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Preface to the English Edition

When it was proposed that an English version of my book on stability
and oscillation in differential and differential-difference equations be
published, my first intention was to modify it substantially. Indeed,
although the Rumanian original appeared in 1963, most of it was
written in 1961. In the meantime, progress which deserved to be reported
was achieved in all the fields covered in the book. Many remarkable
works appeared in the United States. However, the desire not to delay
the appearance of this book too much finally prompted me to renounce
the initial plan and to content myself with making extensive changes
only in the last chapter on systems with time lag. In this chapter, only
Sections 1, 2, 5, 13-16 (Sections 1, 2, 4, 11-15 in the Rumanian edition)
remain unchanged; the other paragraphs are either newly introduced
or completely transformed. Also, Section 11 of Chapter III was com-
pletely rewritten. In the new version of Chapter IV the results concerning
stability of linear systems with constant coefficients are deduced from the
general theory of linear systems with periodic coefficients. Since the
book of N. N. Krasovskii on stability theory is now available in English,
Appendix IIT of the Rumanian edition was not included.

Throughout the text a number of misprints and oversights in the
Rumanian edition were corrected. Some new titles (89-109), considerably
fewer than would have been necessary had my original plan been carried
out, were added to the Bibliography. The notations are not always
those currently used in the American literature, but this will not create
difficulties in reading because all the notation is explained, and the
sense will be clear from the context.

I wish to express here my gratitude and warmest thanks to Dr. R.
Bellman for his keen interest in this book and for the tiring work he
kindly undertook to check the entire translation and to improve it.
It is for me a great privilege and pleasure to have this book published
in his very interesting and useful series, which in the short time since
its inception has won unanimous acceptance.

A. HaLaNnay
December, 1965
Bucharest
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Preface to the Rumanian Edition

The qualitative theory of differential equations is in a process of
continuous development, reflected in the great number of books and
papers dedicated to it. It is well known that the beginning of the qualita-
tive theory of differential equations is directly connected with the
classical works of Poincaré, Lyapunov, and Birkhoff on problems of
ordinary and celestial mechanics. From these origins, stability theory,
the mathematical theory of oscillations with small parameters, and the
general theory of dynamic systems have been developed. The great
upsurge, circa 1930, of the qualitative theory of differential equations
in the USSR began, on the one hand, with the study, at the Aviation
Institute in Kazan, of problems of stability theory with applications in
aircraft stability research, and on the other hand, in Moscow, as a
consequence of the observations of A. A. Andronov of the useful role
played by the theory of periodic solutions of nonlinear equations in
explaining some phenomena of radiotechniques. It is the period marked,
for example, by the renowned book on the theory of oscillations by
A. A. Andronov, Haikin, and Witt, and the well-known book on non-
linear mechanics by Krylov and Bogoliubov.

From 1930 on at Moscow University, a seminar was held on the
qualitative theory of differential equations with particular emphasis on
fundamental theoretical problems. The results of the first seminar
appeared in the two editions of V. V. Nemytzki and V. V. Stepanov’s
monograph, ““The Qualitative Theory of Differential Equations.” Wide
circulation of this book led to the growth of research in this area.

In the last ten to fifteen years, stability theory and the theory of
periodic solutions (to which is added the problem of almost periodic
solutions) have been given a new impulse because they represent
essential parts of the mathematical apparatus of modern control theory.

A characteristic feature of the development of the qualitative theory
of differential equations is the fact that, in solving its problems, a most
varied mathematical apparatus is used: topology and functional analysis,
linear algebra, and the theory of functions of a complex variable.

ix



x PREFACE TO THE RUMANIAN EDITION

Taking into account the great variety of problems, the choice of
material for a book devoted to the qualitative theory of differential
equations is a difficult task. The author was guided in his selection
by the idea of a systematic and consistent exposition of both stability
theory (relying in the first place on the method of Lyapunov’s function)
and oscillation theory, including the theory of small parameter systems.
In this exposition emphasis is placed on general theorems, on that develop-
ment of the theory which clarifies ideas and methods. A chapter related
to the stability theory of control systems is included, in which stress
is also placed on the most general theorems, and particularly on
the presentation of the essential contributions of V. M. Popov,
corresponding member of the Academy of the Socialist Republic of
Rumania. The last chapter takes up once again the problems of the
stability and oscillation theories within the framework of delayed systems.
In recent years, these problems have occupied an important place in the
attention of mathematicians as well as of those working in the field of
applications. In the whole work a series of results obtained inthe Socialist
Republic of Rumania are included; the last chapter particularly represents
a systematic and improved exposition of the author’s results in the
theory of delayed systems.

The Notes at the end of each chapter are intended to indicate the
sources which were consulted when writing this book or those whose
ideas are developed in the work. A few exceptions have been made such
as mentioning some fundamental ideas not included in the book
since they required too extended a development. The Bibliography
is not complete, even in the limited sense mentioned above.

THE AUTHOR



Contents

PrerackE TO THE ENGLISH EDITION

PREFACE TO THE RUMANIAN EDITION .

11
1.2
13
14
Is

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10

2.1
2.2
2.3
24

Introduction

Vector Representation of Systems of Differential Equations .

The Existence Theorem . .

Differential Inequalities .

The Uniqueness Theorem .

Theorems of Continuity and leferentlablhty w1th Respect to In1t1a1
Conditions

Notes .

CHAPTER 1
Stability Theory

Theorems on Stability and Uniform Stability .
Asymptotic Stability

Linear Systems .

Stability for Linear Systems ..
Linear Systems with Constant Coefﬁcwnts ..

The Lyapunov Function for Linear Systems with Constant Coefﬁcwnts. ..

Stability by the First Approximation . . . . . . .
Total Stability .

Linear Systems with Perlodlc Coef‘ﬁcnents

The Perron Condition .

Notes .

CHAPTER 2
Absolute Stability of Nonlinear Control Systems

The Canonical Form and the Corresponding Lyapunov Function .
Intrinsic Study of Control Systems

The Method of V. M. Popov . .
The Practical Stability of Systems thh Elements of Relay Type .
Notes . R e e e,

xi

vii

ix

0 oo

10
12

14
21
39
43
46
56
58
85
104
120
129

133
147
161
216
222



xii CONTENTS

CHAPTER 3
Theory of Oscillations

3.1 Linear Oscillations . -
3.2 Almost-Periodic Solutions of Lmear Systems .
3.3 Quasi-Linear Systems . .
3.4 Systems Containing a Small Parameter
3.5 The Method of Averaging .
3.6 ‘Topological Methods . .
3.7 Autonomous Systems . . ..
3.8 Autonomous Systems Contammg a Small Parameter ..
3.9 Periodic Solutions of the Second Kind .
3.10 A Method of Successive Approximations . .
3.11 Periodic Perturbations of Autonomous Systems . .
3.12 Singular Perturbations .

Notes . .

CHAPTER 4
Systems with Time Lag

4.1 The Existence Theorem. General Properties
4.2 Stability Theory
4.3 Linear Systems with Txme Lag .
4.4 'The Perron Condition for Systems with Trme Lag .. .
4.5 An Estimate in the Stability Theory of Linear Systems with Tlme Lag .
4.6 'The Stability of Some Control Systems with Time Lag
4.7 Periodic Linear Systems with Time Lag . .
4.8 Periodic Linear Systems with Time Lag. Stab:hty Theory . .
4.9 Periodic Solutions of Linear Periodic Systems with Retarded Argument
4.10 The Critical Case for Linear Periodic Systems with Time Lag
4.11 Almost-Periodic Solutions for Linear Systems
4.12 Systems with a Small Parameter with Time Lag
4.13 Systems with Retarded Argument Containing a Small Parameter
4.14 Almost-Periodic Solutions for Quasi-Linear Systems with Time Lag . .
4.15 The Averaging Method for Systems with Retarded Argument . ..
4.16 Other Theorems Relative to Periodic and Almost-Periodic Solutions of
Systems with Time Lag . .

4.17 Singular Perturbation for Systems with Tlme Lag .
4.18 Invariant Periodic Surfaces in a Class of Systems with Time Lag

Notes .

Appendix

A.1 Elements from the Theory of the Fourier T'ransform. .
A.2 The Permutation of the Integration Order in Stieltjes’ Integral
Bibliography . .

SusjECT INDEX

230
236
253
264
275
278
287
303
308
317
325
335

336
342
359
371
377
383
402
406
411
413
423
426
432
452
460

483
490

501
509

511
518

521

527



Differential Equations
STABILITY, OSCILLATIONS, TIME LAGS



This page intentionally left blank



Introduction

The foundations of the qualitative theory of differential equations are
the general theorems of existence, uniqueness, and continuous depend-
ence of the initial conditions and parameters. Therefore, we shall begin
by recalling these general theorems and establishing on this occasion
some lemmas which will be encountered often in the following pages.
The notation most frequently used will be described.

I.1. Vector Representation of Systems of
Differential Equations
Let us consider a system of differential equations of the form

dx; .
dt :fi(tv Xy eees xn) (l - 1, 2, cany 71).

We shall denote by x the column vector

Xy
2]
Ordinarily we shall use the Euclidean norm | x | = Va2 + --- + x2 . In

some cases it is also convenient to employ the equivalent norms

[x] = x|+ s+ o (%] = max |x;

when using these norms we shall mention it explicitly.
The derivative of the vector x(f) is, by definition, the vector

dxl
“dt

s,
dt
1
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This is not merely a formal definition; it coincides with lim,,, [x(f) —
x(25)}/(t — t,) the limit being defined by means of the norm introduced
above. The integral of the vector x(t) on [q, b} is also, by definition, the
vector

f ’ x,(t)dt

f ' x,(t)dt

This, too, is not a formal definition; one may obtain it by defining the
integral in the usual way with the aid of the Riemann sums.
Very often we will use the evaluation

‘fix(t)dt’ < fb | x(t)] dt.

We have
H x(1) dt’ _3 xl(l )dt +‘(f:x2(t)dt)2+ N (fb xn(t)dt)2$1/2.

We denote

) ]k = fl; xlc(t)dtv bk = *‘;/%JI"? .

Then

Zk;bk]k = _Eé% = \/27,%: ‘ f:x(l)dt } .
On the other hand,
zk;bk]k = Ebkf x(t)dt = f zbm(z fb\/i;’_?\/;x%(?dt

Since X, b2 = 1,

Zbk]k % \/Ex (2) dt = l x(t)| dt

which proves the above inequality.
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1.2. The Existence Theorem

In the vectorial notations introduced above, the system of differential
equations will be written

dx
B ). (1)

We shall assume in what follows that f is continuous in a domain
D cC R+,

Definition. A function ¢ defined and continuous on an interval I of
the real axis (with values in R™) is called an e-solution of system (1) on I if:

(a) (t,¢(t))e Dfortel.

(b) ¢ has a continuous derivative on I with the exception at most of a
finite number of points from I.

(c) |(dp/dt) — f[t, ()] < €, in those points where dp/dt exists and is
continuous.

Lemma I1. LetD:|t —1t,]| < a,|x — x| < b, M = max]| f(¢, ),
o = min(a, b/M). Then for any € > 0 there exists a e-solution of system
(D)in |t — ty| < asuch that o(t)) = x, .

Proof. Since f is continuous on the compact set D, it is uniformly
continuous; hence for e > 0, there exists a 6(¢) > 0 such that
| f(t, x) — f(§, %) <e for (t,x)eD, (&) eD, |t—7i| <),
| x — & | < 8(¢). Let us consider a division of the interval [¢,, ¢, -+ «] by
means of points t, << ¢, << t; *- << t, = ¢, + « such that

max | ¢, — ¢, | < min (8(5), %]‘;—)) .

We define the function ¢ on [2y, ¢, -+ «] through the relations ¢(2,) = x, ,
P(t) = p(ter) + [ [eor s p(t-))(E — 24) for £, <t < #. The
function thus defined is continuous, differentiable in the interior of
intervals (¢, t,.,). In addition, |g¢(¢) — () < M|t —1f|. For
te(t,_y, t,) it follows that # — £,_;, << 8(e) and | p(t) — p(t._1)] < 8(e).
Hence

9 it 0] = | fltens  olti) — 1t 0O <

and therefore ¢ is a e-solution. The e-solution is constructed in the same
way in the interval [£, — «, #,].
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Theorem 11. LetD:|t—t | <a,|x-x,|<b M= max,|f(t, x)|,
o = min(a, b/M). Then there exists in | t — t,| < « a solution ¢ of system
(1) with ¢(ty) = xq .

Proof. Let €, >0, €,.4 <e¢,, lim, €, = 0; for each ¢, there
exists, on the basis of Lemmal.l, an ¢,-solution ¢,, definedon | - ¢, | < «
and such that ¢,(2,) = %,; in addition, | ¢,(f) — ¢, ()] < M|t — F{. It
follows that the functions ¢, are uniformly bounded and equally con-
tinuous on | ¢ — £, | < a; hence on the basis of the theorem of Arzela
(Ascoli), there exists a subsequence ¢, uniformly convergent on
|t — ty | < « toward a function ¢. This function is continuous, and, in
addition, | ¢(2) — ()] < M|t — {|.

Let A4,(t) = (dp,/dt) — f[t, ¢,(#)] in the points in which ¢, is
differentiable and 4,,(f) = 0 in the points in which ¢,, is not differentiable.
We have

wald) = 50+ | U6.00) + 46N 40 < .

Since f (¢, ¢, (t)] converges uniformly in | £ — t, | < ato f[t, p(f)] and
4, tends uniformly to zero, it is possible to pass to the limit under the
integration sign, and it follows that

W) =2+ | fls 9915

Since f is continuous, it follows that ¢ is differentiablein | ¢ — ¢, | < «

and ¢(¢) = f[¢, ¢(¢)]. The theorem is thus proved.

1.3. Differential Inequalities

Before passing to further theorems of uniqueness and continuous
dependence of the initial conditions, we shall establish some lemmas
which are interesting in themselves.

Lemma 1.2. Let ¢ be a real function defined for ty <t <<ty + «;
we denote

D_g(t) = lim inf ﬂ%ﬂ

Let ¢ and i be continuous in [ty , t, 4 o) and with the properties:
(a) p(ty) < $(to)-

(b) D_o(t) < [It, o)), D_ih(t) = f[t, $(B)), for t [ty , tg + ). Then
P(t) < () on [ty , 1y + o).
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Proof. Let us consider the set of values ¢ from [¢,, #, + «), where
o(t) = (2); this set does not contain ¢, in conformity with the hypothesis.
If it is not void, let ¢ be its lower bound.

We have o(¢) — $(£), hence D g() < f[£ 9(&)] = /& ¥(&)]
D _f(&). Therefore it follows that there exists an interval #, < ¢ <
such that

<
3

®(t) — ¢(§) () — P(§)
t— ¢ = t— ¢ :

Hence

o(2) — (&) > ¢(2) — ¥(§),

and thus @(#) > (#), which comes into contradiction with the definition
of ¢ as lower bound. The set considered is therefore void and the lemma
is proved.

Lemma 1.3. Let f be continuous for |t — t,| < a, |y — y,| < b.

Let M = max| f(t, y)|, « = min(a, b/M), B < «. Then there exists
a solution y(t) of the equation y' = f(t, y) defined in [ty , t, -+ B] such that
¥(ty) = ¥, and with the property that if 2(t) is a solution of the equation with
2(ty) = v, it follows that 2(t) < y(2) on [t,, ty + B].

Proof. 'There exists an ¢; > 0 such that if 0 < € < ¢, the equation
¥ = f(t, y) + ¢ admits a solution in [¢,, ¢, + B]. Let ¢, > 0,
€y < €, < €, lim, ¢, =0, and y, be a monotone-decreasing
sequence tending to y,. If y,(#) is the solution of the equation y’ =
fit, ¥y + €, , with y,(t)) = y, , it follows on the ground of LLemma 1.2
that 3(t) < yuorlt) < Ya(8) in [to, o + Bl.

It follows that for any ¢ € [¢,, ?, + B8] we have

lim ,(2) = ¥(2);

hence

}gralo [f(t, Yu(?)) + €] = f(t’ (1)),
and thus
Yalt) = f(2, ¥(1))-

Since the sequence y,(¢) is monotone-decreasing, the functions y,(?)
are uniformly bounded; since the sequence y,(f) of the derivates is
uniformly bounded, the functions y,(¢) are equicontinuous. But then, on
the ground of Arzeld’s theorem, the sequence y,(?) is uniformly con-
vergent in [, , ¢, + B], and y(Z) is a solution of the equation y" = f(¢, y).

Since y, — ¥, , it follows that y(¢;) = y,. Let 2(¢) be a solution with
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2(ty) = ¥ - We have for all n, on the ground of Lemma 1.2, 2(¢) < y,,(?)
for tefty, ty + B]. For n— oo, we get 2(t) < y(t)in[t,, t, + B,
and the lemma is proved.

Lemma 1.4. Let f be continuous for |t — ty| < a, |y —y,| < b,
M = max | f(¢, y)|, « = min(a, /M), y(t) the solution whose existence
is asserted by Lemma 1.3, and w(t) a differentiable function on [t,, t, + B]
such that o'(t) < f[t, w(t)], w(t)) < y(&). Then w(t) < y(t) in [,
t, + Bl

Proof. Lete, > 0,¢,.4 <e,,lim, ., €, =0, and let y, be a monoton-
ically decreasing sequence tending toward y(f,). We have

o'(t) < fl )] <fltow@®)] +ea oty <I(t) < In

hence on the ground of Lemma 1.2, w(?) << v,(2) in [¢,, ¢, + B). There-
fore for n — oo it follows that w(¢) < y(2).in [t,, t, + B]-

Lemma L5. The equation

¥y = a(t)y + b(2).

where a(t) and b(t) are continuous on |t — t,| < o, has in this interval
the solution

y(t) = yo exp U; a(s)ds] + f: exp U: a(u‘)du] b(s)ds,

and this solution is the unique solution for which y(t,) = vy, .

Proof. The fact that y(#) is a solution is immediately checked through
differentiation. Let us show that the solution is unique. Let 7(#) be
another solution with $(2) = y,, 2(t) = F(?) —y(t) It follows that
2(t)) = 0 and 2'(t) = a(t)z(t); hence z(t) = f, s)z(s)ds Therefore,
|2(t)] < M f, | 2(s) ds. If there exists ¢, > ¢, such that f,‘ | 2(s)] ds = 0,
then z(s) — 0 for t, <t < t, and we take #, instead of 7, . We suppose
then that for ¢ > 1o we have f, | 2(s)| ds == 0.

Let o(2) = f, | 2(s5)| ds. We ‘have v "(H)/v(t) < M; hence

40
f o <MD,

and thus In o(¢) — In o(f) < M(¢t — ) for t, << << t. Thus, finally,
In o(¢) < In o(f) + M(t — ). However, for { — ¢, we have In o(f) > — o0,
since 9(t,) = 0. The inequality is contradictory, hence z(¢) = 0.
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Lemma 1.6. Let g, i, y be real functions defined in [a, b] and continuous,
x(t) > 0. We suppose that on [a, b] we have the inequality

p(t) < ¢(t) + J: x($)gp(s)ds.

Then
#0) < 40 + [ x06) exp [ xwya] s
in [a, b].
Proof. Let
R() = [ xole)ds
We have

. :
R(1) = x(t)p(t) < x(O(1) + x(0) | x(Ip(s)ds

= X(D(t) + x(OR(1)-

Let us consider the equation
#'(2) = x(£)x(t) + x(W(2)-
This equation admits in [a, b] the unique solution
4 t

#()) = | exp [ x(wdu] x(sp(ds

which verifies the condition 2(a) = 0. On the basis of Lemma 1.4 it

follows that R(#) < 2(¢) on [a, b]; hence p(2) << (2) + R(2) << (8) + 2(2),
and the lemma is proved.

Consequence 1. If i is differentiable, from o(t) < (1) + [ t x(8)p(s)ds
it follows that ¢

) < bty exp [ [ xtwu] + [ exp ([ xtwntu] 9as

Proof. We have, with the above notations,

a(t) = — f t 4(s) % exp [ f t x(u)du] ds

Il

—(s) exp [ f t X(u)du] \t 4 f t exp [ J t X(u)du] W (s)ds
—ptt) + @ exp [ xtwae] + [ exp [ [ xtia] ggas.
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Hence

Uo) + 50 = @ exp [ xtwau] + [ exp [ wwae] g 9as

Consequence 2. If iy is constant, from

W0 <+ [ xol)ds
Jollows
pl(t) < ¢ exp U: x(u)du] )

1.4. The Uniqueness Theorem

Lemma L7. Let f be defined in D € R* and | f(, x,) — f(2, x,)] <
ko) |y — % |

Let ¢, , @, , be, respectively, e,- and e,-solutions of equation (1) on (a, b),
such that for t, € (a, b) we have | ¢1(ty)] — pa(t,)] < 6. Then

]

f: exp U: k(u)du] ds

Proof. We suppose ¢, <X ¢ < b; in the interval [a, ty] the proof is
carried out in the same way. We have

| @1(s) — fIs, P9 < &y, [ @os) —fIs, @]} < ey

with the exception of a finite number of points. It follows that

() — o) < Bexp || [

+ (e + &)

in (a, b).

o)~ i) — [ fls, u(91ds

< €1(t - to)’

< fz(t — o)

#it) = olte) — [ fls, o)

and thus

e1(t) — Palt) — [pa(to) — Palto)] — f [ S5, @a(5)) —S(s, pols))]ds

i
to

< (51 + 52)(t — to).
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Hence
| 9t) — plt)] < | 71{te) — )] + (&1 + )t — 1)
[ 160D 5, o)
or
[ lt) — palt)] < | 9u(ts) — )] + (&1 + )t — 1)
[ K ) — 9 .
We apply Lemma 1.6 (Consequence 1), taking ¢ = | @y(t) — @a(?),

b= (e + )t — 1) + | pulty) — ?2(’0)1: x = k().
We get

[ @i(t) — @at)] < | i(ty) — @alto)| exp [f: k(s)ds]

; t t
k(u)du| ds,
+ (g —|—e2)ft0exp US (u) u] s
and the lemma is proved.

Theorem 1.2. If
LA %) — S8, %)l < R() | %1 — %, |

tn D C R" and @, , , are two solutions of system (1) with ¢,(t,) = y(t,),
then @,(t) = @y(t) in the interval (a, b) in which these solutions are defined.

Proof. In Lemma 1.7 we may take 8§ = 0, ¢, = ¢, = 0, and we get
| @u(t) — alt)] = O.

Theorem I.1 shows that the solution of system (1) exists in a neigh-
borhood of the initial point. An important problem is the extension of the
solution on as large an interval as possible. Let ¢(¢) be a solution of
equation (1) defined in (a, ). Then

o) = 9t + | 115,906

Ifa <t <ty <b,itfollows that | ¢(t,) — ¢(t,)| < jﬁj | f(s, p(s))] ds <
M(t, — t,); hence lim,,, ., ¢(2) and lim,, ,_, ¢(?) exist. If the point
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(b, (b — 0)) is in D, the function & defined through &(¢) = ¢(¢) for
te(a, b), $(b) = p(b — 0) is a solution of the system in (a, b); this
solution may be extended for # > b, by taking & as the initial point and

(b — 0) as the initial value. From this it follows that a solution may be
extended as long as it does not leave D.

1.5. Theorems of Continuity and Differentiability
with Respect to Initial Conditions

In what follows we shall denote by x(z; £, , x,) the solution of system (1)
which for ¢ = #, takes the value x, .

Theorem 1.3. If | f(t, %)) — f(t, x5)] < k(f) | %, — x5 | in D, then
from x, — x, follows x(t; 1y, x,) — x(¢; ty, %,).

Proof. We have

x(t; ty, x,) = %, + J’i s, x(s; 24, x,))ds,

¢
x(t; 1, x) = x4 + J’ s, x(s; ty , xo)]ds.
to
It follows that for ¢ = ¢,
| x5 tg , x,) — %25 2y, %)

<l g+ [ 105565t )] — £ s 10, 5]

t
< |z, — %) + J’ R(s) | x(s; 2g , x,) — x(55 8y, %)| ds.
ty
Applying Lemma 1.6 (Consequence 2), we have
t
| x(t; ty, x,) — 2(t; 2o . xg)| < | %, — %, | €xp U k(s)ds] ,
to

and the theorem is proved.

Remark. It follows from the proof that the convergence is uniform
with respect to ¢ on any interval [a, b] on which the solutions are defined.
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Let us assume now that f(#, x) is differentiable in D, for ¢t € 1. That
means that for any x, € D, t € I, we have the relation

f(t, %) — f(t, %0) = fult, %e)(x — %) + o(| & — o {).

Let us consider now a solution x(Z; ¢, , x,) lying in D for te l.

Theorem 1.4. If f is differentiable in D for tel, and x(t;t,, x,)
isin D for te€l, then x(t; t,, x,) is differentiable with respect to x, and
ox(t; by, %4)/0%y 15 a fundamental matrix of solutions of the linear system

d_y — (¢, x(t; ty 5 %))
dt ox s

called the variational system corresponding to the solution x(t;t,, x,).

Proof. Let x; be such that the solution x(¢;¢;, x,) 1s in D for all
tel Let Y(¢,¢) be a fundamental matrix of the variational system,
i.e., a matrix whose columns are solutions of the variational system such
that Y(¢,, t,) = E, E being the unity matrix. Then Y(¢, £,)(x; — x,)
will be a solution of the variational system which for ¢ = ¢, coincides
with x; — %, .

We have the relations

4
t
ety ) = % [ fls i to, 5ol

t
Mty ) = x| fls 2(si o, m)Ms,

Y(t, to)(xy — 3) = % — % + | : ﬂx(g%@ Y5, to)(xy — x,)ds.

It follows that
x(t; by, %) — *(t5 2o, %0) — Y (2, to)(%; — %)
t
= [l atsi 1o 20) — £l s 0 50)

_ ?L[&L(:)M Y(s, to) (%, — xo){ ds.

X
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Taking into account the hypothesis on the differentiability of the function
/> we deduce

x(t; by, %) — x(t; by, %) — Y (2, to)(%, — %p)

— [ el o5t st to, ) — 2053 10, 30) — Vs, 1o}, — 5ol

+ f o(| x(s5 2y, xy) — x(s5 8y, x,)|)ds.

On the basis of the relation in the proof of Theorem 1.3, it follows
that

5053 ta, %) — (53 10, w)] < exp ([ :ok(s) as) | 5y — |3
hence
of| x(s5 2y, %) — x(s; tg, %)) = o(| %, — x,])
for fixed z. Consequently,
| 2(t; ty, x) — x(t; ty, xp) — Y(2, to)@ — )|
< [ K9 1o 0, ) = (s o, 50) = Y065 (s — 5] s+ 0 5, — 30
Thus on the basis of Lemmal.6,

| x(t; 29, %1) — x(t; 2y, %) — Y (2, to)(xy — %p)| = 0| %, — %),

which proves the theorem.
Analogously, we can prove a theorem concerning the differentiability
with respect to 7, and, generally, with respect to parameters.

NOTES

For the general theory of differential equations see [1] and [2]. In a
form analogous to that presented here, this general theory may be found
in [3-6]. Questions related to the differential inequalities are discussed
in [7].



CHAPTER 1

Stability Theory

The general theorem (I.3) on continuous dependence of initial
conditions shows that the problem of determining the solution through
initial conditions is correct; it has a physical sense.

Indeed, practically, the initial conditions are determined by means of
measurements, and every measurement can be only approximate.
The continuity with respect to initial conditions expresses precisely the
fact that these errors of measurement do not affect the solution too
seriously, and Lemma 1.7 shows that they also do not affect the approxi-
mate solutions too seriously. In other words, if an admissible error € is
given for the solution, there exists 8§ > 0 such that if when establishing
the initial conditions the error is smaller than 8, we may be sure that the
error in every €/2-solution determined by this initial condition is smaller
than e.

It must be stressed that this property is set up on a finite interval
(a, b) of variation of ¢; 8 depends upon the size of this interval and
decreases when the size of the interval increases. It follows that a solution
will have a physical character in reality only if for sufficiently large
intervals § is sufficiently large, of the order of the errors of measurement.
This can be achieved by requiring that & skall not depend upon the size of
the considered interval. We thus reach the notion of stability in the sense
of Lyapunov.

Another way to attain this notion is the following. We consider the
solution of a system which describes a certain phenomenon. Let us
suppose that perturbations of short duration have occurred during the
development of the phenomenon which cannot be exactly known and
hence cannot be taken into account in the mathematical description of
the phenomenon. After the stopping of the action of these perturbations,
the phenomenon will be described by the same system of differential
equations as before their occurrence. But what has happened? The
phenomenon was modified under the influence of the perturbations;
hence the value corresponding to the moment when the perturbations
have stopped their action will be different from the one given by the
solution initially considered. It follows that after the stopping of the
perturbations’ action, the phenomenon will be described by a solution

13
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other than the initial one. In other words, the effect of some perturbations
of short duration consists in the passing from a solution with certain
initial conditions to a solution with other initial conditions, the initial
moment being considered the moment when the perturbations stop their
action. Since these kinds of perturbations are neglected in every mathe-
matical model of natural phenomena, it-is necessary, to correctly describe
the phenomenon and confer a physical sense upon the mathematical
solution, that slight modifications of the initial conditions should not have
too serious effects on the solution. This condition is always assured on a
given interval (a, ) by the theorem of continuity with respect to initial
conditions. The same reasoning as before lets us consider as necessary
the independence of § with respect to the size of the interval and leads us
therefore to the notion of stability of the solution.

1.1. Theorems on Stability and Uniform Stability

We shall now be concerned with the precise definition of stability. Let
us consider the system

dx
&~ f) (1)
and let #(¢) be a solution of the system defined for ¢ > ¢, .

Definition. We will say that the solution %(t) is stable if for every e > 0
there exists 8(e; ty) such that if | Z(t,) — %o | << & there follows | &(t) —
x(t; by, %) < efort = t,.

There are circumstances in which not all the solutions of a system of
differential equations have a physical sense. It is obvious that in such
cases we are not interested that all the solutions whose initial conditions
are close to those of solution #(f) remain in the neighborhood of this
solution; it is sufficient that this property occurs only for the solutions
having a physical sense. We thus reach the following specification of the
notion of stability.

Definition. We will say that the solution %(t) is stable with respect to a
set M of solutions if for every ¢ > O there exists 8(e; ty) such that if
| xg — &(2,)| << 8 and the solution x(t; t,, x,) belongs to the set M, then
| x(8; 2y, xp) — X()| < efort =1,.

If #(2) is the solution whose stability we are studying (we stress on this
occasion that we always deal with the stability of a certain solution,
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which we suppose to be known), by the change of variables y = x — £(¢)
we can always reduce the problem to the study of stability of the solution
y = 0. Indeed, we obtain

b B fa, ) — 1 50) = ity + #0) — ft, 50) = F(),

and the new system dy/dt = F(t, y) admits the solution y == 0, corre-
sponding to the solution ¥ = #(f). The condition | &(t,) — x, | < 6 is
now |y, | << 8 and | x(t; ¢y, x,) — ()] < € is now | y(4; &y, ¥o)| << e

Lyapunov has called the system obtained in this way the system of
equations of the perturbed movement; the sense of this denomination
resides in the fact that the new unknowns y actually represent the
perturbations suffered by the movement %(¢). By passing to the system
of equations of the perturbed movement, we can say that the stability
of the movement is reduced to the study of equilibrium stability.

In all that follows we shall consider only the problem of the stability
of the trivial solution x = 0.

Theorem 1.1. Assume that there exists a function V(t, x), defined for
t =0, | x| < 8, continuous and with the following properties:

(a) V(t,0) =0.

(b) V(t, x) = a(| x |), where a(r) is continuous, monotonically increasing,
and a(0) = 0.

(c) V*(t) = V(t, x(t)) is monotonically decreasing for all solutions x(t)
of system (1) with | x(ty)| < & .

Then the solution x = 0 of the system is stable.

Proof. Let € be a given number, 0 <C € << §,, and 8(e; ¢;) chosen such
that | x, | << 8 implies V{(¢,, x,) << a(e); such a choice is possible, since
V(t,,0) = Oand V(¢,, x) is continuous.

Let x, be a point with | x, | << 8; consider the solution x(¢; ¢, , x).
The function V*(t) = V(¢, x(t; t,, x,)) is by hypothesis monotonically
decreasing; hence

V() < V(to) = Vito, %(te; to , %)) = V(to, %o)-
It follows that
a(| x(t; 1y, %)) << V(¢t, x(t; ty , %)) < Vty, %) < afe).

Since a(r) is monotone-decreasing, it follows from here that | x(¢;
ty, %) < € for every t > t,; hence the solution remains in | x| < §,,
where V is defined, and the theorem is proved.
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Remarks. 1. If V is differentiable, the function V*(¢) is differentiable
and we have

dv* ov oV  dx ov

=t (aod) =t (e Te9)

since x is the solution of the system of differential equations.
The function

ov(t, x)

Wit, %) — < n ( 8V(t x)

St %))

is called the total derivative of the function ¥ with respect to the system.
Condition (c) of the theorem is evidently satisfied if V is differentiable
and W(t, x) < 0.

2. The stability of the trivial solution obviously implies that the
solutions with initial conditions in a neighborhood of x = 0 are defined
for every t > t,, since the fact that | x(¢;¢,, x,)| < € assures the
possibility of extension, the solution remaining in the domain in which
the conditions of the existence theorem are fulfilled.

3. Let us analyze the theorem if we only want to obtain the stability
with respect to a manifold M of solutions. It is sufficient to require
that V(¢, x(2)) > a(| x(t)|) and V(¢, x(¢)) be monotone-decreasing only for
solutions x(¢) belonging to the manifold M of solutions; we may also
assume that the function V(¢, x) is defined only in points (¢, x) on the
graphs of the solutions in M and is continuous only in these points. The
theorem will be formulated as follows.

Suppose that there exists a function V(t, x), defined and continuous on the
intersection of (t > 0, | x | < 8,) with the union of the graphs of solutions
in M, with the properties V(t, 0) = 0, V(¢, x(t)) = a(] x(2)}), V(¢t, »(t))
monotone-decreasing for every solution x(t) of M. Then the trivial solution
of the system is stable with respect to M.

The notion of stability defined above has the disadvantage of depending
on the initial moment #,; the value 8 of the permissible initial deviations
depends not only on the deviation permissible for the solution, but also
on the initial moment. Or, if we return to the problem of perturbations
with an action of short duration, it is obvious that such perturbations
may occur in different moments of the development of the phenomenon,
and these moments (more exactly the moments when the perturbative
action stops) are precisely considered as initial moments. Hence, to
confer a greater physical value to the notion of stability introduced, it
is desirable that the initial admissible perturbations which have no
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detrimental effect do not depend upon the initial moment. Thus we
reach the notion of uniform stability.

Definition. The trivial solution x = 0 is satd to be uniformly stable
if for every € > Q there exists 6(e) > O such that if | x, | < 8 it follows
that | x(t; 1y, x,)| << efort = t,, whichever be t, .

The difference with respect to the preceding case considered consists in
the independence of 8(¢) from ¢, .

Theorem 1.1°.  Assume that there exists a function V(t, x) defined and
continuous for t > 0, | x | << 8, , with the following properties:

(a) V(t,0) = 0.

(b) a(| x|} < V(t, x) < b(| x|), a(r) and b(r) being continuous, monotone-
increasing, and a(0) = b(0) = 0.

(c)y V*(t) = V(t, x(t)) is monotone-decreasing for every solution x(t)
of the system with | x(t)] << 8, .

Then the solution x = 0 s uniformly stable.

The corresponding statement for uniform stability relative to a
manifold M of solutions is obvious.

Proof. Let 0 < e < 8, and & = b~ a(e)]; let x, with |x,| << .
Consider the solution x(¢; ¢, , x,). The function V*(t) = V[, x(¢; ¢, , x,)]
is monotone-decreasing; hence

V(1) < VHtg) = Vtg, 2(tg; 1o, %)] = V2o, x0) < b(1 %0 1) < 5(8)
= b[b~Y(a(e))] = a(e).

It follows that
a(l x(; 1y , %)) < VH(t) < ale);

hence
L x(t; 2o, %) < € for t>1,.

Theorem 1.2. If the trivial solution of the system is uniformly stable,
there exists a function V(t, x) with the properties of the preceding theorem.

Proof. Put V(t, x) = sup,.,| (¢ + o; t, x)|. The function V(¢ x)
isdefined forz > 0, | x | < 8, = sup 8(¢). From

| x(t + 058, x)| < e(] x1),

where €(8) is the inverse function of the function &(e¢) (which may
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be chosen continuous and monotone-increasing), it follows that
V(t, x) < €(| x{). Further on,

sup | x(¢t + o5t x)| = | x(t; 8, x)] = | x|;
=0

hence
V(t,x) = | x|

Finally, let

VX() = V[t, x(8; ty , %)] = sgloa | x(t + o3 t, x(2; 5, %))l
= sup | 2(t + 0524, %))
020

Lett; > t,,d =t, — t,. We have

V*(ty) = sup | 2(t; + 03 8y, %p)| = sulg | %(ty +d + o3ty , xp)|
>0 >
= sup [ x(ly + a3 1y, %)| < sup | (2, + 05 4y, %)l = VH(2p);
oxd =0

hence V*(¢) is monotone-decreasing. The theorem is proved.
Let us consider now a system of the form

dx dy
at X(t: X, J’), - Y(t! X, y)» (2)

where X and Y are defined for ¢t > ¢t,, | x| << H, y arbitrary (x, y
vectors), X(¢,0,0) =0, Y(£,0,0) = 0.

Definition. The solution x = 0, y = O of the system is said to be
stable with respect to components x if for all € > Q there exists & > 0
(depending on e and t,, and in the case of uniform stability only on €) such
that, if | xy | + | yo | <C 8 1t follows that | x(; ty, %y, yo)| << efort = t,.

Theorem 1.1”.  Suppose that there exists a function V(t, x, y) defined
fort = t,, | x| < H,y arbitrary, with the following properties:

1. V(t, 0,0) = 0, V(¢, x, ¥) continuous for x = 0,y = 0.

2. V(t, %, 9) = a(lx|) with a(r) continuous, monotone-increasing,
a(0) = 0.

3. V[t, x(t), y(¢)] s monotone-decreasing for every solution x(t), y(t) of
the system with | x(t)| < H.
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Then the trivial solution of system (2) is stable with respect to components
x. If, in addition, V(t, x, y) < b(| x| + |y |), where b(r) is as in Theorem
1.1', then the stability is uniform.

Proof. Let € > 0, 8 > 0 chosen such that V(t,, x,, vy << a(e),
iflag ! + 1yl <& V(2 y) <b(lx]+ |y]), wetake d = b[a(e)).

Consider the solution x(2; ¢y, X, , Vo), ¥(t; to, %o, ¥o) and the function
V*(t) = V¢, x(8; ty, x4, Yo)» ¥(t; 1o, X9, ¥o)] Which is, by hypothesis,
monotone-decreasing. It follows that

a(| x(t; ty , %o, ¥o)) < VH(E) < Vi) = Vlto, %9, ¥0) < ale);

hence
| (t; o, %o, Vo)l < € (for t = t,).

Theorem 1.2'. If the solution x = 0, y = O of system (2) is uniformly
stable with respect to the components x, there exists a function V(t, x, y)
with all the properties of the preceding theorem.

Proof. We take V(¢, x, y) = sup,, | x(t | o; ¢, x, ¥)|. Obviously,
Vi, x,y) <elx|+{yl) and V(%) =[x
Further,
VX)) = V[, x(t; ty, %q , Yo), Y& to » X » Vo))
=sup | x2(t + a5 t, %(t; ty, %9, Vo), Y5 Ly, X9 5 Vo))l

az0

= sup | x(t + a, to > Xg vyO)l'

a>0
Lett, > t,,d = t; — t,; we have
V() = i;op | x(ty + o5 29, %05 Yo)l
= i‘;g | %(t, + d + 05ty , %, o)l

= S‘iﬁy x(ty + 03 1y, %9, Yo)| < Sl;[; | (2, + a3 5, %0, ¥0)l = VHta);

hence V*{t) is monotone-decreasing.

Let us emphasize some particularities of the systems which are
periodic with respect to z. In system (1) let f(z + w, x) = f(¢, x). Then,
if x(¢; t, , %,) is a solution, x(t + w; ¢, , x,) is also a solution. From here, if
system (1) satisfies the conditions of the uniqueness theorem, it follows
that

x(t + w; by + w, %) = x(1; 1y, %),
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since in both members of the equality we have solutions of system (1),
and these solutions coincide for ¢t = ¢, .

Proposition 1. If f(t + w, x) = f(t, x), the stability of the trivial
solution of system (1) is always uniform.

Proof. For fixed ¢,, let 8,(¢;) = sup..o (e, t;).
Let 8 = infyy ., 8¢(2); 89 > O, since §y(¢;) may be chosen continuous.
For 0 << & < §, define

€(8) = sup | 2ty + o} 1y, %)\
az0

The function €(8) is monotone-increasing; let &(e) be its inverse.
For | x| << 8(€) it follows that | x(¢; 5, x,)] << € for every 0 < £, < w.
For t, > O arbitrary, we have kw < t; < (kK 4 1)w; hence 0 < ¢, —
ko < wand | x(t;ty, %) = | x(t — ko, ty — ko, )| < €(8)if | x4 | < 3;
hence | x(t; t,, x,)] << €if | x5 | << 8(e).

Proposition 2. If f(t + w, x) = f(t, x), the function V(t, x) from
Theorem 1. 2" is periodic of period w.

Proof. We have V(t 4 w, x) = sup,o | #(t + @ + 05 £ + o, x)| =
Sup,-o | 2(t + o3 t, x)| = V(t, x).

A particular case of periodic systems is constituted by systems in which
f does not depend on ¢. It follows that for such systems the stability
is always uniform and the function ¥V may be chosen independent of .

Definition. A solution x(t) of system (1) is said to be unstable if it is
not stable.

Now let us formulate a theorem which allows to recognize the insta-
bility of the trivial solution x = 0.

Theorem 1.3. If there exists a function V(t, x) with the properties

1. | V(t, x)| < b(] x |), where b(r) is monotone-increasing and continuous,

2. For every 8 > 0 and every t, > 0 there exists x, with | x| < 8
such that V(t,, x,) < 0,

3.

lim sup V(t + h, x(t + h,t,x)) — V(¢ x) < —c(lx 1)

R0+ h

where ¢(r) is monotone-increasing and continuous, ¢(0) = 0, then the
solution x = Q of the system is unstable.
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Proof. Let us suppose that the solution is stable. Then for every ¢ > 0
and ¢, > O there exists 8(¢, t;) > O such that | x,| < & implies that
| 2(t; ty, x4)| < e for t > t,. Choose x, such that |x;| <8 and
V(ty s x4) < 0.

From | x,| << 8 it follows that | x(t; t,, x)| < €; hence | V(2, x(t;
ty, %) < b(|x(t; ty, %)) < b(e) for every t = t,. From condition 3
it follows that V{(t, x(¢; t, , x,)) is monotone-decreasing; hence for every
t = t, it follows that V{(t, x(t; t,, x4)) << V(ty, %) << 0; hence | V(¢, »(t;
ty, %)) = | V(ty, %); hence b(| x(t; ty, x0)l) = | Vo, %o)|; hence
[ %(2; g, x0)) == b7Y(]| V(2y, %)|). From condition 3 it follows that

V(t + h, x(t + h; ty, x5)) — V(2, x(2; ty , x5))

lim sup < —c(l %(t; 1 5 x0)1);

o0+ h
hence
Vit ot g, %) < Vitor %) — [ j o] *(u; 10 , %))
From 0

| %(t; 2o, %)l = 671 V2o, o)1)
it follows that
e(| %(t; to , %)) = c[bX(] Vito , %o)))];
hence
Vit, x(t; 1y, %)) < Vg, x0) — (8 — to)e[b2(| V(2o , %o)1)]-

But this means that

%im V(t, x(t; 1y , x,)) = —c0,

which contradicts the fact that
P V(2 x(2; 8, x0))] < b(e).

Remark. Analyzing the proof, it is obvious that the existence of a
function V' with the properties of the statement implies a very strong
instability: for every € > 0, every £, > 0, and every 8 > 0 there exists
xp with | %, | << 6and T > tysuch that | x(T; ty, xp)] = e

1.2. Asymptotic Stability

Very often it is not sufficient merely that perturbations of short
duration do not lead to large changes in the solution. We may also require
that the effect of these perturbations be damped down, that they disappear
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after a sufficiently large interval of variation of £. Thus we come to the
notion of asymptotic stability, which we shall define in what follows.

Definition. The solution x = 0 is said to be asymptotically stable if it is
stable and, in addition, there exists a 8y(t,) > O with the property that if
| xy| << 8, then

ltl_r)g x(t; ty, x,) = 0.

The solution x = 0 is said to be uniformly asymptotically stable if there
exists a 8y > 0 and functions 8(e) and T(¢) with the property that | x| < 8
implies | x(t; 1y, x5} << e for t = ¢y, and |xy| <8y, t =ty + T(e)
implies | x(t; ty, %) < e.

Uniform asymptotic stability means uniform stability and lim,, . x(¢;
ty, x,) = O uniformly with respect to ¢, and x,(t;, = 0, | x| << 8,).

Proposition. If|f(z, x,) —f(t, x,)| << k() | x;—x,|int =20, x| < H,
and _[io k(s)ds = O(t — t,), then the existence of the function T(e) is
sufficient for uniform asymptotic stability.

Indeed, let € > 0 and T(¢) be the corresponding value; we choose
8(¢) such that | x| < 8 implies | x(¢; t,, xy)| << e for ty <t <t + T.
Such a choice is possible on the grounds of Lemma 1.7 upon taking
1 = x(L; Ly, Xo), pp = 0, ¢, = €, = 0.

We have

o+ T
|t tg, =0)| <Sexp [T kwdu]
to
and hence
to+T(e)

8 < eexp [—J k(u)du] H

to
taking into account the property imposed to k(u), it follows that 8
depends only on e.

Theorem 1.4. Suppose that there exists a function V(t, x) defined for
t > ty, | x| < H continuous, and with the following properties:

(a) V(t,0) = 0.
(b) V(t, x) > a(| x |), where a(0) = 0 and is continuous and monotone-

increasing.

(c)
lim sup Ve + hyx(t 4+ b by, %)) — V[t x(8; 8y, %)) <

ho0+ h

—C[V(t, x(t, to ’ xO))]’

where c(r) is continuous and monotone-increasing, c(0) = 0.
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Then the solution x = 0 is asymptotically stable.

Proof. On the basis of Theorem 1.1, the solution is stable. By
hypothesis, V(¢, x(#; #,, %,) is monotone-decreasing; hence the limit

Vo = ltim VIt, x(; ty , xo)]

exists. If ¥, £ 0, we have ¢(V;) # 0, and since ¢(r) is monotone,

V(2 2(2; 2 , %0))] > (Vo).

Hence
—c[V(t, x(t; 1y , xo))] < —e(V)
and
lix’gggp V[t + b, x(t + h; tO,ZO)] — Ve, x(t; ¢y , %)] < —o(Vy.

Integrating, we have
Vit, x(t; ty, x0)] — Vitg, %) < —c(Vo)(t — &)
Thus V[t, x(¢; t,, x,)] converges to —o0 as ¢ — oo, which contradicts
the fact that
V[, x(t; ty , x,)] = a(] x(t; £y, x0)])-
It follows that V, = 0; from VTt x(¢;¢,, x,)] — O, it follows that

a(| %(¢; ¢y, %)]) — 0, and thus that | x(z;¢,, x,)| = 0 when ¢ — 0.
This proves the theorem.

Remarks. 1. Consider the system

‘2_’: — X(t, %, ), ‘% — Y(t,x%y), X(1,0,00=0, Y(z0,0)=0.

Suppose that there exists a function V(¢, x, y) continuous and with
the properties V(¢, x, y) > a(| x|), V(¢ 0,0) =0,

Vot 4+ hy — V1) <

; —eVo(®),

lip gup
where
Va(t) = V[t’ x(t; to » %o 5 yo)v y(t; tO » Xg» J’o)]-

Then the solution x = Q, y = 0 is asymptotically stable with respect to
components x.
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Indeed, the proof develops as above. We deduce that
ltllg V[ts x(t; Ly, %o, J’o), y(t; Ly, X vyo)] = 0’
and therefore that
ltl_fg a(| x(t; ty, %o, ¥0)) =0,
and thus that

ltixg x(t; by, X, ¥g) = O.

2. It is easy to see that the definition of asymptotic stability, as well as
the whole theorem, may be related to a manifold M of solutions.

Theorem 1.5. Suppose that there exists a function V(t, x) with the
following properties:

a(j x{) < V(t, x) < b( x ),
lim sup V[t + h, x(t 4 h; ty, %0)] — VI, #(2; 1y, %)) <

h—-0+ h

—c(| x(t; 2y, %))

Then the trivial solution of thersystem is uniformly asymptotically stable.
Proof. Lete > 0,8(e) < b'[a(e)]; if | x | < 8(¢) we have
a(] x(t; to , %o)l) < V[, %(2; 2, %0)] < V{2, %o)
< b(| % 1) < b(3) < ale),

and thus | x(¢; ¢y, xy)| < efort >1¢,.

Let | x| < H be the range in which the conditions of the statement
are satisfied and define 8, = 8(H), T(e) = b(8,)/c[8(¢)]. Let | x, | << .
Suppose that in [t,, t, + T, we would have | 2(¢; ¢, , %o)| = 8(¢). Then

lim sup V[t + h; x(t + k3 1y, ;clo)] — V[t; x(t; to , %)) < —8(e)]

h-04+

for te[t,, ty + T], and integrating,
Vt, x(t; 1y, %0)] — Vo, %o] < —c[3()t — 2,),
VIt, %(t; 2y, %0)] < Vty, %] — €[3(e)](t — o) < b(8o) — [8()](t — 1,).
For t = t, -+ T we get
V[t, x(t; Lo » %4)] < b(8g) — c[8()]T =0,
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which is a contradiction. It follows that there exists a t, € [y, ¢, + T]
such that | x(2;; ty, %o)| << 8(¢), and that | x(¢; ¢y, xp)] << e for t > ¢,
and therefore in every case for ¢t > t, + T(e).

Remarks. 1. If

lim a(r) = lim b(r),

then

lim 8(¢) = oo,

€>®

and if the properties in the statement hold for all x, then it follows that
8, = c0. In this case we say that we are concerned with global stability,
or stability in the large.

2. As above, it is obvious that if we are in the situation of remark 1 of
the preceding theorem, and function V(¢, x, y) verifies the conditions

a(jx) < V(L xy) <blx|+ 1)

Ve(t + k) — V(2)
h

lim su
h-04+ p

< —c(| %(t; ty , %, Yo)| + | (85 £0 5 X0, Yo)I)s

then uniform stability holds with respect to the components x. Indeed
it is shown, as in the proof of the theorem, that there exists a
t, €[ty , tg + T] such that

| %(ty5 8y, %o, Yo)l + | Yt tg s X, Vo)l < 3(e);

then everything follows from the property of 3(¢).

3. The evaluation of the numbers 8(¢), 8y, T(¢) is very important in
practical problems. Let us remark that from the proof of the theorem
it follows that if we have available a function F(¢, x) and functions
a(r), b(r), c(r), then we can take 8(e) = b~'[a(¢)], & = 6(H). When V is
defined for every x, 8, = lim,,, 8(¢) = b71[a(0)], T(e) = b(8,)/c[8(¢)].

Let us make now some remarks in connection with uniform asymptotic
stability.

1. In the definition of uniform asymptotic stability there enter
functions 8(¢) and T(e). Let us prove that these functions can be chosen
continuous and monotone.
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Proof. Let ¢, be a positive sequence, monotone, converging to zero,
81(¢) = sup 8(e,,q) for €, < e <e,; x| <8(e) implies | x(t;
to, %) < €41 < € for t > ty. Define 8*(¢) linear in [e, ., €,] and
8*(€ny1) = Oy(€nt), 8%(€n) = 8y(€p1a). Since 8y(e, ) < 8y(e,) [Oa(ey)
having been defined as an upper bound of the set of numbers § with the
property that | x,| << 6 implies | x(¢; ¢y, %,)| < €,], and in addition
81(¢,) — 0 when n — oo, it follows that 8,(e,.,) = 84(¢,) only on finite
parts of the sequence, which we can eliminate, with the result that
81(e,), and hence 8*(¢) be made strictly monotone-increasing. The
function 8*(e) will be continuous, strictly increasing, §*(0) = 0. The
inequality | x, | << 8*(¢) implies that | x, | < 8*(e,) = 81(€pq1)(€piy <
e < €,); hence | x(t; ty, x4)] << €,., << €. Thus 8*(¢) has all the required
properties.

Analogously, let Ty(e) = inf; T(e,.,) for ¢, << € < ¢,; then
| x5 | << 8gand t = t, + Ty(€) implies | x(¢; ¢y, x4)| << €07 < €. Define
T*(e) linear in e, €] and T*(eyr) = Ta(enes)y T*(en) = Ti(ensa).
Since T(€,41) = Ti(e,) [Ti(e,) having been defined as the lower bound
of numbers T with the property that t > ¢, + T implies | x(¢; ¢, , x,)]
< €,, and Ty(e,.,) has this property], and lim,_, T(e,) = oo, the
equality Ty(e,,1) = Ti(e,) may occur only on finite parts of the sequence,
which we can eliminate.

The function 7T*(e) is monotone-decreasing, continuous, with
lim_,, T*(e) = co. Further, ¢t > t, + T*(¢) implies t > ¢, + T*(e,) =
to + Ti(ensa); hence | x(t; 8y, %)l < €pyy < 6if €y e <gy.

2. Let €(8) be the inverse of the function 8(¢) and n(7") the inverse
of the function T'(n); we have |x(f;ty, x0)] < €(| x5 |) for ¢t = ¢,
| 2(t; ty, %)) < m(t — t) for t = ¢4, | %5 | << &, . It follows that | x(z;
ty, Xo)2 < €(} xg In(t — ty) for |xg| <<8,,t >1t,. Consequently,
uniform asymptotic stability is equivalent to the existence of two functions
x(r) and (T), the first monotone-increasing, the second monotone-
decreasing, such that

| %25 tg» )| << x(| %9 N(E — 2,)-

3. If x(r) is linear and | f(¢, x)| << L(r) | x | for | x | < r, the stability is
exponential; namely, there exist constants « > 0 and 8 > 0 such that

| %31, %)l < Bem™!""t) | x|
Define the Lyapunov function

t+T
V(t, x) :f | x(r; £, x)[2 dr.
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We have | x(2; ¢, , x,)| < k| x, [4(0). Thus

| x(7; t, x)| << kp(0) | x| (for 7 = 1),

and
Vi) < [ K40 | 52 dr = TYHO) | I
Furthermore,
—;7 x(r; t, x) = f(r, 2(r; 8, x)),
(x(7; t, x), 757 x(7; t, x)) = (x(7; t, %), f(7, 2(7; 2, x))).

Hence

li [ x(7; t, x)|2 = (x(7; t, x), f(r, x(7; t, x)))

2 dr T T TASAD P )

If | x | < 7y, itfollows that

[ (75 2, x)] < Rp(O)ry

and
LSt x(75 8, %)) < L(ry) | x(75 ¢, %)

From this we deduce

L st 9P| <L) st )
-
4 In | x(r; ¢, x)|> = —2L(ry), [ 2(rs 2, x)|2 = e Hm)-0) | x |2,

dr
It follows that
t+T T
V(t,x) 2 w2 [ et ndr — 5]t [ etboonds
t 0

Finally, o T) | x |2 << V{(¢, x) << B(T) | x |2. Furthermore,

t+T i+T
Vit s(ts ty, w)] = [ 1 atrs 11t tg, s dr = [ 7 st 1o, )l

%’ VIt (25 10, )] = | %(2 + T to, x)|* — | a(t; 2y, %) [
= (Jx(t + T;t,%(t; ¢, xo)) | — | x(; 8o, %) )(| 2(t + T Ly, %) 1 x(t; 2o, %))
< (RU(T) | x(t; tg s xo)|—1 %(2; 29, x) )| (2 4 T3 2y, x0)|+| x(1; £y 5 %))
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We choose T sufficiently large so that (T) << 1/2k, or kf(T) < 1/2. We
obtain finally,

d

ar V(t, x(t; 8y, %)) [ x(2, 2g, x)|(] (2 + Tty , xo)| + | 2(2; 1y, %o)])

1
2
— 3 [ x(t; 1y, %)%

VANAN

Exponential stability follows immediately from the existence of a
function V(¢, x) with the above properties. From

V(t, x(t; ty , x0)) < B(T) | x(t; 1y, x,) |2
follows

- ! x(t; tO ’ xo)!2 5(1 ) V[t x(t 10 ’ xo)]
and thus

7dt~ Vi, x(2; 1y, %)) < V(t, 2(¢; tq , %))-

2B(T)

From this we obtain

T |3 o 1 < Ve (03 1o 30) < Vil 20 xp [ = 57 (¢ — 1)

<BT) | %0 exp [ — s (£ = 10)].
and finally

: 2 o BI) 1 2.
L x(t; g, %)|2 < ATy P [— 3BT (t — to)] | %o 12

1e.,

| %(2; o 5 %)l <\/ (T) ZB(l—TS(t _to)] [ % |

4. From what has just been proved, it follows that if f(¢, x) is homo-
geneous in x of first degree, then uniform asymptotic stability implies
exponential stability.

Indeed, if f(¢, x) is homogeneous in x of first degree, it follows that
x(t; ty , kxg) = kx(; ty , x). We have solutions of the equation for both
members of the equality, and these solutions coincide for ¢ = ¢,.
Indeed,

s kx(t by, Xo) = k x(t Ly, %g)

= kf(t» x(t; 1y, x9)) = f2, kx(t; 2y, %))
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1t follows that
x(ty ty, kxg) = | k|| x(t; g, %)l < Rx(| %o (2 — £,),

EEN
x (t' tyy—— 0)
Y 8y | %]

[ x(t; 8y, x0)| =

1

< S | xg [x(8p)b(t — o),
0

and thus

|t to, )| < X m DUt — 1) (with x*() = % xor )

which demonstrates that y(r) may be taken linear..

Particularly, if f(t, x) = A(f)x, the condition of homogeneity is
fulfilled and we obtain the theorem of Persidski; uniform asymptotic
stability implies, in linear systems, exponential stability.

5. Let us show that if f(¢, x) is periodic in ¢ with period w, f(t + o,
x) = f(t, x), then asymptotic stability is always uniform.

Uniform stability has already been emphasized. Let us take o(r) =
sup | (¢, + u; ty, xo)| foru = 7,0 < t, < w, | %y | < r. The function
x(ty + u; ty , x,) is periodic.in ¢, and continuous. Hence o(7) is, in fact, an
upper bound on the whole axis #, .

Obviously, o(r) is monotone-decreasing; the function T(e) from the
definition of uniform asymptotic stability is its inverse function.

We shall now set down an existence theorem for Lyapunov’s function
in the case of uniform asymptotic stability. There exist at present many
different means for constructing a Lyapunov function. Among these we
shall choose the one recently given by Massera as being the most simple.

Theorem 1.6. If the trivial solution of the system is uniformly asymptot-

ically stable, there exists a function V(t, x) with all the properties of
Theorem 1.4.

Proof. Let G(r) be such that G(0) =0, G'(0) =0, G(r) > 0,
G'(r) > 0,and « > 1. We denote g(r) = G"(r). Then

6t = | 0 du | 0 g, G(L) =] :“ du | : 2(o)dv.
Put u = w/x; we obtain

(L) = éfﬂ dw f:/ag(v)dfv < é fo deo f:g(v)dv - éG(r).
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Choose

_ . 1+ a0
V(t’ x) - 31;10) G(| x(t + ay t’ x)l) 1 + P ’
for ¢ = 0 we obtain G(| x |); hence V' (¢, x) = G(| x |). Let €(8) be the
inverse function of 8(¢). We have
|a(t ot 9 <l 2], G( st ot ) < Glell ), T <
hence V(t, x) << aGle(] x ])]-
For ¢ == T(e) we have | x(t + o t, x)| < €; hence if 0 = T((1/x) | x |)
it follows that | x(t + o; ¢, x)| <(1/a) x| and thus that G(| x(t + a;
t, %)) < G((1/a) | x1) and G(lx(t +o0; t, x)]) (1 + a0)/(l +0) <
«G((1/a) | x ) < G(| x|) < V(¢, x).
We see then that
Vis) = sup Gt oin ) (T

0oL TUL /) |x])

Since the function is continuous, there exists a point o, in which the upper
bound is reached. We may therefore write

Vit ) = Gl (e oy £, 8)) - o
Let x = x(t; £, , x5), x* = x(¢t 4+ £; t, x). We have

VIt -+ by 3%) — G( st + h + ¥t b a¥))) 220

1+ o*
1 + ac*
= G+ h o+ 0% 1))
Denote o* - h = o. We have
1+ ac*
Vit + b, x*) — G( #(t + o3 1, %)) —1%:—*
1 + ac (a — 1A
= G{l %(t + o3 1, 2)]) 5 [ O Fo F ao)] .
Indeed,
l 4o/ (x — DA )
g ( T+ o 1 a0)
_1+ao% ah —h 1l +0*+ ac + age™ —ah + £
T 140 (I4o)l +o* (1 + o)1 + %)

(1 + o)1 + o*) T (L4l 4+e® 1 4o

1 + o* 4 ac™* 4 aco™* 4+ h 1l +o+ac*(l +0) 14 ac*
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It follows that

V(t+ hyx%) < V() [1 — (T?(%%(;‘)f?&?)]

B (0 — DRV(2, %)
= V(t, x) - (—1-?_0_—*)*(1 + 0(0')

and that
V(t + h,x*) = V(t,x) < (« — D)V(2, x)
h = (I 4+ o*)(1 4 o) :

We have 0 < o* < T((1/a) | x (), 0 < o << T((1/o) | x* |) + k; hence

V(t + h, x*) — V(t, x)
k

B (o« — 1)V(2, x) )
(1 4 Tl x* DI + «T((Ho)| x* ) + ah]

<

From this it follows that

lim sup V[t - h, x(t + ks ty, x0)] — V[t, x(t; £y, )]

b0+ h

o (o — 1)G( x(t: o, %))

= [ T x(5 2 )DL+ T (1) x(25 20 5 %))

We have used the facts that

x* = x(t + Ry t,x) = x(t + ks t, (85 by, X)) = x(t + k; ty, x4),

V(t,x) = G(| x ), imy_, | 2% | = | x(¢; £y, %,)| and that T(e) is contin-
uous.
We have thus proved that V(¢ x) verifies all the conditions of
Theorem 1.4. Let us now study the regularity properties of V(z, x).
We shall suppose that (¢, x) has the following property:

|t %) — f(2, 25)| < La(t)] %1 — %, |

for every pair x; and x, with |x; | < &, | x| << A On the basis of
Lemma .7 it follows that for every pair of solutions x(¢; #, , %), x(t; t, , X3)
which stay in the region | x | < & we have

¢
| #(t5 g 0) — 2(85 1y )| < [ —wlexp || La(s)as]
We have previously seen that

1+a(l

V(t, x) = G(| x(t + a1 t, x))) Tro,

, [wher60<01<’1‘(§|x|)].



32 1. STABILITY THEORY

Now let x; and x, satisfy the bounds | x; | << 8(h), | %, | << 8(h) so
that the solutions x(¢; ¢, , x;) and x(¢; ¢, , x,) remain in | x | <{ A. Define
the quantities

T=T(liml), To=T( %)
We have

1 + a0y
140

1 4 a0y

G| %(t + o3 1, x))) T+o

— G(I x(t + 015 £, 1))

< O‘G’(ro) ! x(t + o358, xl)l — x(t + o358, x2)|

’

where 7, is between | x(t 4 o;; ¢, %) and | x(¢ + o4; ¢, x,)|; hence
0<<ry<<h
Since G'(r) is monotonous, we obtain G'(r,) << G'(h). It follows that

. . I + ooy
{G( ot + ops ts ) — G ol + s 6w} =0
. 4Ty
< oG'(h) exp [f Lh(s)ds] bag — x|,
i
Hence
, t+T1 1
—aG ) exp [ L] 15— 30+ G oty )
1
< Gl ot + s 1y w)) et
From this follows
t+T,
—aG'(Byexp [ t La()ds] | 2, — x| + V(t, %)
. 1 4+ aoy
< G(| x(t + Ty, t, xz)!) —1::1—‘ < V(t, xz).

Consequently,

t4T,
V(t, %) — V(t, x,) < oG'(h) exp [ f Lh(s)ds] L, — % | -
t
The same computations yield the inequality

t+T,
V(t, x5) — V(t, x;) < oG’ () exp [ f ‘L,,(s)ds] 2 — %, |.



1.2. ASYMPTOTIC STABILITY 33

Let T = max(7T,, Ty). It follows then that

Vit ) — V(t, )] < oG'(h)exp [ [ ”T_Lh(sws] |2y —
or
| V(&) — V(t, )| < M(k, 1,7) | % — 3, |

forr << |xy | < 38(h),r < |x,] < 8(h), t =0, where
4T /a)T)
M(h; t,7) = oG'(h) exp [ f L,,(s)ds] .

If L, is constant, or if it has the property | j“Lh (s)ds | < K |ul,
then M does not depend on ¢. We shall make this assumption in what
follows. We shall also suppose that 4 is fixed.

By choosing G(r) such that

G'(r) < Aexp [—KT (é a(r))]

we obtain the relation | V(s, x) — V(t, x,)] < M |x;, — x,| for
| ;| < by . Indeed, let | x(2 + a4 8, 2))| = 7y, | 2(t 4 043 2, X5)| = 7y
If r, = r,, we have G(ry) = G(r,); hence

l—\—cxcl
Il +oa

l+ocal

V(t, %) = G(| %(t + 013 ¢, %)) —

2 Gl %(t + a1 8, %)) = V(t, x,).

If r, < ry, we may write
0 < G(ry) — Glry) = G'(p)ry — 75) < G'(n)(ry —72)

< A exp [—KT (é S(rl))] (ry — 73)
< Aexp [——KT (é 3(ry) )] [x(t + ay; 8, %) — x2(t 4 a3 2, %)

< Aexp [ (i 8(’1))] exp [KT( | %, |)] | % — %, |-

Since | %{(t + o3t )| = r,, we have |x;| > 8(r;), and thus
(1)) %, 1) < T((1/a) 8(ry)). Hence, 0 < Glry) — G(ry) < A %, — %, .
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It follows from these relations that

1 4+ aoy

0 < Vtyw) = G 5t + it w)) oo <adly — ] (#)
1
and thus that
V(t, x;) = G(1 (t + 05 1, x)] 1—1_;_1(11— = V(t, %) — ad| %, — x, .
51

It follows therefore that in all cases we have
V(t, x) — V(t, %) =2 —ad| x, — x5 |.
By interchanging the roles of x; and x, , now we obtain
V(t, x) — V(t, x) = —ad| x; — x4 |
and thus the desired result
V(t, x) — V(¢ x5)] < ad| 2, — x4,
if | %] # 0. ’
If x, = 0, the first inequality (*) yields 0 < V(¢, %;) < ad] %, |}
hence the relation obtained above holds in this case also. If x; = x, = 0,
the relation is trivial.

It remains to prove that we can choose G such that it verifies the
required condition. To that end we may take

G(ry =4 f; exp [—KT (é 8(r))] dr.

We have G(0) =0, G'(r) = Ae ¥T/m3m > 0, G'(0) = 0, since
3(0) = 0 and T(0) = co. G’(r) is monotone-increasing, and thus G"(r)
exists almost everywhere, and is positive.

Finally, we may state

Theorem 1.6'. Let the trivial solution of the system is uniformly
asymptotically stable,

|f(t, %)) — f(t, x5)] SLa(t) |2y — %51 for [ x| <A %] <h,

and

HH"L,L(J-)ds <Klul;
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then there exists a function V (&, x) with the following properties:
Loa(l =) < V(t, %) < b( x]).
2.

linhl sup VIt 4 h, x(t + h; &g, ;0)] — VIt, x(t; £y, %)] < —c(] %(t; Ly, %)))-

3. l V(t7 xl) - V(t7 x2)[ < M ‘ X)) — Xp I)
for { x| < 8(8), | x5 | < 8(Sy)

This theorem will play an important role in what follows. We will
deduce, on the bases of the theorem, a series of propositions which
emphasize the importance of uniform asymptotic stability.

Let us remark in concluding these considerations that if the trivial
solution is globally uniformly asymptotically stable, then lim_, ., 8(¢) = oo
hence lim;,,, €(8) = co. Since a(r) = G(r), b(r) = aG(e(r)), it follows
that

lim a(r) = lim b(r) = co.

Likewise, if f is periodic with respect to ¢ of period w, then V(t, x) is
periodic of period w and if, in particular, f does not depend on ¢, then
does not depend on #. These facts are established in the same way as in
the case of uniform stability.

We shall give another theorem which represents a weakening of the
general theorem 1.5 in the case of systems which are periodic in ¢ and
independent of ¢.

Theorem 1.5'. Let f(t, x) be periodic in t, with period w: f(t + w, x) =
S(t, x). If there exists a function V(t, x) periodic with period w and with the
Sollowing properties:

(@) a(l x|) < V{(t, x) < b(| x)), blhy) < a(hy), hy < hy < h.
(b)
V[t 4k, x(t + h; t, x)] — V(2, %) <0

lu}gg}gp— A < for |x| < A

with the equality in (b) occurring only in the points of a set M which does
not contain whole semitrajectories, then the solution x = 0 is asymptotically
stable and the sphere | x | << hy lies in the domain of attraction.

Proof. Stability, and the fact that | x, | << hyimplies | x(¢; t, , x,)| < hy,
follows from

a(| x(t; ty . x)) < VL, x(2; £y, %)) < V(tg » %) < b(] % D) < b(hg) < a(hy).
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Suppose that there exists a trajectory and a positive number % such
that | x(¢; ¢y, x,)| > n for t > t,, | x,| < h. Consider the function
V*(t) = V(t, x(t; ty , %0)). This function is monotone-decreasing; hence
V, = lim,,, V*(t) exists and V*(t) > V fort > t,.

Consider the sequence x'* = x(t, + kw; ty, xy); from | x® | < by
it follows that a convergent subsequence can be extracted; let x5 be its
limit; then x} - 0. We have

lim V*(tg + ko) = Vo, V*(to + k) = Pt + kw, x¥) = Vity, ),
and thus
lim VX(t, -+ ko) = V(ty, 5.

It follows that V(t,, x§) = V,.

Consider the semitrajectory x(t; ¢, , %3 ); since this trajectory cannot be
wholly contained in M, the function V(t, x(t; Z,, x§)) is not constant.
Therefore there exists a t* > ¢, such that V(t*, x(t*; £, x)) <
V(t(lrxak):VO' .

For every y > 0 we have | x(t*; ¢y, x§) — x(t*; t,, »®)| <y if
k > N(y); hence

lim P(£%, a(t*; y, &) = V(5 2(t%; 1, 58)) < V.
But
x(2*; by, 20) = x(t*; 1y, x(ty 1+ kw; ty, %))

= x(t* + ko, ty + kw, 2(ty + kw; 1y, %)) = x(F* + kw; Ly, %)
and

V(t*, x) = V(t* + kw, x).
Consequently,
V(t*, 2(t%; 1, 29)) = V(% + ko, (t* + ko; 1y, %)) = VH(* + ko).

It follows that

lim V(t*; x(t%; 1y, x0)) = V,,

Koo

which is a contradiction.
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The contradiction obtained above proves that for every trajectory
with | x,| < h, and every n > 0 there exists a #, > ¢, such that
| %(t;; ty» %)) < m. We choose n = 8(¢), and deduce from | x(;; ¢,
xo)| < 8(¢) that |x(t; ty, x(4; 1y, %)) < e. From this follows
[ x(; ty , %) << € fort > ty(e), and thus

ltl_)rg x(t; ty, %g) = 0.

At the end of this paragraph we shall give some criteria of stability
in which weaker conditions are required for Lyapunov functions.
These are all based on the lemma concerning differential inequalities
given in the Introduction. These criteria are due to C. Corduneanu.

Theorem 1.5". Let w(t,y) be a continuous function for t =0,
0 <y <Y <, wt,0) = 0. Consider the equation

d ,
= = w(t,y) (1)
and suppose that through every point (t,, ¥,), to = 0, 0 < yy < Y there
passes a unique solution. Let V(t, x) be a differentiable function, for t > 0,
fa| < M, V'(t, x) = limy_o V(¢ + h, x 4 hf(2, x))/h; suppose that

V'(t, x) < o2, V(t, x)).

1. If the solution y = O of equation (1) is stable and V(t, x) = a(| x |),
the solution x = 0 of system (1) is likewise stable.

2. If the solution y = 0 of equation (1') is uniformly stable and a(| x |) <
V(t, x) < b(| x|), the solution x = O of system (1) ts likewise uniformly
stable.

3. If the solution y = 0 of equation (1) is asymptotically stable and
V(t, x) = a(] x |), the solution x = O of system (1) is likewise asymptot-
tcally stable.

4. If the solution y = O of equation (1') is uniformly asymptotically
stable and a(] x |) < V{2, x) < b(| x|), the solution x = O of system (1)
ts likewise uniformly asymptotically stable.

Proof. 1. Let € >0, t, >0, 7(e, t,) > 0 such that 0 <y, <7
implies ¥(; 1y, yo) << a(e) for t > t, . It follows from the continuity of
function V that there exists a §(e, #5) > 0 such that | x, | < & implies
Vty, %) < m. We have

—;[ Ve, x(t; ty , %5)) = V'(8, x(8; 1y, x0)) < (2, V{2, 2(2; 2y, %p))).
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It follows from Lemma 1.3 that
Vi, x(t; ty x0)) < ¥(E5 2, V(to, %0)) < ale).

From this follows a(| x(¢; ¢, , x,)]) << a(e€); hence | x(¢; t,, x,)] < € for
t 2 t0>if‘ xo\ < S(Grto)'

2. From V(¢, x) < b(| x |) it follows that § may be chosen independent
of t,. The demonstration then proceeds as above, since n may be also
chosen independent of ;.

3. From

V(t, x(t; ty, %)) < ¥(t5 1, Vg, %))
and
%irgoly(t; ta, V(tg, %)) =0
it follows that

1tim V(t, x(t; 24, %)) = O.

Thus, lim,,, a(| x(t; ty, %)) = 0, from which we deduce that
lim ., 2(2; ¢, , %) = 0.

4. 1t follows from the hypothesis that there exists an n, > 0 such
that for € > 0 there exists a quantity T(e) > O with the property that
from y, << 7, follows y(¢; ¢, , v,) << a(e) fort > t, + T(e). We choose §,
such that &(8,) << 7, . If | x5 | << 8, we conclude that

Vi(ty, xg) < b(l %9 1) << b(8g) << myq .

Consequently,
Y(t; by, V(ty, %)) < ale) for t =ty + T(e).
Since V[t, x(2; ty, )] < ¥(¢; Lo, V(ty, %)) it follows that
al| x(t; 1y, %)) < a(e)  for t =ty 4 T(e).
Thus, finally,
| x(2; ty , %) << € for t =ty + T(e), | x| < 8,

and the theorem is proved.
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1.3. Linear Systems

We shall now study the characteristic features of the stability problem
in the case of linear systems. In connection with this we shall emphasize a
series of essential general properties of the linear systems.

A homogeneous linear system is written in the form

T _ Ay, o)
where we shall assume that A(t) is a quadratic matrix whose elements
are continuous functions of ¢ defined for ¢ > 0. In this case the theorem
of existence has a global character; the solutions are defined on the
entire semiaxis ¢ > 0.

To see this it is sufficient to prove that on every finite interval the
solutions remain bounded; hence they do not leave the domain in which
the conditions of the existence theorem are verified.

Let x(t; 2, , x,) be the solution of system (3) which for ¢ = #, passes

through point x,. We have, for the values for which the solution is
defined,

¢
x(t; by, %) = %9 + J.t A(s)x(s; to , x4)ds.
0

It follows that

t
| x(t; 29, %)l < ||+ J.t | A(s)] | %(s; Lo » %o)| ds.
By applying Lemma 1.6 (Consequence 2), it follows that

[t by, %) << | % | exp [J‘Z | A(s)| ds] ,

and thus we see that the solution remains bounded on every finite interval.
We remark that we have used here the estimate

| A(s)x(s; to , x0)| < | A(S)] | x(s5 29, %)]

which follows directly from the definition of the norm of a matrix;
namely’ | 4| = SUP |z <1 | Ax |.

Let us remark that if the Euclidean norm is used for vectors, then
| 4| is given by 4/A, where A is the largest eigenvalue of the matrix
A*A. (A* is the transposed matrix of 4 when 4 is real, and the conjugate
of 4 when 4 is complex.)
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Indeed, we have, in conformity with the definition of the Euclidean
norm, | Ax |* = (Ax, Ax) = (A*Ax, x) < A(x, x); hence | Ax | < +/A|x|.
Consequently | 4 | < 4/4. On the other hand, taking into account the
extremal properties of the eigenvalues of the symmetrical matrices, it
follows that there exists a vector x with | x | == 1 such that (4*Ax, x) = A;
hence | A | = /4.

If x,(t) and x,(#) are two arbitrary solutions of the system, it is
immediately verified that «,x;(¢) + ayx,(2) is likewise a solution of the
system. («; and «, will be supposed to be real numbers. In general, in
all of the theory we shall work only with real functions; any other cases
will be explicitly indicated.)

From the foregoing it follows that the set of solutions of system (3) forms a
linear space.

Let x(t; t,, x,) be the solution of system (3) which for ¢ = ¢, passes
through the point x, . This solution defines for fixed ¢ and ¢, a trans-
formation of R™ in itself which attaches to the point x, the point
x(t; ty , %o); we shall denote this transformation by C(t; ¢,).

Proposition. The transformation C(t; t,) is linear.

Proof. We have

C(¢; to)("{lxl + ap¥y) == x(t; Iy, ayXy + o).
On the other hand,

o, C(8; to)xy + o, C(2; to)xy = onx(t; by, ;) + agx(2; £y, X5)

is a linear combination of solutions of system (3) and hence is a solution
of the system. Furthermore,

xX(E; Ly, oqXy + apXy) = o X(t; 2o, %1) + gX(t; 1, Xp),

since both solutions coincide for ¢t = ¢, . The proposition 1s thus proved.

We shall write x(¢; ¢, , x,) = C(; ty)%, . If a basis of the space is fixed,
every linear transformation is given by a matrix whose columns are the
images, under the given transformation, of the vectors of the basis. The
vectors of the basis have the coordinates

1 0 0
0 1 0
0 0 1

hence C(t; t,) will correspond to a matrix whose columns are the solutions
of system (3) which at the moment ¢, coincide with the columns of the
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unity matrix. Denoting the unit matrix by E, and making no distinction
between the transformation C(¢;?,) and the corresponding matrix,
we shall write C(¢,; t,) = E. We shall say that C(¢; ¢,) is a fundamental
matrix of solutions of system (3). Since the columns of the matrix
C(t; t,) are solutions of system (3}, we may write

dC(t; 1) :
y7 A(t)C(t; 1)

The relation x(¢; t, , x,) = C(t; 2,)x, shows that every solution of system
(3) is expressed as a linear combination of the solutions of a fundamental
system.

Let us now point out some fundamental properties of the matrix

C(t; to).
Proposition. For all t, s, u we have
C(t; )C(s; u) = C(t; u).

Proof. It is sufficient to show that for every vector x, we have

C(t; $)C(s; u)xy = C(t; u)x, . But
C(s; w)xg = x(s; u, x,), C(t; $)C(s; u)xy = x(2; 5, C(s; u)x,)
= x(t; s, x(s; 4, x5)) = x(t; u, x) = C(t; u)x,,

and the relation is proved.
The equality

x(; s, x(s; u, x9)) = x(t; u, x5)

I

l

is a consequence of the fact that both solutions coincide for ¢
From this proposition it follows immediately for s = t,, u

C(t; tg)C(ty; t) = E.
This means that the matrix C(2; ty) is nonsingular, and its inverse is
Cl(t; ).

It is useful to consider in some problems the adjoint system of system
(3). Namely, we shall call the adjoint system of system (3) the system

dy

where y is a row vector.
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Proposition. If x is a solution of the given system and y a solution of the
adjoint system, then the product yx is constant.

Proof. We have

—d@t—yx = %x —}—y—f;ti: —yA(t)x + yA(t)x =0;
hence yx is constant. The proposition is proved.

Obviously, the whole theory developed for system (3) is corre-
spondingly transposed for the adjoint system [which can be also written
in the form dy/dt = —A*(t)y, ¥ now being a column vector]. Let
C(t; ty) be a fundamental matrix of solutions of the adjoint system; we
stress now that the rows of the matrix C(¢; ¢,) are solutions of the adjoint
system. Taking into account the above proposition, it follows that the
matrix C(t; t,)C(¢; t,) is constant, since its elements are products of the
rows of the matrix C(¢; t,) with the columns of C(¢; t,), hence products of
solutions of the adjoint system and of system (3). But

C(to§ t)Cltg; tg) = EE = E.

It follows that )
C(t; t)C(¢t; t,) = E,
and thus that
C(t; ty) = [C@t; )] = C(ty; 1)
We have thus established the following

Proposition. We have C(t;t,) = C(ty; t); hence the rows of matrix
C(2y; t) form a fundamental system of solutions of the adjoint system.

We shall close these general considerations on linear systems by
stating the so-called “formula of variation of constants,” which will
prove useful in many circumstances.

Let us consider the nonhomogeneous system

dx
T = A + fo)
Let C(¢; t,) be, as above, the fundamental matrix of solutions of the

corresponding homogeneous system. We make the change of variables
x(2) = C(2; t,)y(t). We obtain

dx  dC(2; 1) . a4y
& T a0

= A(t)x + f(t) = A@)CE; to)y(t) + £ (1)
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From dC(t; t,)/dt = A()C(2; t,) it follows that C(t; t,)(dy/dt) = f(1)
and thus that

% — [C(t; te)] (1) = Clto; 1)f(2).
From here

(1) = y(to) + f : Clto; 5)f(s)ds.

From the relation which connects x(¢) to y(t) it follows that x(¢;) = y(z,),
since C(t,; t,) = E. Finally we obtain

x(t; 10, %) = Ot to)% + C(t; 1) | Z Cltg; 5)f(s)ds
or

(85 10, 30) = Ot tos -+ | O3 ) Cls @)

which yields the desired result:

2(t; by , %) = C(t5 t)% + | : C(t; 5)f(s)ds.

1.4. Stability for Linear Systems

After this introductory part concerning linear systems we may proceed
to the study of stability problems for these systems. We have seen above,
as a consequence of a more general proposition, that for linear systems
in which the matrix A(¢) is bounded, uniform asymptotic stability is
always exponential; i.e., there exist constants B and « such that we shall
have

| (5 tg 5 %)) < Bem 7R | x|

Let us present a different proof of this proposition. According to the
definition of uniform asymptotic stability, there exists a §, > 0 and
T(¢e) such that if |x,| <& and ¢t =>t,+ T(e) we will have
| x(2; ty, %) < €. Since | x(8; ty, xp)| = | C(t; to)x, |, from | x5 | < §,
and t > t, + T(¢), we deduce that | C(t; to)x, | < e. In what follows we
fix0 <e < 1.

Let u, be an arbitrary vector with |u,| << 1. Then | 8yu, | < 8y;
hence | C(¢; t5)8gu, | < efort > t, + T(e). The relation | C(2; £,)8puy | =
8ol C(t; to)uy | yields | C(¢; ty)uy | < €/8, . Since u, is arbitrary, with
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luy| <1, we will have | C(2; t)| < €/8y for t > ty + T(e);
| C(t; to)] < € for t >ty + Ty(e), where we set Ty(e) = T(84¢).

From the relatlon C(t; to) = C(t; to + T1)C(ty + Ty; t,) we obtain
VOt )] < 1O tg+ T | Clto + Ty o)l < € for t = ty + 27T, .
By induction it is immediately verified that | C(¢; ¢)] < €™ for
t =ty + mT,.

Now let t > t,, arbitrary. Then there exists an m > 1 such that

+ (m — l)T1 <t <ty + mT,;. Furthermore, mT1 >t —t,
m > (1/T)(t — t,), e < e‘”Tl’““"’, since ¢ < 1. On the other
hand, there exists a 8(¢) such that | x(t; ¢, , %) < € if | x| < 8(¢) and
t > t;. From these we will have, as above, | C(#; #,)3(e)u, | < € for
t > ty; hence | C(2; t,)| << €/8(¢) fort > t,.Since t = t, + (m — Ty,
we will have | C(¢; 1) << [¢/8(e)]e™ 1. Indeed, if m > 2, this inequality
follows from the fact that 8(¢) < ¢, and if m = | from the fact that
| C(t; 1) << €/8(€) for all t == t, . Finally, we have shown that for every
t>t,,| C(t; ty)| << [1/8(e)]e™ and thus that | C(¢; t,)] < [1/8(e)]eL/Tv 410,

Let us set 1/8(¢) =B, a = —(1/T))Ine. Then B >0, a >0,
e = e~*7, and the previous estimate becomes

| Clt5 1)) < Besti=to),

Thus we have proved once again that for linear systems, uniform
asymptotic stability is always exponential. We remark that in this
demonstration we have not used the hypothesis that matrix A(t) is bounded.

We shall now prove with the help of this fundamental property of
linear systems that if the trivial solution of a linear system is uniform
asymptotically stable, then there exists a Lyapunov function which is a
quadratic form.

Theorem 1.6". If the trivial solution of system (3) is uniformly
asymptotically stable, then for an arbitrary quadratic form (W(t)x, x), with

Az, x) < M) (x, x) << (W(t)x, x) << A(t)(x, x) < A(x, x),

where A > 0, there exists a quadratic form (V(t)x, x) with the properties
that

plx, x) < (V(t)x, x) < M(x,x) (> 0)
and

W), =(0) = (WD), ()

for any solution x(t) of system (3).
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Proof. Define
(V(tyw,x) = | (W)C(s; 1), Cls; ),

which is to say the matrix V() is given by the relation
v = | ® O (s; YW($)CLs; 1)ds.
t

The convergence of the integral is assured, since | C(¢; t,)] << Be—2(—t),
and | W | < A. From this also follows that
°° AB?

| V(t) < f Be-a5-0) 1 Be-315-0 ds — AR f Ceds = o
. :

For every solution x(t; ¢, , x,) of system (3), we have
(V(t)x(t; ty , x4), x(t; to , %)) = f jo (W()C(s; t)x(t; ty , xo), C(s5 t)x(2; 2y, x4))ds
= [T Oty ), x5 10 )
and thus ’
—;t— (V()x(t; by, x5), 2(t; 1o, %g)) = —(W(t)x(t; 1y, %o), 2(t; g , X))

It remains to prove that (V(#)x, x) = p(x, x) with u > 0.
We have

(V(t)x, x) = f:o MC(s; t)x, C(s; t)x)ds = A [:0 | x(s; t, x)|2 ds.

Since x(s; t, x) = x + _[ A(u)x(u; t, x)du, and since | x(u; ¢, x)] < B| x|
for u > t, we have

| x(s; 2, %) — x| < B|x|f | A(u)| du.
Assuming that the matrix A has the property that
fs | A(u)l du < w(s —t),
t

where w(r) > 0 when r — 0, we will have for t <s <t + q
| %(s; t, x) — x| < $| x|, and thus

la(s;t,x)) = x| — | a(s;t,%) —x | = 4| =]
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Since

0 t+o ) A
(V(t)x, x) = A L | x(s; t, x)|2ds > A L | x(s; 8, )2 ds > Za| x |2

we can take p = Ax/4. The theorem is therefore completely proved.

Remark. If the matrix A is constant and the matrix W is chosen
independent of ¢, then the matrix 7" does not depend on ¢.

To prove this, note that for the systems which do not depend explicitly
on t we have x(t + #,; t,, %) = x(2; 0, x,). (We have proved the corre-
sponding property for periodic systems; if the system does not depend on
t, then every real ¢, may be considered as period.) For linear systems,
this relation is C(¢ + t,; #,)x, = C(t; 0)xy; hence C(t + 2y; t,) = C(¢; 0).
Therefore,

V() = fj C*(s; HWC(s; tYds = f:o C*(s + t; Y WC(s + ¢t; t)ds

— " CHs; 0)WC(s; 0)ds.

Hence, V" does not depend on ¢. -

1.5. Linear Systems with Constant Coefficients

The proposition proved in the preceding section has, in reality, a
purely algebraic character, as already pointed out by Lyapunov. To
reproduce Lyapunov’s reasoning, we shall recall some fundamental
propositions relative to linear systems with constant coefficients, and,
in connection with this, the reduction of the matrices to the normal
Jordan form, which will prove useful later.

Given a linear transformation T in a linear n-dimensional complex
space and a basis ¢, , e, , ..., e, of the space, a matrix 4 is attached to the
transformation, whose columns are vectors Te, written in the basis
1,8y, .., 6, .1f y = Tx, theny = Ax, x and y denoting the representa-
tion of the vectors with respect to the basis ¢, , e, , ..., €, .

Indeed, let x = Z7  xe,, y = Ziiye;. We have X7, ye =
Y1 %, Te, . Upon writing Te, = Zy_, a;ce; , we will have

n n n

e = 2 Daes = 2

n
aikxk) é;,
k=1  i=1 i=1 " k=1

and thus v, = Zi_; @z -
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Proposition. If to the transformation T correspond the matrix A in the
basis ey, ey, ..., e, and the matrix B in the basis f,, fy, ..., fn, then
B = C1AC, where C is the matrix corresponding to the passage from a
basts to another.

Proof. Elements b,; are obtained by writing the images of f; in the basis
fis s fn- We have Tf; = X7, b,f;. Let f; = X, e, . It follows
that Tf; = I ,c;Te, . Since Te, = X, aye,, we obtain Tf; =
Y1 C; Zie1 ayee, - On the other hand, e, = X7, d,,f;, where D is the
inverse of matrix C. Then

n

Tf = iekj z"; ay 2 dufi = i( Edilalkckj)fi
k=1 =1 1k

=1 =1

Finally, b;; = X, d;;ayc;; , and therefore B = DAC = C'AC.

A vector u is an eigenvector of the transformation 7' if u is not zero,
and there exists a complex number A such that Tu = Au. If e, , ¢,, ..., ¢,
is a basis of the space and A4 is the matrix corresponding to the
transformation, the condition that u be an eigenvector is written
Sho1 gt = M, . It is clear that in order that there exists a nonzero
vector u which verifies this condition, it is necessary and sufficient that
det (A — AE) = 0. The values A which verify this equation are called the
eigenvalues of the transformation (or of the matrix), One of the conse-
quences of the preceding proposition is the following: the matrix 4 and
the matrix C-1AC have the same eigenvalues.

Let A;, A,, ..., A, be distinct eigenvalues of the transformation 7', and
u;, 4y, .., u, the corresponding eigenvectors. Then the vectors
#;, Uy, ..., U, are linearly independent. Indeed, let us suppose that
ciy + Couy + 0 + ¢, = 0. Upon applying transformation 7T, we
obtain ¢, Tu; + ¢, Tuy + -+ + ¢, Tu, = 0. Since Tu, = A\, , we see
that ¢, Au, + cdouty + o+ + cAu, = 0. From Zeu =0, we get

Cly = —Cyly — Cotlg — *** — Cy_qHs_; . It follows that
Ayt + Aglolly + *0r A Ay gty — Ayt — Alolly — =+ — Al gl = 05
1e.,

N — Agerwy + (A — Ageatty + oo+ + (Mg — A)esqttsy = 0.
If u,, uy, ..., u,_, are linearly independent, then
A —AJe, =0 (k=1,..,5s—1).

By hypothesis, however, A, — A, # 0; hence¢;, = Ofork =1,...,5s — 1.
But then ¢, = 0; hence ¢, = 0.

The linear independence of the system of s vectors can therefore be
established by induction (for s = 1 it follows from the fact that u, == 0).
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It follows from this that if the transformation 7 admits n distinct
eigenvalues, then it admits n linearly independent eigenvectors. Taking
these vectors u;, u,, ..., u, as a basis of the space, the relations
Tu,, = M\, show that in this basis the matrix of the transformation is
diagonal, and has A, as the diagonal elements.

According to what has been stated above, it follows that if the roots of
the equation det (4 — AE) = 0 are distinct, there exists a matrix C
such that the matrix C~*4C will have a diagonal form, the diagonal
elements being the roots of the above equation.

Application. Consider the system dx/dt = Ax. Suppose that the
equation det (4 — AE) = 0, which we shall call the characteristic
equation of the system, has distinct roots.

According to the above statements there exists a matrix C such that
C1AC shall be diagonal and shall have elements A;, ..., A, on the
diagonal. By performing the change of variables x = Cy, y = C'»
in the system, we obtain

dy_ 1 dx_ 1 _ (-1
717_0 —d7—C Ax = C1ACy.

Therefore, the system in y has the form dy,/dt = ALYy -
A fundamental matrix of solutions of this system has the form

eht 0

It follows that the fundamental matrix of solutions of the given system is
X = CY, where the columns of matrix C are the eigenvectors of
matrix 4.

It remains therefore to study the case when the transformation 7T does
not admit # linearly independent eigenvectors. We shall prove that it is
possible to choose a basis of the space formed by & groups of vectors:

€1y ey €03 Jrsensfas ey Ry, By
in which the transformation shall have the form
Te, = A&y, Te, = €, + Mey, oo, Te, =e, | + Ae,,
Th=%NHTHh=hH+ Aofoy wos Tfog = fou + Asfas

Thy = Ay, Thy = by + Ay, ooy Thy = ko, - Ak, .
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In this basis the matrix corresponding to the transformation has the form

((;\11 0 - 0 N

N 1 o 0
00 0 = X

A 10 0

0 X |1 0

0 0 0 Ay

. o

This form is called the normal Jordan form of the matrix. The corre-
sponding theorem is stated in the following way: There extsts for every
matrix A a matrix C such that the matrix C-'AC has the normal Jordan
form.

In the particular case when there exist n linearly independent eigen-
vectors, the normal Jordan form is reduced to the diagonal form. It may
happen, without the normal form being diagonal, that some Jordan cells
are of first order. The diagonal form corresponds to the case where all the
cells are of first order.

A Jordan cell is written 4, = A\E + I. If the cell is of order p, we
have

01 0 0 0 0 1 00
;oo t-00y ,_fo000T1- 00}
0 0 O0:--0 1 0 00O 00
0 0 0---00 0 0 O 00

0 0O 0 1
0 0 O 00
TP7L = §  oeeeeeeeieeerennees , » = I+ = =0

A polynomial P(¢) may be written with the help of Taylor’s formula
in the form

PO = PO + (¢ — POy + LS g o CEA pgy,
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Thus
P(4;) = POYE + (4, — NE)P'(A) + E’l_;ilff POy
+ (_A%AlE)i PM(A)).
Hence
P(4y) = POYE + IP'(\) + 1 "(" (G i (Al) ”
or
Py POgE -+ T 1 Py ey PO
Finally,
POY POy P
(p—2
pay=[ o poy T 1(?1) _1(:__’(%
0 0 0 PQA)

The proof of the existence of a basis of the required form will be
carried out by induction with respect to . If T acts in a unidimensional
space, the corresponding matrix has a single element and corresponds
therefore to the normal form. We shall assume that the theorem holds
in n-dimensional spaces and we prove that it also holds for spaces with
(n + 1) dimensions. A fundamental role will be played in this proof by
induction by the following

Lemma. Any linear transformation T in a complex n-dimensional
space admits at least an (n — 1)-dimensional invariant subspace.

Proof. Recall that a subspace R’ of the linear space R is called
invariant with respect to the linear transformation T if for every x € R’
we have Tx e R'.

Consider any basis e, , ..., €,; let 4 = (a;;) be the matrix attached to
the transformation in this basis. Consider the matrix 4’ obtained through
transposmon from A; let u be an eigenvector of this matrix. Hence we
have E]_l )\u Consider the relation X, xu, — 0. Since
u 5 0, the manifold of solutions of this equation forms a llnear (n — 1)-
dimensional subspace (the space generated by (n — 1) linearly
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independent solutions). This is the space R’ invariant with respect to the

transformation 7.
Indeed, let x € R’; hence 7, xu; = 0 and y; = X7, a;x; . We have

n n n n n n
2 2 Ay = Z x; Z a;; = 2 XAu; = A 2 X =
i1 i=1

j=1 i=1 ji=1 i=1

LM=

hence y € R'.

The proof by induction is performed in the following way. Let T
be a transformation in the space R with (z 4 1) dimensions. According
to the lemma, there exists a subspace R’ with # dimensions, invariant
with respect to 7. We may therefore consider the transformation T as
operating in the subspace R’; on the strength of the induction hypothesis,
there exists in R a basis e, 25, ..., €5, f15 fas vy fgs vos Bus Bay oy g
such that

Te; = Mey, Tey, = e; + Mty ooy Tey = €, 4 + Neyy
T, = )‘zflv Tfy, = fi + Asfas ooes qu :fq—l + Azfa»

Thy = Ay, Thy = hy + Mhy , ooy Thy = hyy + Mk, .

We have to prove that we can find in R a basis in which the transforma-
tion T will act in the required way. To this end, we shall begin by adding
to the basis of R’ a vector ¢, linearly independent of the others, so that we
obtain a basis in R. We have

Te = oy, + =+ + ape, + Pufy + Bafo + oo 4 Bafg + = + iy
+ oo 4 3k, + Te.

Now we try to replace e by another vector ¢', so that the vector Te¢’
will have the simplest possible form. We look for e’ of the form

€ = — 16— — Xplp — pafy —  — prafa — by — o — wih,
Then
Te' = Te — x,Tey — = — xoTey — pyTfy — = — Ty —
— w,Thy — ++ — w,Th,
= ey + A age, + Bifi + o A Bofo o+ 8y o 3k, - Te
— xih€r — T Xpfp-1 — XoMi€s — Hahefi —

- l"q~1f -1 l"c’\?f a
— wANhy — o — ol — wAh,.
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But

e=¢€ +xi& + =+ Xop + Sy + 0t afo + o F ol + 0w

hence

Te' = 7¢' + Txse; + = + Xy + THLS1 + 0 TSy A+ Tk o
+rwh, + oey + o age, + Bify + o 4 Bofo + o+ 8k +
+ 8k — (Ax1 + xoer — = XMy — oy + pa)fy — o
—Agpiof e — = oy + wdty — - — Lk
=7¢ + [og + 37 — A) — xoley + =+ [op + x5(7 — A)le,
+ By + m( — A} — pal fy + o 4 [Ba + prolm — A frt o
+ (8, + wyt — X)) — wglhy + 0 + 3, 4+ adr — Ak,

If 7 is different from A, , the coefficients y, u, ..., @ may be determined
in turn so that the relation T¢’ = r¢’ holds, and by adding ¢’ to the basis
of R’ we obtain a normal basis in R. If 7 is different from some of the
values A;, we may choose coefficients corresponding to these values.

For the sake of simplicity, let us suppose that + = A;, = = A,,
7 # A;, j > 2. The initial relation is

Te' = 1 + (o — Xo)ey + =+ + g6y + (B — )i + =+ + Bofo -
We choose x5 == o, ..., o = B,, ... and obtain
Te = re' + aze, + B.fq-

Assume p > q.
We now choose the canonical basis in R in the following way: we put

€1 =€, e, = Teyyy — 16411,
z ’
e, = Te, — 1€}, ....,e; = Te, — 1e,.
We take the first group formed by vectors ey, ..., €,,,; , the other groups
the remaining f, , ..., f, , .-, Ay , ..., hs . To prove that we have a canonical

basis, it still remains to verify that e, --- e,,, behaves as a part of a

canonical basis.
We have

’ ’ ’ ’ ’ ’ .
Tey = e + 7ey, ..., Te, = e, 4 + 7e,, Tep = €, + Ty 5
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hence it only remains to verify that Te; = re,:

e, = Te' —1e’ = ape, + Bufy, epy = a,Te, + BaTfq — Tpe, — 7Bofq
= ay(epy + 7€) + By four + Tf) — Tge, — B.fq
= agepy + Bofe-1-

- . ! ?
Continuing, e,_, = 0,€, 4, ..., &1 = ope;; hence Te; = «,Te; = Ta,e, =

re; . The theorem is thus proved.

Application. Consider again the system dx/dt = Ax, assuming A
arbitrary. If C is the matrix which leads 4 to the normal Jordan form,
the change of variables x = Cy leads the system to the form dy/dt = By,
where B has the normal Jordan form. Then

d d d
3;1 =M1+ ¥z, _;tz_ =AYy + V350 ‘dtZﬂ =AY
d d dy
_‘yd17t+1 == Azyﬂ‘f’l +yp+2 s _._'3.1;_*—3 =3 Azyp+2 + yp+3 s weny _ﬁﬁ — AZyzH—a
d d ks
yzl+2-t+ +1 /\ky,,+q+--.+1 + Votgt-t2 s woes —thlgti.L — /\kyp+q+-..+s .

In this form the system can be immediately solved and we obtain the
structure of the solutions. It is easier, however, to proceed otherwise.

