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Preface to the English Edition 

When it was proposed that an English version of my book on stability 
and oscillation in differential and differential-difference equations be 
published, my first intention was to modify it substantially. Indeed, 
although the Rumanian original appeared in 1963, most of it was 
written in 1961. In the meantime, progress which deserved to be reported 
was achieved in all the fields covered in the book. Many remarkable 
works appeared in the United States. However, the desire not to delay 
the appearance of this book too much finally prompted me to renounce 
the initial plan and to content myself with making extensive changes 
only in the last chapter on systems with time lag. In this chapter, only 
Sections 1, 2, 5, 13-16 (Sections 1, 2, 4, 11-15 in the Rumanian edition) 
remain unchanged; the other paragraphs are either newly introduced 
or completely transformed. Also, Section 11 of Chapter 111 was com- 
pletely rewritten. I n  the new -jersion of Chapter IV the results concerning 
stability of linear systems with constant coefficients are deduced from the 
general theory of linear systems with periodic coefficients. Since the 
book of N. N. Krasovskii on stability theory is now available in English, 
-4ppendix I11 of the Rumanian edition was not included. 

Throughout the text a number of misprints and oversights in the 
Rumanian edition were corrected. Some new titles (89-log), considerably 
fewer than would have been necessary had my original plan been carried 
out, were added to the Bibliography. The notations are not always 
those: currently used in the American literature, but this will not create 
difficulties in reading because all the notation is explained, and the 
sense will be clear from the context. 

I wish to express here my gratitude and warmest thanks to Dr. R. 
Bellman for his keen interest in this book and for the tiring work he 
kindly undertook to check the entire translation and to improve it. 
It is for me a great privilege and pleasure to have this book published 
in his very interesting and useful series, which in the short time since 
its inception has won unanimous acceptance. 

A. HALANAY 
December, 1965 
Bucharest 
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Preface to the Rumanian Edition 

The qualitative theory of differential equations is in a process of 
continuous development, reflected in the great number of books and 
papers dedicated to it. I t  is well known that the beginning of the qualita- 
tive theory of differential equations is directly connected with the 
classical works of PoincarC, Lyapunov, and Birkhoff on problems of 
ordinary and celestial mechanics. From these origins, stability theory, 
the mathematical theory of oscillations with small parameters, and the 
general theory of dynamic systems have been developed. The  great 
upsurge, circa 1930, of the qualitative theory of differential equations 
in the USSR began, on the one hand, with the study, at the Aviation 
Institute in Kazan, of problems of stability theory with applications in 
aircraft stability research, and on the other hand, in  Moscow, as a 
consequence of the observations of A. A. Andronov of the useful role 
played by the theory of periodic solutions of nonlinear equations in 
explaining some phenomena of radiotechniques. It is the period marked, 
for example, by the renowned book on the theory of oscillations by 
A. A. Andronov, Haikin, and Witt, and the well-known book on non- 
linear mechanics by Krylov and Bogoliubov. 

From 1930 on at Moscow University, a seminar was held on the 
qualitative theory of differential equations with particular emphasis on 
fundamental theoretical problems. The  results of the first seminar 
appeared in the two editions of V. V. Nemytzki and V. V. Stepanov’s 
monograph, “The Qualitative Theory of Differential Equations.’’ Wide 
circulation of this book led to the growth of research in this area. 

In  the last ten to fifteen years, stability theory and the theory of 
periodic solutions (to which is added the problem of almost periodic 
solutions) have been given a new impulse because they represent 
essential parts of the mathematical apparatus of modern control theory. 

A characteristic feature of the development of the qualitative theory 
of differential equations is the fact that, in solving its problems, a most 
varied mathematical apparatus is used: topology and functional analysis, 
linear algebra, and the theory of functions of a complex variable. 

ix 



X PREFACE TO THE RUMANIAN EDITION 

Taking into account the great variety of problems, the choice of 
material for a book devoted to the qualitative theory of differential 
equations is a difficult task. The  author was guided in his selection 
by the idea of a systematic and consistent exposition of both stability 
theory (relying in the first place on the method of Lyapunov’s function) 
and oscillation theory, including the theory of small parameter systems. 
In this exposition emphasis is placed on general theorems, on that develop- 
ment of the theory which clarifies ideas and methods. A chapter related 
to the stability theory of control systems is included, in which stress 
is also placed on the most general theorems, and particularly on 
the presentation of the essential contributions of V. M. Popov, 
corresponding member of the Academy of the Socialist Republic of 
Rumania. The last chapter takes up once again the problems of the 
stability and oscillation theories within the framework of delayed systems. 
In recent years, these problems have occupied an important place in the 
attention of mathematicians as well as of those working in the field of 
applications. In  the whole work a series of results obtained in the Socialist 
Republic of Rumania are included; the last chapter particularly represents 
a systematic and improved exposition of the author’s results in the 
theory of delayed systems. 

The  Notes at the end of each chapter are intended to indicate the 
sources which were consulted when writing this book or those whose 
ideas are developed in the work. A few exceptions have been made such 
as mentioning some fundamental ideas not included in the book 
since they required too extended a development. The  Bibliography 
is not complete, even in the limited sense mentioned above. 

THE AUTHOR 
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Introduction 

The foundations of the qualitative theory of differential equations are 
the general theorems of existence, uniqueness, and continuous depend- 
ence of the initial conditions and parameters. Therefore, we shall begin 
by recalling these general theorems and establishing on this occasion 
some lemmas which will be .encountered often in the following pages. 
The notation most frequently used will be described. 

1.1. Vector Representation of Systems of 
Differential Equations 

Let us consider a system of differential equations of the form 

dxi 
- = f J t ,  XI , ...) xn) (i = 1, 2, ..., n). 
dt 

We shall denote by x the column vector 

Ordinarily we shall use the Euclidean norm I x 1 = d x ;  + ... + x: . I n  
some cases it is also convenient to employ the equivalent norms 

when using these norms we shall mention it explicitly. 
The derivative of the vector x(t) is, by definition, the vector 

1 
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This is not merely a formal definition; it coincides with liml+lo [x(t) - 
x( t , ) ] / ( t  - to) the limit being defined by means of the norm introduced 
above. The  integral of the vector x(t) on [a,  61 is also, by definition, the 
vector 

This, too, is not a formal definition; one may obtain it by defining the 
integral in the usual way with the aid of the Riemann sums. 

Very often we will use the evaluation 

We have 

We denote 

Then 

On the other hand, 

Since Z,b; = I ,  

which proves the above inequality 
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1.2. The Existence Theorem 

In  the vectorial notations introduced above, the system of differential 
equations will be written 

ax 
at 
- = f ( t ,  x). 

We shall assume in what follows that f is continuous in a domain 
D C Rn+l. 

Definition. A function 9 defined and continuous on an interval I of 
the real axis (with values in Rn) is called an €-solution of system (1) on I ;f: 

(a) ( t ,  p(t)) E D for t E I .  
(b) p has a continuous derivative on I with the exception at most of a 

finite number of points f rom I .  
(c) ( (dp jd t )  - f [t ,  g,(t)]l < E ,  in those points where dy /d t  exists and is 

continuous. 

Lemma 1.1. Let D : I t - t,, 1 < a,  I x - xo 1 < b, M = maxi f ( t ,  x)I, 
a = min(a, b / M ) .  Then fo r  any E > 0 there exists a E-solution of system 
(1) in 1 t - to I < a such that p ( to )  = x,, . 

Since f is continuous on the compact set D, it is uniformly 
continuous; hence for E > 0, there exists a a(€) > 0 such that 
I f ( t ,  x) - f(f, x")l < E for ( t ,  x) E D ,  (i, x") E D ,  1 t - t" 1 < a(€), 
I x - x" I < a(€). Let us consider a division of the interval [ to ,  to + a] by 
means of points to < t ,  < t ,  ..- < t, = t,, + 01 such that 

Proof. 

We define the function g, on [to,  to + a] through the relations p(t,,) = x,, , 

function thus defined is continuous, differentiable in the interior of 
intervals (tk , t k f l ) .  In  addition, I p ( t )  - p(tl)l < MI t - t" I. For 
t E ( tkv1 , tk)  it follows that t - tk-l < a(€) and 1 p(t) - p(tlc-l)l < a(€). 
Hence 

d t )  = $44-1) + f [t,-1 > dtrc-l)l(t - tk-1) for t/c-1 < t < t 1 C  . The 

and therefore p is a E-solution. The  <-solution is constructed in the same 
way in the interval [to - a,  t o ] .  
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Theorem 1.1. Let D : 1 t - to j < a,  1 x - xo 1 < b, M = maxD I f ( t ,  x)I, 
a = min(a, b /M) .  Then there exists in I t - to I < 01 a solution 9 of system 

Let E ,  > 0, E , + ~  < E,, limn+m E ,  = 0; for each E ,  there 
exists, on the basis of Lemma I. 1 ,  an €,-solution yn defined on I t - to I < a 
and such that p,(to) = xo; in addition, 1 9,(t) - p,(f)) < MI t - i 1. It 
follows that the functions 9, are uniformly bounded and equally con- 
tinuous on I t - to I < a ;  hence on the basis of the theorem of ArzelA 
(Ascoli), there exists a subsequence vn, uniformly convergent on 
I t - tn I < a toward a function 9. This function is continuous, and, in 
addition, I v ( t )  - ~ ( f )  < MI t - i 1 .  

Let d,(t) = (dp,/dt) - f [ t ,  91n(t)] in the points in which p, is 
differentiable and d,(t)  = 0 in the points in which 9, is not differentiable. 
We have 

( 1 )  with v ( to)  = x0 . 
Proof. 

544 = xo + Jt [fh Y n ( 4  + 4 J ) l d S  4(t) I  < E n .  
10 

Sincef [t ,  rpnk(t)] converges uniformly in 1 t ~ to 1 < a tof [t ,  cp(t)] and 
d,* tends uniformly to zero, it is possible to pass to the limit under the 
integration sign, and it follows that 

Sincefis continuous, it follows that 9 is differentiable in I t - to I < 01 

and +(t) = f [ t ,  ~ ( t ) ] .  The theorem is thus proved. 

1.3. Differential Inequalities 

Before passing to  further theorems of uniqueness and continuous 
dependence of the initial conditions, we shall establish some lemmas 
which are interesting in themselves. 

Lemma 1.2. Let be a real function defined for to < t < to + a ;  

we denote 
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Proof. Let us consider the set of values t from [ t o ,  to + a) ,  where 
p(t)  >$(t); this set does not contain to in conformity with the hypothesis. 
If it is not void, let 5 be its lower bound. 

such that 

Hence 
d t )  - P(E) > #( t )  - 3(5), 

and thus p( t )  > $(t) ,  which comes into contradiction with the definition 
of 5‘ as lower bound. The  set considered is therefore void and the lemma 
is proved. 

Lemma 1.3. Let f be continuous for I t - to I < a, I y - y o  I < b. 
Let 111 = maxi f ( t , y ) l ,  01 = min(a, b/M),  P < 01. Then there exists 

a solution y ( t )  of the equation y’ = f ( t ,  y )  defined in [to , to + P] such that 
y(to) = yo and with the property that i f z ( t )  is a solution of the equation with 
z(to) = yo  it follows that x(t) < y ( t )  on [to , to + 81. 

There exists an c0 > 0 such that if 0 < E < e o ,  the equation 
y’ = f ( t ,  y )  + E admits a solution in [ t o ,  to + 81. Let E ,  > 0, 

< 6 ,  < so ,  limnim E, = 0, and yn  be a monotone-decreasing 
sequence tending to y o .  If yn(t)  is the solution of the equation y’ = 

f ( t ,  y )  + E ,  , with y,(to) = yn  , it follows on the ground of Lemma 1.2 
that 4 t )  < yn+l(t) < ~ n ( t )  in [to 7 to + PI. 

Proof. 

I t  follows that for any t E [ t o ,  to + P]  we have 

lim Y 4 t )  = r(4; 
n i m  

hence 
n+m lim [fft? m(9) + En1 = f t t ,  At>>, 

and thus 

Y X t )  +f(4 Y ( t D  

Since the sequence y,(t) is monotone-decreasing, the functions yn( t )  
are uniformly bounded; since the sequence yk( t )  of the derivates is 
uniformly bounded, the functions yn(t)  are equicontinuous. But then, on 
the ground of Arzelh’s theorem, the sequence y,(t) is uniformly con- 
vergent in [to , to + PI, and y ( t )  is a solution of the equation y’ = f ( t ,  y ) .  

Since yn  --f y o  , it follows that y(to) = y o  . Let z ( t )  be a solution with 
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z(to) = y o  . We have for all n, on the ground of Lemma 1.2, z ( t )  < yn(t)  
for t E [ t o ,  to + 83. For n -+ 00, we get z(t)  < y ( t )  in [ t o ,  to + 131, 
and the lemma is proved. 

Lemma 1.4. Let f be continuous for  1 t - to I < a, 1 y  yo 1 < b, 
M = max I f ( t , y ) l ,  01 = min(a, b/M) ,  y ( t )  the solution whose existence 
is asserted by Lemma 1.3, and w ( t )  a dzgerentiable function on [ t o ,  to + /3] 
such that h’ ( t )  < f [t, w ( t ) ] ,  w(to)  < y(t,). Then w(t) < y ( t )  in [ t o ,  

E ,  = 0, and let yn  be a monoton- 

to + 131. 
Proof. Let E ,  > 0, E , + ~  < E ,  , 

ically decreasing sequence tending toward y(t,). We have 

~ ’ ( t )  < f [ t ,  4 t ) l  < f [ t ,  w(t)l + E n   to) <  to) < 3/n; 

hence on the ground of Lemma 1.2, w(t) < y,(t) in [ t o ,  to + /3). There- 
fore for n + 00 it follows that w ( t )  < y ( t )  in [ t o ,  to + PI. 

Lemma 1.5. The equation 

Y’ = 4t)Y + &). 

where a(t) and b(t) are continuous on 1 t - to 1 < 01, has in this interval 
the solution 

and this solution is the unique solution for  which y(to) = y o  . 
T h e  fact that y ( t )  is a solution is immediately checked through 

differentiation. Let us show that the solution is unique. Let 9(t) be 
another solution with jj(to) = y o ,  z ( t )  = P(t) - y( t ) .  It follows that 
z(to) = 0 and z’(t) = a(t)z(t);  hence z ( t )  = J t ,  a(s)z(s)ds. Therefore, 
I z(t)l < M Jt, 1 z(s)i ds. If there exists t ,  > to such that $: 1 z(s)l ds = 0, 
then z(s) = 0 for to < t < t ,  and we take t ,  instead of t o .  We suppose 
then that for t > to we have J:, 1 z(s)l ds # 0. 

Proof. 

t 

1 

1 
Let v( t )  = Jt, I z(s)l ds. We have v’(t)/v(t) < M ;  hence 

and thus In v(t) - In v ( f )  < M ( t  - t)  for to < t < t .  Thus, finally, 
In v(t)  < In v(Z) + M(t  - f). However, for t+ to we have In v(f) + -a, 
since v(to) = 0. The  inequality is contradictory, hence z( t )  = 0. 
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Lemma I .6. Let v, 4, x be realfunctions deJined in [a, b] and continuous, 
X ( t )  > 0. W e  suppose that on [a,  b] we have the inequality 

d t )  G YXt) + st x(s)dsP. 
Then 

This equation admits in [a,  b] the unique solution 

which verifies the condition .(a) = 0. On the basis of Lemma 1.4 it 
follows that R(t) \< z( t )  on [a, b ] ;  hence p)(t) \< $(t)  + R(t) < +(t) -+ x ( t ) ,  
and the lemma is proved. 

Proof. We have, with the above notations, 
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Hence 

Consequence 2. If a,b is constant, from 

follows 

1.4. The Uniqueness Theorem 

Lemma 1.7. Let f be dejined in D E Rnfl and I f ( t ,  xl) - f ( t ,  x,)l < 

Let y1 , y 2  , be, respectively, el- and €,-solutions of equation (1) on ( a ,  b) ,  
44 I x1 - x2 I. 

such that’for to E ( a ,  b )  we have I yi(to)l - y2( to ) ]  < 8. Then 

Proof. We suppose to < t < b; in the interval [a ,  to] the proof is 
carried out in the same way. We have 

I @1(4 - f [ S 7  Vl(S)ll < €1 I I g i Z ( 4  -fk VZ(S111 < €2 

with the exception of a finite number of points. It follows that 

and thus 
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Hence 

9 

or 

We apply Lemma 1.6 (Consequence l ) ,  taking rp = 1 yl(t) - v2(t)/ ,  

4 = (€1 + E Z ) ( t  - t o )  + I %(to) - %(tO)I! x = w. 
We get 

and the lemma is proved. 

Theorem 1.2. If 

in D C Rnfl and q1 , cp2 are two solutions of system (1) with vl(t,) = v,(to), 
then ql(t) = v2(t) in the interval ( a ,  b )  in which these solutions are defined. 

Proof. = 0,  and we get 

Theorem 1.1 shows that the solution of system (1) exists in a neigh- 
borhood of the initial point. An important problem is the extension of the 
solution on as large an interval as possible. Let y ( t )  be a solution of 
equation (1) defined in ( a ,  b). Theu 

In Lemma 1.7 we may take 6 = 0, = 

1 vdt) - v2(9 = 0. 

d t )  = d t o )  + It . f h  ds)lds. 
t 0  

If a < t ,  < t ,  < b, it follows that I p)(Q - v(t2)[ d J: I f (s ,  cpfs))] ds < 
M(t2  - tl); hence lim,,,,,,,, p)(t) and hn,,b,l<b p)(t) exist. If the point 
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(b ,  q ( b  - 0)) is in D, the function + defined through +(t)  = p(t) for 
t E (a, b),  +(b) = p(b - 0) is a solution of the system in (a, b);  this 
solution may be extended for t > b, by taking b as the initial point and 
F ( b  - 0) as the initial value. From this it follows that a solution may be 
extended as long as it does not leave D. 

1.5. Theorems of Continuity and Differentiability 
with Respect to  Initial Conditions 

In  what follows we shall denote by ~ ( t ;  to , xo) the solution of system (1) 
which for t = to takes the value x, . 

Theorem 1.3. I f  1 f ( t ,  xl) - f ( t ,  x2)l < K ( t )  1 x1 - x2 I in D, then 
fY0rn x, + xo fozzows x(t; t o ,  x,) -+ x ( t ;  t o ,  xo). 

Proof. We have 

It follows that for t t o ,  

I x ( t ;  t o  9 x,) - x( t ;  t o  , x0)l 

and the theorem is proved. 

Remark. I t  follows from the proof that the convergence is uniform 
with respect to t on any interval [a, b] on which the solutions are defined. 
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Let us assume now that f ( t ,  x )  is differentiable in D, for t E I. That  
means that for any xo E D, t E I ,  we have the relation 

Let us consider now a solution x(t;  to , xo) lying in D for t E I .  

Theorem 1.4. I f f  is dzfferentiable in D for  t E I ,  and x ( t ;  t o ,  x,,) 
is in D for  t E I ,  then x ( t ;  t,, , x,,) is differentiable with respect to xo and 
ax(t; t o ,  xo)/axo is a fundamental matrix of solutions of the linear system 

called the variational system corresponding to the solution x(t; to , xo). 

Let x1 be such that the solution x ( t ;  t o ,  q) is in D for all 
t E I .  Let Y(t,  to) be a fundamental matrix of the variational system, 
i.e., a matrix whose columns are solutions of the variational system such 
that Y(t, , to) = E,  E being the unity matrix. Then Y(t, t,,)(xl - xo) 
will be a solution of the variational system which for t = to coincides 
with x1 - xo . 

Proof. 

