three and higher dimensional subspaces, defines vs, vy, ... in a similar manner. This
is captured in the following definitions. There is no apriori guarantee that the greedy
algorithm gives the best fit. But, in fact, the greedy algorithm does work and yields the
best-fit subspaces of every dimension as we will show.

The second singular vector, va, is defined by the best fit line perpendicular to v.

vy = arg max |Av]|
vivy
lvl=1

The value o5 (A) = |Ava| is called the second singular value of A. The third singular
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vector vz and the third singular value are defined similarly by

v3 = arg max |Av/|

vlivi,ve
lvl=1
and
03(A) = |Avs],
and so on. The process stops when we have found singular vectors vy, v, ..., vy, singular
values o1, 09,...,0,, and

max |Av|=0.
vlvi,va,...,vr
[v|=1
The greedy algorithm found the vy that maximized |Av| and then the best fit 2-
dimensional subspace containing vy. Is this necessarily the best-fit 2-dimensional sub-
space overall? The following theorem establishes that the greedy algorithm finds the best

subspaces of every dimension.

Theorem 3.1 (The Greedy Algorithm Works) Let A be an nxd matriz with singu-
lar vectors vi,va,...,vy. For1 <k <r, let Vj be the subspace spanned by vq,va, ..., V.
For each k, Vj, is the best-fit k-dimensional subspace for A.

Proof: The statement is obviously true for £k = 1. For k = 2, let W be a best-fit 2-
dimensional subspace for A. For any orthonormal basis (wy, wa) of W, |Awy|? + | Aw|?
is the sum of squared lengths of the projections of the rows of A onto W. Choose an
orthonormal basis (w1, wa) of W so that wy is perpendicular to vy. If vy is perpendicular
to W, any unit vector in W will do as ws. If not, choose wa to be the unit vector in W
perpendicular to the projection of v; onto W. This makes wo perpendicular to v;.% Since
v; maximizes |Av|?, it follows that |[Aw;|* < |Avy|% Since vy maximizes |Av|? over all
v perpendicular to vy, |[Awa|?> < |Ava|?. Thus

|AW1‘2 -+ |AW2|2 S |14V1’2 -+ |AV2’2_

Hence, V5 is at least as good as W and so is a best-fit 2-dimensional subspace.

For general k, proceed by induction. By the induction hypothesis, V;._; is a best-fit
k-1 dimensional subspace. Suppose W is a best-fit k-dimensional subspace. Choose an
orthonormal basis wq, wa, ..., wy of W so that wy is perpendicular to vy, va,..., Vi_1.
Then

|Awa|? + [Awa|* + -+ [Awica|? <AV + [Ava ] + -+ [Avie [

since Vj_1 is an optimal k£ — 1 dimensional subspace. Since wy is perpendicular to
Vi,Va,...,Vik_1, by the definition of vy, |Awk|2 < |Avk|2. Thus

|14W1|2 + ’AW2|2 4+ 4 |14Wk_1|2 + |AWk|2 S |14V1|2 + |AV2|2 —+ -4 |AVk_1|2 + |AVk|2,

proving that Vj is at least as good as W and hence is optimal. ]

8This can be seen by noting that v, is the sum of two vectors that each are individually perpendicular
to wa, namely the projection of vi to W and the portion of vy orthogonal to W.
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Note that the n-dimensional vector Av; is a list of lengths (with signs) of the projec-
tions of the rows of A onto v;. Think of |Av;| = 0;(A) as the component of the matrix
A along vj. For this interpretation to make sense, it should be true that adding up the
squares of the components of A along each of the v; gives the square of the “whole content
of A”. This is indeed the case and is the matrix analogy of decomposing a vector into its
components along orthogonal directions.

Consider one row, say a;, of A. Since vq,Va,..., Vv, span the space of all rows of A,
T

aj - v = 0 for all v perpendicular to vy, va,...,v,. Thus, for each row aj, Y (aj-v;)? =
i=1
|aj|?. Summing over all rows j,

T n

Dol =30 @ vt =3 D (e vi)t = JAvil = 3 ol(A),

j=1i=1 i=1 j=1

n n d
But Y |aj]* = > > a%, the sum of squares of all the entries of A. Thus, the sum of
j=1 j=1k=1

squares of the singular values of A is indeed the square of the “whole content of A”, i.e.,
the sum of squares of all the entries. There is an important norm associated with this

quantity, the Frobenius norm of A, denoted ||A||r defined as

AllF = @y
gk

Lemma 3.2 For any matriz A, the sum of squares of the singular values equals the square
of the Frobenius norm. That is, > cZ(A) = || A||%.

Proof: By the preceding discussion. ]

The vectors vy, Vs, ..., v, are called the right-singular vectors. The vectors Av; form
a fundamental set of vectors and we normalize them to length one by

1
uj = AVi.
Later we will show that u; similarly maximizes |u” A| over all u perpendicular touy, ..., u;_;.

These u; are called the left-singular vectors. Clearly, the right-singular vectors are orthog-
onal by definition. We will show later that the left-singular vectors are also orthogonal.