From Cauchy’s general existence theorem it follows that the solution
x(2; t, , x,) will be an analytic function of #; hence we may write

x(t; 2y, %g) = X + H(E)( — to) + F )t — to)® + -
1
+ _;!_ x(n)(to)(t — to)" _+_ ses,

We immediately obtain from the system

T
hence
i(t) = A , i(tg) = Ai(to) = A’ , #(tg) = Ai(ty) = A%y , ..., ¥W(tg) = A™x,.
Then
x(t; ¢y, %)

1 1 1
= x, + I Axgt — t) + o Axo(t — ) + - + T Arxg(t — to)™ + -+

1 1 1
- [E + o Al — 1) g AXE = ) e o AN — 1+ ]xo :
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The convergence of the series should be understood here as being the
convergence of the n? series formed with the elements of the matrices.
Introduce the matrix exponential function

edlt=t) — F 4 — A(t ty) + A2(t — g4+ — A"(t — )" +
With this notation the solution of the system may be written

x(2; by, xy) = etz

Let us remark that the power series corresponding to the matrix
series may be differentiated term by term, and we have

_;i_teA(t—:ox — AeAt—to),;
since ¢t — E, ¢t~k represents a fundamental system of solutions.
If A = C-1BC, then A® = C1B"C, so that e*! = C-1%!C. If
4 0

4=(0" )

then
n_ (4 0],

(5 )

hence

et 0
o 8.

Thus, if B has the normal Jordan form,

et

eBt —

elit

where ], , ..., J, are the Jordan cells of the matrix B.
Hence it remains to make precise the structure of a matrix ¢’, where |
is a Jordan cell. We have

t 2 t
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But
AE kAR k(k — 1A% k(k—1) - (k—p +2) AE—PH1
I 2! (» — 1)
k Kk — 1) (k —p + 3)
ko — k — Ak—p+2
J 0 A Il (» —2) ’
0 0 0 Xk
/\ktk I\k—-ltk /\k_ztk I\k-p+1tk
HOE—1 2AE&—20 = (p—D(E—p+1I)
o /\ktk AkAltk /\k_p+2tk
t=E+, o G k=D T (=2 (k—p+2)
k=1 ee
ARt
0 0 0 S
[ 0 /\ktk X l\k—ltk—l t2 X Ak—Ztk—Z
1+ ¢
)Z; ! ,Z;( - 1)' 2! k=2 (k - 2)'
- P
0 1+, o
k=1
v b B A
S TR p—1n°
-1 o M t ot e i M
I (» —2)!
0 0 et
1 12 . 171
o2r (p — 1)
_ toL L
=1 ' -2 |
0 0 0 - 1

In this way the structure of the solutions of linear systems with

constant coefficients is completely determined. The behavior of the
solutions depends upon the structure of the normal form of matrix A.
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The numbers A, the eigenvalues of matrix A, play an essential role.
Namely, if Re A, < 0, then all the solutions approach zero when ¢ — o0;
this is what occurs in damped oscillations. If A, are real, we have the
so-called aperiodic behavior; if A, have imaginary nonzero parts, there
appear oscillatory terms. If we have Re A, > 0 at least for one k, there
appear oscillations whose amplitude increases wheh ¢ — oo. If all A,
have zero or negative real parts, we have stable (bounded) oscillations
provided that, if Re A, = 0, the respective Jordan cell shall be of
dimension 1. If there exists a root with a zero real part for which the
Jordan cell has a dimension greater than 1, there appear terms in #* which
make the solution unbounded; these terms are sometimes called secular
terms. If all the roots have zero real parts and the normal form is diagonal,
the solutions are bounded on the whole axis. In this case, the solutions
are in general almost-periodic functions.

1.6. The Lyapunov Function for Linear Systems
with Constant Coefficients

Let us consider a linear form (a, x) and see what are the conditions that
should be verified by vector « in order that (d/dt)(«, x) = A(a, x), x being
a solution of system (3) with a constant matrix 4. We have

T}if (a, x) = (a, %) = (o, Ax) = (A*a, x) = (A, %) = A, x).

If A*a = Aa, ie., if a is an eigenvector of the conjugate matrix of
matrix A and A is an eigenvalue of matrix A, then the relation is certainly
verified.

Let us now see in what conditions there exists a quadratic form ¥ of the
form V = (o, x)(B, x) such that dV/dt = AV. We have, where x is a
solution of the system,

= ()6, + @B )

= («, 4x)(B, ) + (, ¥)(B, Ax).

This equality is verified if A = A; + A,, where A, and A, are eigenvalues
of A and « and B are eigenvectors for 4*. Let us see now which is the
general condition that there exists a quadratic form V = (Bx, x) such
that dV/dt = AV.
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We have
av dx dx
= (BW , x) + (Bx, W) = (BAx, x) + (Bx, Ax)

= (BAx, x) 4+ (A*Bx, x) = ((BA + A*B)x, x).

The condition dV/dt = AV becomes ((BA + A*B)x, x) = (ABx, x)
and hence B4 + A*B = AB, or BA + A*B — AB = 0. This equation
may be considered as a linear system in the elements of matrix B; the
system admits a nontrivial solution if and only if the determinant D(A)
is equal to zero.

We have already seen that if A is of the form A, + A, , where A; and A,
are eigenvalues of matrix A4, there exist forms V with the required
property. But the degree of equation D(A) = 0 is equal to the number
of the values of the form A; + A, and is equal to n(n - 1)/2. From this it
follows that the values of the form A; 4+ A, represent all the roots of the
equation D(A) = 0, if they are distinct. If these numbers are not distinct,
we reason in the following way. Let A* be a root of the equation D(A) = 0
which is not of the form A; 4+ A, , and let « be the shortest distance from
A* to the numbers of the form A; 4 A,; by a sufficiently slight modifica-
tion of matrix 4 we can make the numbers Xl 4+ Xz distinct, and differ
from the numbers A; + A, by less than «/4, and have A* differ from A* by
less than «/4.

It follows that A* coincides with one of the numbers A, + A, , hence
we have

o= A* — () +A) KA =X |+ |3 — (A + Ay)l

I+ — ) <77 =5,

which is a contradiction. Consequently, in all cases, the roots of equation
D(A) = 0 are of the form A, + A, . It follows that if the roots A; of the
characteristic equation of matrix A are nonzero and if all the sums
A; + A; are differerit from zero, we will have D(0) # 0. But from this
it will follow that for every quadratic form (Cx, x) there exists a quadratic
form (Bx, x) such that (d/dt) (Bx, x) = (Cx, x). Indeed, (d/dt) (Bx, x} =
((BA + A*B)x, x), and we obtain the condition B4 + A*B = C.
Considered as a linear system in the elements of matrix B, this system has
solutions for any C if and only if the determinant of the system is
different from zero; but this determinant is just D(0), which in our
conditions is different from zero. We see now that the form B will be
uniquely determined in this case.



58 1. STABILITY THEORY

We can see from the general form of the solution of linear systems with
constant coefficients that the trivial solution of linear systems with
constant coefficients is asymptotically stable if and only if the roots of
the characteristic equation of matrix 4 have negative real parts. In this
case the condition formulated above, that D(0) 5= 0, is obviously
fulfilled; hence the form (Bx, x) exists for any (Cx, x). Let us show that if
(Cx, x) is a negative definite quadratic form, then the quadratic form
(Bx, x) is positive-definite. Indeed, let x, = O such that (Bx,, x,) < 0.
From

d
n (Bx(t; 0, xy), x(2; 0, x0)) = (Cx(t; 0, %), x(2; 0, x,)) < 0

it follows that for £, > 0 we have

(Bx(tg; 0, xp), x(tg; 0, x5)) < 0.

According to the theorem of instability, the trivial solution of system (3)
will be unstable, which contradicts the hypothesis.

Consequently, we have established, by nonalgebraic means, the
following algebraic fact: If the eigenvalues of matrix A have negative real
parts, then for any negative definite matrix, there exists a unique positive-
definite matrix B such that

BA + A*B = C.
The algebraic proof of this proposition is interesting. Such a proof has

been given in 1956 by W. Hahn by using the canonical form of the
matrices.

1.7. Stability by the First Approximation

One of the main problems of the stability theory is the following.
Assume that we have to investigate the stability of a solution xy(#) of
system (1). According to the procedure already described, we pass to the
system of equations of the perturbed movement. Put y = x — x(%),
obtaining the equation

DB Bty — [t w) = [0+ 3(0) — (6 )

=Lt sy + ol 1)

We have denoted the matrix {8f,/0x;} by of/éx.
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The problem of whether it is legitimate to neglect the terms of the
form o]y |) may quite naturally be raised; practically, this is the
procedure in most cases. The justification of this procedure is given by
the theory of stability by the first approximation. The fundamental
theorem of this theory shows that if the trivial solution of the linear
system of first approximation is uniformly asymptotically stable,
neglecting the terms of higher degree is admissible in the study of
stability.

Theorem 1.7. Consider the system

D _ auy + vey), @
where A(t) is bounded [or, more generally, _[ | A(w)| du = w(t — 5)] and
| Y(t,y)] < cly| for jy| < h, ¢ being a suﬁiczently small constant. If
the trivial solution of the linear system of first approximation is uniformly
asymptotically stable, then the trivial solution of system (4) is uniformly
asymptotically stable.

Proof. Lety(t; t,, ¥,) be a solution of system (4). Let (V(#)x, x) be the
quadratic form defined for system (3) according to Theorem 1.6”, with
W(t) = E. We shall prove that, with respect to system (4), this function
fulfils all the conditions of Theorem 1.5. We have to prove only that

(V(t Ry £ 15 1o, y0)s Y(2 + i to, Y0) — (VWY (E: T, Yo)s Y2 L0, Y0)
k

e
< — (| 725 L0, 3o)l)-
Let
VX)) = (V(thy(t; b, yo), (55 Lo, o))-
The function V*(t) is differentiable and we have

dVd 0 _ (V(t)y(t o 30) dy(t;;;,yo) ) n ( ‘Z Wt 1y, ¥o), Y to,yo))

=2(V(£)y(t; to, 3o), A@)y(t5 1o, ¥0)) +2(V()¥(25 £9, Yo)s Y (8, (5 895 30)))
+ (%y(t; o Yo)s ¥(t; 2o ,yo)) -

Consider the solution x(u; ¢, y(2; ¢, , ¥,)) of system (3) and let V**(u) =
(V(u)x(u; t, y(t; ty , ¥o)), 2(u; t, y(t; ty , ¥o)))- According to what has been
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stated in Theorem 1.6” we have dV**(u)/du = —| x(u; t, ¥(t; ty, o))
On the other hand,

i[%(i) = 2V(u)x(u; t, y(2; 2o, 3o))» Aw)x(u; 2, (25 29, ¥o)))

av
+ (G ¥ 1, 305 1o, 30, (0 1, 3(25 10, 30))
Therefore,
2(V(w)x(us; t, y(t; 1y , yo)), A(wx(u; t, ¥(25 1o, ¥o)))

dav
+ (G ¥ 1 300 1y, 30l 3003 1, 9(85 10, 30))) = —| 55 1, 908 fo, D)%

This equality becomes, for u = ¢,

2AVOHE Lo 30, ADHE Lo 30) + (3085 o 300, 3065 o 30)

= —1¥(t: to, Yo)l*
Using this result, we deduce -

13510, 30)® + 20708 o 30), V(8,305 0, 30):

We have
F(V(@)(ts 20, yo), Y(8, p(85 o, yo))| << M| y(25 20, yo)l | Y(2, ¥(25 8, o))

Assume that ¢ < 1/4M and |y,| < Vu/Mh. Then, for values
t > t, close enough to ¢,, it will follow that | y(¢; ¢y, y,)| < h; for
values ¢ for which | ¥(¢; ¢, ¥4 | << h, we have

| (V(t)y(t; 2o 5 yo) Y (1, ¥(2; 8y, yo))| << Me| ¥(25 g, yo)12 < 41 (85 2o, yo)l%,

and hence dV*/dt < — L|¥(t; ty, y,)|%. It follows that V*(z) is
decreasing, and thus that

VL) < VHt0) = (V(to)yo ¥o) < M|y, 2 < b

From V*(t) > p| ¥(t; ty, vo)|2 follows | y(2; ¢y, )2 < A2

Let T be such that | y(T; ¢y, yo)| =k, | ¥(t; 1o, yo)| < hforty, <t < T.
From the above computations we see that | y(T’; t,, y,)|*> < A% Hence
the existence of T is contradictory. It follows that for all ¢ = t,, we have
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[¥(t; ty, ¥o)| < h, and thus dV*/dt < — 1| y(t; t,, ¥o)|%. The theorem
1s thus proved.

Theorem 1.7 may be proved by a simpler method, which does not use
the method of Lyapunov functions and is based on certain specific
consideration of the theory of linear systems. Let y(¢; ¢, , ¥,) be a solution
of system (4). We have

DL aayy(t; 10, 30) + Y(E 3 g, 30)-

Considering Y (¢, y(¢; #,, ¥,)) as a given function of #, we apply the
formula of variation of the constants stated in Section 1.3. Thus

¢
Mt ta,30) = Cs tayo = | CU Y (5,565 10, o).

Since by hypothesis the trivial solution of system (3) is uniformly
asymptotically stable, it will be exponentially stable; hence

| s )] < Besti=to),
It follows that

[ 925 Ty, yo)l < Be (=) |y, | +f Be=*=9) | Y (s, y(s; ty , Yo))| ds.

For all values of ¢ with the property that 7, <{s < ¢ implies
F(s; ty s ¥o)l < h, we deduce that

¢
[yt ty o)l << Bem®=%) |y, |  Be L ce** | ¥(s; 1y, ¥o)l ds.
0

Let u(t) = | y(t; ty, ¥o)l- We have u(t) < Bu(t,) + Bc _[, (s) ds.
According to Lemma 1.6 (Consequence 2), u(t) < Bu(t,)e? - ', Hence
L (85 1y, yo)| < BerteePoli=to) | 3| From this follows | y(¢; £y, o)l <
Be*(“*ﬂc)(tfto) lyo |

If ¢ < a/B, we will have in any case | y(¢; ¢, , v,)| < B| v, |. Hence
if |yo] < h/B (we assume B > 1), the relation | y(¢; t,, y,)| < & will
hold for all t == ¢,. Then, for all t > t, we will have | y(t; t,, y,)| <
Be—tt-t) | y | with a; = a — Bc > 0. Therefore the trivial solution
of system (4) is exponentially stable.

We shall remark that in this proof the fact that

J~1.|A(u)\ du < ot — 5)
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is not used any more; in the preceding proof this fact occurred in setting
up the properties of the function (V(#)x, x) from Theorem 1.6".

We shall now emphasize some generalizations of Theorem 1.7. We
have seen in Section 1.2 that if | f(t, x)] < L{r) | x| for | x| < 7, and if
the trivial solution of system (1) is uniformly asymptotically stable, and
if, in addition, | x(Z; £y, )| << ¢(t — 1) | % |, the stability is exponential.
The proof was performed by constructing a Lyapunov function of the
form

t+T
V(t, x) = f | a(r; 2, %) dr.

Consequently, if f fulfills the above condition and the trivial solution
is exponentially stable, there exists a function V' with the properties

plx? <Vt x) < M x|, ’:1‘17 V(t, x(t; by, x0) < —1% | 2(t; tg , xg)|2

We shall assume, in addition, that

|t %) = fl )] SLO) |xy — %] for |m] <r, x| <,
and we shall prove that in this case there exists a constant K such that
|Vt x1) — V(t, x0)] <K(I 2y [+ x[) 2 — 5] for [ | <8, [x5] <8y

We have
w(us t,3) = xp [ S 355 1, %)
t

if | 2, | < 8(r) it follows that | x(s; ¢, x;)| << 7, and thus that

Lf(s, x(s; 8, 2 )] < L(r) | x(s; £, %)l

For | x; | < 38(r), we will have
| w(s t,20)) < Ly | 4 [ L) a(ss £, )] ds

According to Lemma 1.6 (Consequence 2),

| x(u; £, x,)] < | %, |eLin =0
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and, therefore, | x(u; ¢, ;)] < | %y e fort <u <t + T, | x| < (7).
Further,

(s 1) — (s )| < [ LY 2G5 0, ) — (s £, )| 5 o+ |y — |
if | %, | < 8(r), | %, | < 8(r). Thus
I x(u; t) xl) - x(u, t, xZ)I < | xl - x2 IeTL(r)’ fOI' t < u < t + T-

By using these evaluations, we deduce for | x, | < 8(r), | x5 | < 8(r),
that

Vit %) — V(t, x5)]

— ‘ f | x(u; £, 2,)[2 du — JHT[ x(u; t, x,)|% du
t

[ 0wt ) s ) [ o )] — | 1, )|
< [ Ut ] st ) 5 1 3) — o )

< J"Z+T(| 2, |eTED 4| x, |€TLM) |y — x, [€TED dy
= TN ({xy | + x5 [) | % — x5 |
Upon putting K = Te?™ " we will have
[ V(t, %)) — V(E, 29)] < K(ly | + %)) | % — #z].

We can now prove

Theorem 1.7°. If | f(t, y1) — f(t, o)l <L(r) |31 — 3o for |y, | <,
| < rand| g(t, )| < Ly(#) | 3 | for | v | < 7, and if Ly(r) is suffciently
small, then from the exponential stability of the trivial solution of system (1)
will follow the exponential asymptotic stability of the trivial solution of the
system

Y 1)+ et 5)

Proof. Let y(v; ¢, y) be a solution of system (5) with [y | < /2.
We have

2w t9) =y + [ £l 30wt 90+ [ gl o0 1,3



64 1. STABILITY THEORY

hence
|30 690 <191+ [ L0V 1300 1.3 du + [ L)1 500 1,9)] ds

for all values t < v suchthatift < u < v we shall have | y(u; ¢, y)| <.
Then

ly(.v; t,y)l < |y |eh(L(r)+L1(r)) for t<o<t+h

From here it follows that if |y | < 7/2 and h is sufficiently small,
| y(u; t, y)] <rforallt < u < v, and the inequality holds for every »
witht <o <t 4+ h

Let x(v; t, ¥) be a solution of system (1). We have

Wos t,y) — (05 8, 5)
= [ LAt a5 1,3) — o s £, 30+ [ gl 003 1, )
hence

1303 6,9) = s(os )| < [ L) 1 5tas 1,9)]
+ [TL0) 150 1,9) — 231, 5) du < AL ()HEOLO |y |

= J L) 13005 ,9) — s £, 5)] d
Thus
| 5058, 3) — #(23 £, )] < ALy(P)eMErHEIALD |y |

fort <v<<t+ h
Taking into account this evaluation, we deduce

|Vt + A y(t + ki t,3) — V(E + h,x(2 + ks £, 9))]
< K(eMEOHL | g | 4 @hLAn) | 3 VoL (r)e2P LN AL | 5 |3
hence
[Vt 4 b 30t + s 1,3)) — V(B a(t -+ B £, 3)] < 2KL()ME1io) |y P
From here follows

lim sup LLEF Y Bt y)] — Vit By x(t 4 B 8, 9)]

h0+ h

S 2KELy(n) iy 12
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We have
lim sup V[t + h’ y(t + h; to ’yO)] - V[t’ y(t; t, yo)]
h-0+ h
— lim sup V[t + b, ¥t + B t, (25 2o, yo))] — VIt ¥(t; 2o » ¥0)]
h->0+ h
< lim sup Vit +h, y(t+hst, y(t520, yo))] — VIt + b, x(2 4 Bit,3(2: 2 5 90))]
h-0+4 h
+ lim sup VIt + b x(t + Bt 508 t;l,yo))] — VIt 9(t; 10, 9]

S 2KLy(r) | 3(t; to , o)1 — 3 | ¥(t; 8y, ¥9)I*

if | y(t; ty, ¥o)l < r/2. If Ly(r) is sufficiently small that L,(r) < 1/8K,
then
lim sup Vit 4+ hy(t + b 1y »Zo)] — Vit y(2; 29, 30)] < = F1y(t ty, ¥o)2

h-0+

if |y(tt,, o) < r/2. From this it follows that V[t, y(¢; t,, y)] is
decreasing. Hence

| 9(t; 20, Yo) |2 << VIt 9(2; 29, 30)] < V(tg» 30) < M|y, |2

Thus if |y,| < V' M/ur/2, it follows that for every t > t, we shall
have | y(t; ¢, , ¥o)] << r/2 and hence that the function V{(t, x) constructed
for system (1) from the property of exponential stability verifies for
system (5) all the conditions from Theorem 1.5. Thus, Theorem 1.7’
is proved.

We shall give for this theorem still another proof, essentially based on
a new idea due to Barbasin. We shall suppose that

lg(t.ys) —g(t, ) <L(r) |y, —y.1  for |y | <r iy, <r

As above, we shall write
¥t 1o, ¥0) — %(t5 o, Yo)

= [ Dyt 00— L st 300+ [ g 30 10, 300
= [0 30w 0, 0] — £ [, 2, 70

[ gt 3005t 300 — gl 3wt 30 + [ gl 3ty )l



66 1. STABILITY THEORY
Thus

¢
| ¥(; 2, Yo) — %(25 89, ¥o)| < Ly(r)B J‘t e~k | yo | du

1
[ 2L0) 1305 10 30) — 3(ws o, yo)| du

hence

L,(r)B
| ¥(t; 10, o) — %(2; 2o, Yo)| < ——_—1(03 @BLEt) |y, |

for all ¢ > ¢, , for which

1,30 <50 1wt 30 <5 0 B <u<t
Let € >0, |yy| <¢€2B, T = (1/o)In4B and L(r) such that
(L(r)BJa)er™ < 4.
We have
r
| %(u3 tg, o)l < Be 0 |yy| < Blyy| <5 <7 if e<3.

Further, for those t, << t < ¢, + T for which

(ty Su <),

N =

| y(%; 29, yo)l <

it follows that

L,(r)B 1 €
*——’(a) ETE g | < g%l <45 -

| (5 1, yo) — %(u; Ly, Yo)| < 8B

Thus
Fy(us ty, yo)l <L x(us by, yo)l + [ (w5 g, Yo) — x5 4, ¥o)!

fh-_<e<

—a{u—t,) _6_ — l
S B R ynl + 35 <31 3B 7

Hence |y(u; ty, yo) < r/2 for t, <u < t,+ T and, in addition,
L y(u; to, ¥o)| < € forty << u < t, + T. Further,

€ € € €

. a1 __€ — —
¥t + Tito, 3ol SBe™ 5=+ 3~ =35 T 85 ~ 4B
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We consider now the interval ¢, + T < t < ¢, + 2T instead of y,
we will start with the value y(¢, + T ¢4, y,), for which we have stated
the evaluation |y(¢, + T ty, ¥o)| < €/4B. The same computations
as above (in which the role of ¢ is taken by €/2) lead to | ¥(¢; ¢, , ¥o)| < €/2
forty + T <t < ty+ 2T and | ¥(t, + 2T ¢y, o) < €¢/8B. Continuing
in the same way, we obtain for t) + nT <t < t,+ (n + 1)T the
evaluation | y(2; ty , ¥o)| << €/27*1.

It follows in any case that if | y, | << €/2B we have | y(¢; 1y, o) < €
for every t > t,. If |y,| < /4B, then |y(t; ty, yo)| << r/2"*2 for
ty +nT <t < ty+ (n+ 1)T. Let t > t,; there exists m > 1 such
that ¢, + (m — NT <t <ty+ mT; then mT >t —t,, m>
(1/T)(t - t,), 2™ > 20/t 1/2m < 2-ANU=t0 From t > ty+(m—1)T
we obtain

1 r

|y(l; z(] :y0)| < '5—2'"7 < —2- 2_(1/T)(‘_t07;

taking «; = (1/T) In 2 we have 2 = eu7; hence |y(t; t,, yo)l <
(r/2)e—xt-t) which proves that the trivial solution of system (5) is
exponentially stable.

We shall now prove a theorem of stability by the first approximation,
which holds only in the case when the system of first approximation does
not explicitly depend on #. Its extension to the general case is still an
open problem. The theorem was proved for the first time in 1951 by
I. G. Malkin. Other proofs have been given by J. L. Massera and
N. N. Krasovski. We shall give here a new demonstration based on
some results previously stressed.

Theorem 1.7". Consider the system

& X + R, ), ©

where X(kx) = kmX(x), | R(t, x)| < y| x|™, v being a sufficiently small
constant. If the trivial solution of system dx/dt = X(x) is asymptotically

stable, then the trivial solution of system (6) is uniformly asymptotically
stable.

Proof. Consider the system

X(z)_

iz

0 tor 1z =0.

dz

dr

for |=z| #0, )
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Let 2(7; 74 , x,) be a solution of system (7),

4 1
0=, e, mer

7(t) being the corresponding inverse function. Let y(f) = 2[r(2); 74, %,)-
We have

(1) _ d sty ]d-r(t) X([r(t); mo, %)) 1
dt 0> %o | 2[7(2); 7o, %o] ™t _di(r)
dr

= X(=[7(1); 70 » %)),

and thus dy(t)/dt = X(y(t)); in addition, y(t,) = x,, where 2, = (7).
Since we have supposed that the solution of the homogeneous system
is asymptotically stable, we may write

v < x(1 %0 (. — 1),
implying that
| 2[(2); 70, %ol << x(| %0 (T — 2o)-
Thus

| 2(75 79 , %o)l < x(| %9 D(t(7) — (7))
= x20 (| e e )

| 2(u; 7y, X%0)|™
Since z(u; 7, , %,) is bounded, we have
! =1>0
| 2(u; 7o, %)™ T ’

hence

| 2(75 7q , %)l << x(| %0 W(I(m — 7)) = x(] % D*(r — 7o),

where s*(r) is monotone-decreasing and lim,_,, $*(r) = 0.

From this evaluation it follows that the trivial solution of system (7)
is uniformly asymptotically stable. By virtue of a remark from Section 1.2,
it is exponentially stable. Now let x(t; ¢, , x,) be a solution of system (6).
Put

7(t) = fo Fx(u; ty , %)™ du;
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let () be the inverse of this function and y(r) = x(#(7); ¢y, %,). We have

% = —:11'[ X(H(1); By, %) d-fi(TL)
— (X[x(t(r); o, %)] + RIH(r), 2((); ty , %)) EI(T)

dt
1

| %(t(7); to, %)™

= (X[x(1(r); Lo, xo)] + R[H(7), x(1(); L5 » %)])

XD
ECk=

R[Y(), y(r)]
| y()mt

+

Thus y(r) verifies the system

X() |, Rety)

d 0,
d—Jr): Iylm—1+ Ly ™1 [yl #
0 if |y|=0.
From | R(t, y)] < y| y |™ we obtain ey
( . ’ .;‘}e
R(1(7), SR
——%(2_{) ’ <yl \« /

Since the trivial solution of the first approximation system (7) is
exponentially stable, we may apply Theorem 1.7, and it follows that the
trivial solution of the system in y is exponentially stable; hence

| ¥(7)] << Bem ™= x, | (7o = 7(fy)].

Thus

[ 2(2(); 2y, Xp)| < Be™™"=™) | x5
1.e.,

[t 1y, %0)] < Bers 0wt |y
hence

t
| x(2; ty, xp)] < Bexp [—oc f | x(u; ty, xp)|™ 1 du] | %] -

to

If for t — o0, 7(t) - 7, < o0, then the solution

() = 2(Hr); by » %)
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would not be defined beyond 7, since for = — r, we have ¢ — 0.
But the solution y(7) is defined for any 7; hence 7, = 0. It follows that
the integral is divergent and therefore asymptotic stability occurs. The
theorem is proved.

Let us now emphasize the character of asymptatic stability for the
homogeneous systems considered above. We assume that m > 1. For
the system

& _ {28 (5120,
dr 0 (z =0),

asymptotic stability is always exponential; i.e.,

| 2(7; 7y, Xg)| << Be=®") | x, |
and
| 985 to 1 50)) < Ber =01 | x, .

Let us evaluate | 2(r; 7y, x,)|. We have (d/dr)z(r; 7o, %) = Z(2(7; 79, %)),
where we have set

X(2) i
2(z) — [z 1 (=] #0),
0 (z = 0).

Hence
d
(2(7; 79 5 %), A (15 1y, %)) = (275 70, %)y Z(2(7; 79, %))

But Z(2) is homogeneous of first degree; hence | Z(z)] < L| z |, where
L = sup, <, | Z(2)|. Therefore,

1 4 ;
3 dr | 2(75 79, %)% << L] 2(7;5 74, %9)|%
hence
L oy re, 5| <L, ln| a(rs vy, wo)l = — 2L
2 dT y 1o M0 ~ ’ dT y 10 MO = ’

In | 2(r; 7o, x,)|2

—2L(r — ‘ro) + In | X |2

ARV

l ,Z(T; T xo)[i e-2L(7470) | Xq |2’
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hence
[ 2(1; 19, Xp)| = €77 | x|, 2(1; Ty, X)L = e Lm—LT=Tg) | g M1
0 0 0 0 0 = 0 )
| |
< elm—DL—7y).
| 2(r5 70, %)I™1 T | x|
Thus
dt(r) <o elm=DL(r—1y)
dr | x ™1
and
1 T
Hr) —ty < _“-——IJ- elm-1Lr=1g) dr
i 0| To
- 1_{ J'T‘T" elm-DLo Jo — 1 (em=DLG=7) __ 1),

(m — 1)L] %y [
From this follows
L (m — DL "t — 1) <
[1 4 (m — D)L| xy [ Yt — t)]H/E < elm-Dtr=79),
<

[1 4 (m — )L} xg |™ 1t — to)]*/E

e(m—l)L('r_.'ro),

e(mfl)a(‘rfrﬂ),

and
e—(m—1alr—m,) < 1 )
[1 4+ (m — 1)L| xo |7}t — to)]*/F
Thus
)y(t, tO R x0)|m71 < Bm~—le—(m—1)a(f—ro) l xO |m—~1

< Bm—l [ X |m—1 ]
T A (m = DL x 7 — )]

ie.,

| ¥(t5 to, %)) < B[l + (m — 1)L| x| (£ — )]~/ | x|

= B[] x5 |V 4 (m — DL(t — tg)]~#/Lm=1) | g [1-/L),

Krasovski has proved that if the trivial solution of the system
dy/dt = Y(¢, y) verifies an evaluation of this type, we can obtain a
theorem on stability by the first approximation of the same type as
Theorem 1.7". It is, however, an open problem if such an evaluation
always occurs for homogeneous systems.
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We shall state now some theorems of stability in the first approxima-
tion of a less general character, which however, may prove effective in
different concrete cases.

Proposition 1. Consider the system

Zf = A(t)x + X(x, 1),

where | X(x, )] < B%2) x|, for| x| < ¢

If there exists a matrix G(t) self-adjoint and positive [i.e., such that the
Hermitian form (Gx, x) is positive-definite], such that

J-: [QM(t) + 28 \/g] dt — —

then the trivial solution of the system is asymptotically stable.

Here q,, is the largest eigenvalue of the matrix A + GG + G14*G,
and A and A are, respectively, the smallest and the largest eigenvalue for
matrix G.

Proof. Let
(1) = (G()x(t; g, %0), x(2; Ly , %o))-
We have
%f_ ~ ( Gt 1y, %a), #(: to,xo)) (G(t)%x(t; ty, %0), %(t; to,xo))

aG
(G(t‘x(t Ly, Xg)y —— dt x(t; to,x.,)) = (_Z'T x(t; 1y, x,), x(2; to,xo))

+ (G A@)x(t; 1y , %), X(2; L , %)) + (G()X(x(2; 2o, o), 1), %(t; Ly, %))
+ (G()x(2; ty . xo), A()x(t; 2y, %0)) + (G(2)x(t; 2y, %), X(x(2; 2y , %), 1))

e (9. a1y, w0l 5085 10, 30)) + (GO t, 30, 35 o, 30)

+ (AXO)G@)x(2; ty , xo), 2(2; g , %0)) + (G()X(x(2; 2o, %), 1), 2(2; 14 , %))

+ (G(O)x(t; £y, x0), X(x(t; by , %), t) = (Q()x(2; ty , %0), %(2; 19 , %))

+ (G(OX(5(2; ty , %), 1), %(E5 29 , %)) + (G()x(t; £y, x0), X(%(2; 2o , %)y 1))
where we have set

G
Ot) = - + GA + 4%G.
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We have
dG
GO = G- + 4 4 G A*G;

hence g, is the largest eigenvalue of the matrix G*Q. We have

(O, %) < (G, ).
Likewise, the inequality

(Gx,y) + (Gy, x) <2 V(Gx, x)(Gy, y)

is immediately proved.
Thus taking into account these inequalities,

% < qué + 2 VECX, X).
But

(GX, X) < A(X, X) < AB¥x, x) = —;1— BoA(x, x) < —;L B (Gx, x).

Consequently,

d a
W R YN

o« qM+2ﬁ\/—

#Indeed, let us consider the function (Qx, x) defined on (Gx, x) = 1; since (Gx, x) = 1
is compact, there exists Apy = SUP Gy 2)—1 (OX, X). According to the general theory of
conditional extremes, the points of maximum verify the relation

(8/0x){(Qx, x) — (AGx, x)} = 0;

and hence

hence (Q — AG)x = 0; this equation has nonzero solutions only if det((Q — AG) = 0. But
det(Q — AG) = det G det(G™Q — AE);

hence A verifies the equation det(G~!Q — AE) = 0 hence is an eigenvalue of matrix G-1Q.
If x, is the point of maximum, x, is an eigenvector for G-'Q; hence

(Oxq, xp) — MGy, %) = 0;

since (Gx,, x,) = 1, it follows that (Qx,, x,) = A; hence Ay is the eigenvalue of G-1Q
corresponding to x,. Since the value (QOx,, x,) is maximal, Apy = gpr. The written
evaluation follows immediately from here.
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It follows that

&) < Glxo, ) exp [ [ (g + 28 \/%—) dt) .
On the other hand,

E(t) = (G()x(t; ty , xo), %(25 1y, %)) == Al x(2; 1y, 2x,)|2

Thus

MO0 0, 30 < At 130 Pexp [ [ (w +28 @) d| ;

hence
[x(t; 2y, %) < %i——;—) exp [% J.; (qM + 28 \/—?) dt] =R

If A(t) = Ay > O and if [; (ga + 28 VA/X) dt — —o0 when ¢ — oo,
the trivial solution is asymptotically stable. If, in addition,

fi (qM + 28 \/——i\l—“) dt < —aoft — ty),

the stability is even exponential. The theorem is proved.

Let us consider a particularly important case. Assume that 4 is
constant and that the corresponding normal Jordan form is diagonal.
Let C be the matrix which leads A to the normal Jordan form, G = C*C.
Then

GQ = A + GU4*G = A + CIC*1A*C*C
and
CG1QC = CAC! + C*14*C* = CAC-! + (CAC Vy*,

Thus the eigenvalues of the matrix CG-!*QC—! (which coincide with
those of matrix G~1Q) are just twice the real parts of the eigenvalues of
the matrix 4. Assuming that the real parts of the eigenvalues of matrix A
are negative, and denoting the largest of them by —d, the condition of
the theorem becomes

[EITNES P
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The significance of this result is the following. It is known that if
matrix A4 has eigenvalues with negative real parts, the trivial solution of
the linear system of first approximation is uniform asymptotically stable;
hence we can apply the theorem of stability in the first approximation.
The above result allows the evaluation of 8 such that the stability be
maintained; e.g., assuming that § is constant, we obtain the evaluation

B < dVNA.

Finally, let us note that the method used leads us not only to a theorem
of stability by the first approximation, but also to an evaluation of the
solutions. By conveniently choosing matrix G, we may obtain more
precise formulas of evaluation of the solution.

Proposition 2. Consider again the system of the preceding proposition
and assume

fw B¥(t)dt < co.
If the trivial solution of the system

dy
v A(t)y

ts uniformly stable, then the trivial solution of the given system is uniformly
stable. If the trivial solution of the system

dy
o A(t)y

s uniformly asymptotically stable, then the trivial solution of the given
system 1s uniformly asymptotically stable. It is assumed here that

ft | A(u)| du < w(t — t,).

Proof. We shall prove this proposition in two ways. The first demon-
stration is based upon the construction of a Lyapunov function.

From the uniform-stability hypothesis it follows that | C(¢, 5)| < M;
hence | y(¢; ty, xy)| << M | x4 | for all solutions of the linear system of
first approximation. Let V(¢, x) = supo, | ¥(¢ + o; £, x)1.

We have V(t, x) = | x|, V(¢, x) << M| «x|. Further,

(2 + 058, %) — 130 + 03 8, %)l] < [y + 031, % — %) < M|x, —x,

(we have used the linearity of the system of first approximation).
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Thus
[yt 4 oi t, )| <1t + o3ty x)| + Mz —x,
and
V(t, %) < V(t, ) + M| x, — x, .
Likewise,

Vit,x) < V(t, %) + M| x;, — x|,
which implies
| V(t, %) — V(t, %) < M)x; — x, ).
The function
VXt) = V(t, y(t: 15, %0))

is monotone-decreasing (see Theorem 1.2").
We have

x(v; t, xg) = x5 + fr {A(u)x(u; t, xg) + X(x(u; t, x5), u)}du

For | x, | << ¢/2 it follows, if t < v < t + h and h is sufficiently small,
that

3003 2] < 0|+ [ 4 A 5 £ 5] + B | 5(0 , 50}
hence
t+h
| (s 2ol < Vol exp ([ 1 A@) + B
Further,
x(v; 8, x0) — y(v; t, Xp)
= , A3 1, %) — (w1, xdu + [ X(x(u; 1, x;), u)du.

We will have

t+h t+h
| #(o5 1, 30) — 9w 1,59 < 1% [exp [ (1 AW + Bu)du] [ 7 B

+ [ 1A s, 20) — 3005 1, 7))
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and
t+h t+h .
| #(e3 8,0 — 33w < [m] [ Bwduexp [ 21A@) + Byl
for t < v <t -+ h Taking this evaluation into account, we deduce
| V[t + h, x(t + ks t,x)] — V[t + b, y(t + h; t, x)]|

<M f Z*" B2(u)du exp [ f Z“' (21A®w)| + ,gz(u)}du] ;

hence

lim sup Vit + h,x(t + b, t,x)] — VIt + A, y(t + hs 8,

h—-0+ h

N < Mgty 1.

In this way, with the help of a computation which we have already
performed (see, for example, Theorem 1.7°), we obtain

Vit + b, x(t + h t, x)] — V(t, x)

lsp sup ' < MBYD)| x| < MB()V(t, ).
Setting
V**(t) = V[t, x(t7 Ly, xo)]’
we deduce
. V**(t + h) — V**(t
lim sup (¢ + }2 *) < MBHt)V**(r)
and hence
t
V(1) < V*K(tp) exp [M f ,sz(u)du] .
to
Thus

x5 g0 < VI 05 1y, ) < Vit 39 exp [M | gl

< M| %, | exp [M ft Bz(u)du] ,

which togetherwith [~ B%(u)du < K implies | x(t; 1y, x,)| < M exp(MK)|x,],
and the first assertion of the proposition is proved.

For the second assertion, proceeding as in Theorem 1.7, we choose
the function (V{(t)x, x), given by Theorem 1.6", and setting

V(1) = (V()x(t; tq , o), %(; tg , X)),
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we deduce that

dr*
—ar —| x(t; 8y, xo)|* + 2(V(2)x(t; 8y , xo), X(x(2; 2o, Xo), £)
o 2
< alt5 g, 5 2MB (5, )P < — I (),
Hence
dln V* 1 ..
i S T AME

from this we deduce that

In V*(t) — In V*(t;) < — Ail(t — 1)) +2M f * B(u)du

and that
| ‘o
V() < V*(t,) exp [— = to)] exp [2M f t Bz(u)du]
' 1
< M| x, |2 exp [ZMK — - to)]
We finally obtain

M
|t 1y, %0)| < \/— MK UMt |y
I

and the proposition is proved.
The second proof uses the variation-of-constants formula,

t
x(t; 1y, Xo) = C(2; to)xg + J‘t C(t; ) X(x(s; ty , %), $)ds.

Thus
t
| x(ts 1% %5) < M| x| - f MB(s); x(s; t, , %,)| ds.
to
From here we obtain
t
| %(£; b, %o)l < M| xq | exp [M f t 32(s)ds] ,

and the first assertion of the proposition is proved.
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Finally, if the trivial solution of the linear system of first approximation
is uniformly asymptotically stable, we deduce

| C(8; 5)| < Be~att=9),

Hence

| %(t; 2, %5)] < Bemx=t) | xy | + f Be~=98(s)| x(s; t, , %,)| ds.

Setting
u(t) = | x(t; ty, xo)lext

we deduce that
t
u(t) < Bu(ty) + B f B2(s)u(s)ds,
to
whence
t
u(t) < Bu(t,) exp (B f t 32(s)ds)
and
12
| x(t; 1o, x5)] << Be=U~%) | x, | exp [ f, B2 ds] << BeXBg=i—to) | x|,

The proposition is proved.

Proposition 3. Consider the system

dx dy
7 - X(tv X, y)! _a't_ - A(t)y + Y(t9 X, y)v

where | X(t, %, )| < K|y |, B >0, | Y(t, %, )| < ki y|for | ] < o,
[y | < ag, k sufficiently small. Suppose that the trivial solution of the
linear system

dz

7{ = A(t)z
ts uniformly asymptotically stable. Then the trivial solution of the given
system is uniformly stable and, in addition, for every solution for which the
initial values are sufficiently small we have

yt) =0, x(t) >1  for t— 0.
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Proof. For this theorem, too, we shall give two proofs, the first based
on the construction of a Liyapunov function, the second on the formula
of the variation of constants. Let V(#) be the matrix constructed as in
Theorem 1.6” for the system in 2. Setting

V*(t) = (V(t)y(t; to, %o, yo)» y(t; to, %o yo))»
we obtain, as in Theorem 1.7,

dav*
;7 —1¥(t5 tg, %q , ¥o)I?

+ 2( V(t)y(t; to » %o ’yo)v Y(t’ x(t; to » Xo ’yo)» y(t; to s %g ryo)))

and

av* 2 2
3 < —1y(ts ty, %o, Yo)l® + 2ME| y(2; 29, %y 5 Yo)l*

Further, as in Theorem 1.7, we deduce that

dv* 1
.1 . 2 . _*
dt < 2 l_y(t’ tO)xO »yo)t < 2MV (t)’

whence

1
B3t o, %0, 3OIF < V() < MIyg P exp [~ 5r (= 10)]

and
M 1
| (85 ta %0 30)l < J;exp [~ a5 — )] 1700
From
t
x(t; Ly 5 X9, Vo) = %o + J.t Xlu, x(u; ty , o, Yo)s VU3 by , %o » ¥o)]du

[

we obtain

t M\8
[ x(2; 2, %9, Yo)l < | % | + f K(\/M) e~ BIAMIu—te) dy | y, |P
to b
M8 ri—to
= |, _*_K(\/A_;l) f e—(B1M gy | 5. |8
(1)

< [ %] +(\/¥)ﬂ%§z‘{|yolﬂ
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which shows the uniform stability. In addition, _[fu Xlu, x(u; ty, x4, ¥o)s
y(u, ty, Xy, ¥o)] du will be convergent; hence lim,,., x(¢; ty, Xy, o)
exists. The proposition is proved.
Now, the second proof. Let C(¢, s) be the fundamental matrix of
solutions for the system in 2; we have
| C(2, 5)] < Beti-9)

From

t
¥(t; Lo 5 %9, ¥o) = C(t; to)yy + f t C(t, s)Y (s; x(s5 g, %, Yo)s ¥(Ss Lo, Xg , Yo))ds,

we obtain

¢
30050, %0, 7o)l < Be20) | 3o | + Bk | 59| 5053 10, %, o)l ds.

Setting
u(t) = | y(t; to , %y, Yo)l,

we obtain

t

u(t) < Bu(t,) + Bk f u(s)ds,

to

whence
(1) < Bu(ty)eP*! 4.

Thus

| (85 20 5 %o, o)l << Bem*t-toleBri=ta) |y, |,

If we have & < «/B, then we shall have the exponential evaluation for
| ¥(¢; tg , %o » ¥o)| and the proof continues as above.

With the help of Proposition 3, we shall state a stability criterion of a
special type relative to systems of the second order.

Proposition 4. Consider the second-order system dy/dt = Y(y, t),
where Y depends analytically on y and has a development in series with
bounded coefficients for t = 0. Let ¢(t, h) be a family of bounded solutions
of the system for t = O depending analytically on h and with the property
that the functions q;;”f" (2, 0) are bounded for t > 0. If

len(t,0)] = v >0
and

f%ﬂ%%h@%ﬂm<—m~m+ﬂm

where x(t) is a bounded function, then y = (¢, 0) is uniformly stable.
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Remark. If Y does not explicitly depend on ¢ and the system admits a
bounded solution y = ¢(t), then it has also the solutions ¢(¢ + k); in
this case g4(2, 0) = ¢(¢) and in general

dk
Pt 0) = — o(1).

Hence the condition that these derivatives be bounded is automatically
verified. For the case when Y does not depend explicitly on ¢ and the
solution @(2) is periodic, the result has been stated by Poincaré.

Proof. Let o(t, 0) = ¢(f). We make the change of variables
x = y — ¢(t) and we obtain

d
T’t‘ = A(t)x + X(t, x),

where
A(t) = —Z—yy— (o(0), 1),

and the development in series with respect to x of X(¢, x) begins with
terms of degree higher or equal to two. Both A(¢) and X(¢, x) are bounded
as functions of ¢ for t > 0. The system in x admits the family of solutions

x = o(t, h) — @(t, 0) = hoj(t, 0) + hpja(t, 0) + -

By substituting in the system we find that @y(z, 0) is a solution of the
linear system dz/dt = A(t)z. By virtue of the hypothesis, this solution
is bounded.

In what follows we shall denote by ¢, ¢, the components of the
vector gy(t, 0). We have, by hypothesis, ¢ + 2 > 92 > 0. Let

VA
]
It follows that det ¢ = % + 3,
L1 b . Y
v _n/ewz(—l/:z ¢1)’ ¢‘(¢2 s&l)’

and it is clear that according to the hypothesis of the theorem, ¢, =1, ¥
are bounded. We perform the change of variables x = Jx*. The system
becomes

dx*

= (l/,,lAl/, — g1 _’%) a* X2, P,
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The linear system

dz
- = A=z
becomes, by means of the change of variables 2 = yiz*,

A A

This system admits the solution 2f = 1, 2¥ = 0, which corresponds

to the solution 2; = ¢, 2, = ¢, .
It follows that the first column of the matrix ¢4 — J~Yd/dt) is
zero; let a(t), b(¢) be the elements of the second column. We have

b(t) = Tr [p 4 — ¢ d¢] «Trlp‘lAlp_Tr‘/,-l%/’t-
=TrA~Tr1,b—1‘%':TrA—%lndetgb:TrA—%ln(¢f+¢§).

Hence the system in x* has the form

X
dx;

dx;k - *
= () + X, (¢, xf X xS W:b(t)x X(t, s 2

dt

where X* has the same properties as X.
From x* = y~1x it follows that this system admits the bounded

family of solutions
x* = M, 0) + Fh% (¢, 0) - -

Taking into account that ¢,(¢, 0) is the first column of the matrix i,
we see that ¢—p;(2, 0) has the components 1 and 0. Hence

KF = b Bot) + v, xF = KBy(t) 4

where, according to the hypotheses, «; and 8, are bounded functions of
t for ¢t 2> 0. We make a new change of variables

xF = u + ulat) 4 - x¥ = v+ uiB(t) + .
In the neighborhood of the point x§ = x¥ = 0 we obtain

G AT v )+
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and the stability properties for the system in (u, v) lead to stability
properties for the system in x*. After the last transformation, the
system becomes

—‘Z— = a(tyo + U(t, u, v), —%— = b(tyo 4+ V{(t, u, v),
where U and V are bounded as functions of ¢ for £ >> 0 and have
developments in series according to the powers of u and v beginning
with terms of a degree >2. This system admits the family of solutions
« = h, v = 0, which requires that U(¢, 4, 0) = 0, V(¢, 4, 0) = 0. From
this it follows that for [ u | < uy, | v | < v, we have | U(t, u, v)] < of v,
| V(¢, u, v)| < B| v|, where a and 8 may be arbitrarily small, if u, and v,
are sufficiently small.
On the other hand, from

be) = Tr (4) — o In (42 + 43,
we have

, ‘ HORRHO
f s = f to(Tr A)ds — In RN

The general solution of the equation dw/dt = b(t)w is

w(t) = w(t,) exp [ f : b(s)ds]

= w(t,) exp U:oTr A ds] exp [—ln %%%]

— w(t )‘/’f(to) + l7l'§(t0)
O hy(t) + del2)

According to the hypotheses of the statement, |w(f)| < | w(t)l
(| @n(to » 0)[2/y%) e—v(i=tdex(h which shows that the trivial solution of the
equation in w is uniformly asymptotically stable. We can apply
Proposition 3. Hence the trivial solution of the system in (z, v) is uni-
formly asymptotically stable, which entails the uniform stability of the
trivial solution for the system in x*, and hence for the system in X,
which establishes the uniform stability of solution g(¢). Moreover, for
u(ty), o(t,) sufficiently small, we have u(t) —>h, o(t) > 0; hence
x5(t) — (h + Brag(t) + ) — 0, 65(t) — (K¥By(t) + ) — 0. Thus

exp [ft TrAds].
to
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the solutions x(¢) tend to one of the solutions (¢, &) — ¢(f); hence for
every solution y(¢) from the neighborhood of ¢(t), there exists an & such
that

lim (5() — o(t, ) = 0.

1.8. Total Stability

In what follows we shall state a series of theorems which point out the
fact that if a solution is uniformly asymptotically stable it also has certain
stability properties with respect to different classes of permanent
perturbations. As previously, we shall only be concerned with the case of
stability of the trivial solution, since by the preceding we already know
that the study of the stability of any solution is reduced to this case.

Definition. The trivial solution of system (1) is said to be stable with
respect to permanent perturbations (totally stable) if for every ¢ >0
there exists 8,(¢) and 3,(€) with the properties that for any function R(t, x)
with | R(t, x) | < Syfor| x| < et = 0andforany |y, | with|y,| < 6.,
the solution y(t; ty, v,) of the system

S = ft, ) + Rit, 5) ®
vertfies the inequality | y(t; t, , ¥,) < efort > t,.

Theorem 1.8. If the trivial solution of system (1) is wuniformly
asymptotically stable, then it is also stable with respect to permanent
perturbations

It is supposed that f fulfills the condition |f(t %) — f(t, %) <
L(t)| %, — x5 |for | %, | < o, | %, | <a0andthat|j*”Ls) ds | <Rul

Proof. According to Theorem 1.6°, it follows from the uniform
asymptotic stability of system (1) that there exists a function V(z, x)
with the properties

a(lx [) < V{t, x) < b(| x ),
im sup V[t + h’ x(t + h) tO ) xO)] - V[ta x(t; to N x())]

h-0+ h

< —c(] %(t; tg , %)),

| V(2 %1) — V1, x5)] < M| %y — x5 [for | x, | <<O(3y), | %o | < 8(8p)],
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where 8(¢) and 8, appear in the definition of uniform asymptotic stability,
Let y, satisfy | y, | << $ay; consider the solution y(v; ¢, y,) of system (8).
From

¥ b, ¥o) = Yo + ft {f(u, y(u5 1, 30)) + R(u, y(u; t, yo))}du
we obtain

33650 < 1301+ [ L) |53 1,50 de + o,

where % = SUp;,,yj<q, | R(¢ ¥)|.  The inequality holds for all
t < v <t hsuch that | y(u, t, yy)| < op. Thus

{325 t, y0)l < (Lyg | + hn)ern.

Hence for A sufficiently small, we will have, in any case, | ¥(u; ¢, y,)] < o,
and the inequality holds for every t < v <t + h with & sufficiently
small.

Further, let x(v; ¢, y,) be the solution of system (1). We have

(3 1, ¥o) — #(;5 1, ¥o)
= [} A 3003 1, 30) = o w00 £, 300+ [ R 3031, )

Let € > 0, I < min{a(e), a(3ay)}, 8:(€) = b)), dy(e) = [b~Y(])]/M.
We choose | y, | << 8, (we shall have, in any case, | y, | < Lo).

If R(¢, x) is such that | R(t, x)| < 8, for |x| < ¢, t = ¢t,, we shall
have 7, = sup,cq yj<c| R(t, ¥)| < 8,. As above, it is clear that if
| ¥ 1 < 81, then for k sufficiently small we shall have | y(u; ¢, y,) | < €
fort <u<<t+ h

Therefore we may write the estimate

303 £, 30) = s 30 < By - [ L) | 5003, 70) — (s 1, 50)] do
from which follows
|33 t, o) — (3 £, 3o)| < hmyet®,
in any case for 4 sufficiently small. On the other hand, we have

V[t 4 hoy(t + kst y)] — V(T p)

h-0+ h

V[t + k. x(t + h; 1, 3)] — V(2 y)

R0+ h

Vit + byt +ht, )] — Vit + h x(t + b5 2, 9)] .

+ lim sup —
i it 3 h
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But
PV + R y(t + bt y)] — V[t + b, x(t + b t, y)]
< M| y(t + ki t,y) — x{t +h;t, )
if
la(t+ kit p)| <8(8), [t -+ At y)] < 3(8).
If

|1 < min (33(3), 3%, ¢
we see, as above, that for 4 sufficiently small, we have the estimate

Iy(t + hv tay) - x(t + h’ tsy)I < hnlekn'

Hence
[Vt + Ryt + Rt y)] — V[t +h x(t + kst y)]| < Mhye*™.
From this we obtain

VIt + b y(t + hy t,y)] — V[t + b, 5(t - k; 1, )]

lim sup h < My
We deduce then that
. Vit h, t h, t, — Vi t,
lim sup [2 4 A0+ Y)] t.7) < —ly )+ My,

h—0-+ h
< =iy l) + M3y = —c(ly 1) + [67'(D)]

if | y | < e with € sufficiently small.

We may now prove that | ¥(¢; #,, yo)| < € for t > ¢, . If the property
does not hold, there exists a ¢, > ¢, such that | y(¢;; t;, yo)}| = €; then
there exists ¢, < £, << ¢, such that | y(2,; %y, ¥o)| = eand | y(; 1y, yo)l < €
fort, <<t << t,. Let V¥(#) = V[t, y(t; ty, v)]. We have

V¥(ty) = Vity, ¥(tz to » Yo)l = a(] ¥(te; 2, Yo)l) = ale) >,
V*(tg) = V(ty, yo) < 8| yol) < b(8;) = b[67([)] = L

Thus there exists a t, satisfying #, < #, < t, such that V*(#;) = |,
V*(t) > lfort; <<t <t,. We have

a(| y(ts; ty > Yo)) < Vtz, ¥(t35 o s ¥o)]l = VH() = 1 < b(| y(835 £y, y0))-
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Therefore,

b1 < 1y(tas t, 30)l < a7'(l) <

Hence we may write

lim sup Vity + b, y(ts 4 h; ty, y(ts; to , Yo))l — Vs, y(ts; to 5 Yo)]

h-0+ h

* _x*
— lim sup 4 (t3 + h) |4 (ta)

h-0+ h

< =] ¥(t5 1o » Y)) + €[67(D)]
< —c[bY )] + efoY()] = 0.

Therefore, V*(¢) < V*(t3) = lfor t > t3, which is contradictory. The
theorem is thus completely proved.
We shall now give some applications of this theorem.

Applications. 1. Let us suppose that system (1) contains a certain
number of parameters; we shall denote by « a point in the parameter
space.

System (1) is written

dx
—dZ‘ = f(t. X, (1).

The manifold of points for which the trivial solution is uniformly
asymptotically stable forms in the space of the parameters the domain of
stability of the system; let G be this domain. We consider a point o
on the boundary of G; the point is said to be a security point of the boundary
of the domain of stability if for every € > O there exists 8,(¢) > O and
8,(e) > O with the property that if | xy | < 8,(¢) and p(a, ag) << 8y(€), then
| x(2; 2y, %y; )] < € for t > t,. We have denoted here by p(a, o) the
distance between « and «, in the space of the parameters.

The significance of this definition is the following. If «, is a point
of the boundary of the domain of stability, there are some points outside
this domain arbitrarily close. At these points the trivial solution,
ceases to be stable. The fact that o, is a security point of the boundary
means that if « is close enough to «,, even if it is outside the domain of
stability, the solution x(f; ¢,, %,, o) continues to remain close to the
trivial solution; hence certain stability properties are maintained, which
are sufficient for practical requirements. It follows from this that the
security points of the boundary of the domain of stability have the
property that we can get as close as possible to them without assuming
the risk that small errors or perturbations provoke the loss of stability.
An immediate consequence of Theorem 1.8 is the following:
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If the trivial solution of the system

dx
W = f(t; X, 0‘0)

is uniformly asymptotically stable, the point «, is a security point of the
boundary of the domain of stability.
Indeed, the system

dx
7{ ::f(tv X5 O‘)

may be written

__%:_ :f(t’ x; ao) + {f(t, f d) "_f(t) x5 0‘0)}-

Upon putting
R(t, x) = f(2, x; &) — f(2, %; o),

it follows that if we suppose that f is continuous with respect to a,
uniformly with respect to (¢, x), then for given 33(¢) > 0 there exists a
8,(€) > 0 such that p(a; , o) < 8,, | x| < € implies | R(Z, x)| << 8y(e).
Since the trivial solution of the system dx/dt = f(t, x; o,) is uniformly
asymptotically stable, it is stable with respect to permanent perturbations;
hence there exists &,(€) and 85(¢) such that | x, | << §,(¢), and | R(2, x)| <
84(€) for | x| < eimplies | x(2; ty, x,)| < efort > t,. But p(a, o) << 8y(e)
implies | R(¢, x)| < 85(¢). Hence, if | x5 | << 8;(¢) and p(o, o) << 8y(e) it
will follow that | x(¢; ¢, xo; o)| << € for t > t,, which shows that o is a
security point of the boundary.

Let us remark that those results stated above point out the importance
of the study of the stability of the boundary points of the domain of
stability. This study is usually much more difficult than for the interior
points of the domain of stability.

2. Consider the system

dx d
— = X(t, x, ), —d}tL =

dt Y(t’ x’ y)’ (9)

where x and y are vectors. Suppose that X(t, 0, 0) = 0, Y(¢, 0, 0) =0
and that the trivial solution of system (9) is stable with respect to components
x; this means that there exists a 8,(€) such that | x4 | + |y, | << 8, implies
| %(t; 20, %9, Vo)) < €fort >t,.
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Suppose in addition that the trivial solution of the auxiliary system

dz

W = Y(t, 0, Z)
s uniformly asymptotically stable. Under this condition, the trivial solution
of system (9) is uniformly stable.

Proof. The system

may be written

Y~ ¥(1,0,9) + (V(t, %,3) — Y(2,0,5)}

By hypothesis, the trivial solution of the auxiliary system is uniformly
asymptotically stable, and thus, by virtue of Theorem 1.8, is stable with
respect to permanent perturbations. It follows that there exist 8,(¢) and
85(€) such that, from | y| < 8, and | Y(¢, %, y) — Y(¢, 0, ¥)] < 85(e) for
|y | <e follows | ¥(2; tg, %4, Vo)l << € fort = t;. Since Y is supposed
continuous in x, there exists 8,(¢) such that |[x| <8, implies
| Y(t, x, y) — Y(,0,5) < 8(e)fort = 0,]|y!| < e. On the other hand,
if | x| + | yo | << 8;[84(€)], then | x(2; 2y, %o , ¥o)| < Sy(e)-

Let 8(¢) = min{8,(e), 6,[8,(e)]}. Then |x,| + | yo| < 8(¢) implies
on the one hand,

L2t 2y %, ¥o)l < Oy(€) < e
and, on the other,
LY (2, x(t; 89, % o)y V) — Y(£,0, )] < 84(¢) for |y| <e¢

hence

’_y(t;lo’xo,yo)‘ < € for l>t0

The proposition is proved.

An example of the application of this proposition has been given by
T. Hacker in a study of aircraft stability. In the case when system (9)
represents the system of the perturbed motion for a plane, a part of the
components may be controlled by the pilot. Considering that these
are the components denoted by x and that system (9) also contains
in it the pilot’s action, the pilot’s control will be expressed by the
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fact that the trivial solution of system (9) is stable with respect to
components x. Admitting, of course, that the pilot’s action is zero
when components x are zero (namely, admitting that the pilot does
not act when perturbations do not occur), it follows that the auxiliary
system does not depend on the pilot’s action but only on the constructive
parameters of the plane. By choosing these parameters in such a way
that the trivial solution of the auxiliary system be uniformly asymptot-
ically stable, the action of the pilot on the controllable components
will be sufficient to assure the stability of the plane’s motion.

Let us suppose now that the trivial solution of system (9) is uniformly
asymptotically stable with respect to components x and that the trivial
solution of the auxiliary system is also uniformly asymptotically stable.
Then the trivial solution of system (9) is uniformly asymptotically stable.

Proof. Since the trivial solution of system (9) is uniformly asymptot-
ically stable with respect to components ¥, there exist §, and T(e) such
that | %y | + | yo | < 8gand t = ¢, + T(e) implies | x(¢; 1y, x4, Vo) < €.
Let R(t, ¥) = Y(t, 3(; to, %, o), ¥) — ¥(1,0, 9).

Let of€) < 8(¢), with the property that | x| < ofe), |y ]| < €(3)
implies | Y(t, x, y) — Y(t, 0, ¥)| < y(€)/2M, where M is the Lipschitz
constant of the Lyapunov function constructed for the auxiliary system,
and y(e) = ¢[8(¢)]. Let Ty(e) such that ¢ > t, + Ty(e) implies
| x(t; 2o, %4, Yo)| << al€). Let by = b(8,) and ¢, such that

lim sup V[t + h? y(t + h; t(l sy X !yo)] - V[t, ;V(t; to » Xo 7y0)]

R0+ h

<q

for t, <t <ty + T and |x,|+ |y,] <8,. The existence of ¢,
follows from the fact that, as in the theorem of stability with respect to
permanent perturbations, we have

lim sup V[t + h!y(t + h; to » %o ’yo)] — V[t7 y(t; tO » Xo »yo)]

-0+ h

< —(| ¥t by, %, o)) + M,
where 7 > | R(t, ¥). But | x| + | ¥ | < 8, implies
[ (25 ty s %9 Yol < €(By), | x(t; 2o, x5, Yo)b < €(8p)

which shows that 5 will depend only on §, and not on £,; hence we may
take ¢, = Mn.
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Let Ty(e) = 2(by + ,T)v(e) and T(e) = Tyfe) + Ty(e). In
[2o + Ty, ty + T] there exists a t’ such that | y(t'; #,, xy, ¥o)| << 8(e€).
If ¢ did not exist, then we would have in the whole interval

| 925 2o 5 %g , Yo)l = 8(e),
whence

—c(l 3(t; Ly s %9, Yo)) < —c(8(€)) = —¥(e).
It follows that

Lim supV[t +h oy + Bty %, v0)] — VLYt %0 ¥0)]

h>0+ h

e e
< —yle) + M 55 S-S T 3

since for t = t, + T, we have | x(t; #y, %, , ¥o)| << af€) and | R(¢, ¥)|
< y(€)/2M. Upon setting

V() = VIt y(8 1o, %9, 3o)]
we will obtain
V¥to + T) — V¥(to) = V¥to + T) — V¥ + To) + V¥to + To)
— V1) < — %’ T, + ¢T,,
whence

VXt + T) < b(b)——T1+c,T =0,

which is contradictory. It follows that there existsat’ € [t, + Ty, 2, + T
such that | y(t'; t,, %, Yo)l < 8(e) and | y(#; t,, x5, ¥o)| << € for
t > t, + T(e). With this the proof is achieved.

A variant of the notion of stability with respect to permanent pertur-
bations is obtained if instead of requiring that the permanent pertur-
bations be small all along, we only require that they be small in the mean.
Taking into consideration larger classes of permanent perturbations,
we obtain a stronger property of stability.

Definition. The trivial solution of system (1) is said to be stable under
permanent perturbations bounded in the mean if for all e > 0 and T > 0
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there exist 8 > 0 and v > O such that whzchever be function R(t, v) with
P R(2, v)| < @(t) for |y| < € and f To(s)ds < n and whichever be
Vo with |y | < 8 we will have | y(t; ty, yo)l < € for t = t,, where
y(t; ty , Vo) s the solution of system (8).

Theorem 1.8°. If the trivial solution of system (1) is uniformly
asymptotically stable, then it is stable under permanent perturbations
bounded in the mean. The same conditions as in Theorem 1.8 are supposed

to be fulfilled.

Proof. Let V(t, x) be as in the proof of Theorem 1.8. Consider a
solution ¥(¢; ¢y, y,) of system (8), 7 €[t,, t], and a solution

(27 3(7; 2o, ¥o))
of system (1). We will have

Vir 4 b, y(r + ks ty, ¥9)] — VIr 4 hy (7 + h; 7, (75 1o, 3o))]

< Miy(r + Ry ty, ¥o) — 2(1 + hy 7, ¥(15 by, Yo))l,

if | y(7; ty, yo)! is sufficiently small.
We may write

¥+ B ty, yo) — x(v + s 7, ¥(75 1o, Yo))
=y(r + Rty Yo) — ¥(7; 1o, ¥o) — [%(7 + A5 7, ¥(75 g, o)) — M(73 to 5 ¥o)]
T+h T+h
e R I A G G 2
Then

FVIT+ b y(r + Rito, )] — Ve + By x(v + ks 7, y(75 29, Yol

Mf 3 (6510, y0) — 1 [t (8 7. 93 20, yo)] d.

From here we obtain

lim sup Vit + byt F 1, 30)) — VIr 4+ 2 x(z 4 k7, 9(r3 1y ,yo))L

h->0+ h

< My (vito, y0) — F 7 ¥(75 10, o)l < Mo(7),
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if | ¥(; &y, ¥o)| < e. We deduce further that

lim sup Vit + k(1 + B 1o, ¥0)] — VIT, 3(r5 %, 30)]

R0+ h

< lim sup Vit + b, y(r + h; 1y s Yol — VIr 4 h, x(r + by 7, y(z5 8y, ¥o))]

h—0+ h

Vir + h, x(r + by 7, ¥(75 ty, yo))] — V7, ¥(75 4y » Yol
h

<M o(r) — (| ¥(75 2o, ¥o) 1) -

o lip g

By integrating from #, to ¢ we obtain

V13005 10,301~ Vit 39 < M [ glaldr — [ llstrito 3o (%)

Now let ¢ > 0, T > 0. We choose 8 << b~'({a(e)) and

7 < min | < (a7 )|

Let |y, | < 8, J', To(s) ds < n. We show that | ¥(t; t,, y,)] < e for
1> t,.

Suppose that it were not so; then there exists t; > t, such that
| ¥(t1; to » ¥o)l = €. It follows that there exists #, < t, <{ #; such that
| v(tas 8o, vo)l = eand | y(1; 8, y,)| < eforty <t < t,.

We have

a(e) = a(| ¥(ty; by, Yo)) < VIty, ¥tas ty, ¥o)] = VH(to),
V*(te) = Vity, yo) < b(lys ) < 2“(5)

Then there exists t, < t; < #, such that V*(t;) = Ja(e) and V*(7) >
1a(e) for t; << t < t,. Therefore, for t; < t < t,, we shall have
Yae) < V*(t) = VIt y(t; to, o)l < B ¥(E5 15, o)l)s
whence
| 925ty vt > b7 [Sale)]

and
(L ¥(ts ty, vo)l) > c[b-*(3ale)].
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From ¢t < ¢, will follow | y(¢; ¢, , ¥4)| < €; hence we can apply formula
(*) and deduce that

tZ
Vlte, Y33 to, o)) < Vlta, Mtai o, 3ol + M [ p(r)ds
3

2, by
= [ i3t o 3ol < Ya(e) + M [ glrdr — (1 — to)elb (Ba(e))].
Let(m — )T < t, — t; < mT;then
ty t3+mT
f o(r)dr < f o(r)dr < mm.
ty ty
Since m < (1/T)X¢t, — t3) + 1, we have
ty 1
[ Totn)dr < 2 (s — 1) + 51 < 37 elB (Fa( Ntz — 1) + 7,
t3
Thus
Vity, (25 1o, 30)] < ga(e) 4 My + (b, — to){e[p($a(e))] — c[b(Fa(e))]},
whence
Vlta, y(t2 10, y0)) < gale) + Mn.
Since n < (1/2M)a(e), we have finally, V{t,, y(ts; &y, ¥o)] < a(e). It
follows that

a(] ¥(ty; to, ¥o)l) < Vty, ¥(tes o, ¥o)] < ale);

hence | y(#y; t,, ¥4)| < €, which contradicts the definition of ¢,. The
theorem is proved.

A slightly different variant of the same type of stability, equally based
on the idea of considering perturbations which can be great in certain
moments but are small in the mean, has been defined by Ivo Vrko&. It is
called integral stability.

Definition. We will say that the trivial solution of system (1) is
integrally stable if there exists §, > 0 and a function B(8) > 0 defined for
0 <8 <8, (which we will suppose monotone and continuous) with
lim, o B(8) = O such that | y,| < 8 and [; sup , _pn | R(t, )| dt <8
tmplies | y(t; &y, yo)l << B(8) for t = t3, ¥(¢; ty, y,) being a solution of
system (8).
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It is easy to see that this definition is equivalent to the following.
The trivial solution of system (1) is integrally stable if for every ¢ > 0
there exists 8, > 0 and 8, > O suchthat | y,| < 8, and

[ sup | Rt 31 e <5,

1y ¥l =e

implies | y(t; ty , vo)| < € for t = t,; if we take 6 = min(é, , 8,) and B(8)
as the inverse of the function 8(e), we fall upon the first definition,
and the first definition implies the second one with §, = 3, .

The trivial solution of system (1) s said to be asymptotically integrally
stable if it is integrally stable and in addition there exist functions T(8, €)
and (8, €) such that |y, | < 8, IZ SUP <o | R(E, ¥)| dt < y(8, €) and
E> 1y + T(5, €) imply | 9(t; o, o)l < €.

In what follows we shall point out a series of conditions equivalent,
respectively, to integral stability and asymptotic integral stability.

1. The trivial solution of system (1) is integrally stable if and only if
there exists 8, > 0 and B(8) defined on (0, 8,), B(8) > 0, lim,,, B(8) = 0,
such that whichever be the function ¢(t) continuous, with JT: o(t) dt < 8,
the solution y(t; t, , y,) of the system

D~ )+ 9lt) (10)

with |y, | << & verifies the inequality | y(t; 1y, Vo) << B(8) for t = ¢,.

Proof. It suffices to prove that if the property from the statement
occurs, the trivial solution of the system is integrally stable. Let R(%, y) be
such that

oC

[ sup (R)dt <8,
ty Y1 B(8)

where B(8) is chosen according to the property from the statement.
Consider a point y, with | y, | << & and the solution y(; ¢, , ¥,) of system
(8). If we would not have for all ¢ > ¢, the inequality | ¥(¢; ¢, , ¥o)| << B(8),
there would exist a first point £, > £, such that | y(t;; o, ¥,)| = B(8).
For t € [t,, t,] take @(2) = R(t, ¥(¢; £y, ¥,)); we have

ty ty ty
[Frowia = "1 Ry, de < [ sup VR dt <5,
ty 0

t |ul = B(8)
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We extend ¢(t) contmuously on the whole semiaxis ¢ > t, such that
j, o(2) dt << &; for this it is sufficient to take #, > ¢, such that

28 — [i @(2)] do)

T h S T T

to put ¢(t,) = 0 and to take ¢(¢) linear on [¢,, t,] and zero for t >

Now let 2(¢; ¢, , y,) be the solution of system (10) with ¢(?) chosen as
above. From {y, | < & and j, [ ()] dt << & will follow | 2(t; ty, yo)| <
B(3) for t = t,; hence | 2(ty; y, ¥o)| << B(8). But on [¢,, t,] we have
2(t; 1y, ¥o) = ¥(t; o, ¥o); hence | ¥(2; ¢y, ¥o)| << B(8), which is contra-
dictory.

2. The trivial solution of system (1) is asymptotic integrally stable if and
only if it is integrally stable and in addition there exist T(5, €) > O and
y(8, €) > O defined on (0, 8,), € > O such that whichever be ¢(t) continuous
with [, | p(t)l dt < y(3,€), | yo| <8, and t > t, + T(5, €), we will have
| ¥(; o » Vo)l << & ¥(2; By , Vo) being the solution of system (10).

Proof. It suffices again to show that the statement implies integral
asymptotic stability. If it were not so, there would exist &' <C §, and
¢’ > 0 such that whatever T > 0 and y > 0 are, there exist y, with
[¥o | <&, R(t, y) with .[t Suplyka(a) | R(t,y)ldt <vyand t, >t, + T,
such that | y(t;; 1, , ¥o)| == €', where ¥(t; ¢, , ¥,) is the solution of system
(8). Let T(8, €), y(8', €') defined according to the property from the
statement, y,, R(¢, y), and ¢, corresponding on the base of the reductio
ad absurdum hypothesis. Let o(f) = R(t, ¥(t; ty,v,)) for telty, t,];
we have

[ oot = [ ROyt gt de < [ s 1 RG,) dr

¥l < B(&)

.

<[ sup Ry dt < HE, ).

8 1Y <B(8)

As in the preceding case, we extend ¢(#) continuously on the whole
axis maintaining this inequality, and take the solution 2(¢; ¢, ¥,) of
system (10) with ¢(¢) thus chosen. From j, | p(t)| dt < y(S' ),
[y <&, and t; > t, -+ T(3', €') we obtain [z(tl, ty, ¥o)| <<€'. But
on [ty, t;] we have 2(t; t,, ¥,) = ¥(; 1y, y,); hence | y(ty; £y, yo)l < €,
which is a contradiction.

3. The trivial solution of system (1) is integrally stable if and only if for
every 0 << 8 < 8, there exist B(8) > 0, lims,, B(8) = O (monotone and
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contmuous) such that whzchever be y(t) with continuous derivative on
[to, 1] with | y(t,)| < 6, fto | 9(t) — f(t, ()| dt << 6, it will follow that
() < BE) for tety, 4.

Proof. Let us suppose that the trivial solution is integrally stable
let B(8) be defined according to the property of integral stability and
let y(¢) be as in the statement. Let <p(t) be continuous for ¢ > ¢, such that
(1) = 9(t) — f(t, y(¥)) on [2,, t,], fto | (2)| dt < §; such a function is
defined as above.

We consider system (10) with ¢(f) so chosen and the solution
2(t; ty, y(t,)). According to the statement in point 1, we will have
2(; ty, v(,)) < B(8) for t = t,. Since on [t,, t;] we have

2(t5 gy, ¥(ty)) = M(2),

it will follow that |y(t)| < B(8) on [2,, t].

Now let B(8) be as in the statement and ¢(t) be continuous for ¢ == ¢,
with f,u | @(2)| dt < 8. The solution y(2; ¢, , ¥,) with | v | << 8 of system
(10) verifies for every t; the condition of the statement; hence for every
t, > t, we have | y(¢; ¢y, ¥o)l << B(8) on [¢,, t,]. Hence the condition
from point 1 is fulfilled and the trivial solution of system (1) is integrally
stable.

Property 3 shows that the notion of integral stability defined by Ivo
Vrko¢ is equivalent to the notion of strong stability defined by Okamura
and recently studied by Kyuzo Hayashi.

4. The trivial solution of system (1) is asymptotic integrally stable if and
only if it is integrally stable and in addition for every 0 < 8 < §5,€ >0
there exist T(8, €) > 0, v(8, €) > O with the property that for every y(t)
with contmuous derivative on [ty,t], ty >ty + T and such that
| v(2)] < 8, J',z | 9(8) — f(2, y()| dt << ¥(8, €) it will follow that | y(2)] < €
on [ty + T, 4]

Proof. Suppose the trivial solution of system (1) is asymptotic
integrally stable, and let T(3, €), y(8, €) be as in point 2, 3(¢) as in the
statement. We define for ¢ > ¢, the function ¢(#), putting ¢(t) = (t) —
f(t, y(2)) for ty < t < t, and requiring that ﬁ; | o(2)] dt << p(8, €).

Consider the solution 2(2; 2, , ¥(,)) of system (10). It will follow that
| 2(2; 8y, V() <€ for t >1t,+ T. Since on [t,,t] we have
2(t; by, ¥(8y)) = ¥(t), we will have | y(t)] < e on [t, + T, t,].

Conversely, let T( ¢) and y(8, €) be as in the statement and let ¢(t) be
continuous with J‘, | p(t)] dt << (5, €); then the solution y(t; Z,, ¥,) of
system (10) with | yo | << 8 verifies for every t, > t, the condition from
the statement; hence | y(2; 2y, yo)| << efort = t, + T.
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Lemma. If V(t, x) has the properties
1. V(¢ x) is continuous,
2. |Vt %) — V(t, %) < M|xg — x| for oy | < 8,

5.t gup VU R Rt 2] = P 0L < giats )

where x(t; t,, x,) is the solution of system (1) and ¢ is continuous, then
t t
Ve, 5(0) < Vito,3(t9) + M [ 130 — flt,y00 dt + [ (ot

for every function with continuous derivative on (¢, , t].

Proof. Let € [t,, t]; consider the solution x(t; 7, y(r)) of system (1).
We have

| Vir + h,y(r + k)] — VIt + by x(r -+ b; 7, y(2))]I
< M|y + k) — #(r + by 7, ()]

= 21|yt 1y =3t — S Lttt (et |

= |3 [ st0a — 1 [ 7 s e

hence
lim sup L Ry £ W) = Vir e by x(r i 7, ()]
R0+ 7
< M| y(r) — f(=, y(1)].
Thus
lim sup Vir 4 b, y(r 4 h)] — Vir, 3(7)]
h-0+ h
< Iir,{l%cs,fp V[t 4 h, y(= + h)] — V}E‘r -+ h, 2(t 4 h; 7, ()]

- tim sup Vir 4 hx(r + h; T};y(f))] — Vi, y(7)]

< Miy(r) — fIr, y (D) +S{¥(7)]-

Integrating, we obtain the inequality of the statement.
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Lemma. If there exists a continuous function V(t, x) defined for
t >0, | x| < 8, with the properties

L V(%) > a( %), V(t,0) =0,
2. V(t, ) — V(t, %)} < M| x, — x, ],
3. lim sup VIt + h, x(t + h; ty, x4)] — VI[t, 2(t;5 2o, x,)]

R0+ h

L gOVIL, x(t; 1y, x0)],

with f: g(t) dt < oo, g(t) = 0, where x(t; ty, x,) s a solution of system
(1), then the trivial solution of system (1) is integrally stable.

Proof. We have, as in the preceding lemma,

tim sup VIR b B = VIr, 3]

h-o0+4 h

< M| y(r) — fIr, (T + &MV r, (7).

From here we obtain, by integration,
t :
VI y(0] < Vit oo exp [ s(t)at]

+ Mexp ([ gr] [ exp [~[ ews] 156 113N

If
el <8 a0 =k [ 150 —fn o] 1 <8,
then
a(| y(t)]) < VIt (1)) < Me*s + Mets = 2Med;
hence

| 9(t)] < a}(2Me*3) = B(S).
The integral stability follows on the basis of property 3.
Lemma. If there exists V(t, x) defined for t > 0, | x | < 8, with the
properties

(a) V(t,x)=a(lx]), V(t,0)=0,
(b) | V(t, %) — V(t, %)l < M|x; — %],
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Vit -+ h, x(t + h; £y, 20)] — Ve, 2(2; 8, %)]
h

< —ol] x(25 8y, %o)1),

(c) limsup

then the trivial solution of system (1) is asymptotic integrally stable.

Proof. On the basis of the preceding lemma, the trivial solution of
system (1) is mtegrally stable. For € > 0 we choose y; > 0 such that if
| ¥(t)| < yiand [213(8) — f[t, 3(1))] dt < vy, we will have | y(t)] < e
for t, <<t < t3; such a y, exists on the basis of property 3, namely,
y, = B7Ye). We then take y = min(8,y,), /| = c(yy), T(5,¢€) =
M(8 + v)/I. Let y(t) be a function with a continuous derivative on
o, tal, > to + TG, €, [ ¥(t)| < 8, [115() — £t 3(0)] dt < y.
If we would have | y(¢)| = yon[t,, ¢, + T7], then

Vlto + T30t + T < Vltg 3000) + M [ 15() — £ 16,500
— [ e o < M5+ My — 71— 0,

which is a contradiction.
We deduce that there exists r € [£, , ¢, + T'] such that | y(7)| <y <y, .
Since

[ 130 = st seprar < [ 130~ f 0 dt <y <,

it follows, according to the choice of y, , that | y(f)] < efor+ <t < ¢,
hence, in any case, on [¢, + T, ¢,]. According to property 4 the asymptotic
integral stability follows immediately.

This lemma immediately yields

Theorem 1.8". If the trivial solution of system (1) is wuniformly
asymptotically stable it is also asymptotic integrally stable.

We have seen in this paragraph that uniform asymptotic stability
implies stability under permanent perturbations, stability under perma-
nent perturbations bounded in the mean, integral asymptotic stability.
In the final part of this section we shall show that it is also conserved
in the case of some permanent perturbations which approach zero when
t — 0. For this purpose a lemma will be necessary, interesting in itself,
which presents a weakening of the conditions from Theorem 1.5.
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Lemma. Suppose that there exists a function V(t, x) with the properties
(@) alt, | x]) < V(%) < b(|x 1),

Vit + h, x(t + h; 1, x)] — V[, x]
h

(b) lim sup < et [« 1),

where b(r) is continuous, monotone-increasing, b(0) = 0, and a(t, r), <(¢, r)
are continuous and such that for every pair 0 < o < 8 << H there exists
O(e, B) = 0, k(e, B) > O such that a(t,r) > k(a, B), c(t, r) > k(x, B) for
a <7 < B, t = 0(a, B). Then the trivial solution of system (1) is uniformly
asymptotically stable.

Proof. Let € > 0, 8, = 0(e, €), k; = k(e, €). We have a(t, ) > k&,
fort = 0, . Letn,(e) << b7'[k(e, €)]. We will have V (¢, x) = a(t, | x |) > &,
if|x| =¢€t >0 and V(t, x) < b(| x|) < kyif | x| << 9y(e).

Let 6, = 0[ny(¢), €]. Then for t > 6,, n, <7 < e we will have
c(t,r) > 0.

Now let 6 = max (0, , 8,) and %(¢), chosen so that |x,| <% and
0 < t, < 0 implies | x(¢; 2, , xy)] <<, for t; <<t << 6. The choice of
n(e€) is possible on the basis of Lemma 1.7, according to which we have

s(tity 5 < Ll exp [[ L] < |5yl

to

The condition |x,| < 7y(€)e”™ ™ implies | x(t; ¢, , xy)| < 7, for
t, < t < 6; hence we may take n(e) = 7y()e™ ¥, If | x,| < n(e) we
will have in particular | x(8; ¢, , x,)| << 7n, for 0 < ¢, < 6.

If there exists ¢t > 6 such that | x(¢; ¢, , x,)| = e, there exists #; > 0
such that | x(ty; 25, %)) = € and | x(t;¢,, %) < e for 6 <t < t;.

Since #; > 0 = 0, and | x(¢;; 5, %y)| = ¢, it follows that

V[t , x(ty; ty, x9)] > ky;
on the other hand,
V10, x(8; ty, x,)] < k.
It follows that there will exist 8 <C ¢, < ¢, such that
V{ty, x(ty; 1y, %0)} = k4

and VTt, x(t; t,, x4)] = ky, for t, <<t < t;. Hence | x(ty; ¢y, x0)| = 11 -
From »n, < | %(fy; %y, %5)] << eand t > 6 > 0, it follows that

oty | %(ta5 1y, %)) > 05
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hence
lim sup Vt, + b, x(ty 4 h; 1o, %)l — Vita, %(ta; to 5 %))

>0+ h

< _C[tz ’ 1 x(tz; tO » xo)l] < 0.
From

Vity, %(ts, ty, %) = Ry, V[, 2(t; g, %9)] = Ay for t, <t

we deduce
lim sup Vit, + b, x(ty + b 1y, a}c:,)] — Vlty, %(ts; to , %)] ~o.

We have obtained a contradiction; hence | x(Z; 2y, x,)| < € for
all t > 0if | x5 | << n(e). Since for t, < t < & we have | x(2; 1y, xy)] <
mle) < ¢ it follows that | x, | < 7(e) implies | x(; ¢y, x,)| < € for all
t>t,.

For t, >0 and |x,| <7n <7, we will have V(t,, x)) < k. If
there exists ¢ > t, such that | x(¢; #,, x,)] > ¢, then there exists
t, > t, > 0 such that | x(¢;; #,, %) = € and | x(¢; t,, %) < e for
fh<t<t. .-

From t; > 8 follows V[t,, x(¢,; ty, %4)] > &, . The proof continues
as above and in this case we will also have | x(¢; #,, x,)] << efort = ¢,.

Finally, for any t,, if | xy| < n(e) we will have | x(t; t,, x,)] << €
for t > t,.

Now let 2 > 0, n(k) be as above, 0 < & < n(h), 7(8) as above. We
choose 0, = 8(x, k), k, = k(y, h), C; = b(h), C, = inf ¢(t,r) for
0<t<O,,n<r<hT = (C,+0,]Cyl)ky, T(®)=06,+T,.We
prove that if | x,| < y(h), there exists a t' €[ty, t, + T] such that
Fx(t'; 8y, x)] <. If this were not so, we would have

n K| a(t; ty, x0)| < h

[since we have chosen x, with | x, | < n(k)]; hence c(2, | x(¢; t, , x,)| = C,
for t, <t < 0, and c(t, | x(¢; £y, x,)|) = ky for 8, < ¢t <ty + T. Let
VX(t) = VIt, x(t; ty , x5)]- We have
V¥t + T) — VX(tg) = V*(ty + T) — V*(6)) + V*(6;) — V(%)
< —kT 46, Co s
hence
VA(ty + T) < V¥tg) — kiTy + 61] Gy |

<
< bhy — ~T, + 6,1 Cof = C, — kT, + 6, Cel =0,
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which contradicts the fact that
V¥ito+ T) = a(ty + T, | x(ty + T; 8y, %)) > &, > 0.
We deduce that there exists a ¢’ € [#,, t, + 7] such that
| 2(t'5 tg , 20)| < m;
hence | x(t; t', x(¢'; t, , x,))| << & fort > t’. Hence, in any case,
| 2(2; tg , 20)| << 8 it x| < n(h),t =t, + T(3).

With this the uniform asymptotic stability of the trivial solution of the
system is proved.

Theorem 1.8”. If the trivial solution of system (1) is uniformly
asymptotically stable, if R(t, 0) = 0, lim ., R(¢, x) = O uniformly with
respect to x for | x | << o, and if R is Lipschitzian, then the trivial solution
of system (8) is untformly asymptotically stable.

Proof. Consider the same function V(f, x) as in Theorem 1.8. By
hypothesis | R(¢, x)| < ¢(¢), where ¢(t) >0 when ¢ — oo, and is
monotone-decreasing. The same computations as in Theorem 1.8 lead to

Vit + h, y(t + i;l; BN VIBSY oy ) o+ Mae).

lim sup
h-0+

Let c(t, ) = c(r) — M(1). Let 0 < o < B < h, ko, B) = %c(a). From
lim,,, ¢(f) = O it follows that there exists 6(«, B) = O such that for
t > 0 we will have ¢(t) < (1/2M)c(a). Thus if « <7 < B, t = 0o, B),
we have

c(t,r) > c(a) — & (o) = k(a, B).

The conditions of the lemma are verified and thus Theorem 1.8"
is proved.

1.9. Linear Systems with Periodic Coefficients

We shall now study some stability problems for linear systems. We
shall begin with linear systems which have periodic coefficients.

A basic theorem in the theory of linear systems with periodic
coefficients is the following:



1.9. LINEAR SYSTEMS WITH PERIODIC COEFFICIENTS 105

Theorem 1.9. Given the system

d
7’:— = A(t)x, At + w) = A,

there exists a matrix P(t), periodic of period w and nonsingular, such that
the change of variables x = P(t)y transforms the system in a linear system
with constant coefficients.

Proof. As for any periodic system, together with x(t), x(t + w) is
also a solution. For linear systems, we have
x(t + w; s, %) = x(8; 1y, X(ty + wi's, %))
= C(t; to)x(ty + w; s, x5) = C(t; te)C(ty + w; $)xg .
Since
*(t + w3 5, %) = Ct + w; 5)x%,
we have
Ct + w;s) = C(t; t)C(ty + w; 5).
Taking s = ¢, + w we obtain
C(t + w; ty + w) = C(2; ty).
Taking t, = 0, s = 0 we obtain
C(t + w; 0) = C(t; 0)C(w; 0).
Setting C(¢; 0) = U(?) this relation becomes
U(t + ) = UOUw).

The matrix U(w) plays an essential role in the theory of linear systems
with periodic coefficients; it is called the monodromy matrix of the system.
The matrix U(w) is nonsingular, since for every ¢ and ¢, the matrix
C(2; ty) has an inverse. Thus we deduce that we can find a matrix B such
that U(w) = €®' We define

P(t) = U(t)e 5

$Indeed, for any nonsingular matrix 4 we may find a matrix B such that e8 = 4.
To prove this let us first suppose that A4 has the normal Jordan form:

Ji
. 1
A= o , ]k=/\lc(Elc+/\_Zk)) A # 0
7

]B



106 1. STABILITY THEORY

P(z) is differentiable and nonsingular together with U(t) and e~%%. Let
us show that P(2) is periodic.

because A is nonsingular and

0 1.0
Z, = 119, sz:
0 0

The series

has only a finite number of nonzero terms, hence converges. We put, by definition,
1 < (ZilAe)!
In | E — Z ) = — 1),
ﬂ( ® T 3, 2k 1:21( ) i

By formal calculation it is easily shown that

i 1
exp [In (Ek + Tzk)] — B+ — Z;
e ke

for this we note that the same computations are performed as in the identity
(142) 22 1 x2 2
1 = ginll+z} 1 (X-——'—f- ‘..) _}___(x___, ) -
TE=e - 2 2! 27T

where this time the series x — x?/x 4 -+ has a finite number of nonzero terms. Now let
1
B, = (In )E; + In (Ek + )‘—Zk).
k

We have .

and if we take

we will have

eBB ]3
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We have

Pt + w) = Ut + w)e Bt
= U(t)U(w)e—E“’e‘Et = U(t)e—Bt _ P(t).I

Let us now perform the change of variables x = P(¢#)y. We have
x(t; x5) = U(t)x, == P(t)eP'xy = P()y(t; x,). Thus

(5 x5) = eFlxg

and hence

t
d_y%?l = BeP'x, = By(t; %,).
Therefore y(t; x,) is the solution of the linear system with constant
coefficients dy/dt = By. The theorem is proved.
Let us remark that from this theorem we deduce the structure of the
solutions of systems with periodic coeflicients. Indeed, we have

5(t; 8y, x9) = P(W(; £y, x5) = P(£)eP=%lx, .

From here we deduce that the whole behavior of the solutions of a linear
system with periodic coefficients will depend upon the eigenvalues of
matrix B. These eigenvalues are of the form l/w In p, , where p,, are the

If 4 is now any nonsingular matrix, there exists 7" such that T-'4AT = 4, where 4
is Jordanian; on the basis of what is stated above, there exists a matrix B such that

el = 7 Then

1.1 1
TeBT-1 — T(E+——B + By — B ) T
1 2! n!

I

1 1 1
E + —l—'(TBTfl) + E(TBT“)Z 4+ —,(TET-l)" + -
. : n!

— TBT- _ 4

Hence, by taking B = TBT-!, we will have ¢8 = A4.
¥ We have used the relation
e~ Btivwy — o—Bwy—Bt

This relation follows immediately from the multiplication of the corresponding series,
as in the scalar case. We note that the relation
eA - gB — oA+B

is, in general, not valid; however, it is valid if matrices 4 and B are permutable, ie.,
if AB = BA.
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eigenvalues of the monodromy matrix U(w).! We may thus state the
following theorem:

Theorem 1.10. If the eigenvalues of the monodromy mutrix lie in the
circle | 2| < | and the eigenvalues situated on |z | = 1 correspond to
unidimensional Jordan cells, then the trivial solution of the system is
uniformly stable. If the eigenvalues of the monodromy matrix arein | z | < 1,
the trivial solution of the system is uniformly asymptotically stable.

Proof. 1If |p,| < 1, then Re(l/w)lnp, < 0; if | p,| = 1, then
Re (1/w) In p;, == 0; hence the eigenvalues of matrix B have negative or
zero real parts, and those with zero real parts correspond to unidimen-
sional Jordan cells. Taking into account the structure of the solutions of
linear systems with constant coefficients, it will follow that | e8!~ | < M
for ¢z > t, . But then

| C(t; 20)] < | P()] | eB~10]

will be uniformly bounded, since P(f), being periodic and continuous,
is certainly bounded. If | p, | < I, the eigenvalues of matrix B have
negative real parts; hence

| eBl—te) | < fogmatt=to)

from which follows an analogous evaluation for | C(z; #,)|.

Let us remark that if there exists an eigenvalue of the monodromy
matrix situated in | 2| > 1, then the trivial solution of the system is
certainly unstable.

We shall give a proof of Theorem 1.10 which does not make use of
Theorem 1.9. From the relation

Ut + w) = Ut)U(w)

we obtain
U(t + ko) = U@)[U(w)]*.

t In general, if B is constructed as in the preceding note, it is clear that matrix B, has the
eigenvalues equal to In A, since In(E, + (1/A,)Z;) has all the terms situated above the
main diagonal. Since

B,

Lo
I

B:

it follows that the eigenvalues of B are In},, ..., In},. Since B = TBT-!, the eigen-
values of B will likewise be In A, ..., In A, .
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Since for any ¢ > 0 there exists a natural number m such that
(m— 1w <t <m, then

U(t) = U@)[U(w)]™,
where 0 << ¥ < w. Since U is continuous, we will have
L U@ < MI(U(w))™ |

hence the boundedness properties of matrix U(#) will depend upon the
behavior of the sequence [U{w)]*. If for every & > 0 this sequence is
bounded, then U(?) is bounded for y >= 0, and stability occurs. If

I[U()]*] <g¢*  (with ¢ < 1)
we will have
lim [U(w)]* = 0;
hence
}irg u@) =0,

and asymptotic stability occurs. If 7" is the matrix which transform U(w)
to the normal Jordan form, we have

TU()T = U, Ulw) = TOT,  [Uw)] = TO*T.

Thus we deduce that the boundedness properties of sequence [U(w)]*
are identical with those of sequence U*. But

A
0=

Js

and hence
Ik
U =
]k
Thus the boundedness properties of the sequence U* will depend on
those of sequences J5. The J% have the numbers p¥ along the main
diagonal and smaller powers of p, above the diagonal From this follows
that in order for [U(w)]* to be bounded it is necessary that sequences
{p}} be bounded, which means that for the eigenvalues p, we have

lpr| < 1. If |p;] =1 and the corresponding Jordan cell is not
unidimensional, in the matrix J§ will appear terms of the form kp’~!

>
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which become arbitrarily large when & — co. Hence the matrix J% is not
bounded. It follows that it is necessary and sufficient, in order that
[U(w)]* form a bounded sequence, that the eigenvalues p; bein | 2| < 1
and those for which | p,| = 1 correspond to unidimensional Jordan
cells. If |p,| <1, then lim,,,p¥ = 0, and it is obvious that
lim,, . [U(w)]* = 0. The theorem is thus proved.

The eigenvalues p, of the monodromy matrix are called the multipliers
of the system. The name is justified by the following property.

Proposition. In order that there exists a solution of the system for which

x(t + w) = px(t), 1t is necessary and sufficient that p be an eigenvalue of
matrix U(w).

Proof. Any solution x(z) may be written in the form
x(t) = U(t)x(0).
The condition
*(t + w) = px(t)
is therefore )
Ut + w)x(0) = pU(£)+(0).
But
Utt + w) = U U(w)
and hence
U(H)U(w)x(0) = pU(2)%(0)-
Since U(t) is nonsingular, the condition becomes

Ulw)x(0) = px(0)

and we see that p must be an eigenvalue of matrix U(w).

With the help of Theorem 1.10 we may obtain effective conditions
of stability for linear systems with periodic coefficients. Here is the
simplest condition of this kind:

Theorem 1.11. Let C be a constant matrix whose eigenvalues have
negative real parts, A(t) a periodic matrix of period w. If j: [ A(t) — C | dt
is sufficiently small, the trivial solution of the system

dx

= Al

is asymptotically stable.
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Proof. If x(t; x,) is the solution of the system which for t = 0 coincides
with x, , we may write

gt— x(t; x0) = Cx(t; %) + [A(t) — Clx(2; x,).
According to the variation-of-constants formula, we have
x(t; x,) = eClxy | f : eCHI[A(s) — Cla(s; xo)ds.
This relation may also be written
Ut)xg = eStxg +- f :ec““”[A(s) — ClU(s)xds,
or we may write

U(t) = eCt - f * -9 As) — ClU(s)ds.

1n conformity with the hypotheses we have

| eCt| < Ket;

hence
| U] < Ket 1 [ Kewst=9] 4(s) — || U(9)] ds.
0

Setting

o(t) = e} U(t)|,
we obtain

o(t) < K + KJ-t | A(s) — C | v(s)ds,
0

and thus

o(t) < K exp [Kf: | A(s) — C | ds] .
In particular,
o(ngw) < Kexp [K | :"wI A —clas),
whence

| Ulngw)| < K exp [~om0w + Kf:ow] A@s) — C| ds] .
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If
G.now

+—1n— (¢ <1)

f: | A(s) — C | ds < 2" 2

we will have

| Ulngw)l < ¢ < 1.

But nyw is a period of the system, and by applying Theorem 1.10 the
uniform asymptotic stability will follow.
We have, however, from the periodicity,

j"”w[ As) — Clds =ny [ | Als) — C|ds;
0 0
hence the condition of stability becomes

q
f]A(s)—c;ds< +~ b

As n, may be chosen arbitrarily large, it follows that if
b aw
J0|A(s)~C|ds<7

the condition of stability is assured.
We shall now state a theorem which gives rise to certain deeper
considerations.

Theorem 1.12. If B(¢) is a periodic matrix such that the monodromy
matrix of the system
dx

= B(ns

has distinct eigenvalues situated on the unit circle, and the periodic matrix
A(t) has the property that the characteristic equation of the monodromy
matrix of the system

dx

7{ = A(t)x
is reciprocal and, in addition, f | A() — B(t)| dt is sufficiently small, then
the solutions of the system

dx
E— = A(t)x

are bounded on the whole axis.
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Proof. Let V(#) be the fundamental matrix of solutions of the system

dx

and U(¢) that of the system

id’{— = A(t)x, V(0) = U(0) = E.

We have

d(ﬁft) = A(t)U(t) = B()U(t) + [A(t) — B@IUQ).

According to the variation-of-constants formula, it follows that
t
U@ = V(t) + f V(t)V-Ys)[A(s) — B()U(s)ds.
0

The monodromy matrix V(w) has by hypothesis distinct eigenvalues
situated on the unit circle, and hence has a diagonal normal form, the
elements along the diagonal having the modulus 1. Hereby it will follow
that the sequences V™*(w) and V"(w) (n = 1, 2, ...) are bounded; on
the basis of the relation

V(t + w) = V(t)V(w)

we see that V(¢) and V~Y(¢) are bounded. Indeed, for ¢ arbitrary, there
exists an integer m such that (m — 1)o < ¢ << mw; hence

t =1t + (m— Do,

where 0 < t' << w; thus
V(t) = V()W — D] = V() w);

hence V(?) is bounded on the whole axis.
Likewise, since V~Y(#) is a matrix of solutions for the adjoint system,
which is also a system with periodic coefficients, we will have

VUt + w) = V)V Yw),
and thus for every ¢

V=) = V- (e),
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which shows that V~(t) is also bounded on the whole axis. We have
u@) — 1ty = f: V(Y=Y (s)[A(s) — B[U(s) — V(s)lds
+ [ r-6e - Belves.
We shall obtain for 0 < t < w the evaluation

U — V(0L < M, [ 1A — B9l ds
+ M, | :1 A(s) — B(s)| | U(s) — V(s)i ds.
From here we deduce
| Uw) — Vi)l < M, [1.46) — B) dsexp [, [ 4(5) — Bs) ds]

which proves that if _[w | A(s) — B(s)| ds is sufficiently small, then
matrices U(w) and V(w) differ from one another, however slightly.

We consider the eigenvalues of the matrix V(w); according to the
hypothesis, they are distinct and situated on the unit circle. We encircle
these eigenvalues with small-enough circles so that in every circle there
be a single eigenvalue and the circles do not intersect. If [~| A(s) —
B(s)| ds is sufficiently small, the matrices U(w) and V{(w) are close eriough
so that each circle of this kind will contain an eigenvalue and only one of
matrix U(w). By hypothesis the matrix U(w) has its characteristic
equation reciprocal; hence together with p;, 1/p, is also an eigenvalue.
Since U(w) is real, then 1/p; is also an eigenvalue. The values p, and
1/p, are symmetric with respect to the unit circle, and if p;, is situated in a
small circle with the center on the unit circle, then 1/p, is in the same
circle. But in the above circles there is a single eigenvalue of matrix
U(w); hence p;, and 1/p,, coincide.