We have the relations 

# 

x(t;  t o ,  xo) = xo + f [ S ,  4 s ;  to , XO)ldS, Jl 

It  follows that 
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Taking into account the hypothesis on the differentiability of the function 
f, we deduce 

On the basis of the relation in the proof of Theorem 1.3, it follows 
that 

hence 

Thus on the basis of Lemma 1.6, 

I x ( t ;  t o ,  x1) - x ( t ;  t o ,  xo) - Y(t,  to)@, - x0)l = .(I x1 - xo I), 

which proves the theorem. 

with respect to to and, generally, with respect to parameters. 
Analogously, we can prove a theorem concerning the differentiability 

NOTES 

For the general theory of differential equations see [ l ]  and [2]. In  a 
form analogous to that presented here, this general theory may be found 
in [3-61. Questions related to the differential inequalities are discussed 
in 171. 



C H A P T E R  I 

Stabilip Theory 

The  general theorem (1.3) on continuous dependence of initial 
conditions shows that the problem of determining the solution through 
initial conditions is correct; it has a physical sense. 

Indeed, practically, the initial conditions are determined by means of 
measurements, and every measurement can be only approximate. 
The  continuity with respect to initial conditions expresses precisely the 
fact that these errors of measurement do not affect the solution too 
seriously, and Lemma 1.7 shows that they also do not affect the approxi- 
mate solutions too seriously. In  other words, if an admissible error E is 
given for the solution, there exists 6 > 0 such that if when establishing 
the initial conditions the error is smaller than 6, we may be sure that the 
error in every ~/2-solution determined by this initial condition is smaller 
than E. 

It must be stressed that this property is set up  on a finite interval 
(a, b)  of variation of t ;  6 depends upon the size of this interval and 
decreases when the size of the interval increases. It follows that a solution 
will have a physical character in reality only if for sufficiently large 
intervals 6 is sufficiently large, of the order of the errors of measurement. 
This can be achieved by requiring that 6 shall not depend upon the size of 
the considered interval. We thus reach the notion of stability in the sense 
of Lyapunov. 

Another way to attain this notion is the following. We consider the 
solution of a system which describes a certain phenomenon. Let us 
suppose that perturbations of short duration have occurred during the 
development of the phenomenon which cannot be exactly known and 
hence cannot be taken into account in the mathematical description of 
the phenomenon. After the stopping of the action of these perturbations, 
the phenomenon will be described by the same system of differential 
equations as before their occurrence. But what has happened? The  
phenomenon was modified under the influence of the perturbations; 
hence the value corresponding to the moment when the perturbations 
have stopped their action will be different from the one given by the 
solution initially considered. It follows that after the stopping of the 
perturbations’ action, the phenomenon will be described by a solution 

13 
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other than the initial one. In  other words, the effect of some perturbations 
of short duration consists in the passing from a solution with certain 
initial conditions to  a solution with other initial conditions, the initial 
moment being considered the moment when the perturbations stop their 
action. Since these kinds of perturbations are neglected in every mathe- 
matical model of natural phenomena, it is necessary, to correctly describe 
the phenomenon and confer a physical sense upon the mathematical 
solution, that slight modifications of the initial conditions should not have 
too serious effects on the solution. This condition is always assured on a 
given interval ( a ,  b )  by the theorem of continuity with respect to initial 
conditions. The  same reasoning as before lets us consider as necessary 
the independence of 6 with respect to the size of the interval and leads us 
therefore to the notion of stability of the solution. 

1.1. Theorems on Stability and Uniform Stability 

We shall now be concerned with the precise definition of stability. Let 
us consider the system 

and let Z(t) be a solution of the system defined for t 3 to . 

Definition. W e  will say that the solution Z(t)  is stable if for every E > 0 
there exists a(€; to )  such that if 1 Z(to) - xo 1 < 6 there follows I Z(t) - 
x( t ;  t o ,  xo)l < E for t 3 t o .  

There are circumstances in which not all the solutions of a system of 
differential equations have a physical sense. I t  is obvious that in such 
cases we are not interested that all the solutions whose initial conditions 
are close to those of solution Z(t) remain in the neighborhood of this 
solution; it is sufficient that this property occurs only for the solutions 
having a physical sense. We thus reach the following specification of the 
notion of stability. 

Definition. W e  will say that the solution x"(t) is stable with respect to a 
set M of solutions if for every E > 0 there exists a(€; to) such that if 
I xo - %(to)/  < 6 and the solution x ( t ;  to , xo) belongs to the set M ,  then 
I x ( t ;  t o ,  xo) - Z(t)I < E for t 3 t o .  

If x"(t) is the solution whose stability we are studying (we stress on this 
occasion that we always deal with the stability of a certain solution, 
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which we suppose to be known), by the change of variablesy = x - x”(t) 
we can always reduce the problem to the study of stability of the solution 
y = 0. Indeed, we obtain 

and the new system dy/dt  = F ( t ,  y )  admits the solution y = 0, corre- 
sponding to the solution x = x”(t). The  condition I x”(t,,) - x,, I < 6 is 
now 1 yo 1 < 6 and I x ( t ;  t o ,  x,,) - x”(t)l < E is now j y ( t ;  t o ,  yo)l < E .  

Lyapunov has called the system obtained in this way the system of 
equations of the perturbed movement; the sense of this denomination 
resides in the fact that the new unknowns y actually represent the 
perturbations suffered by the movement x”(t). By passing to the system 
of equations of the perturbed movement, we can say that the stability 
of the movement is reduced to the study of equilibrium stability. 

In  all that follows we shall consider only the problem of the stability 
of the trivial solution x == 0. 

Theorem 1.1. Assume that there exists a function V ( t ,  x), deJined for  
t >, 0, I x 1 < 6, , continuous and with the following properties: 

(a) V(t ,  0) = 0. 
(b) V(t,  x) 3 a( [ x I ) ,  where a(r)  is  continuous, monotonically increasing, 

(c) V*(t)  = V ( t ,  x ( t ) )  is monotonically decreasing for  all solutions x ( t )  

Then the solution x = 0 of the system is  stable. 

Proof. 

and a(0)  = 0. 

of system (1) with 1 x(t,,)l < 6, . 

Let E be a given number, 0 < E < a,,, and a(€; to) chosen such 
that 1 x,, I < 6 implies V(t,,, x,,) < a(.); such a choice is possible, since 
V( to ,  0) = 0 and V(to , x) is continuous. 

Let x,, be a point with 1 x,, I < 6;  consider the solution x ( t ;  t , ,  x,,). 
T h e  function V * ( t )  = V ( t ,  x ( t ;  t,, , x,,)) is by hypothesis monotonically 
decreasing; hence 

v*(t) < v(to) = v(to 1 %(to ;  t o  xo)) = V(to ,  ~0). 

It follows that 

41 4 t ;  tn 7 xo)l) < v(tJ x(t;  t o  9 xn)) < v(to 3 20) < a(€). 

Since a(r)  is monotone-decreasing, it follows from here that I x ( t ;  
t o ,  x,)l < E for every t 3 t,,; hence the solution remains in I x I < a,, 
where V is defined, and the theorem is proved. 
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Remarks. 
and we have 

1. If V is differentiable, the function V * ( t )  is differentiable 

since x is the solution of the system of differential equations. 
T h e  function 

is called the total derivative of the function Vwith respect to  the system. 
Condition (c) of the theorem is evidently satisfied if V is differentiable 
and W ( t ,  x) < 0. 

2. The stability of the trivial solution obviously implies that the 
solutions with initial conditions in a neighborhood of x = 0 are defined 
for every t 3 t o ,  since the fact that I x( t ;  t o ,  x,)j < c assures the 
possibility of extension, the solution remaining in the domain in which 
the conditions of the existence theorem are fulfilled. 

3. Let us analyze the theorem if we only want to obtain the stability 
with respect to a manifold M of solutions. It is sufficient to  require 
that V ( t ,  x ( t ) )  3 a(/ x( t ) l )  and V ( t ,  x ( t ) )  be monotone-decreasing only for 
solutions x( t )  belonging to the manifold M of solutions; we may also 
assume that the function V ( t ,  x )  is defined only in points ( t ,  x) on the 
graphs of the solutions in M and is continuous only in these points. The  
theorem will be formulated as follows. 

Suppose that there exists a function V ( t ,  x ) ,  dejined and continuous on the 
intersection of ( t  3 0, I x j < So) with the union of the graphs of solutions 
in M ,  with the properties V ( t ,  0 )  = 0, V ( t ,  x ( t ) )  3 a(\ x(t)i) ,  V ( t ,  x ( t ) )  
monotone-decreasing for every solution x ( t )  of M .  Then the trivial solution 
of the system is stable with respect to M .  

The  notion of stability defined above has the disadvantage of depending 
on the initial moment to; the value S of the permissible initial deviations 
depends not only on the deviation permissible for the solution, but also 
on the initial moment. Or, if we return to the problem of perturbations 
with an action of short duration, it is obvious that such perturbations 
may occur in different moments of the development of the phenomenon, 
and these moments (more exactly the moments when the perturbative 
action stops) are precisely considered as initial moments. Hence, to 
confer a greater physical value to the notion of stability introduced, it 
is desirable that the initial admissible perturbations which have no 
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detrimental effect do not depend upon the initial moment. Thus we 
reach the notion of uniform stability. 

Definition. The trivial solution x = 0 is said to be uniformly stable 
if for every E > 0 there exists a(€) > 0 such that i f  1 x, I < 6 it follows 
that I x ( t ;  to , x,)l < E for t 3 to , whichever be to . 

The difference with respect to the preceding case considered consists in 
the independence of 6 ( ~ )  from t o .  

Theorem 1 .I'. Assume that there exists a function V(t, x) dejined and 
continuous fo r  t 0, I x I_ '< 6, , with the followingproperties: 

(a) V ( t ,  0) = 0. 
(b) a( 1 x I )  < V(t ,  x) < b( I x I), a(.) and b(r) being continuous, monotone- 

(c) V*(t) = V(t,  x ( t ) )  is  monotone-decreasing for every solution x( t )  

Then the solution x = 0 is uniformly stable. 
The corresponding statement for uniform stability relative to a 

Proof. Let 0 < E < 6, and 6 = b-'[a(.)]; let x, with 1 x, I < 6. 
Consider the solution x( t ;  to , x,). The  function V*(t) = V[t ,  x(t;  to , x,)] 
is monotone-decreasing; hence 

increasing, and a(0)  = b(0)  = 0. 

of the system with 1 x(t)l < 6, . 

manifold M of solutions is obvious. 

V*(t) < V*(t,> = V[t,  9 d t , ;  t o ,  .O)l = V(t0 9 xo) < b( /  xo I) < 4 6 )  

= @-l(a(c))] = ~ ( 6 ) .  

It follows that 

.(I x ( t ;  t o ,  ~ 0 ) l )  < V*(t)  < a(.); 

1 x(f; t o ,  xo)l < E for t 3 t o .  

hence 

Theorem 1.2. If the trivial solution of the system is uniformly stable, 
there exists a function V(t ,  x) with the properties of the preceding theorem. 

Put V(t ,  x) = supu2, I x(t  + a; t ,  .)I. The  function V(t,  x) 
is defined for t 3 0, 1 x I < 6, = sup S(E). From 

Proof. 

I 4 t  + 0; t ,  .>I < 4 x I), 

where ~ ( 6 )  is the inverse function of the function S ( E )  (which may 
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be chosen continuous and monotone-increasing), it follows that 
V(t ,  x )  < E (  I x I). Further on, 

sup I x( t  + 0; t ,  x)l B 1 x ( t ;  t ,  .)I = I x I; 

V( t ,  .) B I x I. 

030 

hence 

Finally, let 

V*( t )  = V[t, x ( t ;  t o ,  xo)] = sup I x( t  + a; t ,  x ( t ;  to , xo))l 
o>o 

= sup I x( t  + 0; t o ,  XJl. 
020 

Let t ,  > t ,  , d = t ,  - t ,  . We have 

V*(t,) = 

hence V*(t) is monotone-decreasing. The  .heorem is proved. 
Let us consider now a system of the form 

- = X ( t ,  x,y) ,  - dy - - Y(t ,  X , Y ) ,  
dx 
dt dt 

where X and Y are defined for t 3 t o ,  1 x 1 < H ,  y arbitrary (x ,  y 
vectors), X ( t ,  0, 0) = 0, Y(t, 0, 0 )  = 0. 

Definition. The solution x = 0, y = 0 of the system is said to be 
stable with respect to components x if for  all E > 0 there exists 6 > 0 
(depending on E and to , and in the case of uniform stability only on E )  such 
that, if I xo 1 + 1 yo I < 6 it follows that I x( t ;  t o ,  xo , yo)l < E for  t >, t o .  

Theorem 1.1". Suppose that there exists a function V(t, x, y )  deJined 
for t >, to , I x 1 < H ,  y arbitrary, with the following properties: 

1. V ( t ,  0,  0 )  = 0, V ( t ,  x, y )  continuous for  x = 0, y = 0. 
2. V(t ,  x ,  y )  >, a( 1 x 1 )  with a ( r )  continuous, monotone-increasing, 

3. V [ t ,  x(t) ,  y( t )]  is  monotone-decreasing for  every solution x ( t ) ,  y ( t )  of 
a(0 )  = 0. 

the system with I x(t)l < H .  
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Then the trivial solution of system ( 2 )  is stable with respect to components 
x. I f ,  in addition, V(t ,  x, y )  < b( /  x 1 + I y I), where b(r) is as in Theorem 
1.1 I ,  then the stability is untform. 

Proof. Let E > 0, S > 0 chosen such that V ( t o ,  xo,  yo)  < a(€) ,  
if I xo I + I yo 1 < 6; if Y(t, x, y )  < b(l x 1 + 1 y I), we take S = b- '[a(~)] .  

Consider the solution x( t ;  to , xo , yo), y( t ;  to , xo , yo)  and the function 
V*(t)  = V[t ,  x ( t ;  t, , x,, , yo), y ( t ;  t o ,  xo , yo)] which is, by hypothesis, 
monotone-decreasing. It follows that 

.(I x ( t ;  t o ,  xo , yo) l )  < V*(t) < V*(t,) = V(t0 , xo ,yo) < a(.); 

hence 
I x ( t ;  t o ,  xo ,Yo>l  < 6 (for t 2 t o ) .  

Theorem 1.2'. If the solution x = 0, y = 0 of system (2 )  is uniformly 
stable with respect to the components x, there exists a function V(t ,  x, y )  
with all the properties of the preceding theorem. 

Proof. We take V(t,  x, y )  = sup,2o j x ( t  + o; t ,  x, y)l. Obviously, 

V t ,  .,Y) < .(I 3 I + I Y I) and V(t,  x, Y )  2 I x I. 

Further, 

= sup I 
030 

hence V*(t) is monotone-decreasing. 

Let us emphasize some particularities of the systems which are 
periodic with respect to t. In  system (1) let f ( t  + w ,  x) = f ( t ,  x). Then, 
if x ( t ;  t ,  , xo) is a solution, x(t + w ;  to , xo) is also a solution. From here, if 
system (1) satisfies the conditions of the uniqueness theorem, it follows 
that 

x(t + w ;  t o  + w ,  xo) = X(C t o  * xo), 
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since in both members of the equality we have solutions of system ( l ) ,  
and these solutions coincide for t = to . 

Proposition 1. I f  f ( t  + w ,  x) = f ( t ,  x), the stability of the trivial 

Proof. 
Let 6 = infoGluGw 6,(t0); 6 ,  > 0, since 6,(t0) may be chosen continuous. 

solution of system (1) is always unqorm. 

For fixed t o ,  let So(to) = sup,,o a(€, to). 

For 0 < 6 < 6 ,  define 

The  function ~ ( 6 )  is monotone-increasing; let S(E) be its inverse. 
For 1 xo 1 < a(€) it follows that 1 x ( t ;  t o ,  xo)l < E for every 0 < to < w .  
For to > 0 arbitrary, we have kw < to < (k + 1)w; hence 0 < to - 
kw < w and 1 x( t ;  to , xo)l = I x( t  - kw, to - kw, xo)l < ~ ( 6 )  if I x, I < 6; 
hence I x( t ;  t o ,  xo)l < E if I xo I < a(€). 

Proposition 2. If f ( t  + w ,  x) = f ( t ,  x), the function V(t ,  x) from 
Theorem 1.2’ is periodic of period w .  

Proof. We have V ( t  + w ,  x) = sup,>, 1 x(t + w + a; t + w ,  x)\ = 

A particular case of periodic systems is constituted by systems in which 
f does not depend on t. It follows that for such systems the stability 
is always uniform and the function V may be chosen independent of t .  

SUP,>O I x ( t  + a; t ,  .>I = V(t,  4- 

Definition. A solution x ( t )  of system (1) is said to be unstable if it is 

Now let us formulate a theorem which allows to recognize the insta- 
not stable. 

bility of the trivial solution x = 0. 

Theorem 1.3. If there exists a function V ( t ,  x) with the properties 

1. I V ( t ,  x)I < b(l x I), where b(r) is monotone-increasing and continuous, 
2. For every 6 > 0 and every to > 0 there exists xo with I xo I < 6 

3. 
wch that Y( to  , xo) < 0, 

where ~ ( r )  is monotone-increasing and continuous, c(0) = 0, then the 
solution x = 0 of the system is unstable. 
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Proof. Let us suppose that the solution is stable. Then for every E > 0 
and to > 0 there exists S(e, to) > 0 such that 1 x, 1 < 6 implies that 
I ~ ( t ;  t o ,  xo)l < E for t 2 t o .  Choose xo such that I xo I < 6 and 

From I xo I < 6 it follows.that I x ( t ;  t o ,  xo)l < E; hence 1 Y(t, x ( t ;  

t o ,  xo)l < b( lx ( t ;  t o ,  x0)l) < b(e )  for every t 2 t o .  From condition 3 
it follows that V(t, x ( t ;  t o ,  xo)) is monotone-decreasing; hence for every 
t 2 to it follows that Y(t, x ( t ;  to, xo)) < Y ( t o ,  xo) < 0; hence I Y(t, x ( t ;  
to %))I 2 I V ( ~ O  , xo)l; hence b(l x ( t ;  to , xo)l) 3 I Y(to,  xo)l; hence 
1 x ( t ;  t o ,  xo)l >, b-l(l Y ( t o ,  xo)l). From condition 3 it follows that 

V(t0 , xo) < 0. 

hence 

which contradicts the fact that 

I v(t, ~ ( t ;  t o  , xo))l < b ( ~ ) .  

Remark. Analyzing the proof, it is obvious that the existence of a 
function Y with the properties of the statement implies a very strong 
instability: for every E > 0, every to > 0, and every 6 > 0 there exists 
xo with xo 1 -=c 6 and T > to such that I x( T ;  to , x,)] 3 E. 

1.2. Asymptotic Stability 

Very often it is not sufficient merely that perturbations of short 
duration do not lead to large changes in the solution. We may also require 
that the effect of these perturbations be damped down, that they disappear 
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after a sufficiently large interval of variation of t. Thus we come to the 
notion of asymptotic stability, which we shall define in what follows. 

Definition. The solution x = 0 is  said to be asymptotically stable ifit is 
stable and, in addition, there exists a 6,(t0) > 0 with the property that if 

lim x ( t ;  t ,  , x,) = 0. 
1 xo I < a,, then 

t i w  

The solution x = 0 is  said to be uniformly asymptotically stable if there 
exists a So > 0 and functions 6 ( ~ )  and T (E)  with the property that I xo I < 6 
implies I x ( t ;  t o ,  xo)i < E for  t 3 t o ,  and I xo 1 < a,, t 3 to + T(E)  
implies 1 x ( t ;  to , xo)l < E .  

Uniform asymptotic stability means uniform stability and 1imt+= x ( t ;  
t o ,  xo) = 0 uniformly with respect to to and xo(to 2 0, I xo I < So). 