3.4 Singular Value Decomposition (SVD)

Let A be an n x d matrix with singular vectors vy,va,..., v, and corresponding
singular values oy, 09, ...,0,. The left-singular vectors of A are u; = %Avi where o;u;y 1s
K2
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a vector whose coordinates correspond to the projections of the rows of A onto v;. Each
o;u;vy is a rank one matrix whose rows are the “v; components” of the rows of 4, i.e., the
projections of the rows of A in the v; direction. We will prove that A can be decomposed
into a sum of rank one matrices as

.

T

A= E oWV .
i=1

Geometrically, each point is decomposed in A into its components along each of the r
orthogonal directions given by the v;. We will also prove this algebraically. We begin
with a simple lemma that two matrices A and B are identical if Av = Bv for all v.

Lemma 3.3 Matrices A and B are identical if and only if for all vectors v, Av = Bv.

Proof: Clearly, if A = B then Av = Bv for all v. For the converse, suppose that
Av = Bv for all v. Let e; be the vector that is all zeros except for the i** component
which has value one. Now Ae; is the i column of A and thus A = B if for each 1,

Aei = Bei. |
Theorem 3.4 Let A be an n X d matriz with right-singular vectors vy,Va, ..., Vy, left-
singular vectors Uy, Us, ..., Uy, and corresponding singular values oy,02,...,0,.. Then

,

T

A= E o Vi .
i=1

Proof: We first show that multiplying both A and Y o;u;v] by vj results in equality.
i=1

T

E al-uiviij = o0y = Av;
i=1

Since any vector v can be expressed as a linear combination of the singular vectors

plus a vector perpendicular to the vi, Av = > o;u;viv for all v and by Lemma 3.3,
i=1

A= ouvi. n
i=1

The decomposition A = >, o;uyvi is called the singular value decomposition, SVD,
of A. We can rewrite this equation in matrix notation as A = UDVT where u; is the %
column of U, v{ is the " row of VT and D is a diagonal matrix with o; as the i" entry
on its diagonal. For any matrix A, the sequence of singular values is unique and if the
singular values are all distinct, then the sequence of singular vectors is unique up to signs.
However, when some set of singular values are equal, the corresponding singular vectors
span some subspace. Any set of orthonormal vectors spanning this subspace can be used
as the singular vectors.

46



rXTr rxd
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Figure 3.2: The SVD decomposition of an n x d matrix.
3.5 Best Rank-k Approximations

Let A be an n x d matrix and think of the rows of A as n points in d-dimensional

space. Let
'
T
A= E oiu;Vv;
i=1

be the SVD of A. For k € {1,2,...,r}, let

k
Ak: E O'illiViT
i=1

be the sum truncated after k£ terms. It is clear that A; has rank k. We show that A
is the best rank k approximation to A, where error is measured in the Frobenius norm.
Geometrically, this says that vq,..., vy define the k-dimensional space minimizing the
sum of squared distances of the points to the space. To see why, we need the following
lemma.

Lemma 3.5 The rows of Ay are the projections of the rows of A onto the subspace Vi
spanned by the first k singular vectors of A.

Proof: Let a be an arbitrary row vector. Since the v; are orthonormal, the projection
of the vector a onto Vj is given by Zle (a-vi)vil. Thus, the matrix whose rows are
the projections of the rows of A onto Vj is given by Zle Av;vl. This last expression

simplifies to
k k
E AViViT = E O’iuiViT = Ak
i=1 =1
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Theorem 3.6 For any matrix B of rank at most k
A= Apllp < |A=Bllp

Proof: Let B minimize | A — B|% among all rank k or less matrices. Let V be the space
spanned by the rows of B. The dimension of V' is at most k. Since B minimizes ||A — B||7,
it must be that each row of B is the projection of the corresponding row of A onto V:
Otherwise replace the row of B with the projection of the corresponding row of A onto
V. This still keeps the row space of B contained in V' and hence the rank of B is still at
most k. But it reduces ||A — B||%, contradicting the minimality of ||A — B]|p.

Since each row of B is the projection of the corresponding row of A, it follows that
|A — BJ|% is the sum of squared distances of rows of A to V. Since A; minimizes the

sum of squared distance of rows of A to any k-dimensional subspace, from Theorem 3.1,
it follows that ||A — Akl < ||A — B|| 5. B

In addition to the Frobenius norm, there is another matrix norm of interest. Consider
an n X d matrix A and a large number of vectors where for each vector x we wish to
compute Ax. It takes time O(nd) to compute each product Ax but if we approximate
Aby A = Zle owyvil and approximate Ax by A,x it requires only k dot products
of d-dimensional vectors, followed by a sum of k n-dimensional vectors, and takes time
O(kd + kn), which is a win provided k < min(d,n). How is the error measured? Since x
is unknown, the approximation needs to be good for every x. So we take the maximum
over all x of |(A; — A)x|. Since this would be infinite if |x| could grow without bound,
we restrict the maximum to |x| < 1. Formally, we define a new norm of a matrix A by

[|Al|lz = max |Ax].
|x|<1
This is called the 2-norm or the spectral norm. Note that it equals o(A).