Yet this means that p,5, = 1; hence | p, | = 1 and the eigenvalues of
matrix U(w) are situated on the unit circle. From the fact that the
eigenvalues of matrix V(w) are distinct, we deduce that those of matrix
U(w) are likewise distinct, and the theorem is proved.

We shall now set up some facts which will allow us to confer to the
theorem proved a more effective character.

Very often in problems of mechanics we come across canonical systems
of the form

dp; °oH  dg, _ oH
dt — @8q.’ At op;°
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When H is a quadratic form in the variables p,, ¢, with coefficient

functions of ¢, the system will be linear. Setting p, = x,, ¢, =

n+t >

H = } Zhy(t)x;x;, the canonical linear system may be written

dxn+'i

_BT’ = — zj;hi,-x,-.

Denoting by H the matrix %;; and by J the matrix

0 E,
—E, 0)°

where E, is the unity matrix of the nth order, we will have

dx;
v zhn+i,5(t)xi’
i

0«01 00 hll ves hl’ﬂ bl.'n-H hl.‘n+2 PR
0---0 0 1--0 hzl vae hzn h2.n+l h2,‘n+2 aes
A IR SRPODE U | I ST W -
01 0 00 by huns Faus
h’fl+].1 o hn+1.'n hﬂ+1.'n+] o h‘ﬂ+1.2n
= —hy, . —hy, —hy ni e |

and we see that the system may be written in the form

dx
T TH(t)x.

o~

1,2n

o

2.2n

n+1,2n

h2n,2n

Proposition. If U(t) is the fundamental matrix of solutions with

U(Q) = E we have

U*IU = 1.
Proof. We have
d i dU* o dU
4 (UAU) = o [U + U1 S
From
au dU*__ I
—dt—_IHU, T = U*H*I*,
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we have
—;—t(U*IU) — U*H*I*IU + UIHU,
and from
I*— _I, H*—H,
we have

%(U*IU) = —U*HIIU + U*IIHU.

It is verified by direct computation that

r= (g o)k, o) = (0" )= Em

Thus

—dd; (UXIU) = U*HU — U*HU = 0.

Hence U*IU is a constant matrix. For t = 0, this coincides with I; hence
for all £ we have

UXIU = 1.

The matrices with the property 4*I4 = 1 are called symplectic.
The proposition proved affirms that for a canonical system matrix U(?) is
symplectic for every t. If we suppose now that H(t) is periodic of period
w, from the proposition proved it follows that the monodromy matrix is
symplectic.

Proposition. The characteristic equation of a symplectic matrix is
reciprocal.

Proof. From A*IA = I follows I"*A*] = A-'; but A and A* have
the same eigenvalues and 4* and I-'4*] have the same eigenvalues;
hence 4 and I71A*] have the same eigenvalues; hence 4 and 4~ have
the same eigenvalues. If p, is an eigenvalue of matrix 4, then 1/p; is an
eigenvalue of matrix 4-1. Hence together with the eigenvalue p; , the
symplectic matrix 4 admits also the eigenvalue 1/p;; thus its character-
istic equation is reciprocal.

The two propositions above yield the following proposition, known as
the Poincaré-Lyapunov theorem:
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Proposition. The characteristic equation of the monodromy matrix
of a canonical system is reciprocal.

For canonical linear periodic systems, as for all the systems for which
the characteristic equation of the monodromy matrix is reciprocal,
the asymptotic stability is impossible (since if the multiplicator p is in
lz| < 1,then I/pisin | 2| > 1); for such systems, in the case when the
multipliers are on the unit circle and the normal Jordan form is diagonal,
all solutions are bounded on the whole axis.

We shall now point out another class of systems for which the
characteristic equation of the monodromy matrix is reciprocal.

Proposition. If

GA(—1t) + A()G = 0,
where

the characteristic equation of the monodromy matrix of the system

dx
& A
is reciprocal.

Proof. For the considered systems, we have the relation
U(—t) = GU(t)GL
Indeed, we have

dau(t) d
o — = U(=1G

= GAt)U(t) + A(—t)U(—t)G
= [GA(t) + A(—1)G1U(t) + A(— [ U(—1)G — GU)];

d .
— [GU(®) — U(-1G] = G

but G = G1; hence

GA(t) + A(—t)G = GA(t) + A(—1)G
= GA(H)G + GA(—1)]G-! = 0.

Thus

TZ— [GU(t) — U(—1)G] = —A(—B[GU(t) — U(—t)G].
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From this we see that the matrix GU(t) — U(—#)G verifies a linear
differential equation. Since for ¢ = 0 this matrix is zero, it is identically
zero. But if

GU(t) = U(—1)G
then
U(—t) = GUGL.

For t = w we obtain
U(—w) = GU(w)G1.
But
U(—w) = [U(w)] ™

It follows that [U(w)] ! coincides with G U(w)G 1, and thus has the same
eigenvalues as U(w), which shows that the characteristic equation of
matrix U(w) is reciprocal.

On the basis of the last two propositions we shall immediately obtain
effective examples of systems for which the characteristic equation of the
monodromy matrix is reciprocal and for which Theorem 1.12 acquires a
very effective character.

Proposition. Consider the second-order system

d?

S +1C + Py =0,

where C and P are matrices of the nth order. If the matrices C and P are
real and symmetric or if C is arbitrary real and P(—t) = P(t), then the
characteristic equation of the monodromy matrix is reciprocal.

Proof. If C and P are real and symmetric, the equivalent system

dy dz
o =& i —[C + P()]y

is canonical. Indeed, the matrix of the system is of the form

0 E,
4=(_c_p o )
and we see that it is equal to /H, where

C+P

H:( 0 E,,);

hence H is symmetric if C and P are.
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If Cis arbitrary real and P(—t) = P(t), we have

0 E, 0 E,
a-n=(_¢ _ P(—t) © ) =4, cam = (¢ +P 0O )
o=y B
hence
At)G + GA(D — 0,
1e.,

GA(—t) + At)G =0

and the proposition is proved.
We may now state

Theorem 1.12'. Consider the system
d'Z
S H(C POy =0,

where

1. Cis symmetric and positive-definite, and P(t) is symmetric or C is an
arbitrary real matrix, with distinct and positive eigenvalues, and P(—t) =
P(2); P(2) is periodic in t of period w.

2. If w?,..., w2 are the eigenvalues of C and & = 2njw, then
w; 1wy F£ mo.

Then, for | A | sufficiently small, the solutions of the system are bounded
on the whole axis.

Proof. Condition 1 assures that the characteristic equation of the
system is reciprocal; for A = 0 we obtain the system

a’y_ a’z_ N
F B
Let
0 E,
B:(—C 0)‘

the corresponding monodromy matrix is ¢?”. The eigenvalues of the
matrix e? are of the form e**, where A, are the eigenvalues of matrix B.
These eigenvalues are given by the equation

det (_"E" Ey ) —0.

—C AR,
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But

det (:’\CEn —fg,,) = det (_% _XE, —fl’;',,) = det(—C — XE,).

It follows that —A2? are the eigenvalues of matrix C; hence —X% = w?.
Thereby we deduce that the eigenvalues of matrix B are of the form
+iw;; hence the eigenvalues of matrix ¢® are of the form e*™s. If
w; + wy, #F ma, then w; + w, # 2mnjw; hence iw;w + twyw # 2mmi;
hence the eigenvalues e*'s are distinct. We are thus in the conditions of
Theorem 1.12, and we deduce that the solutions of the system are

bounded on the whole axis for | A | sufficiently small.

1.10. The Perron Condition

Definition. We will say that the system

dx
T = A(t)x

satisfies the Perron condition if for every continuous function f(t), bounded
on the semiaxis t = 0, the solution of the system

dx

5 = A= + f(1),
with x(0) = 0, is bounded on the semiaxis t > Q.

Theorem 113, If | A(t)| < Ay and the system satisfies the Perron
condition, then the trivial solution of the system is uniformly asymptotically
stable.

Before proceeding to the proof of the theorem, we will state a series of
preliminary facts.

Lemma 1. There exists 8, > O such that for all t, t, > 0, and
s — ty | < 8, we will have
[ X(2,5) — X(2, 1)l < 3 X(8, 1)l
Proof. From
X(t,5) = X(t, 1) X(ty, 5)
follows

| X(t, 5) — X(@, to)l < | X(@, o)l | X(8y, 8) — E .
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But
X(ty,5) = Y(s, 1)
and
dY(s,t
Y1) (s, 1)
hence

Y(st) = E — | " Y(o, 1) A(o)do = E

| (Yo, t0) — E)A(o)do + | " A(o)do,
to to

from which

| Y(s, 25) — E| gf (A(a)|do+f | Y(o, t,) — E | | Alo)| do;

iy to
hence
| Y(s, 29) — E| < Agdgete®  (Ay = sup | A(B)])-
If 3, is sufficiently small,
Agdgete® < 3,
and the lemma is proved.
Consequence. There exists a 8, > 0 such that
X)) <TXE ) < FIX@G ) (i s — 1] < &)

Lemma 2. If j‘; | X(t, a)| doo << C fort > 0, there exists M such that
| X(t, o)) < Mfor 0 < o < L.

Proof. If the lemma is not true, there exist a, and #, such that
0 <« <t, and | X(¢,, a,)| > n. The sequence {t,} is unbounded.
Indeed, if t, < T,, we would have | X(t, , «,)| < e**"», which contradicts
the definition of «, and ¢, . If {a,} is bounded, we have

[ a,+38;
c> j | X(t, , )| do > f | X(tn , )| doe > §84] X(t , a)| > 3547,
0 aq
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which is a contradiction. If a,, is not bounded, we have

C > [T 1Ky ) do > [ | X @) do > 18] Kt ),

an—8y

which is again a contradiction. The lemma is proved.

Lemma 3. If the system satisfies the Perron condition, then there exists
C such that

¢
j | X(t, o) dt < C  for every t = 0.
0

Proof. The solution with condition x(0) = 0 of the nonhomogeneous
system is given by the formula

(t) = j : X(t, 0)f(o)dos.

From the Perron condition it follows that for every contlnuous and
bounded function f defined on ¢ > 0, the function _[ X(t, o)f(a) do
is bounded. For fixed ¢, consider the operator U(f) on the Banach
space of the continuous vector functions f, bounded on the semiaxis
t = 0, defined by

o) = | X(t, w)f(o)ds.

Let {t,} be the sequence of the rational positive numbers, and

Ouf) = [ X, e

Since for || f|| < ¢, the function _[ X(2, a)f(a) da is bounded, it will
follow that

lim sup || Uy(f)ll < co.

Since the sphere || f|| < ¢, is in the Banach space considered a set of
the second category, we may apply the Banach-Steinhaus lemma and we
deduce that there exists an M with || U,( f Il << M| f|| for every f in the
space; hence

[ X ftran | < Mg
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For any real ¢ there exists a sequence {t,, } of rational numbers whose limit
ist. From

< Mjifil

’ f :n" X(t, , 0)f(o)do
follows

| [} e,y | < i

for every f in the space. Let x;; be the elements of matrix X(¢, «); for
fixed ¢ we consider the vector f* whose components f; are equal to sign
x4, . The vector Xf* will have the components

ink sign x;; = Zl Xix |-
k k

Let fi» be a sequence of vectors, with the elements continuous
functions tending to f%. On the basis of the Lebesgue theorem we will
have

lim J ; X(t, o) f""(a)da = f : X(t, o) f' (a)do,

and from
| [} ) | < v |
follows
| [} X o | < s,
hence

[ 31t ol d < M,
0 %

Since this relation is true for every 7, we deduce that there exists C such
that

t
f | X(t, )| da < C,
0

and the lemma is proved.
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Proof of Theorem 1.13. 'The uniform stability follows from Lemmas
2 and 3. There follows further, from | X(«, t)] << M and the Perron
condition, that

t
‘ [ X, )X(a, t)de| < €
to

hence

C
(8 — )l X(t, to)] < Cy, X(t, 1) < 77—,
0

which shows that asymptotic stability occurs.
According to Lemma 3, we have

l | z X(t, @) X(o, to)de | < | j | X(t, ) | X(o, 1) do

t
ng | X(t, )| da < MC = Cy;
0

hence C; is independent of t,. From here follows that the asymptotic
stability is uniform and the theorem is proved.

A generalization of Theorem 1.13 due to M. Reghis is obtained in the
following way. Let LE be the space of the vector functions defined on the
semiaxis ¢ 2> 0 measurable and such that fw [ h(s)|PeP? ds < o0, LY the
space of the functions for which ess. u. b. | z(s)|e* < c0. Taking in these
spaces the norms

x 1/p
Vil = ([ 1HOPeesde) ™ [pet, o)

respectively,
12 gy = ess. U, b. | A(s)|e*®,
L? and L? become Banach spaces, since the linear operator Q% : L% — L},

defined by Qlh = e'%9sh(s), is an isometric isomorphism between
L? and L}, and L} is a Banach space.

Lemma 4. If
¢
Vu = f X(t, s)u(s)ds
0

ts an operator from L% to LY, then

“ Vu “(w,b) < MH u ||

(p,a) °*
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Proof. 1If {#,} is the sequence of the rational positive numbers and
t
Viu = et f * X(t;. , s)u(s)ds,
0

we have, by hypothesis, forue L%, sup,, || V(#)| < co; hence according
to the Banach-Steinhaus lemma, || V|| << M; hence

|Vl < Mlull,
Le.,
Y
s f X, s)u(s)ds || < Mllull, >
, .
from where
1
X(l‘, S)u(S)dS < M“ u H(}l,a) ’
0

and the lemma is proved.
Theorem 113, If there exists a pe|[l, ) such that for every
f € LY the solution with x(0) = O of the system

—Z—j— = A(t)x + f
belongs to L} , a, b > 0, then there exists an h > 0 such that
| Xt )] < hetoe,
fort = t, = 0.
Proof. Let 8, be the constant of Lemma 1. We define the functions

o, X(s, mBg)x . B
u,,"(S) - 3801 Ae—aW:YTS—:%::N (S € [mSO ’ (m + ])60]’ l xO l - ])v

0 (s & [mdy , (m + 1)5), s = 0).

We have u,, € L) and || u,, ||(.,) < 1. According to Lemma 4,

= d-1/»
= 80

J"’"“)% (t, 5) X(s, m3g)xo

Me?t 2 i fo X(t’ S)u'm(s)ds easl X(S mSO)1

m8g,

(m+1)6" ds
=8-l/r X —
o 80 l (t, mSO)\ J‘mﬁo easl ‘((3) mSO)I

> 8511 % | X(2, m3,)|8 e~ adoeomtn,

since | X(s, m8,)] < 3 for m8, < s < (m + 1)8,
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It follows that

| X(2, md, | < 8L/ S M35 e %0e ™ 0e 01,
Let s € [0, f] and m such that m8;, << s < (m + 1)8,. Then

| X, ) < | X(t, mB)| | X(m3y, 9| < 3| X(t, mdy)]
< (%)2Mea6050—1/qeasefbt = hesg—bt,
and the theorem is proved.
We shall now prove a theorem, also due to M. Reghis, relative to the

existence of a Lyapunov function for linear systems with the property
from Theorem 1.13".

Theorem 1.6”. If | X(t, t,)| << he*loe~bL then for & < b there exists
a V(x, t) continuous, with the following properties:

1. V(0,8)=10,t = 0.

2. | Vi(xg, 8) — V{xg, t)] < Lp(t)]| %y — x5, for x;€ D.

3. 13 x| < V(x, t)y << R(8)etatHot] x|,

Vix(t + by t,x),t +h] — V(x,t)
A =

lim su —e%t x|,
h—’0+p I t

Proof. Define
V(x, t) = f t e x(r3 t, )| dr.

The uniform convergence of the integral is assured for 0 <t < 7,
| x| < K, by the hypothesis § < b.

| V(x,, 1) — Vi(x. t)] < f, o | | a(rs 8, 2y) — | x(r; t, xy)| | dr

a
< f e x(r; t, x,) — x(7; t, x,)| dr
t

SSE COTIEEY

< L(t)l X — X |
where

Lo = | e X(r, 1) dr < | e et dr

h

— e(a—b+6)t_

b—8&
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Further,

V(x, t) < J.OO e57| X('r, t){ dT! X [ == L(t)l X | — k(‘a)e(a—b-(»&)t

O 4o
= e J. | x(r; t, x)| dr = €% J. | a(r; 8, x)| dr = Joe®] x|
t ¢

(with the same arguments as in Theorem 1.6"). We immediately see that
{ea] {oe]
Vix(t; by, xo), t] = J. €| x(7; 1, x(8; by , %)) dr = J. %] x(7; 1y , x,)| d7}
t t

hence
d .
v Vix(t; ty , xo), t] = 7% x(2; 1, , x,)]-
For t = t, we obtain the condition from the statement.

We shall close these considerations with a theorem of stability in the
first approximation.

Theorem 1.77. If| X(t, to)| < he®e™', then for an arbitrary function
$(x, 1), with | $(x, )| < f@) [x ™ | 2| < D, felf,(ifllpon <K, the
solution x(t; ty, x,) of the equation

dx
S = A+ §(x, 1)

with | x, | sufficiently small, verifies the inequality
| x(t; o , %)l < H{h, m)etoe"| x, | t =1, =0

The initial value x, should verify the following relations:

(a) Ifa > b,m > a/b,pe[l, ]:

%] < (2m — Dhmente vt £ eamis|yvsme, ]—i +51 ~1.
(b) I a > b,m — ab, p = 1:
%0 | < 2m — Dlmem@ D) f]| ) 1/mD,
©Ifa<bm>1pell, ol
o1 < (2m — Dl €0 o) HmD, +$ —1

(d) a <b,m=1,pe[l, o], %] < D.
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Proof. We have

0.

\Y

55t ) <X 0]+ [ X0 1403, AV dr 11,

By putting t =ty + 5,7 =ty + o, | x(ty + 5385, %0)| = @(s), p(0) = | x4,
we will have

Bls) < hertorvoe (0) + | " henttat @ g bt f (1, + o)gm(o)do,
0
ie.,
#(s) < Ke 'g(0) + Kev* | ewof(t, + o)g™(0)do
0

where
- ‘he(a-b}to (a =~ b),
K=1n (a < b).

If y(s) is defined by the equation
W) = Keg(0) + Ke* [ exof(ty + oWm(s)ds (s > 0),
0

then ¢(s) < (s) and dfds + bp — Q(sWm, Q(s) = Kel@ Mty + s).
In cases (a), (b), and (c) this is an equation of Bernoulli type, and we
obtain

s =1/(m-1)
P(s) = [[¢(0)]1—me(m—1_)bs —(m — I)Ke(m—l)bs"‘ ela—mdlof(y a)da]
(s > 0).
But (0) = Ke(0) and ¢(s) << i(s); hence
I—l(m—l)

#s) < Keo'p(0)f1 — (m — DK p(O)]" [ e m(ty + o)do|
0
In case (a) we have
K — he(a’b)iox J.Sf(t() -+ Cr)e(a—'mb)a do < “f“(p,())“ ela—mb)o “((;,0)
0

and it will follow, taking into account the evaluation for | x, |, that

QU(S) < 21/(mfl)he(a—b)tue—bsq,(());
hence
[ x(t; 1y, x0)l << He%e | x| (H = 2V/m-Dp),

The other cases are similarly treated.
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NOTES

General expositions on the Lyapunov stability theory are to be found in
[8], [9], and [10]. The notion of uniform stability was introduced by
K. P. Persidskiin [11]. For stability with respect to a part of the variables
the fundamental ideas may be found in [12]. Property (3) relative to
asymptotic stability has been given in [13]. The first general theorem
about the existence of a Lyapunov function in the case of uniform
asymptotic stability, as well as the definition of the uniform asymptotic
stability have been given in [14]. Theorem 1.5" is due to N. N. Krasovski.
In its first form, for automous systems, the theorem was stated in a
common work by E. A. Barbasin and N. N. Krasovski. This theorem,
as well as the other important contributions of N. N. Krasovski to the
theory of stability, are available in [15]. The results of C. Corduneanu
are published in [16]. The existence theorem of Lyapunov function for
linear systems has been given in [17]. The elements of linear algebra and
the theorem on the normal Jordan form are reproduced from [18]. The
algebraic proof of the existence theorem of Lyapunov function for linear
systems with constant coefficients has been given in [19]. The first use of
Lemma 1.6 (Consequence 2) to establish boundedness and stability is
due to R. Bellman. For the ideas and methods of R. Bellman see [20]
where further references are given. The other proof of the theorem on
stability in the first approximation has been given in [21].

The theorem of stability in the first approximation, in the case when
the first approximation is homogeneous of degree m, can be found with
the proof of I. G. Malkin in [9], with that of J. L. Massera in [10], and
of N. N. Krasovski in [15]. The proof in the text is new and is based
upon an idea of D. Wexler. Propositions 1, 3, and 4 at the end of
Section 1-7 are given in [22] and [23].

Theorem 1.8 has been given by I. G. Malkin in [14]. The notions of
security and unsecurity zones of the boundary of the domain of stability
have been introduced in [24]. The result of T. Hacker was published in
[25]. Theorems on stability under permanent perturbations bounded
in the mean have been given in [26], and the notion of integral stability
with the corresponding theorems in [27]. The equivalent notion of
strong stability defined by Okamura was studied in [28].

The lemma preceding Theorem 1.8” and this last theorem have been
set up in the form appearing in the text by D. Wexler. Theorem 1.8”
has been previously published in a paper of I. G. Malkin. Further
results on stability were established by T. Yoshizawa; see, for example,
[98] and [99].

The reducibility theorem of linear systems with periodic coefficients
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has been stated by A. M. Lyapunov in [8]. In the form of the text it has
been proved in [29] (see also [3]). The fundamental properties of canon-
ical linear systems with periodic coeflicients have been stated in [30] and
[31]. The results in the text are reproduced from [32]. The Perron
condition has been formulated in [33]. The proof based upon the
Banach-Steinhaus theorem was given by R. Bellman in [34]. The results
of M. Reghis are to be found in [35]. For further references on stability
theory see the book of W. Hahn [96]. See also the book of La Salle
and Lefchetz [97].



CHAPTER 2

Absolute Stability of
Nonlinear Control Systems

A control system consists of the object of control and the controller.
The controller has the task of maintaining a certain motion in the
object of the control; hence the control process arises from the fact
that the controller is opposing all the deviations from this motion.

The motion of the control system considered as a whole is described
by a certain system of ordinary differential equations dx/dt = X(¢, x).
In fact it may happen that equations with partial derivatives, integro-
differential equations, or equations with retarded argument also occur;
this depends on the nature of the elements which constitute the system.
In what follows we shall only consider systems whose motion is described
by ordinary differential equations. Let x = x4(¢) be the motion which
we want to maintain. The deviations of the system from this motion
may be provoked either by sudden perturbations, which, as we have
previously seen, are expressed by modifications of the initial conditions,
or by the occurrence of some permanent perturbations. Practically, the
maintenance of the desired motion amounts to the fact that the real
motion of the system is maintained in the proximity of the desired
motion. Thus we see that the problem amounts to ensuring the
stability of the motion x = x,(¢) with respect to any deviation from the
initial conditions and permanent perturbations.

This kind of stability is attained, as we have already seen, if the
solution x = x,(¢) is uniformly asymptotically stable in the large.
Consequently, the finding of stability conditions for the control systems
amounts to the finding of some conditions of asymptotic stability in
the large. The equations of ordinary control systems will have particular
forms; stability conditions will have to be effective, on the one hand,
and, on the other, sufficiently broad to leave a certain liberty to the
designer when taking into account other qualities required for the system.

We shall assume that the object of the control is determined by m
generalized coordinates 7, , ..., 7,, and the controller by a single coor-
dinate p. The motion of the object of the control will be described by
the equations dy/dt = fi(ny, ---» Mm » i t) and of the controller by the

131
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equations d%u/dt?® = F(x,, ..., m,, , , t). As always in stability problems,
the equations of the perturbed motion will be formed by reducing the
problem to the study of the stability of the trivial solution.

For the usual control systems with which we will be concerned, we
shall consider that the equations of the perturbed motion do not explicitly
depend on ¢; in addition, other simplifying hypotheses will be made which
lead to the fact that some equations will be linear. All these equations
correspond to some effective technical schemes and are justified for
large classes of systems. The equations of the perturbed motion are
supposed linear with constant coefficients for the object of the control
e = Zbym; + mp. For p = 0 we obtain the free motion of the object
of the control without the controller’s intervention.

The equation of the controller is supposed of the form

Vi + Wi + Su = f*(0),

where 0 = X", pm; — 1, and f*(o) is a nonlinear function for which
it will be supposed in general only that f*(0) = 0, of*(¢) > 0 for o # 0;
sometimes more general functions are considered with f*(¢) = 0 for
lo| <ay,0f*(c) >0 for [o| > 0ay.

We suppose that a, b, p, , 7 are constant. As we see it, the nonlinearity
is introduced in these equations only by the function f*(c). This type
of system was studied particularly during the last 15 to 16 years, after
the publication in 1944 of a work by A.I. Lurie and V. N. Postnikov.
Recently the problem of widening the class of systems considered,
as well as the introduction of several controllers, has been raised more
and more often. This amounts to the introduction of several functions
fi(o;), taking into consideration the real nonlinearities in the equations
of the object of the control, of the controller, or in the expression of the
functions o; which characterize the interactions between the controller
and the object of the control. The few results obtained until now in all
these directions are in the incipient stage.

The equations of motion are brought to certain normal forms by
simple changes of variables. We put £ = pi + gu, and the equation
of the controller is written in the form

v, qi?
pf e £+

V2q2
p2

14 |44
Bt €=t Se = 1)

the coefficients p and g are chosen such that V%(g/p)?> + W(g/p) + S = 0.
Denoting by p,,.; and p,,_, the values of g/p which are obtained as roots
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of this equation, we obtain for the controller two first-order equations
of the form

1 .
IJ‘ = —Pmutt +5 g? g = Pm+1’f - a§ + pf*(U)

Setting p == 7m,,,1, we obtain, after the corresponding changes of
notations, a system of the form

k= Dy bime F ks E=—puib +f0), o= pm- ()
a=1 a=1

In the particular case when S = 0, equations (1) will have the form

e = 2 baMa + P, ng(U)) o = Z}hm;
in the case when 1’2 = 0, after simple transformations, we obtain
e = gbma +mp, f= mpmap +fle), o= gmm t Pt
in the case when S = V2 = (, equations (1) will have the form

= Qb F e =[@), 0= 2 pnt
a=1 a=1

These equations have been investigated for the first time by A. I. Lurie.
In what follows we will show how to investigate the stability for these
systems.

2.1. The Canonical Form and the Corresponding
Lyapunov Function

For systems of control, the following stability problem is formulated.
It is required to formulate conditions relative to the coefficients which
appear in the system such that the trivial solution of system (1) be asymp-
totically stable in the large, for an arbitrary function f of the considered
class [af(a) > 0 for o £ 0, f(0) = 0]

If the trivial solution of the system is asymptotically stable in the large

for any function f of the considered class, we say that the system is absolutely
stable.
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The method given by A. 1. Lurie in the research of absolute stability
is based upon certain canonical forms of the systems and upon the
convenient construction of Lyapunov function.

Perform the change of variable x, = X, ¢y, + ¢; we have

5"3 = Zcé‘s)ﬁa + § = 215;8) [z bag"lg + haf] - Pn+1£ +f(0‘)

a=1
If we want these equations to take the form %, = —px, + f(oc) we
must have %, = —p; Zo; 55 — pf + f(o). Hence the coefficients

c!® should be chosen such that

n n
_ (5) — (8) _ — (3)
Py = Zbaﬂca , Prsr — Ps = Zhaca .
o=1 a=1

The first equations show that —p_  are eigenvalues of the matrix
(bag). If we suppose that the matrix (b,g) has a normal diagonal form, we
may choose the matrix (c!*) nonsingular, having as rows a linear
independent system of eigenvectors. The last equations serve for the
complete determination of the matrix ¢\, since the eigenvectors are
determined up to a constant factor. In this way, the system may be
brought to the form

n+1
g = —pwx @) (k=12 n+ Lo = 2 ym).

k=1

We have set £ = x,,,4 .

To understand better the sense of the transformation and to under-
stand what happens in the case where the matrix (b,g) does not have a
normal diagonal form, we shall review the computations, setting

(C;S)) = C, (baB) = B,

B (e (e ()

System (1) is written
=By thE £ = —puaf+f0), o =(p)

where
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The change of variables has the form x = Cn + £u. We have
& = O + tu = C(Bn + hé) + éu — CBy + (Ch — p, u)é + f(o)u.

But
n = CYx — éu) = C'x — £Clu;
hence

x = CBCx — [(CBC + p,y,Eyu — Chl¢ + f(o)u.

The canonical form is obtained by requiring that CBC~! has the
normal Jordan form and in addition that

(CBC- + pp, Eyu — Ch = 0.

Let C, be such that CyBC,* has the normal Jordan form, and let 7 be
a matrix of the form

T,

T,
where the T have the same dimensions as the cells of the normal form
of matrix B and are of the form

f‘ﬁ a; "y, \
0 a - ap,

0 0 a,, |5

0 o - a, )
\.0 0 - a
we will obtain, by denoting C = TC,, the relation
CBC- = TC,BC; T = TJT = J,

where ] is the normal Jordan form of matrix B (since it is verified by
direct computation that 7 is permutable with the corresponding
Jordan cell J,). Choosing C of the form T'C,, the last equation may be
written

(] +Pn+1E) = TCoh
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and represents a system of # equations for the » unknowns which are
introduced by matrix T'. This system in general admits nonzero solutions,
and thus the desired canonical form is reached.

Besides systems of the form

e = Db + €, €= —pua€ + flo),

there occurs, in a series of problems, the necessity of considering
systems of the general form

ik = X ben, +hfe), o=, pa.

This general form contains the preceding one as a particular case;
this is immediately seen if we denote by £ any of the coordinates 7, .
With the above matrix notations the system is written 7 = By + Af(0).
Perform the change of variables x = Cn; we obtain # = (y =
CBn + Chf(s); hence & = CBC~'x + Chf(s). Choose C such that
CBC-! has the normal Jordan form and in addition that Ck = u.

The canonical forms thus obtained are convenient in case the matrix
B has eigenvalues with negative real parts, as we shall see when con-
structing the corresponding Lyapunov function. These are the so-called
proper stable systems. In the other cases other canonical forms are
used, which we shall omit.

We shall consider a system of the form

n+l
B = —puxy 1 f(0) (k=1 ntD)  o=mm. @
k=1

Differentiating the last relation of (2) we obtain

n+1

G = E’)’kxk = EYk(—kak +f(o)) = 2'3"30" —¥f(o).

Suppose that p,, ..., p, are real and positive and py,;, ..., ppyq Will
be two-by-two complex-conjugated and with positive real parts.
Constants vy, ..., s, B1» s B Will be real and vy 4, ..., ¥ui1>
Bei1s o Bnyr Wwill be two-by-two complex-conjugated. We shall
consider solutions of the system such that x,, .., x, are real, and
Xgi1s ooy Xpyy tWO-by-two complex-conjugated. All these considerations
are equivalent to the hypothesis that in the initial system the unknowns
and the coefficients were real, and the complex elements are introduced
as a result of the change of variables which brought the system to the
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canonical form. To clarify these questions we shall make some general
considerations. We shall say that a vector has the property P if its first
s components are real and the others are, in order, two-by-two complex
conjugates. We will say that a nonsingular quadratic matrix has the property
P if it has the first s rows real and the others, in order, two-by-two complex
conjugates.

Proposition 1. If a matrix has the property P, the matrix formed by
the real rows and by the real parts and the imaginary parts of the complex
rows is nonsingular.

Proof. Let D be the determinant of the given matrix and 4 the
determinant of the matrix formed by the real rows and with the real
parts and the imaginary parts of the complex rows. We have

a5 : Ain
D = as Asn
bs+l.l + 511 bs+1,n + 51
boirg — Usrta | boi1,n — Coi1,n
ayn . Agp
— a5 Asn
bopia + e T bein 0o
2bs+l.l 2bs+1,n
ayy X Qin
— 2itn—s) s : %sn
boyi +icsi1, i borim T 0511 n
bs+1,1 bs+1,n
a4y L Gy
= (i)ttn-e | G T G | (26)n=9 4
Cst1,1 . Csirm
bs+1.1 . bs+1,n

and we see that 4 # 0 together with D.
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We will say that a vector function Y(y) has the property P if for each
vector y with property P, the vector Y(y) has the property P.

Proposition 2. Let A be a matrix with property P and x a real
vector. Then the vector y — Ax has the property P. Conversely, if A is
nonsingular and y has property P, then x is real.

Proof. 'The first affirmation is obvious, since the first s elements of y
follow from the composition of the real rows of 4 with the real elements
of x, and the last by the composition of the complex-conjugated rows
of A with the real elements of x. To prove the second affirmation let

R
A:(U+iV), x = u 4+ 1v.
U—1ilV

We have

Ru <+ iRv
Ax = (Ud — Vo +i(Uv + Vu)) .
Uu + Vo + i(Uv — Vu)

The condition that Ax has the property P leads to Rv = 0, Vo = 0,
Uv = 0. But if det 4 # 0, it follows, according to Proposition 1,
R
that det (U) # 0; hence v = 0; hence x is real.
V .

Proposition 3. Let dx/dt = X(x) be a real system. By means of the
change of variables y — Ax, where A is a nonsingular matrix with the
property P, we obtain a system dy|dt = Y(y), where Y(y) has property P.

Proof. We have

dy _ ,dx o v
2 = 4% = AX(x) = AX(47) = Y(5).

If y has property P, on the basis of Proposition 2, 4~y is real; hence
X(A~1y) is real; hence AX(A'y) has property P.

Returning to the preceding systems of differential equations, let us
remark that the rows of matrix C with which the change of variables
was performed in order to bring it to the canonical form, were
eigenvectors of matrix B; to the real eigenvalues correspond real
eigenvectors, hence real rows; to the complex-conjugated eigenvalues
correspond complex-conjugate eigenvectors; hence the rows two by two
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are complex conjugates. It follows that matrix C of the transformation
had the property P; hence the system obtained is as in Proposition 3.
If in the initial system we were, naturally, interested only by the real
solutions, in the transformed system we shall be interested only in
solutions with property P.

Proposition 4. Consider the system dy/dt = Y(y), where Y(y) has
the property P. If y, has the property P, then y(t; y,) has the property P

Jor any t.

Proof. Starting from y, , consider the sequence of successive approxi-
mations:

Yira(t) = Yo + J-: Y(y(1)) dt.

If y,(¢) has property P, then Y(y,(¢)) has property P and it is obvious
that y, . ,(2) has property P. The solution y(¢; ¥) is given by lim,_, y.(?),
and we see that it will have the property P.

Taking this fact into account, we may apply the method of Lyapunov
functions, requiring that the function ¥ has the corresponding property
only for vectors with the property P; then it will have the required
properties for all the members of the family M of solutions with property
P; hence we shall obtain conclusions of stability with respect to the
solutions from this set, the only ones which correspond to the real
solutions of the initial system.

We consider the quadratic form F = X, ; (a;a;/p; + p;)x;%;, where
a,, ...,a, are real, and the others, two by two, complex conjugates.

We have

1

pit+ ps

Q0
= J- e~ pitet gt
0

hence
0 0 2
F = Za,-aif e~ PPt dt x.x; = J- [2 a,xy E_Pkt] dt.
2% o 0 Sk

If x is a vector with the property P, then for k = 1, ..., 5, azx,e— P+
is real, and for the other values of &, the a;x, e+ are two-by-two complex
conjugates. Hence their sum is real; it follows that Z a;x.e~#+ is real
for every vector x with property P; hence F is real and positive for
every vector x with property P.

On the other hand, Z, a,x,e~7** = 0 for every ¢, if and only if x;, = 0
for every k. It follows that F' is a positive-definite quadratic form for
any vector with property P.
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Now let
=z ZA x; + Cyxg1%519 + -+ Cp_XnXnyy,

where A4;, C; are real and positive. For any vector x with property P,
the form ¢ takes real and positive values; ¢ = 0 if and only if x = 0.
In what follows we shall assume that

lim f"f(a) do — o

oo 0

and we shall choose the function
V—4¢ +F+f f(o) do.
0

We see immediately that this function takes real and positive values for
every x with the property P and that ¥V = Oif and onlyif x = 0, c = 0.
Let us calculate the total derivative of V. We have

av . :
T = Al —pe + f(©)] + Corgal —puni¥orn +f(0)]
k=1

+ Clxs+l[_Ps+2xs+2 +f(a)] + -

i

p1 {xk(—sz +f(0)) + t( PrXk +f(a))}

n+l

/@) 2B — /@)

But
2 a.a; a,a;
Aol X% :( ax) _k1__x +x=2 - J Xy
g;/zklk 2115 iz,k;f’k‘i‘f’i(k 1) ,-z,k;Pk_*—P'ik
hence
dv 3
T = — zpkAkx?c - Cl(Ps+1 + Psqz)xs+1xs+2 -
k=1

- Cn—s(Pn + pn+l)xnxn+l - ('I:Zi; akxk)2 - [\/;f(o)]z

n+l

—2V7f(0) 2 @y
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(=

n+

'*‘f(")kg1 [Ak + B +2Vra, + 2a, 2 m]
n+1-—8 _ n+l a, '
+£(o) % [Cu + By + 2 V7 ay,. + 2a,,. Z}m] Xpen.

For the sake of uniformity of writing we have introduced the notation
C,=Cyy, Cy=Cy Cps=Cnop-

dV/dt will be negative-definite if we have

n+1l

_ a
A 2 2 i 0 (k=1,..,5),
x+Be+2Vra, + akém%—pi ( 5)

n+1 a;

Cﬁ—{—ﬁsﬂ—{—2\/;as+a+2as+,i=zlpk+m =0 (a=1,.,n—s+1).

If these conditions are fulfilled,

v : ‘
i 2 A — Cilpars + Pose)¥eir®ors —
k=1

n+1 2
- Cn—s(Pn + Pn+l)xnx-n+1 - [2 akxk + \/;f(c)]
k=1

and we see that if x has the property P, then dV/dt < 0

If we take 4, = 0, C;, = 0 and we omit the term —24/7 f(0) T a;x;, ,
we obtain as a condition of stability the existence of a vector with the
property P which will verify the equations

n+l a.
+ 2a t =0 k=12 .,n+1).
B. kgpkﬂi ( )

These conditions are simpler, but more restrictive.
We may easily obtain necessary conditions in order that the above
equations admit solutions. By adding the equations together, we obtain

n+1l
2ﬁk+222 ka'k:P =0

hence

S8k +2 [:’ (2 @) at — o
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hence
n+l
D, B <O.
k=1
By multiplying each equation by p, and adding them up we obtain

Pka O Py PGy
Bipr + 2
2 kP “ Elgkpk ~ by Ny 2 . + 1

= zk;lgkpk + Z;(aiak = ;kak + (E“k)2 =0,

and hence

D, piBi <.
k

By dividing each equation by p, and adding them up we obtain

2Bk+ 2aksz-FP
—Zﬁk Z % P

% Pr i Pi t Py

BRI

ik PrPi k

and thus

| ™

%0~

Let us observe that in the preceding computations we have in fact
studied the stability of the trivial solution of the system

B = —pxi (), & = X Bux, — 1f(0).

The stability of the trivial solution of this system obviously entails the
stability of the trivial solution of the system

X = —pixi +1(0), o= Ekak'

Indeed, every solution of this system is also a solution for the studied
system. If all the solutions of the studied system approach zero, the
same will also be valid for the solutions of the second system. It is,
however, clear that the request of stability for the first system is more
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than necessary for the stability of the second one. Starting from this
observation, we see that it is meaningful to try to choose the Lyapunov
function in such a way that it allows us to decide directly on the stability
of the trivial solution for the second system. Let us choose

2 a,a;
S ot pe
We obtain

%Iti - Zk Pkaikpi wrl—pxi + f(0)] 4 [ —prxy ‘|'f(”)]}

= — i,zkaiakxixk -+ (2 aiakxk‘ + ZP 1‘_1:’;1 )f( )

ik Pk+P1 i,k

= — (kE akxk) 2f (o) 2 za_:’;

ik

Taking into account that —f(o)[c — Zy,x,] = 0, we may write

G = (Zan) - o0 70 3 e + 20 5 ]

We assume that we may choose g, such that equations

yk+2ak2( +Pk——0

be verified. Then
dv 2
T =~ (Zan) o

and the trivial solution will be stable.

Let us remark that if we choose 4, = 0, C, = 0 in the constructions
made above, dV/dt may be zero on the manifold £ a.x, + /7 f(c) = 0
and in the last case on the manifold X gx, = 0, ¢ = 0.

To obtain the asymptotic stability, it is necessary to require in addition
that these manifolds do not contain whole semitrajectories (see
Theorem 1.5").

In some cases, taking into account the particular aspects of the system,
simplified criteria may be obtained. Thus, if 8; <0 and p, > 0, we
choose the function

V=18 + 2 %% i +ff(a)do

k,j= gpz
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We obtain

= —Bnlopm O]+ 2 B e —pn; 41 (0]

112'

n+l

+ wl—pemi + (@} +10) [Bims + 2, B — of )]

= et — (2 ax) — (Vf(@)F —2V7f <o)"§ @y
+f(o)"§(ﬁ,+2a,2_;, i h2Vie) s

and we deduce as stability conditions the condition that equations

+1
,3,+2a2 +2vVra; =0

_2J+t

have solutions. In this way, the -number of the equations has been
reduced by one.
Let us now suppose that the p, are real and distinct. We choose

n+l o
V=33 +R [ f(o)ds (R>0).
k=1 o

It follows that

‘_1_V_ = —,E;kak — rRf o) + 2(1 + RBe)x, f (o).

Consider —dV/dt as a quadratic form in variables x, and f(o). Its dis-
criminant is

1+R
L 0 0 ____2_&
1+ R
0 P2 0 ____2__&_
4= : : :
1+ RS,
0 0 Prt1 — __2_E_L1
_ 1 +Rﬁ1 _ 1 +Rﬁ2 _1 +Rﬁn+1 7R
2 2 2
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The quadratic form is positive-definite if all p, are positive and in
addition 4 > 0. We have

n+l n+l
4= ’RHPk —1 EPl -1l + RBe)? prar *" Pasa -
k=1 k=1

The condition 4 > Q 1s written
n+1 9

If there exists a positive constant R which verifies this inequality, the
trivial solution of the system is absolutely stable.
If p,, ..., p are real and p,,,, ..., p,y; are complex, we choose

V = % 28; x,“: +n2—5xs+uxs+u+1 +R Jmf(g) do,
k=1 a=1 0

and we obtain

dav £
— = — 2Pk — E(Peﬂ t Porat)Xsra¥siatt
dt k=1 a=1
n+l
+ 2,(1 + RB)x,f(0) — rRf (o).
k=1
If
Xgpo = Ugye + Weras Bste = Pste + /N Psta = Osta T Tyrns
then

= - Epkxk E Torolthr + Vira) — 7RI (0)

k=1

4+ (1 4+ RBY%f(0) + 2, [thess + R(Posalhora — GsaPara)] f(0).
k=1

We have again obtained a quadratic form, and the stability conditions
is obtained by requiring that Re p; > 0 and in addition that a certain
determinant be positive.

A general procedure for obtaining some simplified criteria was
proposed by I. G. Malkin in 1951. It is assumed that the p, are real

and distinct. Let
-3 2 A% %p
a,8
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be a negative-definite quadratic form and
F=1 2 B xxg,
a,B
where By = Augf(pe + pp). We have
F = EAaﬂf e Partegt dt x xp = f [2 A px, e 6t xg e—"ﬂ'] dt.
o,B 0 0 ‘.8
Since

2 A g x, et xge 8t = 0,
B

it follows that F is positive-definite. We choose

V_F 4 f:f(a) do.

It follows that

%/ — 1 D) Bl (—poxs + £ (0)) + 5ol —pax, + (o))}

+1@) [Z B —1f(@)] = = 4 2 Buslon + po)rs
1@ [ 2 6+ 35) By o+ X ] — )

=W o) + S0 L [B. + 1 3By + Bo] 5

Considering dV/dt as a quadratic form in x,, ..., x,,, and f(o), we
obtain the discriminant -

Ay Al,n+1 P,
An Ay P,
4= Dt R= B+ D (Bt B
Apia 7 Aniina Pun f
P, P, 1

Since W is by construction negative-definite, the condition of stability
is reduced to 4 > 0.
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2.2. Intrinsic Study of Control Systems

In the preceding section we have studied the problem of absolute
stability for systems of the form

Yy, e=e,
where we assumed that the matrix 4 has eigenvalues with negative real
parts. Differentiating the relation which defines o, we obtain the system

d
D _ gy iof(@) %= c*dy 4+ * b (o).
dt dt
Systems of this form are also reached by convenient changes of variables,
starting from other forms which occur in the theory of automatic control.
Thus, consider systems of the form

d d¢
Z=Ay bt Z=fl), o=cy—rt 3)
If we put ¥ = x, we obtain
dx do "
5 = Ax + bf (o), i 7f(a). )
. (A b\ . . .
If the matrix ok g8 nonsingular, the two systems are equivalent

trom the viewpoint of absolute stability.

A few years ago, S. Lefschetz, investigating systems of this form,
formulated the problem in the following way. If 4 has eigenvalues
with negative real parts, according to a Lyapunov theorem, a matrix
B, positive-definite, may be chosen such that

BA + A*B = —C,

for any given positive-definite matrix C.
Then consider the Lyapunov function

V=B + | 0 (o) do.

The total derivative has the form

O = (BAx, ) + (Bs, 43) + (B (2), ) + (B, bf(c)

+f(o)c*x — 1f(0)) = — (Cx, x) + 2(Bb, x)f (o) + (¢, x)f () — 7/*(0).
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Considering dV/dt as a quadratic form in #, f(c), the condition that
—dV|dt be positive-definite is that the principal diagonal minors of the
matrix
( ¢ —(Bb + 56))
—(Bb + 1c)* r

be positive.

Since by hypothesis the matrix C was chosen positive-definite, the
condition reduces to
C —(Bb + }0)
—(Bb + }e)* r > 0.

-1
By hypothesis, det C > 0; hence det C~! > 0; hence det (g (1)

Therefore, the condition that —dV/dt be positive may also be written

der () de (—(Bbi e ") 0

)>0.

By computing the product of both determinants, we will have

E —C-Y(Bb + o)

—~(Bb + 1o)* =0

hence
r — (Bb + 3c)*C-Y(Bb + %) > 0.

We thus reach the condition 7 > (Bb 4 )*C*(Bb 4 4c). This
condition depends upan the choice of matrix C; we shall obtain the best
condition by considering the minimum for all the positive-definite
matrices C.

The computation of this minimum in the general case has not yet
been made. S. Lefschetz has considered the case where matrix 4 is
diagonal and matrix C is taken also in the class of diagonal matrices.

Let

A = diag (—pgs ooy —pn)y € = diog (dy , ..., dp)-
We have
1 1
C1 = diag{——, ... 5}
g( d, d, )

therefore

B == diag (2%1— y e 2‘2'" ) .
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Bbhas the elementsd;b;,/2u,., Bb + 1c has the elements 3((d;b,./ps) + ¢),
C-Y(Bb + 4c) has the elements 3((b,/p;) + (ci/dy)), and the stability
condition becomes

For indices k for which b,¢;, <0 we may choose d), such that
(bk\/aie/p.k) + (¢,/Vd,) be zero, and this is the choice yielding the
minimum. For indices k for which b,c, > 0, the term ((b,Vd,/u;) +
(ck/\/dik))2 is minimal if bk\/d;/p.k = ¢,/Vd,, hence if b d, = Crlhr >

d,, = cppi/b; and then the minimal value is

be [expn bka bkck 2 4bk5k
(T e -
2 (3 Ckl’-k

Thus will follow the stability condition

&b
> Y W

k=1 Mx

where ¢, = 0 if byc;,, < 0 and ¢, = 1 if by, > 0.

T. Morozan has improved these results by using a Lyapunov function
of modified form introduced by V. M. Popov. Let us first observe that
a necessary condition for absolute stability is that r 4 ¢*4~% > Q.
Indeed, if absolute stability occurs, then the eigenvalues of the matrix

(f,lk ,[;> have negative real parts, since the asymptotic stability must
be also assured for f(0) = o. But the product of the eigenvalues is

det (A}k b). We have, however,
c* —r

(7 o ) maa e ) sn

hence

r+c*A% = —det A1 det (:i _br) = — @'1_/1 det (;4* fr) .

By hypothesis, matrix 4 and (f,lk _[:) have eigenvalues with negative

real parts. If a matrix has the order k and its eigenvalues have negative
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real parts, the product of these eigenvalues is positive when %k is even

and negative when & is odd (the matrices are assumed real; hence the

complex roots occur in pairs and their product is positive). Since

the product of the eigenvalues is equal to the determinant of the matrix,

it follows that this determinant is positive when & is even and negative
A4

when & is odd. Since the orders of matrices 4 and (c* —I;) differ

by one unit, it follows that det A and det (:4* _I:) have different

signs; hence r - ¢*A4-1 > 0.
Now let B be as previously. We choose the Lyapunov function of
the form

V = (Bx,x) - f f(0)do + 2(r—+§*7—ﬁ (*A-1x — o).
Let us observe that without supposing that fw f(o)do diverges, the
function V fulfills the required conditions in order that the asymptotic
stability in the large be assured; indeed, if |x| + |o|— 00, we
have V— o0, since for | x| << M, | ¢ | = co, the last term approaches
infinity. The total derivative of ‘this function is

%‘ti — (BAx, %) + (Bbf (o), x) 4 (Bx, Ax) + (Bx, bf (o))

4+ f(o)(c*x — rf (o)) + 1A (c*A*Ax 4+ c* A7 (o)

S

T AT
—c*x +rf(o))(c*A e — o) = —(Cx, x) + 2(Bb, x)f (o)
(6, W)f(0) — 1f¥(0) — paf (0) + pc*A1xf (o) = —(Cix, )
+f(0)2Bb + ¢ +- p(A*) ¢, x) — 1f¥(o) — paf (o).

Discarding the last term, which is negative, and considering the

others as a quadratic form in x, f(o), the condition that —dV/dt be
positive-definite is that the principal diagonal minors of the matrix

( c Bb -+ 4(E (A7) )
(Bb + 3(E + p(A*) Ho)* —r

be positive. The same computations as in the preceding case lead to
the condition r > M(C, p), where

M(C, p) = (Bb + }(E + p(A*) Me)* CHBb + §(E + p(A%) ')).
If
min  M(C, p) < —c*A-1b,

C>0,p>20
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a necessary and sufficient condition for absolute stability is 7 > —c*47'b,

since if  + ¢*A4-1 > 0, we also have » > M(C, p) for a conveniently
chosen matrix C.

Let us observe that
min  M(C, p) < m>iI01 (Bb + 1c)*C-Y(Bb + 4c¢);

C>0,220

hence the new choice of the Lyapunov function is more convenient.
Let us also observe that if

r = Crmn M(C, p) > —c*A71b,

absolute stability is assured. Indeed, the quadratic form is only semi-
definite, but it may be zero only for x = 0, ¢ % 0, and then the term
—paf(o) is strictly negative.

Taking into account the above-mentioned facts, the problem arises
of calculating the value minc. 59 M(C, p). This computation has not
been carried out in the general case. However, complete results may
be obtained by supposing that 4 is diagonal and choosing C in the class
of diagonal matrices, as above. Let us take 4 = diag (—p;), u; > 0,
C = (yy); we obtain B = (py/(s; + py)). We may write

M(C, Py = (Cu, u), u= Bb + %(E + p(A*) e,
uizz +1(1_P)Ci‘
o

Since C > 0, the quadratic form (C'u, u) is positive-definite; hence

min  M(C, p) =

C>0,p30

i +P"9

the zero value being obtained only if # = 0. Let us observe that

n
bic;
=1 Pi

c*A-1h = —

When C is a diagonal matrix, C = (diag d,):

db; i
W=ty (- Ben o= (gt g (1))

i

M(C,p) = %idi (% 4 ﬂ;.(g/_m)ﬁ)z

_13 b, Vd; 1— e
R )

-D- |
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By the same arguments as above, we deduce

: S €bic(p; — ?) S €t - €bic
min M(C,p) = N(p) = 2“2t =8 _ 5 208 p 5 08

i=1 [ i=1 M i-1 M ’
where
. — 30 if biep; — p) <0,
o itbe{p —p)>0.
If
max by, <0
1<i<n
or

max p; << mip g, ,
il jed

where I = {i, 1 <i<mn,bie; >0}, ] = {j,1 <j<m,byc; <O}, then

min _ M(C, p) = 0;

C>0,p30

indeed, in the first case we can take
p < min His
and in the second
max p; <p < minp;.
It is obvious that in these cases the minimum is effectively attained on

diagonal matrices.
Likewise, if min, _,;_, b;c; > 0, by taking p = 0 we will have

N@E) = 2% S g,

i

and the necessary and sufficient condition of absolute stability is
r > N(0).

We may study the problem of absolute stability by looking for
Lyapunov functions of the form

V = (Hx,x) + | :f(a> do,
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where H is any symmetric matrix. An investigation of this kind has
been made by V. A. Takubovitch. The total derivative of function V is

V = (Hi, ) | (Hx, %) + (o) = (H(Ax + b (@), )

| (Hx, Ax + (o)) + f(o)c*s — 1f(a)) = (HA + A*H)x, %)

1 2(Hb, 9f(0) + (*) (0) — 1f*(6) = —(Gx, x) — Ag*n)f (o) — 1f (o),
where we have set

—G —HA + A*H, —g=Hb+}c.
Further,
V= —{((6—Fe) 5 x) £ (£ +Tem) |

since

l * l *40)2 —
(g ) — (g = 0.
Indeed, gg* is the matrix with elements g,g;; hence (gg*x, x) is

Zgigjxixi = (Egixi)2 = (g*x)2.
i,

It follows that a sufficient condition in order that ¥ be negative is that

the form
(o 3ar) o

be positive-definite.
This condition is also necessary. Let us suppose that there exists
x5 7 0 such that

((G - %gg*) Xg s xo) <0;

let g*x, # 0. We choose A from the equation
A
Vr
with fixed o,. Then, for x = Axy, 0 = o, we will have r(f(c) +
(1/r)g*x) = 0; hence V' = 0. If g*x, = 0, we takex = x5 # 0,0 = 0,
and again it will follow that ¥ > 0. Consequently, if the form is not
positive-definite, we cannot have V negative-definite.

\/;f("o) + g¥xy = 0,
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Theorem 2.1. If there exists a symmetric matrix H > O such that

rG —gg* > 0'

(where —G = HA + A*H, —g = Hb + %c), and if A is Hurwitzian *
and r + (A71h, ¢) > O, then the trivial solution of system (4) is absolutely
stable.

Proof. From the computations performed up to now, it follows that
there exists a function

V= (Hx,%) + [ f(o)do

whose total derivative is negative. Consequently, the asymptotic stability
of the trivial solution is immediate. If _[wf(a)a'c diverges, the function V'
fulfills the conditions required for asymptotic stability in the large.
Using the condition 7 4+ (A7, ¢) > 0, we may nevertheless prove
that asymptotic stability in the large occurs without the hypothesis
that the integral diverges. For this purpose we will take

p _
Vl = V‘]—m(c*jq lx——a')Z.

The function V; fulfills the condition required for stability in the
large:

av, ‘ﬂ+_ Y
dt  dt r +c*A71b

(c*A7tx — o)(c*A1Ax + c*A-1bf (o)

et of (@) = T pf o)A — ) = T 4 pf (o)A e — pof(o).

From the hypotheses of the theorem it follows that dV'/dt is a negative-
definite quadratic form in x and f(0); for p sufficiently small, the quadratic
form (dV/dt) + pf(o)c*A~'x is negative-definite; hence dV,/dt is
negative-definite and the theorem is proved. The theorem has been proved
by indirect means by B. A. Iakubovitch.® The idea of considering the
function V), instead of the function V belongs to V. M. Popov.

t+If G, and G, are symmetric matrices, ; > G, means that the quadratic form
(G, — Gy)x, x) is positive-definite.

+ We call Hurwitzian a matrix whose eigenvalues have negative real parts.

§ The study of the problem was resumed by J. P. La Salle, who proved that if
r > g*G~lg, then the condition » 4+ ¢*A4~% > 0 is fulfilled.
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The practical problem which arises now is to give to the condition
in the statement a simple form, one that is easy to check. To this
end we observe that this condition may be written

—HA*H + HA) — (Hb + Lo)b*H + 3c*) = %c >0

or

Hbb*H -+ B*H + HB + }ec* + 5’ C =0,

where we have put B = r4 + bc*. This condition may be considered
as an equation with respect to H for each fixed C > 0. The condition
of stability may hence be obtained either by arbitrarily choosing H > 0
and putting the condition that C > 0 or conversely, by arbitrarily
choosing C' > 0 and requiring that the equation admit a solution H > 0.
We shall follow the second variant and try to attain the simplest

conditions possible.

Lemma 1. If the eigenvalues of matrix K have negative real parts, the
solution X of equation K*X + XK = —C is unique and is given by
the formula

X = f ” eK"Cekt dt.
0

If C>0, then X >0. If C >0,then X > 0. If C >0 and X >0,
then K is Hurwitzian.

Proof. The equation K*X 4+ XK = —C expresses the fact that
the total derivative of the function (X, x), by virtue of the system
dx/dt = Kx, is equal to —(Cx, x). From the theorem of Lyapunov,
it follows that if the matrix Kis Hurwitzian, then for any C the preceding
equation has a unique solution. The fact that the matrix X is given by
the formula from the statement follows from Theorem 1.6”.

Indeed, if

(e o]
V = f (CeK(s=8) x eKis=t1x) ds
t

we have

V = fm (Cest, eKs x) ds = fw (eK*SCeKSx, x) ds = (Xx’ x)’

0 0

with X = f: eX*sCe** ds and dV/dt — —(Cx, x). The solution of the
equation being unique, it is given by the formula in the statement.
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The fact that C > 0 implies X > 0 and C > Oimplies X > 0 is seen
at once from the formula. If C > 0 and X > 0, the trivial solution of
the system dx/dt = Kx is asymptotically stable and matrix K is
Hurwitzian.

Lemma 2. Let

Hbb*H + B*H + HB + }ec* + % C =0, B = rA + Lbe*,

where C > 0 and H is symmetric. We suppose that there exists 0 < v < 1
such that K, = rA + vbc* is Hurwitzian. Then H >0 and K, is
Hurwitzian for every v e (0, 1).

Proof. Let

C, = 5 C + (uHb + $)(uHb + ko)*;

obviously C, > 0.
From the statement,

C = —Hbb*H — (r4* + Yeb*)H — H(rA + 3bc*) — fec*
— _HW*H — r(A*H + HA) — Y(cb*H + Hbc*) — }ec*.

r
2

If follows that
C, — —Hbb*H — (rA* + 1cb*)H — H(rA + 3bc*) — bec*
1 pEHBYYH -+ Luc(HBY* + LuHbc* 4 Yec* = (u2 — 1)Hbb*H
— [PA* + (1 — web*IH — H[rA + 3 (1 — whe*]
= (1 — p2)Hbb*H — K*H — HK, ,
where we have put
v =41 —p).
The relation obtained may also be written

K*H -+ HK, = —C, — (1 — u?)Hbb*H.

Now let v be as in the statement. We choose p = 1 — 2v;if 0 << v << 1,
it follows that |u| <1; hence C,+ (1 — u?)Hbb*H > 0. From
Lemma 1 it follows that this equation has a solution H, unique, and
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H > 0. For every ve[0, 1] we have C, + (1 — p2)Hbb*H >0 and
H > 0; hence K, is Hurwitzian.

From this lemma we deduce in particular that if the equation in H which
expresses the stability condition admits a symmetric solution, then this
solution is also positive-definite.

Indeed, A being Hurwitzian, K, is Hurwitzian; hence H > 0.

The system of equations which determines the elements of the matrix
H is a system of n(n + 1)/2 equations of second degree. We shall reduce
the problem to the condition that a system of # equations of second

degree has real solutions.
Define the operator ¥ = L(X) by the formula

A*Y - YA = X,

which is possible, since from Lemma 1, for any X the formula defines
one Y and only one, which is positive together with X. According to
Lemma 1, we have explicitly

LX) = j et XeAt dt.

0

Set
—g = Hb + %c.

The equation which expresses the stability condition is written

r

HA*H + HA) — — 5 C — gg*,
and taking into account the definition of L(X), we will have
rH — Ligg™) -+ } 1L(C).
From here, multiplying by b and adding }rc, we deduce
—r1g = L{gg*)b + $r(c + L(C)D).
Setting a = L(C)b, we reach the equation
L(gg*)b + 7g + br(c + a) = 0.

Let us suppose that for given C > 0, this equation has a real solution g.
Then, the matrix H determined by the relation

rH = L(gg*) + 3rL(C)
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is symmetric, positive-definite, and verifies the relation

r

r(4*H + H4) = 3 C — gg*;

hence the stability condition is fulfilled.
Thus will follow

Theorem 2.1°. If A is Hurwitzian, I'* = r 4+ (A71b,¢) > 0, and
if there exists C > 0 such that upon putting a = L(C)b the equation

L(gg*)b +rg + 3r(c +a) =0

admits a real solution g, then the trivial solution of the system is absolutely
stable.
Setting U = L(gg*), T = L(C), we obtain the equations

A*T + TA = —C, a=Tb, A*U + UA = —gg*,
Ub+ ru+ 4r(c +a) = 0.

Let us see what the equations become in the case where A admits a
normal diagonal form and the eigenvalues of A are real. We will denote
g = (8:), U = (7). There exists a basis in which A4 is diagonal and
the components of b are equal to 1 (Lurie canonical form). In this
basis the preceding equations become

—(ps + P = —8i&» 27]1’7’ +rg + 3r(c; + a) =0;
j

hence

&i
i 2y — +rgi + e, +a;) =0,
gyzpi—(*p,- g 5( )

and we see that they are of the same form as those obtained in the
preceding section.

Consequence. In the case where b is an eigenvector of matrix A or
¢ is an eigenvector of matrix A*, the condition I'* > 0 is necessary and
sufficient for absolute stability.

Proof. Let Ab = —ab, « > 0. From A*U + U4 = —gg* we

obtain, multiplying by b5, (A* — al)Ub = —(g, b)g; hence Ub =
—(g, b)(A* — ol)7lg [det (A* — al) # 0, since a > 0 and A is Hur-
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witzian]. From the same relation, multiplying at the left by $*4*~! and
at the right by A1, we obtain
b¥UAY + b*A*1Ub = —a*A*1gg*A-1b,
ie.,
(A=, Ub) + (Ub, A-'b) = —(A-1b, g)%;
hence
2Ub, A-1b) = —(A4-1b, g)?.

Set { = (1/4/7)(g, A7b). From the equation

Ub+ru + 3r(c +a) =0
we deduce
Ub = —rg — ir(c + a).
It follows that
—2rg + Lr(c + a), A71b) = —rl?
hence
(2 —2r V1l — 1(c + a, A7) = 0;

hence

=2Vl —(c+A,A%) =0, {=+V7r+Vr+(c+a AW).

Setting [ = 7 ++ (¢ + a, A7), it follows that { = /7 + I. From
Ab = — ab, we obtain

b= —aAd1b, A1 = —lb;
&
hence
1
= — =(g, b);
L= Y
hence
(¢, 0) = —aVr(Vr + 1.
From Ub = —(g, b)(A* — ol)~g follows
—rg — 4r(c + a) = a Vr (V7 + T)(A* — ol)y;
hence

(6

— 3r(A* —al)c +a) =1 (4% + e

f[)g.
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It follows finally that

£=—3 (A + %/1%1)—1 (A* — al)(c + a).

We see that the equation in g has a real solution if and only if Iis
real; hence I'™> > 0. But I'? = I'?* 4 (a, A7'5).
We have

A*T + TA = —C, a = Tb, (a, A7b) = (A*1Th, b),

T+ A*'TA = —A*1C, AT + TA' = —A*'CAY,
hence

(A*-1Tb,b) = — L(A*1CA 1, b) = — L(CA~S, A71) < 0.

If I' > 0, then for a sufficiently small, we have I'? > 0; hence there
exists a real solution g; hence, according to Theorem 2.1’, absolute
stability occurs.

Let us consider now the case where ¢ is an eigenvector of the matrix
A*. Let (x, o) be a solution, £ = {c, x). We have

d d
B (0 2) = (e, 49) + (0, BF(0) = (A%, 9) + (6 B (o)
= —ple, %) + (¢, b)f (0);
hence
d d
o BB, T =t o)
We have obtained a system with n =1, 4 = —8, and ¢ =1, and
b is replaced by (c, ). The relation A*T + TA = —C becomes in

this case —28T = —C; hence T > 0, and from a = TY(c, b) it follows
that @ has the same sign as (¢, b). The relation A*U + U4 = —gg*
becomes

1
— = g% 2 = = — g2
28U g2, g 28U, U 2'3g,

and the fundamental equation becomes

(2;) g+ ru + %r(l -+ a) =0,

ie.,

(¢, b)g® + 2rBg +rB(1 + @) = 0.
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The equation has a real root if and only if 7282 — r8(c, b)(1 + a) > 0;
i.e,, 7B — (¢b)(1 + a) > 0. This condition is fulfilled if and only if
r — (1/B)(¢, b) > 0, which coincides with I'? > 0, since (¢, A7b) =
(A*1c, B) = —(1/B)b, o). |

It follows that if I'? > 0, o(t) — O for every solution; hence f(a(2)) —> 0
for every solution, and from the formula

x(t) = e*x(0) + | " A= bf [o(s)] ds

it follows immediately that x(#) — 0 when ¢ — o0; hence absolute stability
occurs.

2.3. The Method of V. M. Popov

An essentially new method, based upon use of the Fourier transform,
has been given in the study of absolute stability of the control systems
by V. M. Popov. The method of Popov leads to results which are at the
same time stronger and more, effective than those considered in the
preceding paragraphs.

Consider the system

dx d¢

T Ax + bf (o), Z = f(a), g = c*x — y¢ y>0 &)

Suppose, as previously, that 4 is Hurwitzian. Set

W(t) = —c*eth,  N(iw) = f Yoty dt,  Gliw) = N(iw) + L.
0 w
Theorem 2.2. If there exists ¢ > O such that for all w = 0 we have

Re(l + iwq)G(iw) = 0, then the trivial solution of system (5) is absolutely
stable.

Proof. Let x(t), £(t) be a solution of system (5).
Set

o) — ](f)[a(t)] for 0<t<T,

for t>T.

Define the function

M) = — [ e = fetrydr —q [ HEED £y de — g10) + 10
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To see the significance of this function, we will perform some com-
putations. We have
dx(1)
dt

= Ax(t) + bf [a(1)].
According to the variation-of-constants formula,

x(t) = et x(0) + f " oAt bflo(e)] drs

hence \
o(t) = c* et 2(0) + fo c* ett=7 bf [o(7)] dr — yé&(t).

Note that c*eA“—”b‘: —u(t — 7); we let c*ett = p*(t). Thus,
a(t) = u*(£)*(0) — JO vt — 7)flo(r)) dr — v£(2).

From here follows

e R CRICYCU R R COESR o
Since d‘f( |
t
= flowl,
we have
g’i}tﬂ dp«*(t) #(0) — fo dv(t — T)f[ ()] dr — ($(0) + P[]

For 0 < t < T we may write

do(t)
dt

If follows that

_ du (t) #(0) — fdv(t 7 f1(s) dr — [(0) + Y1 f2(D)-

Ar(t) = —f Wt — 1) fr(r) dr + ¢ d"(t) el LA d"*(t) x(0) for 0<t<T,

1.e.,

do (t)

k) — [0 + ¢ BN 5(0) for 0<e<T.

Ar(t) = oft) 4 q 5~ o

For ¢t > T, taking into account the definition of the function f(¢),
follows the relation

) = — [ e frtr) e — o [ Gt
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Since the matrix 4 is Hurwitzian, we have
| et | < K e Kot (for t=0);

hence | 1(t) | < Kye®ol. Thus | A(t) | < Kze® for t > T; hence A(¢)
admits a Fourier transform. Let

1] T
Ly(iw) = f et A\ (t)dt,  Frlio) = f et (1) dt.
0 0
We have
[ e B 4y gior 2 [w +io | " et (1) dt — iwN(iw) — v(0).
0 dt 0 0
Is is known from the theory of the Fourier transform that if
i
he) = [ f(t —)gtr) dr,

0

then the Fourier transform of % is the product of the Fourier transforms
of the functions f and g*. It follows that

Ly(iw) = —N(iw)Fy(icw) — gliosN(ies) — v(0)] Fr{icw)
—q[v(0) + y]F(iw) = —Fr(iw)[(1 + twq)N(iw) + gv].
Consider the function

o(T) = [ M) frt0)dt.

Taking into account the way in which A; and f; have been defined,
we shall have

p(T) = fT/\T(t)f[U(t)] dt =f o(t)f [o(2)] dt + qf Flo 22\ da(t) it

v [ doftote) de [ ) [ (0) + g

] x(0) dt
- oOflo(t)) dt + g | °(mf<o> do + Y [E(T) — £(0)]

— [ 1200 [ty + 0270 @)

1 This is true for the Laplace transform as stated and if we suppose that f =0, g = 0
for ¢ < O for the Fourier transform too.
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We have used the fact that f[o(t)] = d£(¢)/dt; hence &(2)f[o(2)] =
$(d/dt)é¥(t). In the theory of the Fourier transform the following
fundamental formula is proved:

= 1 > . :
f ifpdt =3 f _ ReFy(ia)Fy —iw) do,

valid for f; and f, in L, n L, .
The functions A;(¢) and f(¢) fulfill these conditions. Hence we may
write

o(T) = 2% | : Re Ly(iw)Fp( —iw) do
= — o [7 Re[(l + iwg)N) + ] Frlio)Fr(—io) do

- _ 2% | : Re [(1 | iwq)N(iw) + gy} | Fo(iw) |? do.

We have

- jewg) L L
qy—(l +1wq)iw SN

tw

hence

(1 + fwg)NGiw) + gy = (1 + fwg)N(iw) + (1 + iwg) L — L
— (1 ig) (N(iw) + 2) — L = (1 + iwg)Gliw) — L.

Since | Fr(iw)|? is real,
Re [(1 + 1wg)N(w) + qy] | Fr(iw) 2

= [ Fr(iw) | Re [(1 + twq)N(iw) + gv]

= | Frio) [ Re [(1 + iwg)Gliw) — L]

= | Fr(iw) 2 Re(1 + iwq)Gliw) =0

according to the hypothesis of the statement. It follows that
p(T) <0.

We state the following inequality:

|72 [y + g0 e | < Ky s 1601,
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We have
d du* d
[ [0+ 250 o) = [ [ + 450 f},’)
d d * d2 *
;[ “(t) + ¢ - ()]g(t f &) [ P (t th(t)]d,'
Since
F"*(t) = c¥edt, _‘%t(t)_ = ¢*AeAt, dc'ii}tl—z_*_ = ¢* A2t
we have
d *
|50 | < el Kk, | = | < el 4] Kye o,
| F <14 PR e,
Thus

[ [ + o 2G] frt0y e | < el Keekor &7

Cqlel 1A K T 6T +gle] | 41Ky | 60) | +aKy | €0) |
o, €O Ll ATK(L + g1 A1) et de

<lelKl +qlANIET) | +180)D

K1 A
L lell4] K(0+q| |)031tlp [ I < K, sup 1€,

and the inequality is proved.
Setting

#o) = [ (o)
from the fact that p(T") < 0 we deduce
| o(t)f[o(t)] dt + gdlo(T)] + 4 7€X(T) < g4[o(0)]
+ 180 + Ky sup_ | £(0)115(0) I
Since af(0) > 0 and ¢(c) > 0, it follows that

$vE(T) < Ky sup |60 112(0) | + g#[o(0)] + 3r£%(0).
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Since the inequality has been stated for every T, we may write for
Tl < T’

() < Ky | =(0)] sup, | £(0) | + g#{o(0)] + 4v£20)
<Ky %(0)| sup | €0 | + g8[o(0)] + 1y£0).

Hence
by sup (1) <K, x(0) ] sup 1£(1)1+ gélo(0)] + 4y£%0)-
From
(e, 1607 < e, 640
follows

b (sup 1E()D* — K[ %(0) | sup | £()| — qblo(0)] — 4y£%0) <O.

From here it follows that

wp | £(t)| < —Ka 5O + VK 2(0) [+ 2y1gb[o(0)] + by€0)]

0T y

and hence that
| €(t) | < 41 x(0) |, | £(0) ),

which implies the stability with respect to component £.
We now state the inequality

|#(0) | <Ky |#(0) | + Ky sup | £€0) .
We have

x(t) = e4t x(0) + f eAt=") pf[a(7)] dr = et x(0) + f Alt—7) f E\T) dg(")

= et %(0) + eAt=" b¢(r)

g f AeAt= bg(s) dr
0 0

= et x(0) 4 bE() — et bE(0) + f A e bg(r) dr.
o
Then
%) | < Ky [%(0) | + 51 sup | &) + Ky [b] sup [ €()]

K,
+?0|A”b|oi‘i§¢‘§(f)l’
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and finally
(1) | < Ky | 50) | + Ky sup | £() -

Taking into account the evaluation of | £(¢) |, we will have

L #(2) | < ¢l 2(0) |, | £(0) 1);

hence the trivial solution of the system is stable.
It remains to prove that

lim x(t) = lim &() = 0.

From the fundamental inequality obtained starting from p(7) < 0,
we deduce that

[ oo lo(e de < Ky 1 (0) | sup, 1)1 + g4lolO) + LrE0);
hence
[ o lo(e) dt < 441 (0) 1,1 €0) D
On the other hand,

tgg):c*_d%) df(t) cH(Ax(t) + bf [o(1)]) — v/ ()],

a(t) = c¥x(t) — yg(t).
Hence we have, successively,

lo(t) | <$a(1x(0) [, 1 EO0) ),  1fTo(®)] | < &s(1%(0) |, | £(0) D),

and

28| <440 50) 11 €0) D

We must then have lim,,,, o(t) = 0. Indeed, if it were not so, there
would exist a 8 > 0 and a sequence I, — oo such that |a(2,)| > 8
A subsequence may be chosen such that ¢z, — ¢,_; > 8/ .

Let T >0 be given, and N(T) be such that n < N(T) implies
t, < T — 8/2¢5. We have

N(T)

£, +-(8/26)
| o(t)f[o(t)) dt

n=1 " tn—(58/2¢)

[ otifoten d
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But

o0) = ot | = 100 |1t =t Sl — 1] Sy = 35

hence | o(t)] = | o(2,)| — §/2 > §/2. Let m = infyy <oy flo). Then

£ (8)26g) 5 s
f o(t)f[o(t)] dt = 5 s

to—(5/ 206

hence
8> [ aylow) e > D)3 2.

But lim;,, N(T) = o, which is a contradiction. Consequently,
lim ., o(t) = 0. From this follows lim,_, f[o(¢)] = O.
We have, however,

50| < Ky et 13(0) | + [ Ky et b f(o(r) | dr
and

lim t e Ko=) | § | | f(o(7)) | dr
0

tH0

[oe® (11 fet) 1 dr 5t 1B |f(o(t)|

= lim = lim

t-w0 eKot t->o0 KO eKot
_ 181 _
= - lim | f(e(0) | = 0.
Hence
lim | () | = 0.
From
&) = = c*x(t) — L o)
Y Y
follows

lim &(t) = 0,

and the theorem is proved.
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With the view of showing how strong this result of V.M. Popov is,
we will show that if there exists a Lyapunov function of the form
considered in the preceding paragraph, then the condition of the theorem
of V. M. Popov is verified.

Thearem 2.3. [If there exists a function V of the form

V — (Hx, %) _2,3f:f(a)dq (H < 0,8 > 0)

such that for every function f of the considered class the total derivative
dV|dt by virtue of system (5) is positive-definite, then there exists a ¢ >0
such that

Re(l + iwq)G(iw) = 0.

Proof. We choose f(o) = ho, h > 0. According to the hypothesis,
the total derivative of the function V = (Hx, x) — hfc? by virtue of
system (5), should be positive-definite. This derivative is equal to

(H(Ax + bho), x) + (Hx, Ax + bho) — 2Bho(c*Ax + c*bho — yha).

Given a quadratic form (Wx, x), with a real positive-definite matrix,
if we put x = u + v, we will have

(W3, x) = (W — ), u + iv) = (Wu — iWo, u + iv) = (Wu, u),
(Wu, v) — i(Wo, u) + (Wv, v) = (Wu,u) + (Wv,v) =0,

with the equality occurring only for # = 0, v = 0, hence only for x = 0.
[We stress that the scalar product (u, v) means here 2 u9;.]

Since dV/dt is a positive-definite quadratic form, for x and ¢ complex
we will have

(HAZ + Hbhs, x) + (Hz, Ax + bho) — Bhi(c* Ax + c*bho — yho)

—Bho(c* A% -1 c*bhG — yh3) > 0.
Let

Miw) = | " gt gt b dy.

0

We have
twM(iw) = fw tw e—i0t pAt b Jp — fw et b i e—iwt it
0 0 dt

— __pAt ppiwt

+ f Aettbe—it dt = b + AM(iw).
[\] (]
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Put x = M(iw), o = 1/h; we obtain
(HAM(iw) + Hb, M(iw)) + (HM(iw), AM(iw) + b)
—B(c* AM(iw) + ¢*b — y) — Blc*AM(iw) + c*b — y) > 0.

Since
AM(iw) + b = —iwM(iw),

it follows that
—iw(HM(iw), M(iw)) + iw(HM(iw), M(iw)) — B(c*iwM(iw) — y)
+ Ble*iwM(iw) — y) > 0.

Hence
Re { —B(c*iwM(iw) — y)} > 0.

Let us remember that

N(iw) — f” ety dt = — | " ot o% pth d
. (1]

0
— o J:O e-itgdth df — —c*M(iw).
It follows that
Re B(iwN(iw) + ) > 0.
Since we have set
Gliw) = Nliw) + 5,
we reach the conclusion that

Re iwG(iw) > 0.
We have
Re (1 + twq)G(iw) = Re G(iw) + ¢ Re iwG(iw).

To prove that there exists a ¢ > 0 such that
Re (1 + iwq)G(iw) > 0,

it remains to prove that Re G(iw) is bounded.
Since dV/dt is positive for x = 0, ¢ = 1/h, we deduce that

—B(c*b — y) > 0.
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On the other hand, we have the relation

dv(t)

iwG(iw) = iwN(iw) +y = jx ot ) gy L 4 (0).
0

Since

dv
_ %, At e _ * g, At
v(t) = —c*edth, 5= ¢ Aeth,

we see that dv/dt approaches zero exponentially. It follows that

lim Ooe*"“"é’g—) dt = 0;
dt

|wtsa J g
indeed, integrating by parts we have

fw O YR dv(t)
o dt

lw

f —-uut V
0 lw

- *Ab f —uut f‘:_i’_ dt
o Iw zw

the integral is bounded and the assertion is proved.
it follows that

’li\m 1wG(iw) =y +v(0) =y —c*bh >0

and hence that
Re iwG(iw) = N, > 0.

It also follows from this that lim, ., G(iw) = 0; hence G(iw) is
bounded. The theorem is thus proved.

Theorem 2.3 shows that the result of V. M. Popov is stronger than
any that could be obtained with the help of Lyapunov functions (on
the condition that the number ¢ is conveniently chosen). Let us now
show that its application to concrete cases amounts to simple algebraic
operations.

The elements of the matrix e4 are of the form tke—*%; hence »(t) will
be a linear combination of this type of element. We have, however,

1
A+ iw

=]
e—l/\+‘iw)t tk
0

k o0 )
— k—1 ,—{(A+iw)t
R Wi f . 11 g dt.

00 (e o)
f giot gk =2t Jp — f th =it gy —
0 0
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By hypothesis, Re A > 0. Hence

o k t
f e—iwt tk e—/\t dt - . f tk—]. e—(/\+iw)t dt.
0 A + W Jg
Continuing,
© kl
etttk e Mt = — —— |
f 0 (A + 1w)®

It follows from here that N(iw) is a rational function of iw, hence that
G(iw) is a rational function of iw and that

P(iw) _ P(iw)Q(iv)

Qliw) | Q@w) I*

(1 4 iwg)Gliw) =

The condition

Re (1 + iwg)Gliw) = 0

becomes

Re Pliw)J(iw) = 0
ie.,
Re P(iw)Q(—tw) = 0.

The real part of the product P(iw)Q(—iw) is a polynomial in w?;
hence all we have to do is to seek the conditions that a polynomial R(x)
be positive for x > 0; we have set x = w?.

Let us observe that the systems considered are obtained from systems
of the form

d d¢
S =My b, T —fl), o=cy—ri

upon putting ¥ = x. Indeed, we obtain

d
_‘;_’t‘ = Ax + bf (o), ?‘f =f(o), o=c*A"% —[c*A"% + 1],

since x = Ay + b¢; hence y = A-'x — A7b¢. This finally yields
system (5) withy = r 4 ¢*4-1b.

The considerations made previously show that y > 0 is a necessary
condition for absolute stability. Let us take 4 = diag (—p,;) and see
what becomes of the condition of Theorem 2.2.
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We have
* 4-1
G = —[e* A GiwE — A)th) + T EEATL
*A-ViwE — Ay b = — i—bici‘ AT =— ib—c
i1 pip: + w) =1 P
. < bic; pll — qu,) St bt
Re {(1 G} = T el =
{(l + gio)G} = 225 (g + o R 2
o b — (1g)
e et
Setting

L(A, b, ¢) = max

2 2
9>0 o & p + o

lmin & b — (1g)

the condition of absolute stability is written r > L(4, b, c).
If

S b — (1/9)) < bic;
>0 e H  pit e >Z:(—'l;_,

the condition of absolute stability is written » > L(4, b, ¢). From

lim i bici(p: — (1/9)) -0

2 2
|w]-c0 | iy + w

follows L(A4, b, ¢) > 0.
Taking into account that

bicp; — (1/q)) ~ ebep: — (1/q))

max

w et I ’
where
. 1
. 0 if b, (,Li - 7) <0,
Ui b (p— %) >0,

we obtain the results of the preceding section.
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For matrices 4 of the second order, T. Morozan has pointed out
cases where

i

L Lebolm, —
L(A, b, ¢) < min Efz g (l/q)) ]
>0 o1
In order to point out in what direction the investigation may be
continued, let us observe that the systems studied, of form (5), are
particular cases of systems of the form

E_tziae)  (o=pt),
corresponding to the situation in which A4 admits a zero eigenvalue.
Indeed, 4 may be then brought to the real canonical form 4 = (641 8)
and the system may be written
d : d
Bt taf@), %= af)

If a, + 0, a new linear change of variables leads to form (5).

We may also obtain stability conditions in the case where the matrix
A is Hurwitzian; this case is simpler than the one previously treated.
We shall consider absolute stability in the class of functions f with the
property that hyo? < of(o) << hyo?, hy << k, where h, and h, depend on
the function f, but k is the same for the whole class.

Let 2(t) be any solution of the system and u(t) the solution of the
homogeneous system

% = Au u(0) = 2(0).
Let

a(t) = p*a(t)
and

flo@)] for 0<t<T,
fet) = {o for T <t

Denote by a(t) the solution of nonhomogeneous linear system

% — Aw | afs(t)  (@(0) = 0). (%)
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The function w(t) is continuous and has a derivative with a dis-
continuity of the first kind for ¢t = T.

We have w(t) = 2(f) — u(t) for 0 <t < T, since the difference
2(2) — u(?) satisfies the same system as w(#) and the same initial condi-
tions.

Let

(D) = [ o) — g frle) + ge* G frloy

— [ [y — 520 + g 4 oty e

f do

prD — %fT + fwgc* @

= 31; fio Re

We have denoted here by @ and f;, the Fourier transforms of the
functions w and f;, respectively.

Since for ¢ > T the function w(¢) verifies the homogeneous system,
it follows that w and dw/dt decrease exponentially; hence the formula
from the theory of Fourier transform may be applied. From the system
of equations (*) for w will follow, by applying the Fourier transform,

iofh = A% + afy, @ = —(4 —iwE)afy.

Set
M = (A —iwE)'a, & = p*M.
We have
ZT) - —_Mf'T
and hence

*
¥ dow

1 = ~ 1; . ~
x(T) = D f_ Re | —p*Mfr — ;fT — twgp*Mfr

= —“%;f: Re371€+(1+iwq)g

| fr 2 dw.

Assuming (1/k) + Re(l + iwg)¥ = 0, we deduce that y(T) < 0.
On the other hand,

A1) = [ [0 — 0] + o E — prut) — ap= ) st ar.
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It follows that

[ ot — 310 + 4222 ptoten e < [ [p*ute) + ap* 242 proten .
From
hot < of (6) < heo? by < B)
follows
(a——f(c)) o? _ﬁggg_k_kh o?,
from which
(@) (0~ 176)) = (F722) (o) = (2522 ) o2of o)
k—bhy o,
= A o?hyo
Hence
) (o — 17(0)) = X ot = hye
It follows that
T 2 o e o o * * ( )
mhcmwqumﬂ>d\j pru(t) + qp* =2 Flo()] d.
Setting
Fo) = [ f(@)do,
we obtain
b [ o0 dt + gPlo(0] < aFTo O] + [ [p7utt) + a4 flotoar.

Let o(T) > 0; for 0 < 0 < o(T) we have

of (o) > o%hy;
hence

(@) > hyo, f%@%>%ﬂﬂ

If o(T) < 0O, for o(T) < ¢ << 0 we have

of (0) > hyo%;
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hence
f(0) < hyo, f (o) do < nlf odo = — —"AUZ(T)

a(T)

and
f f(o)da> LoX(T).

It follows in all cases that F[o(T)] > (h,/2) o*(T). We may consequently
write the inequality

du(t)

§ B AT) +hy [ 40 dt < PO + [ put) + gt 2| Lot ar

We have

)| <Be 150, | PO | <y et | x(0) I

From of(c) << hyo? follows| f(o)} << Ay | o |, and thus
du
[ [t + a0 2 ptoten ae | <L sup 1 o) 11500) ) [ e ar
Taking this into account, we have finally,
hlzT hT2tdt<F0 L, | x(0) | t)|
4 HT) + by [ o0 dt < gF[o(0)] +La | 2(0) | sup 1 o) |
From the inequality
h )
4 o(T) < gF[o(O)] + Lo | 5(0) | sup | o(s)|

we deduce, as in the case previously treated,

L a(2) | < (] %(0) 1)

Taking into account the variation-of-constants formula, we also deduce
that

| %(2) | << (| %(0) |)-

From this follows | do/dt | << ay(] x(0)]) and, by the same arguments
as in the preceding case, from fOTaz(t)dt < C follows lim,,, () = 0
and lim ., x(z) = 0.

We have thus proved
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Theorem 2.4. If matrix A is Hurwitzian and if there exists a ¢ > 0
such that (1/R) + Re(l + twg)p*(A — iwE)a > 0, then for any
function f with the property that there exists h, and h, << k such that
hyo? << of(o) << hyo?, the trivial solution of the system is asymptotically
stable in the large.

We have been concerned until now with the case where the matrix
A is Hurwitzian and the case when it admits a zero eigenvalue. Therefore
it is natural now to consider the case where A has two zero eigenvalues.
If simple elementary divisors correspond to these values, a linear

transformation of variables brings matrix 4 to the form (Al 0) and

0 0

the system becomes

d d d
Bt rare, %o, W —afe.

If one of the numbers a, and a, is zero, e.g., if a; = 0, the last equation
becomes

dyp
P

and it is clear that asymptotic stability can only occur with » = 0.

But in this case the system takes the form previously studied, which
corresponds to a zero root. If a, = a; = 0 we cannot have asymptotic
stability except by setting £ = 0,7 = 0, and we again reach the above-
considered case. If a,a; 7 0, taking { = (1/a,)é — (1/as)n, we deduce
that d{/dt = 0, and again we cannot have asymptotic stability except
by setting ¢ = 0; thus we again reach the case of a zero root. In con-
clusion, the case of two zero roots with simple elementary divisors does
not bring in anything new.

On the other hand, the case of two zero roots, with elementary divisors
of the second order, is particularly interesting, and it has been fully
investigated by V.M. Popov. We shall now present this case. It is
evidently supposed that nonzero roots have negative real parts. Let

G(s) = —p*(sE — A)a.

Let us remark that the function G is invariant with respect to linear
transformations of the system. Indeed, let y = Dz. We have

id!t_ D %; = DADYy 4 Daf(o) (o = p*Dy);
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hence

% = DAD'y + Daf (o).

The new function
Gy(s) = —p*D-Y(sE — DAD-)Da = —p*(sE — A)a

is thus equal to G(s).
To perform the effective computation of function G it is useful to
observe that this function is the solution of the system sZ = AZ — a,
G(s) = p*Z.

Theorem 2.5. If

Re iwG(iw) >0
for all > 0 and
lina Re w?G(iw) < 0,

the trivial solution of the system is stable in the large for an arbitrary
function f with of(c) > 0 for ¢ # 0,

lim jof(a) do = 0.
If in addition we have
lim Re iwG(iw) > 0,
then the trivial solution is stable in the large if of(c) > 0 for o # 0 and
lim sup (1/(e) | + [ (o) do) = 0.
If
ReiwG(iw) >0 and  lim Re w*G(iw) <0

and if the trivial solution is stable in the large, then it is asymptotically
stable in the large.
Consequently, if

ReiwG(iw) >0, lim ReiwG(iw) >0, lim Re w?Gliw) <0,
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the trivial solution is absolutely stable for all functions f with of(c) >0
for o £ 0,
lim sup (\f(a)| + jof(o) da) = .
If
ReinG(iw) >0 and liI})l Re 0?G(iw) < 0,

then absolute stability only occurs in the class of functions with

[ ]

lim j:f(a) do = .

To prove the theorem, let us observe that since the conditions are
only imposed on the function G and since this is invariant, we may
assume the system brought to a convenient canonical form.

Choosing D such that

B 0
DAD! = (0 0 1) ,
0O 00

the system becomes-

dy,_ dy,,
T =By 4(0), TR =y +baf0) G = baflo),

g = q*x =+ ﬁn—lyn—l + ﬁnyn'

Computing G(s) as indicated above, we find

_ _ —1p ﬁnbn + ﬁn——lbn—l _ ﬁn—lbn
G(s) = —q*(sE — B)™%b S .

2
It follows that
lirgl Re w?G(iw) = f,_1bn;

hence we have p,_b, << 0.
In particular, b, 5 0. We may therefore apply a new transformation:

1 1
X = X, n = b_z(b7lyn—l - bn—lyn)» g = z)__yny

and the system becomes

dx dy d¢ _
zsz‘*—bf(a)v 'ﬁ_gy z-‘f(a)’ o——q*x—aé——ﬂn
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Since G(s) is invariant, it is sufficient to prove the theorem for systems
of this form. For these systems, we have

G = —6E — By +2 1+ &

R
The condition

lim Re @?G(iw) < 0
may now be written 8 > 0.

Further,
Re(iwGl(iw)) = — Re iwg*(iwE — BY b + «
— — Re¢*(iwE — B + B)(iwE — B)b +
. — — Reg*B(iwE — B)% + a — ¢*b.
Taking into account the fact that
¢*B(iwE — B)'b — g*B(—iwE — B)(—iwE — B)(iwE — B) b
— ¢*B(—iwE — B)(w?E + B¥)b,
we may write
Re (iwG(iw)) = ¢*BAw?E + B?)™'b + o« — ¢*b.

The condition

lim Re (iwG(iw)) > 0
is thus written

o —q*h > 0.

We shall now state a series of lemmas which successively reduce
the problem to a simpler form.

Lemma 1. Let

p=Ilx|+1E€l+1nl, po=1Ix|+ &+l

If for every solution of the system we have | &(t)| < ¢(p,), then we also
have for every solution the inequality

Fa(t) | << dhallpo)-
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Proof. From the variation-of-constants formula,
i
x(t) = ePlxy + J. eB=" pf[o(r)] dr
0
t dé(T)
_ Bt (t—7) .
eBt x, + J. . eb b pm dr

= eBix, + bE(t) — eBBE(0) + j " BeBtt-n b(r) dr.
[}

Since B is Hurwitzian, we have

[eft | < Kyekot, £ 220;
hence

| 2(t) | < Kye~Xolpy 4 | b | dy(po) + Ky | B 116 | hy(py) fo e~ %ot=7 dr < ifig(po)-

Lemma 2. If 8>0 and lim,,., j':f(a)da = o0 and for every
solution we have

O <htp) [ (0 do <o)

then for every solution we have

p(t) < ¢9(Po)~

Proof. The functions
i) = [ flde,  4ulr) = [ "Floyo

are monotone-increasing and continuous; let
o(r) = min {gy(r), ¥s(7)}-
From the hypothesis of the lemma it follows that
el a(£) ) < dalpo)s

hence
[ o(t) | < s (dalpo)) = ¥alpo)-
From o = ¢*x — af — By and 8 > O follows
)| = | g%8(e) — ab(t) — o) | <519 | Yalpo)

| |

+ L5 o) + 5 to = o).
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From | £(2)| < #u(po), | %(2)] < talpo)s | n(2)] << is(po) follows p(2) << holpo)s
and the lemma is proved.

Lemma 3. If 8 >0, a«a — ¢* > 0, limsupe,i, (] flo) | +
[, flo)do) = o, and if for every solution we have | £(t)] < (o),

f:”) flo)do < Ys(p,), then for every solution we have p(t) < y(po).
Proof. For all ¢ for which

o) | < (gl + 1ol +181po

there also occurs the inequality

[fle() ] < up | f () 1.

|n|<(|<1|s+la|+lﬁl)po
We show that for all ¢ for which

ta(@) | > (gl + 1ol +18Dpo
we have the inequality

|f("(t)) | < ‘l’lo(Po),
where

|‘I||B|‘/’2(Po)+|3|¢’1(Po)'

Prolpo) = o — g*b

We have

[o(0) | = | g*% — by — Bl < (I g + 1ol +1B)po

if there exists a #; > 0 such that

o) > g+ 1| +18)eo
then there exists a £, with 0 << #, < ¢, such that

o(ts) = olty), ﬁ;(ti) >0.

The point ¢, is the lower bound of the set of points in [0, #,] for
which o(2,) = o(t,); if at t, we have do*(t)/dt < 0, then there exists a
point ¢, in (0, ¢,) with o%(t3) < o®(t,), and since 02(0) < o2(¢,), there
exists a #, in (0, ;) with o(fy) = o(f;). This contradicts the fact
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that t, is the lower bound. The existence of ¢, follows from the fact that
o(t) is continuous and hence posesses the Darboux property. We have

1 do(t)) _

dv(tz) dx(tz) o %) dn(t,)
3 & g = (tz)[ o Pa
= a(ty)[q*Bx(t,) + ¢*bf [a(ty)] — of [o(ts)] — BE(2:)];
hence
% du;;S:tZ) < —(a — g*b)a(ty)f [o(tx)] + (1 ¢ 11 B | $alpo) + | B | ¢halpo))! o(te) |
But
o(ty)f[o(2,)] > 05
hence
ofty)f [o(ty)] = | o(ty) | | flo(E)] |s
hence
L8P0 < o(t) | {—(x — 4*D) | Flot)] |+ 1911 B 1 4alp) + | B dalpo)}
=l o(ty) | [—(x — ¢*b) [ flo(t)1 | + 1 g || B |ehalpg) + | Bl ¥ilpo)]-
From
da’(t,)
ar =0
follows
—(o — g*b) | flo(t)] | + 1 g1 1 B 1 halpo) + | B 1 hs(pg) > 0;
hence

|91|Bl‘/’2(Po)+|.B|‘/’1(Po)
| flee)] | < e

= ‘/’10(»00)-

We have thus proved the statement made above. From this follows

sup | f(p)| < max ( sup | f(12) 1, d1olpo))s

uel0,a(t)] 1l < (gl +Hal+181)py

where we have denoted by [0, o(t)] the segment with the extremities
0 and o(¢) even if o(t) < 0. Indeed, if | o(?) | < (g1 4+ [a] + |B1)po>
we have |[p| <(lgql+ lal-+[BNpp and sup,goem [ fl)l <
SUD i< (ai+ad +80g | SN If () >(gl+ || +1B)p, since
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1o(0) ] <(lgl+ x|+ 18py,forevery pwith|p| > (g4 |al+
1B Dpe and p € [0, o(2)] there exists ¢, € [0, t] with p = o(?,); hence

lf(#) | < h1o(po)-

From the stated inequality it follows that

a(t}
f flo)do + sup | () | < dapo)-
0 uel0,0(6)]

Let

ba) = [ flo) do + sup 1760,

) = [ "fl@)do+_sup 1f() |
We have

[[fo)yda -+ sup 17y | > min {huall o s daall @ D} = daall 1)
hence
Paa(l o(£) 1) < thaaeo)s

whence

| o(t) | << ¢ys(po)-

The proof continues as in Lemma 2.

Taking into account the lemmas which have been proved, the first
part of the theorem is reduced to obtaining the evaluations | £(¢) | <C ¥,(p,)
and J‘:m floydo < ya(py). To obtain these evaluations we use the
Fourier transform. Let

_(fle®]  0<t<T),
fT(t) - 30 (t > T),

M(t) = [ g Betbga)dn - (g% — 2)fr()
As above,
fr= f:e-iwt Fr(t) dt = f:e—fwt Flo()] dt.

Since B is Hurwitzian, the Fourier transform of the function q*Be’”b
exists and this transform is equal to ¢*B(iwE — B)~b.
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On the basis of the theorem of the convolution of the Fourier
transform we have

Ar = ¢*B(iwE — B)'bfr + (¢*b — «)fr.
Let
w(T) = f :)\T(t)fr(t) dt — 21—” f_" _ReXpft do

1 . .
= f_" Ref{g*Bliwk — B + g% — a} | fr[*dw

= — o [ ReiwGlio) | r* da

The condition Re(fwG(iw)) = 0 leads to u(T") < 0. We have

do(t)
dt

= q*BeP'xy + (¢*b — «)f [o(t)] — BE(1)
+ : q*BeP-7bf [o(r)] dr = q*BePix, — BE(t) + Arlt)

for 0 <t < T. It follows that

W) = [ (250 — g*Bets, + Be(e)) flofe)) de <.

We have
f do(t)f[ (t)] dt = J' f(a) d"—f f(a) do,

[ pertona = | en % = e - o)

— f ¢* BeBix, flo(t)] dt — — f ¢* B x.,@ii)dt
0 ! 0 t

= —q*BePTx {(T) + q*Bxo£(0)
+ f " gt BreBtx £(t) dt
—2|qlIB||Ky|lx| sup 1|&z)]

ot T

V

T
—Ky g1 | BE %] sup | &) | [ emotde
—Kupo sup | £(1) |

\V

2Po 0<t<T
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Thus we will have

J :T’f(a) do + }BET) — Kapo ;sup | £(1) |

ogILT

— [ 1) 4o ~ 385y <w(m) <0,

Let
hor) = max ((r), r):
We have
[ 7oy doe <1 0O ) < thll g1 + x| -+ 1B D = o).
Then

f :(T)f (0) do + FBENT) — Kypo sup | £(2) | — haglpo) < (T) <O.

([ 2

Since _[:m f(o)d = 0 and B > 0, we have the inequality

B(T) — 2Kupo 30| €0)| < Hulo) — sl

From here, proceeding as before, we obtain | £(2) | < ¢,(p,) for all t > 0.
Taking into account the evaluation obtained for £(f), we immediately
deduce from the fundamental inequality

[ 70) do < Kopubulpo) + o) = e

With this, the first part of the theorem is proved.
The proof of the last assertion relative to asymptotic stability requires
certain preparation.

Lemma 4. L y(t) be defined for t > 0 with derivatives up to order
l, and such that | d'(t)/dt'| < K for t >0, I =1,2,..., ;. Suppose
that dhy(t)/dth is uniformly continuous on the semiaxis t > Q. If there
exists an ly, 1 <ly <1l such that lim,,, (d'y(t)/dtl) =0, then
Lm,,, (d%(t)/dt}) = 0 for I = 2,3, ..., ;.

Proof. Suppose that the assertion of the lemma does not hold for the
derivative of orderj, 2 <{j < [, . Then there exists 4 > 0 and a sequence
t, such that lim,,, ¢, = o0, and |diy/dti| > 4 in the points ¢, .
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It follows from the hypotheses of the theorem that all the derivatives are
uniformly continuous on the semiaxis ¢ > 0. Therefore a sequence
t* may be found such that | diy(t)/dt? | > 4/2 for t € [¢,,, t*]. We deduce
that

dly(tF) & ly(t)

K> dti—1 dti-1

‘kd"y(t) A
—H Tar l Z 5| t*—tl,

since if | diy(2)/dt? | > 4)2 on [t , t*], then diy/dti conserves the sign
on this segment (every derivative has the Darboux property).