Proposition. If i f ( t ,  xl) - f ( t ,  x2)I < k(t) I x1 - x2 I in t 3 0, 1 x 1 < H ,  
and J:o K(s)ds = O(t - to), then the existence of the function T(E)  is 
sufficient for uniform asymptotic stability. 

Indeed, let E > 0 and T(E)  be the corresponding value; we choose 
6 ( ~ )  such that 1 xo I < 6 implies 1 x ( t ;  t o ,  xo)l < E for to < t < to + T.  
Such a choice is possible on the grounds of Lemma 1.1 upon taking 
y1 = x ( t ;  t o ,  xo), yz = 0, €1 = €2 = 0. 

We have 

and hence 

taking into account the property imposed to k(u), it follows that 6 
depends only on E .  

Theorem 1.4. Suppose that there exists a function V(t ,  x) deJined for  
t 3 to , I x I 6 H continuous, and with the following properties: 

(a) V(t, 0) = 0. 
(b) V ( t ,  x) 3 a(1 x I), where a(0)  = 0 and is continuous and monotone- 

increasing. 

(c) 
V[ t  + h, x(t + h;  t o ,  %)I - V [ t ,  dt; t o  > %)I 

- < - c [ V ( t ,  x ( t ;  to , xo))], h lim sup 
h+n+ 

where c(r) is  continuous and monotone-increasing, c(0) = 0. 
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Then the solution x = 0 i s  asymptotically stable. 

Proof. On the basis of Theorem 1.1, the solution is stable. By 
hypothesis, V(t,  x ( t ;  t o ,  xo) is monotone-decreasing; hence the limit 

V - lim V[t,  x ( t ;  t o ,  xO)] 
O - t+m 

Integrating, we have 

Thus V[t ,  x ( t ;  t o ,  xo)] converges to -GO as t -+ co, which contradicts 
the fact that 

V t ,  4 t ;  to  I x0)l 2 41 x(t;  t o ,  xo)l). 

It follows that V ,  = 0; from V[t,  x ( t ;  t o ,  xo)] ---f 0, it follows that 
a(l x ( t ;  t o ,  xo)l) -+ 0, and thus that 1 x(t; t o ,  xo)l -+ 0 when t + GO. 

This proves the theorem. 

Remarks. 1. Consider the system 

!e = X(t ,  x,y), 9 = Y(t,  x, y) ,  X(t ,  0,O) = 0, Y(t,  0,O) = 0. 
dt dt 

Suppose that there exists a function V(t,  x ,  y )  continuous and with 
the properties V(t,  x, y )  >, .(I x I), V(t,  0,  0 )  = 0, 

where 

v.(t> = V [ t ,  x ( t ;  t o  1 Xo I yo), y(t;  t o  , xo , Yo)l. 

Then the solution x = 0, y = 0 is asymptotically stable with respect to 
components x. 
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Indeed, the proof develops as above. We deduce that 

lim V[t,  x ( t ;  to xo , YO), Y(C t o  , xo ,yo)] = 0, 
t+x 

and therefore that 
lim 41 4 t ;  t o  , xo 9 Y0)l) = 0, 
t+m 

and thus that 
lim ~ ( t ;  to , xo , yo) = 0. 
t h m  

2. It is easy to see that the definition of asymptotic stability, as well as 
the whole theorem, may be related to a manifold M of solutions. 

Theorem 1.5. 
following properties: 

Suppose that there exists a function V(t ,  x) with the 

.(I x I) < q t ,  .) < b(l x I), 

v[t + h, x( t  + h; t o  , x0)l - V [ t ,  x ( t ;  t o  9 x0)l < 
“( t ;  t o ,  xo)l). h 

lim sup - 
h-Of 

Then the trivial solution of the system is uniformly asymptotically stable. 

Proof. Let E > 0, 8 ( ~ )  < b - l [ a ( ~ ) ] ;  if I x I < 8 ( ~ )  we have 

41 4 t ;  t o  > XON) < V t ,  x( t ;  t o  7 4 1  < q t o  3 Jco) 

< 41 xo I) < b(6) < a(+ 

and thus I x( t ;  t o ,  xo)l < E for t 2 t o .  
Let I x I < H be the range in which the conditions of the statement 

are satisfied and define 8, = S(H), T(E)  = b(S , ) / c [8 (~) ] .  Let 1 xo I < 8,. 
Suppose that in [ t o ,  to + TI, we would have I x ( t ;  t o ,  xo)l 2 a(€). Then 

V t  + h; x ( t  + h; t o ,  x0)] - V[t; x ( t ;  t o ,  xo)] 
h < lim sup 

h-0 t 
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which is a contradiction. It follows that there exists a t, E [ t o ,  to + TI 
such that I x(t,; t o ,  xo)l < a(€), and that 1 x ( t ;  t o ,  xo)l < E for t t ,  , 
and therefore in every case for t >, to + T(E) .  

Remarks. 1. If 
lim a(.) = lim b(r),  
r+w r+m 

then 
lim8(E) = co, 
r+m 

and if the properties in the statement hold for all x, then it follows that 
So = oc). In  this case we say that we are concerned with global stability, 
or stability in the large. 

2. As above, it is obvious that if we are in the situation of remark 1 of 
the preceding theorem, and function V(t,  x, y )  verifies the conditions 

Vu(t + h) - Va(t) 
h 

lim sup 
h+O+ 

then uniform stability holds with respect to  the components x. Indeed 
it is shown, as in the proof of the theorem, that there exists a 
t ,  E [to , to + TI such that 

then everything follows from the property of &). 

3. The  evaluation of the numbers a(€), a, ,  T(c) is very important in 
practical problems. Let us remark that from the proof of the theorem 
it follows that if we have available a function V(t, x) and functions 
a(r),  b(r), ~ ( r ) ,  then we can take S ( E )  = b- ' [a(~)] ,  6, = 6 ( H ) .  When V is 
defined for every x, 6, = limr+m S ( E )  = b - l [ u ( ~ ) ] ,  T(r) = b(S, ) jc [S(~)] .  

Let us make now some remarks in connection with uniform asymptotic 
stability. 

1. I n  the definition of uniform asymptotic stability there enter 
functions 8 ( ~ )  and T(E).  Let us prove that these functions can be chosen 
continuous and monotone. 
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Proof. Let E, be a positive sequence, monotone, converging to zero, 
S1(e) = sup S(E,+~)  for < E < en; I xo I < a,(€) implies 1 x(t; 
t o ,  xo)i < E , + ~  < E for t 3 to . Define S*(E) linear in E,] and 
8*(%+1) = 81(%+2), a*(%) = %(%+l)* Since *1(%+1) d %(En) [%(En) 

having been defined as an upper bound of the set of numbers 6 with the 
property that I xo I < 6 implies I x( t ;  t o ,  xo)l < E,], and in addition 
S1(e,) -+ 0 when n -+ CO, it follows that S1(~,+l)  = &(en) only on finite 
parts of the sequence, which we can eliminate, with the result that 
S1(cn), and hence S*(E) be made strictly monotone-increasing. The  
function S*(E) will be continuous, strictly increasing, S*(O) = 0. The  
inequality I xo 1 < a*(€) implies that I xo I < a*(€,) = S1(~,+l)(~,+l  < 
E < en); hence I x( t ;  t o ,  xo)l < E , + ~  < E. Thus S*(E) has all the required 
properties. 

Analogously, let T,(E) = inf, T ( E , + ~ )  for E , + ~  < E < E,; then 
1 xo I < So and t 3 to + T,(E) implies 1 x(t; to , xo)l < E , + ~  < E. Define 
T*(E)  linear in E,] and T * ( E , + ~ )  = Tl (~ ,+2) ,  T*(E,) = Tl(~,+l). 
Since Tl(~,+l) 3 T1(e,) [TI(€,) having been defined as the lower bound 
of numbers T with the property that t 3 to + T implies I x(t; t o ,  xo)l 
< E , ,  and T1(entl) has this property], and limn+m T,(E,) = 00, the 
equality Tl(~,+l) = Tl(r,) may occur only on finite parts of the sequence, 
which we can eliminate. 

Thz  function T*(E) is monotone-decreasing, continuous, with 
T*(E)  = 00. Further, t 3 to + T*(E) implies t 3 to + T*(E,) = 

2. Let ~ ( 6 )  be the inverse of the function S(E) and q(T)  the inverse 
of the function T(7); we have 1 x(t;  t o ,  xo)l < ~ ( 1  xo I) for t 3 t o ,  
I x(t; t o ,  xo)l < ~ ( t  - to) for t 3 t o ,  I xo 1 < 6,. I t  follows that 1 x(t; 
t o ,  xO)l2 < €(I xo l)q(t - to) for I xo I < So , t 3 to . Consequently, 
uniform asymptotic stability is equivalent to the existence of two functions 
~ ( r )  and $( T) ,  the first monotone-increasing, the second monotone- 
decreasing, such that 

t o  + T1(%+1); hence I x(t; t o  9 x0)l < €,+I < E, if €,+I < E < E, - 

I X ( t ;  t o  7 x0)I < x(l xo lW(t - to) .  

3. If ~ ( r )  is linear and [ f(t, x)l < L(r) 1 x [ for 1 x I < r ,  the stability is 
exponential; namely, there exist constants a > 0 and f l  > 0 such that 

I ~ ( t ;  z ,  , xo)i < Be-a(t-to) [ xo 1 .  

Define the Lyapunov function 

t+T 

t 
V( t ,  x) = 1 1 X(T; t ,  .)I2 dT. 
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If I x I < rl , it follows that 

From this we deduce 

It follows that 
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We choose T sufficiently large so that $J( T )  < 1/2k, or k$J( T )  < 1/2. We 
obtain finally, 

d 
dt - V t ,  4 t ;  t o  7 xo)) < -g I x( t ,  t o  Y xo)l(l x(t + T<; t o  9 x0)l I- I x ( t ;  t o ,  x0)I) 

< -g I x(t ;  t o ,  xop. 

Exponential stability follows immediately from the existence of a 
function V(t ,  x) with the above properties. From 

V(t ,  x( t ;  t o  1 xo)) < P(T) I x ( t ;  t o  3 xo)? 

- I x(t; t o  7 x0)l2 < - 7- V[t, x ( t ;  t o ,  xo)], 

follows 
1 

P ( 1 )  

q t ,  x ( t ;  t o ,  xo)) < - __ q t ,  s(t; t o  1 xo)). 

and thus 
d 1 

2P(T) 

From this we obtain 

i.e., 

4. From what has just been proved, it follows that if f(t, x) is homo- 
geneous in x of first degree, then uniform asymptotic stability implies 
exponential stability. 

Indeed, if f ( t ,  x) is homogeneous in x of first degree, it follows that 
x ( t ;  t o ,  kx,) = kx( t ;  t o ,  xo). We have solutions of the equation for both 
members of the equality, and these solutions coincide for t = t o .  
Indeed, 

d d 
at dt 
- Kx(t; t o ,  xo) = k - x(t ;  t o  , xo) 
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It follows that 

29 

and thus 

which demonstrates that X(r) may be taken linear. 
Particularly, if f ( t ,  x )  = A(t)x,  the condition of homogeneity is 

fulfilled and we obtain the theorem of Persidski; uniform asymptotic 
stability implies, in linear systems, exponential stability. 

5.  Let us show that if f ( t ,  x )  is periodic in t with period w ,  f ( t  + w ,  

x) = f ( t ,  x), then asymptotic stability is always uniform. 

Uniform stability has already been emphasized. Let us take U ( T )  = 

sup 1 x(tO + u;  t o ,  xO)i for u 3 T ,  0 < to < w ,  I xo I < r .  The  function 
x(to + u ;  to , xO) is periodicin to and continuous. Hence U ( T )  is, in fact, an 
upper bound on the whole axis t o .  

Obviously, U ( T )  is monotone-decreasing; the function T(e) from the 
definition of uniform asymptotic stability is its inverse function. 

We shall now set down an existence theorem for Lyapunov's function 
in the case of uniform asymptotic stability. There exist at present many 
different means for constructing a Lyapunov function. Among these we 
shall choose the one recently given by Massera as being the most simple. 

Theorem 1.6. If the trivial solution of the system is uniformly asymptot- 
ically stable, there exists a function V ( t ,  x) with all the properties of 
Theorem 1.4. 

Proof. Let G(r) be such that G(0) = 0, G'(0) = 0, G(r) > 0, 
G"(r) > 0, and a > 1 .  We denoteg(r) = G"(r). Then 

G(r) = s : d u  r g ( v ) d v ,  G ( - ) = 1;" du sug(o)do,  
0 0 

Put u = w/a; we obtain 
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1 + U Q .  
0 2 0  l + u '  

V( t ,  X) = SUP G(l ~ ( t  + u; t ,  .)I) __ 

for a = 0 we obtain G(I x 1 ) ;  hence V(t,  x) 2 G(/ x I). Let ~ ( 6 )  be the 
inverse function of S ( E ) .  We have 

1 + au 
___ < a;  
l + u  

I x( t  + 0; t ,  .)I < €(I x I), G(I x ( t  + 0; t ,  .)I) < G(€(/ x I)), 

hence V(t ,  x) < aG[~(j  x I)]. 
For u 3 T ( E )  we have 1 x ( t  + a; t ,  x)I < E ;  hence if u 3 T ( ( l / a )  I x 1 )  

it follows that 1 x(t + a; t ,  x)i < ( l / a )  1 x I and thus that G(I x(t + a; 
4 .)I) < G(( l /a)  I x I )  
aG((l/a) I x I )  < G(/  x I )  d V(t,  4. 

and G(/  x ( t  + 0; 4 .)I) (1 + ..)/(I + 0) < 

We see then that 

Since the function is continuous, there exists a point a1 in which the upper 
bound is reached. We may therefore write 

Let x = x ( t ;  t o ,  x,,), x *  = x(t + h;  t ,  x). We have 

Denote a* + h = a. We have 

1 1 + ao ( a  - l)h 
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It follows that 

(a  - l ) h  
V(t + h, x*) < V(t ,  x) 1 - - [ (1 + a * ) ( l + 3 1  

( a  - l)hV(t, x) 
= V(t ,  x) - --_____ 

(1 + a*)(l + 4 
and that 

___ V(t  + h, x*) - V(t ,  x) <---- ( a  - l )W,  4 
h (1 + u*)(l + ma) 

We have 0 < (T* < T((l/a) I x I), 0 < (T < T((l/a) I x* I) + h;  hence 

From this it follows that 

We have used the facts that 

X*  = ~ ( t  + h;  t ,  X) = x( t  + h; t ,  ~ ( t ;  t o ,  x0)) = x ( t  + h;  t o ,  xu), 

V(t,  x) 3 G(I x I), limh+o I x* I = I x( t ;  t o ,  xo)l and that T ( E )  is contin- 

We have thus proved that V(t ,  x) verifies all the conditions of 
Theorem 1.4. Let us now study the regularity properties of V(t,  x). 

We shall suppose thatf(t, x) has the following property: 

uous. 

I .f(t? xl) - f ( t ,  xZ)l < Lh(t)l x1 - xZ I 

for every pair x1 and xz with 1 x1 [ < h, I x2 1 < h. On the basis of 
Lemma 1.7 it follows that for every pair of solutions x ( t ;  to , xl), x(t; to , x2) 
which stay in the region I x I < h we have 

We have previously seen that 
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Now let x1 and xz satisfy the bounds 1 x1 I < 6(h), I x, 1 < 6(h) so 
that the solutions x ( t ;  to , xl) and x ( t ;  t o ,  x,) remain in I x I < h. Define 
the quantities 

T1= T ( , l X l I j ,  T , =  T(;lx21j.  

We have 

where ro is between 1 x ( t  + al; t ,  .,)I and I x( t  + a,; t ,  xz)l; hence 

Since G’(r) is monotonous, we obtain G’(ro) < G’(h). I t  follows that 
0 < ro < h. 

Hence 

The  same computations yield the inequality 
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I V(4 x2) - V(t ,  41 < M(h,  t ,  r )  I x1 - x2 I 

for r < 1 x, I < S(h), r < I x2 j < S(h), t 3 0, where 

M(h; t ,  r )  = aG’(h) exp 
, j ; T ( ( l / o i r )  

Lds)ds] * 

If L, is constant, or if it has the property 1 f+yL~(s)ds 1 d K I u I ,  
then M does not depend on t. We shall make thfs assumption in what 
follows. We shall also suppose that h is fixed. 

By choosing G(r) such that 
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I t  follows from these relations that 

and thus that 

v(t, ~ 2 )  3 G(I x( t  + 01; t ,  ~ 2 ) l )  + aul 3 V( t ,  xl) - aAl x1 - x2 1 .  
1 + 01 

I t  follows therefore that in all cases we have 

V( t ,  x2) - V( t ,  xl) 2 -aA/ x1 - x2 I. 

By interchanging the roles of x1 and x2 , now we obtain 

V(t,  XI) - v(t, x2) 2 -A/ x1 - x2 I 

and thus the desired result 

V t ,  x,) - V( t ,  .z)I < aAl x1 - x2 I !  

if I xi I # 0. 
If x2 = 0, the first inequality (*) yields 0 < V(t ,  xl) < a A ]  x1 1 ;  

hence the relation obtained above holds in this case also. If x1 = x2 = 0, 
the relation is trivial. 

It remains to prove that we can choose G such that it verifies the 
required condition. T o  that end we may take 

We have G(0) = 0, G’(r) = Ae--KT((l/a)G(p)) > 0 , G’(0) = 0, since 
S(0) = 0 and T(0) = a. G’(r) is monotone-increasing, and thus G”(r) 
exists almost everywhere, and is positive. 

Finally, we may state 

Theorem 1.6’. Let the trivial solution of the system is uniformly 
asymptotically stable, 

If(t, xi) -f(t, ~ 2 ) l  < &(t)  I x1 - x2 I for I xi I < h, I x2 I < h, 

and 
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then there exists a function V ( t ,  x )  with the followingproperties: 

3. I V ( t ,  x1) - V ( t ,  x2)l < ibf I x1 - x2 I, 
f o r  I x1 I < V,), I x2 I < S(4J). 

This theorem will play an important role in what follows. We will 
deduce, on the bases of the theorem, a series of propositions which 
emphasize the importance o f  uniform asymptotic stability. 

Let us remark in concluding these considerations that if the trivial 
solution is globally uniformly asymptotically stable, then 8 ( ~ )  = co 
hence lim8+m ~ ( 6 )  = co. Since a(r)  = G(r), b(r) = a G ( ~ ( r ) ) ,  it follows 
that 

lim u(r) = lim b(r) = 00. 
T+a,  T’CO 

Likewise, iff is periodic with respect to t of period w ,  then V( t ,  x )  is 
periodic of period w and i f ,  in particular, f does not depend on t ,  then V 
does not depend on t .  These facts are established in the same way as in 
the case of uniform stability. 

We shall give another theorem which represents a weakening of the 
general theorem 1.5 in the case o f  systems which are periodic in t and 
independent o f t .  

Theorem 1.5’. Let f ( t ,  x )  beperiodicin t ,  withperiod w :  f ( t  + w ,  x) = 
f(t, x) .  If there exists n function V( t ,  x )  periodic with period w and with the 
following properties: 

(4 .(I x I) < V ( t ,  x )  < 41 x I), b(h0) < a(h,), h, < hl < h. 

(b) 
v[t + h, x(t + h;  t ,  x)] - v(t, x) 

h 

with the equality in (b) occurring only in the points of a set which does 
not contain whole semitrajectories, then the solution x = 0 is asymptotically 
stable and the sphere j x j < h, lies in the domain of attraction. 