As an application consider a large database of documents that form rows of an n x d
matrix A. There are d terms and each document is a d-dimensional vector with one
component for each term, which is the number of occurrences of the term in the document.
We are allowed to “preprocess” A. After the preprocessing, we receive queries. Each
query x is an d-dimensional vector which specifies how important each term is to the
query. The desired answer is an n-dimensional vector which gives the similarity (dot
product) of the query to each document in the database, namely Ax, the “matrix-vector”
product. Query time is to be much less than preprocessing time, since the idea is that we
need to answer many queries for the same database. There are many other applications
where one performs many matrix vector products with the same matrix. This technique
is applicable to these situations as well.

3.6 Left Singular Vectors

The left singular vectors are also pairwise orthogonal. Intuitively if u; and u;, ¢ < j, were
not orthogonal, one would suspect that the right singular vector v; had a component of v;
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which would contradict that v; and v; were orthogonal. Let ¢ be the smallest integer such
that u; is not orthogonal to all other u;. Then to prove that u; and uj are orthogonal,
we add a small component of vj to v;, normalize the result to be a unit vector

, Vi + €Vj

V= —
Vi + evj]

and show that |Av{| > |Av;|, a contradiction.

Theorem 3.7 The left singular vectors are pairwise orthogonal.

Proof: Let ¢ be the smallest integer such that u; is not orthogonal to some other u;.
Without loss of generality assume that ufw; = § > 0. If u;u; < 0 then just replace u;
with —u;. Clearly 7 > i since ¢ was selected to be the smallest such index. For ¢ > 0, let

Vi + €V;

vi=—— 3

Vi + evj]
Notice that v{ is a unit-length vector.
oiu; + €0;U;

Vite

has length at least as large as its component along u; which is

Av =

T (aiui + coju;
u | ———=
V1+e?

for sufficiently small €, a contradiction since v;+¢vj is orthogonal to vy, v, ..., vi_1 since
j > i and o; is defined to be the maximum of |Av| over such vectors. ]

> > (O'i +€O'j§) (1 — %) > 0; — %O’i +€O'j5 — %O’jé > 04,

Next we prove that Ay is the best rank k, 2-norm approximation to A. We first show
that the square of the 2-norm of A — Ay, is the square of the (k + 1)* singular value of A.
This is essentially by definition of A; that is, A, represents the projections of the rows in
A onto the space spanned by the top k singular vectors, and so A — A, is the remaining
portion of those rows, whose top singular value will be oy 1.

Lemma 3.8 ||A — A4} =07,

T k
Proof: Let A =" o;u;v;! be the singular value decomposition of A. Then A, = Y oyu;vi?
i=1 i=1

-
and A — Ay = Y ouvil. Let v be the top singular vector of A — A;. Express v as a
i=k+1

,
linear combination of vq,va,...,v,. That is, write v = ) ¢;v;. Then
Jj=1

r

|(A — Ak)V| = i O'Z'uiViT Z CjVj

i=k-+1 j=1

T

E CiaiuiViTVi

i=k+1
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since the u; are orthonormal. The v maximizing this last quantity, subject to the con-

T

straint that [v|> = Y ¢? = 1, occurs when ¢,;; = 1 and the rest of the ¢; are zero. Thus,
i=1

A — Ayl = 0., proving the lemma. B

Finally, we prove that A is the best rank k, 2-norm approximation to A:
Theorem 3.9 Let A be an n x d matriz. For any matriz B of rank at most k
[A = Aelly < [|A=Bll;.

Proof: If A is of rank k or less, the theorem is obviously true since ||A — A, = 0.
Assume that A is of rank greater than k. By Lemma 3.8, ||A — A| = 0q- The null
space of B, the set of vectors v such that Bv = 0, has dimension at least d — k. Let
V1,Va,...,Viky1 be the first £ + 1 singular vectors of A. By a dimension argument, it
follows that there exists a z # 0 in

Null (B) N Span{vy,va,...,Vii1}.
Scale z to be of length one.

1A= Bll; > (A~ B) 2.

Since Bz = 0,
IA— Bll; > | Az/*.
Since z is in the Span{vy,Vva,..., Viy1}
n 2 n ) k+1 ) k+1 )
Azl =D owiviTz) = o (vi'z) = o (vi'2) 20 ) (vi'2) =i
i=1 i=1 i=1 =l
It follows that ||A — B||3 > 0%, proving the theorem. B

For a square symmetric matrix A and eigenvector v, Av = Av. We now prove the
analog for singular values and vectors we discussed in the introduction.

Lemma 3.10 (Analog of eigenvalues and eigenvectors)
AVi = 0;Ui and ATui = 0;Vj.