Thus | t* — ¢, | < 4K/4. From this we deduce that we may choose
tk 5o that | diy(#*)/dt? | = 4/2; indeed, we cannot have on [z, — (4K/4),
t, -+ (4K/4)] the strict inequality | d7y(¢)/dt’ | > 4/2, since it would
follow that 2K > (4/2)(4K/4), which is a contradiction. Consequently,
there exists on this interval points at which | diy(2)/dt? | < 4/2. Hence
we can choose #* with the properties | t* — ¢, | < 4K/4, | diy(tF)/dt? | =
402, | diy(t)/dti | = 4)2 for t € [t , t*]. (We take t* equal to the upper
bound of the set of points for which | diy()/dt? | > 4/2). From uniform
continuity it follows that there exists a 8 > 0 such that [ — 7, | <&
implies | (d%y(t)/dt’) — (d%y (tk)/dt’)| < 4/2; from here it follows that
t* — t, > 6; hence :

FA) Byt

dy—1 dt’ 1 8

/2

which shows that d?-ly/dti-! cannot have the 11m1t zero for t— 0.
On the other hand, :

4 ’ diy(t*)  diy(ty)

_ } r‘ & ¥(®) 4 )

2 | dv dt Tar
dy(t) | 4K | ditly |
St SRy | g | SR g |
hence
&y | _ 4
et ey | @ Z 3K

Thus if the assertion of the lemma does not hold for the derivative
of order j, neither does it hold for the derivative of order j 4- 1, nor for
that of order j — 1, which leads to a contradiction with respect to the
hypothessis of the statement.

Lemma 5. If for all the solutions p(t) < yig(po) and lim,, &(f) = O,
then the trivial solution is asymptotically stable in the large.
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Proof. We have

x(2) = ePt x; + f eBU=7 bf[o(7)] dr = eBt xy+ f eBtt—m p ZS\T) d'f(")

= eP(xy — bé,) + bE(t) + j B en bg(r) dr.

Since lim,,, €® = 0, it immediately follows from this that lim ., £(t) =0
implies lim,,, x(t) = 0. On the other hand,

99 — g*Bx(t) + (g% — I [o(0)] — BE().

The hypothesis p(2) << ¥y(p,) yields
[ 2(2) | < olpo)s 1 €@) ] < tholpo)s () | < holpo)-

Hence

le@®) | < (gl + 1ol +18elpo) [ Flo()] | < daolpo)

and
d
—d% ' < lvbm(Po)-

Thus o(2) is uniformly continuous on the semiaxis ¢ > 0; hence f[o(#)]
is uniformly continuous. Now apply Lemma 4 with

dy dy
;it' - f(t)’ dt2 _f[o(t)]

We have lim,,, (dy/dt) = 0, and from Lemma 4 we deduce that
lim,,, (d?y/dt?) = 0; hence lim,,, f[o(t)] = 0. Since |o(?) | < (| ¢ | +
ol 4 | B Dibolpe), we deduce that lim,,, o{t) = 0. From o(t) = g*x(t) —
«€(f) — By(t) and B > 0 now follows that lim,,, 7(¢) = 0, and finally
it is proved that lim,, p(t) = 0.

In this way the complete proof of the theorem has been reduced to
proving the fact that in the conditions from the statement we have
lim, ., £(¢) = 0. For this purpose, another lemma is necessary.

Lemma 6. If ReiwG(iw) > 0 for all o > 0, there exists
s™o

Yok + @ T o dap S oa

with the following properties:

H(s) =

0 my<ka,#0,v,#0
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1. The roots of the equation s* 4 as*~* + -+~ 4+ a5 ;5 + ak = 0 have
negative real parts.

2. Re iwG(iw) — | H(iw){2 = 0 for all real w.
Proof. We have, after the computation made above,
Re (iwG(iw)) = ¢*B¥w?E + B?)7b + o — g*b
Sy b
ZW——’ 0O my<m <my,
G—p ° €1

b, # 0, b,,ll #0,¢0 %#0,¢,, # 0.

Let R = m, + my — m, . Consider an arbitrary polynomial of the
form s* + as5' + -+ 4 a;_;5s + a5, whose roots have negative real
parts. The function

](wz) — 1 (iw)mo
Re (iwG(iw)) | (fw)* + a(iw)*1 4 -+ + a3_4(1w) + a,

is continuous and

. Co
i Jo) = 5

C
. oy M2
m.()ai ’ tlul_fg ](w ) B bﬂl1
Hence there exists a y, # 0 such that J(w?) < 1/y§ for all w? > 0;
hence 1 — y§J(w?) > 0. Multiplying by Re(iwG(iw)) we obtain

(fw)™o 2

(lw)k + ay(fw)f Tt + o+ @ y(iw) + a;

We observe that since the polynomial s* + a,;s¥1 + -+- 4 a;_;s + a; is
Hurwitzian, the numbers a; are all positive.

Let us also remark that if m; = 0, m; = m,, then k = 0 and the
polynomial is reduced to a constant; the statement of the lemma amounts
to the fact that in this case Re(fwG(iw)) is greater than a positive constant.
Indeed, the case m, = 0, m, = m, may occur if and only if

o = lim Re(iwGliw)) >0,  «— g*b = lim Re (iwG(iw)) > 0.

Re (10G(iw)) — > 0.

These inequalities, together with Re(fwG(iw)) > 0 for all w >0,
imply the existence of a positive constant which is the lower bound of
Re(iwG(iw)). In this case, the fact that lim,, p(f) = O follows immedi-
ately. We have

W(T) = — 2% f: Re (iwG(iw)) | fr|? do < — 2% f: | fr|? dw

=~ [rpa— =y [ pro@)a.
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Hence, taking into account the expression for u(7),

J‘:(t)f(o.) do J-:(O)f(a) do + %sz(T) —_— 2P0 sup | f(t) |

ogtLT
—%Eg—wffﬂdmﬂ
But, by hypothesis, p(t) << i(po); therefore

v [ Plo dt <duloo)
hence ,
lim | : Filo(t)] dt = L < co.
Setting
— [ Potnar -1
it follows that

lim —% dy

lim — =0.

On the base of Lemma 4, we deduce

hm dy _ hmfz[o(z)] =0,

d 2
hence
lim f[a(1)] = .
But
d
Floty =240
hence
fim %5 =0
From

#(t) = Py -+ [ e b [o(r)] e

we also obtain lim,,, x(t) = 0. From

imflo()] =0 and | o(t)] < ¥alpo)
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follows
lim o(t) = 0.

tow

Since
alt) = g*x(t) — af(t) — Bn(t),
it follows that
lim [o(2) + ()] = 0.

Hence
lim [Bn(t) + d"(t)] 0.
Let us write
« 28 4 ooy = 1)
Since by hypothesis we have « > 0, 8 > 0, we deduce that

_opt
7(t) = e ity + f e=t8/=1= [(7) dr.
0

Taking into account the fact that lim,,,, {(£) = 0, it follows immediately
that lim,,,, n(f) = O (e.g., by applying the rule of I'Hépital). But if
lim,,, n(¢) = 0, then lim,,,, £(¢) = 0, and the proof is finished.

Lemmas 5 and 6 are necessary in the case whena = Qora — ¢*b =0,
and hence & > 1. First let 2 = 1. Then the polynomial in Lemma 6 is
reduced to s + @;. Let y, be defined by the system

d 1 1
T e 0 = =gt

d
Yo(t) = “2};—1 = —ayy; + (),

)= 22— o, By gy = —ayr) + E),
) = Do — 0, D2y fo(0)] = —aiyalt) + £t

Let u, be defined by

du,

T = T4t + fr(t), 1,(0) =0, u, = —ayuy + fr(t).
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We remark that from the choice of y,(0) follows

1 1
¥:(0) = —ay,(0) + 1y = Z §o — Mg + M = 0_1 éo>

¥3(0) = —a7,(0) + & = —&+ & =0,

and since on [0, T, y; and #, verify the same differential equation, it
follows that u,(t) = ys(t), #x(t) = y,4(t) on [0, T).
Since f7(t) = 0 for t > T, for t > T we will have

() | < K'ewoaf, | uy(t) | < K'emit.
We apply the Fourier transform and we obtain

L. N = . 1 =
twidy = —aythy + fr; U = o+ a Jr,
1

iw .
wialT

fr+fr=

. - . a,
Uy = —ayth + fr= — =

w + ay

If my=0 we have y,i, = H(iw)f;, and if my =1 we have
ol = H(iw)fr; consequently, Yollm,+1 = H(iw)fr . Let
0

N ; 1 o
AT) =¥ [ whgadt = 5= [ 98 liingn P de

— o [ 1 HGo) PP o

We have
WT) + (1) = — 5 [ [Re(iGliw) — | Hliw) F] | frI? deo <.
But
w(T) = —haa(po);
hence
' T) < dlpo),
le.,
Vs [ W dt < ).

Hence

’}’g fo J’vzn.,+a dt < y(po)-
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Let

dy ¢
L= J‘:yfnoﬂ; dt, q = foyfnoﬂa dt —L;

from lim,,, (dy/dt) = O we deduce, by applying Lemma 4, that

lim G = 0
hence

lim 4,00 = O,
ie.

lim = 0.
a0 ymo+3

Again apply Lemma 4 with diy/dt! = y,,

I=112,3’4’ 10:m0+3

Thus
lim y,(t) = lim yy(t) = lim y,(¢) = 0.
But from
lim yy(2) = lim y,(t) = 0
we obtain

lim &(z) = 0,

and the proof is completed.
The case k >> 2 will be treated in the same way. Let y; be defined by

the system

dy; )
# _'y5+1 (]= 1)2! "'vk_l)’
i :
ar = - Eaiyk—jﬂ =+ "I(t),
=1
. 1 1 .
WO = =T bt O = b WO =0 (=3 ..k
k
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We introduce the functions

Ve

0 =250 = — S e+ 900,

=1

yk+2(t) dyk+1(t) E jdyk—H-l + f(t)

k
= —— Ea,yk_,~+z + §(t)’

=1

Yealt) = 2280 S ) + £t

i=1

From p(t) < (p,) it follows that %, £, f[o(#)] are bounded and uniformly
continuous. From here follows | y,(2) | < yg(pg) for j = 1, ..., k + 3;
for the first %, this follows by using the variation-of-constants formula,
and for the last this follows directly. Now let u,(f) be defined by

du; .
—d_;=u5+l _(] = l, ...,k—l),

’d_ﬁ == Ea Ui + fr(t) (u,(0) = 0),

j=1

3
Upyr = — Eajuk—-i+l + fx(2).
=1

We have uj(t) = y,,,(t), j=1,..,k+ 1 for 0 <t < T. Indeed,
Y142(0)=0forj =1, ..,k + 1 and for 0 < ¢z < T the functions y, ,(?)
verify the same system as u,(?).

For t > T we have |uft)] < k'e " since fr=0 for ¢t > T and
the corresponding homogeneous system is Hurwitzian. Applying the
Fourier transform to the system in u;, we obtain yd,, ,, = H(iw)fr,
from which we deduce, as in the preceding case,

’)’(21 f “fzno+1 dt = ’}’(21 f yvzn.,+a dt <ihye(po)
1] (1]
and then
lim yn,,4(t) = 0.
Applying Lemma 4 with

d?
Tﬁ_f =y (=12.,k+3)
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we deduce
limy(t) =0  (=2,3,..k+3),
. . k
&gﬂﬁ=gﬂﬁdﬂ+§%nmmﬂ=a

and the theorem is proved.

Example. We consider the system formed by the scalar equations

dx
= ety —f()

Y s
dz
= = —bf ().

The matrix of the linear part of the system is

—a 1 0
( 00 l)
00O
and we see that it has two zero roots with an elementary divisor of the

second order and the root —a, which is negative if a > 0.
Compute G(s) as mentioned before, from the relations

= —a¥ 4+ 4§+ 1, s =Z%+e¢ s =b.
We obtain
s g=Ii b it aigr—gans
= y_s+s_—§2— s’ a *=Y ’
henée
. ¥ 1
x_a+s+a+s’
from which follows
1 c b
G6) = g (1 5+ )

We have
lix{)x w’Giw) = ——% <0 if b>0.
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Hence
. . ] b
Re (iwG(iw)) = Re - :"iw (1 + i ——=)
. io(a —iw) +-ca —iw)  iwb(a — iw)
= Re [ a? 4+ w? w¥(a® + wz)]
—R iwa + w? + ac — iwc iwab+bw2]_ac—b+w2
- e[ ‘a2+w2 o o¥(a® 4+ w?) T @4 e

We see that lim,, ., Re(fwG(iw)) = 1. The condition Re(iwG(iw)) > 0
for w > 0 is reduced to ac — b > 0. Consequently, if a > 0,56 >0,
ac — b > 0, the trivial solution is absolutely stable for all functions f
with of(¢) > 0 for o 5 0, lim sup,.,+s, (| flo)| + f:f(o)da) = oo0.

In this case, too, the method of V. M. Popov yields results which are
at least as strong as those based upon the construction of a Lyapunov
function of the usual type. Namely, if there exists a Lyapunov function,
negative-definite, of the type “quadratic form plus integral’” with positive-
definite total derivative by virtue of the system, the condition Re(iwG(iw)) =0
is fulfilled. .

Proof. Write the equivalent system

dx

=5 = Bx +b/(0),
d§

E :‘—‘f(O’),

do

2 = 9"Bx — BE 4 (g7 — o)f (o),
and the Lyapunov function
V(x, £, 0) = x*Nax + 2éckx + 20¢kx + y, & + 2y b0
4 ypo? — 2 f:f(a) do <0.
For f(o) = ho, h > 0, V(x, £, o) becomes
Vy(x, & 0) = x*Nx + 2&ckx + 2ockx + v, £ + 2y,,60 + (v,, — h)ok.
Using the system, the total derivative will be

v,
dt

= Wy(x, & 0) = 0.
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We have W,(x, £, 0) >0 also for h = 0, since, if it were strictly
negative, it would remain negative for & sufficiently small. It follows
that

}a*(NB + B*N)x + £c*Bx + oc*Bx
+ (efx + v, + v,50)(g*Bx — BE) > 0,
x*Nx 4 28cix + 20¢fx + v, € + 2,60 + v,,06% < 0.

In particular, for x = 0, ¢ = €28, o = y,, we deduce from the first
inequality

—€B (B + v3) 20
for all ¢, hence that y,, = 0. The second inequality yields for x = 0,
£ =€, 0= yp,,

€y 2756 + v <O

hence y;5 = 0.
The same inequality yields for x = €%c,,§ = 0,0 = 1,

etcf Ne, + Zezc;"c2 T v, <05

hence ¢, = 0.

Again putting x = B*¢e?, £ = —1, ¢ = 0 in the first inequality we
deduce B*¢; = 0; hence ¢; = 0. It follows that V), has the form
x*Nx - y,,6%2 — ho?, and the derivative, by virtue of the linear system, is

Lx*N(Bx + bho) + ¥(Bx + bha)*Nx
+ (ho(yn + B)§ — ¢*Bx — (¢*b — a)ha) > 0.
Putting
x = wB1U(w), £E=0, o =0,
we deduce that

1 B1U(w))*NU(w) + 32U*(w)NB-U(w) > 0.

Taking U(w) = —B(w?E 4+ B?y1b and putting x = U{w), £ = 0,
o = |/h, we deduce that

LUMw)N(BU(w) + b) + 3(BU(w) + b)*NU(w) — ¢*BU(w) + a — ¢*b > 0.
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But

BU(w) + b = —B*w?E + B2 + («*E + B¥)(w?E + B?)%
— w¥w?E + B b = — w?B1U(w).

Finally, we obtain —¢*BU(w) + « — ¢*b > 0, which coincides with
Re(fwG(iw)) = 0.

Let us observe that the derivative of the function V), for x =0, ¢ = 0,
£ # 0 is zero; hence there do not exist Lyapunov functions of the type
considered with positive-definite derivative.

Let us use the method of the Lyapunov function in this problem, too.
If B # 0, the system is equivalent from the viewpoint of absolute
stability to

dx

o = Bx + bf(o),
d¢

'_d_t =f(0),

do

7 = OBx + (g% — )f(e) — B¢

A necessary condition for the absolute stability of this system is 8 > 0.
Indeed, from the absolute stability it follows that the eigenvalues of the

matrix

B b 0

H = (q*B *h — —ﬁ),

0 1 0
[H is the matrix of the linear system which is obtained for f(¢) = o]
have negative real parts; hence

(—1)%+2 det H = (—1)* det H > 0.

But

B 0

det H = —det (q*B g

)=BdetB

and
(—1)" det H = (—1)* 8 det B.

Taking into account the fact that B is Hurwitzian, it follows that
(—1)* det B > 0, hence that 8 > 0.
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In what follows we shall suppose therefore that B8 >0 and in
addition that

lim f:f(a) do = oo.

|o|»

For any matrix I" > 0 there exists a C' > 0 such that
CB + B¥C = —T.

(see Section 1.6 and Lemma 1, Section 2.2). Consider the function
V(x, £,0) = (Cx, %) + & +2 | (o) do.
¢

The total derivative of this function, by virtue of the system, is
dv
7 = — {5, %) — 2(Cb + B*q), x)f (o) + Aot — ¢*b)f (o)}

It follows that —dV/dt is a quadratic form in x, ¢ with the matrix

( r —(Cb + B*q))
—(Cb + B*q)*-  2Ax—g*b) |

Consequently, it is necessary and sufficient in order that this quadratic
form be positive-definite that

Loyt prgr o gty ) 7O
This leads to the condition

o — g*b > L(Cb + B*q)-1(Cbh + B*q).
Since dV/dt may be zero only for x = 0, ¢ = 0, and this set does not

contain whole semitrajectories, we deduce that a sufficient condition for
the absolute stability of the system is that

x — q*b > min }(Cb + B*q)*I"{(Cb + B*).

Now let .
B = diag(—p,), I' = diag(y,)-

Then
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where b, , g; are the coordinates of vectors b, . We deduce
min (Cb + B*q)*I"(Cb + B*q) = 2 2 <4ibis
; 0 lf b,qz > 0,
= 31 if byg, <O.
We thus obtain the following condition of absolute stability
< _ {0 (g:b: <0,
a>§£iqibi) € = ;1 (qibi >0).

Let us now observe that, when B is diagonal, we have

Gliv) = — 308 = P

Hiw + p iw w?
and the inequality Re iwG(iw) > 0 becomes
191
o>
i=1 ’J'?

The theorem of V. M. Popov leads then to the following condition of
stability:

n b 2
;W

a > max 2,‘1, 5
w>0 &2 + w

Since Re iwG(iw) = a for w = 0, the inequality

Re iwG(iw) > 0 for every w >0

implies that « > 0 even if matrix B is not diagonal. From

b:q; 1 (bg: > 0),
may s = b, =

0 (big; <0),

we deduce that o > X7 e/

b,q; is a sufficient condition of absolute
stability and we again find the result obtained above with the help of
Lyapunov function.

In the case where b,g, > 0 fori = 1, ..., n, we have

min (Cb + B*q)*[X(Cb + B*q) = 0

I diag
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and it is obvious that this minimum cannot be improved by considering
nondiagonal matrices, since I'! is positive-definite; hence

(Cb + B*q)*I'Y(Ch + B*q) > 0.
In case b,q;, < 0 for i = 1, ..., n, we have

min (Cb + B*q)*I'(Ch + B*q) = —2¢*

I diag

and again, the minimum cannot be improved by considering non-
diagonal matrices. Indeed, if there existed a I' > 0 such that

(Cb + B*q)*I-Y(Ch + B*q) < —2g*b
we would deduce that for
o — g*b > $(Ch + B*q)*I'}(Cb + B*q)
there exists a Lyapunov function, and since
g*b + L(Cb 4 B*q)*I-Cb + B*q) < 0

we could have a Lyapunov function for a < 0, which contradict the
conclusion drawn on the basis of the theorem of Popov. Since this
conclusion did not use the fact that B is diagonal, we deduce that for
every Hurwitzian B and every I" > 0 there occurs the inequality

(Cb + Brg)*I(Ch + B*g) > —2¢%.
Taking ¢ = § B*~', we obtain
(Cb + 3)*I-Y(Cb + kc) > —c*B*-1b.
This last inequality has been obtained in a different way by J. P. LaSalle.

In what follows we shall emphasize the general ideas contained in
the method of V.M. Popov in order to reach a generalization of
Theorem 2.2. Let us consider a system of the form

& ax1/0). 1O =0,

where y is a vector. We may either suppose that y = a(x) or that the
system contains another equation, dy/dx = g(x, y).
Let us suppose that we have succeeded in proving that for every
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initial condition (x,,y,) we have | ()| < ¥(%y,%,), where y —0
when | x| + | ¥ | — 0. Suppose that matrix 4 is Hurwitzian. Then
there follows an evaluation of the same type for x(t). Indeed, we have

1) = extx(t) + [ o0 fly(o)] ds
Let °
A% » y0) = wup LfO) -
Since f(0) = 0,
A(xg, ¥o) — 0 when x|+ |y, —0.
We have

1
|%(1)| < Ky e kot || + [ Ky e Mo, yo) ds
to
K
<K% + 7{'1'\("0 » Yo)-
(]
If, in addition, '
st =0

we will have
lim x(2) = 0,

since
t
| (t) | < Ky ettt | x|+ Ky ek | fIy(s)] | ds
to
and

t

- Lt D)

lim [, = DO 1 ds =i =
0

— tim ZIDOI  Lin 750011 =0

We deduce from this that in order to obtain asymptotic stability in
the large it is sufficient to emphasize the corresponding properties of y(t).
These properties are obtained by showing that there exist three
continuous functions a(r), b(r), c(r, s) zero in origin, the first two
monotone-increasing, such that

aly )+ [ By <e(lml 70D
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Indeed, if such an inequality occurs, it follows in particular that
alyl) <cl%l [50])
and hence that

|y() 1 <a el %, {30 1)

It also follows from this inequality that
[CTEEEANERE

On the other hand, we have seen that
Fa() | <B(I x|, 130 1)

Hence
dx

dt

<¥(lxl1¥)
and, in any case,?
d
| 22| <8501, 130 -
Then the convergence of the integral yields
lim y(2) = 0

Let us remark that if there exists a Lyapunov function, an integral
inequality of the considered type can always be obtained. Indeed, from

Wy <VEN<bxliyh L <—ly)
we obtain, by integration,
V(t.5) — VO30 < — [ iy D
hence
aly) <15l 3 — [ llyds

ie.,

ally )+ f ly D <50l 13

*+ We need only the fact that y(¢) is uniformly continuous for ¢ > 0, and this occurs
even if dy/dt does not exist.
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The method used by V. M. Popov to obtain an integral inequality of
the desired form is the following. A quadratic functional x(T) is consid-
ered in y for which we seek, on the one hand, lower bounds of the form
a(ly )+ _f (| y |)dt + 8(] x4 |, | ¥ |), and, on the other hand,"
upper bound of the form (| x|, |y91). The Fourier transform
is used to obtain the upper bound. The art of success in the
application of the method consists in the convenient choice of the
functional x(T).
Consider general systems of the form

dx dy
T =dar+By, L=fz) (s=Cx+Dy)

We perform the change of variables &' = Ax + By, y =1y, 2" = 2.
We obtain

dx’

L dx dy dy_
—r = A5 +B— = 4x + Bf(3), f(=)

z = Cy(4-% — A'By’) + D,y'.

Suppressing the indices, we write the system in the form

BB, Yo G=cetrny ©

Assume that matrix A4 is Hurwitzian and that D is nonsingular.
We look for conditions which assure asymptotic stability in the large,
for any function f(2) of the form { f(2,)} verifying the conditions

8.2 < fizi)rs < (hy — 8))27,
where 8, , 8;, k; are given positive numbers.
Theorem 2.6. Suppose that there exist matrices P, Q diagonal, with the
following properties:

1. The elements of matrix P are positive or zero.

2. If an element on the diagonal of P is zero, the corresponding element
of Q is strictly positive.

3. PD is a symmetric matrix, PD < 0.
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4. Let F), be the diagonal matrix with elements h, ,
G(iw) = P[F7* — C(iwE — A)-'B]
— Q[CA(iwE — AY'B + D + CB]
H(iw) = }[Gliw) + G*(iw)],
S = lim H(iw) = PF;! — }{Q(CB + D) + (B*C* + D*)0*].

Assume H(iw) >0, S > 0.

Then the trival solution of system (6) is asymptotically stable in the large,
for any function f of the considered class.

Let us show first that it follows from the hypotheses that the matrix D
is necessarily Hurwitzian. Let

p={o o 2=(n o) =(" P

PD is symmetric; hence P,D, = 0. Since P, is nonsingular, it follows
that D, = 0. From this we deduce that the eigenvalues of D are those
of D, and D, . From PD < 0 follows P,D; < 0; if there exists a u, # 0
such that P,D,u, = 0, then D,u; = 0; hence D; is singular, hence D is
singular, which we have excluded. Then P,D, << 0. The function
V = 3(P,D(D1'u), D'u) is therefore negative-definite, and its deriv-
ative, by virtue of the system du/dt = Dyu, is

P,Dy(D{'u), D7*Dyu) = (Pyu, u);
1 1

hence this derivative is positive-definite; it follows that D, is Hurwitzian,
Now consider the matrix

o — (3 2

since H(0) > 0, we see that H, > 0. We have

H(0) = 3(G(0) + G*0)),

G(0) = P[F;* + CA-'B] + Q[CB — D — CB] = P[F* + CA-'B] — QD.
If

G(0) = (g; &)

taking into account the form of P, it will follow that

G4 = “Q4D4 ’



2.3. THE METHOD OF V. M. POPOVY 207

where we have set

(@ 0
0=(3 o)
Then
H, = — %(Q4D4 + D4*Q4)-
According to the hypothesis, O, > 0; hence V' = —}(Q,9, v) is negative-

definite; its total derivative, by virtue of the system dV/dt = D,v,
is 3(H,v, v), hence positive-definite; hence D, is Hurwitzian.

Since the matrices 4 and D are Hurwitzian, there exist symmetric
negative-definite matrices M, and M, such that

M, A+ A*M, = E, M,D + D*M, — E'.

The function V = (M,x, x) + (M,y, y) is negative-definite and its
total derivative by virtue of the system

dx dy

— = Ax + BF(Cx 4+ Dy), = = F(Cx 4+ Dy)
dt

dt
is

‘Z_It/ — (M(Ax + BFCx + BFDy), x) + (Myx, Ax + BFCx + BFDy)

+ (M,F(Cx + Dy), y) + (Myy, F(Cx + Dy))
= (M4 + A*M,)x, x) + (MoFD + D*F*M,)y, y)
+ (M FB(Cx + Dy), x) 4+ (Myx, BF(Cx + Dy))
+ (MyFCx,y) + (M,y, FCx).
Taking F = €,E’, we will have

av
7 (%, %) + €(9,¥) + €T(%, ),

where we have set
T(x,y) = 2(M,B(Cx 4+ Dy), x) + 2AM,Cx, y).
We have

|T(x,y)|<a(x’x)+b|x||yl,
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hence

B %Pt elylt—efalzl+blxlly)
b 2 R €b?
:(l—eoa)(lx|——2(1—_-:0—a7|yl) +‘o|y|(1‘W)'

We see that for ¢, sufficiently small, dV/dt is positive-definite; hence
the trivial solution of the system

9 _ 4x + &B(Cx + Dy),

dy.
di —i = eO(C'x + Dy)

d

is asymptotically stable; upon putting 2 = Cx + Dy, we have

‘(11—": = Cfg + D% = C(Ax + €Bz) + Degz = CAx + ¢(CB + D)z.

Hence the trivial solution of the system

dx dz’
i Ax + ¢,Bz, = CAx + (CB + D)z

is asymptotically stable; therefore the matrix

(CAA eo(c;i D))

is Hurwitzian for ¢, sufficiently small.
Consider the matrix

A F
(CA (CBBi{— D)F) )

We shall prove that this matrix is Hurwitzian for all diagonal matrices
F > 0 with the diagonal elements smaller or equal to 4, .

If the assertion were not valid, there would exist a matrix 0 < Fy, << Fy,
such that the matrix

(éqA (CBB—{—FOL))FO)

has a purely imaginary root fwg, since for F = ¢,E’ the matrix is
Hurwitzian.
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We have
E 0\/A — \E BF
det (~CA(A By e ca (CB + D)F — AE)
e (A E BF )
= e ( 0 [—CA(A — AE)B! 4+ CB + D|F — \E’
A —AE BF
= det (" oy (CB + D)F — AE)

For F = Fy, A = iw,, we will have

det (A — iw,E BF, ) o

0 [—CA(A — iw,E)'B + CB -+ D\F, — iw,E’

Since
det (A4 — iw,E) # 0

it follows that
det ([—CA(A — iwoB)'B + CB + D]Fy — iwgE’) = 0.

For wy = 0 we obtain det DF, = 0, which is impossible.
Let wy, 7= 0. We have

A(A — iwyE) B = B + iw(A — iw,E) B,

since from
(4 — iwE)(A — iwgE)" = E
we obtain
A(A — iwgE) " — iwf(A — iwE)! = E.
Hence

A(A — iwgE) ™t = E + twy(A — fwE) L.
It follows that
CA(A — iweE) B = CB + iw,C(A — iwyE)1B;

hence

—CA(A — iwyE)'B + CB = —iwyC(A — iw,E)'B
and

det ([—10gC(A — iwgE) B + DJF, — iwoE") = 0;
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ie.,
det (—iw,C(4 — iwE) 1B + D — iw,F;1) = 0.

Thus

1
e w E)1 1 pl—
det [C(A 1w E) 1B + F, o D] 0.

Therefore there exists a vector 2, % 0 such that
1
G )1 1 __ 1 — 0
[C(4 — iwglty B + F, o D]z, =0;

hence
[fw,C(4 — iw,E)'B + iwFy* — D]z = 0;

1.e.,
[CA(A — iw,E)*B — CB — D + iw,F;1] z, = 0.

It follows that
g P[C(A — iw By B + Fy* — ?:To D]
—Q[—CA(A — iwE)'B + CB + D] + iwQF;| z, =0,
Since by hypothesis H(tw,) > 0, we have (H(iwg)2, , %) > 0. We have
Gliwy)z, = PF;'z, — PCliw,E — A)Bz,
—Q[CA(iwyE — A)-'B + CB + Dlz,

1 .
= PF;'z, — PF 'z, + w PDz, — i QF 1z, ,

. 1 .
G*(iwy)z, = PF;'z, — PFlz — Twn PDz, + iw QF 12 ;

hence
(P(F;* — FgY)z,y, ) > 0.
But
0 <F,<F,,Fst >F:%
hence
F;l—F;t <0
and

(P — Fl)zy , 3,) < 0.
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We have obtained a contradiction; therefore the matrix is Hurwitzian
for every 0 < F < F, .

We will take in particular F = F_, where the elements of F, are 13,
for those i for which ¢; > O and k; — 38’ for those i for which ¢; < 0.
Consider the auxiliary system

dx dy .
Y Ax + BF .z, i Fz (z = Cx + Dy)

or, equivalently,

%f‘t. — Ax + BFz, % — CAx + (CB + D)F .

According to the foregoing, the trivial solution of this system is asymp-
totically stable.

Now let x(t), ¥(t), 2(t) be a solution of system (6). We consider a
solution #(t), 7(t) £(t) of the auxiliary system defined for ¢ > T through
conditions &(7T) = x(T), #(T) = y(T), HT) = 2(T). We define the
functions

o fx(t) for 0t T,
1) = 35@) for T<t,

N ()] for 0<t<T,
y(‘>*3y=<t) for T<t,

5(t) — 2(t) for 0t <,
® “35(:) for T<t.

The functions #(t), ¥(t), #(t) verify (with the exception of point
t = T) the system

i dy e e
7 = A% + Bfi(0), %: fi(t), &= Ci+ Dy

where

f(=()) for 0<t<T,
i) =1r sy for T<t

Since the matrix of the auxiliary system is Hurwitzian, functions
&, ¥, & decrease exponentially for t— co; hence they admit Fourier
transforms.
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Let

MT) = [ (0, 25 — Dy = EfoN) de + ¢, | (o), (0 de
+ U, 03yt = [ U, P — Fy @) @
+ [ j (F 5 P(z —Fy'F,8) dt — | :° (f (t), PDy)dt + ¢, | :° D), £(1)) dt
+ [ U@0n a4 [ (#50h d

From F, < F;, we obtain

FJF, <E;
hence
(F,3, P(3 — F;IF,%)) > 0.
From
4 PD3,3) = 2 (PD5, 2 = 2PD3, fr)
‘E( v, y) = ( J’,—E)— (PDy, fr
we obtain

o 1 r°d ~ I
— [“Ur, PD3ydt = — 3 [ 2 (PD5,5)dt = —(PD5,5) [ = (PDyo, 30)
0 274 dt 0
since lim,,, §(t) = 0. Further,
T B i N TR 77 W R Lo
[ wa0bar =5 [ 2508 dt = 5 (F5,09 ]T

= - %(Faz(T)’ QZ(T))

and

[ (Fes, 08) dt = WF(T), Q3(T)) — H(F oz, Os0;

hence

[CFa0b dt = — [ (Fio,08)dt — §(Fozo, 030),
T 0



2.3. THE METHOD OF V. M. POPOV 213
and
[TUr0.09at = [ (1(s) — Fosn 02 dt = 4(Fozo, 00)
= [ 0) — P, 0 d5) — 4P, O

= $(2(T)) — d(20) — $(FoZo , Qo)
where we have set
40 = [ —FmQdn) = Da: [ (i) — fi) du.

Let us recall that if ¢, > 0, fi = 13, and since u(f (u) — $du) >0
it follows that for these 7 we have

g [ () — i) du > 0;
0
if ¢; << 0, then

fo=hi— 1
and hence
u(fu) — fiu) <0,
[0 fiaw au <0,
and again

o [ (i) — fay du = 0.

It follows in any case that d(2) > 0.
Taking into account the above computations, we deduce that

XT)> | (f(=), Pz — F;/(2))) dt + H(PDyy , 3)
e [ Ufrlo). fo(0)) dt + $a(T)) — d(ar) — H(Fzo, Qo).

Transforming x(7") by the application of Parseval’s theorem from
the theory of the Fourier transform, we deduce that

D) = o [ (e PG— D3~ Ffdo + 52 [~ (fr, fr) do

1 = . =~
+-2—1T—J-_w(f7,Qz)dw,
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where fr is the Fourier transform of f;, # the transform of z, § of y,
Z of 2. From

dx _

we deduce
iw¥ — xy = A% + Bfr,

where & is the Fourier transform of %. Thus
(iwE — A)F = x, + Bfy, & = (iwE — Ay %y + (iwE — A)Bfr.
From dy/dt = f; we obtain
iaf —yo = Jr;
hence
5oL Ly
Y= iw Yo + iw’ T
From 2 = C% 4+ Dy we obtain
g = C% + Dy,
hence
% = C(iwE — A)x, + CliwE — A Bfy + iiw_Dyo T i?l; Dfr.
From this we deduce that
5 = ik — 2, = iwC(iwE — A) %y + iwC(iwE — A)'Bfr
+ Dy, + DfT — 2.
If follews that

y = 2% f " (fr s P(C(iwE — A)txy + ClwE — A)*Bfr — F3Vr)) do

o (" (fr Fy) do + == [ (fr, QliwC(iwE — A)x
+ 52 | rifrdo +5- [ (fr, QlinClwE ~ 4)7x,

+ iwC(iwE — A)Bfr + Dy, + Dfr — z,]) dw

1 ™ - .
= — -] __Ur, [-PC(wE — 4B + PR}

+ QiwC(A — iwE) B — D]fr) de

] . - 1 g o
+ o2 [ rofr)do + 5 [ (r Lxg + My, + Nay) do
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- _%f:(ﬁ, Gfr) dw +2€—7°Tfi:(fr,fr)dw

1 [+,
+2—#f_w(fT,on + My, + Nzy) do.

Since x(T) is real, we will have

XD = == [ o, (H — i) do

1 = ,;
+ 2_‘"__[_00 (fr,Lxy + My, + Nzg) do

1 .
+5 f (L% + My, + Nao, fr) dos

Since H(iw) > 0 and limy, . H(iw) > 0, it follows that H(iw) > «2E’.
By choosing ¢, sufficiently small, we will have H(iw) — E’ > 0;
hence we may write

H(iw) — eE' = K(iw)2.
It follows that

—1 (= . =
X(T) =5~ [ (Kfr — KLy + My, + Nag), Kfr — KL,

1 00
+ Myy + Nzy) doo + 5— [ (K-(Lxo + My, + Nag), K-H(Lay
+ My, + Nzy)) do.

The convergence of the last integral follows from the fact that the
terms under the integral behave at infinity as 1/w? Hence we deduce

1 o0
X(T) < 5= [ (KL, + My, + Na), KLy + My, + Na,)) do.
Taking into account the estimates previously obtained, we have
T T
[ 0@, Pla — P de - § (PDyo, 30 + <0 | (fC2), f(2)) d

+ $(2(T)) — $lze) — $Fozo . Q20) < ¥ %o |, 130, | 2 I);
pe.,
BT + | (f(=), Pz — Fy'f (2) + o(f2)) dt < (I %] + | 2 ).
We have ¢(2) > 0 and (f(z), P(z — F3f(z))) > 0.
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Indeed, from 8,22 < 2;f,(2;) < h?2? it follows that for z; > 0 we have
8:2; < f; < bz, and z; — (1/h)f; > 0; hence pi=z;, — (1/h,)f;) > 0.
Since f; > 0, it follows that p,f;(2; — (1/h;)f;) > 0;for z; << 0 we have
hyz, < f; << 8;2;, hence z; — (1/h,)f; <O, hence p(z; — (1/h)f;) < O;
hence, since in this case f; < 0, it follows again that p,f(z; —
(1/h3) f;) > 0. Now let

alr) = inf §(2), 6) = inf [(f(=), P(= — FyY(a) + eol /(=) S (B))].
We have
#(z) = a(l z 1), (f(2), P(z — F71 f(2)) + € f(2)) = b(| = |);

hence the inequality obtained may be written
T
a(=(1)) + [ B =(2) ) di < (| %] + 1 70]).

We have already seen above that such an inequality implies asymptotic
stability in the large. With this the theorem is completely proved.

Let us observe that this generdl theorem may be applied in the study
of the stability of control systems with several controllers.

2.4. The Practical Stability of Systems with
Elements of Relay Type

In the final part of this chapter we shall expose a result which is also
due to V. M. Popov, relative to control systems containing elements
of the relay type. This result is interesting from a theoretical viewpoint
because it is an example of the modification of the notion of stability;
the so-called “practical” stability or ey-stability which is introduced on
this occasion may prove useful in other problems, too.

Definition. - The trivial solution of the system is called ey-stable if for
every € > e, there exists 8(e) > O such that | y(ty)| << 8(e) implies | y(t)| < e
for t > 1y; the e, stability is asympiotic if in addition there exists T(n, €)
such that e, < |y(ty)l <m and t =ty + T(n, €) implies | y(t) <e
(again € > €y, 1 > €).

We see that this definition differs from the usual definition of uniform
stability by the fact that the functions 8(¢) and 7'(», €) are no longer
defined for every ¢ > 0 but only for € >> ¢,. The justification of this
definition consists in the fact that in practice the sufficiently small
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values may be considered zero; hence it is not necessary to be able to
assure that | y(¢)| be arbitrarily small but only smaller than some con-
venient values. Yet it is easy to see that for linear systems this definition
does not mean a real weakening of the notion of stability in the sense
of Lyapunov.

Proposition. If there exists a function V(y) with the properties
a(ly ) S V() <b(ly ), dV]dt < —c(ly ) for & < || < 1o, then the
trivial solution of the system is e,-asymptotically stable, e, = a=[b(e,)].

Proof. Let 8(e) = b~'[a(e)]; the function a(r) is defined for r > ;;
hence 8(e) is defined for e > ¢; .

If € > e, it follows that a(e) > a(e,) = b(e;) and 8(e) = b[a(e)] > ¢ -
Let | y(t,)| < 8(¢); if | ¥(¢)| remains smaller than e, , then, obviously,
| ()] < e for t >t,. We may hence assume that there exists a #,
such that ¢ <| y(#;)] < 8(¢), and, if t; > ¢, for t, <<t < t;, we have
| y(?)] < & . For t = t, it follows that

a(| y(£) ) < V(n(2) < V(3(t)) < b(ly(ty) ) < b(3(e)) = ale);

hence | y(1)| < e.

Now let T(n, €) = b(n)/c[8(¢)], n > €; and let ¢ < | ¥(,)| < n. We
show that in the interval [?,,t, 4+ T] there exists a #' such that
| ¥(¢')| < 8(e). Indeed, if we would have | y(¢)| > 8(¢) > ¢, it would
follow that

<y 1) < 3@l
hence
VIO — VIyta)] <~ — t),
VIxtto + Tl — VIXtw)] < —lMOIT = —b(a),
and

VIy(to + To)] < VIy(t)] — bln) < (1 ¥(to) 1) — b(n) <0,
since | y(t,)| << 7. But

VIy(ty + To)l > a(l y(ty + To) |) = a[(¢)]
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and we have reached a contradiction. It follows that

[ y(t) | < 8(e);
hence
)| <e for t>=t,

thus in any case for ¢ > t, + T, . The proposition is proved.
Let us consider a control system which contains a single nonlinear
element, described by the system of differential equations

o o Brt M) +lo = (bx) — pf(e) + 70 @)

where f(o) verifies the following conditions:

fle) =p for o >34,
—ap < f(o) <p for  Joj <3,
fle) < —p for o < 8.

We will say that a function f which verifies these conditions belongs to
the class C, 5.4 -

We will assume in what follows that p > Q. Taking f(c) = ho we
obtain the system

dx | do
EZBJC—}—khc—}—lc, E—(b,x)—phc—}—rc.

The matrix of this system will be

(B;J —h pkh++l r)

and will have the characteristic equation

G ;pfkfr L) =0
1.e.,
N RETR LU

which may be written in the form

O(A) + hP(A) = 0.
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Theorem 2.7. If the equation P(X) = 0 has all roots with negative real
parts, then for given €y, 1., « we can find p,, 8, such thatif fe Copty
then the property of e,-stability holds for system (7)

Proof. 'We perform in the system the change of variables 7 = pxi + ko,
which has an inverse since p # 0. We consider the vector { = (7). We
have :

d
F=p d’t‘ + k=7 = pBx + pkf(o) + plo + (b, x) — kpf (o) + kro
11
= B(y — ko) + plo -+ kra + kb* (517 —Zka)
1 1
— (B +3 kb*) 7+ (pl -k — Bk — kb*k) o
= An + mao
where
1
A = B + - kb*,
'
d ; 1
7 = & x) —pf(e) + 70 =;(b, 7 — ko) —pf(o) + 10
= (a,7) — pf(o) + 1o
Finally,
d d :
—dﬂt:AT)—i—ma, izan—pf(a)—{—ra.

The characteristic equation of the matrix 4 is
1 —_
det (B — A kb ) =o0.
Let us observe that

1 1
B — AE + = kb* ~k
+5 5 )

B—)E & (
PR) = det (© 7 ) = p det 0 Pl

—p
= (—1)"p det (B —AE +}, kb*) -

It follows that P(A) = 0 is precisely the characteristic equation of matrix
Aj; hence the condition of the statement assures that A is Hurwitzian.
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There exists therefore a matrix P > 0 such that P4 - A*P = N,
with N < 0. Choose V = (Py, ) + 10? then V > 0. Further,

+ (P, An +mo) + o(a*y — pf(e) +7'0) = (PA + A*Pyy, n)
+ 2(Pm, m)o + (a*n)a — pof(s) 470"
= (N, m) + ol(r, §) — pf (0)]-
We have put

(7, 0) = 2(Pm, 1) + (a,7) + 7o}

hence

Yy — (Pmr:{~ a) .

From N < 0 we obtain
(Nm,m) < —cin 2

Since V is a positive-definite quadratic form, there exist constants
ay and by, positive, such that

@ | L < V(n,0) <by | LI2

Let My = aye?, N, = 5&. Consider the domain \/Mo/bo <)<
If in this domain, |o| < { V' Myb,, then |7]| > 1V M,y/by; hence
there exists u > 0 such that (N9, 1) < — p.

Now let v be such that |(y, {)| < v for { such that \/M(,/b0 <1<,
Choose p, = (v/p)(1 + 4), with arbitrary 4 > 0,

L Wl —4) 1\/Mo]
89 == min [21/[1 ol )2V 5
We see that p, and 8, depend on M, 7, , , hence on ¢, 59, «. Since
p >0, it follows that p, > 0. Let | 0| > 8;. We will have

dd—l::(N’q,'r])—paf(a)+a(y,§)<(N"]77l)_P|U||f(¢7)| +vial

But for | o | > 8, we have | f(0)| = po, since fe C, 5 . Thus

PIf@ 1 Z2¥1+4), pifle)|—v>vd
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Hence

av
W<(N77,77)—)’A|0|

if

\/];40<|Z|<770’ o] > &.

0

Now let | o | < 3, . It follows that

dv
G < (N, m) + 84lv + papo)

since fe C, 5, - But

v+ papy =v + av 4+ wd =¥l + «1 + 4))

and since
) R
% STt ol + )
we obtain '
1—4
8o(v + papg) = (1 + ol + 4)) g"(_z_).,
hence

dv p 4
2 <Wmm) +35—5.

Since 8, < 3} VMyb,, |o| <38, implies |o| <}V Myby; hence
(N, 1) < — pand dVjdt < — (1/2) — (4]2).

Finally, dV/dt < — ¢(| {]) in the domain VMyby <|{| <mq. Let
us now apply the proposition proved above in which

&= \/ ]ZIO b(r) = by,  a(r) = ay®,  aMr) = ar_o_
Then
M, M,
b(sl) - bO?()‘q = MO N €y = a_lb(el) = —;;)— = €g-

According to the preceding proposition we obtain asymptotic ,-stability,
and the theorem is proved.
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Remarks. 1. The property of ey -stability does not imply that the
system admits the trivial solution. Therefore it is not necessary to
suppose that f(0) = 0.

2. The case of the ideal relays is obtained if 8, = 0, and it is clear
that we have §; = 0 if we take ¢, = 0. Hence in this case we have
asymptotic stability in the usual sense.

NOTES

The problem of absolute stability for nonlinear control systems
was studied for the first time by means of the method of Lyapunov
functions in [36]; see also monographs [37] and [38]. The intrinsic
study, without the reduction to the canonical form, has been carried out
by V. A. Yakubovié¢ in [39] and [40] and by S. Lefschetz in [41]. The
results in the text, which develop those of S. Lefschetz, belong to
T. Morozan. The method of V. M. Popov is presented in [42], [43],
and [44]. The study of the case of two zero roots by the method of the
Lyapunov function has been performed by T. Morozan. The result of
V. M. Popov relative to the practical stability for systems with elements
of relay type has been published in [45].

The equivalence of the V. M. Popov method with that of Lyapunov
function has been proved by V. A. Yakubovi¢ in [46]. Another proof
was given by R. E. Kalman {100]. Further results were obtained by
V. A. Yakubovi¢ ([101] and [102]). For all these problems see also
[103] and [97].



CHAPTER 3

Theory of Oscillations

From a mathematical viewpoint the theory of oscillations contains
the problem of the existence and stability of the periodic solutions of
systems of differential equations. The periodic solutions of linear systems
are usually called lnear oscillations. The periodic solutions of linear
systems with constant coefficients or of some nonlinear systems which
do not explicitly depend on ¢ are sometimes called free oscillations;
when a periodic function of ¢, appears in the second member of the
system, the corresponding oscillations are called forced oscillations. The
problem of the existence of almost-periodic solutions has been investi-
gated more and more extensively in the last few years.

In this chapter we shall present some fundamental facts relative to
the existence of periodic and almost-periodic solutions of systems of
ordinary differential equations.

3.1. Linear Oscillations

Let us consider the system

&~ e+ f0), (1)

where A(t) and f(t) are periodic of period w.

Theorem 3.1. A necessary and sufficient condition in order that for any
periodic function f(t) of period w system (1) admits periodic solutions of
period w is that the corresponding homogeneous system does not admit a
periodic solution of period w other than the trivial one.

Proof. A solution of the system is periodic of period w if and only if
x(w) = x(0). If the solution is periodic, this condition is obviously
verified; if this condition is verified, the solutions x(¢ + ) and x(¢)
coincide for ¢t = 0. Hence, according to the uniqueness theorem, they

223
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coincide for any ¢ and thus x(¢) is periodic of period w. As we have seen
in Chapter 1, the general solution of system (1) may be written

x(t; x5) = U(t)x, + ft C(t, s)f (s)ds.
0

We recall that U(t) = C(t,0) and that C(¢,s) is the matrix whose
columns are the solutions of the homogeneous system, so that
C(s, s) = E. We have

H(w; x) = Do)y + | : Clw, )f (s)ds.

The periodicity condition of the solution is written

x(w; x9) = % .

Hence
%0 = Ulw)¥ + | Cle, ) ()5
i.e.,

[E — U)o = | : Claw, ) (s)ds.

The condition that this system allows the determination of x,,
whichever be the function f, may be written

det[E — U(w)] # 0.
This means, however, that the equation
Uw)xy = 2,

has no solution other than x, = 0. But U(#)x, is the general solution of
the homogeneous system and the condition

Ulw)xy = %

represents precisely the periodicity condition for the solutions of the
homogeneous system. The condition

det[E — U(w)] # 0

is therefore equivalent to the demand that the homogeneous system
does not have other periodic solutions of period w than the trivial one.
The theorem is proved.
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Proposition. Under the conditions of Theorem 3.1, the unique periodic
solution of system (1) can be put in the form

=) = [ 6,9,

where
_ (U[E — U(w)]*UXs) for 0 <s <t <o,

B9 =10+ Wk — U@ U fr0<t<s <o

Proof. 1If x, is the initial value of the periodic solution of system (1),
we have

% = [E— U™ | : Clw, 5) f(5)ds.

The periodic solution can therefore be written

x(t) = UR)E — Ulw)]? f: Clw, 5) f (s)ds + f: C(, ) f(s)ds.
But .
C(t, s) = C(t,0)C(0, s) = U(t)UYs).
It follows that
x(t) = UQ)[E — U(w)] ' V() f: UYs)f (s)ds + U(t) f: U(s) f(s)ds.

We may write
() = [ 61,9 £,
where
G(t,5) = UDE — U@ U(@)U-(6) + URUs)  for0<s<t < w,
G(t, s) = UQ)E — U(w)] U(w)U-s) for0 <t <s <

w.

These formulas for G(¢, s) may be reduced to the form in the statement
by observing that

UMIE — U(w))*U(@)U(s) + U@ Us)
= UO{[E — U(w)]*U(w) + E}U(s) = URE — V(@) UX(s),

since from
[E — U)[E — Uw)] — E
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we obtain
[E — U(w)]* — [E — U(w)] *U(w) = E.
From the relation
[£ — U()]E — Uw)] = [E — U)][E — Ue)]?
follows
[E — U)] ' U(w) = U)E — U]
hence
UE — Ul)] P U(w)UY(s) = U U(w) £ — U(w)]*UYs)
= Ut + w)[E — Uw)]1U-Ys).

The proposition is thus proved.

Let us observe that from this proposition follows for the periodic
solution the evaluation | x(¢)] <X M sup | f|, where M depends only on
the homogeneous system.

Theorem 3.2. If the homogeneous system

dx
Al @

admits periodic solutions of period w, then the adjoint system

D aw )

admits the same number of linearly independent periodic solutions as system
(2). A necessary and sufficient condition in order that system (1) admits
periodic solutions is that f be orthogonal to the periodic solutions of system
(3), namely,

fwyk(t)f(t)dt =0 (k=12,..10),

Y15 ey ¥y being the linearly independent periodic solutions of system (3).

Proof. If system (2) admits periodic solutions, there exists an x,
such that

U(w)xy = x, -
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We have seen in Chapter | that the rows of U~(t) are linearly inde-
pendent solutions of the adjoint system; the general solution of the
adjoint system (3) may be written

¥(t; ¥0) = 3o UH(2).

The condition that this solution be periodic of period w is likewise
written under the form

Y(@; ¥o) = Yo
Hence
YU Hw) = 3
ie.,
* Yo = YoU(w).

Passing to the transposed system we obtain the system
UX(w)yy = 97 -

But the matrices U(w) — E and U*(w) — E have the same rank.
Therefore the systems

U(w)x, = x, and U*(w)ys = vy
have the same number of linearly independent solutions.

This means, however, that systems (2) and (3) have the same number
of linearly independent periodic solutions of period w. A necessary and
sufficient condition in order that system (1) admits periodic solutions
of period  is that the system of linear equations

(B~ U)o = [ Clw, 9/ (:)ds
admits solutions. Let us suppose that the system admits a periodic

solution. Let y(¢) be a periodic solution of system (3); let us multiply
the above equality by y(0). We have

YONE — Uy = 3(0) [ Ue)U-1(5) f(5)ds.

But we have seen above that if y(¢) is the periodic solution of system (3),
then

¥(0) = y(0)U(w);
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hence
YO)E — U(w)] =
It also follows that
YO)E — U(w)lx, =
Hence
¥(0) f: U(w)UH(s) f (s)ds = 05
1.e.,
[ 70U U0 fisyas = o.
But s
YO U(w) =x(0)  and  y(O)U(s) = ¥(s);

hence the condition becomes
[ 3 fds =0
0

and we have proved that the condition of the statement is necessary.
Let us suppose now that this condition is fulfilled. It follows that

»U(@) [ U f(5)ds =0
for all solutions y, of the system
Yo = yoU(w).

Thus the system
WE—U@)) =0, 3U) [ U74s) f(5ds =0

has the same number of linearly independent solutions as the system

YolE — Ulw)] = 0.

Hence the matrix £ — U(w) and the extended matrix to which was
added the column _[w U(w)U~Y(s)f (s)ds have the same rank. But according
to the Kronecker-Capelh theorem, this is sufficient in order that the

system
£ — U)o = | Ulw)U(s) f(s)ds

have solutions, and the theorem is proved.
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In case the condition of orthogonality from Theorem 3.2. is not
verified, system (1) does not admit periodic solutions and then there
occurs the resonance phenomenon: All the solutions of system (1) are
unbounded.

Theorem 3.3. If system (1) does not have periodic solutions, then all
the solutions of the system are unbounded.

Proof. If system (1) does not admit periodic solutions, there exists a
periodic solution of period w of system (3) such that

[ v f e 0.
Denoting by y, the initial value of this solution, we have
WlE—U@] =0 and [ U-t)f(2)dt # 0.
0
Let x(2) be any solution of system (1). We have
i 4 4
#(1) = UW(0) + [ C(t,5)f(9)ds = UD[=(0) + [ U f(s)as];
[ [

hence

#(w) = U)[x0) + [ U6/ (9ds],
from which we deduce
y) = 3oU(@)(0) + 3oU(e) [ U6) f(5)ds
= 30%(0) + 30 [ U5 fle)ds

Further, we may write

x(t + w) = Ult)x(w) + f : C(t, ) f (s)ds,

since in both members we have solutions of the equation which coincide
for t = 0. We will have

*(20) = Ul) [x(w) + | : U-1(5) £ (s)ds],
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from which follows

$e2) = yx(©) + 30 | U0 F)ds = 3x0) + 20 [ U0 fls)as
We show by induction that
yels) = 30) + 0 [ U)S ().
We have

2(t + nw) = U(t)x(nw) + f ; C(t, 5) f (s)ds,

since in both members there are solutions of the system ‘and these
coincide for ¢ = 0. It follows that

s+ o] = Uw) [stne) + [ U0)f(c)ee]:
hence
yerlln + ] = yx(ne) + 3y U9 f(e)ds

= yos(na) + (2 + Lo | U(0)f(s)as

From the way in which y, was chosen, it follows that

| ‘: U-1(s) f(s)ds +# 0.

From the formula
yox(n) = yp(0) + nyo [ UXs) f(s)ds
0

we deduce that the solution x(¢) cannot be bounded, since the numeric
sequence ygx(nw) would then be bounded. The theorem is proved.

3.2. Almost-Periodic Solutions of Linear Systems

The theorems proved until now had a strong algebraic character.
We shall now state a theorem weaker than Theorem 3.1, by using a
Lyapunov function; the interest of this theorem lays in the fact that it
can be extended in the case of almost-periodic systems.
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Let us now begin by the following simple remark: If a periodic system

£=f®), [t + wx) = ()

admits a bounded solution xy(t) such that
lim [s(t + @) — %()] = 0,

then it admits a periodic solution.

Indeed, the sequence x,, = xy(nw) is bounded; hence from it a sequence
%,, can be extracted which converges to a pointx*. It follows from the
hypothesis that for any =

lim [ixg((n + 1)) — xofrme)] = O;

thus _
i S = .
From
fim s, = 5
we obtain
lim x(t; x,,) = x(t; ™)
k-00
and from
I Sz = X
we obtain
lim x(t; x,,,,) = x(t; 2%).
However,

w15 Xy, 41) = % %o[(my + Dw]) = x4t + (mx + 1)w)
= X5{t + o + mw) = x(t + w; 2y(mw)) = 2{t + w; x,,).
We have
lim x(t; %,,11) = Hm x(2 4 w; %,,) = *(t + o; x*);
hence
x(t; x*) = x(t 4 w; x*)

and the solution which takes the value x* for + = 0 is periodic.
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Let us now consider system (1) and assume that the trivial solution of
system (2) is asymptotically stable. Let x,(t) be any solution of system
(1); since x4(t + w) is likewise a solution of system (1), it follows that
%o(t + @) — x(t) is a solution of system (2); hence

Ilcl_g_} [%o(t + @) — x¢(2)] = 0.

Consequently, in order to deduce that system (1) admits a periodic
solution, it is sufficient to show that the trivial solution of system (2)
is asymptotically stable and that system (1) admits a bounded solution.
We will, however, show that, even in more general conditions, if the
trivial solution of system (2) is uniformly asymptotically stable, then
system (1) admits a bounded solution.

Lemma. Consider system (1), where A(t) and f(t) are assumed to be
bounded for t > 0. If the trivial solution of system (2) is uniformly
asymptotically stable, then all the solutions of the system are bounded for
t >0.

Proof. According to Theorem 1.6” there exists a quadratic form

(V(t)x, x) with the following properties:

plx 2 < (V(t)x, x) < Mix |2, (%/ x, x) + 2V, A(t)x) = —| x [2.

By means of the same computations as in the proof of Theorem 1.7, we
deduce

5t 10, %) [+ 2V()s(t 1o, %), (D),

where x(2; t,, x,) is the general solution of system (1) and

V*(t) = (V(t)x(t; to ’ x0)7 x(t; tO ’ xo))
If
L = sup |f(2) |

=0
we deduce

dar* 2
I < —|x(t; 8y, x9) |2+ 2ML| x(2; 1y, %) |

Let us consider now any solution with | x, | << 2LM. It follows that

V(1) = (V(to)%o » %o) < M| %, |2 < 4AL2M.
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We prove that for every ¢t > 0 we have
V*(t) < 4L2MS.
If the assertion were not true, there would exist a t;, > ¢, such that
VHt) = 4L*M®  and  VX(t) < 4AL2M®
for ty < t < t;. But then

dv*
dt iy =

On the other hand,

ALM® = V(1) < M x(ty 5 to, %) [%
hence

[ x(t, ;5 2, x0) |2 > 4L2M?, | %(ty; 8o, %) | > 2LM.
We have

av*
ar ey,

<ty 580, %) QLM — { x(ty 52, %) |) <O,

which contradicts the inequality found above. The existence of ¢, is
contradictory; hence

VX(t) < 4L2M®
for every t > t,. Thus
plx(t; 1y, xo) |2 << V() < 4LEM3,

which proves that the solutions with | x,| << 2ML are bounded for
t>t, and that | x(¢;¢,, xo) | << KL. Because of uniform asymptotic
stability it follows that all the solutions are bounded, and the lemma is
proved.

According to this lemma and to the preliminary considerations which
we have made, it follows that if the trivial solution of system (2) is
asymptotically stable, then system (1) admits a unique periodic solution,
asymptotically stable.

Theorem 3.4. Consider system (1) with A(t) and f(t) almost periodic.
If the trivial solution of system (2) is uniformly asymptotically stable, then
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system (1) admits a unique, almost-periodic solution, uniformly asymptotically
stable, which verifies an estimate of the form

[x(t) | < Ksup [f()].

Proof. It follows from the preceding lemma that there exists a bounded
solution u(t). From

u(t) = A()u(t) + f(2),
u(t +7) = At + 7t + ) +ft +7)
we obtain
u(t + 1) —a(t) = A@)[u(t + 7) — u(t)]
+ 4@ + ) — A@BJu(t + 7 + f(t + 1) — f(2).

Let M, =sup |u(t)| + 1, = an (¢/2M,K)-almost period for A
and f; K is the constant, depending only on system (2), whose
existence followed from the lemma.

Let y(t) be the solution of system (2) with

¥(0) = u(r) —u(0),  o(t) = u(t + ) —u(t) — ¥(2).
We have 2(0) = 0 and’
o) = a(t + 7) —a(t) — 3(t) = A(B)[ult + 7) — u(?)]
+ [A(t + 1) — A@®)]ul(t + ) + f(t + 7) — f(t) — At)y(t)
= A(tyo(t) + [A(t + 1) — AD))u(t + 7) + f(t + 7) — f(D).

According to the lemma, we will have

l2(t)] < Ksup] [A(z + 7) — A@)]u(t + ) + f(t +7) —f(?)]
< K(sup| A(t + ) — A(t)] sup| u(t + 7)| + sup| f(t + ) — f(2)])

€ €

€ €
<K(2M1K sup| u(t + 7| + 2M1K):K2—K_§'

Consequently, | u(t + 7) — u(t) — y(t) | < ¢/2 fort > 0.
Since the trivial solution of system (2) is uniformly asymptotically
stable, we have

Iy() < Bet (0) | < 2M,Be~.
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There exists T > 0 such that if # > 7 we have

€

t = .
Ly <3
Then, for t > T, we will have
a4 7) — )] <5+ 5=
2 2 == €.

It follows that for given e > 0 there exist quantities /() and T(e) such
that in every interval of length / there exists a number = with the property
that |u(t + 7) —u(t)| < efort > T.

This means, however, ‘that #() is an asymptotically almost-periodic
function. Then, on the strength of the fundamental Fréchet theorem
we have

u(t) = xot) + w(t),
where #x,(t) is almost periodic and
;g =0
We have
£o(t) + o(t) = A@)(t) + Al)alt) + 10).

But A(i)w(t) has the limit zero and A(#)x,(2) + f(2) is almost periodic;
on the basis of the fundamental Fréchet theorem of decomposition,
it follows that

xo(t) = A(t)xo(t) + f(2);
hence x,(#) is an almost-periodic solution of system (1). From
| u(t)] < Ksup|f|

we obtain
b)) < ML + | aft)).

Let € > 0; from
lim w(t) = 0
it follows that there exists a T > 0 such that for # > T we have

€

| () < 3



236 3. THEORY OF OSCILLATIONS

It follows that

lx(t)] < ML + 3,

for t > T. Let now t be arbitrary; there exists an ¢/2-almost period
such that 2 4+ 7 > T. Then | (¢ + 7) | < ML + (¢/2) and

%ot +7) — xo(0)] < 53
hence
[xo(t)] < ML +e.

Since € > O was arbitrary, it follows that
| xo(2)] < ML.

The theorem is thus completely proved.

3.3. Quasi-Linear Systems

Passing now to the study of nonlinear systems, we shall first consider
the simplest case of quasi-linear systems of the form

dx
o = A + £, 1) 4
where A(2) 1s a periodic matrix and f(x, ) is periodic with respect to ¢
with the same period w as A(t).
We will suppose that the linear system
dx
a—t = A(t)x
does not admit any periodic solutions of period w other than the trivial
solution. In this case we have seen that there exists a matrix G(z, s)
such that the unique periodic solution of the nonhomogeneous system
dx

= At +g(t)

may be written in the form

x(t) = | : G(t, $)g(s)ds.
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We form the nonlinear integral equation

x(t) = f : G(t, 5) f[x(s), s]ds. (5)

Any continuous solution of this equation represents a periodic solution
of the system, since if we take into account the expression of the matrix
G(t, s), the integral equation becomes

(1) = UOLE — U@ [ Clo, 9/ [+(s), s

+ f : C(t, s) f[x(s), sds
and thus

d—’;(ti) = AQ)UR)[E — U(w)]™ f : C(w, 5) fx(s), s]ds + fx(t), t]

12
+ f A@)C(2, 5) fx(s), slds = A(2)x(t) + f[x(2), 1].
0
Conversely, if x,(t) is a -periodic solution of system (4), it may be
considered as a solution of the linear system

B A+ 0]

and this periodic solution is unique and is represented by the formula

wolt) = [ 61,9 Txole), s

hence x,(¢) is a solution of the integral equation (5).

It follows that the problem of finding the periodic solutions of the
system of differential equations considered is equivalent to the finding
of the solutions of a nonlinear integral equation. To prove the existence
of the solution of this equation we shall use a fixed-point method.

Consider the Banach space of the vector functions, continuous and
periodic, of period w, with the norm

[ 2(2) || = max | x(t) |.

Define in this space the operator

o) = | : G(t, ) flx(s), s]ds
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which maps this space in itself. Indeed, from what precedes, we already
know that £[x(#)] is the periodic solution of the linear system

idyz = A(ty + flx(t), 1],

and hence is a continuous and periodic function of period w.
The integral equation may be written

x(t) = Qx(t)].

Hence its solutions are those points of the space which are transformed
in themselves by the operator £2, which is to say'they are the fixed points of
operator 2. Thus the problem of proving the existence of periodic
solutions for the considered system of differential equations is reduced
to that of proving the existence of the fixed points of operator 2. The
simplest fixed-point theorem is provided by the so-called eontraction
principle, which holds in every complete metric space. Namely, if an
operator maps a sphere of the space in itself and in addition contracts
all distances, then the operator admits a fixed point and this fixed point
is unique. The condition of the contraction of distances is written

pl8Ax), Q)] < pe(x,y) (0 <p <1).

The contraction principle represents, as it is known, an abstract form
of the method of successive approximations.
Let us suppose that for all x, and x, we have the relation

S, —fx2, 0 <BO I =), [ B <
(g <1,M=_sup |G(t5s)]).

We have

|20(0] — A0 = | [ Gt )T, 5] — [0, s
< [160 911 fls) 8] — flle) ] s
< 716,986 11s) — walolds

<M 5| [ Bl < M v —xall = gl m— )

hence 2 is a contraction.
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We deduce that 2 has a unique fixed point, and thus the system
considered admits a unique periodic solution.

The conditions imposed on the function f are very strong; it is required
that this function be Lipschitzian in the whole space, for example, that
its partial derivatives be bounded in the whole space. It is therefore
desirable to replace this condition by a local Lipschitz condition. For
this purpose let us put

f0,1) =g(t),  F(xt) = flx,t) — f0,2).
System (4) then takes the form

% = A(t)x + g(t) + F(x, t).

The integral equation equivalent to the system becomes
x(t) = [ G, e(s)ds + [ Glt, IFLs), sl
[} : [}

But f: G(t, s)g(s)ds represents the unique periodic solution of the
system
dx
& — Ay + g(0);
let us denote this solution by ¢(#). The integral equation (5) is thus
written

x(t) = () + | : G(t, $)F[(s), s)ds.

Let us suppose that there exists a number q with 0 < q < 1 such that
in the sphere ||x — ¢ || <L with L >q/(1 —q)|\¢ |, the function F
verifies the condition

P, ) = Fls, ) | <BO 1w =5, [ Ao <2

Then the operator Q maps the sphere|| x — ¢ || << Lintoitself andis in this
sphere a contraction; hence the system admits a unique periodic solution
in the sphere |x — ¢ | < L.
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Indeed, let x(#) be such that || x — ¢ || << L. We have

| 1x(0) — ()| = | [ Gt )FT(e), s

<M | Flx(s), 5] 1ds

< M [ 85) ) ds < M) x| | Bo)ds < gl ]
—glx—¢ + 4l <dlx =l + a4l

<qL +qlé < gL + q—q—qL L;

hence |f(x) — ¢ || << L. The fact that £ is a contraction is seen as
above.

If we replace the contraction principle by a more powerful fixed-
point theorem, we may replace the condition that f be Lipschitzian by
other weaker conditions. Further on we shall use the Schauder theorem
under the following form: If the operator £2 maps a sphere of the Banach
space in itself and in addition is completely continuous (compact), then
£2 admits at least one fixed point. We recall that an operator is said to
be completely continuous if it maps any bounded set in a relative
compact set. In the Banach space of the continuous vectorial functions,
periodic of period w, the condition that a set be compact is given by
the theorem of Arzela;it is sufficient that this set be formed by uniformly
bounded and equicontinuous functions.

Let us show that the operator £ considered above is completely contin-
uous. If | x || < «, it follows that || £2(x) || = sup | _[‘" G(t, s)f [x(s), slds | <
MoL, where L = supg <y, icr0.0) | f(% 8)I; hence’the set of functions
{.Q(x)} is uniformly bounded. On the other hand, the functions x(z)
are in fact differentiable and we have

2 00 = A=) + FTx(0), ).
Hence

|2 26)0) | < ,smp | ML + L.

S
I<I<w

Therefore the derivatives of the functions £(x)(¢) are uniformly bounded,
which shows that these functions are equally continuous. The set
{Q(x)} will be relatively compact if || x || < «; hence the operator £ is
completely continuous. In order to deduce the existence of a fixed point
it remains to find the conditions which assure that there exists a sphere
which is mapped into itself by £
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Let | f(x, t) | < B(| x |); if there exist an o such that B(og)/oy < 1/ Muw,
then the operator 2 maps the sphere || x | < o, into itself.
Indeed, if || x || < oy, we obtain

g

Mo

flx(), )l < Blay) and Q@) < Mo(ag) < Mo

= Oy .

In particular, if there exist B and K such that in the whole space
| f(t, ) <Blx|+ K and B < 1/Mw, then B(«) = Bax + K, B(a)/a =
B + (K/a), lim,,,, B(a))a = B < 1/Mw and there exists an «, such that
Bloo)on < 1/ Mo,

It follows that if | f(t, x)] < B | x| + K and 8 <1/Mw, then system (4)
admits at least a periodic solution of period w.

We shall state now a result which allows certain applications
in the theory of nonlinear servomechanisms.

Theorem 3.5. Consider the system

B AW 2et) 1B, A >0,

Suppose A(t) and e(t) are periodic of period w; the linear system dx/dt =
A(t)x has no other periodic solutions of period w than the trivial solution;,
F(x, t) is periodic in t of period w; |F(x,t)| <L for all x and t; and
| Fx,, t) — F(xy, t)] << Blxy — %, | for all x,,x,, and t. Suppose in
addition that there exists an ry > O such that for | x, | =1y, | x5 | = 1o we
have

|Feou,t) = Flaeg, )] < Bl —ml B< = (M = supl Gt,9)):

Finally, suppose that there exists an v > 0 such that

1 — M

mes E = mes{t € [0, w], | ()| < n} < ——MBiB— ,

&(t) being the unique periodic solution of the system dx/dt = A(t)x + e(t).
Under these conditions, the system admits for A > Ay = (r, + MLw)/n
a unique periodic solution of period w.

Remark. The hypothesis | F(x, )] <CL is sufficient to allow us to
deduce, on the basis of the preceding considerations, the existence of
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the periodic solution for every A. Therefore the essential fact in the
theorem we are proving is the uniqueness of the periodic solution for
A > Ay . As far as the hypotheses are concerned, they differ from those
of the result based upon the contraction principle in that it is required
that the function F admit a small Lipschitz constant only for | x| > r,
and, in exchange, a supplementary condition is imposed on the solution
&(t). We stress the fact that in the conditions of the theorem, uniqueness
is obtained only for A > A,.

Proof. The periodic solutions of period w of the system verify the
integral equation

x(t) = Ag(t) + J-: G(z, s)F[x(s), s]ds.

Therefore, for all periodic solutions we have
| %(t) — Ab(t)| < LwM;
hence

| %)) = A $()] — LwM.

Forte [0, w] — E, = CE, it will follow that | x(¢)} = Ay — LoM > 7,
if A > 7, . If %, and «x, are two periodic solutions of period w, we have

(t) = 5t) = [ Gl HFuls) ) — Flols) J}ds
= | 6t ){Flnte), ) — Fls), shds

+ [ Gl )Fl(5), ] — Fls), sThds;

hence

| 2,(t) — x(2)} < MBi %, — %, || mes E, + «MBl| 2, — x, ],

since mes CE, < w, and on CE, we have | x,(2)] > 7y, | x(2)] > 1.
Thus

I % — %51} < M(B mes E, + wB)|j %, — %,]l.

From
1 — Mwf

mes E, < MB
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we obtain
MBmes E, + Mwf < 1.

The inequality obtained implies || ¥; — %, || = O; hence x; = x, .- The
theorem is thus proved.

Theorem 3.6. If to the conditions of the preceding theorem we add the
condition that the trivial solution of the system

dy
7 A(t)y

be uniformly asymptotically  stable, hence that | y(t; 1y, yo)| <
Ke—t=b) y, |, and in addition

sl ]
and
mes{t € [0, w], | $(t)| = 0} = 0,

then there exists a A, such that for X > A, the unique periodic solution is
uniformly asymptotically stable.

Proof. Let p > 0 arbitrary, 7 > (In K 4 BKu)/(a — KB); then
q = KeBKig-(«-KBT |,

Let N be the least natural number such that NV w > 7. Since the set of
points in which ¢(¢) is zero has measure zero, it follows that there exists
an 5 > 0 such that

mes{t € [y, t, + Now], | ()] < 7} < p.
Indeed, the function ¢(¢) being periodic, we have for every t; >0,

mes{t € [t,, t, + Now], |$(2)| = 0} = 0.
But

(€ Tty o+ Nk, | 8()] = 0} = (V{t € [to. 1 + Nas), | 4] < 73

=0

where 7; is a monotone-decreasing sequence convergent to zero. It
follows that

lgrg mes{t € [t,, t, + Now], | $(2)] < n,} = 0;
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hence there exists an 5 > 0 such that
mes{t € [ty, t, + No], | $(t)] < 1} < p,

1 depending only on g and not on ¢, (since the measure of the translate
of a set is the same as that of the given set, and {t € [¢,, ¢, + No],
| #(f)] < n;} is the translate with #, of the set {t € [0, Nw], | $(¢)| < 7;}
due to the periodicity of the function ¢).

For 7 thus found we take

2ry + LMo
——~———T) .

Do =
Put
Ft={selty, 1}, 16()] <.

For 0 < t, <t <ty + Nw we have mes F] < u. Let x(#) be the
unique periodic solution of the system, which exists for A > A; according
to the preceding theorem. From the relation

xalt) = M(t) + [ Glt, 5)Fx(s), s
we obtain
[l xo(2) — Ad(2)|| < LMw,
hence

| %(t) = Al $(8)] — LMw.

From this we deduce that for se[t,, t] — F. = CF! we will have
| %o(s)| = Ap — LMw = 2r,. Let x(f) be a solution of the system and

Yo = x(ty) — x(to), Y(t) = x(t) — x((t).
We have
DO aw0) 4 P 4+ ), 1] — Fl(o) 1]
It follows that

HO) = s tyo+ [ COHFDHE) + 36 5] - Pl s
— Clt,toy + [, €t FI3) + xu(s), ] — Flols), s

+ [ CONFIYE) + 56), 51 — Flols), sl
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Let

K* - e(m—KB)T, U’o | K* i

Since K* > 1 there exists an interval beyond ¢, for which | y(s)| < 7,;
we have

[ ¥(s) + xo()] = [ xo($)] — | ¥(5)]-

Hence for the values of s for which | y(s)] < r, and which belong to
CF! we will have

| y(s) + xo(s)| = 21y — 1y =7,

It follows that for 0 <t, < t <ty + 7 < 13 + Nw we will have

9O < Kert=0l 30| 4+ BK [ | 0] 3(9)lds

KB [ ety ds

if for #, <s << ¢ we have | y(s)| <7,.
Putting

ut) = | y(t)le,

the inequality may be written
u(t) << Kextol | + f BKu(s)ds + f BKu(s)ds.
Fi CFf

Consider the measurable function

BK  for seF),
k() = §BK for s CF!.

The preceding inequality becomes
¢
u(t) < Kevh| yy | f k(s)u(s)ds.
o

From this we deduce

u(t) < Keho| y, lexp UZ k(s)ds] = Keh| y, lexp UFt BK ds] exp U BK ds]

CFY

< Kevto| y, [eBK1ePK(t=tg)
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Hence
EOR P

whence
[ y(2)] < Ke*®4 3o | = gK*| yo | < gro

for every t, <<t <<t, + 7. This shows that the inequality | y(¢)] <7,
is maintained in the whole interval #; <{¢ << ¢, + 7. Hence in this
interval we have

|y(t)| (IK*\y le (a—KB) (1—tg)
In particular,

| ¥(ty + )| < gK*| yo le=@ K7 = g| y, |.

Since the constant ¢ does not depend on £,, we can take 7, 4 = as
an initial moment and we deduce that

[ y(t +27)] < fIl Yo + ) < @yl
By induction we obtain

Ly(ty +n7)| < g" y, |-

Now let £ > 0. There exists an z such that

Tt —ty < (n+ 7.

Hence
| y(t)} < gK*| y(ty + nr)| < gK*q" 3o |-
From
t— 1
we obtain
gl < gt I = exp (’ — b, q)’
T
Taking a* = —In ¢/r we deduce

ly(t)] < K*e—a*(t—t0)| Yo I,

which shows that the solution x(#) is exponentially stable, and the
theorem is thus proved.
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Let us observe that if

Az ot IMe L
n

the asymptotic stability will be assured if

m— Dr
|yo|<(.7’)“(l;

hence the domain of attraction can be arbitrarily large on the condition
that A be sufficiently large.

Applications. 1. Consider the system

M()[2e(t) + Cs + Dx] for |Xe(t) + Cx + Dx |
# 4 Ax + Bx = {M(@®)[2Ae(t) + Ci + Dx]
| Ae(t) + Cx + Dx |

<1,
for |Ae(t) +Ca+ Dx| =1,

where 4, B, C, D are constant quadratic matrices, of order n, M() is a
quadratic matrix of order n, periodic of period w, with a continuous
derivative, A > 0.

Suppose the following conditions verified:

(a) The matrices C and D commute with 4 and B.

(b) The real parts of the roots of equations
det(2E + AX + B) =0,  det(C-1D + EA) =0

are negative; E is, as usual, the unit matrix.
(c) e(2) is periodic, of period w; it admits a continuous derivative of
the second order and

mes{t € [0, ], | e(t)] = 0} = 0.

Then there exists a A, such that for A > A, the system admits a unique
periodic solution and this solution is asymptotically stable; its domain
of attraction increases with A and tends to infinity when A — co.

Proof. Let
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Consider the auxiliary system
& = —C1Dx + C-ly — AC-1e(t),
¥y = —Ay + 2+ CM()g(y) + NEt) + Ae(?)),
& — —By + DM(t)e(y) + ABe(z).

This system verifies all the conditions of the preceding theorem. The
corresponding linear system is

x = —C-1Dx 4 C™y, = —Ay + =z, & = —By.
Its matrix is

0 —A EY;

(—c—lb c 0)
.0 ~B 0

the eigenvalues of this matrix will be those of the matrix
—A E
( —B 0)

and those of the matrix —C~1D.,
Since the roots of the equation

det(C-1D + AE) = 0

have negative real parts, the matrix —C-1D is Hurwitzian. The equation

—A —\E E
det (7 g =0
can also be written
_A—)\E E
det (—B — AN — XE 0) =0

hence det (A2E + A4 + B) = 0. Thus, according to the hypotheses,

the matrix
(Z2 o

is likewise Hurwitzian. It follows that the trivial solution of the linear
system of first approximation is asymptotically stable.
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Consider now the linear nonhomogeneous system
%= —CDx 4+ Cly — Cle(2),
y = —Ay + = + (&2) + Ae(t)),
% = —By + Be(t).

This system admits a periodic solution x = 0, y = e(t), 2 = 0. Owing
to the properties of the homogeneous system, this periodic solution is
unique; according to the hypothesis made with respect to the function
e(t), the periodic solution verifies the condition of the preceding theorem.
It remains, therefore, to verify the properties of the nonlinear terms.
The first group of equations does not contain such terms. The terms
from the last two groups are of the form CM(t)g(y) and DM(t)g(y).
Since | g(u)| < 1, the boundedness condition is verified.
Further, if [, | <1, |4, | < 1, we have

| g(uy) — glug)l = |y —uy |

1< uy| <uy,letug = ([ |/l u, |u,; then

u, uz‘ 1 ‘ | uy | 1
u,) — o(u,)| = — = u, — . | = —
| 8() — g(oa)] fog | l g | [ 2y | ! |”2‘u‘ |u1{|ul |
1

L — Uy —uy | .
\|u1'|1 2!

If |u,] <1 <<|uyl|, then

u, — 2 '<}u1—~u2.
| 2, |

| g(ur) — glup)l =
It follows that for all u, and u, we have
| g(uy) — glup)l < |y —up |5
hence g is Lipschitzian. If | u, | > |4, | > 7r,, we have
1 1
lg(uy) —glwe)l < —— g —uy | < — |y —up |5
| | 7o

hence if 7, is sufficiently large, the Lipschitz constant in region r > 7,
may be taken arbitrarily small. We deduce that all the conditions of the
preceding theorem are fulfilled and hence for A > A, there exists a
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unique periodic solution of the system and this solution is exponentially
stable. The system initially given may be written

x=y, y=—Bx—Ay+oexyi),
where

M(2)[Ae(t) + Cy + Dx] for |Ae(t) + Cy + Dx| < 1,
¢(x, 3, 1) = { M(t)[Ae(t) 4 Cy + Dx]
| Ae(t) + Cy + Dx | for [Ae(t) +-Cy + Dx| = 1.

It is obvious that ¢ is bounded and since the matrix of the linear system
x =y, y = —Bx — Ay

is Hurwitzian, it follows that the given system admits a periodic solution
of period w. In order to deduce the uniqueness and stability of this
solution we will show that every solution of the given system verifies
the auxiliary system. Since the periodic solution of the auxiliary system
is unique, the periodic solution of the given system, which exists, will be
unique. From the asymptotic stability of the periodic solution of the
auxiliary system will also follow the asymptotic stability of the periodic
solution for the given system.
Let x(t) be any solution of the given equation. Put

y(t) = Ae(t) + Cx(t) + Dx(t).
We have
% + A% + Bx = M(t)g(¥(t)).

For | u| # 1, the function g(u) is differentiable; hence for the values ¢
for which | y(¢)] # 1 we have

0, .
F+ Ai + Bx = M(t)%y‘ + Mg(y).

We deduce

¥ + Ay + By = M + C& + D& + A(Xé 4 C# 4 Di) + B(de + C + Dx)
— MNé + Aé + Be) + C(& + A% + B%) 4 D(& + Ax + Bx)

= Mé + Aé + Be) + C(M(t)%y' + Mg(y)) + DMg(y).
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Let us put
2(t) = 3(t) + Ay(t) — CM(t)g(¥(1)) — ME(t) + Ae(2)).
We obtain

() = §(t) + Ay(1) — CM(2)g(y(t) — CM(2) g—iy'(t) — Mé(t) + A€t))
= —By(t) + Mé(t) + Aét) + Be(t)) + CM(2) %y(t) + CM(1)g(»(1))

+ DM(t)g(y(t)) — CM(t)g(v(t)) — ME(t) + Aé(t)) — CM(t)S—iJ’(t)-

Hence
#(t) = —By(t) + ABe(t) + DM(1)g(y(t).

We have showed that if x(¢) is any solution of the given system, the
functions x(2), y(f) = Ae(t) + Cx(t) + Dx(t), 2(t) = y(t) + Ay(t) —
CM(t)g(y)t)) — Mé(t) + Ae(t)) form a solution of the auxiliary system.
With this, the proof is completely carried out.

2. Consider the system
&= A(t)x o+ 2, K () f(0) + Melt),
im1

where A(?) is a quadratic matrix, continuous and periodic of period w,
ki(t) are vector functions, continuous and periodic of period w, and
f(u) is a scalar function of a real variable defined by

(1 for |u| =1,
flw) = u for |u| <1,

and o, = (Bi(), x) + M;(¢), where the Bi(f) are periodic vectors, of
period w, with continuous first derivatives, the 7, are scalar functions,
periodic of period w, with continuous first derivatives, and e(z) is periodic
of period w, with a continuous derivative.

Suppose the following conditions:

.(a) There exists a determinant of order m of the matrix of vectors
B*(t) which is different from zero for all 2.

(b) The system & = A(t)x is such that the trivial solution is uniformly
asymptotically stable.

(c) If ¢,(f) are the components of the unique periodic solution of
period w of system dx/dt = A(t)x + e(t), we have for i = 1, 2, ..., m,

mes f1 ¢ [0, ), [ 0) + 2, Bi)] = 0] = 0.
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In these conditions there exists Ay > 0 such that for A >> A, the given
system admits a unique periodic solution of period w and this solution
is exponentially stable.

Proof. Suppose that the determinant formed by the first m rows and m
columns of the matrix of vectors Bi(f) is different from zero. Consider
the nonsingular matrix

(Bi(t) Bat)  Bu(t)  Bmalt)  Ba(6)™N

B(t)  BHY) B Bha() - BE)
BO=1 gy gy~ gy Bra® - Bre) |
0 0 = 0 1 = 0
\_ 0 0 0 0 .
the vector
771.(t)
2ty = § 2.0 |,
0
0

and the linear transformation y = B(t)x + Ay(¢). We have
Y1 =0y, Y2 = 025 s Vm = Om Ymi1 = ®my1s s Yn = Xn»

9 = Bx + Bi + My = BBY(y — M) + B(4x + Ekif(oi) + de) + M

= BBly — ABB 'y + BAB-y — M) +ABe + Xj + 2, Bkf(o,)
= (BAB-' + BB-1)y + ABe(t) + Mij(t) — A(BB~1 + BAB)y(t)

+ B3 K00,

This system fulfills all the conditions of Theorem 3.6. Indeed, the linear
system

dz _ (BAB! + BB)z

dr

is obtained from dx/dt = A(t)x through the transformation z = B(#)x
and has the trivial solution uniformly asymptotically stable.
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The linear nonhomogeneous system
9 = (BAB* + BB \)y + Be(t) + 4(t) — (BAB™* + BB-")(t)

admits the periodic solution 7(z) 4 B¢(t) and, according to the hypoth-
esis, this solution is zero on a set of measure zero. The nonlinear terms
are given by B X kf(y,) and it is obvious that they are bounded,
Lipschitzian, and that if |y, | > | for { = 1, 2, ..., m, the Lipschitzian
constant is zero. It follows that the system in y admits a unique periodic
solution, asymptotically stable.

If y(¢) is this solution, then

X(t) = BHt)[y(t) — An(t)]

is the periodic solution of the given system and we immediately see that
it is likewise unique and asymptotically stable.

3.4. Systems Containing a Small Parameter

A very important method from the practical viewpoint in the study of
nonlinear systems is the so-called method of the small parameter. Nonlinear
elements very often occur in equations multiplied by a small parameter.
This gives rise to the idea that they can be neglected and that we can
study only the equations which are obtained for the zero value of the
parameter. This must, however, be justified, and the theory precisely
states the cases when it is permitted, indicating at the same time the new
phenomena which appear from the consideration of nonlinear terms.

Consider a system of the form

dx
i Xolx, t) + eXy(x, t, €), (6)
where X, and X, are periodic with respect to ¢ of period w and verify

the usual regularity conditions (we will assume that they admit
continuous partial derivatives). For € = 0 we obtain the system

dx
o~ X 1) ™)

which we will call the generating system. We suppose that the generating
system admits a periodic solution x(¢); we will call this solution the
generating solution. The problem consists in stating some conditions
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which assure that there exists an ¢y > 0 such thatif | € | < ¢, system (6)
admits a periodic solution x(#, €) with the property that

1ir51 x(t, €) = x,(2),

hence a solution for which x,(#) represents a good approximation for
| € | sufficiently small.

Let x(¢, p, €) be the solution of system (6) with x(0, p, ¢) = p. The
condition that this solution be periodic is x{w, p, €) = x(0, p, €), 1.e.
*(w, p, ) — p = 0. Observe that x(z, p, 0) = x,(Z, p), where x,(Z, p) is
the solution of system (7) with x4(0, p) = p. Let f(p, €) = x(w, p, €) — p.

We find that equation f(p, €) = 0 is verified by the point (p,, 0),
where p, = x,(0), since the generating system admits the periodic
solution x(¢). From the implicit function theorem it follows that if
det(ef/ép) #~ O in point (p,, 0), then there exists an ¢, > 0 such that
for | € | <C ¢, there exists a quantity p(e) continuous, with p(0) = 0 and
fple), €] = 0. The solution x(2, p(¢), €) of the system will be the desired
periodic solution x(, €).

It remains thus to find the significance of the condition det(éf/dp) # O
in the point (p,, 0). Observe that &f/op = (9/op)x(w, p, €) — E,
E being the unit matrix. It follows from here that det(df/dp) = 0 in
the point (p,,0) is equivalent to the requirement that the matrix
(6/op)x(w, p, €) for € = 0, p == p, does not admit the eigenvalue 1.
Further, (0/0p)x(w, p, €)fore = 0, p = p, coincides with (8/dp)x(w, p, 0)
for p = p,; therefore with (8/Gp)x(t, p, 0) for t = w, p = p,; that is,
(8/2p) %y (t,p) for t = w, p= po.

It follows from this that the existence of the periodic solution for
| € | < ¢, depends only on the generating system (7). From

%_(t’_P) = Xo[x(t, p), 1]

dt
we obtain
o oxy(t,p) @ 0 2 .
51_) T - 8_P Xo[xo(tv P), t] - aXO[xO(t’P)’ t] 3[) xo(tv P)v
hence

d ¢ J . 0
Ea{—)xo(typ) = ECXO[xO(t) P)» t] a“pxo(t’P)'

It follows that the matrix (8/8p)xy(t, p,) is a matrix of solutions of the

system P 5
u
5 = 5 Xolxol0), 1] ®)

(the variational system corresponding to the generating solution).
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Since x4(0, p) = p, it follows that (9/9p)x(t, p) for t = 0 is just E;
hence (8/0p)xy(2, p,) is a fundamental matrix of solutions of the variational
system. Since x,(2) is periodic of period w, the matrix (8/0x)X[x(2), t]
is periodic of period w. The matrix (8/0p)xy(t, p) for p = py,t = w
is just the monodromy matrix of the linear system (8). The condition
that this matrix does not have the eigenvalue 1 is equivalent with the
request that the variational system does not have a periodic solution of
period w. Thus we have obtained

Theorem 3.7. If the variational system corresponding to the generating
solution has no other periodic solution of period w than the trivial solution,
then there exists an €, > 0 such that for | €| < ¢, system (6) admits a
unique periodic solution x(t, €) with the property

lil'f)l x(t, €) = xy(t),

and this solution depends continuously on e.

An important particular case is the one in which the generating

system is linear, hence the case of systems of the form

dx ’
i A(t)x -+ P(2) + eX(x,t, €).
System (8) coincides in this case with du/dt = A(t)u, and the theorem
shows that if the generating solution represents a forced oscillation in
the case of nonresonance, then for | € | sufficiently small the nonlinear
system admits a unique periodic solution whose first approximation is
the generating solution.

Consider now the case where the variational system (8) has periodic
solutions of period w; then the adjoint system of system (8) has the same
number of linearly independent periodic solutions of period w. Denote
by W(#) the matrix whose rows are these solutions.

Suppose that system (6) admits a periodic solution x(#, €¢) such that

lim (2, €) = w(t)-
Let
y(t, €) = x(t, €) — x(2).

We deduce that

d

d-ty(t, €) = Xy[x(t, €), t] + eX,[x(t, €), t, €] — Xg[xo(t), £]

= 2 Xalirlt), (6, 9) + Vot ) 1] + eXalo(t, ) + w(t). 1],

where Y,(0, t) = 0.
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Since y(t, €) is periodic, it follows from here that the system
du a
= = 7z Xolxo(t), Je + Yo[y(t, €), 8] + eXy[y(t, €) + xo(1), 1, €]
admits a periodic solution. On the basis of Theorem 3.2 we obtain
[ WOFls, 0,9 + eXilp(s, )+ 56) . s = 0.
From here it follows that
| : W(s) X, [x(5), 5, 0]ds = 0.
Indeed, if it were not so, we would have

] / " WX [xo(s), . 0]ds | = ¢ > .

From lim.,,¥(s, €) = 0 and from the continuity of function X, it
follows that there exists an ¢, > 0 such that for | e | < ¢, we have

\ | : WXL @) + 3(s), 5, s | > 5.

If X, is differentiable with respect to €, then x(, €) is differentiable
with respect to €; hence y(#, €} is differentiable with respect to ¢ and
[9(t, €)] <L|e| for t€[0, w]. From the differentiability of X(x,t)
with respect to x follows

L Yo[¥(s, €), sll = ofl (s, €)I) = o(e).

Thus we obtain

€ J.: W)X [y(s, €) + x4(s), 5, €lds | > —%e

and

= o(e),

’ f : W(s)Yol(s, €), s}ds

which is contradictory, since the two functions are equal.
We have thus proved the following
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Proposition. If system (8) admits periodic solutions of period w and
if system (6) admits a periodic solution x(t, €) such that lim_,q x(t, €) =
x(2), then

[ W) X, [x,(s), 5, 0]ds = 0,

W(t) being the matrix whose rows are the periodic solutions of the adjoint
system of system (8).

If the generating solution belongs to a family of periodic solutions
depending on a number of parameters, we are within the conditions of
the proposition, since the derivatives of the solutions with respect to
the parameters are periodic solutions of system (8).

The condition from the proposition allows us to find those values
of the parameters for which the corresponding solution is effectively
the first approximation of a periodic solution of system (6).

We will now prove the above proposition in a slightly different way;
this new proof will allow us to investigate further the case in which the
generating solution belongs to a family of solutions depending on a
number of parameters.

Let U(t) be the fundamental matrix of solutions of system (8) and
I; the initial vectors of the periodic solutions of the adjoint system of
system (8); we have [{U(w) — E} = 0. If p; are the initial vectors of
the periodic solutions of system (8), we have

[Uw) —Elp; =0 (j=n—Fk+1,..,n).

Now consider vectors I, ..., 1, , and p,, ..., p,_, such that the
systems of vectors /; and p; (i = 1, ..., n). be linearly independent.
Let S be the matrix whose rows are /;, and T the matrix whose columns
are p;. We have

40
S[U(w) — EIT = (0 0).
If system (8) admits exactly k linearly independent periodic solutions,
then the matrix U(w) — E has the rank n — k; hence det 4 = 0.

The condition that the solution x(t, p, €) of system (6) be periodic is
x(w, p, €) — p = 0. We may write

2 0
%(r—powe

+o(lel +1p—pol)

2w, p, €) = x(w, py, 0) + %ﬁ%w
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Since x(w, p, , 0) = p, , the periodicity condition is

Ox(w, po, 0)

8x(w, pO ) 0)
ap €T o

— Ei(p — po) + +o(le| +1p —po!) =0.

But we have seen that that

Ox(w, Py, 0)

7 = U(w);

hence the periodicity condition is

8x(w, Po> O)

[Uw) — E)p — po) + e 2L

+ofel +1p —pal) = 0.

Let us calculate dx(w, p, , 0)/de. We have

d o

o d 0 3
Eax(t, p,€) = —a—e—‘ﬁx(t,p, €) = — X, [x(t, p, €), t] + geXl[x(t, pi€) t, €]

ES
2

0X, t,p,€),t

_ __‘)_[i(_a;f.’ﬂ 2 x(t,p,€) + X[t pr ) 1]
9 x :

4 € % x(2, p, €), t, €].

From this, for e = 0, p = p,, we obtain

4 0x(1,00,0) _ 9Xo(%2), 1) 9x(2, po, 0)
dt Oe B ox Oe

+ Xa[xg(t), £, OF;

hence dx(Z, p, , 0)/0¢ verifies the system

f_z_ _ 3X0[x0(t),i]

7 o 2z + Xq[xo(t), 2, 0]

and the initial condition 2(0) = 0, since x(0, p, ¢) = p and
0
5; x(O, p, €) =0.

It follows from this, on the basis of the variation-of-constants formula,
that

ox(t, py,0) o }
P2 U f U ()X [%o(s), 5, O]ds;
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hence
ox(w, pg 0) _

£ Ute) | : U-1() X[ %4(5), 5, O)ds.

Since the vectors [; are linearly independent, the periodicity condition
may be written under the equivalent form

+o(lel +[p—p ) =0
(=1,.,n—k),

LU — B)p — po) + of, 222 20:0)

2x(w, Py, 0)
Oe

L{U(w) — E)(p — po) + €l; +o(le|l +-1p—pol) =0

G=n—Fk+1,..,n).
But /,[U(w) — E] = 0; hence the second group of equations is

ax(w’ PO ) 0)

o, X2 LD 4 o] 41 p — pol) = 0.

We seek the solution p(e) in the form
n—k

(&) = po + € 2 Bl)pi
i=1

The system of equations becomes

Ix(w, Po , 0)

€ 2,L{U(w) — Elpy(e) + el +ollel +1p—pl) =0,

(i=1,.,n—k),
ox(w, Py, 0 .
@ 2L ey ip—p) =0 G=n—k ),

But | p — po | = O(e) and the equations are

9x(w’afo D L 01ehy =0 (G=1,.,n—F),

2, {Uw) — Elp; +1;

0x(w, Py, 0 .
lj—(w—ago——)—i—O(]el):O j=m—k+1,.,n). (9)
In order that this system admits solutions it is necessary in the first
place that

6x(w po s 0)

7 ER =0 (]:n—k+1,...,ﬂ),
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which leads to

LU@) [ U)X, 5, O)ds = 03
hence
ﬂgwwmqwqgmazo
or

KW@&m@mma:a

In addition, it is necessary that the system

3 UU@) — Elpf, + 1,22 200 g
7
has solutions. Since the matrix of this system is just 4 and det 4 # 0,
the system always has solutions.
Suppose now that solution x,(t) belongs to a family of periodic
solutions, of period w, depending on k parameters; we denote this
family by x4(f, «). Then

%ﬁ’ia) =12 ..,k
will be linearly independent periodic solutions of system (8), if the k
parameters are independent.

Suppose that system (&) has no other independent periodic solutions,
hence that it has exactly k& independent periodic-solutions. Then we can
repeat the above reasoning starting from any solution x,(#, «) and we
obtain the necessary condition for the existence of a periodic solution
of period w, x(2, €, a), of system (6), such that

lirrol x(t, €, o) = x4(, @)
under the form
P@) = [ W)X [xofs, o), 5, 0)ds = .
0

Suppose that the equation P(a) = 0 admits a solution a = o, such
that 8P(a)/éa for o« = «, is nonsingular. We show that in this case
system (6) admits a periodic solution of period w, x(t, €), such that

lirg x(t, €) = x(2, o).
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The system of equations (9) is verified for ¢ = 0, o = «, by values
B = B, given by

S s 1D
j

The Jacobian of system (9) with respect to 8 and o for ¢ = 0, « = «,
B = B, is equal to

4 4, ( )
det ( 8P(a0)) — det 4 det —2
0 oo

and in our hypotheses it is not zero. From the implicit-function theorem
there exists an ¢, > 0 and functions a(e), 8(e) defined for |e| < ¢,
verifying system (9) and such that «(0) = oy, B(0) = B, .

Putting

PO = po(o(e) + € 2 BIpia(e]

the solution x(z, p(¢), €) will be periodic of period w and for e — 0 it
becomes

2o(t, Pol0)) = %o(2, %)
We have thus proved the following theorem:
Theorem 3.8. If system (7) admits a family of periodic solutions
xo(t, ) of period w, such that the corresponding variational system admits

for every a exactly k independent periodic solutions of period w, then for
every o, such that

P(oa) =0, de taP (%)

#0,
where
Pa) = | W)X, [xls, ), 5, 01ds,
0
there exists a periodic solution x(t, €) of system (6), of period w, such that
lim, o x(t, €) = xo(2, ).