Stability, and the fact that I x, 1 < h, implies j x( t ;  to , xo)i < h,, 
follows from 

for 1 x I < h. lim sup 
h-O+ 

Proof. 
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Suppose that there exists a trajectory and a positive number 7 such 
that 1 x ( t ;  t o ,  xo)/ > 7 for t > t o ,  1 xo I < h. Consider the function 
V*(t) = V(t ,  x(t; t o ,  x,,)). This function is monotone-decreasing; hence 
Vo = 1imt+= V*(t)  exists and V*(t) 2 Vo for t >, t o .  

dk)  I < h, 
it follows that a convergent subsequence can be extracted; let x$ be its 
limit; then x: # 0. We have 

Consider the sequence dk)  = x(t0 + kw; t o ,  xo); from 

lim V*(to + kw) = Vo , 
k - m  

V*(to + Kw) = V(to + Kw, dk) )  = V(to , x t k ) ) ,  

and thus 

lim V*(to + Kw) = V(to,  $). 
k-tm 

I t  follows that V( to ,  x t )  = Vo 

Consider the semitrajectory x(t; to , xz); since this trajectory cannot be 
wholly contained in YJl, the function V(t,  x ( t ;  t o ,  x:)) is not constant. 
Therefore there exists a t* > to such that V(t*, x(t*; t o ,  x0)) < 

For every y > 0 we have I x(t*; t o ,  x i )  - x( t* ;  t o ,  dk))l < y if 
V(t0 , xg*) = Vo . 

k > N(y);  hence 

lim V(t*, x ( t * ;  t o ,  dk) ) )  = V(t*; x ( t * ;  t , ,  x;)) < Vo . 
k+w 

But 

x ( t * ;  to , X ( k ) )  = x( t * ;  t o ,  X ( t 0  + Kw; t o ,  xo)) 

= x( t *  + Kw, to + kw, X ( t 0  + Kw; t o ,  xo)) = x(t*  + kw;  t o ,  xo) 

and 

V(t*, x) = V(t* + kw, x). 

Consequently, 

V(t*, x(t* ;  t o ,  X ( k ) ) )  = V(t* + Rw, x(t* + kw; t o ,  xo)) = v * ( t* + kw). 

I t  follows that 

lirn V(t*; .x(t*; t o ,  dk)’>) = Vo , 
h‘+m 

which is a contradiction. 
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The contradiction obtained above proves that for every trajectory 
with I x, 1 < h, and every T > 0 there exists a t ,  > t ,  such that 
I x(t,; t o ,  xo)i < 7. We choose 7 = S ( E ) ,  and deduce from 1 x(t,; t o ,  
xo)I < 8 ( ~ )  that j x ( t ;  t ,  , x( t ,  ; t o ,  x,))l < E .  From this follows 
j x ( t ;  t o ,  xo)I < E for t > t l ( c ) ,  and thus 

lim x(t ;  to , xo) = 0. 
thrn 

At the end of this paragraph we shall give some criteria of stability 
in which weaker conditions are required for Lyapunov functions. 
These are all based on the lemma concerning differential inequalities 
given in the Introduction. These criteria are due to C. Corduneanu. 

Theorem 1.5". Let w( t , y )  be a continuous function for t 3 0, 
0 < y < Y < 03, w(t ,  0 )  r= 0. Consider the equation 

3 = w( t , y )  
dt 

and suppose that through every point ( t o ,  yo), to 3 0, 0 < yo < Y there 
passes a unique solution. Let V( t ,  x) be a dzjferentiable function, for  t 3 0, 

1 x I < M ,  V ' ( t ,  x) = limb,, V ( t  + h, x + hf( t ,  x ) ) / h ;  suppose that 

V'(h x) < 4, v t ,  2)). 

1. I f  the solution y = 0 of equation (1') i s  stable and V(t ,  x) 3 a ( /  x I), 
the solution x = 0 of system ( 1 )  i s  likewise stable. 

2. I f  the solution y = 0 of equation ( 1 ') is  uniformly stablg and a( I x I) < 
V ( t ,  x) < b(I x I), the solution x = 0 of system (1) is  likewise uniformly 
stable. 

3.  I f  the solution y = 0 of equation (1) is asymptotically stable and 
V(t ,  x) 2 a(j x I), the solution x = 0 of system (1) i s  likewise asymptot- 
ically stable. 
4. I f  the solution y = 0 of equation (1') is uniformly asymptotically 

stable and a ( /  x 1 )  < V(t ,  x) < b(j x I ) ,  the solution x = 0 of system (1) 
is  likewise uniformly asymptotically stable. 

Proof. 1. Let E > 0, t ,  3 0, q ( ~ ,  to) > 0 such that 0 < y o  < 7 
implies y( t ;  t o ,  yo) < a ( € )  for t to . I t  follows from the continuity of 
function V that there exists a S(E ,  to) > 0 such that 1 xo I < 6 implies 
V ( t , ,  xo) < 7. We have 

d 
dt - V(4 X(C t o ,  x,)) = q t ,  x ( t ;  t o ,  xg)) < w ( t ,  V(t ,  x(t ;  t o  3 XI)))). 
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It follows from Lemma 1.3 that 

From this follows a(1 x(t; t o ,  xo)i) < a(.); hence I x ( t ;  t o ,  xo)l < E for 
t 3 t o ,  if 1 x,, I < 8 ( ~ ,  to).  

2. From V(t ,  x) < b( /  x I )  it follows that 6 may be chosen independent 
of t o .  The  demonstration then proceeds as above, since 9 may be also 
chosen independent of to , 

3. From 

lim V(t ,  x(t; t o ,  x,,)) = 0. 
t+m 

Thus, limt+m a(1 x ( t ;  t o ,  xo)l) = 0, from which we deduce that 
limt+m x(t;  to , xo) = 0. 
4. It follows from the hypothesis that there exists an yo > 0 such 

that for E > 0 there exists a quantity T ( E )  > 0 with the property that 
from yo < qo follows y( t ;  to , yo) < a(€ )  for t > to + T(E) .  We choose 6, 

xo I < So,  we conclude that such that b(6,) < yo . If 

V(t" 

Consequently, 

Since V[t ,  ~ ( t ;  t o ,  x,)] < y( t ;  t o ,  V(t ,  , x,,)), it follows that 

.(I x(t; t o ,  xo)l) < a(€)  for t 2 to 4- I"(€). 

Thus, finally, 

and the theorem is proved. 
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1.3. Linear Systems 

We shall now study the characteristic features of the stability problem 
in the case of linear systems. In  connection with this we shall emphasize a 
series of essential general properties of the linear systems. 

A homogeneous linear system is written in the form 

ax 
dt 
- = A(t)x,  (3) 

where we shall assume that A(t) is a quadratic matrix whose elements 
are continuous functions of t defined for t 3 0. In  this case the theorem 
of existence has a global character; the solutions are defined on the 
entire semiaxis t 3 0. 

T o  see this it is sufficient to prove that on every finite interval the 
solutions remain bounded; hence they do not leave the domain in which 
the conditions of the existence theorem are verified. 

Let ~ ( t ;  t o ,  x,,) be the solution of system (3) which for t = t,, passes 
through point x,, . We have, for the values for which the solution is 
defined, 

and thus we see that the solution remains bounded on every finite interval. 
We remark that we have used here the estimate 

I A ( s ) ~ ( s ;  t o  7 xo)l < I A(s)l I 4 s ;  t o  7 xo)l 

which follows directly from the definition of the norm of a matrix; 

Let us remark that if the Euclidean norm is used for vectors, then 
1 A I is given by 43, where A is the largest eigenvalue of the matrix 
A*A. (A* is the transposed matrix of A when A is real, and the conjugate 
of A when A is complex.) 

namely, I A I = suplz l s l  I Ax I .  
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Indeed, we have, in conformity with the definition of the Euclidean 
norm, I Ax l 2  = (Ax, Ax) = (A*Ax, x) < A(., x); hence 1 Ax I < z/flIxI. 
Consequently I A 1 < dz. On the other hand, taking into account the 
extremal properties of the eigenvalues of the symmetrical matrices, it 
follows that there exists a vector x with 1 x 1 = 1 such that (A*&, x) = A ;  
hence 1 A I = 4Z. 

If x l ( t )  and x2(t)  are two arbitrary solutions of the system, it is 
immediately verified that alxl(t)  + a2x2(t)  is likewise a solution of the 
system. (a1 and a2 will be supposed to be real numbers. In  general, in 
all of the theory we shall work only with real functions; any other cases 
will be explicitly indicated.) 

From the foregoing it follows that the set of solutions of system ( 3 )  forms a 
linear space. 

Let x(t; t o ,  xo) be the solution of system ( 3 )  which for t = to passes 
through the point xo . This solution defines for fixed t and to a trans- 
formation of Rn in itself which attaches to the point xo the point 
x ( t ;  t o ,  xo); we shall denote this transformation by C(t; to). 

Proposition. 

Proof. We have 

The transformation C ( t ;  to) is linear. 

C(t; tO)(ollXl + a2.2) = .(t; t o  , + a2X2). 

On the other hand, 

a,C(t; to)., + 4 ( t ;  to)% = v(t; t o  , XI) + w ( t ;  t o  1.2) 

is a linear combination of solutions of system (3) and hence is a solution 
of the system. Furthermore, 

.(t; t o  , a1x1 + a 9 2 )  = a,.(t; t o  9 .1) + a,.(t; t o  , .2), 

since both solutions coincide for t = t o .  The proposition is thus proved. 
We shall write x(t; t o ,  xo) = C(t; to)xo . If a basis of the space is fixed, 

every linear transformation is given by a matrix whose columns are the 
images, under the given transformation, of the vectors of the basis. The  
vectors of the basis have the coordinates 

hence C(t; to) will correspond to  a matrix whose columns are the solutions 
of system (3) which at the moment to coincide with the columns of the 
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unity matrix. Denoting the unit matrix by E,  and making no distinction 
between the transformation C(t; to) and the corresponding matrix, 
we shall write C(t,; to) = E. We shall say that C(t; to) is a fundamental 
matrix of solutions of system ( 3 ) .  Since the 
C(t; to) are solutions of system ( 3 ) ,  we may write 

The relation x ( t ;  t o ,  xo) = C(t; t,,)x, shows that 
( 3 )  is expressed as a linear combination of the solutions of a fundamental 
system. 

Let us now point out some fundamental properties of the matrix 
C(t;  t o ) .  

columns of the matrix 

every solution of system 

Proposition. For all t ,  s, u we have 

C(t; s)C(s; u)  = C(t; u). 

Proof. It is sufficient to show that for every vector xo we have 
C(t; s)C(S; u)xo = C(t ;  u ) x 0 .  But 

C(s; u)xo = x(s; u, xo), C ( t ;  s)C(s; u)xo = x ( t ;  s, C(s; u)xo) 

= x( t ;  s, x(s; 24, xo)) = x ( t ;  u,  xo) = C(t; u)xo,  

and the relation is proved. 
The  equality 

x( t ;  s, x(s; u, xo)) = x( t ;  u, X") 

is a consequence of the fact that both solutions coincide for t = s. 
From this proposition it follows immediately for s = t o ,  u : t :  

C(t;  to)C(to; t )  = E.  

This means that the matrix C(t; to) is nonsingular, and its inverse is 

It is useful to consider in some problems the adjoint system of system 
(3). Namely, we shall call the adjoint system of system ( 3 )  the system 

q t o ;  t ) .  

3 = --yA(t), 
dt 

where y is a row vector. 
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Proposition. 

Proof. We have 

If x is  a solution of the given system and y a solution of the 
adjoint system, then the product y x  is constant. 

d dY dx 
--yx = - x + y - = --yA(t) x +yA(t)x = 0;  
dt dt dt 

hence y x  is constant. The  proposition is proved. 
Obviously, the whole theory developed for system (3) is corre- 

spondingly transposed for the adjoint system [which can be also written 
in the form dy/dt = -A*(t)y, y now being a column vector]. Let 
c ( t ;  to) be a fundamental matrix of solutions of the adjoint system; we 
stress now that the rows of the matrix C(t ;  to) are solutions of the adjoint 
system. Taking into account the above proposition, it follows that the 
matrix c ( t ;  to)C(t; to) is constant, since its elements are products of the 
rows of the matrix c ( t ;  to) with the columns of C(t ;  to), hence products of 
solutions of the adjoint system and of system (3). But 

(?(to; to)C(t,; to) = EE = E. 

It follows that 

C(t;  to)C(t; to) = E,  

and thus that 

C(t; to) = [C(t; tO)]-l = C(to; t ) .  

We have thus established the following 

Proposition. We have c(t; to) = Cft,; t ) ;  hence the rows of matrix 
C(to; t )  form a fundamentalsystem of solutions of the adjoint system. 

We shall close these general considerations on linear systems by 
stating the so-called “formula of variation of constants,” which will 
prove useful in many circumstances. 

Let us consider the nonhomogeneous system 

Let C(t ;  to) be, as above, the fundamental matrix of solutions of the 
corresponding homogeneous system. We make the change of variables 
x( t )  = C(t ;  t,,)y(t). We obtain 

dx - dC(t; to)  y ( t )  + C(t;  to) dY 
dt dt 
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From dC(t; to)/& = A(t)C(t; to) it follows that C(t; to)(dy/dt)  = f(t) 
and thus that 

-- dy - [C(t; tO)]- ' f( t)  = C(to; t)f(t). 
dt 

From here 

From the relation which connects x(t) to  y( t )  it follows that %(to) = y(to), 
since C(to; to) = E.  Finally we obtain 

or 

which yields the desired result: 

x ( t ;  t o ,  X") = C(t; to)xo + 

1.4. Stability for Linear Systems 

After this introductory part concerning linear systems we may proceed 
to the study of stability problems for these systems. We have seen above, 
as a consequence of ii more general proposition, that for linear systems 
in which the matrix A(t) is bounded, uniform asymptotic stability is 
always exponential; i.e., there exist constants B and (Y such that we shall 
have 

I x ( t ;  t o ,  xo)l < Be-a(t-to) I xo 1. 

Let us present a different proof of this proposition. According to the 
definition of uniform asymptotic stability, there exists a 8, > 0 and 
T ( E )  such that if I x, I < 6, and t >, to + T ( E )  we will have 
I x(t; t o ,  xo)l < E .  Since I x(t; t o ,  xo)l = I C(t; to)xo 1, from 1 xo I < 6, 
and t 3 to + T(E), we deduce that I C(t; to)xo I < E .  In what follows we 
f ix0 < E < 1. 

Let uo be an arbitrary vector with I uo I < 1. Then 1 6,u0 I < So; 
hence I C(t; to)Souo I < E for t >, to + T(E) .  The  relation j C(t; to)Souo I = 

6,/ C(t; to)uo j yields I C(t; to)uo 1 < €/So. Since uo is arbitrary, with 
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I uo I < 1, we will have I C(t ;  to)l < €/So for t > to + T(E);  i.e., 
I C(t ;  to)l < E for t 3 to + T,(E), where we set T,(E) = T(SOe). 

From the relation C(t ;  to) = C(t ;  to + T,)C(to + T,; to) we obtain 
I C(t ;  to)l < I C(t; to + Tl)I I C(to + T,; to)/  < for t 3 to + 2T1. 
By induction it is immediately verified that I C(t ;  to)/  < ern for 
t 3 to + mT,  . 

Now let t 2 t o ,  arbitrary. Then there exists an m 3 1 such that 
to + ( m  - 1)T, < t < to + mT,  . mT,  > t - t o ,  
m > ( l /T l ) ( t  - to), ern < since, E < 1. On the other 
hand, there exists a S(E) such that 1 x( t ;  t o ,  xo)i < E if I xo I < S ( E )  and 
t 2 t o .  From these we will have, as above, I C(t; tO)S(E)uO I < E for 
t 2 to; hence I C(t ;  to)l < E / S ( E )  for t 3 t o .  Since t 3 to + ( m  - l )Tl ,  
we will have 1 C(t; to)l < [ E / ~ ( E ) ] P - ~ .  Indeed, if m 2 2, this inequality 
follows from the fact that S(E) < E, and if m = 1 from the fact that 
1 C(t ;  to)l < c / S ( E )  for all t 3 t o .  Finally, we have shown that for every 
t >, t o ,  I C(t ;  to)l < [ l / S ( ~ ) ] ~ ~ a n d  thus that 1 C(t ;  to)/ < [l/S(~)]~('/'l)('-~o). 

Let us set ~/S(E) = /3, OL = - (l/T,) In E .  Then ,i3 > 0, 01 > 0, 
E = era=, and the previous estimate becomes 

Furthermore, 

I C(t;  to)\ < pe-a(t-to). 

Thus we have proved once again that for linear systems, uniform 
asymptotic stability is always exponential. We remark that in this 
demonstration we have not used the hypothesis that matrix A( t )  is bounded. 

We shall now prove with the help of this fundamental property of 
linear systems that if the trivial solution of a linear system is uniform 
asymptotically stable, then there exists a Lyapunov function which is a 
quadratic form. 

Theorem 1.6". If the trivial solution of system ( 3 )  is uniformly 
asymptotically stable, then for an arbitrary quadratic form ( W(t)x,  x), with 

+, .) < W x ,  .) < (W(t)x, .) < A(t)(., .) < 4, 

for any solution x(t)  of system (3) .  
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Proof. Define 
m 

(V(t)x, x) = 1 ( W(s)C(s; t ) x ,  C(s; t)x)ds, 

which is to say the matrix V( t )  is given by the relation 

t 

m 

t 
V ( t )  = J C*(s; t)W(s)C(s; t)ds. 

The  convergence of the integral is assured, since I C(t ;  to)/  < Be-a('-'o), 
and I W I < A.  From this also follows that 

For every solution x ( t ;  t o ,  xo) of system (3), we have 

and thus 

It remains to prove that ( V ( t ) x ,  x) 3 p(x ,  x) with p > 0. 
We have 

m 

(V(t)x,  x) 3 ImX(C(s; t ) x ,  C(s; t)x)ds = X 1 I x(s; t ,  x)lz ds. 

Since x(s; t ,  x) = x + J: A(u)x(u;  t ,  x)du, and since I x(u; t ,  x)I < BI x I 
for u 3 t ,  we have 

t ' t  

I x(s; t ,  x) - x I < B1 x 1 I A(u)l du. J: 
Assuming that the matrix A has the property that 
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Since 

( V ( t ) x , x )  > h J " l s ( s ; t , x ) / . ' d s  > h J  t+a /x (s ; t ,x ) l "s  > , - c I x ] ~  h 

t t 4 

we can take p = X44. The theorem is therefore completely proved. 

Remark. If the matrix A is constant and the matrix W is chosen 
independent of t ,  then the matrix V does not depend on t .  

T o  prove this, note that for the systems which do not depend explicitly 
on t we have x ( t  + to;  t o ,  xo) = x ( t ;  0, xo) .  (We have proved the corre- 
sponding property for periodic systems; if the system does not depend on 
t ,  then every real to  may be considered as period.) For linear systems, 
this relation is C(t + to ;  to)xo = C ( t ;  O)xo; hence C(t + to; to)  = C ( t ;  0). 
Therefore, 

m m 

V(t )  = J C*(s; t)WC(s; t)ds = J C*(s + t ;  t)WC(s + t ;  t)ds 
t 0 

m 

= J C*(s; O)WC(s; 0)ds. 
0 

Hence, V does not depend on t .  

1.5. Linear Systems with Constant Coefficients 

The  proposition proved in the preceding section has, in reality, a 
purely algebraic character, as already pointed out by Lyapunov. T o  
reproduce Lyapunov's reasoning, we shall recall some fundamental 
propositions relative to linear systems with constant coefficients, and, 
in connection with this, the reduction of the matrices to the normal 
Jordan form, which will prove useful later. 

Given a linear transformation T in a linear n-dimensional complex 
space and a basis el , e 2 ,  ..., en of the space, a matrix A is attached to the 
transformation, whose columns are vectors T e ,  written in the basis 
el , e2 , ..., en . If y = T x ,  then y = A x ,  x and y denoting the representa- 
tion of the vectors with respect to the basis e l ,  e 2 ,  ..., e n .  