Proof: The first equation follows from the definition of left singular vectors. For the
second, note that from the SVD, we get ATu; = Zj o;viu;u;, where since the u; are
orthonormal, all terms in the summation are zero except for j = 1. ]
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3.7 Power Method for Singular Value Decomposition

Computing the singular value decomposition is an important branch of numerical
analysis in which there have been many sophisticated developments over a long period of
time. The reader is referred to numerical analysis texts for more details. Here we present
an “in-principle” method to establish that the approximate SVD of a matrix A can be
computed in polynomial time. The method we present, called the power method, is simple
and is in fact the conceptual starting point for many algorithms. Let A be a matrix whose
SVD is Y, o;uyvi’. We wish to work with a matrix that is square and symmetric. Let
B = AT A. By direct multiplication, using the orthogonality of the u;’s that was proved
in Theorem 3.7,

B=ATA= <Zazvu ) (ZJ]LIJ )
= ZUinVi(ui - ) Vj = Z op Vivi )
2% i

The matrix B is square and symmetric, and has the same left and right-singular vectors.
In particular, Bv; = (3, oc2vivi)v; = O'JQ»Vj, so vj is an eigenvector of B with eigenvalue
a?-. If A is itself square and symmetric, it will have the same right and left-singular vec-

tors, namely A = o;vivil and computing B is unnecessary.
i

Now consider computing B2.
(Za VV) (ZO’VJ ) Zaavl viT )VjT

When i # j, the dot product v;’vj is zero by orthogonality.? Thus, B? = Z olviviT.

computing the k* power of B, all the cross product terms are zero and

r

k § : 2k T

= 0, ViVi .
=1

If oy > 09, then the first term in the summation dominates, so B¥ — o?*v;v,7. This
means a close estimate to vy can be computed by simply taking the first column of B*
and normalizing it to a unit vector.

3.7.1 A Faster Method

A problem with the above method is that A may be a very large, sparse matrix, say a
10® x 10® matrix with 10 nonzero entries. Sparse matrices are often represented by just

9The “outer product” v;v;’ is a matrix and is not zero even for i # j.
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a list of nonzero entries, say a list of triples of the form (4, j, a;;). Though A is sparse, B
need not be and in the worse case may have all 1016 entries nonzero!? and it is then impos-
sible to even write down B, let alone compute the product B?. Even if A is moderate in
size, computing matrix products is costly in time. Thus, a more efficient method is needed.

Instead of computing B*, select a random vector x and compute the product B*x.

The vector x can be expressed in terms of the singular vectors of B augmented to a full
d

orthonormal basis as x = Y ¢;v;. Then
i=1

d
B*x ~ (o3 vyvyiT) ( E CiVi > = o civy.
i=1

Normalizing the resulting vector yields vy, the first singular vector of A. The way B*x
is computed is by a series of matrix vector products, instead of matrix products. B¥x =
ATA ... AT Ax, which can be computed right-to-left. This consists of 2k vector times
sparse matrix multiplications.

To compute k singular vectors, one selects a random vector r and finds an orthonormal
basis for the space spanned by r, Ar, ..., A*~'r. Then compute A times each of the basis
vectors, and find an orthonormal basis for the space spanned by the resulting vectors.
Intuitively, one has applied A to a subspace rather than a single vector. One repeat-
edly applies A to the subspace, calculating an orthonormal basis after each application
to prevent the subspace collapsing to the one dimensional subspace spanned by the first
singular vector. The process quickly converges to the first k singular vectors.

An issue occurs if there is no significant gap between the first and second singular
values of a matrix. Take for example the case when there is a tie for the first singular
vector and o; = 05. Then, the above argument fails. We will overcome this hurdle.
Theorem 3.11 below states that even with ties, the power method converges to some
vector in the span of those singular vectors corresponding to the “nearly highest” singular
values. The theorem assumes it is given a vector x which has a component of magnitude
at least 0 along the first right singular vector vy of A. We will see in Lemma 3.12 that a
random vector satisfies this condition with fairly high probability.

Theorem 3.11 Let A be an nxd matriz and X a unit length vector in R with |x*vy| > 0,
where § > 0. Let V' be the space spanned by the right singular vectors of A corresponding
to singular values greater than (1 —¢e)oy. Let w be the unit vector after k = In(1/e0)

2¢e
iterations of the power method, namely,

10F g, suppose each entry in the first row of A is nonzero and the rest of A is zero.
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Then w has a component of at most € perpendicular to V.

Proof: Let .
A= Z O’iuiViT
i=1

be the SVD of A. If the rank of A is less than d, then for convenience complete
{v1,Va,...v,} into an orthonormal basis {v1, Va,...v4} of d-space. Write x in the basis

of the vi’s as
d

X = E C;Vi.

=1

d d
Since (ATA)* = Y o2viv]| it follows that (ATA)*x = Y o?¢;v;. By hypothesis,
=1

i=1
’Cll > 0.