Applications. 1. An important particular case is that of the equation

%+ nix +f(t) = F(4, x, %, €),
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where f and F are periodic with respect to t of period 27. Here
the variational system is & + n%x = 0 and has solutions periodic of
period 2m/n, hence also of period 2. The function f(¢) is supposed such
that the generating equation & + n%x + f(t) = 0 has a periodic solution
of period 27. Then the solutions of the generating system are periodic
of period 27 and form a family with two parameters,
xy = @(t) + My cos nt + Ngsin nt.
We have
1. — 1 .
—=cosnt —=sinnt \V/'n cos nt — —=8In nt
n n n
U(t) = , U@ =

- . - — . 1
—\/n sin nt \/n cos nt \/n sin nt —=COSs nt
n

0
Xilxo(s, a),5, 0 = (),
F = FJ[s, ¢(s) + M, cos ns + Ny sin ns, ¢(s) — Myn sin ns 4 Ngn cos ns, 0].

The equations which determine M, and N, are

27
f ——1= sin nsF[s, xy(s), %o(s), 0]ds = 0,
o Vn

27
f ——1: cos nsF[s, xy(s), &y(s), 0]ds = 0;
o Vn

hence

P(My, Ny) = f:"F[s, @(s) + My cos ns + Ny sin ns, p(s) — Myn sin ns
+ Ngn cos ns, 0] sinns ds = 0,

0(My, Ny) = | Z"F[s, o(s) + M, cos ns + N, sin ns, ¢(s) — Myn sin ns
+ Ngn cos ns, 0] cos ns ds = 0,

_ap,Q)
oMo , No)

# 0.
2. Consider the equation

£+ —711—236 + f(t) = €F[t, x, %, €].
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The variational system has no other solutions of period 27 than the trivial
solution; hence for | € | sufficiently small there exists a unique periodic
solution of period 27. At the same time, all the solutions of the generating
system are periodic with period 2n7. The functions f and F having period
27 also have period 2nm. Hence in the neighborhood of the solutions
of the generating systems which verify relations from Theorem 3.8,
there may appear, for | € | sufficiently small, periodic solutions of period
2n7 which do not have period 27. These types of oscillations are called
subharmonic oscillations, and the phenomenon described above has been
called by Mandelstam and Papalexi, who discovered it in 1932, resonance
of the nth kind.

Before closing this section, let us make some remarks on the stability
of the periodic solution of system (6) in the simplest case. Suppose
that the trivial solution of system (8) is asymptotically stable; then,
obviously system (8) has no other periodic solutions than the trivial
one, and on the strength of Theorem 3.7 system (6) admits a unique
periodic solution x(, €) with

ljn(']l x(t, €) = x,(t).

Let us perform in system (6) the change of variables y = x — x(2, €).
We obtain

dy dx  dx(t,€)

dt  dt dt
= X[y + (2, €), 2] + eXq[y + x(t, €), t, €] — X [x(2, €), t] — eX;[2(2, €), 1, €]

:i&)ha(;ﬁy—{—o(‘yD‘{‘fﬂo%{),—t’i]y_{_o(ly')

_ 0X[x(2), t]y + [6X0[x(t, €),t]  0X[xo(2), t]] y

ox ox ox
X, [x(t, €), ¢,
DD oy,

For sufficiently small | € | and | y | we have

H@Xo[x(t, €), ]  0Xy[x0(2), 1]

. 0X,[x(t, €), t, €]
Ox ox

|y +e 208y 4oy 1) < By

with B however small; since by virtue of the hypothesis the trivial solution
of system (8) is asymptotically stable [system (8) being a linear system
with periodic coefficients, the solution is uniformly asymptotically
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stable, hence exponentially stable], it follows that we may apply the
fundamental theorem of stability of the first approximation and we
deduce that the trivial solution of the system in y is asymptotically stable.
We have thus stated the following

Proposition. If the trivial solution of the variational system (8) is
asymptotically stable, then for | e | sufficiently small system (6) admits a
unique periodic solution x(t, €) with the property that

lirrol x(t, €) = x4(t)

and this solution is asymptotically stable.

3.5. The Method of Averaging

In the following pages we shall present some particular cases of the
general method elaborated by N. M. Krylov and N. N. Bogoliubov,
known under the name method of averaging. This method is also applied
in the problem of almost-periodic solutions.

Suppose that the generating system (7) has all the solutions periodic
of period w. Let x4(¢, &) 'be the general solution of the generating system.
Perform the change of variables x = x4(¢, 2). We obtain

dx _ Ox(t, 2) .| Ox((t, 2) dz

dt ot oz dt
= Xolxg(t, 2), t] + X [xo(t, 2), t, €].

However,

'ax—oétt’—z_) _ XO[xO(t’ Z), t]’

and the fact that xy(¢, /) is the general solution of system (7) shows that
the matrix 0x(¢, 2)/0 = has an inverse; hence

% 1, 5, €), (10)

where

Z(t, 2, €) = [%’g;’i)]*lxl[xo(t, 2),t, €.
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Let
1 w
Zfz ) = — f R

and let {° be a solution of the equation Zy(z, 0) = 0. Perform the change
of variables x = {® + b.
We obtain the system

db
E == GB(t, b, E),

where B(t, b, €) = Z(¢, {* + b, €); hence B(¢, b, €) has the same regularity
properties as Z and is periodic in ¢ of period w. Let

By(b, ¢) = % f Bl b ot

We obviously have By(0, 0) = 0.

Let
B*(t,b,¢) = B(t, b, ) — By(b, );
we obtain
% Jw B*(t, b, )dt — 0.
0
Let

i 0
BX(t, b, ) = f | eNIBY(s, b, )ds = J e"B*(t — o, b, €)do

0

Il
Ms

(n+l)w
e~'ﬂ"le~ B*(t — o, b’ E)e~n(a—nw) dO'
0 nw

2
1l

— if’"’w Jw e SB¥(t — 5, b, €)ds
0

n=0

1

T 1 —em™

f e SB*(t — 5, b, €)ds.
0

Let

B**(a, b, €) = fo B*(£, b, )dE.
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We have

1 “
BXt,b,¢) = t_ﬁfo e SB*(t — 5, b, ¢)ds

_ 1 t—w . .
=T t e e B* (g, b, €)do
e—'r)t t e-nt t
—_— no Ik _— g, * %
=T ft‘we B*(o, b, €)do [ ft-w e"dB
e

Tl —em {e"B**(t, b, ¢) — eI B — ) b, 6)}

—~nt t
S L f ¢"B**(, b, €)do
t—w

1 —em

1 —e™

—ni 1
— B0, — w1 [ omB*H(o, b, e)do
t—w

= B8 ) — g [ e BTN — 5,8, s
- 1]

Since B*(t, b, €) has the mean value zero, it follows that B**(¢, b, ¢) is
periodic, hence bounded. Thus we obtain the evaluation

| BX(t,b, )l < M + Ml—”—f e ds — 2M.
Lt}

— e

Perform the change of variables b = & -+ ¢BX(t, h, ¢). We obtain

dh 0B}

OB* dh
&t e

b d eB = eB, + ¢B*,
By(h + eB;)" , €) == By(h, €) + O(e) = By(h, 0) + O(e) = Hh + B(h) + O(e),
where

8
H=2:By0,0), |B(h) <plhp.
From
1 g 1o 0 = Z (L% + &
Byb, ) — Zf,, B(t, b, e)dt — Zfo Z(t,0° 4+ b, e)dt = Zy(L0 + b, €)

it follows that

_ 9Z(0,0)

< oz
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Further, we have
BX(t,h + eB},¢) = B*(t, h,¢) + O(e)

and

By .. *
51 = B —7]31,.

It follows that

OB} dh
(E +e a_b*') % — el + eBy(h) + <B¥(t, b, €)
—eB*(t, h, €) + e"qB:)k(t, h, €) + €O(e).
We take y = ¢; from | B¥ | < 2M we obtain
nBX(t, by €) = O(e);

hence the system becomes

OB} ) dh

(E e ) 5 = eHh + eBy(h) + <O(e).

However,

o B

8B*|ob is as B*, periodic of period w, and has the mean value zero,
hence &B*/ob is, as B}, bounded. It follows that ¢(3B7/0b) = O(e);
hence

OB}

= )—1 — E + O(e).

(E+e

We finally obtain

% = eHh 1 eBy(h) + €O(e).

Perform the change of independent variables r = ef. The system becomes

% = Hh + B,(h) + Ole), (11)

where terms O(e) are periodic in 7 of period ew. Suppose that the eigen-
values of matrix H have real parts different from zero. In this case the
system dh/dr = Hh cannot have any kind of periodic solutions different
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from the trivial one. The Green’s matrix corresponding to the periodicity
conditions £(0) = Aew) is

G(t, 5) — th[E _ eeHw]—le—Hs — eH(t—s)[E . eewH]—l (

G(t, S) — eH(t—ew—s)[E _ est]—l (

It follows that we have | G(¢, s)| << MJe, since [E — e**#]~! admits
such an evaluation. System (11) will have a periodic solution of period
ew if the integral equation

) = [ Glo, BL(hE) + (el
has a solution. Let £2(k) be the operator defined by
) = [ Gr, B + OO
for || k| < I we have
| Q)0)| < 0™ BRI+ No)

if 8 <1/20M and e < l/2wMN we will have | Q(k)| < /; hence
2 maps the sphere || 2| <! into itself. Likewise we see that

M
| Q(hl) - Q(h2)| < ew e (BH hy — hz I} 4 Nqel| hy — hy H)

and that if € is sufficiently small, §2 is a contraction.

We deduce that for | e | sufficiently small £ admits a unique fixed
point, to which corresponds a periodic solution of period ew, unique,
of system (11); this solution for e — 0 tends to the trivial solution 2 = 0.

Returning to the independent variable ¢t we deduce the existence of a
solution A(t, €), periodic of period w, unique, which for ¢ - 0 tends
to the trivial solution 2 = 0.

Taking into account the changes of variables performed, we deduce
the existence of a periodic solution of period w, (¢, €), which for e — 0
tends to zero, and hence the existence of a periodic solution 2(z, ¢)
of system (10) which for € — 0 tends to Z° Finally, there follows the
existence of a periodic solution x(¢, €) = xo(¢, 2(¢, €)), of period w, of
system (6), which for € — 0 tends to x(z, %).

In addition, if the eigenvalues of matrix H have negative real parts,
it is obvious, as previously, that the solution A(7, €} is asymptotically
stable; hence the solution x(z, €) will be asymptotically stable. Let us
observe in conclusion that the request that H does not have purely
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imaginary eigenvalues may be replaced by the weaker one that det H # 0.
For, if H has no zero eigenvalues, for e sufficiently small, the system
dx/dt = Hx cannot have periodic solutions of period ew. We have thus
proved the following theorem:

Theorem 3.9. If the general solution x(t, k) of the generating system
(7) is periodic of period w, and {° is a solution of the equation

Zy2,0) =0
such that
det 9Z,(%", 0) # 0,
oz
where

Ox(2, 2)

e = LT (5

-1
) Xu[xo(t, ), ¢, O]dt,
then for e sufficiently small there exists a unique periodic solution of period
w of system (6) with the property that lim g, x(t, €) = x,(2, {°).

If the eigenvalues of the matrix 0Zy((° 0)/0z have negative real parts,
this solution is asymptotically stable.

Remark. 'The theorem’s affirmation, with the exception of the con-
clusion on stability, follows from Theorem 3.8, since if the general
solution of system (7) is periodic, of period w, then system (8) has »
linearly independent periodic solutions of period w, and the matrix W
coincides with [0x,/62]~L. The interest of the method of averaging lies
in the fact that it can also be applied to much more general cases, in
particular to the problem of almost-periodic solutions. To formulate a

result relative to almost-periodic solutions we need a lemma due to
N. N. Bogoliubov.

Lemma. Let f(t, x) be a function defined for real t and x € E, where E

is a compact set in a metric space. Suppose that in any point of E we
have

1 T
lr‘i?oTL (s, x)ds = 0

uniformly with respect to, t, and in addition ihere exists M and X such that
9 < M, ft &) — f(t, )] < dol(, )

Jrom here follows that the limit is uniform not only with respect to t but also
with respect to (t, x). Let
t

foAt, x) = f ) e~ If (7, x)dr
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Then
ot )] < ;@ for —w<t<w xck

where lim,_, {(n) = 0.

The conditions of the lemma are verified in particular if f(z, x) is
almost periodic with respect to ¢, uniform with respect to x, and has the
mean value zero.

Proof. We have
foit, x) = fw e~ "f(t — o, x)do
0

(n4+1)T

— Ze—nnT f £(t — o, X)o7 do

n=0

Further

(n+1)T
ot [ f(t — 0, x)e @D 4 [t — 0, %) — f(t — o, x))do
=0 nT

2 (n4+1)T
=T f f(t — o, x)do
T

n

(n41)T
— Ee"”’T f f(t — o, x)[1 — e"o"D]dy

{n4+13T
f £(t — o, x)do

2 e—nnT

n=0

&2 (n+1)T
M —nnT 1 — e=Mo—nTh4,
4+ ge J.ﬂT ( e Ydo

§e-m]T f("+l)Tf(t — o, x)do | 4 Mg e—mnT f:(l — em)ds

nT

(n+1)T 1
e—mT J. ’ f(t — o, x)ds | + M——1 _1 v (T + m (e T — 1))

Il
Ms

n=0 nT
& {n+1)T MT M
— —nnT . _—
= ,Z’oe 7 fnT f(t — o, x)do | + e
= (n+1)T
— 2 e—nT f * ft — o, x)do | -+ 8i(m) ,
n=0 nT 7
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where we have set

La(n) _ T ___1_
n —M(l—e"’r 7]).
We have
e =1 —T + o(n);
hence
1 —e " =T 4 on)
and
Zl(n):M( T _1): Ty —nT +o(n)
v 2T +o(n) 7 (T + o(n)
We obtain
_ on) .
hence

lim £y(n) = 0.

According to the hypotheses,

1 4T '
|7ft f(s, x)ds | < &(T), lime(T)=0.

It follows that

£t 2)] < T‘(T)fle_rr n 97()71_)

We choose T as the function of  defined by the equation 1 — e="" =¢(T).

When 5 — 0, we have #T(n) —0; indeed, if T is bounded, the
relation is evident, and if 7 — o we obtain ¢(T) — 0; hence T — 0.
Set nT(n) = Ly(n) and deduce

b,

Le(m)
| £t 2)) < n + -

where {,() — 0 and {;(n) — 0. The lemma is thus proved.
Let us now consider system (6), supposing that X, and X, are almost
periodic in ¢, uniformly with respect to the other arguments. We likewise
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suppose that the general solution x,(?, #) of system (7) is almost periodic
in ¢, uniformly with respect to 4.

We perform again the change of variables x = (¢, 2) and obtain
system (10), where this time Z(2, 2, €) is almost periodic in ¢, uniformly
with respect to the other arguments. Let

2z, €) = lim f Z(t, %, €)dt
and let £° be a solution of the equation Z(z, 0) = 0. Perform the change

of variables z = {* + b. We obtain the system

db

;i—t‘ - GB(t, b, 6),

where B(t, b, €) has the same regularity properties as Z and is almost
periodic in ¢, uniformly with respect to the other arguments. Let

By(b, €) = hmi f B(t, b, €)dt;

we have By(0, 0) = 0. Setting
BX(t, b, ) = B(t, b, ¢) — By(b, €)
we obtain

hm—f B*(t, b, )dt = 0.

By virtue of the lemma, we deduce that | B} | < {(n)/7.
We perform the change of variables b = & + eB) and obtain,
choosing 7 = ¢, the system

% = eHh + eBy(h) + I(t, b, ¢), (12)

where I' is almost periodic in ¢, uniformly with respect to the other
arguments, and | I' | < y(e), | 0'/oh | < y(e) with lim_,, y(e) = O.
Suppose that the eigenvalues of matrix H have negative real parts;

we will prove that for 0 << € < ¢, the system (12) has a unique almost-
periodic solution, which for € — 0 tends to zero. Consider the system

dy
= (*)
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and form the function
— « 2 1 2
V() = [ iyt pIEde +sup | 3@ D)
0 o0
where y(z, ¥) is the solution of system (*) with y(0, y) = y. We have

Yye<voy By

since
| ¥(t, )| < Ke,

| Vi) — VO <2 (131 + 132 Di3n — 32,

lim sup VIy(t + kb 30)] — V¥ 50 <
h->04 7

—|y(t’y0)|2‘

Using this function, we deduce as in the proof of Theorem 3.4 that the
system

dh -
= = HR +f(1)

admits for every almost-periodic f a unique almost-periodic solution
he(t), for which we have the evaluation

0] < Z-sup I £1.

Let Ay(t) be the almost-periodic solution of the system

dh
i eHh + €I(¢,0, €).

We have
ho(t)) < - exe) = Lo,

Let h;(t) be the almost-periodic solution of the system

dh

% = <Hh + By(hi i) + eIt by (1), ©).

We suppose, inductively, that | A, _,(¢)] << 2Ly(e). Then

| By(hy—a ()] < 4pLPy*(e);
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hence

| ht)] < ZefduLiy(e) + 7} = Lu(OMuL¥(e) + 11

For e sufficiently small we obtain y(e) << 1/4uL? and hence
| ()] < 2Ly(e);

on the basis of induction it follows that for all & we have the stated
estimate. Now let.

Li(t) = hy(t) — b 5(2).
We have
dilt) _ dhes _ dhy
dt dt dt
+ eI'(t, hift), ©) — eHhy(t) — eBy(hiy(t)) — eI(t, hyy(t), €)
= eHl, (1) + €[By(hi(t)) — By(hia(2))]
+ e[I'(t, hy(2), €) — I'(2, hya(2), €)].

= eHhk+1(t) -+ €B1(hk(t))

We have

| By(u) — By(v)l < p(lu| +1v))lu—2o];
hence

| Bythi(t)) — By(hy (1)) < 4puloy(e) sup | L |.

It follows that
L
| ()] < T€{4HLY(€) sup | I | +y(e)sup | L |} < Lyy(e)sup | L |,

from which, for y(¢) < 1/L,, follows the uniform convergence of the
sequence of successive approximations to an almost-periodic solution
of system (12). Taking into account the estimates of the successive
approximations, we deduce that this solution tends to zero as ¢ — 0.
But then, taking into account the changes of variables performed, we
deduce the existence of a unique almost-periodic solution, asymptotically
stable, x(t, €), with the property that lim_,, x(2, €) = x(¢, {°). We have
thus obtained the following theorem:

Theorem 3.10. If in system (6) the functions X, and X, are almost
periodic in t, uniformly with respect to the other arguments, and the general
solution x,(t, k) of system (7) is almost periodic in t, uniformly with respect
to h, and {° is a solution of the equation Z(z, 0) = O such that the eigen-
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values of matrix 0Z,({°, 0)/0z have negative real parts, then for e sufficiently
small there exists a unique almost-periodic solution of system (6) with the

property
lcirg) x(2, €) = x,(t, %.

Here

Zy(z, 0) — hm—T- f (ax°(‘ z)) X, [xo(t, ), ¢, O]dt.

3.6. Topological Methods

By using some topological methods, strong results can be obtained in
the theory of systems with a small parameter, in which the conditions
imposed on the generating system are very general and have an intrinsic
character.

Theorem 3.11. If the generating system (7) admits a periodic solution
xo(t), asymptotically stable, then for | € | sufficiently small system (6) admits
a periodic solution x(t, €) with the property that

121%1 x(2, €) = x,(t).

Proof. We depend upon the following theorem of F. Browder. Let
X be a Banach space, S and S, open and convex sets in X, S, closed
and convex, S, CS; C S, f a compact mapping of S in X; suppose that
there exists a natural number m such that f™ is defined on S, , fi(S,) C S,
for 0 <j<<m fm(Sl) C Sy; f then has a fixed pomt in S,. We shall
apply this theorem in the particular case where X is the n- dlmenswnal
Euclidean space; in this case it will be sufficient that f be continuous.

Let x(t, p, €) be the general solution of system (6) with x(0, p, €) = p
We consider the transformation f(p, €) = x(w, p, €) and prove that it
fulfills all the conditions of the Browder theorem, if e is sufficiently
small; it will follow that for € sufficiently small there exists a fixed point,
and from x(w, p, €) = p it follows that the corresponding solution is
periodic. We will continue the proof taking xy(f) = 0, since we obtain
this case by a simple change of variables. Since system (7) is periodic,
the asymptotic stability is uniform; hence there exists a §, > 0 and two
functions 8(n) and T(n) such that | p | < 8(n) implies | xo(¢, p) | << 7y for
t>0and |p| <8,t> T(n) implies | x,(t, p)| < 7.

Let 8, = 8(x/2), 0 <n < min{8y, 8(38,)}, T = T[18($n)], m the least
natural number such that mw > T. Let S be the sphere |p| < §,;.
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Then | xy(t, p)| < /2 for pe S,t = 0. If | ¢ | is sufficiently small, we
will have | x(¢, p, €)] << a for p€ S,0 <t < mw, on the basis of the
continuity theorem of the solution with respect to the parameter.
From this follows that for p € S we have | f(p, €)| << . From this also
follows that the solutions x(2, p, €) are defined if p € .S; hence the operator
f and its iterates f/ ( = 1, ..., m) are defined on S. Let S, be the sphere
|p| <% and S, the sphere || << $8(3y). For |p| <7,t >0, we
have | xo(t, p)| < 38,, since n < 8(33,); for | €| sufficiently small we
obtain | x(¢, p, €)| < 8, ,for0 <t < mw; hence f{(S;))C S =1,..,m).
For |p| <%8(37), t >0, we have |xt, p)| < 37; hence for |e|
sufficiently small | x(2, p, €)] < 7nif | p| < $8(37), 0 <t < mw, which
shows that fi(S,) C S, for 0 <j < m.

From 5 << §, it follows that for p € S, , t > T, we have | x,(t, p) | <
18(37); hence for | ¢ | sufficiently small we obtain | x(mw, p, €)| < £8(31)
if pe Sy;ie., fM(S,)CS,.

It follows that all the conditions of the Browder theorem are verified;
hence the existence of a fixed point in S is proved. It is obvious that .S,
can be chosen arbitrarily small, but then e should be taken small. This
means that the solution whose existence we have proved tends to zero
when € — 0. The theorem is thus completely proved.

Theorem 3.12. Let X, be analytic:
X, (%, 1) = Xi™(x, 1) + Xm0, 8) + -, m =2,

where X are forms of degree k in the coordinates of x; suppose that

the field j“'X {™(x, t)dt has the pomt x =0 as an isolated singular point.
If the index of point x =0 in the vector field f“’X §™(x, t)dt  is
different from zero, then for | €| sufficiently small system (6) admits a
periodic solution of period w which for € — O tends to zero.

Proof. Consider the system

dx

dt — X(m)(x, t) + X(m+1)(x t) + -

Its general solution is

x = Ay(t)xo + Ay(t, %) + -+ + Ailt, %) +

where the A,(t, x,) are vectors whose coordinates are forms of degree %
with respect to the coordinates of x,, with coefficients functions of ¢.
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By substituting in the system we obtain

dAl gy 4 s aA2 . aAk o

:X((]m)(Alxo+A2 + +Ak+ e t) _+_ .ne

We obtain the relations

a4, 04, o 94y

— (m}
a ot =0 = X%, ),
4,0) = E, 450, %) == 4,(0,x) =0.
This yields
t
4, =E 4,=+A4,,=0, A4([(,x)= f 0 Xm(x, , t)dt.

We deduce that the general solution of system (7) is of the form
11
x(t) = % + [ Xy, e+ -,
s Jo

where the unwritten terms are of higher degree in the coordinates of x, .
Consider the vector field

u(x)) = x(w) — x, = f: X{m(x, , t)dt 4 -

This field has x, = 0 as an isolated singular point since this is supposed
for the field _[: X""’(x0 , 8)dt. Since the index of point x;, = 0 in the
field _[ X§™(xy, t)dt is different from zero, it follows that the index
of pomt %9 = 0 in the field u(x,) is different from zero. Let us also
consider the field u (x,) = x(w, x,, €) — x,; we have lim g x(w, x4, €) =
®(w, x4, 0); hence for | ¢ | sufficiently small the rotation of the field
u(x,) on a sphere containing the origin will be equal to that of the field
u(x,). Since the index of the origin in the field u(x,) is different from zero,
it follows that if the sphere is small enough, the rotation of the field
u(x,) on this sphere will be different from zero. However, then the
field u (x,) will have in the interior of the sphere a singular point, hence
a point for which u(x) =0, namely, x(w, x4, €) = x,; this point
corresponds to a periodic solution. The theorem is thus proved.

Remark. If the point x = 0 is asymptotically stable for system (7),
its index in the field x(kw) — x, is, for & sufficiently large, equal to +-1;
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hence its index in the field [§* X{™dt is different from zero.
However,

[}

f " X i — k [ : Xtm dt

and the condition in the statement is verified. Thus we find a particular
case of Theorem 3.11.

Theorem 3.13. If system (7) does not explicitly depend on t, if X (x)
admits in x = Q an isolated singular point which is not a Iimit point
of periodic solutions with period ' < w, and if the index of the point
x =0 in the field X\(x) is different from zero, then for | €| sufficiently
small system (7) admits a periodic solution of period w, which for € — 0 tends
to zero.

Proof. Asin the case of the preceding theorem, we will show that the ro-
tation of the field u (x,) is different from zero on a sufficiently small sphere
whose center is in the origin, showing that the index of the origin in the
field u(x,) is different from zero. Therefore we will prove that the index
of the origin in the field #(x) coincides with the index in the field X(x).
We define the field W(x,, 7) = (1/w7)[x{wT, x,,0) — x,] for 7 # 0,
W(xy, 0) = Xox,). Since (d/dt)x(t, x, , 0) for t = 0 is X(x,), it follows
that lim_,, W(x,, 7} = W(x,, 0); hence the field W(x,, ) depends
continuously on 7. The field W(x,,7) £ 0, 0 <7 <1, on a small
enough sphere whose center is in the origin, since we have supposed
that the origin-is not a limit point of periodic solutions with
period &’ < w, and hence x{wr, x,, 0) # x, for 0 << 7 < 1. The field
W(x,, 7) represents a continuous deformation of the field Xy(x,) in
the field (1/w)u(x,). Since W(x,,7) % 0, it follows that the index
of the origin is the same in both fields. The theorem is thus proved.

3.7. Autonomous Systems

The problem of periodic solutions presents certain particularities in
case the functions X, and X, do not explicitly depend on ¢, since in this
case the periodic solutions of systems (6) and (7) have, in general,
different periods. In the following section we will present the complete
theory of autonomous systems containing a small parameter, by following
the geometric method systematically used by M. Urabe.

Consider the system

dx

&= X (13)
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Suppose that this system admits a periodic solution x = u(¢) of period w.
It follows on the basis of the uniqueness theorem that X[u(f)] # O for
all t. Denote X = X[u(2)]/| X [u(t)] |. If n > 3 and if X verifies a local
Lipschitz condition, the curve x = X(t) does not cover the whole unit
sphere. Hence there exists a umtary vector e, , such that X(¢) does not
coincide with —e, for any value of ¢, Starting from the constant vector e, ,
we construct an orthogonal and normed system of vectors e, , ¢, ..., €, .
Denote cos 8; = X(t)e; and form the vectors
cos 8,

£ =e — Tm‘( L+ X)), v =2,3,.

Since X(t) does not coincide anywhere with —e;, it follows that
1 4 cos 8, # 0. The vectors §, are periodic functions of ¢, of period w,
and have the same regularity properties as X(#). The vectors
(X-'(t), &, &y, ooy £,) form an orthogonal, normed system. Let us verify
this:

~ cos 6, o P
(6B = (6~ 1 coeg (0 + 5. %)
_ cos §, > C v
:(e,,X)—m[(el,X)JF(X’X)]
— cos B _—Eﬂ—(cose +1) =0,
== v 1—+_ -
cos 8, cos,
(f"’f“)_(e”_l+cos91el_1+60591X )
cos 6,
_(e __cgiio_”__e . cos §, cos 6, )
T\ T Tt cosd, % Txcosh” T4 costy

_ s __ cosb,cosb, cos 6, cos 6, cos 6, cos 8, cos 8,
w 1 + cos 8, (1 + cos 8,)? (1 4 cos 6,)2
=3

uy

be! X
In the case n =2, let X = XZ)’ we take §p == ( Xl) and system
(X, &,) is orthogonal and normed.

It follows that to the periodic solution u(t) has been attached an orthogonal
and normed system of vectors, having as one of the vectors X (the unitary
vector of the tangent to curve x = u(t)), formed by periodic vectors of
period w, with the same regularity properties as X(t).
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hence its index in the field [f* X{™dt is different from zero.
However,

| :w X de =k | : X gt

and the condition in the statement is verified. Thus we find a particular
case of Theorem 3.11.

Theorem 3.13. If system (7} does not explicitly depend on t, tf X(x)
admits in x = 0 an isolated singular point which is not a lmit point
of periodic solutions with period o' < w, and if the index of the point
x = 0 in the field Xo(x) ts different from zero, then for | e | sufficiently
small system (7) admits a periodic solution of period w, which for € — O tends
to zero.

Proof. Asin the case of the preceding theorem, we will show that the ro-
tation of the field u (x,) is different from zero on a sufficiently small sphere
whose center is in the origin, showing that the index of the origin in the
field u(x,) is different from zero. Therefore we will prove that the index
of the origin in the field u(x) coincides with the index in the field X(x).
We define the field W(x,, 7) = (1/w7)[*(wT, x4, 0) — x,] for 7 5 0,
W(xy , 0} = X(x,)- Since (d/dt)x(t, x,, 0) for t = 0 is X (x,), it follows
that lim, ,, W(x,, 7) = W(x,,0); hence the field W(x,,r) depends
continuously on 7. The field W(x,,7) #0, 0 <<+ <1, on a small
enough sphere whose center is in the origin, since we have supposed
that the origin is not a limit point of periodic solutions with
period o’ < o, and hence x(wT, x5, 0) # x, for 0 << 7 < 1. The field
W(x,, 7} represents a continuous deformation of the field X(x,) in
the field (1/w)u(x,). Since W(x,, ) # 0, it follows that the index
of the origin is the same in both fields. The theorem is thus proved.

3.7. Autonomous Systems

The problem of periodic solutions presents certain particularities in
case the functions X, and X, do not explicitly depend on ¢, since in this
case the periodic solutions of systems (6) and (7) have, in general,
different periods. In the following section we will present the complete
theory of autonomous systems containing a small parameter, by following
the geometric method systematically used by M. Urabe.

Consider the system

dx

= X (13)
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Multiplying relation (14) by £*(8) and taking into account the orthog-
onality properties, we obtain

dy#
B er 95y 1 D exxlu(o) + SO

hence
D7 _ exOX[u0) + SO

X [u(9)] X[u(6) +- S(6)y]

- £ S0y
XTI | XS )0y -

Finally, system (13) is replaced by a system of the form

dy db
R (B ()

where we immediately see that Y and @ are periodic in 8 with period w,
that they verify the relations 6(6, 0) = 1, Y(6, 0) = 0, and that they
have the same regularity property as X(x).

Now form the system

dy 1

The function Y(8, y)/©(b, y) is periodic in 8 of period w and has for
| v | sufficiently small the same regularity properties as X, since from
0(6,0) = 1 it follows that for |y | sufficiently small ©(8, y) = 0. Let
us emphasize the first linear approximation in this system. We have

X{u(®) + S(0y] = X1u@) + 22 g5 1 00y 12
hence
(O XTu(0) + SO — | Xu(@) + X8 A@)SOy + Oy |,
where we have set A(f) = 8X[u(8)]/dx. We obtain

1 1 1
X @)X [u(0) + SO~ TX@IE . XTu@)IAGS0)y
SR 7))
L Xu@)A®)S6)y
= TXTOF | I xmuege Dy
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Further,

1
(0, y)

ds()

= I X + X0

_ XHu(0)]40)SOy |,
9t L ol

=1+ 0(yl)

Y § | X[u(())]]z

hence
1
@wwyw”
@(9 )f *(0) X[u(0)] + AB)S©@)y + o(ly )} — £X(9) dS((’).
dS(B)

= {1+ O(ly DHEFOIAO)SO) + olly )} — £10) —

It follows that

D — £20) (40)50) — 55y + o3 D,

System (15) is thus written

D By + oy,

where the elements b, of the matrix B(f) are given by

)

b.,(0) = £2(6) (A(0)£. () —

and are periodic functions of 6 with period w.
We will call the system

ay
75 = By

the system in normal variations. Let us consider the system

dv
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i.e., the variational system corresponding to the solution #(8). We write
the vector v in the normal orthogonal system (X, &;, ..., £,):

uw=wwwm+§ﬂmm>

We seek the equations which are verified by p*(f). We have

dv

_dp du d¢ dp¥
76 = 20 X101 + PA(G)@ + 27 £,

= ApX[u(O)] + 2, P OAOLLO).

Since

W~ X1u(6))

we obtain

+ B =3 a0,

=2

Multiplying by f: we obtain

%@)

% = & 2400 — p = 2 bulO)r

We have thus reached the conclusion that the normal components p* of
variations v verify the system in normal variations.
Let us observe that from

du
follows
d du
m@_AUw
hence
du .
= XTu(o)]

is a solution of the variational system.
Let ¢(6) be a fundamental matrix of solutions for the variational
system whose first column is formed by the solution X[u(8)]. We have

$(6) = UO)C,
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where U(f) is the matrix of solutions with U(0) = E. From this,
#0 + w) = U@ + «)C = U(@)U(w)C = U(G)CCU(w)C = $(O)K,

where K = C'U(w)C; since K is similar to the monodromy matrix
U(w), its eigenvalues are precisely the multipliers of the variational
system. Let v,, ..., v, be the solutions different from X[u(8)] which
form the matrix ¢. We write these solutions in the normal orthogonal

SyStCm (X, §2 FIETEYY gn);
v, = p,X[WO)] + 2, P4, .

The relation
$(0 + w) = $(O)K

becomes
X[u(0 + )] = X[u(0)]k} + i v, ()R,
v,(0 + w) = X[u(f)]k! + ifvn(ﬂ)k:‘ .

Taking # = 0 and passing to the basis (X, &,, ..., £,), we obtain

) X[u(w)] + 2, P(w)é ()

~ XIWOIE + 2 [2OXHO) + 32060
However,

ww) =u(0), o) = £(0);

hence

X[u(0)] = X[u(0)J&! + ivu(o>k;,
P X[u(0)] + X, pH(w)£,(0)

= X0 + 3, [AOXWO) + 3 200) &

The vectors X[u(0)], £:(0), ..., £,(0) are linearly independent; X[u(0)],
v5(0), ..., ©,(0) are also'linearly independent.
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Thus

ple) = B+ S R0, 0),  plle) = ZRAKO).

We have det(p%(0)) # 0; indeed, if the determinant were zero, there
would exist constants ¢ not all zero such that X, ¢"p# = 0; hence

3 ¢u,0) = 2, ep0)Xu(0)] + D c'pH0)£,(0)
=, ¢p0)X[u(0)],

and ¢ = 0, X, ¢’p,(0) = 0, which is contradictory.

The functions v,(6) are solutions of the variational system; hence, as
we have already seen it, their normal components p%(6) are solutions of
the system in normal variations. Since det p¥(0) # 0, it follows that
pHB), v=2,...,m p =2, ..,n represents a fundamental matrix of
solutions for the system in normal variations. Let P(f) be this matrix
and let us denote by K, the matrix (k%),_, -9.....n- The relation
PHw) = Z, p40)k] is written P(w) = P(0)K, and shows that the eigen-
values of matrix K, are precisely the multipliers of the system in normal
variations. Since k} = 1, k% = 0, the matrix K will have the form

1 K,
K= (0 Kz)'

We have obtained the following result: The multipliers of the system
in normal variations are obtained from the multipliers of the variational
system by eliminating the multiplier equal to 1 (which corresponds to the
periodic solution X[u(6)].

We can now prove a stability theorem of the periodic solution u(t).
This theorem has been proved for the first time by Andronov and Witt.

Theorem 3.14. If (n — 1) multipliers of the wvariational system
corresponding to the periodic solution x = u(t) are situated in the
interior of the unit circle, then the periodic solution x = u(t) is orbitally
stable; this means that if x(t) is another solution of system (13) for which
x(t,) is close enough to the curve x = u(t), then there exists a real number c,
such that

ltLIL} {x(£) —u(t + )] = 0.
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Proof. If (n — 1) multipliers of the variational system are situated
in the interior of the unit circle, it follows that the multipliers of the
system in normal variations are situated in the interior of the unit circle;
hence the trivial solution of the system in normal variations is uniformly
asymptotically stable. Therefore, on the basis of the theorem of stability
of the first approximation, the trivial solution of system (15) is uniformly
asymptotically stable. However, for | y(0)] sufficiently small, we then
have lim,_, ¥(f) = 0. Thus from the relation

x[t(8)] = u(6) + S(6)y(6)
we deduce
lim (x{2(6)] — u(6)) = 0.

Let 0 < 8 << 6”; we have
o

[1(0") — 0'] — [1(8) — 0] = fe' (;‘% —1)dd = fe, (WHIT) — 1) do

I'%

= [ 400y n—1do— [ 0( 3.
However, ’
()] < ke~

hence
Ol y ) < Mee.

From this follows

~0Q

8
[(6") — 6] — [(0) — 0| < M f Le0do < M Je' e df — %we'.

For 0" sufficiently large, [#(8") — 6"] — [#(§') — 6] can be taken
arbitrarily small; hence lime,, [#(§) — 0] exists; let §, be this limit.
On the other hand,

e
A[t(O)] — x(6 - 6,) = j Xl

hence
| 2[2(6)] — x(6 + 6o)| < | £(8) — (6 -+ 8p)| sup | X[x(a)].

However, if | (0) | < 8, , from the stability of the trivial solution
of system (15), it follows that | y(6) | < 1 for 8 > 0; hence | x[#(8)] | is
bounded, therefore | X[x(c)] | is bounded. Since

lim [¢(6) — (6 -+ 6,)] = lim [#(6) — 6 — 6,] =0,
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it follows that
lim (x[#(8)] — x(6 -+ 6,)) = O.
Since we also have
lim (x{1(6)] — u(6)) = 0,

it follows that
lim [(6 + 6;) — u(6)] — 0.

Setting 8 + 8, = t, c = —§,, the result obtained above is written

lim [x(t) — u(t + )] =0,

and the theorem is thus proved.

3.8. Autonomous Systems Containing a Small Parameter

Consider now the perturbed system

dx
yri Z(x, €), (16)

where Z is continuously differentiable and Z(x, 0) = X(x). Suppose as
above that system (13) admits a periodic solution x = u(t) of period w.
Consider the system of vectors X(2), £,(2), ..., £,(2) and perform in system

(16) the change of variables x = u(8) + S(f)y. We obtain a system of
the form

d do
Z}ti = Y(G) Y, G)v —d—t = @(01 Y, G)) Y(O’ 0’ 0) = 0’ @(0’ 0’ 0) = 1
Form the system
dy 1
E - @(0’ 9, e) Y(O’ ¥ 6)-

We obtain, by the same calculations as in the preceding section,

_ X*u(0)]Z[u(6) + S()y, €)
06,39 = TX7uto) 112 + X*[u(6)][dS(8)/db]y °

ds(6)

Y48, 5, ) = £1O)Z[u(6) + SO)y, €} — 09, 3, )£X(0) —— .
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Further,

Z[u(6) + S(0)y, €]

= Z1u(6), 0] + 2O O gy, 1 LAUDDN oy 4 e
— X(u6)] + AOSE + ¢ AL oy 1 e,
Therefore,
EXOZI(0) + SO, = £OAOSO + 670 ZRN 1 o1y 1 4 (e,

Taking into account the fact that

0(8,y,&)=1+0(y])+O(le}),

we obtain

D — £6) [40)50) ~ LDy + e300 DD oy 41,
Finally,
dy _
5 = By +en(®) + ol y| + e, (17)
where

70) = £36) 200

Theorem 3.15. If system (13) admits a periodic solution x = u(t) of
period w, such that the corresponding variational system admits a single
multiplier equal to 1, then for | € | sufficiently small system (16) admits a
unique periodic solution x = x(1, €), of period w + O(¢), with the property
that im_,q x(t, €) = u(t). If, in addition, no one of the multipliers, with
the exception of the one equal to 1, 1s a root of the unit, system (16) does not
admit in the neighborhood of solution u(t) solutions of period pw + Ofe).
If the multipliers different from 1 are situated in the interior of the unit
circle, then the periodic solution of system (16) is orbitally stable.

Proof. Let y(6, ¢, €) be the solution of system (17) with (0, ¢, €) = ¢.
The function y(6, ¢, €) is continuously differentiable with respect to ¢
and e; since y(6, 0, 0) = 0, we may write

y(6, c,€) = G(@)c +r(B)e +o(lc| 4+ |e)).
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Substituting in system (17), we obtain

20 e Tt et +1e)

= B(O)[G(O)c +r(0)e +-o(lc| 4 [e])] + en(f) +-o(c| + | €}).
It follows that

L0 _ pooe, O — pewe) + ),

G(O)=E, 1(0) =0.

Consequently, G(6) is a fundamental matrix of the system in normal
variations, and r(f) is a solution of the nonhomogeneous system, given
by the formula

)
7(6) = G(6) f G1(syy(s)ds.
[}
The solution y(0, ¢, €) is periodic of period pw if and only if
y = (pw, ¢, €) = (0, ¢c,€) = c.

However,
¥(pw, ¢, €) = G(pw)s + r(pw)e +o(|c| + | ).
Therefore, we may write the periodicity condition in the form
[G(pw) — Elc + r(pw)e +o(jc| + [ef) = 0.

If
det [G(pw) — E] # 0,

there exists for |e| << ¢ a function ¢(€) continuously differentiable,
with ¢(0) = 0 and such that

[G(pw) — Elcle) + r(pw)e + o| ele)| + | ) = 0.

The solution y(8, ¢(e), €) is a periodic solution of period pw of system
(17) which for € — 0 tends to zero. To this periodic solution corresponds

a solution
x[1(6)] = w(8) + S(0)y(6, c(e), €)

of system (16); the curve x = x[#(6)] is a closed curve in a neighborhood
of x = u(f), and for € — 0 it tends to this one. The period w,, of solution
x(t) will be given by

o g N [ P
tpw) —1(0) = [ 50 = [" g = [ (1 + 00y +0( e o

= pw + O(ly | + | e]) = pw + O(l €),
since | y | = O(] « ).
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Since G(6) is a fundamental matrix of the system in normal variations,
we have G(pw) = GP(w); hence if G(w) has an eigenvalue equal to 1,
then G(pw) has an eigenvalue equal to 1, and if det (G(w) — E) = 0,
then det(G(pw) — E) = 0. It follows from this that if det{G(pw) — E]
0, then we also have det]G(w) — E] # 0; hence there exists in the
neighborhood of the solution %(6) a periodic solution of period w + O(e)
of system (16). However, if det{G(pw) — E] 5 0, the periodic solution
solution y(8, c(¢), €) is unique of period pw and therefore it coincides
with that of period w. If det[G(w) — E] 5 O but there exists p such that
det[G(pw) — E] = 0, then for this p there may exist solutions (8, c(e), €)
of period pw which do not also admit the period w. The condition that
det{G(w) — E] # 0 is the condition that the multipliers of the system
in normal variations are not equal to 1, hence the condition that the
system in variations does admit a single multiplier equal to 1.

It remains to prove the assertion relative to the stability of the solution.
We have
0Z[x(t, &), €] BZ[u(t) + O(e), €]

A(t, ) =

Ox ox
I ORI 0T
= A(t) + O(e).

According to the hypothesis, the system

dv
—d—t' = A(t)‘U

has its multipliers in the interior of the unit circle, with the exception
of that equal to 1. Since the multipliers depend continuously on the
monodromy matrix, and this continuously depends on the coefficients
of the system, it follows that for | € | sufficiently small the multipliers of
the system
‘Z’ = A(t, ),

with the exception of that equal to 1, will be situated in the interior of
the unit circle. The orbital stability of the periodic solution x(2, €) is
deduced now on the basis of Theorem 3.14. The theorem is thus com-
pletely proved.

Now consider the case where system (13) admits a periodic solution
x = u(t) of period w,, such that all its neighboring solutions are also
periodic; in case # > 3 we will assume that the periods of these solutions
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are bounded. Let x, be a point on the closed curve C, given by x = u(?)
and I] be the normal hyperplane to C, in x,, . According to the hypothesis,
every trajectory which crosses I] in a neighboring point of x, is closed,
and, conversely, every closed trajectory from the neighborhood of -C,
crosses I] in a point in the neighborhood of x,. Let w(x) be the period
of such a trajectory w(x,) = w,. We prove that we can choose the periods
such that the function &(x), which for any x in a neighborhood of x,
is a period of the trajectory which-passes through x, is continuous in x;.
The trajectories we have considered are given by the solutions of system
(15).

In conformity with the hypothesis, the solutions of this system, for | y |
sufficiently small, will be periodic functions of § with period pwg;
indeed, any solution of this kind corresponds to a solution of system (13)
situated in the neighborhood of the curve x = u(t), periodic of period

t(pam) — 10) = | s

and conversely, if the solution x(2) is periodic of period w, it means that
this solution,

0t + ) = 0(t) + pwg,  ¥(t + @) = (1),
which shows that y(f) is periodic of period pw,. We have

t(pan) — (0 — D =0 = [ [grass =10 =" 0l ).

(p—1)w, (p-1)wy

From this it follows that for H > 0 sufficiently small, there exists R > 0
such that if | y | << H we have
| t(pwo) — t{(p — 1)wp) — wp | < Rmax |y |.

If n = 2, from the general properties of the systems in the plane, it
follows that the only possible case is p = 1; hence w(x) = #(wy) — #(0)
and

| w(x) — wy| << Rmax |y |.

Hence w(x) is continuous for x = x,. Now let 7 > 3, w(x) = #(pw,) — 1(0).
We have
w(x) — pay = [t(pw,) — 1{(p — Dwg) — wy]
+ [P — Dwo) — t((p — 2)wy) — ]
+ o+ [two) + 2(0) — wy).
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It follows that
| w(x) — pwy| < pRmax |y |;
hence

w(x) — pwy = —pRmax |y |,  w(x) > plw, — Rmax|y|].
For | y | sufficiently small,
wy— Rmax|y| > 0.

Since we have supposed that periods w(x) are bounded,

M

P<w0—Rmax[y|;

hence the set of the integers p is bounded. Let .S, be the set of points x
situated in the hyperplane IT in the neighborhood of x and such that
the period of the solution which passes through x be close to pw,,
and let L be the least common multiple of numbers p. For x € S, we
will take

obviously, @&(x) is also a period for the solution which passes through x.
We have

() = Loy :%lwm —pay| < %é;

for € > 0 arbitrary, we choose € such that (L/p)é < € and then we
choose the neighborhood of x, small enough so that | w(x) — pw, | < é.
Taking into account that w(x,) = x, , hence that x, € S;, it follows that

@(xg) = Lwy = La(x,).

Hence
| @(x) — &(xg)| < €

if ¥ is in a small enough neighborhood of x,, which shows that & is
continuous in point x, . We will say that the period @&(x) is an universal
period. In what follows we will consider only universal periods.

Let y(8, ) be the solution of system (15) with (0, o) = a; if w, is
auniversal period of C,, for | «| sufficiently small, the solutions y(6, «)
are all periodic of period wy; therefore ¥(wq, o) = a. The closed curves
in the neighborhood of the curve Cy may be written

x(t) = u(8) + S(O)¥(6, ®);
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Denote by C, the curve corresponding to the solution y(6, «). Supposing
that t(0) = 0 we have

o do
10,0) = | o
) = | 568,
and the universal period w, is given by

w, = t(wy, o).

If we write system (15) in the form

dy
system (17) can be written
d
&= WO.5) + W6, 9. (19)

do

The general solution y(8, «) of-system (18) is, for | « | sufficiently small,
periodic in 6 with period w, . For the study of the periodic solutions of
period w, of systems (19) we may use Theorem 3.9.

In case the solution u(t) of system (13) belongs to a family of periodic
solutions depending on k + 1 parameters, supposing again that the
periods are bounded, we will deduce the existence of an universal period.
System (18) will have a family of periodic solutions of period w,,
depending on k parameters, and for the study of periodic solutions of
period w, of system (19) we can use Theorem 3.8.

Applications. 1. Suppose n = 2 and consider the system

dx dy
—d—t - X(x!y)» 2? - Y(x»y)’

x,y being scalar. Let ¥ = ¢(t), y = (¢) be a periodic solution of this
system. The normed orthogonal system attached to this curve is formed
by the vectors

X[g(2), (1)) _ _Y[e(t), 4 (t)]
R R

¥ig(t), 0] | Xy | R= VXSV,
R R
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The matrix A(6) of the coeflicients of the variational system is

0X[p(6), #(0)]  9X[g(6), ¥(6)]

A(F) — ox oy
oY[p(9), $(0)]  oY[(0), $(0)]
ox oy
From this follows
Y X oX Y oX oX
ao| Tl B[ E| 2L R v
X | \ay oy X ]ORy_aY, v T
R ox oy R Ox oy

The scalar product of (— Y/R X/R)and the vector 4(f) (—Y/R X/R) is
equal to
1 (oX _, oX 8Y Y o,
7 (G V=5 XY = XV 0 X0,
and the scalar product of the unitary vector (—Y/R X/R) and its
derivative is zero; hence

b(6) :721?(% Yzﬁ%‘;gxy—%fxy+%§xz).
Further, we have
%mR = %dieln R = % dRI:/fG - i}E(XA'Ur YY)
However,
X:%X+%Y, % :%%X+%§—Y;
hence
d—(zlnR :—R}T(%X2+%XY+%XY+% Y2).

It follows that

d, p_ 1 (90X o 1 Y (xe o oyey) 90X O
b(0)+a—01an—ﬁ(——a;—(X2+ v + 5 (X +Y))*ax + 5y
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and that

oX oY

_ d Y2 1 ye2
b(B)—?x——f—?y———%ln\/Xz—f-Y.

The system in normal variations is the equation

do
% = b(0)'v,

whose solution with 9(0) =1 is

o) — exp [ (X4 D)oo — [ & v an] = VK Y

where

P 10X[e(t), $(1)] | OY[e(2), ¥(?)]
h6) = fo [ ‘Pax T (Pay ] dt.

The condition of orbital stability is given by A(w) < 0. If A(w) # 0,
in the neighborhood of the periodic solution we have considered, there
appears a periodic solution of the perturbed system.

2. Consider the case where X(x) = Ax, 4 being a constant matrix
which has two purely imaginary eigenvalues. Suppose that matrix
A is of the third order and that it has the eigenvalues ¢, —7, a. Through
a linear transformation with constant coefficients, 4 can be brought

to the form
a 0 0
(0 0 _1)
0 1 0

We will suppose from the beginning that it has this form.
In this case, system (13) will be written

dx? dx?

— axl . | — x2

& T e T dt

and it admits the fundamental matrix of solutions

eat 0 0
(0 cos t —sin t).

0 sin ¢ cos t

el

Let
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Consider the solution

u(t, a) = ofcos t e, 4 sin t ;).

We have
X[u(t, )] = u(t, «) = o —sin te, + cos tey), | XMu(t, )| =,
Xlu(t, )] = —sinte, 4 cos te,,
cos 0, = 0, cos 0, = —sint, cos 0, = cos t,
£, == e, + sint(e; — sin t e, 4 cos t e3)
=sinte + cos®te, | sintcostey,
£y = ey — cost(e; —sinte, 4+ cos tey)
= —coste, | sintcoste, | sin®te,.
Let
Z(x, €) = Ax 4 eX (x, €).
We will have
00,3, ¢) — X TUONZIE) + S(E)y,
e | X[u(0)]1* + X*[u(0)][dS(6)/d0]y
_ X*u(O)(X[u(6) + SOW] + Xi[u(6) + SE)y, <])
| X{u(0)]1* + X*[w(6)][dS(8)/d6]y
However,
sin 8 — cos 8
S) = (cos2 0 sin @ cos 0),
sin 8 cos ¢ sin? @
cosf sin 0
éig(i%pl = (——2 sin 0 cos cos? § — sin? 0),
cos? 6 — sin? 2 sin 6 cos 8
cos 0 sin 0
X*[u(6)] fi%g—el =0 —asinf acosb) (—2 sin 4 cos § cos® § — sin? 0)
cos? § — sin® @ 2 sin @ cos @

= («sin @ sin 28 4 « cos 6 cos 20, —a sin 6 cos 26 4- a cos 6 sin 26)
= (xcos «sinf) = afcos § sin f);

hence the denominator in the expression of @(8, y, €} is a? 4 a(y, cos § +
¥, sin 8). The numerator is of the form

XH[u(8))(Au(®) + AS@) + XTu(®) + S()y, 0] + o(c))
— | X[(@)] + X*[u(@))ASO)y + X*uO)]X[u(6) + S@)y, 0] + ofe).
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We have

a 0 0
X*u(0)]A = (0 —asinf a«cosb) (0 0 ——1)=(0 acos @ asinb),

01 0
sin 0 —cos @
X*[u(0))4S6) = (0 acos 0 a sin 6) (cos2 0 sin & cos 0)
sin 8 cos 6 sin® §
= (cos @ a sin 6),
X*[u(@))ASO)y = ay, cos 6 + y, sin 6).
Thus,
6(0,y, €)
o + afy, cos 8 + ygsin 0) 4 eX*[u()] X;[u(0) + S(0)y, 0] 4 ofe)
o o + oy, cos B + y, sin §)
1 4 XTuONX[uO) + SO), 0] | + o(e)
o? + afy, cos 6 + y, sin 6) )
Further,
* " dS(O)
Y40, , &) = EX0)Z[u(8) + SO, ] — 66, 3, OEX0) =" y;
hence
Y40, y, )
0(6,, €)
_ EXOX[0)] + AS6)y + <Xu[w(6) + S(6)y, 0] +o(e)] * dS(b’)
2 Y5 €)
_ £0)AS(0)y + &2 (0).X,[u(6) + S(B)y, 0] + ofe) — ex0) 20 dS(b’)
60, y,¢€)
We have
a 0 0\ /sin @ —cos 8
AS(0) = (0 0 —1)(cos2 0 sin § cos 0)
01 0/ \sinf cos @ sinZ 8
a sin 6 —acos 8
= (—sin @ cos 8 —sin2 6 ),
cos? 6 sin 8 cos @
a sin 0 -—a cos 8
£X0)AS(8) = (sin 9 cos? § sin § cos 6) (——sin 8 cos 8 —sin? § )
cos? 6 sin 8 cos 6

= (asin® 6§ —a sin § cos §),
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asin 0 —acos f
EXOYAS(0) = (—cos 6 sin 8 cos sin? §) (—sin 6 cos 0 —sinZ f )
cos? § sin 8 cos 6

= (—asin § cos 0 acos? §),

cos 8 sin
EXOY —5 dS(G) =(sinf cos?f sinfcosh) (—sin 20 cos 20) =0 1,
cos 26 sin 26
cos 6 sin
EXO)— dS(G) = (—cosf sinfcosf sin®0) (—sin 20 cos 20) =(—1 0).
cos 20 sin 26
It follows that
Y%0,y,¢€)
(0, y, €)
g4l sin 0(y, sin § — y, cos ) + e£5(6) X, [u(8) + S(6)y,0] + o(e)
? 14X *[u(9)]X1[u(9) + S, 0] , ¥ ofe)
o? 4 a(y, cos § 4 y, sin )
Y3(6,y, ) ’
00, y, )
4 a cos B(—y, sin 0 + y, cos 0) +- e£X () X [u(6) + S(0)y,0] + o(e)
- 2

X*[u(ﬁ)]Xl[u(9) + SOy, 0]

L+« o? + oy, cos 0 + ygsin 6) + ole)

From here,

Y¥(6,y,¢€)
6(8, y, €)
= 3 + [asin 8(y, sin § — y, cos 6) + £5(6).X;[u(f) + S(O)y, 0] + o(e)]

X*[u(®)] Xy [u(8) + S(6)y, O]
x [1 T et oy, cos § 4 y4sin 6) o(e)]

=y, + asin O(y, sin 8 — y, cos 0) + €& (0)X,[u(6) + S(8)y, 0]

a sin 8(y, sin 8 — y4 cos )

s T Ty X OIK[O) + S, 0 + o9

= y,8in? 8 4 y4(1 — a sin 6 cos §)
a sin 8(y, sin 8 — y, cos §)

+ € [ff(o) o 4 oy, cos 6 + y,sin )
X X;[u(6) + S(B)y, 0] + ofe),

x*[a(9)]
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Y30,y,¢)
00, y, €
= —9, + acos O(—y, sin 8 + y, cos 8) 4 &5 ()X [u(0) + S(8)y, 0]

acos (—y, sin 0 4 y;cos §) _
TR + afy, cos 8 + y, sin 6) XU [8) + SO, 0] + ote)

= —yy(1 + asin 8 cos ) + y; a cos? 6

a cos O(—y, sin 0 + y; cos 6)
o 4 oy, cos 8 + yg sin §)

X X;[u(8) 4 S(6)y, 0] + o(e).

X*u©)]]

+e[ex0) -

We have

* asin §(y,sin @ — y;cos ) .,
[0 — 5 s 1y sim ) X O] Xi0u®) + S, 0]

= XH[u(6) + S(8)y, 0] sin 8 + X3{u(6) 4 S(6)y, 0]

a sin 6(y, sin 8 — y; cos 6)
o? + ay, cos 0 4 y, sin 6)

X [cos2 9 + o sin 0] + X3[u(0) + S(6)y, 0]

a sin 6(y, sin & — y, cos 8)
o + a(y, cos 8 + y, sin 6)

X [sin 8 cos § — a Cos 0]

= Xj[u(0) + S(0)y, 0] sin 0 + X2[u(6) + S(6)y, 0]

acos? § + y, cos® 8 + y; cos? #sin 8 + ay, sin®§ — ay, sin? 0 cos §
X T
o 4y, cos 8 4 y,sin 0

+ X{[u(6) + S(6)y, 0]

asin 8 cos § 4 y, sin 8 cos? § + y, sin? 6 cos §
— ay, sin? 0 cos § 4 ay, sin 6 cos?
o + Yy, cos O + y, sin 0
= X}[«(6) + S(6)y, 0] sin 6 + XF[u(6) + S(O)y, O]
a cos? 0 - yy(cos® & + asin® 0) + y, sin 0 cos (cos § — a sin 6)
X -
a + y,co8 80 + y,sin
+ X3[u(6) + S(6)y, 0]

a sin 8 cos 6 + y, sin 6 cos 6(cos § — a sin 6)
+ 3 sin 6 cos 8(sin 6 4 a cos )
a + ygcos @ + y;sin 0 ’

X

X
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Likewise,

8(—y, si 5 C0s 8
[e5t0) — P 2 20 )] Xu®) + (6,0

= —Xj[u(8) + S(6)y, 0] cos 6 + X}[u(6) + S(6)y, 0]
a cos 6(—y, sin 8 4 y, cos 0)
o? + oy, cos 8 + y, sin 6)
3 . 5o @cosbB(—y,sin 6 + y, cos 6)

+ X3u(8) + S(@)y, 0] [sin? § — Z3 e Ty 6]
= —Xj[u(8) + S(0)y, 0] cos 0 + X2[u(f) + S(f)y, 0]

asin 0 cos 8 + y, sin 0 cos O(cos 8 — a sin 6)
+ 3 sin @ cos 6(sin & + a cos )
o + Yy, cos 8 + ygsin 6

X [sin 0 cos § +

o sin 0]

X
+ X3[u(0) + S(6)y, 0]

asin? 8 + y, sin 0 cos 0(sin 6 + a cos 0) + y,(sin® § — a cos® §)
X < .
a + y,cos  + y,sin §

It follows that

% =y, asin? 8 4 y,(1 — asin 0 cos )
+ € { XJ[u(0) 4 S(B)y, 0] sin 6 + XZ[u(0) + S(8)y, 0]
X cos? f + y,(cos® 8 + a sin® 0) + y, sin 0 cos O(cos § — a sin 6)
o« 4 y,cos 8 + y;sin 6
+ X{((8) + S(0)y, 0]
a sin 8 cos @ + y, sin 0 cos 6(cos § — a sin 0)
y ~+ 5 sin 0 cos 8(sin 6 + a cos 8) } + o(e),
a + Yy o8 0 + y,sin 0
(713—: = —%¥,(1 — asin 0 cos ) + y, a cos?

+ &) —X2[u(6) + S(8)y, 0] cos 0 + X2[u(6) + S(6), 0]

a sin 0 cos § 4 y, sin 0 cos 8(cos 6 — asin 6)
+ ¥4 sin 8 cos 6(sin 8 + a cos 6)

X a + y, cos § + ygsin @

+ X3[u(0) -+ S(0)y, 0]

asin? § 4 y,sin 6 cos 8(sin 0 + a cos 0) + y,(sin® 0 — a cos® )
X o + y, cos 8 + y;sin 6

+ ofe).
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We have thus obtained the explicit form of system (19). System (18) is,
in this case,

% = y,asin? 0 + y,(1 — asin 0 cos 0),
Bs _ (1 + asin 6cos 0) + 29
0= asin 8 cos 0) 4 y; a cos® 6.

In order to obtain a fundamental matrix of solution of this system,
let us observe that it coincides with the system in normal variations;
hence its solutions will be the normal components of the solutions of
the variational system, which in this case is dx/dt = Ax. Thus we

write the solutions of this system in the basis formed by the vectors
(X, &, &). We have

e*’e, = piX + P16, + pY,
cosfle, +sinfe, = p}zX + p3€, + P3¢,
—sin f e, + cos fe, = pLX + p2¢, + P, .
From the last relation we obtain
—sin § = —plsin 6 4 pZcos?d + p3sin 6 cos 0,
cos § = p} cos 8 + pisin 0 cos 6§ + p3sin? g,
0 = p2sin 6 — p2 cos 0. '

Therefore,
—sin 0 cos? @ sin 0 cos 8
cos 0 sin 0 cos 0 sin? 0
0 sin 6 —cos 0
1 _ 2 __ 3 _
by, = sin 6 cos? 0 sin @ cos L £ =0 p;=0.
cos 0 sin # cos @ sin? @
0 sin 8 —cos 0

The other relations yield
e = p¥sin 6 — p? cos 0,
0 = —p1sin 6 4 p2 cos? 6 4 p3 sin 6 cos 6,
0 = pj cos 6 + p?sin 6 cos 6 + p3sin? 6,
cos § = —pisin 6 + p2 cos? § { p3sin § cos 6,
sin § = p! cos 6 + p%sin 6 cos 6 +- p3 sin? 4,
0 = pisin§ — pdcos .
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Both systems have the same determinant (the same as the determinant
of the preceding system); the columns of this determinant are the
components of vectors X, §,, & in the basis ¢, , ¢,, e;, and since these
vectors form an orthogonal and normed system, the determinant is
equal to 1. It follows that

P =e?sinb, pd= —e’cosh, pl=cosf, p}=sinb;
hence system (18) admits the fundamental matrix of solutions

cos 0 —e% sin 0)
sin 6 e3® cos 0/’

GO = (
hence the family of periodic solutions of period 2w,

y, = BcosO,  y, = Bsiné.
The adjoint system has the fundamental matrix

cos 6 sin )

—e % sin 0 e=%% cos 6

G0) = (

and the periodic solution of the same form.
We will apply Theorem 3.8 to system (19). We have to compute
P(y). We have

sin 0 —cos 0 8 cos 0 0
S(0)y = (cos2 0 sin @ cos 0)(,3 . 0) = (B cos 0),
sin & cos @ sin? @ st B sin 0

0 0
u(0) + S(0)y = (« + B) (cos 0) =y (cos 0),

sin 6 sin 8

yyc0s 0 + ygsin § = B,

¥, sin @ cos (cos 8 — a sin 8) + y, sin 8 cos O(sin § + a cos 8)
= Bsin @ cos? 6{(cos § — a sin ) + B sin? @ cos B(sin § + a cos §)
= B sin 6 cos B(cos? § — a sin @ cos § + sin? § -+ a sin 6 cos 6)
= B'sin 6 cos 6,
9y, sin 0 cos @ (sin § + a cos 8) -+ yu(sin® 6 — a cos® §)
= B'sin 0 cos? O(sin 6 + a cos /) 4 B sin B(sin® & — a cos® 9)

= B(sin? @ cos? § + a sin 6 cos® § 4 sin® & — a sin 0 cos® §) = B sin? §,
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y,(cos?® § + a sin® §) + vy, sin 8 cos B(cos & — a sin 8)
= B cos O(cos® 8 + asin®8) + B sin? § cos B(cos @ — a sin )

= B(cos* § + a cos 8 sin® 6 + sin® 0 cos? @ — a sin® @ cos §) = B cos? 0,

¥, sin @ cos 8(cos § — a sin 8) + y, sin 8 cos O(sin § +a cos )
= Bsin 8 cos? 6(cos § — a sin 8) + B sin? § cos §(sin & + a cos 0)
= Bsin 0 cos 6(cos? § — a sin § cos & + sin% § 4 a sin 6 cos §)

= Bsin @ cos 8.

It follows that in system (19) the terms in ¢, written for the generating
solution y, = B cos 8, y; = B sin 6 become

XX0,y cos b,y sin 0,0)sin § + X0, y cos 0, y sin 6, 0) cos® 8
+ X3(0, y cos 8, y sin 6, 0) sin 8 cos § — X (0, y cos 6, y sin 6, 0) cos 6

+ X¥0, y cos 8, y sin 8, 0) sin 6 cos 8§ + X‘l’(O, y cos 8, y sin 8, 0) sin? 6.
It follows that
Pe) = | : {(Xsin 8 4+ X2 cos? 6 1 X?sin 6 cos ) cos 0
+ (—X1cos § + X2sin 6§ cos § + X?3sin? 6) sin 6}d0
= fz" {X2[0, y cos 8, y sin 6, 0] cos § + X3[0, y cos 8, y sin 6, 0] sin 6}d6.

Through this, Theorem 3.8 gives the complete solution of the problem.
The application we have considered could be treated in a simpler way,*
but we wanted specifically to give an example of effective computation
on the basis of the method which has been theoretically presented above.

3.9. Periodic Solutions of the Second Kind

In the study of some electromechanical systems, after some simplifying
hypotheses, the same mathematical problem is reached as appears in

¥ A treatment of some general systems containing the above-mentioned case as a
particular case is to be found in a paper of E. A. Coddington and N. Levinson.
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the study of the pendulum with linear friction, under the action of a
constant moment. The equation has the form

dt2+b —%—mgasmﬂ-M

and is a particular case of the systems (if we denote d¢¥/dt = z)

dd dz
5= &(3, 2), = = F(3, 2),

where the function ¢ and F are periodic with respect to & with period 27.
An important role is played in the study of these systems by solutions
of the form

2(t) = t),  HE) = ot (),

where g, i are periodic with period T = 2N#/w. Indeed, let us observe
that

Wt +T)=2t), H+T)=w (t + %) +g(t + T) = &(t) + 2N

Owing to the angular character of the variable &, the state of the
system does not change when ¢ is replaced by ¢ + 2N=; hence we may
consider that s(t + T), #(t + T) correspond to the same state of the
system as 2(t), #(¢). This justifies the fact that the solutions of the form
considered above are assimilated with the periodic solutions of the
system and are called periodic solutions of the second kind.

The geometrical meaning of these facts is the following: By putting
into correspondence the states of the system and the points of a phase
space, we see that for the systems considered, due to the periodicity
with respect to &, the corresponding phase space is a cylinder. The
periodic solutions of the second kind correspond to some closed curves
situated on this cylinder, which surround the cylinder; the curves are
closed since when t varies with T, the point ((¢), 2(¢)) returns in the
same point of the cylinder, and they surround the cylinder, since when
t varies with 7,  varies a multiple of 2.

In the following pages we will consider systems of a general form,
whose particular cases are those mentioned above and we will emphasize
a stability theorem of periodic solutions of the second kind, analogous
to the Andronov-Witt theorem, as well as a theory of the systems
containing a small parameter.

Consider an autonomous system of the form £ = f(x), where
flx 4+ 27p) = f(x), p being a vector with some components equal



3.9. PERIODIC SOLUTIONS OF THE SECOND KIND 305

to 1 and the other components zero. This means that f is periodic
of period 27 with respect to a part of the components of vector x.
Suppose that the system admits a periodic solution of the second kind:

u(t) = wip + Y(t)
where i is periodic of period T = 27N/w; this means that

e+ T) = (t+ ) p 4 gz + T) = ) + 2xNp;

hence those components of u# with respect to which f is periodic vary
with a multiple of 27, while the others remain unchanged. It follows
from here that f[u(t)] is periodic in ¢ of period T

flu(z + T)) = flw(#) 4 27Np] = flu(1))-

Using the formulas of M. Urabe we form the orthogonal normed
system attached to the curve u(t); let &, &, ..., &, be the vectors of
this system, where we have denoted &, = f[u(2)}/] f[#(?)]|. Taking into
account the construction carried out above, all the vectors &, will be
periodic of period T. i

As in the study of periodic solutions of autonomous systems, we
perform the change of variables x = u(f) + S(8)y and we obtain a
system of the form

dy do
"E = Y(o’y)) E = @(9,3’),
where
0 (f[(8) + S()y], f[=(6)])

~ TR + i, (fI6)], (a8, /)y’

Y, = (6. f10) + SOD) — (6., 5 y7) 6.

ve=2

From these formulas we see that Y and @ are periodic in 8 with period T}
hence the system in normal variations is a linear system with periodic
coefficients of period 7.

The variational system corresponding to the solution u(f) has the
matrix A(t) = f,[u(t)], and since f, has the same properties of partial
periodicity as f, it follows that A(#) is likewise periodic in ¢ of period T.

The variational system
dv _ Aty
dt
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admits the solution
_du dys

v
periodic in ¢ of period 7. Thus it admits in any case a multiplier equal
to 1. Repeating the calculations carried out in the case where u(t) was
periodic, we deduce that the other multipliers of the variational system
coincide with the multipliers of the system in normal variations.

Thus we deduce

Theorem 344 If (n — 1) multipliers of the wvariational system
corresponding to the periodic solution of the second kind, u(t), are in the
interior of the unit circle, this solution is orbitally stable; this means that if
x(ty) is close enough to the curve x = u(t), there exists ¢ such that

1}.}2 [%(t) —u(t 4 )] = 0.

This theorem has been stated by O. Vejvoda.
Let us now consider a system with a small parameter of the form

B S St 20,9 = w9,

and suppose that for e = 0 the system admits a periodic solution of the
second kind, #(#). Considering again the system of vectors &, ..., £,
attached to this solution and performing the change of variables

* = u(0) + SO
we obtain a system of the form

dy ds
:1_t = Y(O, ¥, G), E = @(0, ¥ €).

As in the case where # is periodic, we pass to the system

G — B = B+ e) + o1y + 1<)
and by the usual methods it becomes obvious that if the variational
system corresponding to the solution u(¢) has (n — 1) multipliers
different from 1, there exists a solution y(#, €) periodic in  of period
T with

lsi_rg y(0, ) = 0.
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To this solution corresponds a solution of the initial system, of the
form

x(t, €) = u[0(t, €)] + S[0(2, €)]¥[0(2, €), €]

From
do
we obtain
HT) — ¢0) = ——d0 _J. (A+O0(y|+1e))dd = T + eT(e),

since y(0, €) = O(e).
We deduce from here that if ¢ varies with T + €7(¢), 8 varies with
T and thus

[t + T 4 €T(e), €] = u[0(t, €) + T] + S[O(t, €) + T]y[6(t, €) + T, €]
= u[d(t, €)] + 2nNp + S[0(2, €)]y[6(t, ¢), €]
= x[0(t, €)] + 27 Np.

From the fact that the solution x(z, €) which we have obtained verifies
the relation

x(t + T*(e), €) = x(t, €) + 2nNp,
it follows that
27N
#(t,€) = g P+ 909
with

Pt + TH(e), €) = (2, ¢).

To this purpose, it suffices to verify that the difference x(t, ) —
[2wN|T*(€)]pt is periodic, with period T*(e). We have

x(t + T*, ¢) — Iz,I(N) P+ T*) = x(t, €) + 2nNp — 21 Pt — 27Np

= x(t,€) — 2;1\7 pt,

and the property is proved. We have thus obtained

Theorem 3.15. If for ¢ = O the system % = f(x, €) admits a periodic
solution of the second kind, u(t), such that the corresponding variational
system has a single multiplier equal to 1, then for | €| sufficiently small
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the system admits a unique periodic solution-of the second kind, x(i, €)
with the property
lirgl x(t, €) = u(t).

If, in addition, none of the multipliers, with the exception of that equal
to 1, is a root of unity, the system does not admit in the neighborhood
of the curve x = u(t) other solutions which are closed curves in phase space,
except x(t, €). If the multipliers different from 1 are in the interior of the
unit circle, the periodic solution of the second kind x(t, €) is orbitally stable.

In the same way one can study the cases where the variational system
has several multipliers equal to 1, e.g., the cases when there exists a
family of periodic solutions of the second kind. All this amounts to the
study of periodic solutions of the system

dy

= :B(0)y+€1)(9)+0(|y| +lel)

which is carried out by the usual methods.

3.10. A Method of Successive Approximations

We shall present below a method of study of some difficult cases
from the theory of nonlinear systems containing a small parameter,
elaborated by L. Cesari and representing the synthesis of a whole cycle
of works of L. Cesari and of his co-workers. A system of differential
equations of the form

Y Ay + 1,9 20)

is considered and the following conditions are assumed to be fulfilled:

(a) There exist numbers w >0, 8 >0, ¢ >0, and integers
0<v<mna,b;, withd; >0,j = 1, ..., v, such that the » eigenvalues
p;(€) of the matrix A are continuous functions of e for 0 < € < ¢y and
verify the relations

p0) = i%w G=1,..v)
7

imw

pi0) — - >8>0 for j=v41,.,nm=0,+l, £2, ..,

where bo is -a common multiple of the number b, , ..., b,. In addition,
we will suppose that A(e) is a diagonal matrix. :
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(b) There exists an R > 0 and a function (¢) > 0 integrable in every
finite interval, such that | y;| < R, —00 < ¢ < o0 implies

I qj(y) ta €)| g Sbi(t) (J = 13 ooy n)

and for £ > 0 there exists a £ > 0 such that | y;|, |y] | < R, 0 <€ <
€ <e, | yi—y | <& — €| < € implies

lg:(0's 1, €) — g, 8, ") < Lg(2)-
In addition, q(%, y, €) is periodic in ¢ of period 27/w.
(©)
14, t,€) — (3", 1, ) < (1) 2 1% =1 (=12.,n).

The results obtained will be applied to systems of the form

d?u; du; du .
—dt—;—+2 ]71—t—]—}—03u].=€f]. (u,v,d—t,t,e) (_] = 1,...,}1.)
(1)

dv. .
d—t’+ﬁ5”j:€fj(“ v’d »t‘) G=p+1.,n.

Suppose of <of,j=1,2,..,p; put y; = \/a — of and pj(c) =
—ay + 1y, pjp(€) = — o; — ty;. Weorder the ﬁrsty equations so that for
w > 0 we have

4(0) =0,  o0) = i;—w a>0,b;>0 (=12 ..%
and

pin(0) # l—’l’)io‘i psa(0) £ ”Z—O‘“ G=X41, 0 pym=0, 41, 42, ..).

The last (n — p) equations will be ordered so that B;(0) =0 for
j=p+1,.,7and B;(0) =0forj=7r+ 1, ..,n p <7 < n Suppose
that the functlons f; verify conditions (b) and (c) with respect to the
variables (u, v, du/dt).

Introduce the new variables y, , ..., yy, N = n + p, putting

du; .
Yaj1 == —Pigth; + 7} =1 .,p),

du; .
Yoi = Pty — —dti G=1.,m),

Yuri = U5 G=p+1,..,n).
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We obtain

1 du; 1 , .
u; = f‘y’(}’wq + Y2), TIt_’ = %, (PirYzica +Pinye)) (G =1,..,p)

dYgiy o du; +

d?y; du, du
i

iz = Pz — 20 d_: — oM+ aia(0, )

du;
= Pi -‘E’_ - G?u:i + €925—1(y» t, €)

2
= Pi1Yai1 + (PiaPi — )5 + €Qajy

hence
dy,;_
}:1—';1 = pi1Yas1 t+ €qaia(P) 1, €).
Further,
dy,; du d*u du du;
e e R A L
du; 2 i 2
= —pa g T o + €@y = pp(Yu — pintty) + oi; + gy
= PieYoi + quj(y, t, e)»
DYuss

T —BiVusi + €Quis -

System (21) is thus transformed in a system of the form (20). To the
first v equations of system (20) correspond the first 2A and last (n — 7)
equations of the transformed system. The numbers p/0),; =1, ..., v
are here ity , —ity, ..., t12, —i71, 0, ..., 0, where O is repeated (n — r)
times, and r; = (q;/b;)w.

Let us observe that for € = 0, system (20) admits the family of solutions
depending on v parameters:

y; = ;e 0 G=1L.,vy;=01=v+1,..,n).
But

ePH O — gila, /b wt

is a periodic function of ¢ with period 2wb;/«w; hence the solutions con-
sidered are periodic functions of ¢ with period 2wby/w, where by, as
above, is the least common multiple of numbers b;,;7 =1, ..., v.
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We are thus in the conditions of Theorem 3.8. The conditions of
existence of a periodic solution of period 27b,/w can be obtained with the
help of this general theorem. We will, however, study this problem
independently of Theorem 3.8, with the help of L. Cesari’s method,
which can be applied in other cases, too. This method also makes
available a technique of approximative computation, through successive
approximations, of the periodic solution.

We will begin by some preparatory notions. Consider the family
C.,, of functions f(t), —o0 <t < oo, which are finite sums of functions
of the form e°'p(t), o being a complex number and ¢ a complex-valued
function, periodicin ¢ of period T = 2n/w integrable in [0, T). Evidently
C.,, is an additive class. If ¢ has the Fourier series

4

@~ cmeimwz,

m=—0a0

then the series

+@
z Cetimetort

m==—0c0

is called the series associate to the function f.

The mean value M f] is defined by M[f] = ¢, if imw 4+ 0 =0 and
WM[f] = O if there does not exist an m with imw + o = 0. For every
feCu, M f] is defined and represents a linear functional on C,,. For vector
functions M[ f] is the vector with components M[f;].

If fe C,, aprimitive F of f belongs to C, if and only if M[f] = 0; of
M[ f1=0, there exists a primitive F unique, belonging to C, and such that
IM[F] = 0. This primitive will be denoted by [ f(t)dt.

If f=e*+®lp and M[ ] = 0, p ~ X cet™!, then

: — L latiB)t _ Cm imaot
[ 1 = eormng, g =3, gt e,
For every constant V' > T, there exists an N(o, 7, V) such that
T
| F(t) < N fo lg@)lde (0 <t<V)

For o 5~ 0 (mod wi),
1 +T
) = g [ flds

and for o = 0 (mod wi), F(t) = 1/T [, uf(u)du.
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If o4+ imw £0 for m = 0, 41, ..., and 0<8<min|a—|—imQ|,
0 <8 <w, let o' be such that o — o' | < 8§/2,f = elp, f' = e lp,

V = T. Then the unique primitives F, F’, which have the mean value
zero, verify the relation

|F(t) —F'(t) < |0 —a|N' J.thp(u)| du  O<t<V).

Indeed, we have

1 T ; P 1 T ,
P 7] 4 — o'y .
FO) = oy [ evstde,  FO) = gry [ e oudu;
hence
, o t+T P ea’u
FO ~F0) = [ [y — pr—] o
1 wr aueo’T ea'u, ol 73 T’y d
= T DET=D) J.t (e — 74T — 7% | " \p(u)du
1

t+T i , )
==y ), e T

X e p(u)du,

from which immediately follows the foregoing evaluation.

Lemma. If A4 is a constant matrix with eigenvalues p, , ..., p, , and f
is a periodic vector with period T = 2n/w, and if there exists a § > 0
such that | imw + p; | > 8 > 0 for every m =0, 4-1. £-2, ..., then the
system dy/dt = Ay + [ has a unique periodic solution, of period T, and
this solution statisfies the estimate

|y <N i_}f:uk(m dt.

Proof. It may be assumed that A4 is triangular, since there always
exists a linear transformation which leads to this form. The last equation
of the system then has the form

Yn == PnYn +fn(t)

and admits the unique periodic solution

7ult) = ot [ esatfo(t)d;
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we have i}
| yu(8)] < MN jo | (D)) dt.

The next-to-last equation has the form

Yn-1 = Pn1¥Vn-1 T Gn-1,n yn(t) +fn —l(t)

and admits the unique periodic solution given by the formula

Inat) = eon-st [ el 3alt) + Fua (D)t

The procedure is repeated, and thus lemma is proved.

Given the numbers ¢;,j = 1, ..., v, consider the set  of the con-
tinuous vector functions, periodic of the period T = 2nb,/w whose
first v components have the form

p(t) = &, + @B, Mpr] = 0.

Consider the transformation defined by the relations
Ui(t) = et |- eeri J e g lo(t), 1, €] — dip ()}t (G =1,2,...,v)

bi(t) = eerit j erigle(t), teldt  (F=v+1,..,n)
where the numbers d; are defined by the relations

cid; = M iq(p(t), t,e)]  (F=1,...,v).

Observe that e—*ig;[e(t), t, €],j = v + 1, ..., n, are of the class C,.,
with | — p; 4 (imw/by) | > 8 > 0, w’ = w/by; hence they have the mean
value zero.

We see immediately that the functions ¢; are continuous and periodic
of period T. Taking into account the relations which define d; and the
fact that M[e—""lp;] = ¢; ,j = 1, ..., v, it is clear that

Me=H{g;{p(t), t, €] — djp(1)}] =0
and we immediately deduce that

W)+ = ¢ (= 1,..7).

It follows that the transformation considered maps £ into itself.
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We introduce in £2 the norm

ll @l = max | pi(t)|
and 2 becomes a complete metric space. Let
2(t) = (g e, ..., e 7P, 0, .., 0)

and Q, be the sphere || — 2| <r. Let R be the number which
intervenes in the hypotheses stated with respect to the functions g¢;,
and ¢ be the functlon which intervenes in these same hypotheses; let
K > 0 be such that f Y(t)dt < KT.
If max | ¢; | <12<R and r = R — r,, for p € 2,, we have
lell <llzll+r<r+r=R,

and from

1 T
edy = f R CORR

we obtain the estimate
1 T
d;| < —= u)du;
14,1 < o [ b
if r, < |¢; |, it follows that
ldy| < —
hence

140) = 200 < Ne [ {1 qlotah o el + 15| (0}

< Ne [KT + IERY  for j= 1,y

Forj=v 4 1, ..., n we have
T
|98 = 20)] = 19(1)] < <HN [ | glp(w), u, Jdu < HNKT.

where H = 7, y = max | Rep; | (j = v + 1, ..., n). It follows that if €
is sufficiently small, we have |, — 2;| <7; hence the transformation
considered maps the sphere £, into itself.
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We shall show that for e sufficiently small, the transformation is a
contraction. We have

1

& (T nK
= & < 2 [ S elw) — gl de < T 8 — ot

=41 < Ne [ (gl . — gls¥w

1] i) — o) + |4 — &2 | | 3w }du

< Ne [ 1ot 31 9i0) — 9@ + 14211 730) = (@)

nK
+R7—l|i¢l_¢2||

du < eN }KTnH |

nKRT
"

F ol =@l g — gt < N Mgt — ot

) for j=1,..,v
|4t — 42| < eNHnKT| @' — @t (j=v+ 1, .pm)
From this we see that if € is small enough, the transformations is a

contraction. It thus admits a fixed point in £, . Let y,(¢) be this fixed
point. We have

3t = et + et [ TGN, 1] — dy Ot = 1,.9),
yi(t) = eesst f et [y(t), 2, ]dt  (j=v +1,...,n).

We obtain

dy; . ) . )
S — inegettt igeetns [ eg,[y(), 1, ) — dipi(t)}t

+ ee e Hg[Y(0), 1, €] — diys(t))
= iry; + eqi[y(t), t, el —edys(t) (G =1,..,%)

dy.
—d-yt—’ = epj(€)enr 9t f e rg[y(t), 1, Jdt 4 e Oteritltg [y(1) ¢, €]

= pi(€)y; + €qi[y(t), t, €] G=v+1,..,n).
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We deduce from this that the functions y; satisfy system (20) if the
supplementary conditions

ia '

Tw—ed_.,- = p,(e) i=12,..,v (%)

7

are fulfilled.
The solution y(¢) of system (20) and the equations (*) can be obtained
by the following procedure of successive approximations:

yOU) = 2(1),
Y(t) = 2,(t) + et f e H{g[y™D(t), 1, ] - dmVym-O()dt (=1, ...,v),
ym(t) = eeritot f Pt [ymD(t) 1, ddt (= v + 1,...,m),

dim¢, = Me~*7itq (y'm1(2), t, €)] G=1,..,v).

The relations (*) can be put under a more effective form. Indeed, we
have

Y=+ 00, pfe) = Fw+ €0+ ofe).
The relations (*) become

ea; + ed; + o(e) = 0
or

o; +d; + O(e) = 0.
On the other hand,

1 T d 1 7 . i
d; = ;:)_T J’o e~imq [ y(u), u, €]du = c,_T J’o e~ring[2(u), u, 0]ldu + O(e).
Hence the relations of the condition become

1 T —iTu o —
a; + ;:7— J.o et 2(u), u, 0ldu + O(e) = 0.
Let

L T
Pyfcy, ....c,) =o; + - fo e~mivq,[2(u), u, 0)du
3

c; el (G=1..,v),

) = o G=v+1,..,n).
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If PycY, ..., c0) = 0and &Py, ..., P,)/O(cy , ..., ¢,) # O for ¢; = ¢, then,
on the basis of the implicit-function theorem, there exist quantities
¢;(¢) which verify relations (*); hence there exists a periodic solution
of period T = 27by/w of system (20).

We have finally obtained the following theorem:

Theorem 3.16. We consider system (20) and suppose the conditions

(a), (b), (c) satisfied. If
pile) = ’bi wteo, +ole) (G=1,..,v)

and if &, ..., verify the conditions

a(P,, ..., P,)

0 O,
Pj(CI T CV) - 0’ a(cl 3 ey Cv)

#0

0

i where

for ¢; =c¢
|
Picy, .oy t) = 05 + T fo e~ g [ 2(u), u, 0)du,

€5 Time, /b G=1,..,v),

%) =1lo Gmvtl,on)

then system (20) admits a periodic solution y(t, €) of period T with the
property
yilt, €) = z,(t) + Ofe).

Different conditions may be obtained from this theorem for systems
of the form (21).

3.11. Periodic Perturbations of Autonomous Systems

With the view of studying the periodic perturbations of autonomous
systems, we shall first give some general propositions in connection
with the existence of invariant periodic surfaces for some classes of
systems.

Consider a system of the form

6 =66y ¥="Y(069) 22)

where @ and Y are periodicin ¢ with period T and in § with period w.
We have the relations

0(t; 8y 4+ w, y0) = 6(t; 6y, y9) + w (23)
(& 6y + @, o) = ¥(%; b, ¥o)
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Indeed, from the periodicity of ® and Y with respect to 8 it follows that
we have on both sides solutions of system (22), and these solutions
coincide for ¢ = Q.

The periodicity with respect to ¢ entails the validity of the relations

0(t + T; 0y, ) = 0(2; O(T; 6 , ¥), Y(T5; 6y, yo))»
Yt + T8y, y0) = y(& 0(T5 0y, y0), Y(T5 85, ¥0))-

Let a: R— R™! be continuous and periodic, of period w. Consider
for every fixed ¢t >0 the function p}: R-— R defined by pj(o) =
0(t; o, a(0)).

Suppose that for all fixed t > 0 and «, the function p% has an inverse
and denote this inverse by o .

For every natural N define the mapping T by

(Tyo)p) = ¥(NT; or{p), olorr(p)])-
Lemma 1. Ty ,a = T\(T, ) for all N; hence Tya = T} a.
Proof. From (24) we obtain
O(N + 1)T; 6y , o(65)) = 8(NT; 6(T; 6y, 60)), (T b, «(6o)),
YN + 1)T; 8y, abo)) = ¥(NT; 6(T; 6, , «(8,)), ¥(T; 64 » «(60)))-
Let us put 6(T; 8, , «(0y)) = p,; it follows that 8, = o%(p,) and

H(T5 8y 5 (80)) = NT;5 o7(p1)s olor(p))]) = (Tre)(py)-

Let B = T,a, . From the first equation of (25) follows

(N + 1)T; 6, , «(8,)) = 6(NT; py, Blpr)) = PﬁIT(Pl);

hence p%,1(0,) = pir(py). Taking 6y = 0% 1r(p) it follows that

p = pir(p1); hence p; = oRr(p).
Using the second equation of (25) we further deduce that

(Ty12)(p) = (N + DT; oty sayr(p)s ol v 7(p)])
= ¥(NT; py, B(pr)) = Y(NT; oir(p), Blofr(p)])
= (TxB)(p);
hence Ty 1o = T\B = Ty(T1a).

(24)

(25)

Consequence. If there exists a natural N for which Ty admits a unique
fixed point &, then «, is also a fixed point for T . Indeed, Ty Ty, =
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Ty% = T1Tyog = Thoy; hence Ty is a fixed point of Ty and from
the uniqueness of the fixed point it follows that oy = Tty .

Lemma 2. (0 + w) = pi(o) + w, o(p + w) = %(p) + w.
Proof. We have
o0 + @) = 8t 0 + w, «(o + @) = 6(t; 0 + w, af0)) = 8(t; 0, ofo)) + @
— pf0) + w.
From pi(c + ) = pi(0) + w follows p3[o%(p) + w] = pilo%p)] + @ =
p + w; hence o¥(p%[o%(p) + @]) = o%(p + w), and o¥(p + w) = oi(p) + w.
Lemma 3. Ty« is a periodic function.
Proof.
(Tyo)(p + @) = Y(NT; G3zlp + w), oohrlp + w)])
= y(NT; oyr(p) + @, ofoir(p) + @)
= y(NT; oir(p) + @, o[onr(p)))
= y(NT; ayr(p), alofvr(p)]) = (Tya)p)-

Lemma 4. Tya 15 continuous.

Proof. 'This follows automatically from the continuity of ¢%; and
from the theorem of continuity with respect to initial conditions.

Define the function Z (2, ) by the relation X (, 6) = y(t; o%(0),
o[6%(6)]. The function X is defined for ¢ >> 0 and 6 real and has values
in R*1,

Lemma 5. X (0, 6) = «(6).

Proof. X (0, 8) = y(0; o3(6), «[0§(0)] = a[0c§(6)]. However, pj(o) =
8(0; 0, (o)) = o; hence o§(p) = p. It follows that X (0, 6) = «(6).

Lemma 6. If y; = «(fy), then X (8, 0(¢; 0, , v,)) = ¥(t; 0y, ¥o); hence
2 is an invariant surface.

Proof. X (t, 6(t; by, ¥o)) = ¥(t; o%(0(t; Oy, ¥o)), [0H(O(2; Oy, ¥o))])-
However, B(t; 00 ’ yo) = 0(t§ 00 ’ 0‘(00)) = P7(00)§ hence 07(0(t§ 00 > yo)) =

o7[pU0e)] = B, and Z (2, O(2; 6, , ¥o)) = ¥(t; by, () = ¥(2; b, , ¥o)-
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Lemma 7. X(t,0 + w)= Z(t0).
Proof.

L0 + @) =35 030 + w), ofof(8 + w)))
= ¥(t; 0% + w, of07(6) + w]) = ¥(t; 07(6) + w, o[o3(6)])
= y(t; 53(6), ofo3(0)]) = L (¢, 6).
Lemma 8. If Tya = «, then X(t + T,0) = Z(2, 6).
Proof. If T\ = a we have a(p) = y(T'; o%p), «[0}(p)]); hence

o(p7(e)) = HT; o7(pT(0)), 2[o7{pT(0))]) = W(T o, «0)).

On the other hand, 0(t + T;6,, y,) = 0(t; 6(T; 0, , vo) Y(T; 8y 5 ¥o))-
If yo = offy) we have O(T;0,,y) = pHb)s V(T 0y, 50) =
YT 8y, a(6,)) = afp7(6,)]; hence

0 + T 60, 30) = 05 p3(00), olp3(06))) = pilp3(60))-

It follows that p%,(6,) = pipF(6y)]. For 6, = 0%,1(p,) we obtain p, =

PilpT(otir(po))]; i-e., oYpy) = pT(0%ir(po)); hence 0% 7(pg) = 0F[0%(po)]-
From this follows

Z(t + T,0) = y(t + T 07,1(6), of0?,.7(6)])
= ¥(t; 8(T; 01,.1(0), 03, 1(O)]), H(T5 041.7(6), o011 (6)]))
= y(t; P07, 1(0)), o{pf(of, L (ON)]) = y (8 03(6), {07 (6)]) = 2 (¢, 6).

Definition. If X (t, 0) has the properties stated in Lemmas 6, 7, and 8
we say that y = X (¢, 0) is an invariant periodic surface of system (22).

It follows that to prove the existence of an invariant periodic surface
we have to prove that for fixed ¢ >> 0 and «, the function p%: R > R
admits an inverse and then that there exists a natural number N such
that the mapping Ty admits a unique fixed point.

Consider a system of the form

B _ X (x) + eXy(t, 3, €), (26)

where X, is periodic with respect to t of period T, and suppose that the

generating system
dx
axX o(%)
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admits a periodic solution x = u(?), of period w, with the property that
the corresponding variational system has (z — 1) multipliers situated
in the interior of the unit circle.

By performing the change of variables defined by the orthogonal
normed system (X, , &, , ..., £,) we obtain a system of the form

do
75 = Gul0,3) + €01(t, 8,3, ),

@7
dy
dt = Y0, y) + €Y1(t, 0,9, €),
where 0, , 0,, Y,, Y, are periodic in 6 with period w, and 0, , Y, are
also periodic in ¢ with period T,

0,(6,0) =1,  ¥,(6,0) = 0.

The system dz/dt = B(t)z, B(t) = 0Y(z, 0)/0y, has the multipliers in
the interior of the unit circle; hence its zero solution is uniformly
asymptotically stable.

We will prove that for | ¢ | sufficiently small, system (27) admits an
invariant periodic surface. Consider the space of functions o : R — R"»!
periodic of period w, with the norm | « || = sup,q,,; | ®(o)|. Consider
the closed set formed by the functions with |« || < K€, | afoy) —
afoy)] < L] el|loy — o, |, L, K conveniently chosen. Let V be such that
| GINT + 0)GY(0)| < %, where G is a fundamental matrix of solutions
of the system dz/dt = B(t)z. The existence of such an N is assured by
the uniform asymptotic stability of the zero solution of this system.

We will prove that for | e | sufficiently small and o chosen in the set
considered above, p} has an inverse; T, maps this set in itself and
represents a contraction; hence it admits a unique fixed point. Denoting
in the usual way the solutions of system (27), we obviously have

O(t,00,0,0)=t+00, y(t!OO’O’O)EO’
hence

00 . oy .
%(t)GO)OyO) _1) Eo_o(t, 0)0’0) _01
and from direct considerations of continuity,

o6 . oy -
—aio(t’ g, ot(a), e) =1+ O(| € |): '8;; (t) g, ot(a), €) = O(I € l)
(¢ <t <o+ NT).
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On the other hand, a direct computation leads to
7
@yz (#, 85, 0,0) = G(t + 6,)G1(By),

t
f w G(t -+ OO)G—I(Oo)dt‘
0 dy

08
-a;;(t,GO,O,O):
which shows that
oy o0
—t,9,0,0]<l, 29 (¢, 8,,0,0) = O(1).
3yo( b )| < 3 3y0( b ) (1)

From direct considerations of continuity we deduce

0
| oo <3+ 00l o (toalo) ) = O)
(6 <t <o+ NT).

To prove that p% has an inverse (0 < ¢ << NT), we will show that
0(t, o, a(0), €) is monotoné-increasing. We have, for o, > o, ,

0(t, 0y , oay), €) — (2, 0, (), €)
00 . x o . .
= —aﬁg (¢, o*, a*, €)(ay - ) + ~a—y; (8 o*, a*, )[a(o;) — ()]
=[1 4 O(| € D](01 —02) + O(1)[allo1) — A 03)] > F(01 —05) — ML| € (0, — )
= (3 — MLl € [)(o; —0,) >0

if | € | is small enough; hence p7 is monotone-increasing.
Let 8 = T'ya. We have

Blp) = y(NT; ay1(p), aloxr(p)], €)
| B(p)l = | ¥(NT; oyr(p), elonr(p)]s €) — ¥(NT; ax1(p), 0, 0)|
— | 2 (T3 aa(6), 0. 00l + ;2 < + ofl | + [ 1)

< zKlel +Kjel +o(lel);

K, = sup | (9y/0€)(NT, o%1(p), 0, 0)| does not depend on K. Thus,
choosing this quantity large enough, we will have |B(p)] < K| ¢|.
Further,

| Ble1) — Blpo)|
< | Y(NT, ojrlpy), aloiyr(er)], €) — YINT, o31(pa), a[oxrip,)] €)
< Kyl e || oxrlpr) — oxrlee)l + (3 + O € DI afogr(ps)] - ofogz(p,)]|
<{Kale| + (3 + O( e )L € [} oxrlpr) — onz(ea)l-
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From
pr — py = ONT; o3 rpn), aler(on)]s €) — ONT, rlpa), elofr(o)],
- 5609 (NT, o*, o*, )[aa(pr) — ofrles)]

o0 % N a
+ g5, WL 0% » Moo r(pr)] — elokr(pa)))s

we obtain
L okr{pr) — oxrlpa)l < (1 + O(leDlpr — p2l-
Consequently,
| Blpr) — Blpa)l < {Ksle| + (5 + O(le D)Ll e [}1 + Ol )l pr — pg |-

Since K, is independent of L, it follows that for L large enough we
have | B(p;) — Blps)l <L|€l|p; — py|; hence Ty maps the closed set
considered into itself.

Now let B, = Tyay, By = Tya, . We have

1By — B2 ] = | Y(NT; oxr(p), aalonr(p)], €) — YINT; oyrlp), aalonz(p)], €)|
< Kl el | onrlp) — onr(p)] + (3 + O( )] calon'r(p)] — aalonr{)]l
+ (3 + O(l € )] axonr(p)] — eglowr(p)]
+ ol awr(p) — owrlp)] + oy — )
<{Kyl el + (3 + O € DL € [}l ayr(p) — owrlp)]
+ (& + ol e Dl oy — 2| + o(l oxr(p) — onr(p)l + Il — ).
On the other hand, from
B(NT; oyr(p), aslowr(p)], €) — O(NT; agrlp), walonr(p)], €) = 0
follows
[1 + O( € Dlowr(p) — onr(e)] + O e[onr(e)] — eglonirlp)])
+ ol axr(p) — onrlp)| + | aalonr(p)] — cxlonr(p)]l) = 0;
hence

| onr(p) — onr(p)l < Kll g — oy,
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from which follows

1B — B | < Kyl el|lloay — ol +(%+O(|ED)”°‘1 — ol + ofll oy — o i
We deduce

“,31 —132“ < %“ o — oy,

which shows that T’y is a contraction for | € | sufhciently small. It follows
that T admits a unique fixed point; hence for | e | sufficiently small,
system (27) admits an invariant periodic surface.

Taking into account the property of invariant periodic surfaces ex-
pressed in Lemma 6, it follows that 6(t; 6, , «(t,), €) is the solution of
the equation

do

T = 00, (8,0, ) +By(t, 0, 5 (1,6, ), ) = f(t,6, ) (28)

The properties of invariant periodic surfaces from Lemmas 7 and 8§
show that f is periodic in ¢ with period T and in § with period w.
For the system in x we obtain the family of solutions

x(t; 8y , €) = u(B(t; B » (Bo), €)) + S[O(t; b , (o), ] T (2, 6 6y , o(By), €, )
(29)

which forms the variety x = H(t, 6, €), H(t, 8, €) = u(0) + S(0) 2 (4, 6, ).
Hence H(t, 6, €) is periodic in ¢ with period T and in 6 with period w.
Observe that
0(t + T; 0y, (), €) = 6(¢; O(T; 8, , oBp), €}, W(T; 6y, a(by), €), €).
If we let 8, = 6(T; 6, , «f,), €), we have
W(T; 8y, (8p), €) = Z(T;0,,€) = Z(0;0,, ¢) = afb)y) (Lemma 5)
Hence
8t - T; 0y, o(8,), €) = 6(t; 0y , a(fy), €).
It follows that
2t +T; 8y, €) = u(B(t; 0, , (6), €) + S(6(t; 0y, a(6,), €)) T (2, (t; 6y, o8y, ), ).
For the solutions of this family we have

xq = u(0g) + S(6,) X (0, 8y , €) = u(6,) + S(80)x(80)-
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Every point of the surface x = H(t, 0, €) is situated on a solution of
this family; indeed, let ¢, and 8 be given. Since p$ has an inverse there
exists a 0, such that 8 = 0(t,; 8, , o(0,), €). Consider the solution of the
system which for t = 0 coincides with #(6y) -+ S(6,)a(f,). This solution
will be given by formula (29) and will therefore be equal to H(z,, 6, €)
for t = t¢,.

We obtain finally

Theorem 3.17. For | €| sufficiently small, system (26) admits a family
of solutions which forms the surface x = H(t, 8, €), where H is periodic in t
with period T and in 8 with period w. For € = O this surface reduces to
the curve u(t).

The determination of this family of solutions is reduced to finding
the function o(c), invariant with respect to the transformation T,
to the construction of the invariant periodic surface y = X (¢, 6, €),
and then to the solution of equation (28).

3.12. Singular Perturbations

We shall now study some problems relative to systems containing
small parameters multiplying the derivatives. These problems will be
called problems of singular perturbation.

Consider the system

dx dy
E —‘f(t’ %, Y, e)v GE _g(t’ X*, Vs e). (30)

Suppose that f and g are, respectively, periodic or almost periodic
with respect to ¢, and admit the usual hypotheses of regularity. For
e = 0 we obtain the system

dx
7 = f(t, x, v, 0), g, x,v,0) =0 (31

Suppose that system (31) admits a periodic or an almost-periodic
solution u(t), v(¢), respectively, such that the matrix g’ [¢, u(?), (¢), 0] is
nonsingular for every ¢. Set

U(t) = (gu{t, u(2), v(2), 01)g:l2, u(t), o(2), 0].