Indeed, let x = Xi=, xiei , y = Z%lyiei . We have x:==lyiei = 
Z.,"=, x,Te,  . Upon writing T e ,  = ZYSl aikei , we will have 

n 
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Proposition. If to the transformation Tcorrespond the matrix A in the 
basis e l ,  e , ,  ..., e, and the matrix B in the basis f l  , f , ,  ..., f n ,  then 
B = C-lAC, where C is the matrix corresponding to the passage from a 
basis to another. 

Elements bij are obtained by writing the images of f i  in the basis 
f l  , ..., f n  . We have Tfj = Zr=l b i i f i .  Let fi = Z:-=, c k j e k .  It follows 
that Tfj = Z2=l ckiTe,.  Since Te, = ZE1 a l k e l ,  we obtain Tfj = 

C,=, ckj Zkl alkel . On the other hand, e l  = C;=l d i l f i ,  where D is the 
inverse of matrix C. Then 

Proof. 

n 

Finally, bii = Zl,, di la1 ,ck j ,  and therefore B = DAC = C-lAC. 
A vector u is an eigenvector of the transformation T if u is not zero, 

and there exists a complex number h such that Tu = Xu. If e l ,  e2 , ..., en 
is a basis of the space and A is the matrix corresponding to the 
transformation, the condition that u be an eigenvector is written 
C2=l aikuk = hui . It is clear that in order that there exists a nonzero 
vector u which verifies this condition, it is necessary and sufficient that 
det ( A  - XE) = 0. The  values A which verify this equation are called the 
eigenvalues of the transformation (or of the matrix), One of the conse- 
quences of the preceding proposition is the following: the matrix A and 
the matrix C-lAC have the same eigenvalues. 

Let A,, A,, ..., A, be distinct eigenvalues of the transformation T,  and 
u1 , u 2 ,  ..., u, the corresponding eigenvectors. Then the vectors 
u l ,  u 2 ,  ..., us are linearly independent. Indeed, let us suppose that 
clul + c2u2 + + c,u, = 0. Upon applying transformation T,  we 
obtain clTul + c,Tu, + *.-  + c,Tu, = 0. Since Tu, = X,u, , we see 
that ~ ~ h , u ,  + c2X2u2 + -.* + c,$,u, = 0. From Zc,u, = 0, we get 
c,u, = -cIu1 - c,u2 - * * .  - C ~ - ~ U , - ~ .  I t  follows that 

X,C,U, + x2c,u2 + .*. + xs--lc,-lus-l - XSClUl - hsC2U2 - * - +  - X S C , - , U , - ~  = 0; 

(A, - X,)c,u, + (4 - h,)c,u, + * * *  + ( L l  - X s ) C s - - l ~ s - l  = 0. 
i.e., 

If u l ,  u,, ..., are linearly independent, then 

(h, - h s ) c k  = 0 (k = 1, ..., s - 1). 

By hypothesis, however, h, - A, # 0; hence ck = 0 for k = 1, ..., s - I .  
But then C , ~ U ,  = 0; hence c,? = 0. 

The  linear independence of the system of s vectors can therefore be 
established by induction (for s = 1 it follows from the fact that uI # 0). 
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It follows from this that if the transformation T admits n distinct 
eigenvalues, then it admits n linearly independent eigenvectors. Taking 
these vectors u l ,  u 2 ,  ..., u, as a basis of the space, the relations 
T U k  = h k u k  show that in this basis the matrix of the transformation is 
diagonal, and has A, as the diagonal elements. 

According to what has been stated above, it follows that if the roots of 
the equation det (A - AE) = 0 are distinct, there exists a matrix C 
such that the matrix C-lAC will have a diagonal form, the diagonal 
elements being the roots of the above equation. 

Application. Consider the system dxldt = Ax. Suppose that the 
equation det (A - AE) = 0, which we shall call the characteristic 
equation of the system, has distinct roots. 

According to the above statements there exists a matrix C such that 
C-lAC shall be diagonal and shall have elements A,, ..., A, on the 
diagonal. By performing the change of variables x = Cy,  y = C-lx 
in the system, we obtain 

Therefore, the system in y has the form dyk/dt = h k y k .  

A fundamental matrix of solutions of this system has the form 

0 

Y =  i;: eAzt . . . 

It follows that the fundamental matrix of solutions of the given system is 
X = CY, where the columns of matrix C are the eigenvectors of 
matrix A .  

It remains therefore to  study the case when the transformation T does 
not admit n linearly independent eigenvectors. We shall prove that it is 
possible to choose a basis of the space formed by k groups of vectors: 

e l ,  ..., e,; f l  , ..., f q ;  ...; h, , ..., h, 

in which the transformation shall have the form 

Te, = Ale, , Te2 = el + Ale2, ..., Te, = e,-l + Ale,, 

Tfl = A 2 f 1 ,  Tf2 = f l  + A2f2 > T f ,  = f , -1  + A 2 f ,  I 

... 
Th, = Akhl, Th, = h, + ..., Th, = h,-, + hkh,. 
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In this basis the matrix corresponding to the transformation has the form 

1 0 * - *  0 
A, 1 . * *  0 
... 

0 0 . * *  A, 
A, 1 0 ... 0 
0 A, 1 * * .  0 

... 

0 0 0 - * *  A, 

This form is called the normal Jordan form of the matrix. The  corre- 
sponding theorem is stated in the following way: There exists for  every 
matrix A a matrix C such that the matrix C-lAC has the normal Jordan 
form. 

In  the particular case when there exist n linearly independent eigen- 
vectors, the normal Jordan form is reduced to the diagonal form. It may 
happen, without the normal form being diagonal, that some Jordan cells 
are of first order. The  diagonal form corresponds to the case where all the 
cells are of first order. 

A Jordan cell is written A, = h,E + 1. If the cell is of order p ,  we 
have 

0 1 o * * - o  0 0 0 1  * * *  0 0 
0 0 0 1 ~ ~ ~ 0 0  0 0 1 * * . 0  0 I =  ......................... .................................. , ..., 

0 0 0  e e . 0  1 
0 0 0  ... 0 0  

0 0 0  * . - o o  
0 0 0  - - * o o  

I" = I P + l  = ... = 0. ............................. , 

A polynomial P ( t )  may be written with the help of Taylor's formula 
in the form 

( t  - A l l 2  P"(Al) + ... 
2 



Hence 

P ( h  ) 
W,) = P(h,)E + IP'(X,) + - 2 1 2  2! + 

or 

P'(h1) P"(h1) 2 P(A,) = P(X,)E + ---I + -- I + l! 2! 

Finally, 

P ( 4  = 

. ., 

... 

P'(h ) P"(h ) P(h,) 3 _r ... 
l! 2! 

0 ... 0 0 

P'"'(X,) . . + ___ I n  
n! 

The  proof of the existence of a basis of the required form will be 
carried out by induction with respect to n. If T acts in a unidimensional 
space, the corresponding matrix has a single element and corresponds 
therefore to the normal form. We shall assume that the theorem holds 
in n-dimensional spaces and we prove that it also holds for spaces with 
(n + 1 )  dimensions. A fundamental role will be played in this proof by 
induction by the following 

Lemma. Any linear transformation T in a complex n-dimensional 
space admits a t  least an (n - 1)-dimensional invariant subspace. 

Recall that a subspace R' of the linear space R is called 
invariant with respect to the linear transformation T if for every x E R' 
we have Tx E R'. 

Consider any basis e l ,  ..., en; let A = (aii) be the matrix attached to 
the transformation in this basis. Consider the matrix A' obtained through 
transposition from A ;  let u be an eigenvector of this matrix. Hence we 
have Zj"=l aiiuj = hui . Consider the relation EL, xiui = 0. Since 
u # 0, the manifold of solutions of this equation forms a linear (n - 1)- 
dimensional subspace (the space generated by (n - 1) linearly 

Proof. 
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independent solutions). This  is the space R' invariant with respect to the 
transformation T. 

Indeed, let x E R'; hence dSZy.l xiui = 0 and y j  = xisl aiixi . We have 
n 

hence y E R'. 
The  proof by induction is performed in the following way. Let T 

be a transformation in the space R with ( n  + 1)  dimensions. According 
to the lemma, there exists a subspace R' with n dimensions, invariant 
with respect to  T. We may therefore consider the transformation T as 
operating in the subspace R'; on the strength of the induction hypothesis, 
there exists in R' a basis e l ,  c 2 ,  ..., ep , fl , f, , ..., f, , ..., h, , h, , ..., h, 
such that 

... 
Th, = &h1, Th, = hl + ..., Th, = hs-l $- A&, - 

We have to prove that we can find in R a basis in which the transforma- 
tion Twill act in the required way. T o  this end, we shall begin by adding 
to the basis of R' a vector e, linearly independent of the others, so that we 
obtain a basis in R. We have 

Now we try to replace e by another vector e', so that the vector Te' 
will have the simplest possible form. We look for e' of the form 

Xpe, - p, f, - * - -  - p f - .*. . wlh, - . * *  - w h h ,  e' = e - Xlel - ..- - 
P O  

Then 
Te' = Te - xlTe, - a - 0  - x,Te, - plTfl - - prrTfq - ..* 

- wlTh1 - * * .  - w,Th,? 

= alel + + ape, + Blf1 + + B,fv + .-- + 6,h, + .-. + 6,h, + 76  

- XIXle, - ... - X,e,-, - XPX,e, - plXzfl - - * *  

- pa-lfa-1- pahzfq - 

- wlhkh, - '*. - w,h,-l - wAkh,. 
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But 

hence 

Te' = re' + rxlel + - - a  + q , e ,  + rplfl + -.* + rpqfo + ... 4- TWlhl -+ - - -  
+ rw.Jzh, + ale, + * * a  + a,e, + Blfl + * * .  + Bqfq + - * -  + V 1  + ... 
+ V h ,  - @,X1 + X 2 k l  - * - .  - Xdl% - ( X 2 P I  + P2)f l  - . - *  

- X2pqf* - *.- - (hkWl + w2)h, - * * *  - hkWJ& 

= 76' + ["l + Xl(T  - A,) - x2le1 4 * * *  + [a, + xu(r  - A,)le, 

+ os, + p,(r - A,) - P2lfI  + * - *  + [P, + Pa(7 - A,)lf,.+ ... 
+ [S, + W1(T - A,) - 4 h l  + ..* + [a, + U s ( .  - AkllhS * 

If is different from Aj , the coefficients x, p, ..., w may be determined 
in turn so that the relation Te' = re' holds, and by adding e' to the basis 
of R' we obtain a normal basis- in R. If T is different from some of the 
values h i ,  we may choose coefficients corresponding to  these values. 

For the sake of simplicity, let US suppose that T = A , ,  T = A,, 
T # hi, j > 2. The initial relation is 

Te' = re' + (a, - x2)el + + ageu + (PI - df1 + *.* + &f, - 
We choose x 2  = a , ,  ..., p2 = /3,, ... and obtain 

Te' = re' + aueu + Bq f,. 

Assume p > q. 
We now choose the canonical basis in R in the following way: we put 

eb+l = e , eb = Teb,, - re;+,, 

ei-l  = Tek - re;, ,  ..., e; = Te; - re ; .  

We take the first group formed by vectors e; , ..., eb,,, the other groups 
the remainingf, , ..., f, , ..., h, , ..., h, . To prove that we have a canonical 
basis, it still remains to verify that e; --. e;+, behaves as a part of a 
canonical basis. 

We have 

Tei = e; + r e ; ,  ..., Tei = e&, + re ; ,  Te;,, = e; + re;,,; 
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hence it only remains to verify that T e i  = re:: 

e; = Te' - re' = age, + f iqfq,  ek-l = a,Te, + &Tfq  - ragep - rfiqfq 

= 4eP- l  + re,) + &(fa-1 + T f J  - raPe9 - 7 A f q  

= %&-l + B q f q - 1 .  

Continuing, ek-q = apep-, , ..., e; = apel; hence Te;  = apTel = rapel = 

7 e ; .  The theorem is thus proved. 

Consider again the system dx/dt = Ax, assuming A 
arbitrary. If C is the matrix which leads A to the normal Jordan form, 
the change of variables x = Cy leads the system to the form dy/dt = By, 
where B has the normal Jordan form. Then 

Application. 

... 
dY9+0+-+l - dYDfP+...+S - ' 

- kYs+q+-..+l + ys+q+...+2 9 - - * ?  -- - kY8+q+..+s * dt dt 

In  this form the system can be immediately solved and we obtain the 
structure of the solutions. It is easier, however, to proceed otherwise. 

From Cauchy's general existence theorem it follows that the solution 
x ( t ;  to , xo) will be an analytic function o f t ;  hence we may write 

x( t ;  t o ,  xo) = xo + &(to)(t - to) + Q R(to)(t - t o y  + - * *  

1 + ---- x'"'(to)(t - top + If. . 

We immediately obtain from the system 

dx d2x dx d3x d2x dnx &-lx . 
-- - A -  - A -  -- dt dt2 dt ' dt3 dt2 dtn din-1 ' - A __ , ..., _ -  - AX, - - 

hence 

&((to) = AX, , %(to) = A&(to) = A2x0 , Z(t0) = AR(to) = A3xo, ..., X'"'(t,) = Anx0. 

Then 

x(t; to ,  xo) 
1 1 1 

n! 
- - xo + Axo(t - to) + jj- A2Xo(t - to)' + * * *  + - A"xo(t - to)" + ... 

1 1 1 
= [ E + I I A ( t - t )  o + A2(t - to)' + ... + An(t - t o p  + . . a ]  xo . 
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The  convergence of the series should be understood here as being the 
convergence of the n2 series formed with the elements of the matrices. 

Introduce the matrix exponential function 

With this notation the solution of the system may be written 

x ( t ;  to , xo) = eA(t-to)xo. 

Let us remark that the power series corresponding to the matrix 
series may be differentiated term by term, and we have 

since eA(to-to) = E,  eA(l-'0) represents a fundamental system of solutions. 
If A = C-IBC, then An = C-IBnC, so that eAt = C-'eBtC. If 

then 

hence 

Thus, if B has the normal Jordan form, 

where J1 , ..., J k  are the Jordan cells of the matrix B.  

is a Jordan cell. We have 
Hence it remains to make precise the structure of a matrix e", where J 
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But 

h k - l t k  Xk-Ztk X k - P f l t k  ... [T 7 2!(k h k - l t k  - 2)!  ( p  - l)! X k - P t f t k  (k  - p  + l)! 
( p  - 2)! (k  - p  + 2)! 

h k t k  

k! 

- 

- -1 ~ ... 
(k  - l)! 

0 

k=l ... 
... 

... 0 

In  this way the structure of the solutions of linear systems with 
constant coefficients is completely determined. T h e  behavior of the 
solutions depends upon the structure of the normal form of matrix A. 
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T h e  numbers A,, the eigenvalues of matrix A, play an essential role. 
Namely, if Re A, < 0, then all the solutions approach zero when t + co; 
this is what occurs in damped oscillations. If A, are real, we have the 
so-called aperiodic behavior; if hk have imaginary nonzero parts, there 
appear osciltatory terms. If we have Re A, > 0 at least for one k, there 
appear oscillations whose amplitude increases when t 3 co. If all A, 
have zero or negative real parts, we have stable (bounded) oscillations 
provided that, if Re A, = 0, the respective Jordan cell shall be of 
dimension 1. If there exists a root with a zero real part for which the 
Jordan cell has a dimension greater than 1, there appear terms in tn which 
make the solution unbounded; these terms are sometimes called secular 
terms. If all the roots have zero real parts and the normal form is diagonal, 
the solutions are bounded on the whole axis. In  this case, the solutions 
are in general almost-periodic functions. 

1.6. The Lyapunov Function for Linear Systems 
with Constant Coefficients 

Let us consider a linear form (a ,  x) and see what are the conditions that 
should be verified by vector a in order that (d/dt)(a,  x) = A(a, x), x being 
a solution of system (3) with a constant matrix A. We have 

d 
dt 
-(a, x) = (a ,  $) = (a ,  Ax) = (A*a, x) = (Am, x) = A(a, x). 

If A*a = Aa, i.e., if a is an eigenvector of the conjugate matrix of 
matrix A and A is an eigenvalue of matrix A, then the relation is certainly 
verified. 

Let us now see in what conditions there exists a quadratic form V of the 
form V = (a, x)(& x) such that dV/dt  = A". We have, where x is a 
solution of the system, 

This equality is verified if A == A, + A, , where A, and A, are eigenvalues 
of A and a and /3 are eigenvectors for A*. Let us see now which is the 
general condition that there exists a quadratic form V = (Bx,  x) such 
that dV/dt = AV. 
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We have 
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= (BAx, x) + (A*& x) = ( (BA + A*+, x). 

The  condition dV/dt  = AV becomes ((BA + A*B)x, x) = (ABx, x) 
and hence BA + A*B = AB, or BA + A*B - AB = 0. This equation 
may be considered as a linear system in the elements of matrix B; the 
system admits a nontrivial solution if and only if the determinant D(A) 
is equal to zero. 

We have already seen that if A is of the form A, + A, , where A, and A, 
are eigenvalues of matrix A,  there exist forms V with the required 
property. But the degree of equation D(A) = 0 is equal to the number 
of the values of the form A, + A, and is equal to n(n + 1)/2. From this it 
follows that the values of the form A, + A, represent all the roots of the 
equation D(A) = 0, if they are distinct. If these numbers are not distinct, 
we reason in the following way. Let A* be a root of the equation D(A) = 0 
which is not of the form A, + A,, and let a be the shortest distance from 
A* to the numbers of the form A, + A,; by a sufficiently slight modifica- 
tion of matrix A we can make the numbers x, + A, distinct, and differ 
from the numbers A, + A, by less than 44,  and have x* differ from A* by 
less than a/4. 

I t  follows that 2\* coincides with one of the numbers x, + A,, hence 
we have 

OL = I A* - (A, + A& < I A* - x* I + I A *  - (A, + XJ 

which is a contradiction. Consequently, in all cases, the roots of equation 
D(A) = 0 are of the form A, + A,. It follows that if the roots At of the 
characteristic equation of matrix A are nonzero and if ail the sums 
At + Aj are differeiit from zero, we will have D(0) # 0. But from this 
it will follow that for every quadratic form (Cx, x) there exists a quadratic 
form (Bx, x) such that (d/dt)  (Bx, x) = (Cx, x). Indeed, (d/dt)  (Bx, x) = 

( (BA + A*B)x, x), and we obtain the condition BA + A*B = C. 
Considered as a linear system in the elements of matrix B, this system has 
solutions for any C if and only if the determinant of the system is 
different from zero; but this determinant is just D(O), which in our 
conditions is different from zero. We see now that the form B will be 
uniquely determined in this case. 
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We can see from the general form of the solution of linear systems with 
constant coefficients that the trivial solution of linear systems with 
constant coefficients is asymptotically stable if and only if the roots of 
the characteristic equation of matrix A have negative real parts. In  this 
case the condition formulated above, that D(0) # 0, is obviously 
fulfilled; hence the form (Bx, x) exists for any (Cx, x). Let us show that if 
(Cx, x) is a negative definite quadratic form, then the quadratic form 
(Bx ,  x) is positive-definite. Indeed, let xo # 0 such that (Bx, , xo) < 0. 
From 

d 
- (Bx(t;  0, xo), x ( t ;  0, ~ 0 ) )  = (Cx(t;  0, xo), ~ ( t ;  0, ~ 0 ) )  < 0 dt 

it follows that for to > 0 we have 

(Bx(t0; 0, xo), x(t0;  0, x,)) < 0. 

According to the theorem of instability, the trivial solution of system (3) 
will be unstable, which contradicts the hypothesis. 

Consequently, we have established, by nonalgebraic means, the 
following algebraic fac t :  If the eigenvalues of matrix A have negative real 
parts, then for any negative dejnite matrix, there exists a unique positive- 
dejnite matrix B such that 

B A  t A*B = C. 