Suppose that oy, 09, ..., 0, are the singular values of A that are greater than or equal
to (1 —¢) oy and that o,,11,...,04 are the singular values that are less than (1 —¢) 0.
Now

2k

|(ATA X|2 ZOAI@C > O'ilkcf > O'ilk(SQ.

i Vi

The component of |(ATA)* x|2 perpendicular to the space V' is

d
k2 ) gl 2 £}k ik
E o; ¢ < (1—g)" oy E ¢ <(1

i=m+1 1=m+1

since ZZ L¢i = |x| = 1. Thus, the component of w perpendicular to V has squared

length at most % and so its length is at most
1

(1 _ 5)2]{)0.%]{? _ (1 _ 5)2k < e—2ks
P B

since k = %. |
Lemma 3.12 Lety € R" be a random vector with the unit variance spherical Gaussian
as its probability density. Normalize y to be a unit length vector by setting x = y/|y|. Let

v be any unit length vector. Then

1 + 3e —d/96

1
Prob | |x'v] <
(' | 2of> ~ 10
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Proof: Proving for the unit length vector x that Prob <|XTV| < ﬁﬁ) < % + 3~/ s

equivalent to proving for the unnormalized vector y that Prob(|y| > 2v/d) < 3e~%90 and
Prob(|y’v| < &) < 1/10. That Prob(|y| > 2V/d) is at most 3e~%*® follows from Theorem
(2.9) with v/d substituted for 3. The probability that |y”v| < 7= is at most 1/10 follows
from the fact that y?v is a random, zero mean, unit variance Gaussian with density is at
most 1/4/27 < 1/2 in the interval [~1/10,1/10], so the integral of the Gaussian over the
interval is at most 1/10. B

3.8 Singular Vectors and Eigenvectors

For a square matrix B, if Bx = Ax, then x is an eigenvector of B and A is the corre-
sponding eigenvalue. We saw in Section 3.7, if B = AT A, then the right singular vectors
v; of A are eigenvectors of B with eigenvalues 0. The same argument shows that the left
singular vectors u;j of A are eigenvectors of AA" with eigenvalues a?.

The matrix B = AT A has the property that for any vector x, x’ Bx > 0. This is
because B = Y. o?vyvi! and for any x, x"v;viTx = (x7v;)? > 0. A matrix B with
the property that x” Bx > 0 for all x is called positive semi-definite. Every matrix of
the form AT A is positive semi-definite. In the other direction, any positive semi-definite
matrix B can be decomposed into a product AT A, and so its eigenvalue decomposition
can be obtained from the singular value decomposition of A. The interested reader should
consult a linear algebra book.

3.9 Applications of Singular Value Decomposition
3.9.1 Centering Data

Singular value decomposition is used in many applications and for some of these ap-
plications it is essential to first center the data by subtracting the centroid of the data
from each data point.!! If you are interested in the statistics of the data and how it varies
in relationship to its mean, then you would center the data. On the other hand, if you
are interested in finding the best low rank approximation to a matrix, then you do not
center the data. The issue is whether you are finding the best fitting subspace or the best
fitting affine space. In the latter case you first center the data and then find the best
fitting subspace. See Figure 3.3.

We first show that the line minimizing the sum of squared distances to a set of points,
if not restricted to go through the origin, must pass through the centroid of the points.
This implies that if the centroid is subtracted from each data point, such a line will pass
through the origin. The best fit line can be generalized to k dimensional “planes”. The
operation of subtracting the centroid from all data points is useful in other contexts as
well. We give it the name “centering data”.

'The centroid of a set of points is the coordinate-wise average of the points.
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Figure 3.3: If one wants statistical information relative to the mean of the data, one
needs to center the data. If one wants the best low rank approximation, one would not
center the data.

Lemma 3.13 The best-fit line (minimizing the sum of perpendicular distances squared)
of a set of data points must pass through the centroid of the points.

Proof: Subtract the centroid from each data point so that the centroid is 0. After
centering the data let ¢ be the best-fit line and assume for contradiction that ¢ does
not pass through the origin. The line ¢ can be written as {a + Av|A € R}, where a is
the closest point to 0 on ¢ and v is a unit length vector in the direction of ¢, which is
perpendicular to a. For a data point aj, let dist(a;, ¢) denote its perpendicular distance to
¢. By the Pythagorean theorem, we have |a; —a|* = dist(a;, £)* + (v - a;)?, or equivalently,
dist(a;, £)*> = |a; — al]? — (v - a;)?. Summing over all data points:

n n

> dist(a, 02 =Y (Jlai—a* = (v-a)?) = > (lai* + [a]’ — 2a;-a — (v - a;)?)
=1 =1 =1

= Z |a;|* + njal* — 2a- (Z ai) — Z(V ca)? = Z |a;|* + nla)® — Z(v ca;)?,

i=1 % 7

where we used the fact that since the centroid is 0, ). a; = 0. The above expression is
minimized when a = 0, so the line ¢ = {Av : A € R} through the origin is a better fit
than ¢, contradicting ¢ being the best-fit line. B

A statement analogous to Lemma 3.13 holds for higher dimensional objects. Define
an affine space as a subspace translated by a vector. So an affine space is a set of the
form

k
{vo + Z civiler, ca, ... o € RY.
i=1

Here, vq is the translation and vy, v, ..., vy form an orthonormal basis for the subspace.