In the following pages f, , f, , f. will be the derivatives of the function
f in point [t, u(?), v(¢), 0], and g, , g, , the derivatives of the function
g in the same point.



326 3. THEORY OF OSCILLATIONS

Perform in system (30) the change of variables

§=x—ut), n=y—o)+ UQR.
We obtain

B &t ult)n + olt) — U € —fT5 ut2), o(0),0),

B Lelt, £ 4 )7+ o) — UE ] — 52

+ =5 dU(I) £+ U(i) dt :

From this follows

B _ 180 + filn — UOE + of L+ FIt, &,m, 4,

d ’ ’ ’ d
=gt +ailn — UDE + <[5 — 2] + G &m0
Set
A4 =f,—fU, A =f;, Q@) =g .
The system obtained is written '

d -
f = A4, €+ Ay + o, F(t1 &, €),
d (32)

dy d
= On+telg—T) + 6 Eme),
where
|FI=O(¢P+1nP+e), |Gl=0(¢R+]nl*+ )

In addition, F and G are Lipschitzian with an arbitrary small constant if
[ €1, 1ml, | €| are small enough.

Suppose that (Q + Q*)/2 < — pE, p > 0; this implies in particular
the previous hypothesis of the nonsingularity of matrix (). In addition,
Q-1 is then bounded. The coefficients 4,, 4,,Q and the functions
f., g, — (dv/dt), F, G are respectively, periodic or, almost periodic.

We will finally suppose that the linear system

d¢

T A (33)

has the trivial solution uniformly asymptotically stable. Under these
conditions we prove that system (32) admits, respectively, a unique
periodic or almost-periodic solution, which for e — 0 tends to zero.
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To this end we consider the operator which attaches respectively,
to the periodic or almost-periodic functions o(t), B(t), respectively
the unique periodic or almost-periodic solution of the system

d
£:Ag+Aﬂ+¢%FMMQﬂW¢

; P (34)
n_ ,_Gv
e —On+efe— ] + Glt 1), A1), )
From the second equation (34) we first determine respectively, the
periodic or almost-periodic solution %(#), which is substituted in the
first equation,

The conditions imposed on the matrix Q assure the existence of this
solution, and the condition imposed on system (33) assures, respectively,

the existence of a periodic or almost-periodic solution which satisfies
the estimate

Pl < K[Kpsup [ 9| + Ksle| +O(laf® + [B[2+€)]  (Theorem 3.4).
Let ol < Klel,||BIl <K'|el It follows that
| G[t, «(t), B(2), €]| < Le.
We have
€ (n, %) =(0n) +e (n,gé - %) + ( G);

hence, supposing that ¢ > 0,

1d
x| 1S —pln P teln M+ | n|Le.

Setting | 5 |2 = 2%, we deduce that

dv

vzg—fvz—{—vM—{—vLe,

ie.,
— < — L:v + M + eL.
From this we obtain the inequality

v < i(M + eL);

hence
|M<§M+¢y



328 3. THEORY OF OSCILLATIONS

Choosing K’ large enough and e small enough, we deduce that

In] < K'e.
Further, from the first equation (34) we have
| €] < Ky(KyK'e + Kye + Lye?).
Choosing K large enough and e small enough, we have

€1 <Klel.

Consequently, the operator maps the set ||« || < Ke, || B ]| < K'e into
itself. Let us show that the operator is a contraction on this set, for e
sufficiently small.
Let o, B, 0,8, be given, & ,7;, £, , 7, be the corresponding
images, y = & — £,,8 = n; — 7, . We have
dy

at = AD’ + AZS +F[tv al(t)v :Bl(t)v E] _F[t7 a2(t)v B2(t), E]’

€ %8[ = 08 + Glt, a(t), Bu2), E] — G[t, ay(t), Ba2), €].

It follows, as above, that

N80l < Lye(fl oy — [l + 11 By — B2 )
and then that
7 < Lge(ll g — ol + 1181y — Ball)s

which shows that the operator is, for € sufficiently small, a contraction.

We deduce the existence of a unique fixed pointin the region ||« || < Ke,
181l < K’¢; hence, respectively, of a periodic or almost-periodic
solution of system (32), of the form

£t) = e€*(te),  9(t) = en*(t o).

We have obtained

Theorem 3.18. If system (31) admits, respectively, a periodic or
almost-periodic solution u(t), v(t) such that (Q + Q*)/2) < — pE, and if
the trivial solution of system (33) ts uniformly asymptotically stable, system
(30) admits, respectively, for 0 << e < €y a unique periodic or almost-
periodic solution [x(t, €), ¥(t, €)] of the form

x(t, €) = u(t) + e£*(2, €),
y(t, €) = o(t) 4 en*(t, €) — eU(t)EX(, €).
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Remark. In the case of periodic solutions, the condition imposed on
system (33) may be weakened, by requiring only that it does not admit
periodic solutions of the period considered, different from the trivial
solution.

Likewise, the condition imposed on the matrix Q can be weakened
by requiring, for example, that for every ¢ it admits eigenvalues with
negative real parts <{ — o. This condition can be weakened even more,
but it leads to completely noneffective requirements.

We shall now consider only the periodic case and will suppose that
the system obtained for € = O admits a family of periodic solutions
depending on the parameters ¢, , ¢, ..., ¢}, .

Denote by ¢ the vector (¢, ¢;, ..., ¢;;) of the parameters. In this case
system (33) admits periodic solutions. Indeed, from

du(t C) ——f[t u(t (;)’ ‘Z)(t C), 0])

g[t, u(t, c), v(t, ¢), 0] = 0,

we obtain
;it ou(t, c) y 8u(t c) iy 8‘0(t c)’
, 8u(t, c) , 8'1)(t, €) _ .
o T8 =0
hence
oot c) ou(t, c)
o~ U
It follows that
d ou(t,c) 8u(t ) _ 8u(t c)
Fowd — oo = - 4>

Consequently, the periodic functions du(t, c)/oc are solutions of system
(33). According to Theorem 3.2, the adjoint system of system (33)
admits the same number of independent periodic solutions, which we
will denote by ¢,(¢, ¢), ..., gi(¢, ¢). Suppose that for a value ¢, of the
parameter, system (32) admits a periodic solution of the form

&(t, €) = e£*(1, €), (L, €) = en*(t, €).
Then £* and n* verify the system
) _

Af)EXE, €) + Aot *(t, €) + S + eF,

dn*(t, ,
ei%3=QMWA+&—§+£f
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Taking Theorem 3.2 into account we have
[ ot cofdoltym*(t, ) + 72+ F¥dt =0 (j=1,2, ... k).
0

Let 7**(¢) = lim_q n*(¢, €). It follows that

[ gt coft ey + £t =0 G =1,2,... ).

To compute 5** let us consider the system

Let Uz, s, €) be the fundamental matrix of this system. From the
hypotheses (O + O0*)/2 < — pE follows the inequality

[ U(t,s, €)] < Bemtwloni—s,

The periodic solution n*(2, €) may be written in the form

it =[ LU [e 5+ 6] as

—0

We have

t .
{ [ U5 06" s

< Mft et g — Y <.
—w ©
hence
t
linox U(t, s, e)G* ds = 0.
It follows that

.1t , dv
7O =lim - | Ul s (ge - —) ds.

ds
Further,
ad dv My o€ Ve My e
- s 71 —tujat = sluje)s — 1 —u/Ve.
p f_w Ult, s, €) (ge ds)ds < pak: 'ue B ” e ;
hence
1 Ve , dvy
lim [ Ults,9) (gc——?;) ds = 0.
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Consequently, we have

*x% 1t ’ d
N (t) = lelf’{)l; ‘/__U(t’ S e) (g( - 71;) Sy

i—Ve

1[‘ _U(t,s,e)(gé—%%)ds: —lf

€Y v €7 v

U5 966 (g — 22 de

- f ‘H/‘_;; Utt, s, YO 1(s) (g; - %’) ds

t

dv

Z ‘/;—+ J.i_‘/‘—U(t’ 5, €) %Q_l(s)(g: - —J;) ds

= —Ut,5 9070 e: — Z)

t—

~070) (6 — ) + U, £ — Va9t — Vo) (g — 22

) s=t—v'e

+f  Venag0w (- )

For € — 0, the last integral evidently tends to zero. Since
| Ut, t — Ve, €)] < Be-w/ave

it also follows that the second term tends to zero. We finally obtain
,
) = -0 [¢ — Z]

Theorem 3.19. Suppose that system (31) admits a family of periodic
solutions of period w, [u(t, c), o(t, c)), and that for the solution which
corresponds to the value ¢ = c,, we have (Q + Q*)/2 < —puE. If system
(30) admits a periodic solution of period w of the form

x(t, €) = u(t, co) + €£*(t, €), ¥(t, €) = v(t, o) + en*(t, €) — eU(t)EX(2, €),
then

Ayt e) [g— 25D gl =0 (G =1,2,..8),

J.: qj(t’ "0)

for all periodic solutions qy(t, c,) of period w of the adjoint system of system
(33).

We shall now study the problem of singular perturbations of auton-
omous systems of the form

dx N - dy N
& =Sy g =sny). 69)
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For € = 0 we obtain the system

dx ) ,
Et‘:f(x>y’0)’ g(x,y,O):O.

Suppose that for x € D there exists a function ¢(x) such that
£(x, ¢(x), 0) = 0.
Consider the system
dx '
5 =/ e), 0] (xeD). (36)

Suppose that this system admits in D a periodic or almost-periodic
solution, u(f), respectively. Consider the orthogonal normed system
&1, &y -, &) attached to this solution, where

¢ = S lu(?), p(u()), 0] .
YT fTu(t), (), 01

From the construction of the vectors &, , ..., £, it follows that they are
respectively, periodic or almost periodic in 2.
Perform in system (35) the change of variables

x = u(f) + S(0)z,

the new variables being # and 2, and S the matrix whose columns are
vectors &, , ..., §;- We obtain a system of the form

do
i 0(0, 2, 9, €),
dz
i Z(6, 2,y,¢€),

D _ glu) + 500,39

For € = 0,2 =0,y = ¢[u(f)], we have & = 1; hence for y in the
neighborhood of ¢[u(6)], and for small z and ¢, we have @ # 0. We may
therefore take 6 as an independent variable and we obtain

dz _ 200,29, ¢ b _ glu®) + S(0)z 3, €]
dt B @(ex z’y) €)’ d0 @(0’ 2,y, E) '
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We have thus obtained, respectively, a periodic or an almost-periodic
system of the form

dz

E:F(G»Zd’»f)’ GQ: Y(B,Z,y,E),

do

as in Theorem 3.18.
For € = 0 we obtain

&[u(8) + S(6)z,y,0] =0,
which admits the solution

2=0, y=q[u)]
because

£(u(6), o[u(6)],0) =0
and

Z(8,0, ¢[u(8)],0) = 0.
We further have,

, 15(8)0 — g@!
Y 46,0, olu(8)], 0) = =200 — £0

z=0
y=p[u(8)]

€=0

= £o(u(0), 9[1(6)], 0)S(0),

8,9 — 9,

Y0, 0, ¢[u(6)], 0) = 45

. = &0), ¢lu8)), 0).

plu(8)]
0

R
Iy

It follows that
U(6) =.(g,[u(8), p[u(6)], O])'g[u(0, p[x(0)], 01S(6),
O(8) = g,(u(0), p[u(8)], 0).

We compute:

4,(6) = F3(6, 0, p[u(6)], 0) — F(6, 0, #[u(8)], 0)U(6),

, Z,0 — 78,

F{0,0, u(e)], 0) = 28 =29 ~ 2. 26;
z=0 z=
y=p[u(8)] 1/=(;)v[u(6)]
=0 €=0

,, Z,0 — 70,

Fi8,0,oul0)), 0) = =] =~ =2,-26,
Zig[u(e)] zg:w[u(ﬂ)]
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System (36) is written in the new variables

% — 6(8, 3, p[u(6) + S(6)s], 0),
%;aawm@+swﬂw

hence
dz _ Z(6, 2, olu(6) + S(0)s],0)
49 ~ (6, z, p[u(6) + S(0)z},0) °

The matrix of the system of normal variations is obtained by taking the
derivative with respect to 2 in the point 2 = 0. We deduce
_ 2 + Zp:5(0)]0 — Z[0; + 0,9.5(6)]

B(o) - @2 ¥ 0

= Z; — Z,(8,)7'825(0) — Z8; + Z0,(g,)"g.S(0) ],
= (Z; — 26.)sm0 — (2, — 26,).0U = F; —F;U;

hence .
B(8) = 4,(0).

If we suppose that the solution of the system of normal variations is
uniformly asymptotically stable [which signifies in the periodic case
that the variational system corresponding to solution u(¢) has all the
multipliers except one in the interior of the unit circle], the conditions
of Theorem 3.18 are fulfilled.

Theorem 3.20. If system (36) admits, respectively, a periodic or an
almost-periodic solution, u(t), situated in D such that (Q + Q*)/2 < — ukE,
where O = g (u(t), [u(t)], 0), and if, in addition, the trivial solution
of the corresponding system of normal variations is uniformly asymptotically
stable, then for 0 < € << e, system (35) admits, respectively, a unique
periodic or an almost-periodic solution, which for e =0 reduces to
(u(t), g[(2)]).

It is sufficient to observe that from the hypotheses of the theorem,
on the basis of Theorem 3.18, follows the existence of a solution 2(8, ¢),
(8, €) of the form

2(0,¢) = e£*(8,¢), (0, €) = [u(8)] + O(e),
which leads to a solution of the form

x = u(0) + «S(0)6%(6,¢), (6, €) = p[u(6)] + O(e).
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NOTES

The proof of Theorem 3.3 follows [47]. Theorem 3.4 was given for
the first time in [48]. The proof in the text is adapted from the proof
given for systems with delayed argument in [49]. More general results
in this sense are to be found in [50]. The results relative to quasi-linear
systems have been published in [S1]. The theory of systems containing
a small parameter with numerous applications is presented in mono-
graph [52](see also [4] and [5S]). The method of averaging, in its most
general form, has been presented by N. N. Bogoliubov in [53]. A detailed
exposition of the method is to be found in [54]. The results of Section 3.6
have been published in [55] and [56]. The theorem of F. Browder is
given in [57]. The theory of autonomous systems follows [58]. The
result of E. A. Coddington and N. Levinson mentioned in Section 3.8
can be found in [4]. The theorem of Andronov and Witt for periodic
solutions of the second kind has been given in [59]. The proof in the
text is new. The method of L. Cesari is that given in [60]. The results
of section 3.11 can be found in [61]. See also [104]. Theorem 3.18 has
been given in a more general formulation for the case of periodic solutions
in [62], and for the case of almost-periodic solutions in [63]. Theorem
3.19 is new. Theorem 3.20 for the almost-periodic case is new. The
proof for the periodic case is new, although the result was given in [64].

For further references on the theory of oscillations and on the theory
of stability see the book of L. Cesari [105]. See also the book of
J. K. Hale [106].



CHAPTER 4

Systems with Time Lag

In many circumstances the duration of the transmission of the
action cannot be neglected. This is the reason why the forces intervening
in the system depend at every moment on the state of the system not
only at the time considered but also on previous times. In the following
paragraph we shall outline some qualitative problems of the theory of
systems with time lag.

4.1. The Existence Theorem. General Properties

Let us consider a system of the form

dx(t) _
5 = f1t x(t), 2(t — 7)), 1

where 7 > 0; we suppose that f is continuous in all arguments. For
such a system the solution is constructed by a “‘step-by-step-method,”
in the following way. Given a function ¢(t) continuous on [t, — T, t,],
we form the system

d
= lLamelt—n)] (o <t<ty+7)

t
and consider a solution of this system determined by the initial condition
%(ty) = ¢(,). Let ¢,(2) be this solution, which exists by virtue of conti-
nuity hypotheses. If this solution is defined on the whole segment
[ty ty + 7], we form the new system

B Fset =l (et <t<ty420)

and consider a solution of this system determined by the initial condition
®(ty + 7) = @y(ty + 7). Let gut) be this solution. In general, assuming
that ¢, _;(t) is defined on the interval [t, + (k — 2)7, t, + (k — 1)7],
we form the system

= flbmpeat =] (to+ (k= Dr <t <ty +hr)
336
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and we consider a solution of this system with

x(to + (B — 1)) = Prlto + (B — 1)7],

which is denoted by ¢,(2). A solution of system (1), x(¢), defined by the
initial function ¢u(#) will be given by the relations x(t) = ¢,(t) for
tefty+ (k — V)r, ty + k7], k = 0, 1, .... The function x(z) is obviously
continuous; as a consequence of its construction, the function x(t) is
differentiable in the interior points of intervals [ty + (& — 1)7, £, + k7],
k > 1. It is also obvious that x(¢) is differentiable and has a continuous
derivative at the points ¢, + k7, & > 1. At the point ¢,, only the right
derivative exists.

If f(¢, x, y) verifies a Lipschitz condition with respect to x, whatever
y is, then there exists a single solution which coincides with ¢,
in [, — 7, &) , since the functions ¢,(¢) are uniquely determined, and
every solution coincides with ¢, (f) in [£, + (¢ — 1)7, ty + k7]

System (1) represents the simplest type of system with time lag.
Other situations are also possible, in which the values of the function x(z)
appear with different time lags, and finally where these time lags depend
on t. Thus we can consider systems of the form

9@ — It %(8), 5(t — 8)), 2(t — 7o(1)), 1or 2(t — (D).

We suppose for such systems that 7,(t) > 0 and we consider the set
E, constituted by values t — 7(t), t > t,, which are smaller than or
equal to ¢, . The initial function ¢, is given in a set £, .

More generally, we may consider systems of the form

dx(t)

= flt, x(t + )], @

where for every fixed ¢ the components of vector f are functionals defined
on the set of continuous functions given in [—7, 0], 7 > 0. The function
f therefore depends upon the whole behavior of function x on [t — 7, £].
We will suppose the given initial function @ continuous in [, — T, to]
We consider the metric space of continuous functions, given in
[t — 7,2, 4+ k] with k2 > 0 sufficiently small, with the distance
being defined by the usual norm of uniform convergence, that is,[ju || =
SUD 4y —r<t<tgth | u(t)|; the subset of the functions in this space which
coincide within [, — 7,%,] obviously form a complete subspace. Let A[u]
be the operator defined in this complete subspace through the relations

Aly) = ®(to) + fzof[”s u(c + 5)]do (for to <<t <ty + h),
#(t) (for t,—7 <t <t).
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It is obvious that the operator A maps the subspace considered into
itself. We will suppose that f verifies a condition of the Lipschitz type and
we will prove that 4 is a contraction. We have

(An] — Alw]| = | [ {lo (o + 9] /1o, lo + e

t
< f: \flo,us(@ 4+ ] —flo,us(o + )] do for 1<t <ty+h,

Aluy] — Afuy] =0 for t,—7 <t <t,.

If we suppose that
Lf(t, @) — f(t, o)l <Liigr — @ell

for ¢, , @, in a neighborhood of ¢(z, -+ ), then, for k sufficiently small
and u, , u, in this neighborhood, it will follow that Afu;] and A[u,] are
in the same neighborhood and in addition that

|A[w] — A[ug)l < L) uy — u, .

Hence for & sufficiently small, 4 is a contraction. It follows under these
conditions that 4 admits a fixed .point and that this point is unique.
If x(¢) is the fixed point of the operator 4, we have

x(t) = o(t) for te[ty— Tt
and .
*(t) = glte) + [ flo,xlo + o for 1y <t <ty + ks
to

hence P
) = fltx(e + 9]
and x(¢) is a solution of system (2).

In this way, if f verifies a condition of the Lipschitz type, the theorem
of existence and uniqueness is proved for general systems of the form (2).
As in the case of systems of ordinary differential equations, this theorem
has a local character.

We will denote by x(¢; 2, , ¢), as in the case of systems of ordinary
differential equations, the solution of system (2) defined for ¢ > ¢, — ,
which coincides with the initial function ¢ on [ty , t, — 7].

Supposing that the Lipschitz-type condition is verified, let us prove
the fundamental inequality?

| 2(2; tg, 1) — %(8; £y, )| < @1 — @2l eLtt—tp) 3)

* The proof below reproduces the one carried out by N. N. Krasovski.
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For t = t, the inequality is obviously verified. We assume that it is not
verified for all # for which the solutions are defined and let ¢, be the
upper bound of points ¢ for which the inequality occurs. We have

[ 2(ty 58, 91) — *(t15 L, @)l = oy — a || €L %)

and for every = there exists a t, satisfying ¢, < ¢, << ¢ + (1/n) such
that
[ty 5 ty, 1) — ®(tn sty , @)l = || 1 — s || €Xn ),

We obtain
1
Z“__—tl {l2(tn s to, 1) — %(ta 5 to, Pa)l — [ %ty 5 Ly, 1) — %ty 5 8y, @2)l}

>

et — M| gy — gy
n 1

hence

: 1

lim sup o {| #(t; + B3 to, @1) — 2ty + B b, o)l — [ 2(t1 580, 1) — #(21 5 Lo, #2)1}
= Lettto | @ — @y || = L (t1 5 2o, 1) — #(t1 5 2y, o). (*)

From system (2) we obtain

dx(t; to, @1)  dx(t; by, @)
dt dt

= lf[t’ x(t + S5 t03q)1)] _f[t) x(t + 5 t0 ’ ?2)]1
<L Sup | [2(t + 5520, @1) — 2t + 5 L, P)I;

—TL 8K

hence

] dx(ty 5ty , 1) _dx(ty 5ty , @)
| dt dt

<L su 0 L%ty + 8389, 1) — x(ty + 83 2o, @o)| < Lfl @y — || Xttt

—r< s
=Ll x(t;; 1y, ¢1) — 2(ty 5 5, @3)l,

since for s <C O we have ¢, + s < ¢;, and the inequality (3) is verified.
However, we obviously have

du(t,)
dt

’

lir’{lggp%{] wl(ty + h)| — | u(ty)]} < l
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hence

. 1
1“,{1(?}:? _h{| (b4 Ry ty, 1) — %(t -+ Bty , @)l — [ x(ty 580, 1) — x(8y 5 8y, ®2)}

<L|x(ty; ty, p1) — x(t1 5 ty, @3)l,

which contradicts the inequality (x). The existence of ¢, is contradictory,
hence inequality (3) is valid for all values of ¢ for which the solutions
are defined.

Under the same conditions, let us also consider the system

du(t)
dt

= [t u(t + )] + glt, u(t + ). 4)
We prove the inequality
| %(t 520, @) — u(t; 1o, @)l < (e~ — 1) sup | g(t, u(t + 5))| (3)

We use the same procedure as above. The inequality (5) is verified for
t = t,; let t; be the upper bound of the set of values ¢ for which it still
holds. We have

|%(21 5 2, @) — u(t1; 1, @)l = (eF7% — 1) sup | g2, u(t + )|
and for every n there exists #; << t, <1, -+ (1/n) such that

| #(tn 5 10 @) — ultn; o, @)l > [X4~% — 1] sup [ (¢, u(t + 9))I.

We will have

. 1

l",flgfpz{! x(ty + by to, @) —ulty + sty )l — | x(ty 589, @) — u(ty; 4y, @)}
> Lelti—t) sup | g(t, u(t + 5))|. (%)

On the other hand,

dx(ty5to,9)  dultyst, @)
dt dt

<L sup [ty +sit,9) —ulty + sit0, @)l + sup | g(t, u(t + 5))|
< L(etht — 1) sup | g(t, w(t + 5))| + sup | g(2, u(t + 5))|
= Leltt=%) sup | g{t, u(t + 5))| + (1 — L) sup | g(t, u(t + 5))|

< Le*=% sup | g(t, u(t + 5))|
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if we assume L > 1. It follows that

. 1

lim sup Z{! x(ty + ks ty, @) —ult, + hity, @)l — | x2(t; 58, 9) — u(ty; 4y, ‘P)l}
< Lettt0 sup | g(t, u(t + <)),

which contradicts (xx). The existence of ¢, is contradictory and thus

inequality (5) is proved for all ¢t > t, for which solutions (2) and (4)

exist.

Let us suppose now that f has components which are differentiable
in the sense of Fréchet. Then we could write

FIt x(t + 9)] —f18, xo(t + 9)] = A2, 2(t + 5) — x(t +5)) + ol — x,]]),

where A(t, ¢) is a vector whose components are for every t linear
functionals. Hence, on the basis of the Riesz theorem,

Ato) = [ (@antt, Dot

7(t, s) being a matrix which depends on the solution x,. The linear
system

50 = [ @ty Dyt +9) ©)

is called the wariational system corresponding to system (2) and the
solution x, .

Toavoid the inconvenient representation (6) when dealing with general
linear systems of this form, we will suppose that y is a row vector and
will write

30 = [ 5+ 9t ). )

In the case of systems of form (1), supposing that f(¢, u, v) is differ-

entiable, the variational system is written
() = fult, xo(2), xo(t — 7)]¥(2) + Folt, %6(2), %ot — (¢ —7)  (7)

Let us suppose that f is differentiable in the above sense and let

x(t; 8y, o) and x(¢; £y , ) be two solutions of system (2). Setting
u(t) = x(t; tg, @) — x(t; g, Po),
we may write
u(t) = fIt, 2(t + 55 Lo, )] — 8, 2(t + 55, @o)]
= A(t, u(t + 5)) + ofl| u))-
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Let y(¢) be the solution of the variational system (6) which in
[ty — 7, ty] coincides with ¢ — @,. Then, on the basis of inequality
(5) we may write

| x(t; 8, @) — x(85 29 po) — ¥()] = oll X(2; ta» @) — (25 1y, @o)l)s
and also taking into account inequality (3) we obtain

| x(t; 2y, @) — x(t; 2y, @o) — Y| = o(ll@ — @, l)- (8)

We shall close these introductory considerations by observing that to
a time-lag system of form (2) is attached an operator U, defined on the
space of the functions continuous in [—, 0] through the formula

U = %[t + 50, 9], s € [—7, 0] (t =0).
This operator has the following properties:

1. It is continuous for every fixed ¢; this results from inequality (3).
2. We have Uygp = ¢; hence U, is the identical operator.

3. If the system is linear, of forms (6) and (7), respectively, then U,
is a linear operator. Indeed, it follows from the system’s linearity that
every linear combination of solutions is a solution; hence

Y(t; to, a®r + dape) = 4 Y(t5 Lo, 1) + (25 Ty, @),

since both members of the equality contain solutions and these solutions
coincide in [#, — 7, ¢,].
From the equality written above, it follows that

Uloapr + aap,) = o Ugpy + Uy

hence U, is linear.

Relation (8) shows that if (6) is the variational system attached to
system (2) and to the solution x(¢; 0, ,) and if we denote by U, the
operator attached to (2) and by V, the operator attached to system (6),
then

N Up — Uy — Vg — @o)ll = ol @ — @oll)-

Hence V, is the Fréchet differential of U, in point ¢, .

4.2. Stability Theory

We shall now state the fundamental propositions concerning Lyapunov
stability for systems with time lag.
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Definition. The solution x,(t) of system (2)is said to be uniformly stable
if for every € > O there exists a 8() > 0 such that if | p(s) — xy(s)| <&
for s€ [ty — 7, t,), then | x(1; 1y ,p) — x(2)] << e for t > t,.

As in the case of systems of ordinary differential equations, the study
of the stability of a solution xy(#) is reduced to the study of the stability
of the trivial solution.

Theorem 4.1. Let us suppose that there exists a functional V[t ¢]
defined for every t on the sphere || @ | < H in the space of the continuous
functions defined in [ —r, O] with the following properties:

1. There exist functions a(r), b(r) continuous, positive, and monotone-
increasing, with a(0) = b(0) = 0, such that a(|| ¢ ||) < V¢, o] < b(ll 9 I1).

2. V*(@) = V[t, x(t + s; to, 9)] is a monotone-decreasing function for
t>=ty, (se[—r,0]).
Then the trivial solution of system (2) is uniformly stable.

Proof. Lete > 0, 8(e) < b~'[a(e)], t, = 0, ¢ be a continuous function
on [ty — 7, 1o], || ¢ || < 8(¢). Consider the solution x(t; £, , ¢) and form
the function

V*(¢) = V{t, 2(t + s; 2o, @)].
According to the hypothesis, this function is monotone-decreasing; hence
V() < V() = Vto, 5ty -+ 5; o> 9)]
= Vto, ¢(te + ) < bl @ll) < b(3(e)) < ale)-

From a(|| x(t + s; ¢, @)ll) < a(e) and the monotonicity of the
function a(7), it follows that || x(¢ -+ s; ¢, , @)l| << €; hence | x(¢; 25, )| <,
fort > t¢,.

Theorem 4.2. If the trivial solution of system (2) is uniformly stable,
there exists a functional V[t, o] with the properties of the preceding theorem.

~ Proof.  Let G(r) be a continuous function, positive and monotone-
mncreasing for r > 0, G(0) = 0. We define the functional V[t, ¢] by the
relation

V[t ¢] = sup Glllx(t + o+ s5t,p(w — )] (¢ —7<u<t, —7<s<0).

Since for ¢ = 0 we have

2t + s;f, plu — ) = @l — D)l =l @]
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it follows that
Vit, o] = G(l ¢ 1))-

From the uniform stability of the trivial solution of system (2) it
follows that there exists a function 8(e) with the property that || || < &
implies | x(t; 2y, p)| <<€ for t > t,. As we have shown in Chapter 1,
the function 8(¢) may be chosen monotone-increasing and continuous;
hence there exists an inverse function €(8) with the property that
| x(2; ty, @)l < €| @ ||), for t >ty — v (we suppose in addition, which
does not restrict the generality, that 8(¢) < €). From this it follows that

|2t + o+ s;t, p(u — )| < (|l @);
hence

Vit, el < Gle(ll D).
Further,
VH(t) = VIt a(t + 5310, @)] = up Gllla(t + 0 -+ 53 £, x(2 + 5, to, )]
= sup Glllx(t + o + 53 10, P;

the solutions x(u; ¢, x(¢ + s; ¢, , ¢)) and x(u; ¢y, ¢) coincide for u = ¢,
since they coincide for all t — +» <<u < &
Lett; >t,,d =1, —1,. We have

VA(t) = sup Gl sty + o+ 53 1o, D)) = sup Glllalty +d + o + 53 4, )]
= 3‘)‘5’ Glilx(t, + o + 55, 9] < Sgg’ Glllx(ty + o + 53 29, @)l = V(1)
hence V*(z) is monotone-decreasing.

Definition. The trivial solution of system (2) is called uniformly
asymptotically stable if there exists a 3, > 0 and functions 5(e), T'(¢)
such that || @ || < & tmplies | x(t;ty, @) <e for t =1, and | ¢ || <3,
and t =ty + T implies | x(1; ty , )| < e.

Theorem 4.3. Let us suppose that there exists a functional Vi, @)
defined for every t = 0 on the sphere || ¢ || << H of the space of the functions
continuous in [—, 0], with the following properties:

1. There exist functions a(r), b(r), c(r) continuous, positive, and monotone-
increasing forr > 0, a(0) = b(0) = ¢(0) = Osuch that a(|| ¢ ||) < V[t, 9] <
([ @ -
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Ve bt h st ol VLot +91 0

lim sup A

Then the trivial solution of system (2) is uniformly asymptotically stable.

Proof. Letd(e) << b~ '[a(e)], | @ ll<< 8(¢), V*(2) = VIt, x(t + 558, @)].
We have

VXt + k) — V*(t)

lim sup

h0+ h
— lim sup Vit +hx(t+h+s5t,9)] — V[t x(t + 558, 9)]
>0+ h
_ lir’{l sup V[t + h,x(t +h + 5t ,}:p)] — V[t, x(t + 53 ¢y, @)]

< —c(| x(t + 552, 9)) <O

if l¢| # 0. From

lim su
h,—v0+P

VXt 4+ h) — V*()
7 <0

it follows that I"*(¢) is monotone-decreasing; thus, as in Theorem 4.1,
it follows that || x(¢; t,, @)l << € for ¢t > t,. Let us observe that since
V*(t) is monotone-decreasing, it is differentiable almost everywhere and
thus condition 2 is likewise verified almost everywhere by the derivative
of the function V'*.

Let 8, = 8(H), T(€) = b[8,)/c[8(e)], Il || << &y . If for te[ty, t, + T

we would have
| 2(t 4 559, @)l = 8(e),
it would follow that

(|l x(2 + 55 80, @) = c[3(e)]-
Hence

—c[8(e)]s

lim su
h-0+4 P

V*(t + h) — V*(¢) <
h -~

from which, on the basis of a well-known result in the theory of functions
of real variables,

VHE) — V¥(t) < —c[¥()( — to);
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hence
V() < V*(ty) — c[8()](t — )
b(ll @ () — <[3()](2 — 2g) < b(8y) — c[8(e)](t — 2,).

From this follows

<
<

V(1o + T) < b(3,) — c[3(e)]T = 0,

which is a contradiction. It follows that there exists ¢ €[t,, ¢, + T
such that || x(t' + s; #,, @)l| << 8(€); hence | x(¢; 2/, x(t' + 5 2, @))] < €
for t > t'. This means, however, that for t >¢, + T we have
| x(t; ty, p)] < € and the theorem is thus proved.

Theorem 4.4. If the trivial solution of system (2) is uniformly asymp-
totically stable, there exists a functional V[t, o] with the properties stated
in the preceding theorem.

Proof. As in the proof of Theorem 1.6, let G(r) be a function with
G0)=0,G'(0) =0, G'(r) > 0, G"(r) > 0 for r > 0. We choose

1+ ao

VIt 9] = sup Gl 5(t + o + 5; 1, gl — 1)) -2

The proof is continued in the same way as in the case of Theorem 1.6;
therefore we shall not repeat it.

Taking into account that f verifies a Lipschitz-type condition and
using evaluation (3), we prove as in Theorem 1.6’ that we may choose a
function G such that the functional V[t ¢] verifies the inequality

| Ve, ‘P1] - V[t, ‘Pz]\ < M||<P1 — @2l

for || @y || << 8(89), Il @2 1] << 8(8p)-

Theorem 4.5. If the trivial solution of the linear system (6) or (7),
respectively, is uniformly asymptotically stable, then it is exponentially
stable; i.e.,

| ¥(5 10, )l < Bem=t=4|| @l
Proof. We define the operation U, , by the relation
Upp = (55 ty, @) t—r<s<).

This operation maps the space of continuous functions defined in
[to — 7, t,] in the space of the functions continuous in [t — 7, ¢].
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This operation is linear, because of the linearity of the system. The
fundamental inequality (3) shows that it is also continuous. It follows
therefore that it is bounded; hence there exists a quantity || U, , || with
the property

H?pl)ll%l” Uil = 11 Up g ll-
For |lo||<8;,t =t, + T, we have |y(¢;t,9,) <e hence for
t =ty + T + =it follows that | U, , ¢ || <e.

We fix ¢ with 0 < e << 1. Let ¢, be arbitrary with | ¢, | < 1;
then | 3gp, [| < 8p; hence || U, Sgpyll <€ for t = t,+ T + v and
| Upio Il < €/8y. Since g, is arbitrary with | ¢, || < I, we will have
| Up, Il < efdpfort =ty + T+ ror||[ Uy, || <efort =ty + T, + 7,
where we have set Ty(e) = T(8,¢). We have the relation

Ut.to(P = Ut,t0+T1+-r( Ut0+T1+r,t0(P)

which amounts to

y(sito, @) =¥t + Ty F iy ty, @) (welto+ Ty, tg + Ty + 7))
From here follows
1 U@l < Ub im0 Ugrmptr @ | < i@l for 8 210 + 2Ty + 7);
hence

[ Ubeoll < e for t =1y + 2T, + 7).

By induction it follows immediately that || U, || < ™ for ¢ > ¢, +
m(T; + 7) and the proof continues using the same procedure as that
for systems of ordinary differential equations (Section 1.4).

Theorem 4.4'. If the trivial solution of the linear system (6) or (7),
respectively, is uniformly gsymptotically stable, there exists a functional
V[t, o] defined for every t > 0 in the space of the functions continuous
in [—=, 0], with the following properties:

Lo llelP < Vit ol < Killol®

2. VIt — VIt ol < Kyl ol 4+ @ Dl o1 — @2 l-

RS S E R EL T B4 (1L TN

< |yt + 55t , @R
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Proof. Let

Vitgl = [ I3+ u 45569 du 4 sup I 3(t 4 0 + 551, @)l

we recall that || ¢ || = sup_. ;| @(s)]. Owing to exponential stability,
the convergence of the integral is assured.
Obviously,

Vit,ol = supliy(t +o + i, @)l = [ o[
From

|¥(5 19, @)l > Be1]| g |

we obtain
¥t +u + 558, @)l < Be*“t9 o ;

hence || y(t + u + s; t, )| < Bee™* || ¢ ||; we deduce from this that
gl 1
Vit ol < B [ evdu 4 Bevglf = (14 5-) B ol = K g 2.

0
Further,

| VIt @] — VIE @l
< |ttt st e — [T s ) da
+Isuplly(t + o+ 558, @)l —suply(t 4o + 552, @)l |
< TN 5 )P 90t w5, )
Fsup [yt + o+ st @)ff —ly(t + o+ 538, @)
< [P0t T ut s 6ol + 14w sl

X+ w455t @) — ¥t +u + 538, @)l du
+sup (10t + o+ sit, @)l + [ + 0 £ 538, @)}

X SUp |yt + o+ 88, 91) —y(t + 0 + 551, @)
< |7 Bemelgul 41 gal) Bl o1 — gall
+ Be(l s + 92 )Be gy — g |
= B (1) (L | + el — el

= Kyl ll + @2 DIl o1 — 2 I
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We have

VI + s to, )] = [ I +u 45650+ 5510, 9))2 du
Tsuplly(t + o+ syt + sty @)

— [ 1y +u+ 5500, 9)P du 4 sup Iyt + 0 + 510, PP
. L

= [ I3t + 510, )P du - sap 130+ o+ 55ty PP

We have seen in the proof of Theorem4.2 that sup,., || y(z+ o + 55 t,, @)||?
is a monotone-decreasing function. It follows from this that

lim sup VLT Ay F Rt sity, @) = VLY £ 5510, 9)]

ho0+ h

d (
< Ef | y(e + s;ty, PP du = —l| y(t + s 25, @I
t

The theorem is thus proved.
As in the case of systems of ordinary differential equations this theorem
will serve to prove a stability theorem by the first approximation.

Theorem 4.6. Let us consider the system

&) = A, x(t + 5)) + f(t, x(t £ 9)), )

where A(t, x(t +- s)) is for every t a vector whose components are linear
functionals in the space of the functions continuous in [—, 0] (with norms
bounded as functions of t), and the components of vector f are for every t
continuous functionals in the same space, with the property that
| f(t, x(t + 8))| < v x(t + $)ll, y being sufficiently small for || x(t + s)|| <
H. If the trivial solution of the first-approximation linear system

() = A, y(t + ) (10)

is uniformly asymptotically stable, then the trivial solution of system (9)
is likewise uniformly asymptotically stable.

Proof. Let V[t, ¢] be the functional defined for system (10) on the
basis of Theorem 4.4". We consider a solution x(¢; ¢, , @) of system (9)
with || ¢ || sufficiently small; let

VHE) = VIt *(t + 538, 9)]-
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We evaluate

VXt + h) — V*(t)

lim sup h
We have
* %
lim sup Ve ) — V)
h-0+ h
Vit + by +h 4558504 550, 0)] — VIt x(2 + 5515, 9)]

<limgep h
Vit +hx(t +h + 55t 2+ 558, @)
V[t +h oyt +h+ st 20 4 558, 9))]
h

limn su
+ h-0+ p

< —lla(t + 5580, @i

|Vt + k%t +h + 558 (8 + 552, 9))]
i sup V[t £ byt b st a(t =+ S5, )]

h-0+ h :

We have
V[t + hyx(t + k4558, 0( + 55 to, @) -V[E 4+ A,y + B+ 55 ¢, 2(t + 53 £,9))]|
S Kyl 2t + k4 s5to, @)l H1iy(E +E+ st a2 + 558, 9))
X 2@t +h+st,x(t + 558, 9) =y +h+st,x(t + 558, )l

On the other hand, on the basis of the estimate (3) we have
[t +h + 558, x(t + 5580, @) | < e[| a(t + 55 4, @),
and on the basis of the estimate (5)
Hx(t +h +s;t,x(t +53t,9) —y(t +h+ st x(t + 558, @)
< (e — el a(t 4 53 10, @)l

According to the hypothesis made with respect to the linear system,
we also have

ly(t +h+ 55t 2 + 558, P < Blla(t + 5519, @)lI-
We obtain
V[t + h,x(t +h + 558,20 + 55 t0,9) -V + A,y + b+ 551, 5(t + 55 16,9))]]
< Ky(eth + B)| x(t + 53 1o, @)l(et* — Iyyet™| x(2 + 5 1o, @)
= Kyy(et* + B)(er* — 1) x(t + 55 15, )II%.
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From this we have

| V[t + hyx(t + b + 838, x(8 + 5385, @))]
V[t +hy(t +h+st,x(f + 558 )|
h

< LKy + B)ll x(t + 53 8, @)%

lim su
h~;0+p

It follows that

* U
lim sup Vre L) - V)

B0 h
< 2t + 55 8y, @IP + yLE(1 + B)lj x(f + 55 29, @)|?
= —[1 —yLK,(1 + B)Ji| x(t + s; o, P)I>-

For y << 1/LK,(1 + B) we have

VXt + k) — V()
h

. B _ .
lim sup < —yll 2t + 53 8, @I,

which shows, on the basis of Theorem 4.3, that the trivial solution is
uniformly asymptotically stable. It is easy to see that the stability is in
fact exponential, since from

Vit,el = @l
it follows that
V() = || x(t + s; ¢, )7

and thus that

. VXt + h) — V*(¢
lim sup ( ,2 ®) < —n V()
or
1 V*(t + k) — V(1)
T SuP 2 <

from which follows

* _ *
limsupln |14 (t—}-h})l In V*(t) <

o Y1
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Hence
In V() — In V*(t) < —7(t — 1)
from which follows
PHE) < VHte ) < Kottt g2

and
| x(2 + 558, @)IF < Kie 0| @ |3,

and the exponential stability is proved.

Theorem 4.7. Let us again consider system (9) and suppose that

630t + ) < gl s+ with [ gle)de < o,

If the trivial solution of system (10) is uniformly stable, then the trivial
solution of system (9) is uniformly stable, and if the trivial solution of
system (10) is uniformly asymptotically stable, then the trivial solution of
system (9) is uniformly asymptotically stable.

Proof. If the trivial solution of system (10) is uniformly stable, it
follows that || y(¢; 2., @)l < M| ¢ | for t >t,, since the system is
linear.

Let

Vit el = suplly(t + o + 58, 0 — 1))

We obviously have
lell < VIt o] < Mgl
and from
l3(t + o +s;t, )l —13(t + o + 55 ¢, @)
<yt +o+ 580 — @)l < Mo — @
follows
y@t + o+ sit, @)l <yE+ 0+ st @)l + Mo — @alls
hence

V[t, (pl] < V[t7 ‘Pz] + M”(pl - P2 Hv
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from which
|V[l: ‘Pl] - V[t, ‘P2]| < M”‘Pl — Pg H

As in the proof of Theorem 4.2 we deduce that V[z, y(t -+ s; 2y, ¢)]
is monotone-decreasing; hence

Vit +hy(t 4+ h+st,9)] — V[t ¢l <0
h =

lim su
ho04- P

As in the preceding theorem we deduce that

|2t +h 4558, 9) — 3 +h + 558, )| <g(E)e™ — Ve lly

hence
im sup Vit+ha@t+h+st,9)] — Vit +hylt+h+st o)
h-0+ h
< MLg(t)ll ol
We obtain

li gup Lo R LS bV = VINEL oy < MLg)VTE 91

h—0+

Setting
V@) = VIt *(t + i85, 9))s
we deduce that
IR T V*(it + k) — V*(t)
R OR h
* _ *
lim sup 2L+ ) —1n V(o)

h-0+ h

< MLg(t),

< LMg(2);

hence

t
In V¥(t) — In V*(ty) <LM f g(2)at,
to
from which

6t + 53 1y, @ < P(0) < V(o) exp [LM [ g(oret]

< Mexp [LM] g(0)dt] 1],

and the first assertion of the theorem is thus proved.
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If the trivial solution of system (10) is uniformly asymptotically stable,
we deduce, as in the preceding theorem,

* T
lim sup 4 (t+h})l VX2 < —

1 1
V¥(t)  hoo+ T{I + Kg(t),

from which we obtain
5t + 510, P < V40 < V) exp [K [ g0)de] exp [ ot — )] oI,
t K;

which proves the exponential stability of the trivial solution of system (9).
The theorem is thus fully proved.

Similarly to the case of systems of ordinary differential equations,
the uniform asymptotic stability implies stability with respect to per-
manent perturbations.

Theorem 4.8. If the trivial solution of system (2) is uniformly asymptot-
tcally stable, then it is also stable with respect to permanent perturbations.
This means that for every € > 0 there exists 7; > 0 and 7, > 0 with the
property that if sup,,, .. | R(t, )| << 7, every solution of the system

(@) = f{t, 3t + )] + R{t, (¢ +9)] (11)
with || @ || << m, verifies the inequality | y(t; ty, @)| << efort >=1,.
Proof. We have, because of inequality (3),
|x(v; t, @)l < eHl@ll  (t<v<t+h),
and, because of inequality (5),

| y(v; t, @) — x(v; t, @)| < (2 — )y
if
|¥(v, 8, @)l < e gl and <o <t +h

It follows that
| y(; 8, @) < et @l + (M7 — 1)y

and if | ¢ || < €/2 and A is sufficiently small, it follows that || y(v; ¢, €)]| << €
and the estimate deduced from (5) is valid. Since the trivial solution of
system (2) is uniformly asymptotically stable, there exists a functional
V[t, ] with the properties from Theorem 4.4 and

| Vit @l — VI @edl < M(n)lgy — @l (forlipll <7, [ @all <7).
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We have

Vit +hyt +h+sit,9)] — VIt @]
h

lim su
h-0+ p

V[t +hx(t+h+st )] — Vit, ¢]
h

< limsu
= h->0+ p

+1i’,{1§}gp Vit +h,y(t + h + 55 t, )] ; Vit 4+ h, x(t + h + 53 1, @)]

< —clllol) + MLn, .

Lete >0, < a(¢/2), @ || <, = b~(1), and 9, < c[b~Y(D)]/LM. We
prove that || y(t + s; t,, @)l < e fort >1¢,.

However, if this were not true, there would exist a #; > ¢, such that
Il y(t, + 83 o, @)l = € if, as usual, we set

V*(t) = V[t, y(t + 55 15, 9)]
we have
VAt = ally(t + 5 to, ) > ale) > a(5) > L
On the other hand,
VX(te) = Vity, @] < b(lpll) <b(ny) = L.

It follows, because of the continuity of the function V*(¢), that there
exists a t, with t, < ¢, < t; such that V*(#,) = 1! and V*(¢) > for
t > t,. From V*(t,) = [ we obtain

bl y(ty + 5580, @) = VIta, y(ty + 55 85, 9)] = 1 = all 3(tes + 55 Ly, P))s
hence

) < D3t + 51, o)l < @) <5

We set ¢i(s) = y(t, -+ s; 5, ). We have

* —
i sup V2 1) = V(0

h->0+ h

—=lim sup V[t2 + h,y(t2 +h s ty, lr/’)] — V[tz s ‘r/’]

h-0+ ) h

< =l l) + LMy < —c[b7(D)] + LMy, < 0.
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On the other hand, from V*(¢;) = and V*(t) > [ for t > t, follows

* _T*
lim sup Loz T 1) = VEL) -
ho0+ h

We have obtained a contradiction, hence | y(t + s;t,, )|l < e for
t > t, . The theorem is thus proved.

As in the case of systems of ordinary differential equations we may
prove a stability theorem with respect to permanent perturbations
bounded in the mean. A series of other theorems may likewise be
stated for systems with time lag without modifying the proof.

Theorem 4.9. Let us suppose that there exists a functional Vi, ¢]
defined as in the preceding theorems, with the following properties:

L alt,llol) < VIt ¢l < b(lel),
Vit hat+h+st o) —Vite]
h ~

2. lu}gg}rlp

—c(@, [l

3. VL@ = VIt @l <Lligr — @2 lls

where b(r) is continuous, monotone-increasing for r > 0, b(0) = 0, and
a(t, r), c(t, r) are continuous and with the property that for every pair
(o, B) with 0 < a < B < H, there exists 0(a, B) = 0, k(x, B) > 0 such
that a(t,r) > k(a, B), c(t, ) > k(o, B) for o <r < B, t = 0(a, B). Then
the trivial solution of system (2) is uniformly asymptotically stable.

Theorem 4.10. We consider the system
®(t) = ft, x(t + )] + R[¢, x(t + 5)], (12)

where f[t, 0] = R[t, 0] = 0, f and R verify a Lipschitz condition, and in
addition lim,,.,, R(t, p) = 0 uniformly with respect to ¢ for || || < H.
Then, if the trivial solution of the system

(1) = [t 2(t +9)]

is uniformly asymptotically stable, the trivial solution of system (12) is
likewise uniformly asymptotically stable.

Theorem 4.11  We consider the system

2(t) = fIt, %(t + ), ¥(t + )},

(13)
w(t) = glt, x(t + 5), ¥(t + 9)];
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where f(t,0,0) = g(t, 0, 0) = 0. We suppose that the trivial solution of
system (13) is stable with respect to components x; hence that there
exists 8(e) >0 with the property that | @l <8, ||| <& implies
[ x(t, by, @, b)| <<€ for t = t,. We suppose, in addition, that the trivial
solution of the system

#(t) = g[t, 0, 2(t + 9)]

is uniformly asymptotically stable. Then the trivial solution of system (13)
ts uniformly stable. If in addition the stability with respect to components
x is asymplotic, i.e., if there exists 8, >0 and T(€) such that || ¢ | < §,,
[l <B8g,t =ty + T, tmplies | x(t; ty, @, )| < e, then the trivial solution
of system (13} is uniformly asymptotically stable.

Theorem 4.12. We consider the system
() = f[t, x(t + 5), y(t + )],
¥(t) = At, y(t + ) + glt, %(t + ), y(t + 5],

where for || @ || < oy, [ ]| < o, we have | f(2, ¢, §)| < K| 4|, B >0,
| g(t, @, )| < kil @ |l, k sufficiently small, and A(t, ) is linear. We suppose
that the trivial solution of the linear system

(14)

#(t) = A2, 2(t + 5)) (15)

is uniformly asymptotically stable. Then the trivial solution of system
(14) is uniformly stable, and, in addition, for every solution for which the
initial functions are sufficiently small we have y(t) — 0, x(t) — lfor t — oo.

Proof. Let V[t, ¢] be a functional defined for system (15) on the
basis of Theorem 4.4’. Taking into account the condition imposed for
&(t, @), we deduce, as in the proof of Theorem 4.6, the estimate

Vit +hyt+htsted)l—ViLe ]
h ~

lim su
h—0+ p

[ — RM]l 2.

Setting V*(t) = V[t, y(t + s;t,, ¢, ¥)] we obtain from here, if
@il |l | are sufficiently small (then & is sufficiently small),

lim su
h->04 p

VAt + h) — VX(1) .
- < —k VH2).

From this we immediately deduce

Hy(t 4 S tO , Py l/’)HZ < V*(t) < V*(to)efkl(t—to) < Kle-—kl(t—tu)” l/,”‘z
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Further, from
t
x(t; o, ‘r/’) = (P(to) =+ ft f[u’ x(u + 8ty @, ‘l’))y(u + 558, @ ‘/’)]du

we obtain

fx(t; to, o, )] < @l + K K\/ﬁj— e~ RaBIRu—to) dy || oy |1,

from which the assertion of the theorem follows immediately.

The definition of integral stability for systems with time lag can be
formulated in the same way as in the case of systems of ordinary differ-
ential equations. Without essential modifications as compared to the
proofs given in Chapter 1 we obtain the lemmas and the theorems
stated in section 1.8. Here we will give only the formulations of the
theorems.

Theorem 4.13. We suppose that there exists a functional V[t @]
defined as in the preceding theorems, with the following properties:

1. V[t, ] = a(lle D), V[t, 0] = 0, a(r) continuous, monotone-increasing
forr >0, a(0) = 0, :

2.1V[t, ]l = VIt @u] | < Ky — @2 lls

3.

lim sup Vit +h,x(t + k453 t5,@)] — VI, x(t 4 5540, 9)]

h-0+ . h
L gVt %(t + 55 89, 9)],

where foo gt)dt < oo, g(t) = 0. Then the trivial solution of system (2) is
integrally stable.

Consequence. Under the conditions stated in Theorem 4.7, the trivial
solution of system (9) is integrally stable, if the trivial solution of system
(10) is uniformly stable.

Theorem 4.14. If the functional V of the preceding theorem verifies,
instead of condition 3, the condition

(3) limsu Vit +hx(t+h+sty, )] — V[t x(t + 558, 9)]
h—>0+p h

< —c(fj 2(t + 55 10, @),

then the trivial solution of system (2) is asymptotically integrally stable.
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Consequence. If the trivial solution of system (2) (with the Lipschitz-
type condition satisfied) is uniformly asymptotically stable, then it is also
asymptotically integrally stable. In particular, under the conditions of
Theorem 4.7, if the trivial solution of system (10) is uniformly asymptotically
stable, the trivial solution of system (9) is asymptotically integrally stable.

4.3. Linear Systems with Time Lag
We consider the linear system
x(2) = A(t)x(t) + B(t)x(t — 1) (16)

We will call the adjoint system of system (16) the system with the advanced
argument

¥(t) = —y@)A(t) — y(t + 7)B(t + 1), (17)

where y is a row vector.
Let x(¢) and y(¢) be arbitrary solutions of systems (16) and (17),
respectively. We denote by (y, x) the function

(3 %) = y(O(t) + | : ¥t + @)B(t + Q)a(t + « — 7)da
Then (djdt)(y, x) = 0, hence (y, x) = const. Indeed,

09 =30x0) + [ 3B — r)dn

and

% (9, %) = 3(O)x(t) + y(0)3(2) + y(t + 1Bt + 7)x(t) — y(O)B(1)x(2 — 7)
= —y(OAN)x(t) — ¥t + 7)B(t + 1)x(t) + () A()x(2)
+y()B(t)x(t — ) + ¥(t + 1)B(t 4 1)a(t) — y(£)B(t)x(t — 1) = 0.
Let us now consider the nonhomogeneous system
#(t) = A(t)x(t) + B(t)x(t — 7) + /(). (18)

Let Y{(«, ¢) be a matrix which verifies system (17) for « < ¢ (as a function
of o) and Y(t,t) = E, Y(a, ) =0 for « > ¢. This matrix is easily
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constructed through the “step-by-step” method. Indeed, for ¢ — 7 <
a << t, we have

58& Y(o, t) = —Y{(a, t)A(a), Y(t,t) = E,

since for « > ¢t — 7 we have o + 7 > ¢t and Y(« + 7, t) = 0. It follows
from here that in (¢ — 7, ¢] the matrix Y(q, ¢) is determined by a system
of ordinary equations. Further, for # — 27 << o <<t — 7 we have

5% Y(o 1) = —Y¥(o, 1)A(c) - Ul + 7)Bla +7),  Y(t —7,8) = Ut — 1)

where we have denoted by U(«) the matrix constructed in the preceding
step. The procedure continues in the same way and leads to the desired
matrix Y(o, t).

Let us multiply system (18) with the matrix Y(a, ¢) constructed in
this way and integrate with respect to o from o to 2. We obtain

f t Y(a, t)i(o)do = f t V(e 1) A(a)x(o)der + f t Y(a, t)B(a)x(ex — 7)dox
+ t Y (o, t)f()do.
Further, integrating by parts,
Y(t, 0x(t) — Yo, D)a(o) — | t% ¥(a, t)x(o)do
- f t Yo, t)A(c)x(a)dex +- f t Y (o, 1)B(a)x(o — 7)dex

1 f " Y, )f(@)da

Taking into account the equation which is verified by ¥(q, ), we
obtain

x(t) = Y(o, )x(o) — f t Y(a, ) A(o)x(0)doc
- f t Y(o + 7, t)B(o + r)a(o)de + f t Y(a, t)A()x(a)do

1 f " Yo Bl — 7)da - [ " Yo, 0)f(a)da
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= Y(o, t)x(c) — f: Y(« + 7, t)B(a + 7)x(a)dx
+ f t:T Y(x + 7, 1)B(a + 7)a(e)da + f " V(o 1)f(o)de

= Y(o,00) + | U ¥(a+ 7, 0B + 7))

t t
— IR CER DL O | Y@ f(w)da.
However, Y(a + 7,t) =0 for t — 7 < o < t and we obtain
x(t) = Y(o, t)x(c) + fo_ Y(a + 7, 8)B(a + 7)x(a)da + J.t Y (o, £)f(a)dor.

From this formula it is obvious that if X(t, ¢) is the solution of
system (16) which verifies the conditions X(o, o) = E, X(¢, 0) = 0 for
t < o, then X(t, 0) = Y(o, t).

We thus obtain the formula

a 1
x(t) = X(2, o)x(a) + f X(t, « + 7)B(a 4 7)x(x)de + f X(t, )f(a)da. (19)
Let us now consider system (17). Let y(¢) be the solution of this
system defined for ¢ < o by the initial conditions given in [o, ¢ 4 7]
and let X(«, ) be the matrix of solutions of system (16) which verifies the
conditions X(¢, t) = E, X(«, t) = 0 for « < ¢t. We have
f " 56X (s, t)ds = — f " () A(s)X(s, 1)ds — f " 3(s -+ 7)B(s + ) X(s, 1)ds.
t t t
Further,
o 0
H@)X (o, 1) = yOX(t 1) — [ 3(5) 5 X(s, t)ds
t
g o+T
= — [ s040x i — [ 5@ BEXE — 7. 148,
From here we obtain
) = 9(0)X(o, 1) — | " 9(5)A(s) X (s, £)ds — [ " Y©)B()X(s — r, £)ds
t t

0 o4+7
+ L y(s)A(s)X(s, t)ds + L+ y(s)B(s)X(s — r, t)ds

= 3(0)X(0,1) + | B X(s — 7, 1)ds [ tt“ (S)B)X(s — 7, t)ds.
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However, for ¢t <s <t -+ 7 we have s — 7 <t and X(s — 7, 1) = 0.
Consequently,

¥(t) = () X(a, 1) + f " (6B X(s — 7, 1)ds. (20)

We shall now consider the same problems for general systems with
time lag of the form

50 =3[ w1 damtt, ) + 40
where

(@) my(t, s) are defined for £ >0, —o0 <<s << 00, ny(t, s) =0 for
s>=0.

(b) There exist functions 7(t) > 0, V(t) > 0, bounded for t > 0
such that

N5t 8) = 1458, —75(1)) for s << —7,(2),
§s=0 _
V ity s) < Vislt),
§=—7;;(1)

where, as usual, V7 f(s) means the total variation of function f in
[«, B]. We set 1 = sup;; , 74;(2).

(c) my(2, 5) are continuous in ¢, uniformly with respect to s.

From now on we shall write the system in vector form,

s0) = [ e+ 91, ) + 100, @y

where x(t) is a row vector. We shall call the adjoint system the system
d 0
= [0 + [ 2a— 8, B — B8] =0, (22)

where y is a column vector.
System (21) may also be represented in the form

y() + .(0_7 (e — B, B)y(o — B)dB = const.

or
a7
yla) + f 7y, « — y)y(y)dy = const.
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Then, for fixed ¢ we have

Y@+ [l o« — vty =3(6) + [ o — Yy

or .
y(e) + f 7y, @ — y)y(y)dy

=50 + | o — oMy — [ ala— ye)dr.

If the function y is given in [o, o + 7], then for 0 — 7 << « < o the
function

3@ + [ an o~y — [t o« — vy

is known and we can determine y(e) in the interval [ — 7, o] from a
Volterra-type system of integral equations. If y is known in [¢ — 7, o]
we may determine it by the same procedure in [¢ — 27, ¢ — 7], and thus
through the step-by-step method we can obtain for equation (22) a
theorem of existence and uniqueness. Let us observe that if the initial
function given in [o, o + 7] is of bounded variation, the solution defined
by it will be of bounded variation, and if the initial function is continuous,
the solution will also be continuous.

Let us consider in particular the matrix solution of equation (21)
defined by condition Y(«, ¢) = 0foro <a < o + 7, ¥(0, d) = E. Then

Y(w0) + [ nl, x = 0¥y, o)y = E.

We can obtain this matrix by the usual procedure of successive approxi-
mations by setting

Yiwo) =B Yilwo) = £ = [ @ = p)Yil o)y

for ¢ — 7 <« <o, and then through the step-by-step method.
The matrices Y,(«, o) are continuous with respect to ¢ and of bounded
variation with respect to o From the uniform convergence of these
successive approximation it follows that Y(«, o) also has these properties.

Now let x(¢) be an arbitrary solution of system (21) and y(¢) be an
arbitrary solution of system (22). Then, for t > o,

see) + [ w09, [ nlons =7y

= wopo) + | 3, [ nlns — vyt + | epta)da
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Indeed, we successively have

[ #ayede + [ 5t@dy(e) = x(03(0) — stolr(o)

B SN RV ey L A—
[ e = [ [[7 s6hin,s — ] sy
— [ w0 [ nt o = )y + [ eyt

= [ s, [ ot s~y + | ' (9, o =
1w, [ s~ cyterdn — [ s, [ ot s — ey
+ ] t A@)y(o)de.

From this we obtain
H{O(t) — x(o)y(o) = | *(5)d, j e s — a)y(o)de
[ a9, [ ntes — adpteada — [ s, [T ntens — adp(ad

+ [ faeda

This relation may also be written

S(0) — xto(e) = [ 3, [ nlo s — alp(edd
_ f :_, x(s)d, f:”ﬁ(a, s — a)y(a)de + f: Fle)y(a)do;

hence

o) + [ 6, [l s — ylaldn = ady(o)

+ f:_.r x(s)d; f:+7 e, s — a)y(a)do + f:f(a)y(a)da,
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In particular, for f = 0, it follows from the formula obtained that if
we set

00 =5y + [ 504, [ 2t =yt

we will have (d/dt)(y, x) = 0.
Let us again consider the solution x(¢) of system (21) and the matrix
solution Y(«, o) of system (22). We successively have

(Y (@, t) — x(a)Y (o, t) — f: x(a)d,Y(x, t) = ft #(a) Y (e, t)do

- f t U O_w (o + s)d (e, S)] Y(x, f)da + f t F(0) Y (e, t)dax
= | t Il _ *()d (o, s — )| Yo, ) + | :f(a)Y(a, £)da
= | _ x(s)d, | an(a, s — )Y (o t)do + | :_T =(5)d, | + (s — o) Y (@, £)de

+ | :_,x(s)d"’ | t 7(e, s — o) Voo, 1) + | t (@)Y (s, t)da.

From this we obtain

*(t) = x(0)¥(,1) -+ [ :_7 *(5)d, [ :+T17(oz, s — o) Yo t)do + [ t £(0) Y (e, t)dex
+ [ st [ ) + [ o8, — BV, 1)dB]:

However,
Yo t) + [ 0B x — BY(B, 1)d8 = F;

hence

o s+T 1

x(1) = % Y(o,t) + | #()d, [ (s — V(o ) + [ fl2)¥(a, t)da

a—1 o c (23)

If the solution x(t) is zero for t < ¢ and if f = 0, then
x(t) = x(c)Y(o, t).

Let X(¢, o) be the matrix whose rows are for ¢t > o solutions of
systems (21) with f =0 and X(¢,0) = 0 for t <o, X{(o,0) = E; it
will then follow that X(t, o) = Y¥(o, ).
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We have thus finally obtained
a 8+T t

*(t) = x(@X(6,0) + [ ®(9d, [ (s — a)X(t, ) + [ f@)X(2, o).
og—T 2] o (231)

Let us now state an analogous formula for system (22). Let y(«) be
a solution of system (22) whose initial function is of bounded variation
and let X(«, y) be the matrix considered above. We have

| X(a, t)dy(@) = X(o, () — X(t, () — | [ X(e, 1)] y(e)d.

From this
30 = X, 090) + [ X0, [ 9l = 7, 90la — )y
| t [f i X(o + 5, 1)d(s, 9)] y()da.
However,

f;’ U:X(a + s, )d (e, s)] y(a)da = f: U:_,X(ﬁ’ t)dgn(a, B — d)] y(o)dax
= | :_1 X(8, 1)ds [ ‘:M (e, B - a)y(a)de + | ;H X(8, 1)ds | :“ (@ B— a)y(a)da

[ X606 [ 2(e 8 — (e
From here it follows that
a B+t
¥t) = X(o,010) + [ XB,0)dp | (e B — c)p(e)dc
t B+ o—7 B+
— [ X600 [l 8- oyl — [ X8, 00, [l 8- (e
— [ X, 0 [ 9w B — (o).
o—7 B

It follows from the fact that X(B, t) = 0 for B < t that the second
integral is zero and we obtain

D) = X t(@) + [ XG0 [ ol - apledn 24)
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Taking this formula into account, we immediately deduce, again,

Y(t, o) = X(o, t); hence the formula may be also represented in the
form

a BT
WO =Y oo) + [ VB [ nlw B —ay)de (4)
Let us also consider systems of the form

30 = A0 + [ s+ 9da(t,9), @3)

in which the term containing the time lag isAemphasized.
For system (25) we will call the adjoint system the system

AW + e [90) + [ ol e —yie] =0, (26)

which can also be written
@)+ [ nva — vy = — [ ABENE + (o)

+ [ a0 — Pty

hence

a 4T
Y@+ [ [l a — ) — AWy = 36) + [ 2l o — yl)dy
a7
- f 7y, « — y)y(y)dy-
We see from here that if the solution y is given in [0, ¢ + 7] we can
determine it by successive steps from a system of integral equations of
the Volterra type.

Now let x(#) be an arbitrary solution of system (25) and y(¢) an arbitrary
solution of system (26). Then

H(0) — o(o) = [ s@(eda + [ a(edv(a)
— j t () A(a)y(a)dor +- j t [ f 0_ oo+ s)da(e, s)] Y(o)dex

— [ s — [ st [ ata =101y
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- J.:_, *(5)ds J':“ (e, s — ay(a)da + J.:_T x(s)d J.HT n(a, s — a)y(o)do

+ :_T *()d, | t 7o, s — a)y(a)de — | t “()d, [ + s s — P)y(r)dy
=~ _ s, | + (o s — a)y(e)de — f:_ x(s)d, f:mn(% s —Y)y(y)dy.
Finally, for > o, we have
)+ [ 50d, [ ot s — a(eda

= x(c)y(o) + fo_ x(s)d, fs+7 (e, s — a)y(a)da. 27

Now let x(#) be the solution of system (25) and the matrix solution
Y(a, o) of system (26) be such that Y(a,0)= 0 for o <a < o + 7,
Y(o, 0) = E. From relation (27) we have

t S+
x(t)Y(t, 1) + f x(s)d, f (s — a)Y(a, t)da
t—1 t
a s+T
= x(0)Y(o, t) + j x(s)d, f e, s — o) Y(a, t)da.

However, for t <o s+ 7 we have Y(a,#) =0 and Y(¢,¢) = E.
We obtain
s+

x(t) = x(0)Y (o, 1) + | _ x(s)dy [ (e s — &)Y (e ) (28)

From here we have, as for system (21), X(¢, 0) = Y(o, t), where X(t, o)
is the solution of system (25) with X(¢,0) =0 for 0 — 7 <t <o,
X(o,0)=E.

Again using relation (27), we obtain for the soluticn y(f) of system
(26) and the matrix solution X(¢, o),

X0 + [ X od [ s — ayeda
= X(o,1)(a) + | :_T X(s, 1), | (s — a)y(e)de,

and taking into account the relations X(s,2) =0 for t — 7 <s <,
X(t, t) = E, we deduce

) = Xo, @) + [ X0, [ (s — oo (29)
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In the following pages we shall establish some properties of general
linear systems with time lag. The Stieltjes integral will be used in all
these theorems. For readers who are not familiar with this integral,
we note that all the proofs could be carried out for systems of the form

#(t) = At + 2 Bu(tye(t — ) + | °_ A(t, s)x(t -+ s)ds *)

by the same scheme but using more elementary facts.
The adjoint system is

0
3O = —yOAW) — 2, ¥(t + Bt + ) — | | At o)At —0,0)o (%)
It is easy to prove that

GO0+ [ 5t rdBe 4 sl

t o+T
A(s, « — s)d docy = 0
+ ft_, Ut YA, & — ds] x(a) cxg
if x is a solution of system (*) and y is a solution of system (**). Indeed,

if all functions are continuouys, the proof is obvious by differentiation.
More generally, we may use integration by parts:

3O0) — 30)o(o) = [ s(e(ada+ [ ya)italda

= — J‘:y(a)A(a)x(a)da — zk; J‘: Y + 7) Bl + 7 )x{e)de

- f: U.: Yo —)A(x — s, s)ds] x(a)da 4- f:y(a)/l(a)x(a)da

+ zk;J‘:y(a)Bk(a)x(a — 7)o 4- J‘:y(a)do‘ J‘: Ao, $)x(a + s)ds

- _ g} | :y(a + TBye + res(o)de — [ t [f ) As, o — s)ds] w(o)dex

a«

+ ; J‘t_fk Yo + 7Bl + Te)x(o)dox + J: y(o)de Jm ) Ao, s — o)x(s)ds

o—T o=

= ; f" Mo 4 7)Byla 4 7 )ac(o)do — 2 Jj V(o + 74) By 4 75 )%(o)do

o—Tg 7k

— J‘: [f:+"y(5)z4($, o — S)ds] x(a)do 4- J‘:ﬂr [J‘:‘*’Ty(a)A(tx, 5 oc)da] x(s)ds
-+ f:“f U-:ﬁ-"y(fx)A(% s — tx)da:] x(s)ds + f:_,. [f: y(oc)A(oc, s~oc)da] x(s)ds
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= Zf Mo + 1) By(o + 7 J(o)do — Zf Y + 1) B + 71 )0(o)de

o—Tg t—7y

_ f - Il + ) A(s, - 5)ds | x(e)de + f - [ f YA, o 5)ds| ()
-+ ft Uty(s)A(s, o — s)ds] x(o)do
-3 [ st robe - mos@da - [ [T 5040 o 9as] ateia

g—Tg

— Zf Yo+ 73 ) Br(e 4 i) x(o)do — ft_T [f:l+7y(s)A(S, a —s)ds] x(a)dox.

t—7g

From this follows

3O+ X[ yle ) Bula -+ mn()da

+ :_ [ 3646, & — s)ds]s(eyda

t

=¥ + 2, [ e OBl (e

o—Tg

+ f . U: Y()A(s, o — s)ds] x(a)do,

and this formula may be used to obtain the fundamental representation
formulas for the solutions.

If we take the solution Y(a, t) such that Y(a,t) =0 for « > ¢,
Y(¢, t) = E, we obtain

x(t) = Y(o, t)x(c) + 2 f Y(a + 7, DBula + mo)a(e)da

0Ty

+ [ " Il :+ Y (s, 1)A(s, & — )ds| x()ds.

If we take the solution X(a, t) such that X(a, t) =0 for o < ¢,
X(2, t) = E, we obtain

¥t) = y(0)X(o, 2) -+ 2 [ 3o+ mBulo + m)X(a, e

0T

+f U y(s)A(s, a~—s)d5] X(o, t)dex

—y)X o) + 3 f T () B@) X — 7y, 2)dx

+ " s)ds | "_ As, & — ) X(a, t)da.
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4.4. The Perron Condition for Systems with Time Lag

We shall now state the theorem corresponding to Theorem 1.13 for
systems with time lag.

Definition. We will say that the system

0= [ x(t+9da,9) (30)

verifies the condition of Perron if for every vector function f, continuous
and bounded in ¢ > 0, the solution of system (21) defined by the initial
function zero in ¢ << 0 is bounded on the semiaxis z > 0.

Theorem 4.15. If system (30) verifies the condition of Perron, then
its trivial solution is uniformly asymptotically stable.

To prove this theorem we shall first state some lemmas.

Lemma 1. Let Y(a,t) be the matrix of solutions of system(22)such that

Y(o, t) =0 for o« > t, Y(t, t) = E. Ifj | Y(a, t)|do < C for t =0, then
| Y(o, )] < M for 0 <o <t 7

Proof. We have

Yo t) = E— [ nly,« — )¥(y, )y

From this follows
Yl <1+ [ Dol x =91 YO idy

QT
<147 [ ¥00ldy <147 [ 1 ¥, 0ldy

since if # < a + 7 we have Y(y,t) =0fort <y <o+ =
We obtain

| Y{a, t)] < 1+Vf|Y(y,t)|dy_1+Vc M,

and the lemma is proved.
Let us repeat the proof for systems of the form

x(t) = A(e)x(t) + EBk(t)x(t — %) —{—fi A(t, s)x(t + s)ds. (%)
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For such systems the equation for Y(q, ?) is
4 Y(ayt) = —Y A Y
2y Yl 1) = —Y( H)A(e) — ; (@ + 7o, £)By(ee + 72)
a+T
- f Y(s, £)A(s, « — $)ds.

From here we obtain

E-Y(on) = = [ ¥io, )A@dx— 3, [ Vet 7o, 0Bulo + il
~ t [f + Y(5,£)4(s, « — s)ds ] do
= — [ Yo (e)de — | T VG DB+ de
— [ ¥ [ g8 - [ v [ s p-se

t+B 13
— f Y(s, t)ds f - A(s, B — s)dB.
t 8—7
The last integral is zero since Y(s, #) = O for s > ¢, and we have
12 12
Ywt)=E+ [ YE0AB + 3, [ ¥(B,0B(B.
) a k at Ty

It follows that

Yol <t+4[ 1Y@+ [ 1ve

L f”+r| Y(s, t)|ds + Lr f’

a

| Y(s, t)|ds
+7
t
<1+(4+3B, +Lf)f | Y(s, t)|ds
[
=1+ C(+ X,B, +Lr) =M,
where A = sup | A(t)|, B; = sup | By(t)|, L = supo,_.<s<o | A(2, 5)|.

Lemma 2. (Bellman). If system (30) verifies the Perron conditions,
there exists a constant C such that

t
f|X(t,a)]da<C for t>0.
0
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Proof. On the basis of formula (23’) the solution of system (21)
defined by the zero initial function is given by the formula

t
x(t) = [ fX(t, @)dec.
[
The proof continues as in that of Lemma 3, section 1.10.

Proof of Theorem 4.15. If x(¢;t,, ¢) is the solution of system (30)
equal with ¢ on [¢, — 7, 5], then from (23’) follows

it 9) = Xt 10+ [ o6, [ n(ers — @)Y(a, .

to

From the Perron condition we deduce, by using L.emma 2, that
_[; | X(¢, a)lda << C; hence by Lemma [, | X(¢, a)] << M. We deduce that

x(t; by, @) = @(te) X(£, to) + f ZW [ f to_ p(s)dn(a, s — a)] Y(e, t)de;

hence
| x(t; 2o, )l < M@l +7MV| @l = M(1 +7V)| @],
and the zero solution of system (30) is uniformly stable.

It remains to prove that lim, ., x(¢; 5, ) = 0 uniformly with respect
to ¢ty and ¢, in || @ || < A. For o > £, we have

g 8+T
Ht; 1y, ) = %(03 14, )X(2, 0) + f (s 1, 9}, f e, s — a)Y(a, )da

= o to, )X (t,0) + [ + I (s g, M s — )] ¥(a, t)de.

o

From here we obtain

(t — to)slt; 10, 9) = | 2 X(t; ty, o = | i Il + (0, Y (a, 1)da] do
t
4+ fto x(o; 8y, ) X(2, 0)da,

where we have set

o, = [ oloito, Min(o s - a).

proan
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Further,

/ I £(, )Y (x, t)da] do = | [f :uf(o, x)do] ¥ (e, t)da

+ f: . U:_T &(o, a)do] Y(a, t)da + J-:+’ U:_T (o, a)do] Y(a, t)do.

The last integral is zero since Y(a, t) = 0 for « > ¢, and we obtain
b do| Y(a, t)d
t— t)x(t; ty, @) = , ,t
(t =ttt tg,0) = [ [ &ov o] V(e 1)
t o
, a)do| Y(a, t)do.
+[... [t a)do] Y 1)da

We have | £(o, «)] < Vsup | x(s5 ¢y, )] < VM, |l @] and

J.:_T &(o, a)do = f{ . [ja ) x(s; o , p)d (e, s — a)] do

a—T x—

= J.O_T [J.:J:i x(s; ty, )dmlo, s — oc)] do

SRR
hence

< VMol

[ _ &(o, a)do

From here we obtain

1
(t — 1) 3(t3 o, 9)] < *MVMill @ + VM@l [ | V(o 1)l do

T Mol [ 1X0,0) do < VDLEM + Ol + MiClel

hence

M, |
fa(t; 4, 9)l < -l
0

and the theorem is proved.
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Let us again prove the theorem for system (x). We have
W(tito, ) = Ylto, (00 + %, j V(o + e, )Bi(a + r)p(e)de

+ J Uu Y(s, YA(s, « — s)ds] P()do

tg—7

= Y(t,, ) (to) + 2 j V(e + 74, )By(or + 73 )p(c)dex

b~k

+ j Y(s, t)ds f o A(s, o — s)p(e)da

From here follows

| x(t5 0, @)l < Mgl + ErkBanqau + MLrlg | = M| ¢].
Further, we have, foro > 1,,

x(t; ty, @) = Y(a, t)x{a; ty, ) + 2 f Y(o + 7, 1) Bifo -+ 7i)x(os; 2y, @) dex

o—Tg

+ f“ Y(s, £)ds f Als, & — )5 1, @)das
and

(t =ttt tg, 9) = | #8510, @)do = | Y(o, £)s(0; 1y , §)do
+3 [ : [f + ¥(e )Bu(o(a — 7y ; o , p)do] do
+ [ ¥es. 0065, opa] o
_ f " Yo, )03 10, p)do + Zk} | :+ (o, DB)x(a — 71 ; to, o) | t do
+3f

+ : Y(s, 1)ds J Us, o)do + j Yty IR

$—7

Y(a, t)Bu(a)x(o — 7 5 8y, @)da J.a do

tot7y a=—Tg
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t to+Ty
= [ Yo, (0310, 9)o + 2, [ (a — 1) V(e Bl — i s o , @)
to k "t

+2k‘,f

+ :W ¥(s, 2)ds | _ U(s, 0)do,

t

tot+T 8
V(o 1)Bi(a)x(a — 745 Lo, @) + f Y(s, t)ds f Us, o)do
to to

tyt TR

where we have set
Ls,0) = [ A o — s)x(e 1, p)de

We have

[ t s, oo = | t [ :_ Als, o — s)x(os 1y, @)da] do

17

to 8 8 8
= J- A(s, @ — s)x(ex; 2y (p)daj do + j A(s, o« — s)x(a; ty , p)do j do
s—7 7 t9 tg «

o 8
= (s — t,) I ) A(s, « — s)x(a; ty , @)da + L (s — ) A(s, a — s)x(a; 2y, P)d
and

| _ s, o)do = | _ [ f’ A s)s(ai o, p)da] do

= [ 6 — @40, @ — 9)s(as o, PV,
From here we deduce

| [, 45, 0)de | < LMl

[ _ &s, o)do ‘ < LMo

and

(t — to) %(t; 1y, @) < MiCllgll + 2 nBMClipll + LM Cllg|l = My o|.
k

The theorem is thus proved.
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4.5. An Estimate in the Stability Theory of
Linear Systems with Time Lag

The following problem is interesting in many practical problems.
We consider a system of the form

#(1) = A(Dx(t) + Byt — 7) (31)

If the lag 7 is small, it is quite natural to suppose that it can be neglected
and that we can consider the system of ordinary differential equations

y(t) = [A(2) + B(OIy(). (32)

We suppose that the trivial solution of system (32) is uniformly asymp-
totically stable. We could expect that for = sufficiently small the trivial
solution of system (31) be likewise uniformly asymptotically stable.
We will prove in the following pages that this is true and will obtain
an estimate of the values 7 for which uniform asymptotic stability of
the trivial solution of system (31) may be deduced from the corresponding
property for the system (32).

We shall use a lemma relative to differential inequalities with time
lag which is interesting in itself. Let

D_g(t) = lim inf f(f_"'_hz__ﬂ

and let f(¢, u, v) be continuous for all (¥, ) and 0 << ¢ < «, monotone-
increasing with respect to v.

Proposition 1. If D_¢(t) < f[t, ¢(t), sup,_,co<i p(5)], D_y(2) >
S8, (2), sup << ()] and o(s) < (s) for —7 < s <O, theno(2) < (2)
for 0 <t < o

Proof. Let £ = inf{t; o(2) = ¢(2)}. We have £ > 0, @(§) = #(§).

For —7 <t < ¢ it follows that ¢(2) < ¢(t); hence sup,_, s, p(s) <
SUP_, s ¥(5). It follows that D_g(€) << f[€, @(£), supe,csce p(8)] <

FIE $(€), supprcsce $(5)] < D_p(€). From o(t) < 4(2) for t < & and
o(€) = P(€), it follows that D_g(€) = D_¢(£), and the proposition is

proved.

Proposition 2. Ifu(t) < f[t, w(t), sup, o w(s)]fort, <t < ty+a
and if y(t; t, , w) is the solution of the equation

y(&) = fit. (1), _sup_ ¥)),
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which in [t, — 7, t,] coincides with w, then, supposing that this solution is
defined in [ty , ty + a), it follows that w(f) < y(t; ty, w) for t, <t <
ty + a.

Proof. Lete, be asequence of positive numbers tending monotonically
to zero, and y,, be the solution of the equation

y(#) = flt. 3(¢),  sup_ ¥(s)] + e

whichin [¢, — 7, #,] coincides with w + ¢, . On the basis of the preceding
proposition, ¥,,.(f) <<y,(¢) in [,, ¢, + «), and it is easy to see that
lim, . y,(¢) = y(¢; t, , ) [in fact we should stress that in case a unique-
ness condition is not satisfied, y(¢; ¢, , w) is the superior solution defined
by the initial conditions considered]. On the basis of Proposition 1 we
have w(t) << y,(f) for t €[ty , ty + «); hence w(t) < y(t; ¢y, w).

Lemma. If f(t) < —of(t) + B sup,,coc 1 f(0) for t>1t, and if
a > B > 0, then there exists y > 0 and k > 0 such that f(t) < ke=vi-to
for t > t,.

Proof. It follows on the basis of Proposition 2 that f(¢) < y(¢), where
(%) is a solution of the equation

¥t) = —ey(t) + B _sup_ 5(0), )

which in [#, — 7, #,] is greater than f. Let us observe that y(¢) = ke—»t-t)
is a solution of this equation if —y = —a + Ber*. Indeed,

sup (o) = kere~vii—%)

t—r<o<t
and
y(t) = —yke -t
If o > B, the function ¢(2) = —a + Be** + = is negative for » =0

and tends to infinity when 2 — co; hence there exists a 2 =y > 0 for
which the function is equal to zero. It follows that if « > §, there
exists ¥ > 0 such that y(f) = ke~v!~%) is a solution of equation (x).
We have inf,_, _,., ¥(t) = k; hence by choosing & > sup, _. <<, f(?),
it follows on the basis of Proposition 2 that f(z) << ke»!-!, and the
lemma is thus proved.

Assuming that the trivial solution of system (32) is uniformly asymp-
totically stable, there exists a quadratic form (V(2)y, y) whose derivative,
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by virtue of system (32), is —(v,y). Let x(t) be any solution of
system (31). We calculate

OOR0)
We have

& Voo, x(0) = (2L 50, x0) + 20105, 1))

= (57 x(0) =(0)) + AVENAW)(e) + Ble)slt — =), x(0)

+ A V(OB(t)(x(t — ) — x(t)), x(t))

= (), 50) + 2V OB | LD, (1)

— —(a(0) 56) + 2AVOB) | AW + Blu)alu — 7)) di (2.

Let .
Ly =sup| A@W), Ly=sup|B(t), Ly =sup| V()B(r).

We deduce that
& (PR, 50) < — | KOF 4 2Lyl 4 L) sup_| x| 50

Let /4 be the upper bound of the highest eigenvalue of the matrix 7,
A the lower bound of the smallest eigenvalue of matrix V. We have

Ala(®)F < (V()=(1), %(1)) < AL =()2 (A > 0).

Let us set
F3t) = (V(2)x(2), x(t)).
From
Al < A1) < A =)
we obtain

V| x(t)] <) < VA x(t);
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hence

S 59l S s s ) 1501 < S5f0) — (0P < — PO,

—2r s

We may therefore write
d, 1,
D) < — 10 + 2L+ Ly o sup_ S 0

and, dividing by 2/(¢),

IO <~ Ly BB wp ),

= su
dt A t—2~r<ps< {

We may apply the lemma, taking

a:_l,, B = TLa(Ll)“FLz) ]

The condition « > 8 leads to

Lyl ALy 1
X YR

hence
A

S ALJL, + Ly

It follows that if
A
= ALy(Ly + Ly)

there exist y >0 and k>0 such that f(t) < ket~ for t > t,;
hence | x(#)] < (k/ VX Ne—v=t for t > t,. This shows that the trivial
solution of system (31) is uniformly asymptotically stable. Let us observe
that by supposing the differentiability of matrices 4 and B we could have
continued the computations taking account of terms of the second degree
in 7. This would have lead to improved estimates.

We now study the same problem without making use of the Lyapunov
function. Let us consider the system

#(t) = A@W(t) + 2, B — pr) G1)
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and the system obtained for u = 0,

i(t) = [A(t) + ;1 Bi(t)] x(t). (32)

We suppose that the trivial solution of system (32’) is uniformly asymp-
totically stable. If U(z, s) is a fundamental matrix of solutions of the
system (32'), we have | U(t, 5s)] << Ke =%}, Let x(f) be any solution
of system (31’). We have

k
x(1) = U(t, 0)x(0) + D, U(t, )By(s)[x(s — pr) — x(s)]ds.
i=1
Let 1 = max; 7; . For f > 2ur we will write

» L3 20T
() = Ut 00(0) + 2, [ Ult, 9BANs — per) — x(5)}ds
=170
ko
+ 2| U 9B — pr) — #(9)]ds.
i=1 " 2ur
On the basis of the inequality (3) we have for 0 < s < 2ur the estimate
k
| %(0)| < exp [( 2 Ki) 20|l
=0
where ¢ is the initial function of the solution x, given in [—pur, 0].
This estimate 1s obviously also valid for s <{ 0. We have set

K, = sup | A(z)l, K, = sup | B(t)l, (i=1,..,4k).

It follows that for 0 < s < 2ur we have, in any case,

[ 3(s — ) — 2(9) < 2exp |

k
i=0

K:) 207] 1l
For s > 2ur we may write

Ti

x(s — pry) — x(s) = J‘:—mi #(o)do = f:—“ [A(a)x(a) + gBj(a)x(a — ,u.-rj)]da;
hence

k
| a(s — pr) — 2(5)] < pry 2K,  sup | a(o)].
=0

$—2pr<o<s
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We obtain

| x(t)] < Ke=t|| @ + é f :w Ke=-9K 2 exp [( Ki) 2;”] ol ds

k
i—0

-

oy k
+ EJZM Ke=t-9K ur; E sup | x(o)| ds

=0 $—2uT<LoLSs

k k

= Keipl 4K (3 K exp [(2 Ko 2ur] e S @ = Dl

i=1 i=0

s—2u7<L oK S

k k {
+ K YK D K f et=9  sup | x(o)| ds.
i=1 j=0 2ut

We set

. K,) exp (2/.1,1' iK")’

k
=1 i=0

L=Klgl(l + 2= — )

M=K i‘riKi Zk;ij
i=0 .

=1

We have the estimate

s—2ur<Lo<s

t
| %(t)] < Le=t + M f =9 sup | x(c)| ds.
2pr
Let
t
o(t) = e [L + MJ e sup | x(o)|ds ]
2ur

5—2urT Lo 8

We have

2'(t) = —ae™ [L + M f e  sup | x(o) ds] 4+ etMet  sup | x(o)]

our s—2uT<Lax s t—2ur<Lost

= —ao(t) + Mt_zsygo@ | x(o)!.

However,
| 2()] < o(t);
hence
sup  |x(0) < sup  o(a).
t—2prLot t—2ur<ogt
We obtain

V(1) < —ow(t) + Mk sup (o).

—2urLa<t
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If M < a, it follows, by virtue of the lemma, that there exist constants
N and vy such that

o(t) < Ne~vtt-4;

hence a similar inequality also occurs for | x(t)|. Consequently, the
trivial solution of system (31’) is exponentially stable, provided that
M < a. This condition leads to

s 4

M KIE K YLK,

t=1 "1 "¢

4.6. The Stability of Some Control Systems with Time Lag

We shall show below the way in which, by using the V. M. Popov
method, one may obtain conditions of asymptotic stability in the large for
nonlinear systems with time lag, of the type which occur in the theory
of automatic control systems.

Let the system

dx

5= Ax(t) + Bx(t — 1) + If [o{t — 7)] f[o = (¢, x)].

Here A, B are constant matrices, / a constant vector. We will assume
that the equation

det(4 + e "B — AE) =0

has all roots in the semiplane Re A <X —a << 0. We will likewise assume
that

hyo? < of(0) < hyo? with A, < k.

Let x(t) be any solution of the system and u(t) the solution of the
system

% = Au(t) + Bu(t — 1) + W(t — 1),
where §(2) = f[o(t)] for —7 <t <0,y(t) =0 for t>0, which
verifies the same initial conditions as x(¢) in [—7, 0]. Let

0 for —r <t <0,
flt) = Uflo)]  for 0<t<T,
0 for T <t
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We denote by #(?) the solution of the nonhomogeneous linear system

% = Aw(t) + Bw(t — 1) + lfz(t — ),
which verifies zero initial conditions. We have
w(t) = x(t) — u(t) for —r Lt T+,

since the initial conditions are verified and the difference x(¢) — u(?)
satisfies the same system as w(%).
Let

WD) = [ [(eote) — fote) + g (e 5)] rreri
= [ [l o) = 3fo0) + (e G )] ey

5 ke

Since w verifies the homogeneous system for ¢ > T, it follows that
w and dw/dt decrease exponentially; hence that we can apply the
Fourier transform theory. We have denoted by % and f; the Fourier
transforms of w and f;, respectively. From the system of equations for w
we obtain, by applying the Fourier transform,

fx
* daw.

(c, @) — %f} + ¢lc, tww)

wh = AD -+ e "B -+ If e+,
from which we deduce
% = —(A4 + e B — iwE) e fy.
The inverse of the matrix (4 + e "B — iwE)~! exists, since we have
supposed that its spectrum is situated in the semiplane Re & <{ — a << 0.

We write M = e %74 + ¢ B — iwk) and ¥ = (c, M). We
have @ = — Mfy; hence

fT* dw

X(T) = 5- [ Rel—(c, M)y — 3fr — e, Myl

1 1 . -
= —Ef_wReg—knL(l + iwg)¥ ! | fr|? do.

Supposing that (1/k) + Re(l + iwg)¥ >0, we obtain x(7T) <O0.
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On the other hand,

X(T) =[ [test) — 1500 + 0 (e Z2) — (et — (e, 242)] s1ot01ar

It follows that

[/ Joty = 71900 + 0 Z flotenar < [ Jees o) + g (e 240 | rtototar
However,
f@) (0 — 11@) = £ ot = hyo.
It follows that
h, f 2(tdt+qf f(ada<f (e, u(t)) —I—q

Writing F(o) = J"; f(0)da, we obtain

(e, u(t)) + g (e, 240

hy [ ot)dt + gFlo(T)] < gFloO)] + | ){rotenar

We have

Flo(T)] > " oT);

hence we can write the inequality

a3 A1) + by | ekt < gFLoO)] + [ f(e o) + a (e 20)] srotojar

If @ is the initial function of solution x(¢), we have
. d .
u) < Beol |G| < vl

From af(0) < hyo® we obtain | f(o)| < A, | o |; hence

i

T ’
e u(t) +q(c | <Li,zp lo@ilgi [ et

o<ILT
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Taking this into account, we finally obtain

My 4ob fT Xt)dt < gF[o(0)] +L
) o 3 0‘7 Ydt < qF[o(0)] + 2”?’”02132TIU(1)]'

From the inequality
v oH(T) < gF[o(0)] + L@l sup |o(t)l

we deduce, as in Chapter 2, that

La(t)l < ay(ll @1,

and taking into account formula (19) we also deduce
| ()] < ax(ll @)

From here it follows that | do/dt | << ay(|| ¢ ||) and through the same
arguments as in Chapter 2 it follows from jT o¥(t)dt < C that
lim,,, o(¢) = 0. Again taking formula (19) into account we deduce that
lim,,, x(¢) = 0, and the following theorem is thus proved:

Theorem 4.16. If the equation
det (4 + e *B—AE) =0

has its roots in the semiplane Re A < —a << 0 and if there exists a ¢ > O
such that

]le 4- Re(1 4 twq)e (¢, (4 + "B — iwE) 1) > 0,

then, for any function f with the property that there exists b, and h, <k
such that h,o? < of(0) < hyo? the trivial solution of the system is
asymptotically stable in the large.

Let us emphasize some general aspects of the V. M. Popov method
which will allow us to obtain other results in the theory of absolute
stability of automatic systems with time lag.

The method of V. M. Popov enables us to obtain the stability con-
dition for nonlinear integral equations of the form

oft) = 5(0) + || Kt = f[oleold:
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Let us consider the case where ho® < af(0) < hyo? by <h and

| 2(t)] + | da(t)jdt | + | k(#)| + | dk(t)jdt| < Ae~=t for t>0. Let

fle@®)] for 0Kt <T,
fx(t) = g for t > T,
_ {ol®) for 0 <t <T,
orlt) = 30 for t > T,

(1) for 0 <t <T,

arlt) = g—j:k(t—av[a(a)] for ¢t>T.

We have
W) = [ o) = 5(0) — 1) + g (12— ) pLotonas
Zf: or — Ir — th+ (d;tr dzT) frat

fT* dw

’

| R

“5 R

where ~ denotes, as atove, the respective Fourier transform. We
have been using the fact that 0.(0) — 27(0) = 0; hence the Fourier
transform of the derivative is obtained from 6, — Zr through multiplica-

tion by fw.
We have

< 1, s -
[5’1' — Zr — ZfT + qiw(67 — Z7)

or(t) — 21(0) = [ Kt = falr)er,

from which follows 6, — Z; — £f;. Then

[ef —

W) = - [ Re|[kef — 5 fr + iwghfz] 7| do

— 2177 fw [Re(l T iwq)k — %] | fr |2 dw.

If the condition Re(1 4 iwq)k — (1/h) < O is fulfilled, then x(T) <
This means that

[ {ott) — pr1o01 + 22 rtotogar < [ [ate) + ¢ 7 o

From here the proof further continues as above and we obtain
| o(t)] < M, lim,,, o(t) = 0.
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Let us now consider a system of the form

)= [ w(t+ i) + Y] (o =) (%)
From formula (23") it follows that
x(t) = =O)X(t) + | 0_ x5)d, [ :“1,(3 — ) X(t — a)de + | : b [o( @) X(¢ — a)de.

We have been using in this representation the fact that if » does not
depend on ¢, the solution of the homogeneous linear system, which is
zero for t < o and for ¢ = « coincides with the unit matrix, solely
depends on the difference ¢ — «. Consequently,

oft) = x(0)X(t)c + | i ), [ :*’ 7(s — @) X(t-o)e da + | : Flo(@)1bX(t - a)c da.

Let us write
bX(t)e = k(t),

*0)X(t)e + [ °_ *(5)d, [ :“ (s — ) X(t — o) do = 2(2).
We obtain

oft) = 5(t) + [ Kt = ) [o(e)d,

an integral equations of the considered form.

If the zero solution of the linear part is uniformly asymptotically
stable, then | X(#)| < [e=*!, from where it follows that z and & fulfill
the above conditions, and thus | o(2)| << M, lim ., o(¢) = 0; in addition
M — 0 if the norm of the initial function approaches zero. From the
formula which gives x(t) and from the already known evaluation for
X(#) it follows that x has the same behavior. We thus have

Theorem 4.16’. If the zero solution of the linear system is asymptotically
stable and if there exists a ¢ > O such that

Re(l + iwg)k —;l— <0 (B = bXc),

then the zero solution of system (33) is asymptotically stable in the large
whichever be function f in the considered class.
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In the same way, we can study the stability problem for systems of
the form

i(t) = f * 2+ )dn(s) + bf[o(t — )] (o = xc) (34)

The same computations as above yield
0 s4-7
o(t) = x0)X(t)c + f x(s)d, f (s — a)X(t — o) doc
-7 L]

+ :) bX(t — o)cf [0 — 7)]das;

hence .
o(t) = z(t) + j K(t — f fo(x — )l
Let
k(t — for t >,
l(t)—g for 0 <t <.
We obtain

o)) =5 + [ Kt 7~ BYToBldB = 2) + [ k(e — Bflo@dp
= 5(0) + [ bt — B lo@E + [ hle — B [o(B).

We denote
s(t) = #() + [ (e — B [o(B).

Taking into account that for 8 >t — v we have f — ,B < 7, we have
o(t) = =z,(t) + f k.t — B)f[o(B)1dB; hence we have again obtained an
integral equatlon of the form considered.
Let us observe that we have

b= [ etotk(eydt = [ esoth(s — m)ir = emior [ e-oth(aydt = ek,
0

T 0

We obtain

Theorem 4.16". If the zero solution of the linear system is asymp-
totically stable and if there exists a ¢ > Q such that
Re(l + iwgq)e—i"k —}l— 0 (k=0bXo),
then the zero solution of system (34) is asymptotically stable in the large
for every function f of the considered class.
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Investigating the first critical case, V.M. Popov has essentially
considered an equation of the form

d«f(t)

o(t) = =(t) +f k(t — o)f [o()}da — y&(t), =fle®)] (>0,

where z and k verify the same conditions as above and in addition
(d%z/dt?) e LY(0, ©). Let

flo)]  for 0<t<T,
fT(t):go for T < t.

o(t) + vE&(t) — 2(¢) for 0 <t <7,

O [ b — ) folde for T <

Then
wr(t) = f k(e — 2)fr(a)de

Let us consider the function

dwT

7
T) = + dt
XT) = [ |er et e (i)l s
d
+ 4( ZT _YfT) frdt
| . | P -1
= —2—‘” f_co Re [wT —_ ZfT -+ 1wqWr — q‘yfT] f;!( dw.
However, @, — kf;; hence
, 1 (= . 5 1 "
x(T) = o f_w Re(l + iwq)k — (qy + Z) | fr 2 do.

From the condition,
. N 1
Re(l + iwg)k — (gv + ;) < 0;

it follows that y(7T") < 0. This means that

"at) + £ - 20§ FloO1 + 4 (2 + ¥ BB rioen] floteper <0
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hence
[ Jott) = 3rton ] riotonae +» &y dt +q [ feteldot

< [ (st + ¢ Z) r1otenar = [ (= + 0 5) a2

dz(T))

= (o) + ¢ =) 1) — (3000 + Q) €0 — [ (G + 9 5) o)

From this we obtain
T 1 y o(T)
[ oty = § oo flotede + 5D + [ flopde
< My + M, sup | £(2)).
Then

Y y .
2 8Ty < My + Mlozgng @)l

hence | {(2)] << M, . Further, -

J,

and if j f(0)do = o0 we obtain | o(f)| < M,
From’

oft) — 5 floN|flotde +q [ flo)do < My,

at — drt

do  dz fo dk(t ) (e )lde + K[0] f[o(2)] — f[o(t)]

we deduce that | do/dt | < M. Then, from the convergence of the
integral _[ [o — (1/R)f (0)]f (0)dt it follows that lim,,,, o(t) = 0. If for
% and k we have exponential estimates, it follows that

tim [a(t) + f k(t — f [o(e)]de] =0,
tom 0
hence that
lim £() = 0.
Let us now consider a system of the form

O _ 1), o) = (e — e,

(35)

0 =] o+ ),
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We have
0 8+7 t

A =3 OXW) + [ 36, [ nls — ) X(t — a)da + [ bE@)X(t — a)dos
-7 0 0

hence

o(t) = yOX (e + [ i o :“ (s — &) X(t — a)c da

T [ &bt — e do — 1)
[
Let ky(f) = bX(t)c; for t > 0 this function is continuous and the

estimate | ky(#)] < lye=*! shows that j ko(B)dB < 0.
Let k(t) = ‘[t ky(B)dB; we have | k(t)f < le=»!. Then

f : bX(t — a)ct(a)de = f Ro(t — a)(a)do = f £() —k(t — o)da

— &bt — s — [ ke — o) ) g

= k(0)£(2) — A()£(0) — fo k(t — a)f[o(x)]de
and

o(t) = 30 X(t)e + | 'i ws)d, | :“ (s — W) X(t — a)e dx — k(£)E(0)

— [ bt — o otelde — [ — KO)EC).
If we set
o(t) = YOX()e + | ), [ nls — ) X(t — o)e do— kEEQ),
y =71 — k(0), B 0
we obtain
oft) = 5() — [ ke — alflofllde —vé0). T = FLo0)]
If we require that y > 0 and

Re(l + iwq)k + (qy + %) >0



4.6. CONTROL SYSTEMS WITH TIME LAG 393
we deduce that | {(t)] < M,; the above formulas immediately yield
estimates for o(t), ¥(¢), y(t), &(¢), 6(t). Further we obtain

limo(t) =0, limg#) =0, limy() =0.
From k' = —k, we deduce k = (—1/iw)(k, — k(0)).
The stability condition becomes

Re(q—}——.—)lso—qr-«%gO (ky = bXc).