The  algebraic proof of this proposition is interesting. Such a proof has 
been given in 1956 by W. Hahn by using the canonical form of the 
matrices. 

1.7. Stability by the First Approximation 

One of the main problems of the stability theory is the following. 
Assume that we have to investigate the stability of a solution x,(t) of 
system (1). According to the procedure already described, we pass to the 
system of equations of the perturbed movement. Put y = x - x,(t), 
obtaining the equation 
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The problem of whether it is legitimate to neglect the terms of the 
form o(I y 1) may quite naturally be raised; practically, this is the 
procedure in most cases. The  justification of this procedure is given by 
the theory of stability by the first approximation. The  fundamental 
theorem of this theory shows that if the trivial solution of the linear 
system of first approximation is uniformly asymptotically stable, 
neglecting the terms of higher degree is admissible in the study of 
stability. 

Theorem 1.7. Consider the system 

1 
where A ( t )  is bounded [or, more generally, J I A(u)I du = w(t - s)] and 
I y ( t ,  y)l < c /  y j for  i y I < h, c being a iuficiently small constant. If 
the trivial solution of the linear system of first approximation is uniformly 
asymptotically stable, then the trivial solution of system (4) is uniformly 
asymptotically stable. 

Lety(t; to , yo)  be a solution of system (4). Let (V( t )x ,  x )  be the 
quadratic form defined for system (3) according to Theorem 1.6", with 
W(t )  = E. We shall prove that, with respect to system (4), this function 
fulfils all the conditions of Theorem 1.5. We have to prove only that 

Proof. 

Let 

V*(t) = ( v ( t )Y ( t ;  t o  7 Yo), Y(C t o  Yo)). 

The function V*( t )  is differentiable and we have 

Consider the solution x(u; t , y ( t ;  to , yo) )  of system (3) and let V**(u) = 

(V(u)x(u; t ,  y ( t ;  to , yo)),  x(u; t ,  y ( t ;  to , yo))).  According to what has been 
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stated in Theorem 1.6" we have dV**(u)/du = - 1  x(u; t ,  y ( t ;  to , yO))I2. 
On the other hand, 

Using this result, we deduce 

dV* 
-- - -I A t ;  t o  9 YO)I2 + 2(I'(tlY(C t o  1 Yo), Y(t7 Y(C t o  3 Yo))). 

dt 

We have 

I (qw; t o  > Yo), Y(4 A t ;  to  ? ro))l < MI Y k  t o  1 Yo)l I Y(t ,  Y(C to Y ro))l. 
____ 

Assume that c < 1/4M and 1 yo I < d p / M  h. Then, for values 
t 2 to close enough to t o ,  it will follow that I y ( t ;  t o ,  yo)l < h;  for 
values t for which 1 y( t ;  to , yo  I < h, we have 

and hence dV*/dt < - 4 I y( t ;  t o ,  yO)l2. I t  follows that V*(t) is 
decreasing, and thus that 

From V*(t) > p/  y( t ;  to , yO)l2 follows 1 ~ ( t ;  to , yO)l2 < h2. 
Let T be such that I y( T ;  to,  yo)l = h, I y( t ;  t o ,  yo)l < h for to < t < T .  

From the above computations we see that I y ( T ;  t o ,  yO)l2 < h2. Hence 
the existence of T is contradictory. I t  follows that for all t 3 to , we have 
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I y( t ;  to , yo)/ < h, and thus dY*/dt < - $ I y( t ;  to , yO)l2. T h e  theorem 
is thus proved. 

Theorem 1.7 may be proved by a simpler method, which does not use 
the method of Lyapunov functions and is based on certain specific 
consideration of the theory of linear systems. Let y ( t ;  to , yo)  be a solution 
of system (4). We have 

Considering Y(t, y ( t ;  t o ,  yo))  as a given function of t ,  we apply the 
formula of variation of the constants stated in Section 1.3. Thus 

Since by hypothesis the trivial solution of system ( 3 )  is uniformly 
asymptotically stable, it will be exponentially stable; hence 

1 C(t; to)l < Be-a(t-to). 

It follows that 

For all values of t with the property that to < s < t implies 
1 y(s;  t o ,  yo)/ < h, we deduce that 

1 y ( t ;  to yo)] < Be-a(t-to) I yo I + Be-at ceas I y(s; to , yo)l ds. s: 
Let u( t )  = eall y ( t ;  t o ,  yo)I. We have u(t)  < Bu(to) + Bc Ji, u(s) ds. 
According to Lemma 1.6 (Consequence 2), u( t )  < Bu(to)eBc(f-to). Hence 
eat I y ( t ;  t o ,  yo)/  < BeahBC(t-to) I yo I. From this follows 1 y ( t ;  to , yo)l < 
Be-(a--BC)( t - t ~ )  

If c < a/B, we will have in any case I y ( t ;  t o ,  yo)l < BI yo  I. Hence 
if I yo 1 < h/B (we assume B > l), the relation I y ( t ;  t o ,  yo)l < h will 
hold for all t 3 to . Then, for all t 3 to we will have I y ( t ;  t o ,  yo)l < 
Bepi( 1-10)  1 yo  I with a1 = CY - Bc > 0. Therefore the trivial solution 
of system (4) is exponentially stable. 

IYO I. 

We shall remark that in this proof thefact that 
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is not used any more; in the preceding proof this fact occurred in setting 
up the properties of the function (V( t )x ,  x) from Theorem 1.6". 

We shall now emphasize some generalizations of Theorem 1.7. We 
have seen in Section 1.2 that if 1 f ( t ,  x)I < L(r) 1 x 1 for 1 x I < r,  and if 
the trivial solution of system (1) is uniformly asymptotically stable, and 
if, in addition, I x( t ;  to , x,)I < $(t - to) 1 xo I, the stability is exponential. 
The  proof was performed by constructing a Lyapunov function of the 
form 

Consequently, iff fulfills the above condition and the trivial solution 
is exponentially stable, there exists a function Y with the properties 

We shall assume, in addition, that 

and we shall prove that in this case there exists a constant K such that 

We have 

if I x1 I < 6(r) it follows that I x(s; t ,  xl)l < r ,  and thus that 

For I x1 I < 6 ( ~ ) ,  we will have 

According to  Lemma 1.6 (Consequence 2), 

I X(U; t ,  xl)l < I x1 leL('')(u-t), 
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and, therefore, I x(u;  t ,  xl)l < I x1 leTL(') for t < u < t + T ,  I x1 I < S(r). 
Further, 

I x(u; t ,  xl) - x(u; t ,  x2)1 < r L ( r )  I x(s; t ,  xl) - x(s;  t ,  xz)l ds + I x1 - x2  I 
t 

if I x1 I < S(r), 1 x2 I < S(r) .  Thus 

I x(u; t ,  xl) - x(u; t ,  x2)l < I x1 - x2  leTL(r), for t < u < t + T. 

By using these evaluations, we deduce for I x1 I < S(r), I x2 I < S(r), 
that 

V t ,  x1) - q t ,  x2)I 

Upon putting K = TeZTL('), we will have 

We can now prove 

Theorem 1.7'- If I f ( t ,  Y1) - f ( t >  Yz)l < L(r) I Y1 - y z  I .for I Y1 I < r ,  
I y z  I < r and I g ( t ,  y ) ~  < Ll(r) j y I for  I y I < r ,  and ! f ~ , ( r )  is suJgicientZy 
small, then from the exponential stability of the trivial solution of system (1) 
will follow the exponential asymptotic stability of the trivial solution of the 
system 

3 dt = At> Y) t g(t, Y). ( 5 )  

Proof. 
We have 

Let y ( v ;  t ,  y )  be a solution of system (5) with Iy I < r/2.  

y(w; t ,  Y) = Y + y r [% Y(u; t ,  Y ) P  + y g[u, y(u; t ,  Y ) l 4  
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1 y(v; t,y)I < I y leh(L(r)+Li(r)) for t < w < t + h. 

From here it follows that if I y I < r / 2  and h is sufficiently small, 
I y(u; t ,  y)l < r for all t < u < 71, and the inequality holds for every v 
with t < v < t + h. 

Let x ( v ;  t ,  y )  be a solution of system (1). We have 

y("; t ,  y )  - x(v; t ,  y )  

hence 
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We have 

if I y( t ;  t o ,  yo)] < r /2 .  From this it follows that V[t ,  y( t ;  t o ,  y)]  is 
decreasing. Hence 

I Y(C to 9 YOl2 d V t ,  Y(C t o  >YO)l d V(to 9 Yo) < MI Yo 1 2 -  

Thus if I yo I < d/Mip r/2,  it follows that for every t to we shall 
have I y ( t ;  to , yo)l < r /2  and hence that the function V(t,  x) constructed 
for system (1) from the property of exponential stability verifies for 
system ( 5 )  all the conditions from Theorem 1.5. Thus, Theorem 1.7’ 
is proved. 

We shall give for this theorem still another proof, essentially based on 
a new idea due to Barbasin. We shall suppose that 

I g(t. Yz) - Yl)l < W )  I Y1 - Y2 I for I Y1 I < y ,  I Y2 I < r .  

As above, we shall write 
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Thus 

I r(t; t o  , yo) - x(t ;  to  , Yo)l < W ) B  

hence 

l Y o l  1 y( t ;  to ,yo) - x( t ;  to , yo)l < L . e Z L ( T ) ( t - - t  L (r)B ) 

a 

for all t 3 t o ,  for which 

Y Y 
I y(u; t o  1 Yo)l < 2 7 I x(u; t o ,  y0)l < 5 if to  < < t .  

Let E > 0, I yo I < e/2B, T = ( l / a )  In 4B and L,(Y) such that 

We have 
(L,(r)B/a)eZTL(') < a. 

E Y  Y 
1 x(u; to ,yo)l < Becacu+J I yo I < BI yo 1 < 

Further, for those to < t < to + T for which 

< if E < - . 
2 

Y(u; t o  7 Yo) - x(u; t o  7 ro) l  
Y < Be-a(u-t 0 ) I y o I + + < ; + + < E < -  
2 '  \ 

Hence [ y(u;  t o ,  yo)l < r / 2  for to < u < to + T and, in addition, 
1 y(u; t o ,  yo)/  < c for to < u < to + T. Further, 

- 
8B +&-: 4B * 

- I r(to + T ;  t o  , Yo) I < Be-aT __ 2x +%kZ 
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We consider now the interval to + T < t < to + 2T;  instead of y o  
we will start with the value y(to + T ;  to , yo) ,  for which we have stated 
the evaluation I y(to + T ;  t o ,  yo)l < E / ~ B .  The  same computations 
as above (in which the role of E is taken by ~ / 2 )  lead to I y ( t ;  to , yo)l < ~ / 2  
for to + T < t < to + 2T and 1 y(to + 2 T ;  to ,yo)l < E / ~ B .  Continuing 
in the same way, we obtain for to + nT  < t < to + ( n  + 1)T the 
evaluation I y ( t ;  to , yo) ]  < ~ / 2 ~ + l  . 

I t  follows in any case that if I y o  [ < E / ~ B  we have I y ( t ;  t o ,  yo)l < E 

for every t >, t o .  If 1 y o  I < r/4B, then I y ( t ;  t o ,  yo)l < r/2n+2 for 
to + nT  < t < to + ( n  + l ) T .  Let t 3 to; there exists m >, 1 such 
that to + ( m  - 1)T < t < to + mT; then mT > t - t o ,  m > 
( l / T ) ( t  - to), 2" > 2(1/T)( t - io) ,  l/Zm < 2-(1/T)(f- to) .  From t 3 to+(m - l ) T  
we obtain 

taking a1 = ( I / T )  In 2 we have 2 = ealT; hence j y ( t ;  t o ,  yo)l < 
(r/2)eca1(l-to), which proves that the trivial solution of system (5)  is 
exponentially stable. 

We shall now prove a theorem of stability by the first approximation, 
which holds only in the case when the system of first approximation does 
not explicitly depend on t. Its extension to the general case is still an 
open problem. The  theorem was proved for the first time in 1951 by 
I. G. Malkin. Other proofs have been given by J. L. Massera and 
N. N. Krasovski. We shall give here a new demonstration based on 
some results previously stressed. 

Theorem 1.7". Consider the system 

dx 
- = X(x)  + q t ,  x ) ,  (6) dt 

where X(kx )  = kmX(x), I R(t ,  x)I < y /  x I", y being a suficiently small 
constant. If the trivial solution of system dxldt = X ( x )  is asymptotically 
stable, then the trivial solution of system ( 6 )  is  un;formly asymptotically 
stable. 

Proof. Consider the system 
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Let Z(T;  T,, , xo) be a solution of system (7), 

1 
du , t (T)  = 1: I Z ( U ;  T o ,  Xo)Irn-' 

~ ( t )  being the corresponding inverse function. Let y( t )  = 

We have 

and thus dy(t)/dt = X(y ( t ) ) ;  in addition, y(to) = xo , where to = t ( ~ ~ ) .  
Since we have supposed that the solution of the homogeneous system 

is asymptotically stable, we may write 

Since Z(U; T ~ ,  xo) is bounded, we have 

1 
I z(u; 7 0  7 Xo)lrn-' 

hence 

> z > o ;  

I 4 7 ;  70 X0)l d x(l xo I ) W ( T  - 7 0 ) )  = x(l xo 1>#*(7 - T o ) ,  

where $*(r) is monotone-decreasing and limr+ao Jr*(r) = 0. 
From this evaluation it follows that the trivial solution of system (7) 

is uniformly asymptotically stable. By virtue of a remark from Section 1.2, 
it is exponentially stable. Now let x ( t ;  t o ,  x,,) be a solution of system (6).  
Put 

~ ( t )  = 1' 1 X(U; t o ,  ~ ~ ) l ~ - - l  du; 
0 
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let t(7) be the inverse of this function andy(7) = x ( t ( 7 ) ;  t o ,  xo). We have 

Thus Y(T) verifies the system 

Since the trivial solution of the first approximation system (7) is 
exponentially stable, we may apply Theorem 1.7', and it follows that the 
trivial solution of the system in y is exponentially stable; hence 

If for t + 03, ~ ( t )  + T ,  < 03, then the solution 
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would not be defined beyond T ,  , since for T -+ r ,  we have t + co. 
But the solution Y ( T )  is defined for any T ;  hence T ,  = CO. It follows that 
the integral is divergent and therefore asymptotic stability occurs. The  
theorem is proved. 

Let us now emphasize the character of asymptotic stability for the 
homogeneous systems considered above. We assume that m > 1 .  For 
the system 

asymptotic stability is always exponential; i.e., 

Let us evaluate I Z ( T ;  7 0 ,  xo)l. -We have ( ~ / ~ T ) x ( T ;  T ~ ,  xo) = Z(Z(T; T ~ ,  xo)), 
where we have set 

t o  (z  = 0). 

Hence 

But Z(z)  is homogeneous of first degree; hence 1 Z(z)l < L /  z I, where 
L = S U ~ ~ , ~ , ~  1 Z(Z)(. Therefore, 

1 d  
3 -& 1 z(7; 70 1 xo)12 < LI z(T; 7 0 ,  Xo)l2; 

hence 
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hence 

and 

From this follows 

and 

Thus 

i.e., 

Krasovski has proved that if the trivial solution of the system 
dy/dt = Y(t,  y) verifies an evaluation of this type, we can obtain a 
theorem on stability by the first approximation of the same type as 
Theorem 1.7". It is, however, an open problem if such an evaluation 
always occurs for homogeneous systems. 
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We shall state now some theorems of stability in the first approxima- 
tion of a less general character] which however, may prove effective in 
different concrete cases. 

Proposition 1. Consider the system 

d x  
- = A(t )x  + X(X,  t ) ,  
dt 

where 1 X(xl  t)l < P2(t)  1 x I l  f o r  I x I < c. 

Hermitian form ( G x ,  x )  is positive-definite], such that 
I f  there exists a matrix G(t)  self-adjoint and positive [i.e., such that the 

then the trivial solution of the system is asymptotically stable. 
Here qM is the largest eigenvalue of the matrix A +- G-IG f G-IA*G, 

and h and A are, respectively, the smallest and the largest eigenvalue for 
matrix G. 

Proof. Let 

a t )  = (G(t)x(t; to  3 xo), x ( t ;  t o ,  xo)). 

We have 
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We have 
d G  
dt 

G-l( t )Q(t)  = G-l- + A + G-'A*G; 

hence q,,,, is the largest eigenvalue of the matrix G-lQ. We have 

(8% X) < q,(Gx, 4 1 .  
Likewise, the inequality 

is immediately proved. 
Thus taking into account these inequalities, 

But 
A A 
h x (GX,  X )  < A(X ,  X )  < A ~ ' ( x ,  X) = -/~'A(x, X) < -~'(Gx, x). 

Consequently, 

and hence 
-. 

d5 
-- dt < ( 9 ,  + 28 &) E. 

* Indeed, let us consider the function (Qx, x) defined on (Gx, x) = 1 ; since (Gx, x) = 1 
is compact, there exists AM =  sup(^,,,,=^ (Ox, x). According to the genera! theory of 
conditional extremes, the points of maximum verify the relation 

(a/ax){(Qx, x) - (AGx, x)} = 0; 

hence (Q - hG)x = 0; this equation has nonzero solutions only if det(Q - AG) = 0. But 

det(Q - AG) = det G det(G-'Q - AE); 

hence A verifies the equation det(G-'Q - AE) = 0 hence is an eigenvalue of matrix G-1Q. 
If xo is the point of maximum, xg is an eigenvector for G-lQ; hence 

(Qxo 9 xo) - 4Gxo I xo) = 0; 

since (Gx, , xo) = I ,  it follows that (Qxo, xo) = A ;  hence A, is the eigenvalue of G-1Q 
corresponding to xo . Since the value (Qxo, xo) is maximal, A, = y,,,, . The written 
evaluation follows immediately from here. 
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I t  follows that 

hence 

If h(t)  3 ho > 0 and if J:, ( 4 ,  + 2p dnjh) dt ---f -a when t -+ co, 
the trivial solution is asymptotically stable. If, in addition, 

s:, (q ,  + 2P J$) dt < - 4 t  - to),  

the stability is even exponential. The  theorem is proved. 
Let us consider a particularly important case. Assume that A is 

constant and that the corresponding normal Jordan form is diagonal. 
Let C be the matrix which leads A to the normal Jordan form, G = C*C. 
Then 

and 

Thus the eigenvalues of the matrix CG-lQC-l (which coincide with 
those of matrix G-IQ) are just twice the real parts of the eigenvalues of 
the matrix A. Assuming that the real parts of the eigenvalues of matrix A 
are negative, and denoting the largest of them by - d ,  the condition of 
the theorem becomes 
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The  significance of this result is the following. It is known that if 
matrix A has eigenvalues with negative real parts, the trivial solution of 
the linear system of first approximation is uniform asymptotically stable; 
hence we can apply the theorem of stability in the first approximation. 
The above result allows the evaluation of ,f3 such that the stability be 
maintained; e.g., assuming that ,f3 is constant, we obtain the evaluation 

Finally, let us note that the method used leads us not only to a theorem 
of stability by the first approximation, but also to an evaluation of the 
solutions. By conveniently choosing matrix G, we may obtain more 
precise formulas of evaluation of the solution. 

p < d dh/fl. 

Proposition 2. Consider again the system of the preceding proposition 
and assume 

/m/3z(t)dt < 00. 

I f  the trivial solution of the system 

-- dy - A(t)y 
dt 

is  uniformly stable, then the trivial solution of the given system is uniformly 
stable. If the trivial solution of the system 

is uniformly asymptotically stable, then the trivial solution of the given 
system is uniformly asymptotically stable. It is  assumed here that 

J;o I 4 1 1  du < 4 t  - to ) .  