Lemma 3.14 The k dimensional affine space which minimizes the sum of squared per-
pendicular distances to the data points must pass through the centroid of the points.
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Proof: We only give a brief idea of the proof, which is similar to the previous lemma.
Instead of (v - a;)?, we will now have Z?ﬂ("j - a;)?, where the vj,5 = 1,2,...,k are an
orthonormal basis of the subspace through the origin parallel to the affine space. ]

3.9.2 Principal Component Analysis

The traditional use of SVD is in Principal Component Analysis (PCA). PCA is il-
lustrated by a movie recommendation setting where there are n customers and d movies.
Let matrix A with elements a;; represent the amount that customer 7 likes movie j. One
hypothesizes that there are only k underlying basic factors that determine how much a
given customer will like a given movie, where £ is much smaller than n or d. For example,
these could be the amount of comedy, drama, and action, the novelty of the story, etc.
Each movie can be described as a k-dimensional vector indicating how much of these ba-
sic factors the movie has, and each customer can be described as a k-dimensional vector
indicating how important each of these basic factors is to that customer. The dot-product
of these two vectors is hypothesized to determine how much that customer will like that
movie. In particular, this means that the n x d matrix A can be expressed as the product
of an n X k matrix U describing the customers and a k& x d matrix V describing the
movies. Finding the best rank £ approximation Ay by SVD gives such a U and V. One
twist is that A may not be exactly equal to UV, in which case A — UV is treated as
noise. Another issue is that SVD gives a factorization with negative entries. Nonnegative
matrix factorization (NMF) is more appropriate in some contexts where we want to keep
entries nonnegative. NMF is discussed in Chapter 9

In the above setting, A was available fully and we wished to find U and V' to identify
the basic factors. However, in a case such as movie recommendations, each customer may
have seen only a small fraction of the movies, so it may be more natural to assume that we
are given just a few elements of A and wish to estimate A. If A was an arbitrary matrix
of size n x d, this would require Q(nd) pieces of information and cannot be done with a
few entries. But again hypothesize that A was a small rank matrix with added noise. If
now we also assume that the given entries are randomly drawn according to some known
distribution, then there is a possibility that SVD can be used to estimate the whole of A.
This area is called collaborative filtering and one of its uses is to recommend movies or to
target an ad to a customer based on one or two purchases. We do not describe it here.

3.9.3 Clustering a Mixture of Spherical Gaussians

Clustering is the task of partitioning a set of points into k£ subsets or clusters where
each cluster consists of nearby points. Different definitions of the quality of a clustering
lead to different solutions. Clustering is an important area which we will study in detail
in Chapter 7. Here we will see how to solve a particular clustering problem using singular
value decomposition.
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factors

movies

customers A = U Vv

Figure 3.4: Customer-movie data

Mathematical formulations of clustering tend to have the property that finding the
highest quality solution to a given set of data is NP-hard. One way around this is to
assume stochastic models of input data and devise algorithms to cluster data generated by
such models. Mixture models are a very important class of stochastic models. A mixture
is a probability density or distribution that is the weighted sum of simple component
probability densities. It is of the form

f=wip1 +waps + - + wypk,

where p1, po, ..., pr are the basic probability densities and wq, wo, . .., w; are positive real
numbers called mixture weights that add up to one. Clearly, f is a probability density
and integrates to one.

The model fitting problem is to fit a mixture of k basic densities to n independent,
identically distributed samples, each sample drawn according to the same mixture dis-
tribution f. The class of basic densities is known, but various parameters such as their
means and the component weights of the mixture are not. Here, we deal with the case
where the basic densities are all spherical Gaussians. There are two equivalent ways of
thinking of the hidden sample generation process when only the samples are given:

1. Pick each sample according to the density f on R

2. Pick a random i from {1,2,...,k} where probability of picking ¢ is w;. Then, pick
a sample according to the density p;.

One approach to the model-fitting problem is to break it into two subproblems:

1. First, cluster the set of samples into k clusters C7, Cy, ..., Cy, where C; is the set of
samples generated according to p; (see (2) above) by the hidden generation process.

2. Then fit a single Gaussian distribution to each cluster of sample points.
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The second problem is relatively easier and indeed we saw the solution in Chapter
2, where we showed that taking the empirical mean (the mean of the sample) and the
empirical standard deviation gives us the best-fit Gaussian. The first problem is harder
and this is what we discuss here.

If the component Gaussians in the mixture have their centers very close together, then
the clustering problem is unresolvable. In the limiting case where a pair of component
densities are the same, there is no way to distinguish between them. What condition on
the inter-center separation will guarantee unambiguous clustering? First, by looking at
1-dimensional examples, it is clear that this separation should be measured in units of the
standard deviation, since the density is a function of the number of standard deviation
from the mean. In one dimension, if two Gaussians have inter-center separation at least
six times the maximum of their standard deviations, then they hardly overlap. This is
summarized in the question: How many standard deviations apart are the means? In one
dimension, if the answer is at least six, we can easily tell the Gaussians apart. What is
the analog of this in higher dimensions?