We have thus obtained

Theorem 4.16”. If the zero solution of the first approximation
linear system is asymptotically stable and if there exists a ¢ > 0 such that

Re(q—}—%)ch—qr—%gO,

and if in addition r > J':J bX(t)c dt, then the zero solution of system (35) is
asymptotically stable in the large for every function f with 0 < of(c) < ho?.

In his investigation of the second critical case, V. M. Popov consid-
ered an equation of the form

o) = 5(0) + [ Kt — ) Totr)ldy — o))~ Brlt),  ZE—n T =)
(36)
We have
o= 5+ [ D ey + KOFLo(0)] — ante) — B lo(e)

= % = [ ke — 010060148 + 11 To(0] — amt),

where we have set k,(t) = —dk/dt, r = k(0) — B. Let

_(fle®)]  for 0t < T,
fr(t) = 30 for T < t,

g—? - Z_z —1flo(®)] +om(t) for 0 <t < T,
t
wy(t) = T
— [ ka(t — 6)/ To(0)]db for T <t
0
We obtain

wrlt) = [ kit — OO0, B = —Kify.
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Let

WD) = [ (G + om — B) flotwldr = [ [wrle) + oft0) fetoyi

1

=5 | Re(@; —+ rfffdo =5 [* ¢~ Rekfr o

If r — Re k; <0, we deduce that y(T) < 0. This means that

Tdz dn
2 T np2
a(o)f(o)do +5 5 (1) n O<| zz?

= ) — ED o) — [ T nteyin
hence

[ Ao + 5 77(T) < im0 19@)) + axl=1) sup (o)

If « > 0, it follows from here that | 5(¢) | < M, and if _[ flo)do = o0,
we also deduce that | o(t)] <X M,, | do/dt| < M,, | df/dt | < M, .
If r — Rek, <0 and lim, . (r — Re k) < 0, then

D) < — 5 | 1 frlrdo = —a [ folo(oldn

hence I fz[c(t)]dt << M. It follows from this that lim,,, o(t) =0,
and by using V.M. Popov’s lemma (section 2.3) we also deduce that
lim, o §(2) = lim, n(2) = 0.

Let us now consider a system of the form

0
HO=[ e+ ) +b8@), TE =TI, @ =yet+pE+ 1. ()
We have

] s+7 ¢
$(0) = 3OX) + [ y6)ds [ nls — X — ) 4 [ 5N — )
hence

0 S+T
o) = Y(0)X(£)c + f © ¥, f nfs — X(t — e da

+ f " H@bX(t — a)cda + pEt) + r(%
0
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Ro(t) = bX(t)e, | Ro(t)] << Loe™,

k() = | :oko(a)da, k(1) = fkl(a)da.

Then | k(2)] << L™, | k(2)] < le 2ot
We have

f : E)bX(t — a)c do = f : Eo(t — o)é(e)do
— KO — KOO — [ At — o) £ da
— KO — k()EO) — K0

1k EQ f k(t —

9 TEE 4,

and

d§(0)

ott) = 3OX (e + [ 506, [ nts — )X - ) dn= B(BEO) + K1)

+ f Kt — o To(e)lda + [p + B(OIEE) + [r — KO) S,

We write

d§(0)

HOX@We + [ y(5)d, fo 75 ~ )X (t — a)e dox — ky()EO) + k(1) 52 = x(2)

d
P b kO = —x 7 —kO0) = —B, d_f:n,

and we obtain an equation of the form (36).
We have

k= ——k+—h0), Rek— —Re— k

and the condition » — Re k; < 0 is  + Re (1/iw)k, < 0. However,
ky = bXc;
hence the condition becomes
r + Re —1- pXe < 0.
)
We have thus
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Theorem 4.16"". If the zero solution of the linear system is asymp-
totically stable and if

»+ fmbX(t)cdt <0, r+Retbfc<0,
° iw
o0
of(0) = 0, f f(o)do = o,
0
then the zero solution of system (37) is uniformly stable. If, in addition,

of(c) > O for o # 0 and
r <0, r+Re_ich<0
fw

then the zero solution of system (37) is asymptotically stable in the large.
Let us finally show how by using the method of V. M. Popov we can
study the absolute stability of systems of the form

#(t) = Ax(t) + Bx(t — 7) + bé(t) + c&(t — 1),
&) + o£(t) + BE(t) = flo(2)],

d¢

:1? ’

o0
0 < of(0) < ho?, f  flo)do =,

o =p*x + 9t + 7

under the hypothesis that the roots of the equation det(4 + Be=* - AE)=
0 are situated in the semiplane Re A < 0.
We have

x(t) = X(2)x(0) + f °_ X(t — o — 7)Bx(o)de + f : X(t — a)bé(a)do

+ " X(t — a)ot(w — 7)da
0
and

oft) = p*X()1x(0) + | °_ P*X(t — & — 7)Bx(w)do + | : P*X(t — cbt(o)d

t
+ [ p*XG@ — cla - Ddx+ ik +yn =7
0

Let
k() = p*X(t)b,  ky(t) = p*X(t)e,

#(t) = p*X(1)x(0) + f i P*X(t — o — 7)Bx(o)doc
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Then
o(t) = 2,(:) + f; ky(t — a)é(a)da + f: ky(t — a)é(a — 7)do + y,E(2) + yan(t).
Let

ot — 7) for t>=n,
for 0 <t <.

k(o) = |
We have
oft) = z(t) + f : Ey(t — o)€(o)do + f ':T Ryt — 7 — a)E(e)de + v, £(t) + yan(t)

=xn)+ | ‘i kot — 7 — @)¢(@da + | : ky(t — a)(e)da
7 e = 7 — a)t(ee + if0) + yintt)
— z(t) + f 'i Ryt — 7 — a)¢(o)de + f : Ryt — a)é(o)der

t
+ | Ralt — (e + 1b) + van().
Let us set ;
0
2(t) = =z(t) + f _ ky(t — 7 — a)f(a)da,  Ry(t) = ky(t) + Ry(t).
We obtain

o(t) = m) + [ kit — a)é(aMe + 1b(e) + yanle).

From | X(2)] < levt! follows | k()| < Lie™!, | 2j(t)] < mje "l Let
k(1) = [ ku(s)ds, ko(t) = [ ky(s)ds. We have | k() < ke, | ky(t)] <
lge=Hot, Integratmg by parts we obtain

fo k(t — a)é(a)da = k(0)&(2) — ky(2)€(0) — ke(O)(2) + Es(t)m(0)
+ f: Rt — a)g(a)da.

From here follows
o(t) = 5a(t) — RgEO) + ky(t)(0)
+ [ ke = Aty — 8 [ e — ey

— o [ e — vy + I+ RO + [y — BOnte):
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Let us set
2y(t) — k5(1)€(0) + As(t)n(0) = 24(t),
11+ k0) =vs, v —k(0) =7,
We obtain

oft) = a(0) + [ ke = 7)oty — B [ Rt = 9)érMly
—a [ bt = Yoy + 1) -+ vant)
If « = 0, 8 = O this equation becomes
a(t) = 2t) + [t = Py + o) + ),

and the conditions of absolute stability obtained by the method of
V. M. Popov are

ys <0, ys + Re kg < 0, ,‘},}1}010 (y. + Re k) < 0.
Now let « > 0, B = 0. Then %(t) + an(t) = f[c(¥)] and
2
©(e) = eia(0) + [ e loty)ldy.

Let {(t) = n(i) 1 af(t); then £(2) = (1/a)L(t) — (1/a)n(?). The equa-

tion in o becomes
olt) = (1) + [ Rt = Pfloldy —a [ ket - Yn()dy
0 0
+200) + (va — 22) ().
Taking into account the expression of the function 7(t) we obtain
2
o) = =(t) + [ At =N Tot)ldy
— o [ kit =) [emO) + [ eonploE)as] dy
0 0

S0 4 (= B) 0 + (0 22 [ e Loty

&
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We have
f:) ke(t — v) U: e~r=8f [0(8)]:18] dy = f : flo(8)]d8 f : ke(t — y)e==tr-9) dy

= [ 71oe0ds [ ke =5 — e dy = [ ket — 8)7TeteN,

where

1
ki) = [ ot —y)e= dy.
0
Let us set

2(t) = #(t) — ak(t(0) + (v4 — 22) ein(0),

k() = ke(t) + (ra — L2 e — aky(e).
We obtain the equation
oft) = =) + [ ke =2 lody + LU0, G =G0,

where | z,(£) | << my el [ Rg(t) | < ke *tt, Ay = min (A9, a).
From this equation we obtain by the method of V. M. Popov the
stability condition

Re(l + iwg)ky + q—? —Z1<o.

g
h
Now let « > 0, 8 > 0. Then
£0) = 3OO + 30O + [ 3t = DF oty
(e) = 3:0E0) + 30 + [ 34t = DS lotrldy,

where the y; admit estimates of the form | y(t)] < ge—%".
For ¢ the equation becomes

o10) = 2t) + [ kit~ f Loty — 8 || bt — (e
8 [ kit =)0 — 8 [ kot ) [ ey — 8 1o0010] ay

— o [ bt — )y ) — o [ Bt — 7 (©)
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— o ke = [ 3oy = 9 10(0148) dy + 7 (E0)
7O + [ 753t = o)y + 73DO)

Frdon©) + [ e = VLo
We set
B0 = [ Bt =ty ) = [ B — i,
Fult) = Rlt) — Bhy(2) — skiolt) -+ ya34(0) + 7u3(),
20) = 2(0) — B [ At =7 )ve0) — [ Bt = 2y

— o [ Rt = 70014780 — o | At = )drm(0)

+ y371(1)€(0) 4 v33:(tM(0) + v495(1)€(0) + v4¥4(t)n(0).

We obtain the equation ’
2
ot) = 2(t) + [ Rult = N)fTot)ldy.

From this equation we obtain from the method of V. M. Popov the
stability condition
Re(l -+ fwq)k,, —% <0.
Let us observe that 5, = 1/(-w? + iwa + B), J; = iw/(-w? + iwa + B),
Ee = Esyz ’ Elo = 565’4 .

In the same way we can also study the absolute stability of systems
of the form

#(t) = f * (e + $)dns) + bE(t) + cE(t — 1),

-0

£(t) + ab(t) + BEE) =Flo(®)], o =xp +nf + v, ‘;_f ,

and systems of the form
%(t) = Ax(t) + Bx(t — 1) -+ b&(t) + c&(t — 1),
E(1) + f(t) + bt — 1) + Bib(t) + Bof(t — 7) = [[a(2)],

d
0=P*x+71§+723§-



4.6 CONTROL SYSTEMS WITH TIME LAG 401
For systems of this form we obtain
o(t) = 2y(t) + ks(0)&() — ks(2)£(0) — ke(O)n(2) + k4(2)n(0)

+ [ bt — (e (0 + i),
and taking into account the equation for ¢,
olt) = 3(t) — KOEO) + hlt)0) — o || bt — (e
—a [ Rt — (o — ) = B |l — o))

—B. f : kot — a)é(x — T)da + y5E(t) + yan(t) + f : ko(t — a)f [o(«)}da.

Let

for t >,

_ ke(t — 7)
haolt) = 30 ) for 0<t<r.

Then

[ ke — eyt — ) = [ ke — B —n(B)ap

-7

= ' ke —p—omterdp + [ ke — B — wyo(prp

= [ ke —p—mmiprae + j kuolt — BYi(B)dB,

and

[t — o)tta — o = [ htt — B = B)E + [ ke — DEEIMB.
We set
2(t) = 2(0) — KOEO) + Altw(0) — [ kit — B — r(B)dp
~ B[ kit — B — B,

kio(t) = onkel(t) + ogkia(t),
ku(t) = Blke(t) + szlz(t)»
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and we obtain the equation
oft) = wa®) + [ kot — I (o) — [t — (e

— [ kult — @)@ + 760 + pinte)

which is of the same form as the one considered above.
If we suppose that the roots of the equation

A2 4+ A 4 ade? 4 By 4 e =0
are in the semiplane Re A < 0, we obtain an equation of the form
t
ot) = () + | Puslt — @)ffo(e)d,

which may be studied by the method of V. M. Popov.

4.7. Periodic Linear Systems with Time Lag

Let us consider linear systems of the form

30 = [ st +9dintt, o

under the hypothesis that the matrix 7(¢, 5) is periodic with respect to £

of period w > .

We define the operator U through the relation Up = x(w + s; ¢),
where x(t, ) is the solution of the system which coincides with
@ on [—7, 0]. Then from the general formula (23) of representation of

the solutions it follows that

0 o+T
Up = ¢(0)X(w - s,0) + f ~eo)d, f 70— @)X(w + 5, @)

The operator U is compact: it maps every bounded set into a relative
compact set. Indeed, from || ¢ || < M we obtain || Up | < M’ and from
w > 7 we obtain w + s > 0 for s € [—7, 0]; hence Ug is differentiable

and

d 0
Lxw+559) = [ o +s+0i9)dals o);

-7
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hence | (d/ds)x(w + s; @)| << M". The functions {Ugp} thus form a set
of uniformly bounded and equally continuous functions, consequently,
on the basis of the Arzela theorem, a relative compact set.

From the fact that the operator U is compact it follows that

(a) If o(U) is the spectrum of the operator U, the set o(U) is at most
countable and is a compact set in the complex plane.

(b) 0eo(U) and if Aeo(U), A #~ 0, then A is an eigenvalue of the
operator U, i.e., the equation Up = Ap has a nonzero solution ¢ € Z
(we denote by 2" the Banach space of the vector functions continuous
in [—7, 0]).

(¢) If o(U) is infinite, the point z = 0 is the only limit point of the
spectrum.

(d) If X #£ 0, A € o(U) there exist closed subspaces K(}), E(A),
dim E << oo, such that Z = K(A) ® EQ}), UK C K, UECE, and
the restriction U | K of the operator U to the space K is likewise a
compact operator.

(e) K(A) is likewise a Banach space and o(U | K) = o(U) — {A}.

Let us observe that if the condition w > 7 is not fulfilled, then there
exists an m such that mw > 7; it is easy toseethatif Vo = x(kw + s; @)
then V' = U* and V is compact. Then the operator U has all the
above properties (see, for example, Riesz and Nagy, Functional Analysts).

Let us observe also that we could have considered the operator U,
defined by the formula U, ¢ = x(w + s; 2y, ¢), 5 € [ty — 7, £,], for which
all the above properties are maintained.

Definition. The eigenvalues of the operator U are called the multipliers
of the system.

To justify this definition let us observe that if p is a multiplier there
exists a solution of the system such that x(¢ + w) = px(¢) and conversely.
Indeed, let ¢ be an eigenvector corresponding to the eigenvalue p. We
have Up = pg, hence U, ,¢p = U,Up = pU p; hence x(t + w + s5; ¢) =
px(t + s; @), and for s = 0 we obtain x(¢ 4+ w; @) = px(Z; p).

We have denoted here by U, the operator defined by Up = x(t + s; ¢);
it is easy to see that U,,,, = U,U, . Indeed,

Uirup = %2(t + @ + 559) = 2(t + 5, %(w + 559)) = U U,

since the solutions x(z + w + s5; ¢) and x(¢ + s; x(w + s; ¢)) coincide
for t = 0 (hence in [—, 0]). The fact that x(¢ + w; ¢) is a solution of
the system together with x(f; ¢) follows from the periodicity of the
system.
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Conversely, if x(t + w; ¢) = px(t; ¢), then for s & [—7, 0] we have
%(s + w; @) = pp; hence Up = pp and p is an eigenvalue of U.

Let p be a multiplier, E(p) the corresponding invariant subspace
formed by functions ¢ for which there exists # such that (U — pl)"p =0
(where I is the identity operator). This subspace is of finite dimension
and therefore a Jordan canonical basis, ¢}, ¢!, ..., ¢ , can be chosen
in it such that

Ugt = ppl, Uy =po} + b, .. Uppy, = oLy + Prqya -

We have seen above that the solution corresponding to the initial function
@} has the property x(z + w; @1) = px(¢; @1).

The solutions corresponding to the other functions of the canonical
basis have the property

x(t + w; @) = px(t; @) + x(4; @;_,)-

Indeed, *(t + w;@)) and px(t; ®;) + x(t; pj_y) are solutions of the
system and these solutions coincide for t € [—7, 0].

If A = (1/w) In p, we have x(t; pi) = e*'ui(t), where ui(t) is a periodic
function of period w. Let

x(t; @) = eM(c,tul +ul); i, wy = e Mx(t; @)) — cytuf .
We have
Wt + @) = MMt + w; @) — ot + wlul(t)

— e L putts o) + w15 7] — ctudt) — et
— it o) + Lt ) — ) — cond)

= ul(t) + (:—) — clw) uy(2).

If we take ¢; = 1/pw it follows that u;} will be a periodic function.
Analogously we show that

! A L L U2 1 1 1 ‘
x(t; @) = € (ciat wy + Ciot Vy + 6t ),

where u!, v}, ..., ul_, , u} are periodic functions with period w. We have
thus obtained a Floquet-type family of solutions. This family of solutions
could also be obtained in the following way (A. Stokes).
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From dim E(p) < oo it follows that there exists a basis ¢; in E(p)
and a matrix M such that if ¢ = (¢, ..., ¥,) we obtain Uy = yM
[M is a matrix which represents the restriction to E(p) of the operator U].
From the fact that in E(p) the only eigenvalue of operator Uis p # 0 it
follows that M is nonsingular and admits p as a unique eigenvalue.
Hence B = (1/w)In M exists. Let p(¢) be the vector defined by the
relation p(2) = x(t; Y)e~2!, where x(¢; ) = (x(¢; 1), ... x(t; ¥,)). Then

Pt + w) = 2t + w; PpleBee Bt = x(t; x(w + 5; P))e—Bwe—Bt
= x(t; Up)M~Ye= B = x(t; yM)M e~ B = x(t; y)MM—1e5"
= x(t; P)e~B = p(t).

We obtain x(t; ) = p(t)e®!, where p is periodic. If ¢ = X ¢z3f; we will
have x(t; p) = X cx(t; ;) = x(8; $)c’ = p(t)eP'c’. We have thus obtained
the structure of the solutions defined by the initial functions in E(p).

Remark. Let x(t;¢t,, ) be the solution of the system defined for
t >ty — 1, which in [t, — 7, )] coincides with ¢. We denote by
Upip = x(t + s — to; ty, @), S€ [ty — 7, t,]. We have U, ,p = ¢ and
x(t+ w+s—tyty,9) = Ugx(ew + 554 ,9) = U, Uy 10,9 hence
Upor, = UniUiseq, - The eigenvalues of U, ., coincide with
the multipliers of the system. Let n >0 such that ¢, 4 nw >0,
g =x(u+ nw;p), uelty—1,t)]. Then x(t;2,, ) = x2(t + nw; ¢),
since in both members we have solutions of the system and these coincide
in[ty— 7, t,]. Wehave U, 1o, 3 = (o + u; 8y, ) = 2((n + Do + u; ¢).

Let p be a multiplier, ¢ a corresponding eigenvector. Then

*((n + Do+ ¢) = x((n + Do + t, + 5,¢) = Upryywte®
= UptnaUP = Utiinap® = pUstna® = px(nw + 3 + 55 ¢)
= px(nw + u; ) = p;

hence U, ;o1 ¢ = p and p is an eigenvalue for U, . Interchanging
the roles of #, and 0 we deduce that the spectra of the operators U, ..,
and U coincide.

Let p;, pas --es Py ---» be the multipliers of the system ordered insuch a
way that [ p, | 2 | ppiq |- Let A, = {p1, pz, ., pu} and R, = {ppiy, -}y
where |p,.1| <a < 1. From the properties of the spectrum of a
compact operator, it follows that there exists only a finite number of
multipliers outside the circle | z | < a.

To the decomposition o(U) = 4, U R, U {0} corresponds a direct
decomposition & =%, @Y, where Z, = E(p,) ® E(p,) ® - @ E(p,)
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and (U | Y) = R, V{0}. If p € Z we have ¢ = ¢, + ¢ and x(¢; ) =
X(t; gu) + a(t; ).

We have seen, however, that the solution x(¢; ¢,,) is a linear combina-
tion of Floquet-type solutions. We will show that the solution x(¢; )
approaches zero as e?, where 8 = —(l/w) In a.

Let ¢t >t, and N such that Nw <t — ty < (N 4 l)w; hence
t=1t,+ Now + t',0 <t < w. We have

_ 7 N
Ut,to = Ut0+t'+N¢u,t0 = Ut°+t',t0Uto+w.to'

However, || U, |l < M,, where M, is a constant depending only
on the function 5. It follows from here that

1 Uil < Mol Ugranio I and [ 2(85 8, @) < Moll Ui 11 @ Il

For every operator we have sup | o(U)| = lim,_, || U |[*/?, and if the
operator is compact, sup | o(U)| is attained for an eigenvalue, since the
single limit point of the spectrum is 3 = 0. For ¢y € Y we have | x(¢, )| <
MU Y)Y -1¢] and lim, ., | (U | Y)* |*/* < «; from here follows
that for N large enough we have (U | Y)V|| <oV and | x(¢; )| <
Myg® || ¢|. From N > (ljw)t — 1 follows o < (1/a)aft/e)t; if
B8 = —(l/w) In o, we have al/e = ¢=# and | x(¢; )| < (My/a)e P ¢ |i.

We have thus shown that every solution of the system differs from a
linear combination of Floquet solutions by a function which tends exponen-
tially to zero (as e~#!, with 8 > 0 arbitrarily large).

4.8. Periodic Linear Systems with Time Lag.
Stability Theory

We have obtained above the relation
| %(t; t0, @) < Myl Uvrorioll L@ 1l

where N is [(t — t,)/w]: From this relation it follows that the stability
properties of the system depend on the behavior of the sequence
I Ulgront, -

If there exists an M > 0 such that for every natural N and every
o =0 we have || UY,,, || < M, the zero solution of the system is
uniformly stable. If there exists a 2 >0 and ¢ >0 such that
for every natural N and every £, > 0 we have | U}, || < k(1 — v,
then the zero solution of the system is uniformly asymptotically stable.
For every operator U the values A with the property that [A | > [| U ||
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do not belong to the spectrum; hence for every point of the spectrum
we have |A| || U||; hence | A¥| < || U¥|| (since if A belongs to the
spectrum of the operator U then A¥ belongs to the spectrum of UM);
from | UV|| <M we obtain |[AN| <M for N=1,2,...,n This
means, however, that |A| << 1. Consequently from || U || < M for
every N it follows that o(U)YC {A; [ A ] < 1}

Let o(U) = 0, Y oy, where o, C{A; {A| <1} and o, C{A; | A | = 1}.
If U is compact, the sets o; and o, are separated and o, is finite. The
space Z is decomposed in the direct sum % =%, ®Z, and
corresponding to this decomposition the operator U is decomposed in
the direct sum U = U, ® U,, where o(U,) = o,, o(U,) = oy; from
U= U, ® U, we obtain U"N = UY @ UY. If | UN|| < M we obtain
| UY|| < M; from the fact that A = 0 does not belong to o(U,), it
follows that dim %4, <C oo and that a matrix corresponds to the operator
U, . From [ UY || << M and from the fact that the eigenvalues of U, are
situated on the circumference of the unit circle, it follows that the
corresponding elementary divisors are simple. Thus, if U is compactand
|| U}l < M for every natural N, the spectrum o(U) is situated in the
unit circle and simple elementary divisors correspond to the eigenvalues
situated on the circumference.

Conversely, let U be compact and the spectrum o(U) situated in the
unit circle, and let us suppose that to the eigenvalues situated on the
circumference correspond simple elementary divisors. Then U = U, ®
U,, || UY | < M, o(U;) C{A; | A| < 1}. From the fact that U is compact
it follows that sup|o(Uy)| <1 and lim, || U}PM*=a <1 It
follows from here that for n sufficiently large we have || UT || < (1 — €)%;
therefore for every natural N we will have || UY | < k(1 — &). It
immediately follows from here that || UV || << M.

Taking into account that the spectrum of the operator U does not
depend on ¢, , we can state the following theorem:

Theorem 4.17. If the zero solution of the system is uniformly stable,
the multipliers of the system are in {A; | A | < 1}, and to multipliers situated
on the circumference correspond simple elementary divisors. If the zero
solution is uniformly asymptotically stable, there exists an € > O such that
the multipliers of the system are situated inside the circle {A; | A | <1 — €.
Conversely, if the multipliers are situated in the circle (A; || < 1} the
zero solution of the system is uniformly asymptotically stable. If the
multipliers of the system are inside the unit circle and to the multipliers
Sttuated on the circumference correspond simple elementary divisors, the
zero solution is uniformly stable.

Let us consider as an application of this theorem the case where
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n(t, §) does not depend on t. Then, setting x(z + s, ¢) = U(t)p, U(?)
defines a strongly continuous semi-group of operators. Indeed, we have
U(t + t))p = x(t + £, + s5; ) = x(t + s; x(t; + 5; p)), since both mem-
bers contain solutions of the system and these solutions coincide for
t = 0, namely, in [¢;, — T, £,].

However, this means that U(t + £,)p = U(t)U(t,)p; hence U(t + ¢,) =
U(t)U(t,). The strong continuity of this semigroup follows immediately
from the general properties of the solutions. Let us observe that we
also have x(t + s; ¢y, @) = U(t — 2y)e.

Let 4 = llm,,_)o + (In[U(r) — I1; then, as has been shown by
N. N. Krasovski, we have o(4) ——{/\ det( _[ e’ dn(s) — AE) = 0}. From
the general theory of semigroups it follows that o(U(2)) <
exp to(A) U 0.

It follows from here that if o(A4)C{A; Re A < 0}, then o(U(?)) is
situated for every ¢ in {A; |A| < 1}. If we apply Theorem 4.17 for
arbitrary w, from o(4) U {A; Re A < 0} follows the umform asymptotic
stability. This is the theorem of N.N. Krasovski.' The foregoing
arguements, through which the result of N. N. Krasovski is deduced
from Theorem 4.17, are due to A. Stokes.

Let us also show an immediate application of Theorem 4.17. We
consider the system

#(t) = f * Mt + )da(t, 5) + eMe(t). (38)

—

Let us see under which conditions this system admits solutions of the
form e**h(t), where g and h are periodic functions of period w. From the
system we obtain

Mh(t) ) = [ HAIRE L Nt )+ (),

—o

from which we obtain
0
Rty = —-Mh(t) + [ h(t + ) dn(t, s) + g(),
which can also be written in the form

i) = [ b+ it ) + )

where 7, has the same properties as 7.

* We have already applied this result in Section 4.6.
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As we will see in Section 4.9 this system admits a periodic
solution of period w, whichever be g periodic of period w, if and only
if the corresponding homogeneous system does not have periodic
solutions of period w, hence if the multipliers of this system are
different from 1. These multipliers are, however, obtained from those
of the system

0
i(t) = f ®(t + s)dg(t, s) (39)
by multiplying through by e—*. Indeed, let

x(t + w) = px(t).
It follows that

OBt 4+ w) = peth(t);

hence e*h(t + w) = ph(t), hence hA(t + w) = e *ph(t). Conversely, if
h(t + w) = pyA(t), we have

w(t + w) = eMHOR(E + w) = eMe™p h(t) = e™px(2);

hence p = e*p, , p; = e~*p,

Taking this into account, the condition that system (38) admits
(whichever be g periodic of period w) solutions of the form e**h, with £
periodic of period w, is equivalent to the requirement that e’ not be a
multiplier of system (39).

Theorem 4.18. If for every g periodic of period w and for every A
with | e’ | > 1, system (38) admits a solution of the form e*'h(t) with h
periodic of period w, the zero solution of system (39) is uniformly asymp-
totically stable.

Indeed, if the condition of the statement is fulfilled, it follows from
the above that the numbers e’» with | e* | 2> 1 are not multipliers of
the system, hence that the multipliers are strictly inside the unit circle,
which, in conformity with Theorem 4.17, implies uniform asymptotic
stability.

Let us observe that Theorem 4.18 is of the same type as 4.15; the
conclusions on the stability of the zero solution of system (39) are
obtained from the information concerning the response to “excitations”
of a certain form [from the information about the solutions of
system (38)].



410 4. SYSTEMS WITH TIME LAG

Now let us prove the following theorem.

Theorem 4.19. Consider the system
(1) = [A(t) + C@)]=(2) + [B(2) + D()]=(t — ) (40)

where A, B, C, D are periodic of period w > . Suppose that the zero
solution of the system

¥(@) = A@)y(t) + B(t)y(t —7) (41)

is uniformly asymptotically stable and

[RCOIERO T

is sufficiently small. Then the zero solution of system (40) is uniformly
asymptotically stable.

Proof. Let U be the operator corresponding to system (40) and V
the operator corresponding to system (41) From the stability assumption
it follows that the elgenvalues of V are in the circle { 2| <1 — . We
shall prove that

LU= VI<M[ (G0 + 1D 1 de. @

From here it will follow that if the condition in the statement is
verified, the eigenvalues of U lie in a circle | 2 | << 1 — (¢/2), and the
theorem will be proved.

To prove (42) let 2(¢, ¢) = (¢, ) — y(¢, ). We have

2(t) = A@®)=(t, ) + B(t)2(t — 7, @) + C(t)x(t) + D(t)x(t — =, ).
From here follows
i
2(t, @) = f Y, @)CE) + D(@)x(a — 7, p) da

where Y(t,s) is the solution of system (41), Y(¢,s) =0 for ¢ <s,
Y(s,s) = E.

We deduce that

HUp — Vo | = | 2(w + 5, 9) |

<8 [ C@) 113 | 41 D) | = 7, 9) 1) d
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But we have, for o€ [0, w],
%) | < Klig]
hence
| Up— V| < MK [ {1 0@ +1 D) | da o
and

| Up — Vol <MKf:;{_I Ca) | + | D(@) [} dar | oI

The inequality (42) is established and the theorem is thus proved.

4.9. Periodic Solutions of Linear Periodic Systems
with Retarded Argument

We shall now consider the problem of the existence of the periodic
solutions of linear periodic nonhomogeneous systems. Let the system be

0
#t)y = [ at +9dalt, ) + 1), (43)
where 7 and f are periodic in ¢ with period w > .

Let x(t; ) be the solution of the system defined for ¢ > 0 by the
function ¢ given in [—7,0]. From the fact that n and f are periodic, it
follows that x(t 4+ w; @) is likewise a solution of the system and this
solution is defined for ¢t 4+ w > r; if in [—r, 0] this solution coincides
with ¢, on the basis of the uniqueness theorem it follows that
x(t + w; @) = x(t; ) for all + > —r and the solution is periodic.
Thus the periodicity condition of the solution is written x(w 4 s; ) =
@(s) for s € [, 0]. Let V be the operator defined by Vo = x(w + s; ¢);
the function ¢ is an initial function for a periodic solution of the system
if and only if Vg = ¢; in other words, the periodic solutions of the
system correspond to the fixed points of the operator V.

Let 2(¢; ¢) be the solution of the corresponding homogeneous system,
defined for ¢t >0 by the initial function ¢ given in [—, 0]. Then
*t; 9) = a(t; 9) + [Lf)X(2, w)do.

If U is the operator defined by the relation Up = z(w + s; @), we have

w3
Vo = Up + |  JX (o + 5, 0)da.
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The periodicity condition is
w48
o = Up + J. f(@)X(w + s, a)da;
0

i.e.,

U —Up =] :” Fo) X (e + s, a)da,

where I is the identity operator.

The operator U is compact; hence I = U has an inverse if and only if
the equation Up = ¢ has no other solutions except ¢ = 0.

The equation Up = ¢ determines the initial functions of the periodic
solutions of the homogeneous system. We have, therefore, the following
theorem:

Theorem 4.20. A necessary and sufficient condition in order that
system (43) have a periodic solution of period w for an arbitrary function f
periodic of period w is that the corresponding homogeneous system does not
have periodic solutions of period w different from the zero solution.

We shall now prove a theorem characterizing the behavior of the
solution of system (43), in the case where it does not admit periodic
solutions.

Theorem 4.21. If system (43) does not have periodic solutions, then
all the solutions are unbounded.

Proof. Let = _[: ™ f(@)X(w + s, «)dx. The initial functions of the
periodic solutions of system (43) verify the relation (I — U)p = ¢
If system (43) does not have periodic solutions, this equation does not
have solutions; hence ) does not belong to the space (I — U)Z. But
the operator U is compact and thus (I — U)Z is a closed subspace of Z.
It follows from this that the distance from i to this subspace is not
zero and thus there exists a linear functional y such that y[p] = 0 for
pe(I — U)Z andy[] = 1. For every p € Z we have y[(I — U)p] = 0;

hence  ylp — Up] = ylp] — ¥[Up] =0 and y[p] = y[Up]. From
#(w + §; ¢) = Up + #, we obtain

yx(w + 55 9)] = y[Us] + y[¥] = yle] + L.
We have the relation

x(t + nw; @) = 2(t; 2(nw + s; @) + f:f(a)X(t, o)dor.
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Indeed, in the second member we have a solution of system (43), and
this solution coincides in [—7, 0] with x(¢ + nw; ¢). From this relation
we deduce that

x[(n + Do + s; 9] = Us(nw + s; ¢) + 4.
From here, by induction, we obtain
ylx(nw + 5; 9)] = yle] + 7

Indeed, we have previously obtained this relation for n = 1. Further,

y[x((n + Do + 55 9)] = y[Ux(nw + 55 ¢) + ]
= y[Ux(nw + s; )] + y[]
= y[x(nw + 55 @)] +y[¥] = yle] +n +1

and the relation is proved by induction. From this we deduce that the
sequence y[x(nw + s; ¢)] is unbounded, which shows that the
solution x(¢; ¢) cannot be bounded. The theorem is thus proved.

Let us observe that this theorem shows that if system (43) admits at
least one bounded solution, it also admits a periodic solution.

The homogeneous system corresponding to system (43) can only have a
[finite number of linearly independent periodic solutions.

Indeed, the corresponding initial functions are solutions of the
equation Up = ¢ and from the fact that the operator U is compact it
follows that this equation has only a finite number of independent
solutions.

In the following section we shall study in detail the critical case in
which the homogeneous system admits periodic solutions of period w
different from the zero solution! We shall present this study in detail
for the simplest systems with time lag, the arguments being carried out
for the general case in the same way.

4.10. The Critical Case for Linear Periodic Systems
with Time Lag

We shall consider a system of the form
#(t) = A(t)x(t) + B(t)x(t — ) + f(£), (44)

where A, B, f are continuous and periodic of period w > 7. The
corresponding homogeneous system is

x(t) = A(t)x(t) + B(t)x(t — 1), (45)
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and the adjoint system is
¥(t) = —y(O)A(t) — y(t + )B(t + 7). (46)

Theorem 4.22. If system (44) has periodic solutions of period w, then
j: y(@)f ()dt = O for all the periodic solutions y(t) of period w of the
adjoint system (46).

Proof. Let x(t) be a solution of system (44) defined for ¢t > — and
¥(t) a solution of system (46) defined for t <w + 7. For 0 <t < w
we define the function (v, x) as in Section 4.3, through the formula

(%) = 3(Ox(0) 4 [ 3¢+ mBE + )t 47 — 7).
Then
2000 = 5 (0w + [ 5OBE(E — 1de) =500 @)

If x(t) and y(t) are periodic of period w we see at once that (y, x)isa
periodic function of ¢. We obtain, by integrating relation (47),

0 = (3, %)) = (90 = [ y(0f(e)er

and the theorem is thus proved.

We shall prove now that system (46) has the same number of indepen-
dent periodic solutions as system (45) and that the condition of the
preceding theorem is sufficient in order that system (44) have periodic
solutions. To do this we will need a series of preliminary results which
will lead to results interesting in themselves.

Let y(¢, ) be the solution of system (46) defined for ¢t < w + 7 by
the function ¢ given in [w, w + 7]. It follows from the periodicity of
the system that y(t — w; ) will likewise be a solution; this solution is
defined in # — w <w+ 7, hence for t <2w 4 7. If y(t — w;¥h)
coincides with ¢ in [w, w 4 7], then from the uniqueness theorem it
follows that y(t — w;¢) = y(¢; ) and the solution will be periodic.
Taking into account formula (20), the periodicity condition is

W) = )X, t — ) + [ HOBEOX(E — 7t — o) (1€ w0 47)
We write ¢(s) = ¢(s + o + 1), s€ [—7, 0]. Then

F6) = F—n)X(w s+ )+ [ FE —w —BEXE — 7,5 + s
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1.e.,

#6) = () X(w,s +7) + [ @B + X0+ w,s + M. (49)

We shall prove that this equation has the same number of linearly
independent solutions as the equation ¢ — Up = 0 and that the equation
@ — Up = ¢ has a solution if and only if

Hr)0) + [ #)BEr -+ 7)oy = O @)

for all the solutions of @ of equation (48).
For the matrix functions i, ¢ defined in [—r, 0} for which multiplica-
tion is possible, we define the operation

o> = B—p(0) + [ WOBE + (e,
We have the fundamental property
((L(o), M(a, 0)3, N(a)p = <L(0), (M, o), N(«)>> (50)
Let K(a) = <(L(¢), M(x, 0)); we have

(K@), N@) = KINO) + [ K@OB(E + N,

K(@) = L(—)M( 0) + [ LOB(E + M(x i
hence
(K(@), N@) = [L-M(—r,0) + [ LEB(E + )M(—r, £)d¢] N(©O)
+ f 0_ [L(—T)M(& 0) + f 0_ L(n)B(n + m)M(E, n)dn] B(¢ + 7)N(&)d¢
= L(—7)M(~7, O)N(0) + f 0_ L(§)B(¢ + 1)M(—r, £)N(0)d¢
FL-) [ M 0B(E + NS

+ f U L(n)B(n + )M, n)dn] B¢ -+ IN(€)dé
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— L) [M(—n ON©) + | M(6, 0)B(¢ + )N (&)ae]

+ [ LBl + M(—, NO)in
+ [ LB [ M BE +NEE] dn

= L(—) [M(—, ON(O) + [ M(¢, 0)B(¢ + IN(E)de]
+ [ LB+ ) [Mr, INO) [ M mBLE + INEIE] d

= <L(U)v <M(a, 0)7 N(a)>>

The relation in (50) is thus proved.
With this notation the operator U is written

Up = (X(w +5,m + 1), p(n)).

Let us consider the operator U defined by Ug = (&(n), X(w+ 7, s + 7).
Let V be the operator defined by V¢ = y(o — w; ), o € [w, w + 7],
4 continuous in [w, w + 7]. If p is an eigenvalue of ¥ we will say that
1/p is a multiplier of the adjoint system. This definition is justified
by the fact that if p is an eigenvalue of ¥, system (46) admits a solution
with the property y(¢t 4+ w; ) = (1/p)¥(¢; ¢), and conversely. Indeed, if
Vi = pis, then y(t — w;ih) = py(t; ), since both members of the
equality are solutions of systems (46) and these solutions coincide in
[w, w 4 7]; conversely, if this relation holds for #e€ [w, w -+ 7], it
yields V6 = pi. The relation obtained can also be represented in the
form y(t + w; ) = (1/p)y(¢; ). We have

Ph = ) Xw,0 — @)+ | UOBOX(E — 0 — )df (v€fo,0 +7])
If p is an eigenvalue of ¥, there exists a nonzero solution of the equation

) = W) X(w,0 — )+ | HOBOXE — oo —w)de (relonw+ D

This equation is written, setting &(s) = (s + @ + 7), s € [—, 0],

p#(s) = FH—)X(w, s+ 1)+ [ FE — @ — DBEOXE — 7,5 1 e
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or
0
p3E) = D) X(oys + 1)+ [ FBly + DXy + w5 + 1)y
= Ug.
Consequently, the eigenvalues of the operators I and U coincide and,
in addition, if ¢ is an eigenfunction for ¥, then &(s) = (s + w + 7)
is an eigenfunction for U.

In the following lines we shall prove that the eigenvalues of the
operators U and U coincide and that for each eigenvalue p both operators
have the same number of linearly independent eigenfunctions. Thus for
p = | the assertion relative to periodic solutions will follow, since
equation (48) is just § — Ug = 0.

Let us observe that we have the relation

0@, ¢p = <@, Up,

which is valid for every pair of functions @, ¢ continuous in [—r, 0]
(¢ is a row vector and ¢ is a column vector). Indeed, we have

O, 9y = L@n), X(w + m, 5 + 7)), ¢(5))
= (PM), {X(w + 7, 5 + 7), p(5)>> = <@, Up).

Let us now consider an equation of the form
¢(s) — AEKs(s, @), @)y = x(5)-

We seek the solution under the form g(s) = X, Ap,(s). Substituting
in the equation and identifying the coeflicients of the powers of A, we
obtain

Pol8) = x(8), @) = {Ku(s, @)y pia(e))-

From here we obtain | ¢,(s)] << M?sup | x(s)|, M = sup | K, |.
The series converges uniformly and absolutely for | A | M < 1, hence
for | A | << 1/M. We have

Pa(s) = <K(s, o), x()>.
We verify by induction the formula

i) = CKi(s, o), x(9)s

where
Kl(s’ 1]) = <K1(S, a)v Kl-l(“» 1])>
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Indeed, we have

Pin(s) = (Ky(s, a), pia)> = <K (s, ), <Kk, m), x(n)>)

= <<K1(Sv (1), Kl(aa 7])>v X(”I)> = <Kl+1(sr 7])) X("I)>-
Setting

I(s,m) = 2K, 7)

it follows that the solution of the equation is written, for | A | << 1/M,

@(s) = x(5) + ZAKK (s, o), x(a)>
= x(5) + CZNK(s, ), x(a)>
= x(s) 4 <I'(s, @), x(c)>-

Now consider the equation
F(s) — M@(@), Ky(e, 8)> = %(s)-

We again seek a solution, in the form
F6) = 2 X649)
i=0

and we obtain §y(s) = §(s), B(s) = {(F;_1(a); Ki(o, $).
As above, the series will be uniformly and absolutely convergent for
|A] < 1/M. By induction, we obtain

Fis) = {F(o), Kl(a‘v s Kl(n, 5) = <Kl—1(7]’ o), Ky(a, 5)).
We finally obtain the solution in the form

F(s) = %(5) + <F(), Lo 5),

where

[, s) = E XE (9, 5).

We prove the relation

K, ) = K, 9).
We have
Ky(n, 5) = <{Ki(m, ), Ky, 5)) = Kz("lv 5).
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We suppose that the equality holds for j <{ /. We have
Ki(n, 5) = <Ky(m, @), Kiy(o, 8)) = Killm, 8) = (KL, ), Ko, 5))
= (Kis(n, @), Ky, )3
hence
Kunaln, ) = Ky, @), Ko, ) = <K, )y CKoa(, B), KB 515
= (K, ), Kool B, KBy ) = <Ko, B), KBy )
= (Ky(n, B), Ki(B, )y = Kyiam, ).

Thus we obtain Iz, s) = I(, s).

Since X(w + s, -+ 7) is uniformly continuous in [—7, 0] X [—, 0],
we may write X(w + 5,7 4+ 7) = X ai(s)b(n) + Ki(s, ), where the
a;(s) are column vectors and the b,(n) row vectors, {a;} and {b,} are
linearly independent, and | K| | can be taken arbitrarily small.

The equation pp — Up = F is written

po(s) — (X(w + 5,7 + 7), @(n)> = F(s);

hence
o) — (2 axbatn) + Koo, 7 o)) = Fi6)

ie.,

pe(s) — Zk} ar(5)<b(n), @(n)> — <Ki(s, ), @(n)> = F(s);
hence

pe(s) — <Ky(s, ), ¢(n)> = Zk} a,(s)<bi(m), (n)> + F(s).
Setting

5 T als )i vla)> + ) = ),

we obtain

o) —’})<K1<s, D w0 = x(6).

If1/]p| < 1/M and sup | K; | < | p |, we deduce
#(s) = x(s) + <I(s, @), x(o))-

Thus we obtain for x(s) the equation

px(s) = 2, a(s)bi(m), x(n) + <T(, @), x(@)>) + F(s),
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which can also be written

px(s) = 2, au($)(<bilm), x()> + <bulm), <T(m, &), x(@)>D) -+ F(s)

k

= 2, a()(<ba(m), x(m)> + <bilm), T, @), x(@)) + F(s)

= 2 ay(sXbu(a) + <Beln), T(m, @), x(e)> + F(s);

hence

Px(s) = 2, au(s)Bi(@), x()> + F(s),

where )
bi(a) = by(e) + <bil(m), I'(m, «)>.

It follows from this that
px(s) —F(s) = 2, hae(s);
k

hence

T hals) = 3 @B, P + ) T h).

Taking into account that the vectors a,, are linearly independent, we
deduce that

pAe = E)’ka"\f +frs
3

where

Yii = <Ek(°‘)s a;(e)), fi = <I;k(°‘)’ F(a).

The system for A, has solution if and only Z f,u,, = O for all the solutions
of the system

Pl = Ewkw . (51)
i
On the other hand, the equation pg — U@ = 0 is written

pH(s) = (@), 2, ax(@)buls) + Kiyfe, )5

hence

p(s) — <Pla), Ky, $)) = g@(a), @ (a))bi(s).
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Setting
%) = 3, @@l
we have
#0) — 2 5(a), Kol ) = R0
which for sup | K; | < | p | yields
F05) = 7(5) + <X, T ).

From this we obtain for x(s) the equation

pR(s) = Zk}o?(a) + <), T, ), aa)bas),

which can also be written
PR(s) = 2, <H(M), Aln)>bis),
k

where
a(m) = ai(n) +<L'(n, ), ay(a)>.

The solution of this equation will be of the form
pR() = 2, mibils);
k

hence

ki) = 3,5 S b, ) s

41

from which, taking into account that the vectors b, are linearly indepen-

dent, we deduce that

PHE = E V ikt » Vi = <bi(n), @(n)>-

Let us obtain the equality §;;, = y;;, . We have
Pir = <bi(n), ax(n) + <(n, @), ap(x)>>
= <bs(m), ax(n)> + <bi(m), <I'(m, &), ax(x)>)
= <bi(n), @)y + <bi(m), T(n, @), ax(e)>
= {bi(«) + <bs(m), I, @), @)y
= <bi(a), a(0)> = v -

(52)
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It follows that systems (51) and (52) coincide.
The systems

P = D7y (53)
)

and (51) have the same number of linearly independent solutions. To a
solution of system (53) corresponds x(s) = (1/p) Zy Awai(s), and to -this
corresponds the solution ¢(s) = x(s) + <I'(s, «), x(«))> for the equation
pp — Up = 0, linearly independent solutions corresponding to the
linearly independent solutions of system (53). Likewise, a solution of the
equation pg — Ug = 0 will correspond to a solution of system (52),
which coincides with (51), linearly independent solutions corresponding
to linearly independent solutions.

It follows from here that the equations pp — Up = 0 and p — U = 0
have the same number of independent solutions, which implies in particular
the fact that U and U have the same eigenvalues, hence that if p is a
multiplier of the system, then 1/p is a multiplier of the adjoint system.

The condition Y fiu, = 0, necessary and sufficient in order that
equation pp — Up = F has solutions, is explicitly written

D mlbule) + <bu(n), T, )5, F(o)> = 0.

If {u;} is a solution of system (51), it is also a solution of system (52),
Z wibi(s) = px(s) and the condition becomes

p<)?(ot),F((x)> + P<<X(77)’ F("]’ a)>>F(°‘)> =0.

However, %(«) + <{%(n), I'(n, «)> = &(«), and we obtain the condition
(@), flx)> = 0.

We have thus shown that a necessary and sufficient condition in order
that the equation pp — Up = F have solutions is that {§(c), F(o)y = 0
for all solutions & of the equation p — Ug = 0.

If we consider the case where p = 1, F(s) = wa X(w + s, 0)f (o)dax,
by taking @(s) = ¥(s + 7 + w) the condition <(p(o¢) F(oc)) = 0 becomes

U [ X fta)d + [ dtn + 7+ w)BG )

X [J:+n X(w + 7, a)f(oc)d(x] dn = 0.



4.11. ALMOST-PERIODIC SOLUTIONS FOR LINEAR SYSTEMS 423

We interchange the order of integration in the last integral and we
obtain

b [ Koo [ b 17+ 0)Blr 47X (w -+ 0| o

* f :_, U :_w $n + 7 + @)B( + 1) X(w + 7, a)dn] f(a)doe = 0.

However, forn <<« — w we havea > w + 7; hence X(w + 7, o) =0.
Thus in the last integral we can substitute —7 for « — w. The condition
is written

i) [ X )f(0)do

FIL bt 0BG+ )X+ 1, ] (o) = 0
namely,
[ [t + [ seBEOX(E — . )] o) = 0;
hence [ y(a)f (a)dx = 0, where y is the solution of system (46) which

in [w, w 4 7] coincides with .
We have thus proved the following theorem:

Theorem 4.23. Systems (45) and (46) have the same number of
linearly independent periodic solutions of period w > =. If

[ e =0

for all independent periodic solutions of period w of system (46), then
system (47) has periodic solutions of period w.

4.11. Almost-Periodic Solutions for Linear Systems

We again consider system (44), under the hypothesis that f is an
almost-periodic vector of the form

fty = 2, eni(t), (54)

k=1

where the f, are periodic functions of period w and v, are such that
V; — v % 4 2nw/w(mod 2m). This last condition can always be fulfilled
if f has the form (54).
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We will assume that system (45) has its multipliers situated on the
unit circle and we will formulate necessary and sufficient conditions
in order that system (44) admits almost-periodic solutions.

Let us first observe that if system (44) admits almost-periodic solutions,
then

hm— f Y(A)f(t)dt = 0 (55)

for all almost-periodic solutions y(¢) of the adjoint system (46). Indeed.
from relation (47) we deduce that y(¢)f(¢) has a primitive (y(t), x(t))
which is bounded together with x(¢) and y(z). If x(¢) and y(¢) are almost
periodic it follows that y(t)f (¢) has an almost- perlodlc primitive and in
this case its mean value is zero. Thus our assertion is proved.

System (45) and (46) with periodic coefficients have almost-periodic
solutions if and only if they admit multipliers situated on the unit
circle, and the number of the linearly independent almost-periodic
solutions coincides with the number of the linearly independent eigen-
vectors corresponding to the multipliers situated on the unit circle.
Taking into account the results proved in Section 4.10, we deduce that
systems (45) and (46) have the same number of almost-periodic linearly
independent solutions.

Let us now consider the system

%(t) = A(t)x(t) + B(t)x(t — 7) + e*s'f(t) (56)
and seek conditions which assure the existence of a solution of the form

e=h(t), where h(t) is periodic of period w. By putting x(t) = e™*h(t)
we obtain

h(t) = (A(t) — i E)h(t) + B(t)e ™vh(t — 7) + fu(t). (57)

This system admits periodic solutions if and only if
[ L@t =0

for all the periodic solutions of period w of the adjoint system
I(t) = —I@t)A(t) — v E) — It + 7)B(t + 7)e ™. (58)

Let us observe that if /(t) is a periodic solution of system (58), then
y,(t) = e7™!l(t) is an almost-periodic solution of system (46) corre-
sponding to the multiplier e=%*,
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Indeed,

Ii(t) = —imetl(t) + e etl(z)
= e utl(t) — el (t)(A(t) — ineE)
—e™tl(t + 7)B(t 4 1)e P

= —y()A(t) — y,{t + 7)B(t + 7):
If et is not a multiplier of system (45), then e~ is not a multiplier
of system (46); hence system (58) does not have periodic solutions and
system (57) has a periodic solution. Thus (56) has an almost-periodic
solution of the form e®*'h;(t). If e is a multiplier of system (45), then
system (46) has almost-periodic solutions of the form y;,(f) = e~ (z)
and

ITiIE‘OLT f :ya‘k(t)[f(t) — e (t)]dt

N B N A
= lim J‘Oe‘lkl,-(t);e‘afa(t)dt

Tom
atk
LT
B §l¥£7 fo e .fr!(t)l](t)dt = 0.
axtk

If condition (55) is fulfilled, it follows that

1 (7 )
lim - | yu(ef.(t)dt = 0;
0

T T
hence
1 /7 )
lim - [ eml@entityde = 0
namely,

[ tofiey =o.

However, then system (57)admits a periodic solution; hence system (56)
admits an almost-periodic solution of the form e®*'h,(¢). By repeating the
same reasoning for k=1,2,..., N, we obtain an almost-periodic
solution of system (44) of the form ZY, e"h,(f).

‘We have thus obtained the following theorem:

Theorem 4.24. System (44) with [ of form (54) admits an almost-
periodic solution if and only if condition (55) is satisfied for all the almost-
periodic solutions of system (46).
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The same conclusions are valid for linear systems with time lag of
a general form.

4.12. Systems with a Small Parameter with Time Lag

We begin the study of nonlinear systems with the problem of the
determination of periodic solutions of systems with a small parameter.
We consider a system of the form

B 1ttt 4 53,0, (59)

where f is periodic of period w > 7 and has the properties stated in
Section 4.1.

Theorem 4.25. If system (59) admits for p = 0 a periodic solution
x(t), of period w, such that the corresponding variational system does not
admit periodic solutions of period w different from the trivial solution,
then there exists p, >0 such that for |p| <p, system (59) admits
a unique periodic solution x(t, u) of period w, with the property that
lim, o (t, 1) = %(2).

Proof. Since the components of f are differentiable, we may write
F1t 2t +5), 0] — f[1, %6(2 +5), 0] = A[t, x(t +5) — xo(t + 9)] + o(| & — %),
where

Ahg) = [ pldant ).

The variational system corresponding to the solution xy(¢) is the linear
system
0
30 = [ 3+ 9din(t,9). (60)

In Section 4.1. we proved relation (8), from which it follows in
particular that

fla(w + 55 0,0) —®(w + 5599, 0) — 3w + 550 — @l = ol — @),

where we have denoted by x(¢; ¢, p) the solution of system (59) which
for t € [—, 0] coincides with @, and by y(¢, @) the solution of system (60)
which for te[—r, 0] coincides with ¢. Owing to the periodicity of
system (59), x(¢ + w; ¢, u) is likewise a solution, and if x(w + s; @, p) =
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o(s) for se[—, 0], this solution is periodic (and conversely). Let
Flop, p] = %(w + s; @, u) — . If ¢, is the initial function of the periodic
solution x,(f), we have F[g,, 0] = 0. It follows from relation (8) that
for every p, Flp, 1] is differentiable; indeed,

Floy, p] — Floy, 1] = 2(0 + 5592, 1) — @ — (0 + S5 91, 1) + ¢

and, because of relation (8),

“F['Pz ] — Floy .“] _I('Pz - ‘Pl) - Uu('Pz - 9’1)”
=[x(w + s;pp, 1) — 2w + 50, 1) —y(w + 559, — @1, p)ll
= ol @2 — @1 1),

where y(t; @, 1) is the solution of the variational system corresponding
to the solution x(f; ¢, , n). It follows that the derivative of F[e, u] is
I —U,, where U = y(w + s; @, p).

In particular, the derivative at the point [¢,, 0] is I — U,, where
Uyp = y(w + s; @) [we recall that y(t; ¢) is the solution of system
(60), the variational system corresponding to the solution x(z)]. The
operator U, is completely continuous (compact), as we have shown it
in Section 7.4. Since by virtue of the hypothesis, the system (60) does
not admit periodic solutions of period w different from the trivial one,
the equation ¢ — Uyp = 0 has no solutions different from the trivial
solution. However, it follows then from the general properties of the
completely continuous operators that I — U, has an inverse. Since
Flo, p] is differentiable, Fp, , 0] =0, and the derivative has an inverse
at the point [, , 0], it follows, on the basis of the implicit function
theorem in Banach spaces, that there exists a p, > 0 such that for
| | < po the equation Fp, u] = 0 admits a solution [¢,, x] with the
property that lim, ¢, = ¢,. From F[e,, ] = 0, it follows that the
solution x(f; ., n) is periodic; in addition, lim,,, x(¢; ¢.,p) =
2(t; @y , 0) = x4(2). The theorem is thus proved.

Application. We consider the system

() _

M [ st ity 1O Felts £ )l (6D

where n has the same properties as in Section 4.7, for fixed ¢ the
components of g are functionals defined in the space of vector functions
continuous in [—7, 0] and these functionals are periodic in ¢ with
period w. We suppose as previously that w > 7. We assume that the
linear system

O _ | ¥t + (s, ) (62)
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does not have periodic solutions of period w different from the trivial
one. Then system (61) admits for p = 0 a unique periodic solution
xo(t) of period w.

The corresponding variational system is precisely system (62). The
conditions of Theorem 4.25 are verified. System (61) admits a
periodic solution x(¢, 1) unique, of period w, with the property that

limu-»o x(t, F’) = xO(t)'

Let us suppose now that system (62) admits periodic solution of
period w. As we have seen in Section 4.9, there exists a finite number
of such solutions which are linearly independent; we will denote them
P1>Pss --s Pr - The adjoint system admits the same finite number
of independent periodic solutions ¢, , g, «.., gy -

System (61) admits for u = 0 periodic solutions of period w if and
only if f:f(t)qj(t)dt =0 for =1, 2, ..., k. The periodic solutions
of system (61) for p = 0 are given by the formula

0 8+7T t
x(t) = x(0)X(t,0) + f x(s)d, f ey s — o) X(t, o)de + j F(0)X(2, w)dos;
—7 0 0
the initial functions x(s), s € [—7, 0] are given by the system
0 B
x(s) = #(0)X(w +5,0) + | _ #(B)d | a7, — a = n)X(w + 5, x4 )
w+8
+ f F()X(w + 5, a)da.
0

(see Section 4.10). As we have already seen in Section 4.10, the solutions
of this system are of the form

x(s) = x(s) + x(a), (e, 8,
w0 = [ 10X + 5 s + TAb0)
where I' and by(s) depend on system (62) and A; verifies the system
A= 2vahi

If f; f(t)g,(t)dt =0,j =1, ..., k, the system in A; admits solutio.nS-
Simple results from linear algebra show that there exists one solution
and only one which verifies an estimate of the form | }; | < K, max; | fib
where K, depends on y,;, hence on system (62). Taking int0
account the expression for f; we obtain an estimate of the form | A; | <
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K,sup | f|, where K, depends only on system (62). It follows from
here that there exists a unique x(s) admitting an estimate of the form
| x(s)] < Kzsup |f|, where K; depends only on system (62). We
finally deduce that there exists a unique periodic solution of system
(61), for p = 0, which admits an estimate of the form | x(¢)| < Ksup | f|,
where K depends only on system (62).

Denoting this solution by p(¢), the periodic solutions of period w of
system (61) for u = Q will be of the form p(z) + Z;;l pi(t).

Theorem 4.26. Let

w k
Pilog, ap, ooy o, p) = J.O 4 [t, plt+s) + E ap(t + ), .“'] g,(t)dt.
=1

If oY, al, ..., af verify the relations

aP,,P,, .., P,

oy, ayy ey )

Pj(ag,ag,...,a?c,O)ZO, # 0 for a; =a?, p =0,

then there exists a py > 0 such that for | p | << p, system (61) admits a
periodic solution x(t, ), of period w, with the property

i
lim x(t, 1) = p(t) + 2, 2p,(t).
i=1

W;f suppose that g is differentiable in a neighborhood of the point p(t + s) +
Ziaalpi(t + 9).
Proof. On the basis of the implicit-function theorem, there exist

functions of(n) with aj(0) = «f, such that

PJ'[O‘(I)(.“')’ oo O‘(I)c(.“')» p] = 0.

Taking into account the way in which the P; are defined, it follows that
the system

=0 _ ; *(t + S)dg(t, s) + g [t 2t + 5) + 2, p{t + 9, ]

admits periodic solutions of period w. Let x(#) be the periodic solution
of this system chosen such that

371 < Ksup |g [t 20 +9) + éa?(#)pi(t + 94|
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We put
k
x,(2) = p(t) + 2, olp () + pxi().
j=1

The function «,(f) is a periodic solution, of period w, of the system

BO [ sta o+ 9t +70) + e [t +9) + 30t +5) 1]

We consider the system

d’;(:) - L, x(t + $)dglt, ) + glt, x,(t + 5), ul. (63)

The condition that this system admits a periodic solution of period w
is written

@ k

fo g [t, P+ ) 4 D alpt 4 5) + prf(t 4 9), #] ()t =0 (j=1,2,...,k).
i=1

These conditions are verified for u = 0, o} = af, and in addition
the Jacobian with respect to o}, ..., o} is nonzero in this point; hence,
on the basis of the implicit function theorem, we may find functions
af(w) with a}(0) = of such that the conditions be verified.

We suppose o} so chosen and x,(f) correspondingly defined. Let
x¥(t) be the periodic solution, of period w, of system (63) which admits
the estimate

x;k(t)| < Ksup | gft, xl(t + ), pl-

We put
x,(t) = pUt) + 2, ofp,(1) + B3 (1)

and choose oZ(1) such that the procedure be continued. We thus obtain
a sequence ai(n) with o¥(0) = a9 and a sequence of periodic functions

]
x(t) = p(t) + 2, «d(wp,(t) + px(t)
i=1
which verify the relations
0
xz(t) = f xi(f + s)dsn(tv S) +f(t) + :“'g[t’ xi—l(t + S), ,u.],

| xf(2)] < Ksup | glt, x,_y(t + 5), p]l. j
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It is easy to verify that for | u | small enough, the functlons x,(2) so
defined do not leave the neighborhood of point p(t 4 s) + i, alpi(t +s)
where g is differentiable.

If we prove that the sequence x,(¢) converges uniformly, it will follow
that its limit is a periodic solution, of period w, of system (61), with
the stated properties. We have

¥t = 2 (1) = 2, [ ) — ai(py(r) + plxf, (1) — %)

7

Taking into account the way in which the solutions x(z) have been
chosen, it follows that

L 2f2(8) — 230 < Ksup [ £[t, x,(t + ), p] —glt, %,_,( + 9), ]

KL|| %t + s) — %;4(2 -+ )l < KL sup | 2,(t) — x;4,(2)].

NN

Let us denote L% = sup | x;,2(t) — x(?)], b; = max; sup | @i (u) —
ai(u)|, L, = sup E 1| pt)|. We obtain

a; < Lib; + | p|KLay, -

We consider the functions
RYB, i) = [ gt P+ + DRAE+5) + w1+ 9)

M+ 5) — (9], gt

Let BYu, A) be defined by the relations RYBy , ..., B, py A) = 0 and
by the conditions S0, 0) = o (on the basis of the theorem of implicit
functions). It is obvious that ,B,L(p,, 0) = o/ (n), Bi(, p) = af(u); hence

a(p) — o Hp) = Bi(p, 1) — Bi(n, 0) = aﬁf(#, Bpe)ps.
From this will follow an estimate of the form
| k() — oY) < | lLysup | xF — %, | < |w|L,KLa,

since

- ﬁl - _ 6(R1l > Rzl y *rry Rllc)/a(ﬁl y +v0y )" /31'+1 y vy ﬁk)
oA’ R, R, . RL BB, Bys o B)

8Rl = LlaX(t +5) —x}F (¢t +9)],

where Z is a lmear operator.
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We deduce that b, , < |p | LL,K a;, and thus that

| p|Lg
a;, <L, p|LL,Ka; Kla, ,, P, .
= llf". 2 +[P‘{ 1 a\1+‘I~LlL4 1
Taking this estimate into account, we obtain for | 4 | small enough the
convergence of the series X a;, hence the uniform convergence of the
sequence x,(f). The theorem is thus proved.

4.13. Systems with Retarded Argument Containing
a Small Parameter

In this section we shall give up the investigation within the general
framework of systems with time lag and consider only systems with
time lag of the form

%(ti) — I8, %(t), (t — 7), ul. (64)

Here x and f are column vectors; f is periodic in ¢ of period w > 7.

Let us suppose that the generating system obtained for 4 = 0 admits
a family of periodic solutions of period w. Let x,(¢, &) be this family.
The variational system

D) — it e, by ol — 7, ), OL)

+ falt, xolt; ho), %ot — 7, o), Oly(2 — 7) (65)
admits the periodic solutions dx(t, k)/0h. Indeed, from
dxy(t, h) _

dt f[t’ xo(t» h)’ xo(t -7 h)r O]

we obtain

d o , 9x4(t, h
L7 et by = LIt wolt, B, e — 7, 1), 0) 200 )

17 t,""r’h
11Tty ot By, ot — 7, ), 0] =D B

Hence the columns of the matrix dxy(2, k)/0h represent solutions of the
variational system considered. We suppose that the variational system (65)
does not admit, for any hy in a certain domain, periodic solutions of period @
independent of these.
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Let ¢,(2, &), ..., qi{t, hy) be the independent periodic solutions of the
adjoint system of system (65). If system (64) admits a periodic solution
of period w of the form

x(t’ P’) = xo(t’ ho) + F’xl(t’ P’))
then

f: qi(t, ho)fult, xo(t, ho), xo(t — 7, hg), 0}dt = O (=1L .,k). (66)
We have
2t ) = 5ot o) + B (s )
— £t %ol ho) -+ palt, w), 3olt — 7, he) + pn(t — 7, 1), ]
= fltyxo(t, ho), %ot — 7, hg), O] + pfult, xo(2, ho), %o(t — T, hg), 0]2,(2, 0)
+ pfo[t, %o(t, hy), xo(t — 7, hg), 0l2,(¢ — 7, 0)

+ pfalt, %ot ho), %6(t — 7, ko), 0] + O(p?).

We obtain
d 7
a x,(2, 0) = fult, xo(2, ho), %o(t — 7, hg), 0x,(2, 0)
+f:;[t’ xo(t, ho), xo(t -7, ho), O]xl(t —T, 0)

+ fults %o(2, o), 2o(t — 7, ko), 0],

Since x,(2,0) is periodic of period w we obtain, on the basis of
Theorem 4.23, the equalities (66).

Theorem 4.27. Let

PMﬁEL%@ﬂﬂMMLM%G—anﬁ
If hy verifies the relations
o w
Py(hy) =0, det o= [ q,(t, ho)fiIt, xo(t, k), xelt — 7, k), O)dt # 0
Yo

for h = h,, and f is analytic, then system (64) admits a pertodic solution
x(t, nu) such that

Tim x(t, &) = xolt, ho)-
50
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Proof. We represent system (64) in the form

d_x.(‘.) = folt, x(t), x(t — )] + wfilt, 2(t), 2(t — 7)) + p¥felt, x(t), x(t — 7)] + -

where, obviously,
folt, u,0) =f(t, u,v,0),  filt, u,v) = f(t, 4,2, 0).
We seek the periodic solution in the form

x(t, p) = xg(t) -+ pay(t) + pPxy(t) + -

By substituting the system we obtain

dxo(t) = folt, xo(2), %4(t — 7)),

B ot e, wolt — M) + Fanlt wlt), welt — Pt — )
+f1[t’ xo(t)v xo(t - T)]’

dny(t)

S = foults %), 2t — 7)]ealt) -+ faults %o(1), %ot — 7))ot — 7)
+ frult, %o(t), xo(t — T)]xat) + fult, 2o(2), xo(t — 7))xs(t — 7)
+ folt, %o(t), 2t — 7],

and so on.

We choose x(t) = (2, hy). Since Pyhy) = 0,j =1, ..., k, there
exists periodic solutions of the system which determine x,(¢). These
solutions are of the form

PO+ 2 n(0, B0 = M

In order that the system which determines x,(¢) admits periodic solutions
it is necessary and sufficient that

[ a0l e e — ) [P0) -+ Dot

+ f1o [Pl(t —7) + éa}pl(t — r)] + fzg dt =0
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These conditions represent a system of linear equations in a; whose
matrix has the elements 4;, given by

oxo(t — 1, hy)

8x0(t h) 1 g, Bl "
13

Ay = [ gt o) | ialt, (0, 5ot = )

o o ,
= o | it BTt wlt, ), %ot — 7, o), 01

According to the hypotheses in the statement, det 4;; s 0; hence we
may choose, uniquely, the constants «f such that the system which
determines x,(f) admits periodic solutions. Continuing the computa-
tions, we successively and uniquely determine the functions x(t),

xq(1), ...
From the analyticity hypotheses will follow estimates of the form

G <KL, 1f) + 1] S KL

We have
PO SKKL 2 0p0 <K, |od| < KK
hence
| x,(t)] < K L(K,y + KGK,L).
Further,
[P < Ko[KLKL(K, + K3K,L) + K L7
= KoKlLZ[l + Kz(Ko + K3K4L)],
[of | < KJK,LPK (K, + KK, L) 4 KL%}

= KK, L1 + K, + K, K,L)];

hence

()] < KiLAK1 + KoKy + KoK,L) + KK LI + Ky(Ky + KK L)}
= KLXK, + KK, L)1 + Ky(Ko + KK, L)].
In general,
1 P(1)] < Ko{KoL sup| ;| + K,L*sup|x; 5 | 4+ KoLV sup| | + K L7},

| of | < Ko KoL supl ;| 4 - + KoL sup| %, | + K,/



436 4. SYSTEMS WITH TIME LAG

hence
| 24(2)] < KoL(K, + KyK, L)suplx; 5 | + -
+ K,LiI-Y(K, + K ;K,L)sup| x; | + K,Li(K, + KK ,L).
Let us suppose that
| x;4(0)] < K LYKy + KK, L)1 + KoK, + K,K,L))-2.
We have
| x,t)| < K,L(K, + KK LKL Ky + KKL)1 + KoKy + KoK L))
+ K, LYK, 4+ K K, LYK, LKy + KK L)1 + Ky(Ky + KL, LY 3] + -+
+ KK,y + KK LK LK, + KK, L) + K LKy + KoK L)
= K Li(K, + K,K,L){1 + K\(K, + K,K,L) + -
+ KoKy + KK L)1 + Ky(K, + K3K,L))3
+ Ky(K, + KK L)[1 + KoK, + KK,L))2}
= K, L(K, + KK, L)[1 + Ky(K, + K3K,L)]
X {1 + - + KK, + K3K,L)[1 + Ky(Ky + KK,L))
+ Ky(K, + KK L)1 + Ky(K, + KK, L)}
= K\ Li(Ky + KK L)1 4+ KKy + KK, L))

We finally obtain an inequality of the form |x(f)] < K;K§™, which
shows that the series is convergent for | u | sufficiently small. With
this the proof is complete.

We consider now the case of autonomous systems of the form

) Flte), st — ), (67)

We suppose that for p = 0 system (67) admits a periodic solution
p(t) with period w, > 7. Let

A(t) = fulp(t), p(t — 7), 0}, B(@) = fi[p(t), p(t — 7), 0}

The system

dz(’) — A(t)=(t) + Bt)x(t — 7) (68)
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is the variational system corresponding to the solution p(z); it has
periodic coefficients of period w, and admits in any case the solutions
2o(t) = dp(t)/dt. Indeed, from

) _ fLpe), ot — ,0]

we obtain

d dp

, )
T — f1p@), pt — ), 00 L

D 4 pip), pie — =, 0 22T

Lemma. Let us suppose that system (68) does not admit solutions of
the form z,(t) + tz(t), where z(t) is periodic of period w,. Then

[ : 9(1)G(t)dt + 0,

where q(t) is a periodic solution of the adjoint system of system (68) and
G(t) = fIp(t), p(t — ), 0] + 7B@t)f [p(t — 7), p(t — 27), 0]
= 2y(t) + TB(t)z(t — 7).
Conversely, if :
[ acwa o

for a periodic solution of the adjoint system, then system (68) does not
admit solutions of the considered form.

Proof. Let us suppose that

[ * {(0)G@)dt = 0

for all periodic solutions of the adjoint system of system (68). Let 2(t)
be a solution of system (68) and z,(2) = 2(f) — t2,(t). We have

dz(t) dz(t)

dzo(t)
dt () —t =g

= A(t)2(t) + B(t)2(t — 7) — 24(t) — tA()24(t) — tB(t)z(t — 7)
= A(t)[=(t) — tzo(t)] + B()[2(t — 7) — (t — )zt — 7)]

— 24(t) — TB(t)2y(t — 7)
= A(t)zy(t) + B(t)zy(t — 7) — G(1).
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Since

f * (G@)dt = 0

for all periodic solutions of period w, of the adjoint system of system
(68), on the basis of Theorem 4.23 there exists a solution z,(¢) periodic
of period w,, hence a solution 2(z) of system (68) of the form z(¢) +
tzy(t), which we have excluded. We see likewise that if system (68)
admits solutions of this form, the integral would be zero for all the
periodic solutions of period w, of the adjoint system of system (68).
The lemma is thus proved.

Theorem 4.28. [f system (68) does mot admit periodic solutions of
period w, independent of =z(t), nor solutions of the form z\(t) + tz(?),
with z,(t) periodic of period wg, then for | n| sufficiently small system
(67) admits a periodic solution x(t, 1) of period w(p) such that

lim w(p) = w,, lim x(t, u) = p(t).

Proof. Let w(n) = wy(l + l’«f"(l'«)): t=s[l + pa(p)l, ¥(s w)=
x[s(1 4+ pa), n]. We have

g?y(s» B = Q;x[s(l + pa), p)(1 + po)
= (1 + p)f(x[s(l 4 pa), p], 2[s(1 + pa) — 7, p], )

= (Ul Dyle ), 5(s — 06 )b 0 =

If x is periodic of period w(u), ¥ will be periodic of period w, and
conversely. We have
d
z;y(s’ w) = fLy(s, p), ¥(s — 0, p), ] + paf [y(s, p), y(s — 0, p), u].  (69)
We put y(s, p) = p(s) + p2(s, n). We obtain

L)+ 1, w) = S16) 4 s, w) ple — 6) + pals — 0, 1), ]
+ pof [p(s) + pa(s, p), p(s — 6) + pa(s — 6, ), 1]
= F199). s — 6),00 + wiIple), pls — ), O3s(s, )
- WfiLp(9), (s~ ), OJa(s — 6, w) -+ wfLIp(s), ps -~ 6),0]
+ paf [p(e), pls — ), 0] + pOw)
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= fp(s), p(s — 7), O] + pfalp(s), p(s — 7), 0]2(s, )
+ ufolp(s), p(s - 7), 0)a(s — 6, 1)
+ wfulp(s), p(s — 7), 01 + paf[p(s), p(s — 7), 0]
+ f[p(s), p(s — ), O] — f[p(s), p(s — 7), 0] + pO(p).
We have

f1p), pls — 0), 0] — fIp(s), pls — 7), 0]
= fulp(s) pls — 7), 0][p(s — 6) — p(s — 7)] 4 O(p?)
= folp(s), ps — 7), 0]p(s — 7)(r — 6) + O(w?)

_ HoT , _ 5
=T+ pm fulp(s), p(s — 7), 01 f[p(s — 7), p(s — 27), 0] 4- O(w?).

We obtain

L r) — a(oya(s, ) + Bls)ats — 6, 1) + FO0)
+ ap)G(s) + pH(s, (s, p), 2(s — 0, p), ), (70)
where we have set
F(s) = filp(s), pls — ), 0].
We consider the system
£(5) = A@)(s) + B©)a(s — 1) + F(5) + 2600, ()

The condition that this system has a periodic solution of period w, is that
f * g)[F(s) + #G(s)]ds = O.
0

According to the hypothesis in the statement and by virtue of the lemma,
it follows that

| : ¢(5)G(s)ds # 0.

This condition allows the unique determination of «,. Let «, be so
determined and z,(s) be the periodic solution of system (71) which
admits the estimate

| Zo(s)l < K(sup| F | + o [sup| G |).
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We form the system
#s) = A()3(5) + Bs)als — ) +F(5) + a(w)G(S)
+ B(s)[zo(s — o) — 2ols — 7)] + pHols, 2o(s), 2o(s — o), 1] (72)

where 0, = 7/(1 + poy) and H, is what H becomes when « is replaced
by «, . System (72) admits a periodic solution of period w, if and only if

[ 40 + 01606) + Bz — o) — zafs — 7]
+ PHO[S’ Zo($), Zos — b,), ul}ds = 0.

Since

| : g(5)G(s)ds + 0,

this equation allows the unique determination of «;(u) such that
lim, g ay(p) = oy . We suppose oy(u) so determined and let z(s, u)
be the corresponding periodic solution uniquely chosen as above.
We form the system

#(s) = A(s5)(s) + B(s)z(s — ) + F(s) + ax(1)G(s)
+ B(s)[z(s — 0y, 1) — 2(s — 7, )] + py[s, 24($, )y 21(s — 01, ), pl,

where 6, = 7/(1 + poy) and H, is what H becomes when « is replaced
by «; .

As above, from the condition that this system admits a periodic
solution of period w, , ay(u) is determined and then the periodic solution
2y(s, u) is chosen. In general, we consider the system

45) = A)3(6) + BE)a(s — ) + F(s) + an(W)G0)
+ B(S)[Zao1(s — Op1 5 1) — Zpas — 7, )]
+ I"'Hn—l[sv Zn4($, 1), zn—l(s — 0y, ©), 1l

where 0, , = 7/(1 4+ p«,_,) and H,_, is what H becomes when « is
replaced by «, ;. The condition that this system admits a periodic
solution allows the determination of a,(u), and then we choose the
periodic solution z,(s, u). If we prove that the sequences «,(x) and
2,(s, p) converge uniformly for | p | < po and if

ofp) = liman(p), (s, p) = limza(s, ), O(w) = lim 6, (p),
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then z(s, u) verifies system (70). The computations performed show
that y(s, p) = p(s) + p2(s, p) is a periodic solution of period w, of system
(69) and x(t, u), obtained from y(s,u) by putting s = /(1 + pa),
will be a periodic solution of period w(p) = wy(l + pa) of system (67)
which for p— 0 tends to p(¢). In this way, to prove the theorem, it
remains to prove the convergence of the successive approximations.
We have
d
E [z‘n+1($) F") - 2’"(3‘, .u')] = A(s)[zn+1(s, F") - Z"(S, .u')]
+ B()2p+1(s — 7, 1) — 2als — 7, w)] + {onia(p) — an(w)]G(s)
+ B(S)[zn(s - e'n ’ .u') - z’n-l(s - en—l ’ F")]
+ B()[znal(s — 7, 1) — 2as — 7, p)] + pH, — pH,_, .
Let
b, = sup| 2,14(s, 1) — 24(5, 1),
a, = sup| apyy(p) — an(p)l-
It follows then that
by < Mya, + | o IMiybpy + | pp |Mby_y + | |Maa,_, ,
hence
b, < Mya, + | p |M(bpq + ap_y)-

Further, from
f‘:’ Q(s){F(s) + °‘n+1G(S) + B(s)[zn(s — 0, ®) — 2’,,(5 -7, F")] + ,U.H,,,}ds =0,

f:o q(S){F(S) + o, G(s) + B(s)[zn—l(s =0p1,p) - Rpa(s — 7, .“')] + .“'Hn—l}ds =0,

we obtain

(nrs = ) [ "96)G(6)ds = [ *GBEnls — On ) — 20als — s 1)
= 5nls = 7 ) + Fnals — )M+ [ g Hy — Holds.
From here we obtain

an < My p b,y + Mgl p by y + Mgl pla,_, ;
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hence
ap < | 1 1M By + Gy,

Finally we obtain
by + @, < | p |M'(bpy + @n_y),

which shows that if |u| is small enough, uniform convergence is
achieved.

The estimations performed have supposed previous estimates of the
successive approximations in order to assure that these approximations
do not leave a certain domain, with respect to which the constants M
apearing in these estimates are calculated. These previous estimates
are immediately obtained by induction. The theorem is thus proved.

Continuing the study of systems of the form (67) we will suppose
that for 4 = 0 the system admits a family of periodic solutions
Pp(t, ¢y, ..., ¢) of period wy(cy , ¢y, ..., ¢;;) > 7. We will make the hypoth-
esis that wy(c, , ¢, , ..., ¢;) admits continuous partial derivatives. Where
there is no danger of confusion, we will write ¢ instead of (¢, , ¢, ..., ¢;).

Let
A(t, ¢) = filp(t, ), p(t — 7, ), 0], B(t, c) = f,[p(2, ), p(t — 7, ¢), 0].

We consider the system

dz(t) = A(t, c)2(t) + B(t, ¢)2(t — 7). (73)

We have
d
E?P(t’ ) = flp(t, c), p(t — 7,¢),0],

d d _ dp(t dp(t, c)
o 3 Pt &) = Filp(t, 0, pt — 7, 0), 0] ===

+fu[z>(t o), plt — 7 ¢), o]dL(t__)

= A(t, ¢) 5 P(t, €) + B(1, ) g;P(t —7,0);

hence (d/dt)p(t, c) is a solution of system (73) and this solution is periodic
of period w(c).
Similarly,
d o 0 d 0
F e = e di ~ e 0 e =m0 0]
- ap(t, c) op(t — 7, ¢c) .
= A(t, ¢) e, + B(t, ¢) e
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hence the dp/dc, are solutions of system (73). If wy(c) is not constant,
these solutions are not periodic.

In what follows we shall consider the case where wgy(c) is not constant.
Let ¢* be a fixed value of ¢. We consider the function

» [ wy(€) t, c]

w(c¥)

which is periodic of period wy(c*). Its derivatives with respect to ¢; in
point ¢* will be periodic functions of period wy(c*). We will denote
these derivatives by ¢,(t, ¢*).

We have
o [w"(c*) t, | dp [—————w"(c*) t,c*]
wo(c*) 1 wolc®) Qur(c*)
*y __ .
Pilt, €*) = ac, T e at 2,
hence

op(t, ¢ ) L ok t Owy(c*) dp(t, c*)
T de, L, %) — wo(c*)  Be; -

We consider the function

x(t) = 1 ) ) 0, 0t — 2,0
We have
= FIp(t, ) it — 7,9, 0] + 1t ) LED | gy ory B0,
hence
% — At Mty + B e*)a(t — 1) + FIp(E, ¢, plt — 7, ¢*), 0]
+ 7B(t, ) [p(t — 7, c*), p(t — 27, c*),0].
Setting

G(t, ) = fp(t, ¢*), p(t — 7, ¢¥), 0] + 7B(t, *)f [p(t — 7, ¢*), p(t — 27, c*),0)

we obtain
dz

5 = Alt, c")at) + B(t, c¥)a(t — ) + Glt, o). (74)

We suppose that for the index 7, dwg(c*)/dc; # 0. Then

wo(c*) * op(t, c*)  wofc*)
Fagcyjae; P €)= A0 + 5" e
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However,

op(t, %) wyfc)
oc;  Owy(c*)/oc,

is a solution of system (73), with ¢ = ¢*, and =z verifies system (74);
it follows that
wO(C*) *
Ouwy(c*)/0c; #dt %)
verifies system (74).
Since ¢,(2, ¢*) is periodic of period wy(c*), it follows that the system (74)
admits periodic solutions of period wy(c*). On the other hand,

op(t, t aw d
8p(t c) t 8w0(c)
¢; ( ) - O(C) ac dt P( )
It follows that
duwg(c) 8p(t,c)  Owy(c) 8p(t, c)  Owy(c) dwe(€)
aCi 8c1 - 601 8cj - aC_.,- (Pl(tv C) - —a_lz.']_ (P:i(t’ C)y

and since @;(t, ¢) are periodic of period wy(c), the function in the first
member is periodic of period wy(c). It follows that for all ¢ system (73)
admits at least the periodic solutions of period wy(c),

d Owy Op(t,c)  Ouwy Op(2, €) .
EP(t, )ygc‘f—“'— de, o, (G=2,3,..., k).

The system adjoint to system (73) will likewise admit & periodic solutions
of period wy(c), which we will denote by (¢, ¢),j = 1,2, ..., &k

Since system (74) admits periodic solutions of period wy(c*), it
follows, on the basis of Theorem 4.23, that

wy{c*)
j Uils, MG, c¥)ds =0 (j=1,2, ..., k).
0
Theorem 4.29. If for |n| <p, system (67) admits a periodic
solution x(t, c*, p) of period w(c*, ) such that
lim x(¢, c*, n) = p(¢, c*), lim w(c*, p) = wy(c*),
u-0 u—-0

then
Py(c*) = 0,
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where

Pfo) = | :“(°’¢j(t, OfLp(t, ©), p(t —7,0),0dt, (G =1,2, ..., k).

Proof. Let w(c*, u) = wy(c*)[1 4+ pa(c*,n)]. We perform the change
of variable ¢t = s[1 4 pa(c*, u)]. We set
y(s, %, p) = x[s(1 + pa), c*, p].
We have

*dd;y(s’ L‘*, .“') l (1 + l"'o‘)f[y(sv c*, .“')’ y(s - 0(6*, .“')’ c*, .“')]v

where
* - T
0(6 ,,lL) - 1 +,LL<1(C*, ,lL) *
We put
(s, c*, p) = ps, ¢*) + pa(s, ¢*, p).
We obtain
dp(s, c*)

d *
ds +,uzz(s,c ,,U')

= (1 + po) f[p(s, €*) + pa(s, c*, p), p(s — 0, ¢*) + pa(s — 6, c*, u), p]
= (1 + pa)f [p(s, c*), p(s — 7, ¢*), 0]
(L pa){ FIpLs, ¢*) -+ (s, %, ), pls — 0, ¢%) - pals — 6, %, ), ]
—fLp(s, *), p(s — 7, ¢*), 0]}
=1+ Haf!)f[P(S, C*)v P(s -7 C*)a 0]
+ (1 + pa){A(s, c*)pz(s, c*, p)
4= B(s, ¢)[pz(s — 6, c*, w) + p(s — 0, ¢*) — pls — 7, ¢¥)]
+ wfilp(s, *), pls — 7, ¢*), 0] + O(p?)}
= (1 -+ f"a)f[p(sv C*)) p(s - T C*)v 0] =+ F’(l + .“'a)A(Sv C*)z(S’ C*’ f")

oT

I
1 4 po

+ 11+ pa)B(s, c*)z(s~ 0, c*, w) + (1 + pa) B(s, c*) ;t—l’(s— 7, ¢%)
+ wfilp(s, €¥), p(s — 7, ¢*), 0] + O(u?).
From here we obtain
d
o B8 ¥ p) = A(s, c¥)z(s, ¢*, p) + B(s, c¥)z(s — 8, ¢*, p)

+fi:[p(s» C*)» p(s — 7, ¢*),0] + 04f[p(5» c*), pls — 7, C*)v 0]
+ arB(s, c*)f[p(s — 7, ¢*), p(s — 27, c*), 0] 4+ O(w).
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Setting
F(S, C*) = f;:[P(S’ C*)’ P(S ) C*)v O]

we have

—z(s c*, p) = A(s, c¥)2(s, c*, p) + B(s, c¥)z(s — 7, c*, p) + F(s, c*)
+ aG(s, c*) + pH[s, 2(s, c*, 1), 2(s — 0, c*, u), n].  (75)

If x(z, p) is of period w(c*, p), then y(s, c*, p) is periodic of period
wy(c*); hence 2(s, ¢*, n) is periodic of period wy(c*). Since system (75)
admits periodic solutions of period wy(c*), it follows, on the basis of
Theorem 4.23, that

wy (6*)
j dils, FHE(s, ¢*) + aG(s, c*) + uH}ds = 0.
0
We have seen, however, that

wylc*)
j bi(s, GG, c¥)ds = 0;
0 -
hence

wy(c*)
f (s, WEF(s, c*) + pHds = 0.
0
Since this relation is verified for all p with | u | < p,, it follows that

w,(c*)
J. ’ Pils, c¥YF (s, c*)ds = 0;
0

hence Pj(c*) = 0, and the theorem is thus proved.

To obtain certain sufficient conditions of existence of the periodic
solutions, we use a method given by S. N. Simanov. Let 2, 2y, ..., %
be the periodic solutions of period wy(c*) of system (73) for ¢ = c*.
We will suppose that system (73) does not admit periodic solutzom of period
wq(c*) independent of these nor solutions of the form z,(t) + t Z,_, y;2,(t, ¢*)
where z, is periodic of period wy(c*).* This last hypothesis is equivalent
to the fact that

we (c*
det f ) (s, ®)[=ils, €*) + 7B(s, c¥)zs — 7, c*¥)]ds # 0.
0

t Observe that this condition is not fulfilled in the case considered above when wq(c}
is not a constant.
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Indeed, the function 2(t) = ¢ X, y,; verifies the system

dz(t) — A(t, cM)a(t) + B(t, c¥)a(t — 1)

+ 2 ilat, ¢*) + TB(t, ¥zt — 7, c¥)]. (76)
3
If the determinant is zero, y, may be chosen such that
wye(*)
3 [ s, 9, ) B, ¥)aids — 7, sy = 0;
i 0

hence system (76) admits a solution z(t) periodic of period wy(c*).
Then zy(t) — t Z;y;2; would be a solution of system (73). Conversely,
if there exists a solution of this form of system (73), the function z,(#)
verifies system (76); if system (76) has a periodic solution, there exists y;
for which the system of linear equations has solutions; hence the deter-
minant is zero.

Let us now consider the auxiliary system

dz(s) = A(s, c*)2(s) + B(s, e¥)2(s — 7) + B(s, c*)[2(s — ) — 2(s — 7)]

+ F(s, ¢*) 4 alc*, p)G(s, ¢*) + pH[s, 2(s), 2(s — 0), u]
T 2_; W;[25(s, ¢*) + 7B(s, c¥)z;(s — 7, c¥)]. (77)

We prove that a procedure of successive approximations can be considered
which allows the simultaneous determination of the constants ¥, and of a
periodic solution 2(s, M, , ..., M}, o, p) of system (77) corresponding
to a solution X M;z; of system (73). If M() and o(u) can be chosen
such that for the corresponding solution we have W; = 0,5 =1, ..., &,
this solution verifies system (75) and leads to a periodic solution of
period w(c*, u) of system (67). We choose

2= Mz + -+ My, W?:O
and consider the system

dz(s)

I = A(s, ¢¥)2(s) + B(s, c*)2(s — 1) + B(s, c*)[2%s — 08) — 2%s — 7)]

+ F(s, *) + alc*, p)G(s, c*)
+ pHIs, 2(s), 2% — 8), p] + E 2005, €¥),
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where we have set
xi(8, €¥) = 2,(s, ¢*) 4 7B(s, ¢*)z;(s — 7, ¢*).

This system admits periodic solutions of period wy(c*) if and only if

wolc*)
[ wits, e*)BGs, *)iat(s — 6) — 285 — )]
0
+ F(s, c*) + pH + 3, Wix}ds = 0.
Since
wylc*)
det f Yixs ds # O,
[
these conditions permit the unique determination of constants W} and
then of the periodic solution
24(s) = Myz, - My + 2°(s).
The procedure continues; we form the system

dz(s)
ds

= A(s, c*)z(s) + B(s, c¥)z(s — 1)
+ B(s, c¥)[2" s — 0) — 2" Y(s — 7)) + F(s, c*) + alc*, n)G(s, c¥)
+ pH[s, 2%7s), (s — 0), ] + 2, Wix, -

W is determined such that this system admits periodic solutions of
period wgy(c*) and we chose the periodic solution

2M(s) = Mz, - Mz + 27'(s),
the solution 2"°(s) being determined such that
| 27*(s)] < LK,

where L depends on the homogeneous system (73) and K is the upper
bound of the free term. The constants W7 depend on p and it is obvious
that the W}(0) are given by the system

wylc*) wl(e*)
f b, V(s s + 3, W, f Yix:ds = 0.
[1} i [1}
If we suppose that the condition Py(c*) = 0,5 = 1, ..., k is satisfied, we
obtain WX0) = O for all n, We shall further write W¥u) = uWp)
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and 2™(s) = 2*(s) + 2"*'(s), where 2*(s) is the periodic solution of
the system

df{f) = A(s, c*)a(s) + B(s, c*)a(s - 7) + F(s, ¢*) + alc*, w)G(s, c*) (78)

chosen such that

| 2*%(s)| < L sup{] F(s, c*)| + | oc*, )| | G(s, e¥)[}.
We have

2Ms) = 2 M;z; + 2*(s) + pz"™*(s).

The function p2™**(s) verifies the system

dz(s)
ds

= A(s, c¥)z(s) + B(s, c*)2(s — 7)
+ B(s, ) [Zaa(s — 0) — Zuoa(s — 1] + pHoy +p 2, Wi,

where we have written H,_, for what H becomes when z is replaced
by 2"71. Let u, = z™*U™(s) — 2**(s). We have

" % = A(s, c*)uu,(s) + B(s, cFuu,(s - 7)

+ B(s, c)[a"(s — ) — 2" }(s — 6)] — B(s, *)[a"(s —7) — 2" s — 7)]
+ p(Hy — Hoy) + D, (T — Wiy,
However, J
an(s — 0) — a" s — 0) = pem(s — ) — pa" (s — 6) = pup (s — 6).
We obtain

I % = pA(s, c*Yu,(s) + pB(s, cNuy(s — 7) + pB(s, c*Fu,_(s — 0)

— uB(s, M, (s —7) +uH, —H,_)+p Z(W;w) — Wy, -
Hence
du,
Al A(s, e*)uy(s) + B(s, c*)u,(s — 1)
+ B(s, c®)ttna(s — ) — tp_y(c — 7)

+ Hy — Ho oy + 2 (W7 — Wy
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Let b, = sup | u,(s)|. We have
H, = Hs, 2(), ="3(s — 6), p],  H,, = Hls, 2" s), 25 — 6), .
Hence
| Hy — Hy | < Lyl 27(5) — 2773s)| + Lyl (s — 6) — an-(s — 0)]
= VLl o a(9)] | VLo (s — 6)) < | o |Lbysy -

Further,

tsls — 0) — tyals =) = |

§—

U, _y(t)dr

= f::o{A(t, C*)un—-l(t) =+ B(t1 c*)uﬂ"l(t - T)

+ B(t, ) lttnalt — 6) — syt — 7)]

+ (Hoy — Hao) + 3 (W7 — Wiy,
Hence 7
ltny(s = 0) —un_y(s—7)| <]l 0B|(Lgbyoy +Lobpg + | 1 Lsbuy + | 1 1 LgBsa),

where we have set
|18, = supl Wp+t — W .

We obtain
Jg | K| plLlo(bny + by + | 1Bay + B5)
and thus
by < | plLlg(baoy + o + | g Buy + Bn)-

The constants u /77 are given by the system
[ s, 2B, s — 6) — 57 — ] + 2
3] g ay = o,
Setting W2+ — W2 = o7 we obtain

u fwow') dxs ds OF - fwolc‘) (s, c*)B(s, c¥)[z(s — 0) — 2" Hs — 0)
JX‘t k2 2 ’ ’
0 0

wy(c*)
s — 1) + &M —)ds o [ dls, 0)H, — Hylds = 0;
0
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hence
wg(c*) wy(c*)
2 f Pix: ds O + f s, *)B(s, ®) 1y _1(s — 0) — u, (s — 7)]ds
i Yo 0
wg(c*)
+ [ s, ¥ H, — Hy_iJds = 0.
0

From here follows

[ 1180 < Lg(l i [Lo(bny + bny -+ | 1 Bs) + | 1 [ L1gbia)s

hence
B < Lll(bn—l + bn—z) + L12| = Ugn-l .

The estimates obtained for b, and 8, allow us to deduce for | u | small
enough the uniform convergence of the successive approximations.
Passing at the limit in the relations which give W2 it follows that 7,
verifies the relations

f:w*) Pi(s, €*) 33(3, C*),II [2(s —0) —s(s —7)] + Hds

wolc™)
+ Ef ix: ds W, = 0.
i 0
The condition that W, is zero is written

f:"("’ Pi(s, *) | B(s, C*);l: [a(s —0) —2(s —7)] + H{ds = 0.

However,

2(s — ) — a(s — 1) = 2 Mjzf{s — 6, c*) — z(s — 7, c*)]
+ 2¥(s — ) — 2¥(s — 1) + ple**(s — 0) — 2*¥K(s — 7)].

We obtain the condition

wg(C¥) 1
|7 s e = Bs %)
0 ©

Z’M,»[zi(s — 8, ¢*) — z(s — 7, c™)]

ds

+ ¥ —0) —*(s — 1)

B(s, c*)[z*¥*(s — 0) — 2*¥*(s —7)] + H;ds = 0.
(79)

+ f:w )«/:,(s, c*)
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For p -— 0 this condition becomes
wq (€*)
|77 s, e, 0B, %) [ 3, Misils — 7, ¢%) + #%(s — 7)) ds
0 i

agle™)
+ [ s, eH ds =0,
0
where

H=H [s, 2, Mizs, ¢*) + 3%), 2, Miz(s — 7, ¢%) + 2% — 7), 0],

and z* is the periodic.solution of system (78) in which «fc*, u) is
replaced by ofc*, 0).
These conditions allow the determination of the constants M,(0) and
- ofc*, 0), one of the constants M0) being taken zero. Once M,(0) and
«(c*, 0) are thus chosen, the conditions (79) permit the determination,
on the basis of the implicit-function theorem (if the corresponding
Jacobian is different from zero), of functions Myu) and «fc*, 1) such
that W,(u) = 0. Then we obtain the solution

a5 1) = 3y M), c*) + 2*(s) + pe**(s)

of system (75).
Putting
¥(s, 1) = pls, €%) + p2A(s, p),

we have
4
() =3 [z v

and we obtain a periodic solution of system (67) with the required
properties.

4.14. Almost-Periodic Solutions for Quasi-Linear Systems
with Time Lag

For quasi-linear systems with a small parameter we shall indicate 2
new method for proving the existence of periodic solutions. For the
problem of periodic solutions this method leads to weaker results than
those previously obtained, but its advantage consists in the fact that it
can also be applied in the proof of the existence of almost-periodic
solutions. The essential role is played by the following



4.14. QUASI-LINEAR SYSTEMS—ALMOST-PERIODIC SOLUTIONS 453

Lemma. We consider the system

&) f *(t + s)dg(t, 5) + f@), (80)

where n has the properties discussed in Section 4.3 and f is bounded for t > 0.
If the trivial solution of the corresponding homogeneous system is uniformly
asymptotically stable, then all the solutions of system (80) are bounded for
t>=0.

Proof. On the basis of Theorem 4.4 there exists a functional V¢, ¢]
defined for every t > 0 on the space of functions ¢ continuous in
[—r, 0] with the following properties:

L (el < VItLel < Kilel?,

2. Vit o] — VIt o]l < Kyl 4 1l Dl — @2,

V[t + hyy(t + h + S; to:‘P)] _ V[tyy(t +S; tO,(rD)]
h

3. limsup
h—0+
< — o+ st @)l

where y(; t, , @) is the solution.of the homogeneous system which in
[t — 7, ty] coincides with ¢.
Taking into account formula (28’) we obtain the estimate

|2t + k4538, 2(t + 55 1, ) <Lyll 2t + 5520, @)l| + RLM, M = sup| f(z)|
and
la(t +h st 20t + 552, 9) =y +h+ 558,20 + 551, )l < AL M.
It follows that
VTt +h, 2@t +h+s;t, 00 +s5t0, o)1 -V[E+h,y(E +h—+s;t, 2(t+5; 1, )]
< KLl x(t + s; ty, )| + AL M)RLM;

hence
lim sup Vit +hx(t +h+s5t,9)] — Vi, 2@ + 558, 9)]

h-0+ h

< — &t + 551y, @) + LM x(2 + 53 15, p)I.

Now let x(¢; 0, ) be any solution for which the initial function
verifies the relation V[0, ] << K;L2M? We prove that for every t > 0
we have

Vit, x(t + 0, )] < K,L2M2.
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If this would not occur, there would exist a ¢; > 0 such that
Vit,, x(¢; + 5,0, 9)] > K, L2M?
and thus there would exist 0 < ¢, << t; such that

Vit,, x(t, + 5,0, ¢)] = K,L2M?
and
Vit x(t + 550, @)] > K,L*M?

for t, <t < t;. From here follows
Vits + hx(t + b + 531, x(; + 550, 9))] > VIt x(, + 50, 9)];

hence

lim sup Vit, + h, x(t, - h + 5515, x(2, ‘; 530, )1 - VIts, x(t, + 550, @)] 0.

ho0+

WV

On the other hand,

lir}ll'l EEP Vit, + h, x(tz +h+ 5‘; 0, z)] — V[t2 R x(t2 +5;0, (P)]

< — |5ty + 0, @) + LM]| x(t, + 50, 9|
= [ x(ty + 53 0, @)I(— [l x(t, + 530, )| +LM).