Proof. We shall prove this proposition in two ways. The  first demon- 
stration is based upon the construction of a Lyapunov function. 

From the uniform-stability hypothesis it follows that 1 C(t, s)1 < M ;  
hence I y( t ;  t o ,  xo)l < M I x,, I for all solutions of the linear system of 
first approximation. Let V(t,  x) = sup,2o I y( t  + 0; t ,  .)I. 

We have V(t ,  x) >, 1 x 1, V(t,  x) < Mi x I. Further, 

(we have used the linearity of the system of first approximation). 
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Likewise, 

V(4.2) < V t ,  x1) + MI x1 - x2 I, 

which implies 

I V(t ,  XI) - V( t ,  %)I < MI x1 - x2 I .  

The  function 

V*(t )  = q t 7  At; t o  , xo)) 

is monotone-decreasing (see Theorem 1.2'). 
We have 

40; t ,  xo) = xo + s' {&)x(u; t ,  xo) + X(x(u; t ,  xo), u)}du 

For I xo I < c/2 it follows, if t < 0 < t + h and h is sufficiently small, 
that 

hence 

Further, 

We will have 

I x(v; t ,  xo) - 
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and 

for t < v < t + h. Taking this evaluation into account, we deduce 

I V[t  + h, X(t + h; t ,  4 1  - q t  + h,y( t  + h; t ,  411 

< M j t f h  p2(u)ciu exp [ f f h  { 2 1 ~ ( u ) l  + /32(u))du] ; 
t t 

hence 

In  this way, with the help of a computation which we have already 
performed (see, for example, Theorem 1.7'), we obtain 

which togetherwithJmp2(u)du < Kimpliesl x(t ; to,xo) j  <Mexp(MK)Ixo), 
and the first assertion of the proposition is proved. 

For the second assertion, proceeding as in Theorem 1.7, we choose 
the function (V( t )x ,  x), given by Theorem 1.6", and setting 

V*(t) = ( V ( t ) x ( t ;  t o  , X"), 4 t ;  t o  1 XON, 
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we deduce that 

dV* 
dt 

-- - -I x ( t ;  t o  9 x0)l2 + 2(V(t)x(t;  t o ,  xo), X(x( t ;  t o ,  xo), t )  

V*(t). 
1 -2Mj3’ 

M 
< -I x ( t ;  t o ,  xO)l2 + 2MP21 x(t ;  t o ,  xo)12 < - _____ 

Hence 

from this we deduce that 

1 
In V*(t) - In V*(t,) < - - ( t  - to) + 2M 1‘ P2(u)du 

M 
t0  

and that 

1 
V*(t)  < V*( to)exp  [- % ( t  - to)] exp [2M j:of12(u)du] 

1 < MI xo l 2  exp 2MK - - ( t  - to)]  [ M 

We finally obtain 

and the proposition is proved. 
The  second proof uses the variation-of-constants formula, 

~ ( t ;  to , x0) = C(t;  to)x0 + C(t; s)X(X(S; t o ,  xO), s)ds. 
J:o 

Thus 

From here we obtain 

and the first assertion of the proposition is proved. 
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Finally, if the trivial solution of the linear system of first approximation 
is uniformly asymptotically stable, we deduce 

Hence 

Setting 

I x(t ;  to , x0)I < Be-a(i-to) I xo 1 exp [B s:"P2 ds] < BeKBeca(t-tn) I x,, I. 

The  proposition is proved. 

Proposition 3. Consider the system 

where I X ( t ,  x, Y>l < KI Y ID, P > 0, I Y ( t ,  x, Y>l < kl Y I for I I < %I, 

[ y 1 < q,, k suficiently small. Suppose that the trivial solution of the 
linear system 

dz 
dt 
- = A(t)z 

is un;formly asymptotically stable. Then the trivial solution of the given 
system is un;formly stable and, in addition, fo r  every solution for  which the 
initial values are sufficiently small we have 

y ( t )  -+ 0, x(t) + 1 ,for t -+ co. 
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Proof. For this theorem, too, we shall give two proofs, the first based 
on the construction of a Lyapunov function, the second on the formula 
of the variation of constants. Let V( t )  be the matrix constructed as in 
Theorem 1.6” for the system in z. Setting 

V*(t) = (Wr(t; t o  9 xo 9 Yo), Y(C t o  > xo 7 Yo)), 

we obtain, as in Theorem 1.7, 

Further, as in Theorem 1.7, we deduce that 

we obtain 



1.7. STABILITY BY THE FIRST APPROXIMATION 81 

which shows the uniform stability. In  addition, J:, X [ u ,  x(u; to , xo , yo) ,  
y (u ,  t o ,  x o ,  yo)]  du will be convergent; hence liml+m x( t ;  t o ,  x o ,  yo)  
exists. The  proposition is proved. 

Now, the second proof. Let C(t ,  s) be the fundamental matrix of 
solutions for the system in z ;  we have 

I C(t, s)I < Be-a(t-s) 

From 

A t ;  t o  9 xo 7 Yo) = C(t;  tolyo + 
we obtain 

C(t,  s ) W ;  4 s ;  to  , xo , yo), y(s; t o  , xo ,y,))ds, 

Setting 

u(t)  = eatl y ( t ;  t o  3 xo ,yo)l, 

u(t)  < Bu(to) + Bk f u(s)ds, 

we obtain 

t0 

whence 

Thus 

u(f) < Bu(to)eBk('t-to). 

< Be-a(t-to)eBk(t-t ) I At; t o  > xo 7 r o ) l  .. 
If we have k < 01//3, then we shall have the exponential evaluation for 
I y ( t ;  t o ,  xo , yo ) ]  and the proof continues as above. 

With the help of Proposition 3, we shall state a stability criterion of a 
specid type relative to systems of the second order. 

IYOI. 

Proposition 4. Consider the second-order system dy/dt = Y ( y ,  t ) ,  
where Y depends analytically on y and has a development in series with 
bounded coeficients for t 2 0. Let p)(t, h )  be a family of bounded solutions 
of the system for t 3 0 depending analytically on h and with the property 
that the functions y(:) ( t ,  0 )  are bounded for t 3 0. If 

h 

I V X t ,  011 2 Y > 0 
and 

where X(t) is a bounded function, then y = y ( t ,  0 )  is uniformly stable. 
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Remark. If Y does not explicitly depend on t and the system admits a 
bounded solution y = ~ ( t ) ,  then it has also the solutions p)(t + h) ;  in 
this case p)L(t, 0) = +(t) and in general 

Hence the condition that these derivatives be bounded is automatically 
verified. For the case when Y does not depend explicitly on t and the 
solution ~ ( t )  is periodic, the result has been stated by PoincarC. 

Proof. Let p)(t, 0) = ~ ( t ) .  We make the change of variables 
x = y - p)(t) and we obtain 

where 

and the development in series with respect to x of X(t ,  x) begins with 
terms of degree higher or equal to two. Both A(t) and X ( t ,  x) are bounded 
as functions o f t  for t 3 0. The  system in x admits the family of solutions 

x = T( t ,  h) - q(t, 0) = hIpk(t, 0) + &h2lp;Iz(t, 0) + a * * .  

By substituting in the system we find that &(t, 0) is a solution of the 
linear system dzjdt = A(t)z. By virtue of the hypothesis, this solution 
is bounded. 

$2 the components of the 
vector &(t, 0). We have, by hypothesis, $: + @ >, y2 > 0. Let 

In  what follows we shall denote by 

It follows that det $ = $: + $;, 

and it is clear that according to the hypothesis of the theorem, +, $-l, 4 
are bounded. We perform the change of variables x = $x*. The system 
becomes 

- = (*-‘A* - *-1 x* + $-‘X(t, *x*). 
dx * 
dt dt 
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The  linear system 
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d z  
dt 
-- - A ( t ) z  

becomes, by means of the change of variables z = $z*, 

dx * 
dt dt 

This system admits 
to the solution x1 = 

the solution zf = 1 ,  zz = 0, which corresponds 
$1 > 2 2  = $2 * 

It follows that- the first column of the matrix $-lA$ - $-l(d$/dt) is 
zero; let a(t) ,  b(t)  be the elements of the second column. We have 

b(t) = T r  [+-'A$ - 4-l- = Tr +-IA# - T r  9-1 - 4 
d* 1 dt dt 

d d 
dt dt dt 
d* = T r  A - Tr+-l-  = T r A  - -1n det+ = T r A  - -ln(+: + 4:). 

Hence the system in x* has the form 

where X* has the same properties as X .  

family of solutions 
From x* = $-lx it follows that this system admits the bounded 

X *  = h*-'Cpi(t, 0) + +h2*-1p;2(t, 0) + .*.. 

Taking into account that &(t, 0) is the first column of the matrix $, 
we see that $-*&(t, 0) has the components 1 and 0. Hence 

where, according to the hypotheses, ak and p k  are bounded functions of 
t for t >, 0. We make a new change of variables 

x,* = u + U%,(t) + * * a  

1 1 g o t  

x,* = 'u + U2&(t)  + **.. 

2 1 P2P) -t * * * *  

In the neighborhood of the point xf = xz = 0 we obtain 

z, = x* - x*Z u = x* - x*Za t 1.. 
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and the stability properties for the system in (u, v )  lead to stability 
properties for the system in x*. After the last transformation, the 
system becomes 

where U and V are bounded as functions of t for t 3 0 and have 
developments in series according to the powers of u and v beginning 
with terms of a degree 2 2 .  This system admits the family of solutions 
u = h, v = 0, which requires that U(t ,  u, 0) = 0, V( t ,  u, 0) = 0. From 
this it follows that for 1 u 1 < uo , 1 v 1 < vo we have 1 U(t ,  u, v)I < a /  v I, 
1 V(t,  u, v)I < /?I v 1, where a and /? may be arbitrarily small, if uo and vo 
are sufficiently small. 

On the other hand, from 

we have 

The  general solution of the equation dwjdt = b(t)w is 

w(t )  = w(to) exp [I' b(s)ds] 
tn 

According to the hypotheses of the statement, I w(t)I < I w(to)I 
( 1  &(to ,  O)lz/y2)  e-v('-'o)ex('), which shows that the trivial solution of the 
equation in w is uniformly asymptotically stable. We can apply 
Proposition 3. Hence the trivial solution of the system in (u, v )  is uni- 
formly asymptotically stable, which entails the uniform stability of the 
trivial solution for the system in x*, and hence for the system in X, 

which establishes the uniform stability of solution ~ ( t ) .  Moreover, for 
u(to), v(to) sufficiently small, we have u(t) + h, v(t) 3 0; hence 
x F ( t )  - (h  + h2a2(t) + -..) + 0, x; ( t )  - (h2p,(t) + a * - )  + 0. Thus 
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the solutions x(t)  tend to one of the solutions v(t, h) - p)(t); hence for 
every solution y ( t )  from the neighborhood of v ( t ) ,  there exists an h such 
that 

lim (y ( t )  - p(t, h)) = 0. 
l-tm 

1.8. Total Stability 

In  what follows we shall state a series of theorems which point out the 
fact that if a solution is uniformly asymptotically stable it also has certain 
stability properties with respect to different classes of permanent 
perturbations. As previously, we shall only be concerned with the case of 
stability of the trivial solution, since by the preceding we already know 
that the study of the stability of any solution is reduced to this case. 

Definition. The trivial solution of system ( 1 )  is  said to be stable with 
respect to permanent perturbations (totalZy stable) if for  every E > 0 
there exists 81(~) and a2(e) with the properties that f o r  any function R(t, x) 
with I R(t, x) I < 6, for  I x I < E ,  t >, 0 and for  any I yo I with 1 yo I < 6, , 
the solution y ( t ;  to , yo) of the system 

verifies the inequality I y( t ;  to , yo)\ < E f o r  t >, to . 

Theorem 1.8. I f  the trivial solution of system (1) is uniformly 
asymptotically stable, then it is also stable with respect to permanent 
perturbations. 

I t  is supposed that f fulfills the condition I f ( t ,  xl) - f ( t ,  x2)l < 
L(t)l x1 - x2 I for I x1 1 .< a. , I x2 1 < a. and that I J;"L(s) ds 1 < kl u 1. 

Proof. According to Theorem 1.6', it follows from the uniform 
asymptotic stability of system (1) that there exists a function V ( t ,  x) 
with the properties 

a(l x I) < w, 4 < b(l x I), 
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where 6 ( ~ )  and So appear in the definition of uniform asymptotic stability. 
Let yo satisfy I yo 1 < $ao; consider the solution y(v; t, yo) of system (8). 
From 

Y("; t ,  Yo) = yo + ju M u ,  Y(u;  t ,  Yo)) + R(u, .Y(W t ,  Y o ) ) W  

we obtain 

I Y("; t , ~ o ) l  < I yo I + I u L ( u )  I y(u; t,y0)1 du + h ~ ,  

where 71 =  up^^^,^^^ Golo 1 R(t, y)l. T h e  inequality holds for all 
t < v < t + h such that i(y(u, t, yo) /  < a0. Thus  

I Y ( V  t,YO)l < (! Yo I + h7l)e". 

Hence for h sufficiently small, we will have, in any case, 1 y(u;  t, yo)]  < a. , 
and the inequality holds for every t < v < t + h with h sufficiently 
small. 

Further, let x ( v ;  t, yo) be the solution of system (1). We have 

Y(v;  t ,  Yo) - x ( v ;  tl Yo) 

Let E > 0, I < min(a(E), u($ao)}, a,(€) = b-l(Z), SZ(e )  = c[b-l(Z)]/M. 
We choose 1 y o  1 < 6, (we shall have, in any case, 1 yo  1 < *ao). 

If R(t, x) is such that 1 R(t, x)] < 6, for I x j < E ,  t t o ,  we shall 
have rll = s u p L Q o , l v , ~ c  I R(t, y ) ]  < 6,.  As above, it is clear that if 
1 yo 1 < 6, , then for h sufficiently small we shall have I y(u;  t, yo) I < E 

f o r t < u < t + h .  
Therefore we may write the estimate 

I Y("; t ,  Yo) - x(v; t ,  Y0)l < h?, + ju 44 I y(u; t ,  Yo) - x(u; t ,  ro)l du, 

from which follows 

I y(v;  t ,  yo) - x(v;  t ,  Y0)l < h e k h ,  

in any case for h sufficiently small. On the other hand, we have 
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But 
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we see, as above, that for h sufficiently small, we have the estimate 

From this we obtain 

We deduce then that 

< -41 y I )  + 1v% = -4 y I )  + 4 q 4 1  

if 1 y I < E with E sufficiently small. 
We may now prove that I y ( t ;  t o ,  yo)l < E for t 3 t ,  . If the property 

does not hold, there exists a t, > to such that I y( t l ;  t o ,  yo) /  3 E ;  then 
there exists to < t ,  < t ,  such that I y( tz;  to , yo)l = E and I y ( t ;  t o ,  yo)l < c 

for to < t < t ,  . Let V*(t) = V[t ,  y ( t ;  to , yo)] .  We have 

V*(f2)  = Vt?:  1y(t,; t o  1YO)l 3 41 Y(te; t , , ,  Y0)l) = 4.) > 4 

V*(~O) v(to 7 yo) < b(l Y O  I )  < b(%) = b[b-l(/)] = 1. 

Thus there exists a t ,  satisfying t ,  < t ,  < t ,  such that V*(t,) = I ,  
V*(t) > 1 for t ,  < t < t ,  . We have 

.(Iy(t.?; t o  >Y*)I) < V[t ,  !Y(t3; t0,YO)I = V*(t,) = 1 < b(Iy( t3;  t o  7Yo)I). 



88 1. STABILITY THEORY 

Therefore, 

Hence we may write 

v*(t3 + h, - v*(t3)  < -c(l y ( t 3 ;  t o ,  yo)i) + c[b-l(l)]  
h 

= lim sup 
h+O+ 

< -c[b-l(Z)] + c[b-l(l)]  = 0. 

Therefore, V * ( t )  < V*(t , )  = I for t > t ,  , which is contradictory. The  
theorem is thus completely proved. 

We shall now give some applications of this theorem. 

Applications. 1. Let us suppose that system (1) contains a certain 
number of parameters; we shall denote by a a point in the parameter 
space. 

System (1) is written 

dx 
- dt =f(t, x; a). 

The  manifold of points for which the trivial solution is uniformly 
asymptotically stable forms in the space of the parameters the domain of 
stability of the system; let G be this domain. We consider a point a. 

on the boundary of G; the point is said to be a security point of the boundary 
of the domain of stability if  for every E > 0 there exists S1(e) > 0 and 
a Z ( e )  > 0 with the property that if j xo [ < al(c) and p(a, a,,) < S2(e), then 

1 x ( t ;  t o ,  x,,; a ) ]  < E for t >, t o .  We have denoted here by p(a, ( y o )  the 
distance between OL and a,, in the space of the parameters. 

The  significance of this definition is the following. If a0 is a point 
of the boundary of the domain of stability, there are some points outside 
this domain arbitrarily close. At these points the trivial solution, 
ceases to be stable. The  fact that a. is a security point of the boundary 
means that if a is close enough to a,, , even if it is outside the domain of 
stability, the solution x ( t ;  t o ,  x o ,  a )  continues to remain close to the 
trivial solution; hence certain stability properties are maintained, which 
are sufficient for practical requirements. It follows from this that the 
security points of the boundary of the domain of stability have the 
property that we can get as close as possible to them without assuming 
the risk that small errors or perturbations provoke the loss of stability. 
An immediate consequence of Theorem 1.8 is the following: 
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If the trivial solution of the system 

is un;f.rmly asymptotically stable, the point a. is a security point of the 
boundary of the domain of stability. 

Indeed, the system 

dx 
- =f(t, x; a) 
dt 

may be written 

Upon putting 

R(t,  x) = f ( t ,  x; a)  - f ( t ,  x; ao), 

it follows that if we suppose that .f is continuous with respect to a, 
uniformly with respect to ( t ,  x), then for given a3(c) > 0 there exists a 
a2(c) > 0 such that p ( a l ,  ao) < a, ,  I x I < E implies I R( t ,  x)l < a3(c). 
Since the trivial solution of the system dxjdt = f ( t ,  x; ao) is uniformly 
asymptotically stable, it is stable with respect to permanent perturbations; 
hence there exists a,(<) and S3(e) such that 1 xo 1 < S1(e), and 1 R( t ,  x)l < 
a3(e) for I x 1 < E implies I x( t ;  t o ,  xo)l < E for t to . But p(a, ao) < &(E) 
implies 1 R(t ,  x)1 < a3(c). Hence, if 1 xo I < a,(€) and p(a, a,,) < 1S2(e) it 
will follow that I x( t ;  t , xo; .)I < E for t 3 t o ,  which shows that a0 is a 
security point of the boundary. 

Let us remark that those results stated above point out the importance 
of the study of the stability of the boundary points of the domain of 
stability. This study is usually much more difficult than for the interior 
points of the domain of stability. 

2. Consider the system 

where x and y are vectors. Suppose that X ( t ,  0, 0) = 0, Y(t ,  0, 0)  = 0 
and that the trivial solution of system ( 9 )  is  stable with respect to components 
x; this means that there exists a S,(E) such that I x,, I + I y o  1 < 6 ,  implies 
I x( t ;  to , XO ,ro)l < €for t 2 to 
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Suppose in addition that the trivial solution of the auxiliary system 

dz 
- = Y(t ,  0,  z )  
dt 

is uniformly asymptotically stable. Under this condition, the trivial solution 
of system (9 )  is uniformly stable. 