We discussed in Chapter 2 distances between two sample points from the same Gaus-
sian as well the distance between two sample points from two different Gaussians. Recall
from that discussion that if

e If x and y are two independent samples from the same spherical Gaussian with
standard deviation'? o then

Ix —y|* ~ 2(\/3 + O(l))202.

e If x and y are samples from different spherical Gaussians each of standard deviation
o and means separated by distance A, then

x —y|? = 2(Vd+ 0(1))%0* + A2,

To ensure that points from the same Gaussian are closer to each other than points from
different Gaussians, we need

2(vVd — 0(1))%0 + A2 > 2(Vd + 0(1)) 0>,
Expanding the squares, the high order term 2d cancels and we need that
A > cd'?,

for some constant ¢. While this was not a completely rigorous argument, it can be used to
show that a distance based clustering approach (see Chapter 2 for an example) requires an

12Gince a spherical Gaussian has the same standard deviation in every direction, we call it the standard
deviation of the Gaussian.
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inter-mean separation of at least cd'/* standard deviations to succeed, thus unfortunately
not keeping with mnemonic of a constant number of standard deviations separation of
the means. Here, indeed, we will show that (1) standard deviations suffice provided the
number k of Gaussians is O(1).

The central idea is the following. Suppose we can find the subspace spanned by the
k centers and project the sample points to this subspace. The projection of a spherical
Gaussian with standard deviation ¢ remains a spherical Gaussian with standard deviation
o (Lemma 3.15). In the projection, the inter-center separation remains the same. So in
the projection, the Gaussians are distinct provided the inter-center separation in the whole
space is at least ck/* o which is less than c¢d'/* o for k < d. Interestingly, we will see that
the subspace spanned by the k-centers is essentially the best-fit k-dimensional subspace
that can be found by singular value decomposition.

Lemma 3.15 Suppose p is a d-dimensional spherical Gaussian with center p and stan-
dard deviation o. The density of p projected onto a k-dimensional subspace V' is a spherical
Gaussian with the same standard deviation.

Proof: Rotate the coordinate system so V is spanned by the first k£ coordinate vectors.
The Gaussian remains spherical with standard deviation ¢ although the coordinates of

its center have changed. For a point x = (21,2, ...,x4), we will use the notation x' =
(x1,m9,...7%) and X" = (Tgi1, Tpyo,...,Ty). The density of the projected Gaussian at
the point (1, xg,...,x) is

_IX/_M/|2 _Ix//_uu‘z . . _lxl_ll,/|2
ce 207 e 2?2 dx' =ce  20?% .

x//

This implies the lemma. (]

We now show that the top k£ singular vectors produced by the SVD span the space of
the k centers. First, we extend the notion of best fit to probability distributions. Then
we show that for a single spherical Gaussian whose center is not the origin, the best fit
1-dimensional subspace is the line though the center of the Gaussian and the origin. Next,
we show that the best fit k-dimensional subspace for a single Gaussian whose center is not
the origin is any k-dimensional subspace containing the line through the Gaussian’s center
and the origin. Finally, for £ spherical Gaussians, the best fit k-dimensional subspace is
the subspace containing their centers. Thus, the SVD finds the subspace that contains
the centers.

Recall that for a set of points, the best-fit line is the line passing through the origin

that maximizes the sum of squared lengths of the projections of the points onto the line.
We extend this definition to probability densities instead of a set of points.
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1. The best fit 1-dimension subspace
to a spherical Gaussian is the line
through its center and the origin.

2. Any k-dimensional subspace contain-
ing the line is a best fit k-dimensional
subspace for the Gaussian.

3. The best fit k-dimensional subspace
for k spherical Gaussians is the sub-
space containing their centers.

Figure 3.5: Best fit subspace to a spherical Gaussian.

Definition 3.1 If p is a probability density in d space, the best fit line for p is the line in
the v1 direction where

vy, = arg Tnlax E [(v'x)?].
v|=1 xX~p

For a spherical Gaussian centered at the origin, it is easy to see that any line passing
through the origin is a best fit line. Our next lemma shows that the best fit line for a
spherical Gaussian centered at p # 0 is the line passing through g and the origin.

Lemma 3.16 Let the probability density p be a spherical Gaussian with center p # 0.
The unique best fit 1-dimensional subspace is the line passing through p and the origin.
If p =0, then any line through the origin is a best-fit line.