From
Vity, x(t, +5; 0, 9)] = K,L*M?
and
Vit o] < Kill@l?
follows
K, L*M? < K,|| x(t, + 530, )|2;
hence
| %(ty + 550, @)I2 > L2M?
or
| %(t, + 5; 0, @)l > LM.
We obtain
lim gup Vit, + b x(t, + h + 50, f)] — Vs, 5t + 50,9 _

We have reached a contradiction; hence

VIt x(t + 530, )] < K, L2M?
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for all £ > 0. However, V[¢, ¢] = || ¢ [|?; hence

[ %(2 + 50, )l < VE,LM = KM.

The lemma is thus proved.

The lemma asserts that if the trivial solution of a linear system is
uniformly asymptotically stable, then the system satisfies the Perron
condition. From here it follows as in the proof of Theorem 4.15 that
| X(2, ty)] << M/(t — t;). Using this fact we can now prove that there
exists an o > 0 such that | X(¢, ¢,)| < Le™*!!~to),

Indeed, for t > t, + (k + 1)(T + 7) we have

X(t ty) = X(t, ty + R(T + 7) + 1) Xty + KT + 7) + 7, )

toH k(T4
[ X(t, o 4 7)Bla + 7)X(a, t)d.

to+R(T47)

(To avoid technical complications we prove our assertion only for the
stmplest system with retarded argument.)
This formula allows us to obtain by induction the estimate

MX(1 + 7B)* 1

| X o)) < T

(B = sup| B(t), t, + k(T + 1) < t).

We have then for ¢t >ty + (K + I)(T + 7)

i k-1 k k-1 kL k
|X(t,t0)[<MM(I+TB) 4B M  M*Q1 + 7B) <M+(1—i-‘rB)

T (T —7) T—7 (T—n) (T — 7)*+?

For £ = 1 the estimate is obvious.
We may choose T' = eM(1 + 7B) -+ 7 and obtain

[ X ) < eik for t =ty + kT + 7).
If t > t,, we can define k& such that

to +FR(T +7) <t <tg+ (BR+ INT + 7).
Then —k < — [I(T -+ 7)](t — t,) + 1 and

| X(2, to)l < ee—=t—t),

This conclusion is not trivial; we have supposed uniform asymptotic
stability with respect to the solutions defined by continuous initial
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functions, and we have obtained the above evaluation for a solution
X(t, t,), which is defined by the initial conditions X(%,, ¢,) = E,
X(t, ty) = 0fort < t,.

We have already used this conclusion in Section 4.6 for the estimation
of X(t).

Theorem 4.30. In system (80) let the functions v and f be almost
periodic in t (y almost periodic in t, uniformly with respect to s). If the
trivial solution of the corresponding homogeneous system is unmiformly
asymptotically stable, then system (80) admits an almost-periodic solution,
This solution is obuviously unique and wverifies an inequality of the form
| xo(t)| < KM, where K depends only on the homogeneous system, and
M = sup | f|.

Proof. According to the preceding lemma, the solutions of system
(80) are bounded; let u(t) be such a solution. We write

ﬁ— [u(t + 6) — u(t)] = fo w(t + 0+ damlt +8,5) + f(t + )

-0

— [ ute + 9t — £
= [ e F 0 ) — e+ )it )
[ w48 )nte + 6,9 -n(e, )]+ +0)-10)

Let y(¢) be the solution of the homogeneous system which in [—7, 0]
coincides with u(t 4 0) — u(t); we set o(t) = u(t + 0) — u(t) — y(2).
We have o(¢t) = 0 in [—7, 0] and

%%Q _ J ot + )dan(t, s) + f‘i u(t + 8 + )d[n( 1+ 8, 5) — n(t, )]

+ f(t + 8) — f(2).
On the basis of the formula for integration by parts,
fo u(t + 8 + s)d[n(t + 8, s) — n(t, 5)] = u(t + 0)[n(t + 6,0) — 5z, 0)]
—ut + 6 — 1)yt + 6, —7) —n(t, —7)]
— f’ (dit u(t + 68+ 9))[n(t + 6, 5) — nlt, 5))ds.
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Let M, = sup | u(t)|, M, = sup | du(t)/dt|. It follows that

l fo_ u(t + 0 + s)dy[n(t + 0, s) — (2, 9)])| < My(In(t + 6,0) — (2, 0)|
+ [ 9t + 8, —7) — (2, —7)) + szszlgl 7(t + 8, s) — (2, 5)|.

Let My = max{2M,, M, , 1} and 8 be a common ¢/4KM, almost-
period of function 4 and f; i.e.,

€

€ -
[n(t +0,s) —7{t, 5)| <W’ Lf(t + 6) — A0 <—4’K—Iwo
By virtue of the lemma it follows that

| o(t)| < K{M, sup(] 7(t + 6,0) — (2, 0)] + [9( + 8, —7) — n(t, —7)])
+ My sup| n(t + 6,5) — n(t, 5)| + sup| f(¢ + 0) —f(D)]};

hence
3e

€ €
o) < K ( +M2’z—m;+m)<?

€
2M, 4KM,
Consequently, .
3
(e + 6) —u(t) —y(0)| < G

for t > —1.

On the basis of the hypothesis made with regard to the homogeneous
system, there exists a 7T(e) with the property that £ > T implies
| ¥(¢)] < ¢/4. From here, for ¢ > T, we deduce that

[ u(t + 0) —u(t)] < e

It follows that for every € > 0 there exist quantities [(e) and T(e) with
the property that in every interval of length / there exists a § such that
[ u(t + 6) — u(t)] < e if £ > T. This means that the solution u(t) is
asymptotically almost periodic.

Then u(f) = x,(2) + w(?), where x,(#) is an almost-periodic function
and lim,,,, () = 0. We have

dx, Wl \ 0
Sl LoD [ e+ it ) 10 + [ ale + (e, )

Since w(t) tends to zero when ¢ — o0, it follows that
0
lim f w(t + dmit,s) = 0

H fiﬂ ot + danlt, S>? < supl w(t + )|V 7, 9]

§=—-T
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We deduce that

and the existence of the almost-periodic solution is proved.

From | u(t)] < KM we obtain | x,(t)] < KM -+ | w(t)]. Let € > 0;
from lim,,,, w(t) = 0 it follows that there exists a 7" > 0 such that for
t > T we have | w(t)| < €/2; hence | x(t)] < KM + (¢/2) for t > T.
Let t be arbitrary; there exists an ¢/2 almost-period 6 such that
t+ 60> T. Then

|5t +0)) S KM 5 and [ xolt 4 6) —x(0)] < 35
hence
|xg(t) < KM - e.

Since € is arbitrary, we deduce
| xg(t)] < KM.

The theorem is completely proved.

Theorem 4.31. We consider the system

éa%t) = fo_ x(t + s)dgn(t, ) + f(£) + pglt, x(t + 3), ], (81)

where 1 and f are as in the preceding theorem, and g verifies a Lipschitz-
type condition in the neighborhood of the almost-periodic solution x,(t) of
the generating system obtained for p = 0.

If the trivial solution of the system

0 _ "w Yt + $)dgn(t, 5)

is uniformly asymptotically stable, there exists a p, > 0 such that for
| m| << po system (81) admits an almost-periodic solution x(t, ) with the
property lim,, x(t, pn) = x,(t). This solution is uniformly asymptotically
stable.

Proof. The existence of the almost-periodic solution x,(t) of the
system for u = 0 follows from Theorem 4.30. Let

2(2) = x(2) — x,(2).
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We obtain

d 0
B [* 2t + dantt, ) + 2l 2t + 5), .
Let 2,(t) be the almost-periodic solution of the system

dz(t)
da

[" &t + 9danlt, ) + u2(2,0,0)

and z.(t) the almost-periodic solution of the system

dz(t 0

BO " e+ 9dantt, ) + w2l 51slt + 9, 1

These solutions exist and are uniquely determined according to
Theorem 4.30. Denoting

v(t) = 2(2) — 2ea(2),
we deduce

WD) [ ot + it 5) + WL, Bt + 9 1) — 2Lt 3ot + ), 1)

hence, taking Theorem 4.30 into account we obtain the evaluation

| vu(8)] < | |KL sup| 254(t) — 2p—(f)| = | [KL sup| ve_(2)l-

From here follows, for | u | sufficiently small, the uniform convergence
of the sequence of successive approximations. The limit of this sequence
is an almost-periodic function 2(¢, n) with lim, ,, 2(¢, x) = 0. By putting
%(t, ) = x4(t) + 2(¢, p) we obtain the almost-periodic solution of
system (81). The stability of the solution follows by applying Theorem 4.6
concerning stability by the first approximation. The theorem is thus
proved.

In the particular case where 7, f, g are periodic in ¢ with period w,
a particular case of Theorem 4.25 (the application) is obtained.

The above method can be applied to systems of the form

B Xoft, 2), o — )]+ wXlt, +(0), ¢ — ),

where X and X, are almost periodic in #, uniformly with respect to the
other variables. We suppose that the generating system obtained for

# = 0 admits an almost-periodic solution xy(t) with the property that
the corresponding variational system has the trivial solution uniformly
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asymptotically stable. Then the system admits for | u | small enough
an almost-periodic solution, which for u — 0 tends to the trivial solution.
Putting 2(2) = x(t) — x,(f) we obtain a system of the form

B0 A(0)s(e) + BO(t — 1) + Zalt, 5(8), 360 — )] + 2t 2(0), 3(¢ — 7), 4]

for which the successive approximations are constructed according to
the scheme

zo(t) = 0,
L a)alt) + BOBD + Zalt, 5 1(8), 5t — 7]
+ pZi[t, 2 1(2), 2 y(t — 7), 1],

where 2,(t) is almost periodic.

4.15. The Averaging Method for Systems with
Retarded Argument

In this section we shall present some results of the extension of the
averaging method to systems with retarded argument.

Theorem 4.32. We consider the system

""(t) e XTt, #(t), 3(t — 7). (82)

We suppose that X(t, x, y) is bounded for t € (0, ), x€ D, y e D,
lim f X(t, x, y)dt = X,(x,y) (x€D,yeD),

and, tn addition, that for every y > 0 there exists a 8(n) > 0 such that

& — & < 8 13 — " | < 8(n)
tmplies
l X(t’ x,)y') - X(t) x”) y”), < 7y ' Xo(xly y’) - Xo(xI'V y”)] < e
We also suppose that the system

D) XLy (e), ye) (8)
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admits a unique solution verifying the condition y(0) = x, . If x(t, €) is an
arbitrary solution of system (82) with x(0, €) = x,, and y(t, ¢) is the
solution of system (83) with y(0, €) = x,, then for every T >0 and
n > 0 there exists an ey > 0 such that for 0 < e << ¢, we have

[x(t,e) —y(t, )l <7 (te(0, T/e)).

To prove this theorem we shall first state some lemmas.

Lemma 1. If

T
lim—fll—wf X(t, x, yYdt = Xy(x,y)  forevery xeD,yeD,
0

then for every pair of piecewise constant functions %(t), ¥(t), we have the
relation

lim : X E , &), j:(t)] dt = f : X,[#(2), 7(t)]at.

>0

Proof. We have

t

B t . BYLIR . € rh/e
lim X(;,x,y)dtzlgge fo Xt %, y)du = 1, lim - fo X(u, x, y)du

>0 0

t
= 1, X(x%,y) = fol Ko(x, y)dt, .

From here follows

T

lim :X C‘ ,%,5)dt = | " X (x, y)dt

71

and
l‘i_r)r‘} 12 f:_l X (é y X4 ,}’i) dt = 2 f:_lXo(xi » Yoyt
With this, the lemma is proved.

Lemma 2. If X(¢, x,y) is bounded for t [0, c0), x€ D,y € D, and
X, s the solution of the system

dx(t
’;—(t) = e,X[t, x(t), x(t — 7)],
then from lim,, ,,, €, = 0 and lim,,_, x,(t/e,) = y(t) follows

lim x,, (—t— — ‘r) = y(1).

n-w €,
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[We suppose that for all t we have x,(t) € D].
Proof. We have, foru > 7,

wa(t — 1) = 3, () — f Y (0t = = (u) — f X[t wo(t), %t — 7)]dt.
From here

tfe,
x, (ei —r) = (GL) ~ (i/ s w0 ws =M (1> 7).
Let | X(t, x, )} < M for t€[0, ©), x€ D,y e D. We have

/€n
%, (é —r) = 3() =% (é) )~ | :t/(ﬁ)_TX[s, 2,(8), als — 7))ds.

Hence

3 (= — ) 30| <

n

Xy (—;7) —y(t)l + e,7M, (t = 7e,).

For every £ > 0 and % > 0 we choose N(y, t) such that if n > N(y, t)
we have -

355 I L BEC B

€, < min

Then

fu(-—7) =30 <7 for n>Na),
and the lemma is proved.

Lemma 3. If lim, ¢, =0 and lim, ., x,(t/e,) = y(t) uniformly

n-oM0 TN

with respect to t in [0, T, then
.t t, ty t, __[h
fim "X [ (1) m ()] dt = [, Xy, yonar.
Proof. We have

[ [ (), (2 = )] = [ Xl 5000 |

€n €n

<[ x [ () (2 = )] = [ Xl e
* fier [_:l_ ¥ (%)’ n (% - T)] dt, — f:leO[y(tl)! y(ty))aty |-
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However,

< 2Me,r.

| ;"Tthl ~ 0 X, dt,

Let 8(n) be such that for | " — x| <8, [y’ — y"| <& we have
_ ” ’ N o ” ” n

Let 7(¢) be a piecewise constant function such that

|y(t) —5(t)] < 8(n)  for te[0, T).

We choose N(7) such that for n > N(n) we have ¢, < 5/16Mr,

() = 2t0] <800, [ (Z- =) =30 <) Cfor e <1 <),

For this it suffices to take N(n) such that if n > N(z) we have

8(n)

%<“ﬁmmﬁmi

o () = 310)| < 500)-

In addition, N(z) will be chosen such that for n > N(n) we also have

[ 5t 5] des — [ Xolste, 5000 | <
for 7/2M < t; < T. Then
(X[ () m (& =) - X [ owosw]| < g7
for 7e, < t, < T,
| x [ 3t 000)] — X [2, 560,50 | < 137,

| Xaly(ty), (2] — Xo[5(02), | < e -

Consequently,

[ [ () (= )] = Xl snas

€n

[—~ o (2 ) o (22 — 7)) dty — f X[ (), (8] dt1|

€n
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+ f X[ ,y(tl),y(tl)] dt; — f X[——,y(tl) y(tl)] dt,

+ f X[ s (), y(tl)] dt, — ftl

T€q

X[ (t). 5(t:)ldts

| s, st — [ XEte), el

I/ T/ B N B
<rTmTatiT

] :"Tthl - :"TX(, dt,

We finally have for n > N(y),

[P () (22— )] = [ Xl a0ty | <,

€n €n

and the lemma is proved.
Let us observe that we have performed all the estimates for ¢; > »/2M
since for 0 < t; << n/2M we have

<7 forall n.

—f:Xodtl

Proof of Theorem 4.32. We have
x(t ) = x5+ € f Xlu, x(u), x(u — 7)ldu.
For t = t,/e we obtain
t ty/€
x (?1 , ﬁ) =1, + € J.o X[ u, x(w), x(u — +)]du.

We perform in the integral the change of variable v = ex. Then

t h v o v
D R e P o R i |

From the fact that | X | < M, it follows that for 0 <t; << T the
family {x(t,/¢, €)} is uniformly bounded and has uniformly bounded
derivatives, hence is equally continuous. Thus the family {x(t,/e, €)}
is compact and for every sequence {,} with lim,,,¢e, =0 we can
find a subsequence {e,} such that lim, o, %,, (ti/€n, , €,,) = ¥(t;), the
convergence being uniform in [0, T]. Then y(0) = x, and from

t; t v v 7
Xn, ( ’ En,‘) = Xq + f X [ s Xny (-—~ ’ Enk)» Xy (‘—— — T, €, dv
€n, 0 €n €ny

Enk
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we obtain, on the basis of Lemma 3,

t
M) = %+ [ " Xly(o), y(e)ldo.
It follows from here that y(t,) is a solution of the system

(t) = Xo[y(t), ¥(1)].

Since this solution is by hypothesis unique, we deduce that for every
sequence €, — 0 there exists a subsequence ¢, —> 0 such that

. t,
i (o) =0

This means, however, that lim.q x(t,/¢, €) = y(t,); therefore for
every n >0 there exists ¢ >0 such that if 0 <e <¢,, then
| %(t,/e, €) — ¥(ty)| <n for t; [0, T]. Let t=tje. We have
| 2(t, €) — y(et)] < 7.

We set y(et) = y(¢, €). It follows that (d/dt) y(t, €) = (d/dt) y(et) =
e(d/dt,)y(et) = eX [y(et), y(et)] = X [¥(2, €), ¥(2, €)]; hence y(2, €) is the
solution of system (83) and y(0, €) = y(0) = x,. The theorem is thus
proved.

Theorem 4.33, We consider the system

L) _ ez, (), 512 — 7, ] (84)

where Z(t, u, v, €) has continuous partial derivatives of the first order and
Zit + T,u,v,¢€) = Z(t, u, v, €). Let

1 T
Z,v,€) = = f 2,0, )it

and (° be a solution of Zy(u, u, 0) = 0. If the eigenvalues of the matrix

OZ(L0, 1°,0) | 9Z,L°, L 0) -
ou + ov

have negative real parts, there exists an €, > 0 such that for 0 << e < ¢,
system (84) admits a periodic solution of period T which for € — O tends to {°.
The proof of this theorem will likewise be preceded by some lemmas.

Lemma 4. Let H, and H, be quadratic matrices of the nth order.
We suppose that the eigenvalues of matrix Hy + H, have negative real
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parts. Then there exists a y, > 0 and €, > 0 such that if 0 < e < ¢,
the roots of the equation

det(eH, + eH,e~"" — Er) = 0,
where E is the unit matrix, verify the inequality
Rer < —ey, .
Proof. We put 7 = es. The equation takes the form

det(eH, + eHye " — Ees) = 0
or

det(H, + Hye=" — Es) = 0.

However,

H, + Hye=" — Es = H; + H, — Es + Hy(e=**" — 1).

If follows from here that
det(H, + Hye~ — Es) = det(H, + H, — Es) + (67 — D)f(s, )
= g(s) + (" — Df(s, ).

The equation g(s) = 0 has roots with negative real parts; hence there
exists a y, > 0 such that in the half-plane Re # > —vy, roots of the
equation g(s) = 0 do not exist. We consider the contour which contains
the portion of the line Re 2 = —v, for which | Im 2| <{ R and the arc
of circle of radius R situated in the half-plane Re z > 0. Since in the
interior of this contour g(s) is regular and does not have zeros, the
variation of the argument on the contour is zero. Then, for e small
enough, the variation on this contour of the arguments of function
&(s) + (e=s* — 1)f (s, €) will likewise be equal to zero. It follows from
here that there exists an ¢, such that if € < ¢;, the given equation does
not have roots inside the considered contour. Let us show that if R is
large enough, the equation cannot have roots in the half-plane
Re 2 > — y, outside this contour. If s is a root of the equation, there
exists a vector ¢ such that

(H, + Hy,e=**")c = sc;
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however,
lemsom | < er,  [silicll = I(Hy + Hpem )|
SIHH+ Hpeeo || ell < (| Hall + 1 Hy lle)ff e ll < M| ell;

hence | s | << M. With this the lemma is proved, since if
Res << —y,
we obtain
Rer < —ey,.

Lemma 5. If the characteristic numbers of matrix H, + H, have
negative real parts, there exists a functional V with the following properties:

1. V[g]is defined on the space of the functions continuous in [—7, 0].

2. lo P < Vigl < K¥1 + (1/2¢y0)) @ II*

3.1 Vigd — Vieall < Lol + (Heyll(l @y Il + I o2 D | o1 — @2 -
4. The set of functions for which V[p] < C is closed and convex.

limsup LEEEAE S 6N~ Viol o o

h-0+ h

(9]

for ¢ < €,

|| < 8p(eq), where 2(t; 8y , @) is the solution of the system
#(t) = e[E + A(2, 2(t), 3(t — 7), ) Hy2(t) + Hyoz(t — 7) + B[2(2), 2(2 — 7)1},
where
| A(t, u, v, €)] < M,e®, (=0 for |u|+|v| <M,
| B, v)l < Mp{ju|+ o[} (B>0 for [u|+|v|< M)

Proof. We consider the system
3(t) = {Hyy(t) + Hpy(t — 7)}. (85)

If the characteristic numbers of matrix H; + H, have negative real
parts, it follows from Lemma 4 that the roots of the equation
det (eH, + eHye "™ — Er) =0 verify the inequality Re » << — ey, for
0 < € < ¢,. However, in this case, as we know it, the trivial solution
of the system is uniformly asymptotically stable and we have for every
solution the inequality

[ (5520, @)l < Kem W]
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for t =ty , ys <y, arbitrary.
Let
Vigl = [ 15t + 55 o)l de + sup | (o + s P
0 >0
We have denoted by y(¢; ¢) the solution of system (85) which for
—7 < t < 0 coincides with ¢(#); in our formulas s € [—7, 0], and

Iyt +s;@)ll = sup |¥(t+s;9)l.
L8K0

—TRiN

Since the integral is positive and y(s; ¢) = ¢, it follows that V[p] >
I'e |2 On the other hand,

(@t + s; @)l < Kem™f|| @5

hence
Vgl < Kol | et di 1 K gt = K2 (1 + ) I o .
0 2ey,y
Let
1 K3
8, >0 and T(p) = — In —2;
0 ("I) P m

if @ |l <8, t > T(y), we have | y(t, )| < 7; hence if

1, 2K8
< 8 and > -—1In U
el <2 ° o el
we have
2
I3 + s ) < 1210
and
sup|[y(e +s;@)* =  sup Iyl + sl =l + s o)
o220 ogasl—]—f
v, o

since || y(o + s; ¢)||% is a continuous function of o.
Further,

(e + 55 @0)lIF —{ ¥(0 + s @a)II?
= (ly(c + s; @)l + ¥ + 55 )|l (0 + 55 @)l — I (0 + 55 @)l
< (1300 + s; @l + 1 y(0 + 55 @)Dl Yo + 55 01 — @)
< 2Kero ([l gy || + |l @2 N KeroTl [ @y — g ||
<Lyl ey | + 2 Dl 1 — @2 l-
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It follows from here that

sup 3o + 55 @)IF = || ¥(a* +5; @I < N[ ¥(a! + 55 )l

+ Lol ll + e M 1 — @2l < sup ly(o + 55 pII?
+Lylleo | + 1l @2 Dl 1 — @2 |-
Finally,

| 51;13 | ¥(o + 55 @o)i — 51>1‘I)) ty(e + 55 )2 | < Lo(ll@rll + 1 @2 Dl @1 — @21l

[ Vied = Vigsll < [ [l + 500l = 15t + 5 ool

+Lo(l1 o]l + |l @q “)H P1 — Pell

<Lollgall + [l g2l) f° et dt]| gy — o, |

+ Lol @r | + ll @2 Dl 01 — @2 ls
hence

| Vsl — Viedl <Lo[1 +—] Gloall +lgaligs — .
Yo

We have shown that the functional V[g] verifies a Lipschitz condition;
hence V{g] is continuous and therefore the set V[p] < C is closed.
Let us verify that it is convex.

Let V]g,] < C, V]p,] < C. We have

Vg + (1 —Nead = [Tt + 291 + (1 = Ngall* s

+ sup ty(o + 53 Apy + (1 — A)py)l%,

Yt + 55200 + (1 — Do) = y(t + 5591) + (1 — Ap(t + 55 @),
7@ + 5520 + (1 — D@l < Ayt + 55 @]l + (1 — D3t + 55 @),
ly(t + 55291 + (1 — X))l

S A Yt + s @)l + 221 — NIyt + 55 9l 1 9(2 + 55 @)l
+ (1 — 2yt + 55 )l

S M p(t + 55 @)IF + A1 — 2)[ll ¥ + 55 9)IB + 1 9(2 + 53 @2)lF]
+ (1 =22 (e + 55 @)l

= Aly(t + s @)IF + (1 — Dl y(t + 55 @il
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where H, , H, , B are as in the preceding lemma, A(t, u, v, €) and C(t, u, v, €)
are pertodic with respect to t of period T, and

| A(t, u, v, €)] < M€, | C(t, u, v, €)] < Myel==, o <.

Then the system admits for € > O sufficiently small a periodic solution of
period T which for € — 0 tends to zero.

Proof. We have

i t, ) = plt) + ¢ [ {[E + Al[Hyx(v; 1,9) + Hop(v — 1) + B] + Cldo

(i %) = plt) + ¢ [ [E + Al[Hx(vs 1,9) + Hyplo — 7) + Bldv

| x(u; t, @) — 2(u; t, )| < eM, J-u | x(v; t, @) — 2(v; t, @)| dv
t
+ ¥ h) g | + 2M,Ll| @ [“+eh + Lyeh + ehMyel=;
hence
Fx(u; t, @) — 2(us t, )| < eh[Myel= 4 Me|| @ || + 2M,L|| @ |[*+F]e?Ms
and
lx(t + kb + 55, 9) —2(t + 2+ 558, @)
< h[Myet== + Me| g || + 2M, L] |[+5]eMs,
| %t + k + 53¢, )l
<2t +h + 55 t, @)l + ehe™™i[Mye'=* + Me|| @ || + 2M,L| g |*+]
<{llelt + (M|l @ || + 2M,L)| @ |1+# + Ln)}eMr
+ eh[Mye= + Mel|p | + 2M,LI| g [+#]e™s
<{ll@ll 4 €h( )jeMst.
From here follows
[ Vix(t +h + 558, 0)] — V]z(t + k4 s; t, 9)]I.
1
<Lo (1) 29l + 26k )

X eMMeMIRMye— | Med| g | -+ 2M,L g [1#];
hence

lim sup VI £ A+ 5t )] — VIatt £ + 55, 9)]

h-0+ h

1
< 2o (e ) Milp e + el -+ 9],
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hence
t+h t+h
|5 6,90 < lpll +eM | | 523 6,9 o + Mgl +eL | | B do.
The function
B*(v) = | B[2(v; t, 9), p(v — 7)]|
is continuous; hence
t+h
[ Br@ydo = hB¥0) + b,
t
where
limy =0,  B¥t) = | Blp(t), ot — )]l < 2My|g .
We finally obtain for ¢t < u <t + &
| 2(u; t, )| <{ll@ll + A(M|l@l|l + 2M,L| @ |1*# + Ln)}eM?,
from which
2t +h+sst, ol <{l@ll + (M@l + 2M,LY ¢ [+# 4 Ln)}jeMr.
The same computations yield

Iy +h+ st @lf <{llpll + aM| @]}eMn.
Further,

t+h
| 303 £, 9) — 303 £, 9 < M | 7| 5(03 1, 9) — 3(w5 1, )l do

+ 2MMheé+{| @ || + eh(M| @ || + 2M,L| ¢ |+# - Ly)}eM*
+ 2eLM,h|| @ ||*+# + Lenh.
From here, for t < u <t + h,

| 2(u; 1, ) — ¥(u; t, )|
< R2MMyell g | + eh(Ml ¢ | + 2M,L| g [-+8 + )]s
+ 2LM,| @ [P - LujeMr;
hence
2t +h + st 9) —y(t +h + 51, 9)l
= sup |2t +h4s5t09) —yt+h+s;5t, )

—7L8<K0

= sup |2t +h+s5t0)—yt+h+s;te)

—h<s<0
< h2MM, e[l @ || + h(Ml @ || + 2M,Ll @ ||+# + Ln)]esM?
+ 2LM @ 148 - Lyjestth,
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From this we obtain
[V[z(t +h +s5t,9)] — VIt + & + 558, 9)]
<L(1+ leo—) (2@ ll + eh( YeMeh{2ZMM,elll @ || + h( Y]eeMr
+ 2LM|| g [+# + Lnje™™.

Hence

lim sup [ Vst +h +st,9)] — VIyE+k + 551, 9)]

R0+ h

1
<Lo[e + -] 2o l2MMel g + 2LM 9147,
0

Further, we obtain

VIa(t + h + 51, 9)] — Vo]

lim sup

AS0+ h
< lim sup V[z(t + h + 53 ‘P)] - V[y(t + h + 83t ‘P)]
h-0+ h
Viy(t +h + s; 8, 9)] — Vgl

+ lim sup k-

1
<ALy (e + ) MMyl o + LM 9 4%] — 9
. i 1 « 1 8
= —llie [t —4Lo (e + %‘) MM,e — 4LM,L, (< + 70—) e lF]-

For € < ¢, we have .
1
4Lo(e—+——;)M€ <1,
and for || ¢ || << 8, we have
1
LMLy (¢ +—) ol < };

hence

Vist +h+s:t,9)] — Vgl

. T
lim sup A Hlelk

The lemma is thus proved.

Lemma 6. We consider the system

#(t) = {E[A(2, =(t), x(t — 7), )][Hyx(2) + Hyx(t — 7) + B(x(t), x(t — 7))]
+ C(t, x(t). x(t — 1), €)}
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where H, , H, , B are as in the preceding lemma, A(t, u, v, €) and C(t, u, v, €)
are pertodic with respect to t of period T, and

| At u,0,6)] < Mye, | C(t,u,0,€)] < Mg, o <3}.

Then the system admits for € > O sufficiently small a periodic solution of
period T which for ¢ — O tends to zero.

Proof. We have
i t,9) = 9lt) + ¢ | {[E + AllHux(vi t,9) + Hyplo — 1) + B] + Cldo

2w t,9) = 9lt) + ¢ | [E+ AllHia(5t, 9) + Hoglo — 7) + Bldo
¢
| 2(us 1, 9) — 21, 9)| < M, [ | 3(03 1, ¢) — 2(23 1, )] do
t
+ eV | + 2MoLl| o [MFeh + Lneh + chMyel=;
hence
|23 1, @) — 305 1, @)] < h[Myel + Mell | + 2ML] o [49)e
and : :
lxt + 2+ 55t 9) — 2(t + h + 558, @)
< h[Mye= + Me| p|| -+ 2M,L| g [+]eho%,
It +h + 538, 9
SUa(t +h+ 58,9 + chePM[ Myl + Mel| g | + 2ML] o [[1+]
<{@ll + k(Mg + 2M,L| @ [1+# + Ly)ler»
+ (M= + Mel| | + 2M,L]l g [-+7)es
S{oll + eh Yyerrtsn,
From here follows
[ VIx(t + h + 551, 9)] — V[2(t + k + 53 8, ¢)]1.
1
SLo (1 —=) 29l + 20k )

X eMMtMdhe[ Myel— + Me| @ || + 2M,Li| g |[*+];

hence
Vix(t +h + 558, 9)] — V[z(t + h + 5 8, ¢)]

lim sup h

1
< 2o (e + =) Mol g lle== + el @1l + L g [144].
Yo
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We finally obtain

lim sup L £ 5 b 9)] — Viel

A0+ h

1
<2 (e + ) Mil gl + <ol +ip — 3P
0
= @M= + Ml o | + Myl 91+ — 1o ].
For0 <e < ¢, | @l <8, we have

Mol + Mllo | <}l el

hence

tim sup TR FSLEN = VIel o ypagas — 3.

Now let C = 82, V[p] << C. We have V[x(t + s; 9)] < C for t = 0.
If there exist a #; in (0, T) such that V[x(¢; + s; ¢)] > C there
exists a f, satisfying O <{t, << T such that V[x(¢t, + s; ¢)] = C and
V[x(ty, + h + s; ¢)] > C for 0 << h < 6; hence

limsup L £ A+ s @] — Vxlt, +59)] o
A0+ h
However,
A0+ h

o Vistts t k55, 5t 155 9)] = VItta £ 55 9)]
h

= lim su
h-0+
< (2 + s PH[Mret—* — || x(22 + 5 P}
From V[x(t, + s; ¢)] = C we obtain

1
K2 + —_— s 2
C < (1 2€ 0 ) || x(tZ 5 ¢)”

and
| x(t, + 5 @ < C =83

hence
I x(2, + 55 @)l < 8
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and

___vc

KV1 + (1)2¢y,)’

1 : _ 1 V2l
4”x(t2+5;‘{0)H< 4K'\/_l_—}—~2€? .

From this we obtain

| (2, + 55 @)l =

lim sup Vix(t, + h + s; t,, x(t, 4}; s o] — V[ait, + 53 9)]

<l #(ty + 5 PI[Moet—* — MgVe ).

However, « << 4,1 — « > 1; hence for ¢ > 0 small enough we have
M.~ — Mg 4/ << 0 and this leads us to a contradiction. Consequently,
V[x(t + s; ¢)] < Cfor all te [0, T]and V[x(T + s; )] < C.

We have thus shown that the closed, bounded, and convex set
V[e] < C is mapped into itself by the completely continuous operator
Ulp] = 2(T + s; ¢). It follows from this that there exists a fixed
point of this operator; to this fixed point corresponds a periodic solution
of the system, of period 7. Our computations show that we can take
C = 0(e*), o' <1 — 20, from which it follows that the periodic
solution obtained tends to zero when ¢ — 0.

Proof of Theorem 4.33. We perform in system (84) the change
% = {, + b. We obtain the system

b(t) = €B(t, b(t), b(t — 7), €),

where B has the same regularity properties as Z and is periodic in ¢ of
period 7. Let

1 /T
By(u, v, €) = T fo B(t, u, v, €)dt.

Obviously,
By(0,0,0) = 0.
We let
B*(t,u, v, €) = B(t, u, v, ) — By(u, v, €).
We have
l T
T fo B*(t, u, v, €)dt = 0.
Let

t
B:)“(t, U, v, €) = f e~ = B*(s, u, v, €)ds.

—@©
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o0

BX(t,u,v,¢) = f eB¥*(t — o5 u, v, €)do

Let

0

X (n+1)T
= 2 e""’Tf BX(t — o, u, v, e)e™"-*1) dg

n=0 nT
o T
= 2 e"”'Tf eB¥t — o u, v, €)do
n=0 0
I

[ —eT

T
S — f e B¥(t — 531, v, €)ds.
0

B*¥(o3 u, v, €) — f B*(¢; u, o, €)d¢.
0

We have further

T
BX(t;u,v,€) = _lTle:ﬁf e MB*(t — s;u, v, €)ds
0
— T
= l*el_”_f f e""e™B*(o; u, v, €)do
- t

—nt t ~—nt t
— ——e_—f e"B*(o; u, v, )do = -_’;—f ¢ dB¥*

T—e ), ; T—e ), ,
e-"lt t .,’e—'nt i
= —I-—T_ﬁ [e”"B**] T—e_:n—T J. e”"B**(o; u, v, E)dO'
- t-T - t—T
et
=17 [e™B**(t, u, v, €) — e™e"TB**(t, u, v, €)]
.,’e—nt T
. 1_ — J. e’!’i(t—a)B**(t — s u, 0, E)ds
T
= B¥*(t, u, v,¢) — 1—7]?_—1,7'[ e"MB¥¥(t — s; u, v, €)ds.
- 0

However, B* has the mean value zero, hence B** is a periodic function;
hence B** is bounded. It follows that

T
|B,,T(t,u,1)’€)| <M+Ml———n7”_f.[0 e ds = 2M.

Let us observe that

t
8—at B:,"(t, u,0,€) = — f e~ - B¥(s, u, v, e)ds + B*(t, u, v, €)

= — "IB,T(t, u, v, €) + B*(t, u, v, €).
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Further,
0 . ¢ 0
_— = —nit~3) ___ B*
% Bn (t,u, v, € f_m e 5 B*(s, u, v, €)ds,
0 0 0
9 px* == - =
% B*(s,u, v, €) % B(s, u, v, €) £ By(u, v, €).
However,
7 1 (To
a—u Bo(u, v, E) = —T fo —8—1; B(t, u, v, E)dt,
hence

1 (7o,
TfO%B (s, u, v, €)ds = 0.

It follows from here that the matrix (0/0u)B*(t, u, v, €) has the mean
value zero, hence that all the computations we have carried out for the
vector B*(t, u, v, €) can be repeated. We finally obtain

22 BY(t, u, v, €)

0
‘8u <M,

and, analogously,

a s
‘ = Bl 1,0, ¢)

<M,

Let us now perform in the system the change of variables

b(t) = h(z) + €BX(t, h(2), h(t), ).

We obtain
ity 1 e 2B h(att), ht)o) 8B, hz(atu) LQPN
L OB h;;) B9 o

= eB[t, h(t) + eB¥ , h(t — 7) + €BY , €]
= eBy[h(t) + eBYf , h(t — 1) + B} , €]
+ eB*[t, h(t) + eBY¥ , h(t — 7) + €BY, €,

B[h(t) + €BX, h(t — 1) + eB¥, €] = By[h(t), h(t — 7), €] + O(e)

= Hyh(t) + Hyh(t — 7) + By[A(t), h(t — 7)] + O(e),
where

2 2
Hy = 5-By0,0,0),  Hy — 5 By(0,0,0).
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From

1 T
By, 0, ¢) = - J Bt w0, )t

— _1T~J:Z(t, 0O u {0+ v e)dt = Z(l0 +u, {0+ v, ¢)
we obtain
Hy= 220, 0,0, Hy = 5 20, 0,0,
Further,
BX[t, h(t) + €B* , h(t — 1) + €B¥ , <]
= B*[t, h(t) + eBX , h(t) + B, €] + O(c) = B[t, h(2), h(t), ] + O(e).
We have

oBY OB}

(E O ) h(t) = eHyh(t) + eHh(t — ) + eBy[A(t), h{t — )]

+ eBX[t, h(t), h(?), €] — € % BX[t, h(t), h(2), €] + €O(e).

However,

OBy OBy 1!

[E+eSt+e—r| =E+0@

and

B*[t, h(t), h(t), ] — % B[t h(t), h(z), €] = nBX[t, h(2), h(1), e].

Let n = e. We finally obtain the system
() = el[E + O@H () + Hh(t — ) + By(h(2), bt — )] + O(e)}-

This system verifies the conditions of Lemma 6; hence for ¢ > 0 small
enough it has a periodic solution A(f) of period T which for € —0
approaches zero. However BX(¢, u, v, €) is a periodic function of period T’
hence we obtain a solution () periodic of period T which for e =0
approaches zero. This means, however, that system (84) has a periodic
solution 2(2) of period T which for e—0 tends to {°. The theorem is thus

proved.
Let us point out a consequence of this theorem. We consider the

system
x(t) = X()(t) x) -+ eXl[ti x(t)’ x(t - 7)1 5]9 (86)
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where X, and X, are periodic with respect to ¢ of period 7. We suppose
that the general solution of the system

(1) = X,(t, %)

is periodic of period 7. Let x(¢, %) be this solution.
We perform the change of variables x = x(t, 2). We obtain

Oxy(t, 2) = Oxg dz

g N fagds _ o2, 2o(2, 2)] + X4, x(t, 2(2)), x4(t — 7, 2(t — 7))
However,
P62 _ x,ft, e, 2l

xo(t, k) is the general solution, hence the matrix dx,/0z has an inverse.
From this we obtain
-1
a(t) = e [ﬁ(gz_z(_@] X,[t, %2, 3(2)), %t — 7, 2(t — 7)), €].

If we apply Theorem 4.33, we obtain the following result: Let {° be a
solution of the system

22, 0.0) = [ (ZEEL T xpn e, 19, 50, 19,01t — 0

such that the matrix [0Z({® % 0)/ou] + [0Zy(L° (° 0)/0v] has all
eigenvalues with negative real parts; then system (86) has a periodic
solution of period T which for € — 0 tends to the solution xy(t, {°) of the
generating system. Let us observe that in the case where X,and X, are
analytic, this result follows from Theorem 4.27.

Theorem 4.34. We consider system (86) and suppose that X, and
X, are almost periodic in t, uniformly with respect to the other variables,
and that they have partial derivatives continuous up to the second order
inclusively. We suppose that the system

x = X(t, x)

has the general solution x(t, h) almost periodic in t, uniformly with respect
to h. Let

-1
Z(t,u,v,€) = [ﬁx_og;_u)_] Xilt, x(t, 1), xp(t — 7, v), €].
We write

| .
Zyfw, v, €) = lim - f Z(t, u, v, €)dt.
0
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Let ° be the solution of the equation Zy(u,u,0) = 0. If the eigenvalues
of the matrix (0/6u)Z (L0 % 0) + (9/60)Z(L°, {0 0) have negative real
parts, then there exists an €, > 0 such that for 0 < € < ¢, system (86)
admits a unique almost-periodic solution x(t, €) with the property

linol x(t, €) = x4(t, %).
Proof. After the change of variables x = wx,(¢, 2) we obtain the system

&(t) = eZ(t, 2(t), 2(t — 1), €),

and after the new change of variables 2 = {° 4 b we obtain

db(t) _
—; = €Blt, b(t), b(t — 7), €].

We write
.17
Bu, v, ¢) = lim f B, v, s
B*(t, u, v, €) = B(t, u, v, €) — By(u, b, v, €).
We have ]
- lim - [ Bt dt =0
By(0,0,0) =0, T‘i?oTL (t,u, v, )dt = 0.
Let

t
BX(t, u,v, ¢) = f e~ B*(s, u, v, €)ds.

—@

Then B¥ is an almost-periodic function of ¢, and on the basis of a lemma
of N. N. Bogoliubov (Chapter 3) we have

1Br| <29,
where lim,_, {(¢) = 0.
We perform the new change of variables
b(t) = h(t) + eBX(t, h(t), h(t), €).
We obtain

oB* oB* oB*
dt T ou };(t)+€ ov

A(t) + e k(t) = B, + eB*.
However,
By[A(t) + eBX(t, h(t), h(t), ), h(t — 7) + eBX(t — 7, k(t — 1), h(t — 7), €), €]
= By[h(2), h(t — 7), €] + O(L(€))
= Hyh(t) + Hih(t — ) + By(h(t), h( — 7)] + O(L(€)) + O(e),
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where

oz, oz
Hy =200, 00,0),  Hy = 22(200.0),

| By(w, v)l < B(lz| + o),
| By(wy, 01) = By(uz, 0)| < B(lwy | + 1oy | + g + {oa )|y -] + |0y~ 24]).
Further,
B*[t, h(t) + eBX(t, h(t), h(t), €), h(t — 7) + eB*(t — 7, h(t - 1), At — 1), €), €]
= B*[t, h(t) + eB*(t, h(t), h(t), €), h(t) + eB*(t, h(t), h(t), €), €]
+ O(e) + O(Y(e)) = B*[t, h(t), h(t), €] + O(e) + O(&(e)).
From

—aa—t B¥(t,u,v,€) = B*(t,u,v,¢) — eBX(t, u,v,¢)

it follows that

E%B*[t, h(t), h(t), €] = B*{t, h(t), h(t), €] — eB*[t, h(t), h(t), <];

hence
B*[t, h(t), h(t), €] — % BX[t, h(1), h(t), €] = O({(e)).

Further, from
oB*

o (|2 + 2 ) < e
we deduce
[E4 e 2B 2807y o,

where lim., {y(€) = 0.
We finally obtain

h(t) = eHyh(t) + eHoh(t — 7) 4 €By[h(2), h(t — 7)] + €I[t, h(t), h(t — 7), ];

here H, = 0Z(°, {° 0)/ou, H, = 8Z,({%, {° 0)/dv, B, verifies the
lnequahtles written above, and | I'(2, u, v, €)| << y(e) with lim 4 y(e) = 0;
I"is almost periodic in #, uniformly with respect to the other variables.
We prove that for 0 <€ < ¢, this system admits a unique almost-
periodic solution, which for ¢ — 0 tends to zero.
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We deduce from the fact that the eigenvalues of the matrix H, 4+ H,
have negative real parts, on the basis of Lemmas 4 and 5, that there
exists a functional V[p] with the following properties:

1. %H(p“z < Vig) <£§l|l¢llz,

21 Vipd — Vgl <2l + @i g2 — 2l

lim sup VIy(t + kb + 55t0,9)] — VIy(t + 53 t9, 9)]

h-0+ h
< =y + 558, )P

where y(¢; &, , ¢) is the solution of system (85).
From here, as in the proof of Theorem 4.30, we deduce that for
every almost-periodic f(¢) the system
®(t) = eHux(t) + eHpx(t — 7) + f(2)

admits a unique almost-periodic solution x,(¢) for which we have the
estimate

|0 < = supl 1.

Let Ay(2) be the almost-periodic solution of the system
h(t) = eHh(t) + eHuh(t — 1) + <I(t, 0,0, €).
We have
| )] < = eple) = L(e)

Further, let #,(t) be the almost-periodic solution of the system
h(t) = eH\h(t) + eHyh(t — ) — By[hy_y(2), hs(t — 7))
1 eIt hi_y(t), hya(t — 7, €.

We suppose, by induction, that

| Ara(t)] < 2Ly(e).
Then
| By[hes(t), his(t — 7)]| < 168L3Y%(e);

hence
[ Ae(t)] < é— €[168L*y%(e) + y(€)] = L[168L%y*(¢) + y(e)]-
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If y(e) << 1/168L% we deduce | hy(#)] << 2Ly(e) and the estimate is
proved. Let () = h,(¢) — hy_1(f). We have

lea(t) = eHyleyy(8) + eHgla(t — 7)
+ eBy[hy(t), it — 7)] — eBy[hyy(2), byt — 7)]
+ el[t, hu(t), i(t — 7), €] — €I[t, hy_y(2), hye_y(t — 7), €].

According to the hypotheses,
| B [Ai(?), hy(t — )] — eBy[hx_4(2), hk—l(t — 7)]| << 16€ByL(e) sup| I, |.
From here follows

| ()] < - e[168L(e) supl L + 24(e)].

We have |[,| = hy| < Ly(e); we suppose that |/, | << 3Ly(e). It
follows that ([ ()] << L[48BL%*2%(e) + 2y(e)]; if v(e) < 1/488% we
deduce that | [, ,(¢)] << 3Ly(¢), and the estimate is established.

From this follows the uniform convergence of the successive approxi-
mations, hence the existence of. the almost-periodic solution of the
system in A. Taking into account the change of variables performed,
we deduce the existence of an almost-periodic solution of system (86)
with all the required properties. The theorem is thus proved.

4.16. Other Theorems Relative to Periodic and
Almost-Periodic Solutions of Systems with Time Lag

We shall now give some theorems relative to periodic and almost-
periodic solutions of systems with time lag.

Theorem 4.35. We consider the general system (59). If for u = 0 the
system admits a periodic solution x(t), of period w > 7, uniformly asymp-
totically stable, then for | | sufficiently small, system (59) admits a periodic
solution x(t, u) with the property

lirr& x(8, p) = xo(2).
Proof. Let U’ be the operator defined by the relation

Usp = x(t + 5 @, p)s

where x(¢; ¢, u) is the solution of system (59) which in [—r, 0] coincides
with . We will prove with the help of a theorem of F. Browder that U
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has a fixed point. We do not restrict the generality by taking x,(f) = 0,
since we obtain this condition through a simple change of variables
which preserves the properties of the system. The uniform asymptotic
stability signifies the existence of a number §; > 0 and of two functions
8(¢e) and T(e) such that if | ¢ || << 8(e), then | x(¢; ¢, 0)] < efort = — 7
and if || @|| < 8;,t > T(e), then | x(t; ¢, 0) | <e. Let 8, = 8(3h),
0 <n < min{8,, 8(38,)}, T = T[48(3n)], m the smallest natural number
for which mw > T 4 7.

Let S be the sphere | ¢ || < 8;. Then | x(¢; ¢, 0)] < 1A for ¢ € S and
t = —r. If | p| is small enough, we obtain | x(¢, ¢, u)| < h for p€ S,
—7 < t < mw. It follows from here that for ¢ € S we have | Ukp | < A,
and also taking into account system (59) it follows that the operator U*
is compact in S. From the estimate obtained it also follows that the
solutions with ¢ € S are defined for —7 < t <{ mew, hence the operator
is defined for all € S. Let S, be the sphere || ¢ || << 1 and S, the sphere
loll < 28(3m). For |l@| <n,t> —r we have |a(t;9,0) < 33,
since 7 < 8(38,); for | | small enough we obtain | x(¢; ¢, )| < 8, for
—7 < t < mw. From here we deduce [Ut}¥(S,) C S for 0 <j < m,
since [Utl(¢) = x(jw + 55 ¢, p). From o || < §8(§m), t > —7 we
obtain | x(¢; ¢, 0)] < iy, hence for |p|. small enough we obtain
| 2(t; @, p)] < nif| @ < 28(3n), —7 < t < mw and thus [UL)H(S,) C S,
for 0 < j < m. It follows from n < 8, that for ¢ €.S;, ¢t > T we have
| (¢, @, 0)] < 38(7n); hence for | u | small enough | x(¢; ¢, p)| < $3(17)
fpeS,,mw— 1 <t << mo,ie., [UJ(S;)CS,. The conditions of the
theorem of F. Browder are thus fulfilled; the operator U¥ has a fixed
point, hence system (59) has a periodic solution with the property in
the statement.

Definition. A solution x.(t) of the general system (2) is called stable
(T) of there exists 8 > O such that sup, . | %(s) — xo(s)| < & implies
lim o SUP,_rcocy | X(5) — xo(s)] = O, whichever be the solution x(t) of the
system.

Theorem 4.36. If f is periodic in t with period w and if system (2)
admits a bounded solution, stable (T), then it admits a periodic solution of
period kw.

Proof. Let x,(f) be the bounded and stable (T') solution. We consider
the family of functions g¢,(s) = x4(s + nw), s€[—7,0]. We have
| @u(s)] < M, and for n large enough we also obtain | ¢,(s)| < L(M);
hence the set {p,(s)} is compact. It follows from this that there exist
two numbers 7, and 7, such that max_ . ,.o| @, (s) — @a,(8) < 8.
Letn, >n,k=mn, —n,.
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We consider the solution x4(t + kw); we have
mw_@ég‘gnlw‘ xg(2 + kw) — x(t)] = X, | %g(s + mw + kw) — xo(s + mw)]

=_max, | Xo(s + npw) — xo(s + M)

= max |‘Pn,(s) - ‘Pnl(s)| < 8.

—7L 50

Since the solution x,(t) is stable (T), it follows that

lim max t| xo(s + kw) — x4(s)] = 0.

o0 t—7L s

From the fact that the set {p,(s)} is compact, it follows that there
exists a limit point ¢*; let *(s) = lim;,,, ¢, and x*(t) = x(; 0, p*(s)).
Then

x*(t) = }113 x2o(1 + nw)

since
xo(t + mw) = x(8; 0, xo(s + n;w)) = x(; 0, @y, (9))-

For t = 5 + kw we obtain

%irg xo(s + ko + njw) = x*(s + kw);

hence
lim @, 11(s) = x*(s + kw).
Yl
But from
ltljg t_ff\gazist [xols + ko) — xy(s)l =0
we obtain
Hm max | en,4(s) — @n ()l = 0.
From
L @usrkls) — @*() < | @ryaals) — @n, ) + [ pn,(8) — @*(5)|
we obtain

lim @, i(s) = @*(s),

and this means that
x*(s + ko) = p*(s);

hence the solution x*(#) is periodic of period kw.
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We prove the following proposition in the same way: If system (2)
admits a bounded solution x\(t) such that

fim [x(t 4 @) — x()] = 0,
then it admits a periodic solution of period w.
Proof. The set {p,(s)} is compact; let
P*(5) = lim u,(9).

From
}Lrg [xo(s + 0 + w) — xo(s + nw)] =0

it follows that
P*(5) = lim ,,..(5).

From here on, the proof continues as above with & = 1:
x(t; 0, p*(s)) = %im x(£;0, @,) = lim x(#; 0, @, ,4).
Y- J joroo 3

However,
x(t; 0, ‘Pn,) = xo(t + nj‘”);

hence
x(t; 0, p*) = l_irg xo(t + nyw) = lim xo(t + © + nw).
3 700

From here, for t = s + w, we obtain
x(s + w; 0, p*) = Ijng x(s + o + nw) = x(5; 0, p*) = *(s),
which shows that the solution x(¢; 0, ¢*) is periodic of period w.

Theorem 4.37. If f is periodic in t, every bounded and uniformly
stable solution of system (2) is asymptotically almost periodic.
To prove this theorem some preparatory facts are necessary.

Definition. Let U be a continuous mapping of a metric space in itself.
The mapping U is called asymptotically almost-periodic in point p, if for
every € > 0 there exist positive integers | and N such that within any
I + 1 positive consecutive integers there exists at least one integer T for
which p(Ump, UnTp) < eif n = N.
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Lemma. If from every sequence of points {Unthmpl(m =1, 2, ..)
we can extract a subsequence uniformly convergent with respect to n, then
U is asymptotically almost-periodic in point p.

Proof. We suppose that U is not asymptotically almost-periodic in p;
then there exists an ¢, > 0 such that for every couple I, N there exists an
interval of positive numbers L; ,; of length [ such that for every reL,
we have p(U"p, Un*"p) > € for at least one n > N. Let L; =L, , and
h,e€Lj; we choose an integer h, such that h, — &, be in Ly =1L, ,.
We further choose an interval L3 =1L, such that vg > 2(h — hy);
we may find an integer k; such that h; — k&, and h; — h, be in Lj. In
general we choose L, , ; = L S such thatv,, , > max, ., 2(h,— hy),

Vmsl = Vi it suffices, for example to take as h, ; — h; one of the
integers in the immediate neighborhood of the center of L;,,,. We
consider the sequence

Urthap Urthep .. Urthep

according to the hypotheses, from this sequence we can extract a
subsequence

Untiap, Urtkap, ..., Untkmp ..,

uniformly convergent with respect to n; we may hence find R such that
p(Urthersp, Untkrp) < g for r>=R,s=12,..,

whichever be n. Replacing n by n — k., it follows that for r > R,
s=1,2,3, ..., and n > k, there occurs the relation

p(Unship, Unp) < .

Setting k,,, — k, = 7,, we have

p(Ursp, Ump) < ¢ for n >k, ;

7, is situated in the interval L,,  corresponding to ,,,. We leave r fixed,
w1th 7 > R, and choose s large enough that v, > k.. We denote
N =v, . We have p(U*p, U"p) < ¢ for n > N and T€Llyy,

which is in contradiction with the way in which the intervals L, , have
been chosen. The lemma is thus proved.

Proof of Theorem 4.37. Let x,(t) be a bounded solution, uniformly
stable, of system (2), @o(s) = x4(s), s € [—7, 0]. There exists 3(¢) such
that from || xo(2, + 5) — ¥(u)|| << 8 it follows that | x(2; ¢y, ) — x4(2)] < €
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for t > ¢t,. For t, = nw we deduce that || xy(nw + s) — J(u)ff < o
implies | x(t; nw, ¥) — xy(2)| < € for t > nw; hence

| 2(t 4 nw; nw, ) — x5(t + nw)| < e for t>=0.

However, x(t 4+ nw; nw, ¥) = x(z, 0, y*), where $*(s) =i(nw + s),
se€[—, 0], since in both members we have solutions of system (2)
(because of the hypothesis that f is periodic), and both solutions coincide
for t € [—7, 0]. Consequently, from

| #g(mew 4 5) — J*(N < &

we obtain
| x(t; 0, $*) — xo(t + nw)| < e.

We consider the operator Up = x(s 4 w; 0, ¢). We have
x(t; 0, Up) = x(t; 0, 2(s + w; 0, 9)) = x(t 4 «; 0, ¢)
and in general
x(t; 0, Urp) = x(t + new; 0, wﬁ, x(s + nw; 0, p) = Urp.
From
[%(8 0, ) — x(t 4 nw)| <€
we obtain
It (s + kw; 0, %) — xo(s + (7 + Rw)| < e
This means that from
| Urpy —d* | <8
we obtain
| Ukf* — Urtkgyll <e (k> 7/w).

Let Ak, , ... be a sequence of natural numbers, lim,_ , &, = .
The set {UMg,} is compact due to the fact that the solution x,(z) has
been assumed bounded. Let &, be a subsequence such that

lim Uknp, = (p;; .

m-rco
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We have
| Uttmp, — Ulpf || = || UtU%npy — U'pg |-
For m large enough we have
| Ukngy — o5 il < 8;
hence
| Utkmp, — Ulpf Il < e
for | > 7/w. This means that

lim Utting = U'pk

m-c0

uniformly with respect to [, for | > 7/w. From here, by virtue of the
lemma, it follows that U is asymptotically almost-periodic in point g, .
It remains to deduce that the solution xy(f) is asymptotically almost-
periodic. For every n > 0 there exist /and NNV such that among the (/ + 1)
consecutive integers we may find an integer m such that

| Utpy — Uty || <,
if n > Nj it follows that
| 2o(s + nw) — xo(s + (7 + M)l < 7.
Let t be sufficiently large, ¢t =t 4+ kw, 0 < t' < w; we have
x(t + 50, ) = #(t" + kw + 5; 0, @)
= x(t' + 5,0, 2(kw + 530, p)) = x(t’ + 55 0, Ulgpy).

Let € > 0; there exists an 5 > 0 such that from [|¢ — ¢ | <7 it
follows that

lx(t +50,9) —x(t +50,¢)| <e for 0 <t < w.

Let k> N(n); then [ x(t+ 5;0,¢y) — x(t + s + mw; 0, )il =
2t + s5; 0, Ukpg) — x(t' + 550, Uktmeg)|| < ¢, since

| Ukgpy — UrFtmgy || < .

Consequently, ,
| xg(2) — xo(t + mw)| < €
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for t > (N + 1)w. The set mw is relatively dense; hence xy(¢) is asymp-
totically almost-periodic.

4.17. Singular Perturbation for Systems with Time Lag

The results from Section 3.11 relative to singular perturbations of
nonautonomous systems are extended, without essential modifications
of the proof, to systems with time lag of the form

dx(t
B _ it w(e). 5e — 1,500,300 ), ), |
(87)

20 _ 11, 201,50, 4,

where f and g are, with respect to ¢, periodic or almost periodic,
respectively (in the periodic case, the period will be assumed to be w > 7,
as usual).

For e = 0 we obtain the system

dx(t) = f[t, x(t), x(t — 7), y(t), y(t — 7),0],

88
glt, x(t), y(t),0) = 0. (88)

We suppose that this system admits a solution [u(2), ©(t)], periodic or -
almost periodic, respectively. We denote

U(t) = (gt u(t), v(t), 0])"galt, u(t), »(t), 0),
At) = fo —fiUG@),  By(t) =fz, — f, U —7),  At) =1,
Byt) = fr., Q) =g,
where the partial derivatives are taken in the point
[t, u(t), u(t — ), v(t), v(t — 7), 0].

Theorem 4.38. If system (88) admits a periodic or an almost-periodic
solution u(t), v(t), respectively, such that (Q + Q*)/2 < —pkE, and if
the trivial solution of the system

ﬁ = A,(0)&(t) + By(t)E(t — 1) (39)
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is uniformly asymptotically stable, system (87) admits a unique periodic
or an almost-periodic solution, respectively, x(t, ), y(¢, €), such that

x(t, €) = u(t) + e£*(t, €), ¥t €) = o(t) + en*(2, €) — eU(2)EX(t, €).

Theorem 4.39. We suppose that system (88) admits a family of pertodic
solutions of period w > 1, [u(t, ¢), v(¢, ¢)] and that for the solution corre-
sponding to the value ¢ = ¢, we have (Q + 0*)/2 < —ukE.

If system (87) admits a periodic solution of period w of the form

x(t, €) = u(t, co) + €£*(2, €),
Y2, €) = (2, ¢) + en*(t, €) — eU(1)E*(2, €),

then
fﬂ q.‘l'(t? CO){Az(t’ Co)n**(t, CO) + Bz(t> Co)’)**(t -7 CO) +f;}dt =0

for all the independent periodic solutions qi(t, c,) of period w of the adjoint
system of system (89).
The function n**(¢, c,) is given by the formula

T o) = 0t o [g, — 2L,

The problem of singular perturbations in autonomous systems with
time lag can be treated in the same way.
We consider a system of the form

B 1), ol — 90,3 — 7,4
(90)

D — glx(t), y(0), 4

For € = 0 we obtain the system

dg_': :f[x(t)’ x(t — -r), y(t),y(t — T), 0]) g[x(t)’-y(t)’ 0] = 0.

Let us suppose that the system obtained for ¢ = O has a periodic solution
u(t), v(t) of period wy > 7. Let, as above, Q(t) = g, [u(t), v(t), 0]. We will
suppose that

$[O0) + 0*()] < —wE.



492 4. SYSTEMS WITH TIME LAG

We denote, as above,

U(#) = (galu(?), v(2), O1)galu(t), v(2), O].

We form the variational system (89). This system has a periodic solution
p(t) = du/dt of period w, . Indeed, from

N :f[u(t)’ u(t - T)’ v(t)a v(t - T)’ 0]
we obtain

dp dv(t) do(t — ‘r)

= L) + faplt — 1) + 1,55 >

+f‘!l-r

From glu(t), v(¢), 0] = 0 we obtain

dv(t)

£:[u(2), v(2), 0] ()+gy[ (#), ¢(2), 0] —= =0,

from which we obtain

®— _vo® — _uepo.

Consequently,

B = SO0 + U, — £, — Dlple — )
— A Ep(t) + But)plt — 7).

Let us suppose that the variational system has neither periodic solutions
independent of p(t) nor solutions of the form py(t] + tp(t), with p, periodic
of period w, .

From here, as in Section 4.14, it follows that _[w q9(s)G(s)ds # 0,
where g(s) is the periodic solution of period w, of the system adjoint to
the variational system, and

G(t) == flu(t), u(t — 1), v(t), v(t — 1), 0]
+ By (t)f [u(t — 1), u(t — 27), v(t — 1), v(t — 27),01;
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we will prove under these conditions that system (90) admits a periodic
solution of the period wy(l + ea), which for € — O tends to u(t), v(t).

We perform in system (90) the change of variables t = s[1 4 ea(e)]
and denote (s, €) = «[s(1 + ea), €], F(s. €) = y[s(1 + €a), €]. We obtain
the system

%if = (1 4 ea)f[Z(s, €), &(s — 8, €), F(s, €), F(s — b. €), €],

o
c 7{ = (1 + ea)g[&(s, €), F(s, €), €],
T
0 =i l + o .

Further, let
£ = u(s) + €&(s),
7 = v(s) + en(s) — eU(s)&(s).
We obtain

f%: = ef£(s) + fa [ef(s — 0) + uls — B) — u(s — 7)] + «fi[n(s) — U(s)§(s)]
+ fulen(s — 6) + o(s — 0) — (s — 1) — U(s — 0)&(s — 0)] + ¢f¢
+ O(€?) + eaf [u(s), u(s — ), v(s), v(s — 7),0] + O(e?),
1 — g2luls), o(s), 01E(s) + g3l w0, O)nts) — VY& — 2 + g1 + Oe).
Taking into account that
Us —0) —u(s — 1) =a(s —7)s — 0 — s + 1) + O((= — 6)%
= earf [u(s — 7), u(s — 27), v(s — 1), v(s — 27), 0] 4+ O(e?),
(s — 0) — v(s — 7) = (s — Tear + O(e?) = —earU(s — 7)i(s — 1) + O(e?)
= —earU(s — 7)f [u(s — 1), u(s — 27), v(s — 7), v(s — 27), 0] 4 O(e?),

we obtain

2 A966) + B — 6) + Aa(s) + Booints — 0)

+ F(s) + aG(s) + €H,,

d , dv
e 7 = 06ms) + g — 5 + Hy,
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where
F(s) = f.[u(s), u(s — 1), v(s), o(s — 1), 0].

We construct for the system thus obtained a periodic solution of
period w, . Let 7,(s) be the periodic solution of the system

dn ,  du
e = Q0 +g — -

We have 7y(s) = —QO~(s)(g. — (dv/ds) + O(¢). We form the system

% = Ay ()E(s) + Bu)E(s — 1) + AxS)ne(s) + By(s)nols — 7) + Fs) + 2oG(s).

The condition that this system admits a periodic solution is that
[ 40LA6E) + Bosynts — ) + F6) + oaGe)lds =,

and the condition [” ¢(s)G(s)ds # O allows us to determine o, from this
. . Yo . . .
equation. For this «y we obtain a periodic solution £y(s) such that
| ()] < K sup| Ay(s)no(s) + Ba(shnols — 7) +F + «G |.

In general we construct the successive approximations in the following
way. We will define 7,(s) as a periodic solution of the system

dn , dv "
€S = Q) + g, — — + H" Y,

where H{" " is H, in which « has been substituted by «, ,, £ by
£, 1,and 5 by 7, ;. Then we form the system

% = Ay($)E(s) + Bu($)E(s — 7) + A()na(s) + Ba(s)mals — 0n1)

+F(s) + o, G(s) + By(s)[€, 4(s — 0, ;) — £, (s — 7)] + H D,

where H{"" is defiried in the same way as Hy" ", and

T
=TT

We choose «, from the condition that there exists a periodic solution;
then we take the periodic solution which verifies the estimate

| én | < K sup| Ay(s)nu(s) + Ba(s)nals — Ona) + F(s) + 2. G(s)
+ By(s)(£, (s — 0,_,) — €, ,(s — 7)) + eH V|
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From the construction of the successive approximations we see that
if ¢, — & m, —7; then £ n will be a periodic solution of period w,,
which leads to a periodic solution

=) e =

x(t,e)zu( 1+ea’€)’

0 =olt) ) v ) el

of the initial system.

The convergence of the successive approximations is proved in the
same way as in Section 4.13.

Let us indicate another case of singularly perturbed systems. Let a
system of the form

ex(t) = eX(t, 2(t)) + Xy (¢, x(t), x(t — e7), €), on

where X, and X, are periodic or almost periodic in ¢, uniformly
with respect to the other variables, respectively.
We suppose that the system -

i = Xt x)

has the general solution x.(f, #) periodic or almost periodic in ¢,
respectively, of period w. After the change of variables x = x4(¢, 2) we
obtain a system of the form

e#(t) = Z(t, 2(t), 2(t — e7), €), 92)

where Z is periodic of period w, or almost periodic with respect to
t uniformly with respect to the other variables, respectively, and has the
same regularity properties as X and X, .

We will suppose in what follows that Z admits continuous partial
derivatives of the second order. Let o(t) be a periodic or almost-
periodic solution, respectively, with continuous derivative, of the
system Z(Z,v,v,0) = 0. We will give the condition under which
system (92) has a periodic or almost-periodic solution, respectively,
3(t, €), with the property that lim.,[2(¢,€) — v(¢)] = 0. To this
solution will correspond a periodic or almost-periodic solution
respectively, of system (91) of the form x(¢, (¢, €)), such that

ligg [x0>(” 2(t, €)) — xo(t, 2(¢))] = 0.
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Let y = 5 — v. We deduce that
ei(t) = At)n(2) 4 Bty — er) + f () + G(2, n(t), (2 — e), €),

where G = O(ln |2+ €*) and A4, B,f, G are periodic of period w
or almost periodic, respectively.

A periodic or almost-periodic solution, respectively, is constructed
for this system by the usual procedure of succesive approximations.
To do this we will first prove that under certain conditions a linear
system of the form

€i(t) = Altyi(t) + B(ty(t — er) + f(2)

has a unique, periodic or almost-periodic solution, respectively, which
admits the estimate

]| <eKM (M = sup|f]).

The successive approximations 7, will be then constructed as being
the periodic or almost-periodic solutions, respectively, of the system

€7'7(t) = A(’)’i(t) + B(t)"](t - €7') + €f(t) + G(t’ "]‘n—-l(t)9 ﬂn—l(t - e‘r), €).

The convergence of the process is proved in the usual way.

It remains then to state the facts relative to the linear system. To do
this we will extend the lemmas of Flatto and Levinson to systems with
time lag.

Lemma 1. We consider the system with constant coefficients
x(t) = Ax(t) + Bx(t — 1)
and suppose that the characteristic equation
det(4 + Be > —AE) =0

has its roots in the semiplane Re A < —p < 0,and | A| < M, |B| < M.
Then, for every o€ (0, n) there exists K(u, o, M) suck that | X(t)] <
K(u, o, M)e—!, where X(t) is a matrix of solution of the system, with
X(0)=E, X(t) =0 for —7 <t <O.

Proof. The essential fact in this lemma is that the number K
depends on M, p, and o and is independent of the other properties of
the matrices 4 and B. The fact that from Re A <X —p we obtain such
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an evaluation for the solution is well known, and we will make use of
it in the proof. The proof that K only depends on M will be made
according to the Flatto and Levinson schema, by contradiction.

If the affirmation of the lemma is not true, then for every K there
exists A and B with |4 | <M, | B| < M, and there exists ¢t >0
such that | X(#)| = Ke!; consequently, there would exist a sequence
Ay, By, t, with | A, | <M, B, | <M, 1,>0,|X,(t,)| > net,
ie, e’ X, (t) = n From | A4,| << M it follows that there exist
convergent subsequences A4, , B, Let Ay = lim,,, An , By =
limy_,,, B,, . The roots of the equatlon det (4y + Bge™* — )\E) w1ll be
likewise 51tuated in the semiplane Re A < —u; hence, if X, is a matrix
of solutions of the system

() = Ap(t) + Byx(t — 7),
with Xy(s, s) = E, X(t,5) = 0 fors — » < t < s, we have
| Xo(t, 9)| < Koe1*=9, 0 <oy < .

Let An ,B, be such that |4, — A,| < (oy — 0)/K(1l + e°),
| B, — By | < (crl — o)/ K(1 + e°17); we con51der the system

(1) = Ax(t) + Bpx(t — 1),
which we represent in the form
i(t) = Ap(t) + Box(t — 1) + (4, — Ay)x(t) + (B, — Bo)x(t — 7).

It follows that we can write

i

Xu(t) = Xoft,0) + J' Xo(t, 9)[(4n — A0)Xn(2) + (Bp — Bo)Xy(a — 7)}du,

0

from which follows
i
1 X0 < Ky + [ (Kol 4y — A len] X, (0]
+ Kol B, — By |even | X (a — 7)[}da.

Denoting u(t) = ¢*!|X,(¢)| and taking into account the estimates
for | A, — Ay ] and | B, — B, | we obtain

u(t) < Ky + ——— {u(a) + e sup  u(B)}da.

1 + enr a—r<B<a
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It follows from here as in Section 4.5 that u(t) < y(¢), where y(¢) verifies
the integral equation

W) = Ko+ 1

+ f (@) et sup ¥(B)}de.

We seek y(2) under the form y(t) == K ert. We obtain

0y 7 t
P e @ — 1),

a relation verified for y = g, — o. It Tollows that u(t) << K,elor—o¢;
namely e2!| X, (2)] < Kpelr~2t for every t > 0. This means that
et X, () < K, for every t >0, which contradicts the inequality
e°tal X, (t,)] = n. The lemma is thus proved.

Taking into account also the fact that 4 and B are constant, it follows
that X(z,s) = X(t — s), and hence we have the bound | X{(z, s)| <
K(p, o, M)e—t—9,

Lemma 2. We consider the system
ex(t) = A(t)x(t) + B(t)x(t — er),

where A(t), B(t) are uniformly continuous for t == 0. We suppose that for
every t the roots of the equation

det(4 + Be» —AE) =0

are situated in the semiplane Re A << —2u. Then there exists a K such that
| X(t, 5)| << Ke= /=9 for t >,

Proof. Let 0 < t,. We consider the system
c#(t) = A(ty)x(t) + B(to)x(t — er).
The characteristic equation of this system is
det (é A(te) + 1 Blte " —\E) =0

or

det(A(to) + B(t)e~" — eAE) = 0.
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According to the hypotheses, we have Re eA < —2u; hence Re A << —2u /e,

Let M >sup | A(¢)l, M > sup | B(t)|. On the basis of the firgt
lemma we deduce that

| X, (2, )] < K(M)e=3#/29t-a),
The given system is written
i(t) = Alto)a(t) -+ Blto)(t — er) + (A(t) — Alto)a(t) + (B(t) — Blto)a(t~exr),

On the basis of the variation-of-constants formula we have

nmy:&&g+ﬂxwﬂﬂgm@_mmm@g
12 (Ba) — B)X(x — er,9)] d;
hence

| X(t,) | < Kerowroit=n 4 K [ e-mat=d 2| 4Ga) — At || ()|
)
+ 1B — B || Xa — e, ) I} do

Since all the estimations performed are valid for every 2, , it follows that
they remain valid in particular for ¢, = . It follows that

Xt 9] < Kemtmraen 1 K[ wuponar | 4 — 40| X(a9)
+ 1 B(a) — B(t)] | X(a — e, 5)|)dox.
Let u(t, s) = ew/at=9| X(¢, 5)|. We have
K t
u(t, s) < Ke-w/zat— 4 _f e~ w20t A(a) — A(t)le®/9=9| X(a, 5)|
€ s
4+ | B(a) — B(t)|erret/ e~ X(a — e, 5)|)de;
hence
ut, ) < K + X [ oo a) — e 5

+ e#7| B(o)) — B(t)[u(x — er, 5))dax.
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Let M = SUPacsc< i<t [U(t, 5)| It follows that

KM

€

M<K+

sup ft e~m2at-)(| 4(a) — A(t)| + e*'| B(a) — B(t)|)de.

However,

J.t e~ W2 A(a) — A(t)] + €| B(o) — B(t)|)doe

t—Ve
= [ w4 — A1) + o) Bl@) — B(t)))de

t
[ eman A(e) — A + | B) — B
t—ve
oers 26 (s - 2e
< 2L(1 + euf)g—(u/),e)t o 2eMt-Ve) + u)(e) b
w H®
—ene),  lima(e) =0,

since fort — 4/€ < a < t we have | 4(«) — A()| + e~ B(a) — B(#)| <
w(e€), owing to the uniform continuity of matrices A(¢) and B(f). We
obtain

MgK—}—KM

€

ewy(€) = K + KMw(e);

hence if € is sufficiently small in order that w,(e) < 1/2K we have
M < 2K; hence | X(t, 5s)] << 2Ke~w/att-9) The evaluation obtained does
not depend on a and b; hence it is valid for every t,s. The lemma is
thus proved.

Let us consider the nonhomogeneous system

ex(t) = A(t)x(t) + B(t)x(t — er) + €f(2).

The bounds obtained in Lemma 2 show that under the conditions of
these lemmas the trivial solution of the homogeneous system is uniformly
asymptotically stable; hence if 4, B, f are periodic or almost periodic,
respectively, the system admits a unique periodic or almost-periodic
solution, respectively. In order to obtain an estimation for this solution,
we will observe that every solution of the nonhomogeneous system is
written on the basis of the ‘“variation of constants” formula in the form

x(t, @) = X(¢t, 0)p(0) + J.O— X(t, « 4+ er)B(a + er)p(a)da + f: X(t, a)f(a) dov.
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We obtain the relation

0
| (t, 9) | < Kljplle=#/* + LK] 9|l [

—€T

e-W/t-a—en do L KM J" -/t o s
0
hence
| 2(t, @) < Klfp /" + L_K"'LEL eure—wst 4 KM -
I

Observing that the first members tend to zero when # — oo, we deduce
for the periodic or almost-periodic solution, respectively, the bound

|#(t)| < eK4M (M = sup| fl).

This is all that we need to assure the convergence of the successive
approximation process.

4.18. Invariant Periodic Surfaces in a Class of Systems
with Time Lag

We will consider a system with time lag of the form

o(t) = @(t: g(t)) y(t)’ y(t - T»v
Ity = Y(¢, 0(t), »(2), y(t — 7)),

where 6(t, u, v, , v,), Y(¢, u, v, , v,) are periodic in ¢ with period 7" and
in u with period w.

A solution of the system will be determined for ¢ > ¢, by the value
0, of 6 for t = t, and by the function ¢ given in ¢, — 7, ¢,, representing
the initial function for y. We will denote this solution by 6(¢; ¢, , 6, , ¥),
y(t; ty, 0y, ¥). When we will take £, = O we will omit it.

(93)

Lemma 1. We have the relations

0(t; ty, 0y + w, ‘/’) = 0(t;%,, 90, '!’) T o,

(94
¥t 00 + o, ) =y 1y, 6y, ).

Proof. The periodicity of system (93) with respect to 8 ensures that
0(t; ty, 0y, ) + w, ¥(t, 1y, 0,,¢) is also a solution together with
0(t; ty, 0y, ¥), y(t; 2y, 0y, ). For t = ¢, this solution yields for 6 the
value §, + w, and in {t, — 7, t;] it yields for y the function ; hence it
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coincides with the solution 8(¢; ¢, , 6, + w, ), ¥(¢; ty, 8y + w, ). The
lemma is thus proved.

The periodicity of system (1) with respect to ¢ ensures that
0t + T5ty, 00, 9), vt + T;ty, 6y, 4) is also a solution together with
0(t; 8y, 0y, ), (8, ty 5 0y, ). Fort = t,this solution yield for § the value
0ty + T;t,0y,4%) and in [ty — 7, ] it yields for y function
WT + s;t9, 6y, ). We obtain the relations

0t + Tsty, 6y, ) = 051, (T + o3 ty, 8o, ), ¥(T + 5519, 0y, 4)),

(95)
Yt 4+ Tity, 00, 4) = y(ts5to, T + 15525, 00, 9), ¥(T + 55 29, 6y, ¥)).

Let C be the space of the vector (m — 1)-dimensional functions
continuous in [—7, 0], B the space of the periodic functions, of period w,
continuous, with values in C, with the usual norms.

For « € B and ¢ > 0 we will consider the function p%: R — R defined
by p%o) = O(t; o, o(c)). Let us suppose that for fixed ¢, « the function
p% has an inverse; we will denote by o° the inverse. For each natural N
we define the mapping Ty : B — B by

[(Txo)(P)(s) = y(NT + s; onr(p), olowr(p)])-

The fact that T'ya is a continuous function follows from the continuity
of the function ¢%; and from the general theorems of continuity of the
solution with respect to the initial conditions. It remains to show that
Ty is a periodic function; this will follow from the lemmas we are now
going to prove.

Lemma 2. We have
Ty = Ty(Tye)  (for all N);
hence
Tyo = Tra.
Proof. We have, from (95),

0N + 1)T5 00, of0q)) = ONT; 8(T; 04, (o)), W(T + %3 00 , «(00))), 6)
YN + DT + 5509, a(0g)) = Y(NT + 5; 8(T; 04, 0,)), T + u; g, (00)))-

Let us put 8(T; 04, a(oy)) = p; . We obtain o, = o%(p,); hence we
may write

WT + u; 04, fag)) = WT + u; a7(p1), alor(p)]) = [(T1e)(p1))(w)-
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Let 8 = Tyo. From the first equation (96) follows
(N + 1)T; 04, «(00)) = 8(NT; py, Bpa)) = pRripr)
or piwinr{oe) = pir(pr)- By taking og = ofy.1)7(p) we obtain
pivtnrlotvinr(e)] = PRrler)s

hence p = pfr(py) or py = oir(p).
Using the second equation (96) we further deduce that

[(Ty112)(P)](s) = (N + DT + s; o{n+y7(p)s olotn+n7(e)])
=y(NT + 53 p1, B(pr)) = ¥(INT + 55 0ir(p), Blowir(p)])
= [(TxB)(P))5);
hence Ty o = TyB = Ty(T ), and the lemma is thus proved.
Consequence. If there exists a natural N for which Ty admits a unique
fixed point «, then o is also a fixed point for T, . Indeed, TToy =

T, Tyog = Tyog; hence Tioq is likewise a fixed point of Ty; from the
uniqueness of the fixed point it follows that oy = Ty .

Lemma 3. T, a is periodic together with o; hence for every N the
function Ty« is periodic.
Proof. We have
(o) = (t; 0, a(o));
hence
pHo + @) = 0(t; 0 + w, ofo + w)) = 0(t; 0 + w, (o))
= 0(¢; 0, a(0)) + @ = p%(o) + .
From pf(o +- ) = p%(0) + w we obtain pifo%(p) + w] =pop)] + w =
p -+ w; hence 6%(p) + w = o%(p + w). Further,
U(The)p + @))(s) = (T + s; 07(p + @), 2[o(p + w)])
= (T + s; o7(p) + w, o[oF(p) + w])
= Y(T + 53 07(p) + w, o[o%(p)])
= ¥(T + 55 0%(p), ofF(p)]) = [(T10)(p)](s),

and the lemma is thus proved.
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We define the function S : R* X R— C by the relation
S(t p) = ¥(t + 55 %), «o%(p)])-

We have

Lemma 4. S(0, p) = o(p).
Proof. Indeed,

5(0, p) = ¥(s; o5(p), alog(p)]) = ¥(s; p» 2(p)) = olp),

since p§(o) = 0(0; o, o(e)) = o; hence of(p) = p.

Lemma 5. If§ = of0,), then S(t, 6(t; 6, , ) = y(t + s; 6y, ).
Proof. Indeed,
S(t, 6(5; 65, ) = y(t + s; 03(0(t; 8, ), «[03(6(2; 6, , $))])
= (t + 5 03(8(t; 6, , «(8,))), {7 (6(t; 8y , A6 ))])
= (t + 5; o3(p3(8))), oloy(py (%))
=)t + 5 8y, «(8)) = y(t + 53 65, ).
Lemma 6. We have
S(tp + ) = S(t, p).
Proof. Indeed,
St p + @) = 3¢ + 53 03 + w), alor(e + w)])
= y(t + 55 0}(p) + w, o[ 75(p) + w])
= ¥(t + 53 03(p) + o, oo5(p)]) = ¥(t + 55 03(p), olo3(p)])
= S(t, p). :
Lemma 7. If o is a fixed point of the mapping T, , then
S(t + T, p) = S(2, p).
Proof. If ais a fixed point for T, , we have
[a(p))(s) = H(T" + 55 o%(p), eoF{(p)])-
We deduce
[a(pT(oNI(s) =H(T + 53 07(p7(0)), ofoF(p7(o))]) = H(T + s; 0, of0)).
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On the other hand, from the relations (95),
ot + T 0,4) = 0(t; O(T5 0, ), (T + 3 0, ).
If ¢ =afc) we have &T; o, ¢) = T; 0, o(c)) = p3(s) and
AT + u; 0, ) = y(T + u; 0, a(0)) = [x(pF(0))](%); hence
Bt + T5 0, (o)) = B(t; pi(o), alpi(o)]).

The relation obtained is written p3, (o) = pip3(c)]. For o = 0% 1(po)

we obtain py = p[pF(0%; 7(Po))] or o%(pe) = pF(0% 1(po)); hence o, 1(pg) =
d%[0%p,)]- From this follows )

S+ T,p) = y(t + T + 85 0fsrlp), olozer(p)])

= y(t + 53 0(T; ofsrlp), eloter(p)]), ¥(T + w; ofer(p), ooter(p)]))
= ¥(t + s; pHoter(p)), alpr(otr(p))])
= y(t + 53 0%(p), alog(p)]) = S(t, p).

Definition. A function S : R* X R — C defines a periodic

invariant surface of system (93) if -
1. St + T;p) = S(t, p), S(t, p + ) = 5(2, p).
2. If 4 = S(0, 6,), then y(t + s; 0y, &) = S(¢, 0(t; 6, , )).

From Lemmas 4, 5, 6, and 7 it follows that if p% has an inverse and
if there exists an N such that T admits a unique fixed point, then
system (93) admits an invariant periodic surface.

Theorem 4.40. We consider the system

0(!) = @O(tv 6(2), y(t)’ ¥t —r1)+ €@1(tv e(t)y y(8),¥(t — 1), €),
y(t) = Yo(t» o), ¥(t), y(t — 7)) + €Y (1, 6(t), ¥(), y(t — 7), €).
We suppose that

1' @O(t’ u, 07 0) = 19 YO(tv u, 07 0) = 0:
2. The zero solution of the system

CD)

7

Y, 2Y,
o, (2, t 4+ 0,0,0)2(t) 4

ov,

#(t) = (t,t 4+ 0,0,0)2(t — 1) (98)

s uniformly asymptotically stable, for every 0 < ¢ < w, uniformly with
respect to a. Then system (97) admits an invariant periodic surface.
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and
|Bp) < (3 +O0(eNKlel + Kyfel +of] €]),

which shows that for K conveniently chosen we will have | 8(p)| << K| €.
Further, as above,

| Blpr) — Blp)l = | ¥(NT - s; ayr(py), olonr(py)], €)

— Y(NT + s; oxrlps), o[okr(ps)); €l
< |t €)loxr{pr) — onr(po)ll

+ | V(NT, &)(ofoir(pr) — olant(ps)))]

+ o(| onr(pr) — onr(pa)l + 1l afoir(pr)] — olohr(pa)Il)
< (| m(0)] + Kl € )] onrlpr) — ovr(pa)l

+ [3 + O(l € DIl elodrlp)] — ofonrlp)lll

+ o] o¥r(pr) — onrlpa) + Il edlorr(py)] — alonr(p)]l)
<A{K,l e[ + (3 + O e DLl [} anvrlpr) — oivr(py)]

+ o(| oxr(pr) — or(pe)l)

because p,(t) = 0, since the component 2 of the solution of system (100)
does not depend on the initial conditions for component A.
From

pr — p2 = ONT; ajr(pr), elowvr(pn)]s €) — ONT; onrlps), o[onvr(pe)], €)
= (1 + O(e))onrlpr) — ovrlps)]
+ [U(t) + O(e)(edorvrlpn)] — olonr(p)])
+ o ojrler) — onrles)l)
it follows that

| ovr(py) — onrlpa)l < (1 +O(le))lpr — pa l;

hence
| B(pr) — Blpo)l <{Kylel + (3 +O(e)Llel}(1 -+ O(elpr—pel-
Therefore, for L conveniently chosen and | € | sufficiently small we have

| Blpy) — Blpa)l <Liellps —pal
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It remains to prove that T is a contraction. It will follow then that
Ty admits a unique fixed point and hence that the system has an invariant
periodic surface.

Let 8, = Tyoy, Bs = Tya, . We have
18,8, | = [3(NT 4 55 033700), {3t 6)], © = Y(NT -+ 55 633 (p), %, (p)], )]
S Kyl el 038(p) — a3p) + (3 + O( € D)l 2[5z 0)] — o, [o3 (e
O OS] Sl K Re) =) )
UK €]+ (3 + O < DLl € [} o (p) — o7 (o)
T+ O Doy — o, + o) a33elp) — a2 (e + N, — ).

On the other hand, from

ONT; @ir(p), [0 P, €) — ONT 07 (p), {33 (p), €) = O

follows
[1 + O( € Nlo2ip) — o2 (p)] + [U(t) + OE)(oy[03(p)] — a0 (o))

+ o(] o(p) — oy (p) + Il ayfoy(p)} — o (PN = O,

from which we immediately obtain

(P) - U (P)\ 3” o = (12”
We deduce that

1By — B | S Kylellln —apfl + (3 + O e Dl — ] + 0o o — o [});

hence ||B; — Boll < %lly — oyl for |e| sufficiently small, which
shows that T is a contraction.

It is an open problem to obtain some analogous results for systems in
which # occurs with retardation.

NOTES

General expositions relative to systems with time lag are to be found
in [65] and [66]. Results on the stability theory of systems with time lag
as well as the fundamental inequality of Section 4.1 are to be found in
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the monograph [15]. The results of Sections 4.1 and 4.2 have been
published in [67-70]. The results of Sections 4.3 and 4.4 have been
published in [71], those of Section 4.5 have been partially published
in [72], and those of Section 4.6 have been published in a joint paper
with V. M. Popov [73] and in [89]. The results of A. Stokes are published
in [90]. The results of section 4.8 have been published in [78], those
of Sections 4.9 and 4.10 in [74-77], and those of Section 4.11 in [91].
For the case of linear systems with constant coeflicients, results have
been given by S. N. Simanov in [79] and [80]. The theory of systems
containing a small parameter is to be found in [67] and in [81] and [82].
For quasi-linear systems the results have been stated by S. N. Simanov
in [83]. The results of Section 4.14 have been published in [49] and
those relative to the averaging method in [84] and [85]. Theorem 4.35
can be found in [86]. Theorems 4.36 and 4.37 are to be found in [67],
Theorems 4.38 and 4.39 in [87], the other results of Section 4.16 in
[92] and [93]. Let us note also the results of J. K. Hale, [94] and [95].
For very complete bibliography on differential-functional equations
see the papers of Elsgoltz and others, [107] and [108]. For some
other questions, see also the book by R. Bellman and K. Cooke [109].



Appendix

A.1. Elements from the Theory of the Fourier Transform

Let f be a function of LY(—o0, o0). We call the Fourier transform of
function f the function

o) = [ i: etf(1)dt,  (a real).

We state the following properties:

1. The function ¢ is bounded, since

@i < [ 1< oo

2. The function ¢ is continuous, since

| et — 1] :lcosht——isinht—ll=<—25inz%t———218m——tcos-——(
:\2sin%€‘ —»51n%fzcos——\~‘2 sin — t

from which

o) = @) = | [ et — [ efieyar|

= | [ e — Dfwde| < [ e 11 de

<2f:\f(t)g\sinf‘21[dt

sin ht

|ae 2 [yl a

<2 a2 1Al

WRT pwar

<2 a2 [ 1o)d+ 255
For € > 0 there exists an R, such that if R > R, we have

—R e . .
f_wlf(t)édt<5, J‘R[f(t)l‘dt<64
511
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We fix R >R, and choose S(e)—s/3R_[ Rff(t)ldt It follows that if
| h| < 8(e), then | 2| R _[ | f(2)| dt < €/3. Finally, for | A ] < 8(¢) we
obtain |¢(x 4+ k) — ¢(a)! < e; hence ¢ is uniformly continuous on
the whole axis.

3. If fe L* and itf(t) € L, then ¢'(«) exists and is the Fourier transform
of the function —#f(2):

$(o -+ h})l — Ha) _ J.O_ow e—m(e—;lht — l)f(t)dt — f:, e—iat Lmih___l_f(t)df

= : e tf, (1) dt,

where we have set

fiy = S5 1)
We see that
lim fu(t) = —if(),
o < L= = 2R ey < e e 2

hence f,(t) eL'. It follows that we can pass at the limit under the
integration sign and we obtain

$@) = — [ : e-ititf(t)dt.

4. If f' e L1, f e LY, then the Fourier transform of f’ is fad(a).
We obviously have

X ’
JX) —f(x) = [ f(eyaes
hence, since f’ € L, we will have

lim f(X) = .

However, f € L' and from
lim /) = 4

it follows necessarily that / = 0. We can thus write that

0= — [ roaw.
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Further,

o0 X g )
[ eyt = Jim [ et
:rlz_—:oo %1

—a0

= lim }eif(e)|

-y

+ia | _ e*""‘tf(t)a'tg — iad(a).

Ly 0

Definition. Let f, g € L1. The function

W) = [ flr =0y = [ f0lgle —y)dy
1s said to be the convolution of functions f and g.

Theorem 1. If f, g € L', then his defined for almost every x, h € L', and

we have

[“mrae< " israe| vetae

The Fourier transform of h is the product of the Fourier transform of

functions f and g.

Proof. We have

[7 1 —oitgonas = g1 [ 1fe—olde = 1g0l [~ 1/01as

hence

\ | : fix —Hg)dx | <Lig)l  and : flx — t)g(t)dx € L1,

It follows that

| : ar | : fx — t)g(t)dx

exists and

[“oa|” e - oiiemias < [ 1s@ia | s

The function f is measurable; hence f(x — t) is measurable in the
product space of variables (x, t). The Fubini theorem can be applied

and we have

[“ " 1rnig0ias = [7 ax [7 1fx-ni1g0)de= [T s,
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It follows that % exists almost everywhere (Fubini theorem),
[* ar | P fx — te(t)dx = fw dx fw f(x — tg(tydt,  heLt
and

[” inwias < [ vgonar [ ipnan
Further,

[ : eh(x)ds = [ : o7 dx f:f(x — ¥)e(y)dy
— fj s | : == Nf(x — y)eIg(y)dy
: fiom e—iayg(y)dy fojm e—ia(a:Au)f(x — y)dx

— [ eergtpay [ e,

Theorem 2. Let f,, f, €LY, ¢1(a), (o) be the corresponding Fourier

transforms. Then

e (fey) €L, o (MNH(y) e L?
and, in addition, '

[" #fds = [ triav.

Proof. The first affirmation is immediate, since ¢, and ¢, are bounded:

[” 6000y = [~ iy [ et

00

= J.o_ow dy ffm e-iwf1(x)fz(y)dy = ffm dx f © e—"”fl(x)fg()')dy

=7 fin |7 ey = [ gufiod.

Theorem 3. Let feL'N L% Then ¢ € L? and

f: | $(x)2 dx = 2 fwm | () dox.
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Proof. Let h(x) = f:r: flx + y)f(y)dy. The integral exists due to
the fact that f € L2. We have

< [ i aray [T 1foa < ([T 10rd) < o

hence 4 is bounded. The function £ is also continuous, since
s +8) =) = | [ e+ + o)ty — [ s+ 00y |
= | [T U + 8 4+5) — S + 90 f0)ay |

< [T 184 5) =S+ 01O dy

<|[" ety o s ey [ 1]

We have, however, for the functions of L2,

[ ety +o —fe+ray = [ 1 +o—fora

however small if § is sufficiently small, from which follows the continuity
of function A. Further,

W) = [ S+ o)fony = [ fe—afi—ads = [ fix — De@as,

where we have denoted g(z) = f(—z). It follows that 4 is the convolution

of the functions f and g; hence the Fourier transform of % exists and

coincides with the product of the transforms of the functions f and g.
The Fourier transform of g is computed in the following way:

|7 ewtginyae = [7 emif(ryae = [~ eof(s)ds = o).
It follows that the Fourier transform of the function 4 is
$(o)p(e) = | Bl)[2.

Let y(x) = e~<*. We have

y'(x) = —2exe =" = Qedixy(x).
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We write

o) = [ erny(n)at.

On the basis of properties 3 and 4 we have
o) = [ emioty/()dt = 26i [ einting(t)dt = —2ei (o).

It follows that

@) = — g, G =

~
R

hence

mw

Ho) = et €)= [ et = oo [T ey \/_ ‘

€

It follows that

L) =T

We apply Theorem 2 to the functions y and 4. It follows that

[ 1@ dx — \/5 [~ Heeetiedn = 2v/7 [ h@Vey)e s .

For ¢ -0 we obtain

[7 18k de = 2v/7 [ cj HO)ev* dy = 2v/7h0) | cj eV dy = 2mh(0).

However,

o) = [~ S0y = [ 1f0)r .
The theorem is thus proved.

Theorem 4. Let f,, fye L' L?and $,, b, be the Fourier transforms.
Then

fio (flfz +f2f1)dt :’2“1; J‘: (951‘.52 + ¢2$1)dt‘
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Proof. On the basis of the preceding theorem,

[“in+nra = [ b+

[ Gt st fade =5 [+ B+ B

Consequently,

[ " ihra+ [ frde+ [ A+ fti

— 21”[: | ¢y |2 dt +2iw f: | |2 di +2iﬁf: (162 + boy)dt.

Taking into account the preceding theorem, we obtain the formula in
the statement.

Consequence. If f, and f, are real, the formula becomes

2" fipdr =5 [ @Repdin

hence
[ fiudt = o[ Redi@iarda.
However,
b = [ ettpiana
hence

Fe) = [ efint = g—a),

since f, is real.
It follows finally that if f; and f, are real,

fojwfl fodt = 2% fio Re¢1(a)d>2(—a)da

If the functions f, and f, are only given in [0, ), we extend them by
the zero value along (—c0, 0), and the preceding formula becomes

[0ttt = 7 Redioal i
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Remark. If fis defined in [0,00) and is differentiable, with its derivative
in L1, it follows that

v o)

J e e = eeie)]” i [T et = —(0) + in(x).

A.2. The Permutation of the Integration Order in
Stieltjes’ Integral

We will reproduce a theorem of H. E. Bray [88] relative to the permu-
tation of the integration order in the theory of Stieltjes’ integral, which
has been repeatedly used in the theory of general systems with time lag.

Theorem. If ¢(s) is continuous in [a, b, y(x) with bounded variation
in [c, d], ofx, ) continuous in x for s € [a, b] and with bounded variation
with respect to s, uniformly for x € [c, d], the integrals

J‘: Ui P(s)d el x, 5)] dy(x) and JZ o(s)d, Jj ofx, §)dy(x)

exist and are equal.

Proof. Let
#0) = [ 90dam 9, 96) = [ als (e,

It is easy to verify that i is of bounded variation and ¢ is continuous.
From this follows the existence of the two integrals. The formula

m (3

2 (24 oloiHat sen) — 550} ) = 7))

j=0 “i=0

i1

z [z o5, Sy (i) — v(%)} — i oy, SH{y(%541) — Y(xz)}]

=0 j=0 i=0

is verified by direct computation.
Let € > 0. For divisions of sufficiently small norm we have

| [ #irts) — Bt — vt <

: i){)’(xjﬂ) — (%)}

2 ;

M
Ms

p(5){e(xs  sia) — o, O] D) — v} < 5

-
I
o
o
i
o
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It follows that

e

' f: B(x)dy(x) — 2 [i P(s: ;5 $i41) — ol 5:’)}] [A(xse1) — ¥(x)]| < % .

i=0 "j=0

Likewise, for divisions of small enough norm,

[ #0abts) — 3 otsatbse) — ] < 5
|3 o) — 600 — 260 [ a5 s — ()

’

m

2ol sfytwse) — ]| <

hence
| [ bt = 2y0ts0 [ s sendotien) — 5}

- 20‘(%‘ s siffy(®iay) — y(xj)}” < % )

Finally, for divisions of small enough norm conveniently chosen,

< €,

| [ swara) — [ ptorae
hence

[ s = [ s9apto.

The theorem is thus proved.

Let us observe that the same computations remain valid in the case
when the functions which occur have matrix values for which multipli-
cation is allowed. The formula

fi U(Z x(s)d (e, s — oz)] do = Jt x(s)d, J‘:y(a)n(a, 5§ — a)do

is likewise proved in the same way.
Assuming x(x, 5) = 0 for s > 0, there occurs the formula

f: U:{ x(s)d (o, s — a)] y(a)dor

- f; x(s)d f{b’ e, § — a)y(a)da 4 ﬁ, x(s)ds fz 7o, s — a)y(e)dor.
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Remark. If fis defined in [0,00) and is differentiable, with its derivative
in LY, it follows that

L o

[ e = et i [ e (o)t = —f(0) + i),

A.2. The Permutation of the Integration Order in
Stieltjes’ Integral

We will reproduce a theorem of H. E. Bray [88] relative to the permu-
tation of the integration order in the theory of Stieltjes’ integral, which
has been repeatedly used in the theory of general systems with time lag.

Theorem. If ¢(s) is continuous in [a, b}, y(x) with bounded variation
in [c, d], o, s) continuous in x for s € [a, b] and with bounded variation
with respect to s, uniformly for x € (c, d], the integrals

jd Ub )l 5)| dyx)  and | b o), | d o, 5)dy(x)

exist and are equal.
Proof. Let
b d
) = [ @)tz s),  9ls) = [ alx, Jdv(x).
It is easy to verify that ¢ is of bounded variation and ¢ is continuous.
From this follows the existence of the two integrals. The formula

32 wtefatey  sen) — s 50} i) — A

j=0 ~i=0

= 2 o(s:) [i (%5 5 S+ {P(%5401) — ¥(%5)} — i alx; , Sy(%j41) — 'y(x,)}]

j=0 =0

is verified by direct computation.
Let € > 0. For divisions of sufficiently small norm we have

[ 3nta) — Byt — o] < §
' i‘ﬁ(‘”i){'}’(%‘ﬂ) — ¥(x;)}

- i [i plsHodws , s:41) — o5, 5:‘)}] {r(xjm) — Y(xa')}l < 2 :

=0 "i=0
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It follows that

m

| orto) — 3, [ 35 wtsiato see) — ooy 5] Do) — ] < 5.

i=0 "i=0

Likewise, for divisions of small enough norm,

[ o) — Sy pteathtoned — ] < .,
3, otcbein) — 93] — Tyl [ 3 sdlrss) — )

,

m

— 2 a(x]- s si){y(xjﬂ) - )’(x:)}]l < Z— ;
hence

m

[ otoibs) — 2060 [ ot o) — e}

i=0

- g“("i ’ si){y(xi+1) - V(xa')}]\ < % .

Finally, for divisions of small enough norm conveniently chosen,

< €

| [ s — [ orans
hence

[ s = [ a9t

The theorem is thus proved.

Let us observe that the same computations remain valid in the case
when the functions which occur have matrix values for which multipli-
cation is allowed. The formula

J.: UZ x(s)d o, s — u)] do = f: x(s)d, JZ y()n(e, s — a)do

is likewise proved in the same way.
Assuming 7(a, s) = 0 for s > 0, there occurs the formula

f; UiA x(s)d o, s — a)] Y(o)de

— f; x(s)d, fz e, s — ayy(a)da 4 fi x(s)d, ft e, s — ayy(a)do.
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Indeed, taking into account the condition imposed on 7 we deduce that
b
f 2(s)dgle, s —a) =0 for a < a<b
hence
b &
[ st s — )] y(a)ae

= fi Ub_A x(s)dgmfa, s — a)] y(a)de = fb_,q (), fi o s — e

= f b_ 4 x(s)d, f in(a, s — o)y(a)de + .[ i o), .[ :n(a’ P opd

- fiA *(s)ds fz 7, s — ay(e)da + fz x(s)d, fba"r]((x, s — ayy(a)da,

since for s > aand a < o s we haves — « > 0 and n(a, s — o) = 0.
The last formula obtained is the one systematically used in the theory
of systems with time lag.
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