Proof: For a randomly chosen & (according to p) and a fixed unit length vector v,

T

E [(v'x)’] = E |(v

X~p X~p

(v (x = ) + v )’

= B [(v" (x = )" +2 (v"1) (v" (x = ) + (v' 1)’
(v (x
(v (x

= BV - )] +2 (V) BV (x - )] + (V)
= xlgp vl(x — u)ﬂ + (VTM)2

— 0?4 (vIp)
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where the fourth line follows from the fact that F[v’(x — )] = 0, and the fifth line

follows from the fact that E[(vT(x — w))?] is the variance in the direction v. The best fit

line v maximizes Fy.,[(vIx)?] and therefore maximizes (VT[J,) . This is maximized when

v is aligned with the center pu. To see uniqueness, just note that if g # 0, then vy is
strictly less when v is not aligned with the center. B

We now extend Definition 3.1 to k-dimensional subspaces.

Definition 3.2 If p is a probability density in d-space then the best-fit k-dimensional
subspace Vi, is
V, = argmax F (|proj(x, V)|2) ,
x~p
dim(‘\//):k

where proj(x, V') is the orthogonal projection of x onto V. B

Lemma 3.17 For a spherical Gaussian with center p, a k-dimensional subspace is a best
fit subspace if and only if it contains p.

Proof: If p = 0, then by symmetry any k-dimensional subspace is a best-fit subspace. If
p # 0, then, the best-fit line must pass through g by Lemma 3.16. Now, as in the greedy
algorithm for finding subsequent singular vectors, we would project perpendicular to the
first singular vector. But after the projection, the mean of the Gaussian becomes 0 and
any vectors will do as subsequent best-fit directions. B

This leads to the following theorem.

Theorem 3.18 If p is a mixture of k spherical Gaussians, then the best fit k-dimensional
subspace contains the centers. In particular, if the means of the Gaussians are linearly
independent, the space spanned by them is the unique best-fit k dimensional subspace.

Proof: Let p be the mixture wyp;+waps+- - -+wipr. Let V be any subspace of dimension
k or less. Then,

(|pI'OJ x, V)| ZwZ E ]prOJ x,V)|?)

If V' contains the centers of the densities p;, by Lemma 3.17, each term in the summation
is individually maximized, which implies the entire summation is maximized, proving the
theorem. ]

For an infinite set of points drawn according to the mixture, the k-dimensional SVD
subspace gives exactly the space of the centers. In reality, we have only a large number
of samples drawn according to the mixture. However, it is intuitively clear that as the
number of samples increases, the set of sample points will approximate the probability
density and so the SVD subspace of the sample will be close to the space spanned by
the centers. The details of how close it gets as a function of the number of samples are
technical and we do not carry this out here.
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3.9.4 Ranking Documents and Web Pages

An important task for a document collection is to rank the documents according to
their intrinsic relevance to the collection. A good candidate definition of “intrinsic rele-
vance” is a document’s projection onto the best-fit direction for that collection, namely the
top left-singular vector of the term-document matrix. An intuitive reason for this is that
this direction has the maximum sum of squared projections of the collection and so can be
thought of as a synthetic term-document vector best representing the document collection.

Ranking in order of the projection of each document’s term vector along the best fit
direction has a nice interpretation in terms of the power method. For this, we consider
a different example, that of the web with hypertext links. The World Wide Web can
be represented by a directed graph whose nodes correspond to web pages and directed
edges to hypertext links between pages. Some web pages, called authorities, are the most
prominent sources for information on a given topic. Other pages called hubs, are ones
that identify the authorities on a topic. Authority pages are pointed to by many hub
pages and hub pages point to many authorities. One is led to what seems like a circular
definition: a hub is a page that points to many authorities and an authority is a page
that is pointed to by many hubs.

One would like to assign hub weights and authority weights to each node of the web.
If there are n nodes, the hub weights form an n-dimensional vector u and the authority
weights form an n-dimensional vector v. Suppose A is the adjacency matrix representing
the directed graph. Here a;; is 1 if there is a hypertext link from page i to page j and 0
otherwise. Given hub vector u, the authority vector v could be computed by the formula

d
’UjO( E uiaij
i=1

since the right hand side is the sum of the hub weights of all the nodes that point to node
7. In matrix terms,

v = ATu/|A"y.

Similarly, given an authority vector v, the hub vector u could be computed by
u = Av/|Av|. Of course, at the start, we have neither vector. But the above discus-
sion suggests a power iteration. Start with any v. Set u = Av, then set v = ATu, then
renormalize and repeat the process. We know from the power method that this converges
to the left and right-singular vectors. So after sufficiently many iterations, we may use the
left vector u as the hub weights vector and project each column of A onto this direction
and rank columns (authorities) in order of this projection. But the projections just form
the vector ATu which equals a multiple of v. So we can just rank by order of the v;.
This is the basis of an algorithm called the HITS algorithm, which was one of the early
proposals for ranking web pages.
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A different ranking called pagerank is widely used. It is based on a random walk on
the graph described above. We will study random walks in detail in Chapter 4.

3.9.5 An Application of SVD to a Discrete Optimization Problem

In clustering a mixture of Gaussians, SVD was used as a dimension reduction tech-
nique. It found a k-dimensional subspace (the space of centers) of a d-dimensional space
and made the Gaussian clustering problem easier by projecting the data to the subspace.
Here, instead of fitting a model to data, we consider an optimization problem where ap-
plying