Proof. The  system 

may be written 

By hypothesis, the trivial solution of the auxiliary system is uniformly 
asymptotically stable, and thus, by virtue of Theorem 1.8, is stable with 
respect to permanent perturbations. I t  follows that there exist a,(€) and 
S3(e) such that, from 1 yo 1 < 6, and I Y(t,  x, y )  - Y(t,  0, y ) ]  < a,(€) for 
I y 1 < E ,  follows J y( t ;  t o ,  x, , yo)l < E for t 3 to . Since Y is supposed 
continuous in x ,  there exists a,(€) such that 1 x ~ < 6, implies 
1 Y(t, x ,  y )  - Y ( t ,  0, y)l < S3(e) for t >, 0, 1 y 1 < E. On the other hand, 

Let a(€) = min{S,(E), SI[a4(~)]}. Then I xo I + I yo 1 < S(E) implies 
if I xo I + I yo I < a,rs,(~)l, then I x ( t ;  to , xo ,yo)l < a,(€). 

on the one hand, 

and, on the other, 

I Y(t,  4 t ;  to xo yo),  Y )  - y(t, 0 ,  y)i < a,(€) for 1 y I < E ;  

hence 

I At; t o ,  xo , yo)l < 6 for t 2 t o .  

The proposition is proved. 
An example of the application of this proposition has been given by 

T. Hacker in a study of aircraft stability. In  the case when system (9) 
represents the system of the perturbed motion for a plane, a part of the 
components may be controlled by the pilot. Considering that these 
are the components denoted by x and that system (9) also contains 
in it the pilot’s action, the pilot’s control will be expressed by the 
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fact that the trivial solution of system (9) is stable with respect to 
components x. Admitting, of course, that the pilot’s action is zero 
when components x are zero (namely, admitting that the pilot does 
not act when perturbations do not occur), it follows that the auxiliary 
system does not depend on the pilot’s action but only on the constructive 
parameters of the plane. By choosing these parameters in such a way 
that the trivial solution of the auxiliary system be uniformly asymptot- 
ically stable, the action of the pilot on the controllable components 
will be sufficient to assure the stability of the plane’s motion. 

Let us suppose now that the trivial solution of system (9) is uniformly 
asymptotically stable with respect to components x and that the trivial 
solution of the auxiliary system is also uniformly asymptotically stable. 
Then the trivial solution of system ( 9 )  is  uniformly asymptotically stable. 

Since the trivial solution of system (9) is uniformly asymptot- 
ically stable with respect to components x, there exist So and T(E)  such 
that I xo I + I y o  I < So and t 3 to + T ( E )  implies 1 x( t ;  t o ,  xo , yo)l < E .  

Let a(€)  < S ( E ) ,  with the .property that 1 x 1 < a(€), 1 y I < €(So) 
implies 1 Y ( t ,  x, y )  - Y ( t ,  0,  y)i < y ( ~ ) / 2 M ,  where M is the Lipschitz 
constant of the Lyapunov function constructed for the auxiliary system, 
and y ( ~ )  = ~ [ S ( E ) ] .  Let To(€) such that t 3 to + To(€) implies 
I x( t ;  to , xo , yo)l < a(<). Let b, = b(6,) and c1 such that 

Proof. 

Let N t ,  y )  = Y ( t ,  x(t;  to , xo 9 yo), y )  - Y ( t ,  0, y ) .  

for to < t < to + T and 1 xo I + I yo I < S o .  The  existence of c1 
follows from the fact that, as in the theorem of stability with respect to 
permanent perturbations, we have 

where 7 > I R(t,  y)l.  But I xo I + 1 yo I < 6, implies 

which shows that 7 will depend only on So and not on to; hence we may 
take c1 = Mq. 
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Let TI(€)  = 2(b0 + clTo)/y(E) and T(r)  = To(€) + T,(E). In  
[to + T o ,  to + TI there exists a t‘ such that I y(t’; t o ,  xo , yo)l < a(<). 
If t’ did not exist, then we would have in the whole interval 

since for t 3 to + To we have j x( t ;  t o ,  xo , yo)\ < a(€ )  and I R(t ,  y)l 
< y ( ~ ) / 2 M .  Upon setting 

we will obtain 

whence 

V*(to + T )  < @So) -5 T ,  + c,To = 0, 

which is contradictory. It follows that there exists a t’ E [to + To , to + TI 
such that I y(t’; t o ,  xo, yo)l < a(€) and I y( t ;  t o ,  xo, yo)l < E for 
t 3 to + T(E).  With this the proof is achieved. 

A variant of the notion of stability with respect to permanent pertur- 
bations is obtained if instead of requiring that the permanent pertur- 
bations be small all along, we only require that they be small in the mean. 
Taking into consideration larger classes of permanent perturbations, 
we obtain a stronger property of stability. 

Definition. The trivial solution of system (1) is said to be stable under 
permanent perturbations bounded in the mean if f o r  all E > 0 and T > 0 
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there exist 6 > 0 and 77 > 0 such that whichever be function R ( t ,  y )  with 
1 R(t, y)l < g?(t) for 1 y 1 < E and j 7 T g ? ( ~ )  ds < 77 and whichever be 
yo with [ y o  [ < 6 we will have 1 y( t ;  t o ,  yo)/  < E for t 3 to , where 
y ( t ;  to , yo)  is  the solution of system (8). 

Theorem 1.8'. If the trivial solution of system (1) is un;f.rmly 
asymptotically stable, then i t  is  stable under permanent perturbations 
bounded in the mean. The same conditions as in Theorem 1.8 are supposed 
to be fulfilled. 

Proof. Let V ( t ,  x) be as in the proof of Theorem 1.8. Consider a 
solution y ( t ;  t, , yo) of system (8), T E [ to ,  t ] ,  and a solution 

of system (1). We will have 

if j Y(T ;  to , yo)/  is sufficiently small. 
We may write 

Then 

From here we obtain 
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if I Y ( T ;  t o ,  yo)l < E. We deduce further that 

By integrating from to to t we obtain 

Now let E > 0, T > 0. We choose 6 < b-* (&a(~) )  and 

Let I y o  I < 6, J k + T q ( ~ )  ds < 7. We show that 1 y( t ;  t o ,  yo)l < E for 
t t o .  

Suppose that it were not so; then there exists t ,  > to such that 
1 y ( t l ;  t o ,  yo)l 2 E. It follows that there exists to < t ,  < t ,  such that 
I y( t z ;  to , yo)l = E and I y( t ;  to , yo)l < E for to < t < t ,  . 

We have 

Then there exists to < t ,  < t ,  such that V*(t,) = &(c) and V*(t)  > 
&a(€) for t ,  < t < t ,  . Therefore, for t ,  < t < t ,  , we shall have 
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From t < t ,  will follow 1 y ( t ;  t ,  , yo) /  < E; hence we can apply formula 
(*) and deduce that 

Since 7 < ( 1 / 2 M ) a ( ~ ) ,  we have finally, V[t , ,  y ( t 2 ;  t ,  , y,)] < a(.). I t  
follows that 

41 ~ ( t z ;  tn Y31)  < V t z  7 ~ ( t z ;  t o  > y o ) ]  < 4.1; 
hence I y(tz;  t o ,  y,)l < E, which contradicts the definition of t ,  . The 
theorem is proved. 

A slightly different variant of the same type of stability, equally based 
on the idea of considering perturbations which can be great in certain 
moments but are small in the mean, has been defined by Ivo VrkoE. I t  is 
called integral stability. 

Definition. W e  will say that the trivial solution of system (1) is 
integrally stable if there exists 6 ,  > 0 and a function B(6) > 0 defined for 
0 < 6 < 6 ,  (which we will suppose monotone and continuous) with 
lim8+,, B(6) = 0 such that j yo  1 < 6 and JI", S U ~ ~ ~ ~ ~ ~ ( ~ )  1 R ( t ,  y)i  dt < 6 
implies 1 y(t;  t o ,  yo)! < B(6) fur t t o ,  y(t;  to , yo) being a solution uf 
system (8). 
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It is easy to see that this definition is equivalent to the following. 
The trivial solution of system (1) is integrally stable i f  for every E > 0 

there exists 6, > 0 and 6, > 0 such that 1 y o  I < 6, and 

implies I y ( t ;  t ,  , y,)l < E f o r  t >, to; if we take 6 = min(6, , S,) and B(6) 
as the inverse of the function a(€), we fall upon the first definition, 
and the first definition implies the second one with 6, = 6,.  

The trivial solution of system (1) is said to be asymptotically integrally 
stable if it is integrally stable and in addition there exist functions T(6, E )  

and ~(6, €1 such that I yo I < 6, Jt S U P , ~ ~ < B ( ~ )  i ~ ( t ,  Y ) I  dt < ~ ( 6 ,  e) and 
t 3 2, + T(6, .) imply 1 y ( t ;  to ,yo)l < E .  

In  what follows we shall point out a series of conditions equivalent, 
respectively, to integral stability and asymptotic integral stability. 

1. The trivial solution of system (1) is integrally stable if and only i f  
there exists 6, > 0 and B(6) dejined on (0,  a,,), B(6) > 0, lim8+o B(6) = 0, 
such that whichever be the function q(t) continuous, with st v ( t )  dt < 6 ,  
the solution y ( t ;  t,  , yo)  of the system 

with I y o  I < 6 verijies the inequality I y ( t ;  to , yo)i < B(6) for t >, to . 

Proof. I t  suffices to prove that if the property from the statement 
occurs, the trivial solution of the system is integrally stable. Let R(t ,  y )  be 
such that 

where B(6) is chosen according to the property from the statement. 
Consider a point y o  with j y o  ] < 6 and the solution y ( t ;  to , yo)  of system 
(8). If we would not have for all t 3 to the inequality I y ( t ;  to , yo)l < B(S), 
there would exist a first point t ,  > to such that 1 y ( t l ;  t ,  , yo)l = B(6). 
For t E [to , t l]  take g)(t) = R(t ,  y ( t ;  t o ,  yo) ) ;  we have 
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We extend y ( t )  continuously on the whole semiaxis t >, to such that J-t y ( t )  dt < 6;  for this it is sufficient to take t ,  > t ,  such that 

to put y ( t z )  = 0 and to take y ( t )  linear on [tl , t,] and zero for t >, t ,  . 
Now let z ( t ;  to , yo)  be the solution of system (10) with y ( t )  chosen as 

above. From 1 yo I < 6 and j-r 1 y(t)l d t  < 6 will follow 1 z(t; t o ,  yo)l < 
B(6) for t 3 to; hence 1 z(t,; t o ,  yo)i < B(6). But on [ t o ,  tJ we have 
z ( t ;  to , yo)  = y ( t ;  to , yo); hence 1 y( t l ;  to , yo) ]  < B(6), which is contra- 
dictory. 

2. The trivial solution of system ( 1 )  is  asymptotic integrally stable if and 
only i f  it is integrally stable and in addition there exist T(6, E) > 0 and 
y(6, E) > 0 de$ned on (0, a0), E > 0 such that whichever be ~ ( t )  continuous 
with Jr 1 y(t)l dt < y(6, E), 1 yo  1 < 6, and t 3 to + T(6, E), we will have 
I y ( t ;  to , yo)i < E, y ( t ;  to , yo) being the solution of system (10). 

I t  suffices again to show that the statement implies integral 
asymptotic stability. If it were not so, there would exist S‘ < 6, and 
E’ > 0 such that whatever T > 0 and y > 0 are, there exist y o  with 

such that 1 y( t l ;  to , yo)l 3 E’, where y ( t ;  to , yo)  is the solution of system 
(8). Let T(6’, E’), y(S’, E’) defined according to the property from the 
statement, y o ,  R(t ,  y ) ,  and t ,  corresponding on the base of the reductio 
ad absurdum hypothesis. Let y ( t )  = R(t ,  y ( t ;  t o ,  yo) )  for t E [ t o ,  t,]; 
we have 

Proof. 

1 YO 1 < ”, R(t, y )  with .fz SuPlyl<B(8) 1 R(t, y)l dt < y and tl > + T,  

As in the preceding case, we extend y( t )  continuously on the whole 
axis maintaining this inequality, and take the solution z ( t ;  t o ,  yo)  of 
system (10) with y ( t )  thus chosen. From JI I y(t)l dt < y(6’, E’), 
I yo I < S’, and t ,  > to + T(6’, c’) we obtain 1 z(t,; t o ,  yo)l <E’. But 
on [to tll we have ~ ( t ;  to , yo)  = y ( t ;  to , yo) ;  hence I y( t l ;  to , yo)l < E’, 

which is a contradiction. 

3. The trivial solution of system (1) is  integrally stable if and only ;f f o r  
every 0 < 6 < So there exist B(6) > 0, lim8,, B(6) = 0 (monotone and 
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continuous), such that whichever be y ( t )  with continuous derivative on 
[to , t l]  with I y(to)l < 6, Ji: 1 j ( t )  - f ( t ,  y(t))i dt < 6, it will follow that 

Let us suppose that the trivial solution is integrally stable 
let B(6) be defined according to the property of integral stability and 
let y ( t )  be as in the statement. Let y ( t )  be continuous for t 3 to such that 
p)(t) = j ( t )  - f ( t ,  y ( t ) )  on [ t o ,  t l ] ,  1; 1 p(t)l dt < 6;  such a function is 
defined as above. 

We consider system (10) with p)(t) so chosen and the solution 
z( t ;  t o ,  y ( to) ) .  According to the statement in point 1, we will have 
1 z ( t ;  t o ,  y(to))l < B(6) for t 3 t o .  Since on [ t o ,  tl] we have 

lY(t)l < W f o r  t E [to tll. 
Proof. 

it will follow that I y(t)l < B(6) on [to , t,]. 
Now let B(6) be as in the Statement and p)(t) be continuous for t 3 to 

with J; I p)(t)i dt < 6.  The solution y ( t ;  t o ,  yo )  with I y o  1 < 6 of system 
(10) verifies for every t, the condition of the statement; hence for every 
t ,  > to we have I y ( t ;  t o ,  yo)l < B(6) on [to , t,]. Hence the condition 
from point 1 is fulfilled and the trivial solution of system (1) is integrally 
stable. 

Property 3 shows that the notion of integral stability defined by Ivo 
Vrkoi: is equivalent to the notion of strong stability defined by Okamura 
and recently studied by Kyuzo Hayashi. 

4. The trivial solution of system (1) is asymptotic integrally stable if and 
only if it is integrally stable and in addition for every 0 < 6 < So , E > 0 
there exist T(6, E )  > 0, y(6, E )  > 0 with the property that for every y ( t )  
with continuous derivative on [ to ,  t,], t ,  > to + T and such that 
I y(to)l < 8, J:: 1 j ( t )  - f ( t ,  y(t))l dt < y(6, E )  it willfollow that 1 y(t)l < E 

on [ t o  + T,  tll. 

Proof. Suppose the trivial solution of system (1) is asymptotic 
integrally stable, and let T(6, E ) ,  y(6, E )  be as in point 2, y ( t )  as in the 
statement. We define for t 3 to the function g)(t), putting q( t )  = j ( t )  - 
f ( t ,  y ( t ) )  for to < t < t ,  and requiring that Jt 1 p(t)l dt < y(6, E). 

Consider the solution z ( t ;  to , y( to) )  of system (10). I t  will follow that 
I z(t;  t o ,  y(to))i < E for t 3 to + T .  Since on [ t o ,  t l ]  we have 
z ( t ;  to ,y(to)) = y( t ) ,  we will have 1 y(t)l < E on [to + T,  t l] .  

Conversely, let T(S, E )  and y(6, E )  be as in the statement and let q(t)  be 
continuous with Jr 1 p)(t)l dt < y(6, E ) ;  then the solution y ( t ;  to , y o )  of 
system (10) with 1 y o  1 < 6 verifies for every t ,  > to the condition from 
the statement; hence I y ( t ;  t o ,  yo)l < E for t b to + T.  
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Lemma. 

1. V(t,  x) is continuous, 

2. 

If V ( t ,  x) has the properties 

I V(t,  XI) - V(t ,  xz)l < MI x1 - x2 1 for I x1 I < &I, 

for every function with continuous derivative on [ t o ,  t]. 

hence 

Thus 

Integrating, we obtain the inequality of the statement. 
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Lemma. If there exists a continuous function V( t ,  x )  dejined for  
t > 0, I x I < 6 ,  with the properties 

1. 

2. 

3. limsup 

V(t ,  x) 3 a(I x I), V(t ,  0) = 0, 

V t ,  XI) - q t ,  %)I < MI x1 - x2 I ,  
V[ t  + h, x ( t  + h;  t o  , XO)] - V t ,  x(t; t o ,  x0)l 

< g( t )V[ t ,  x ( t ;  t o  9 Xo)l, 

h h+O+ 

with J r g ( t )  dt  < co, g ( t )  > 0, where x(t; to , x,) is a solution of system 
(l), then the trivial solution of system (1) is integrally stable. 

We have, as in the preceding lemma, Proof. 

From here we obtain, by integration, 

If 

IY(t0) l  < 8, J%)dt = k, 
t o  

then 

a(1 y(t)l) < V[t ,  y(t)] < Mek8 + Mek& = 2Mek8; 

hence 

I y(t)l < ~ - ~ ( 2 M e ~ 8 )  = B(6). 

The integral stability follows on the basis of property 3. 
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then the trivial solution of system (1) i s  asymptotic integrally stable. 

On the basis of the preceding lemma, the trivial solution of 
system (1) is integrally stable. For E > 0 we choose y1 > 0 such that if 

for t ,  < t < t,; such a y1 exists on the basis of property 3, namely, 
y1 = B-’(E). We then take y = min (6, yl), I = c(yl), T(6, E )  = 
M(6 + y ) / l .  Let y ( t )  be a function with a continuous derivative on 

If we would have 1 y(t)l >, y on [ t o ,  to + TI ,  then 

Proof. 

! Y(t2)l < y1 and J: I j ( t )  - f [ t ,  y(t)ll dt < y1 7 we will have I y(t)l < rz 

[to I tll, tl > to + T(6, c), I Y(t0)I < 6, s:: I j ( t )  - f [t, Y(t)ll dt < y .  

- j::Tc(i  y(t)l)dt < M6 + M y  - TI = 0, 

which is a contradiction. 

Since 
We deduce that there exists T E [to , to + TI such that 1 Y ( T ) ~  < y < y1 . 

it follows, according to the choice of y1 , that 1 y(t)l < E for T < t < t ,  , 
hence, in any case, on [to + T,  t l] .  According to property 4 the asymptotic 
integral stability follows immediately. 

This lemma immediately yields 

Theorem 1.8”. If the trivial solution of system (1) is uniformly 
asymptotically stable it is  also asymptotic integrally stable. 

We have seen in this paragraph that uniform asymptotic stability 
implies stability under permanent perturbations, stability under perma- 
nent perturbations bounded in the mean, integral asymptotic stability. 
In  the final part of this section we shall show that it is also conserved 
in the case of some permanent perturbations which approach zero when 
t + co. For this purpose a lemma will be necessary, interesting in itself, 
which presents a weakening of the conditions from Theorem 1.5. 
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where b(r) is continuous, monotone-increasing, b(0) = 0, and a(t ,  r ) ,  c(t, r )  
are continuous and such that for every pair 0 < 01 < ,f3 < H there exists 
8(01, p)  2 0, k(a, p) > 0 such that a ( t ,  r )  > k(a, p), c(t ,  r )  > k(01, p) for  
01 < r < 8, t 3 8(01, p). Then the trivial solution of system (1) is uniformly 
asymptotically stable. 

Let t > 0, 8, = 8(c, E ) ,  k, = k ( ~ ,  E). We have a(t ,  E) > k, 
for t >, O1 . Let ql(e) < bkl[k(E, E)]. We will have V ( t ,  x) >, a( t ,  I x I) > k, 
if 1 x 1 = E ,  t 2 8, and V(t,  x) < b( /  x 1 )  < k, if I x 1 < q , ( ~ ) .  

Let O2 = 8[ql(c), el. Then for t 3 8 , ,  q,  < r < E we will have 
c(t, r )  > 0. 

Now let 8 = max (el, 8,) and q ( ~ ) ,  chosen so that 1 xo 1 < q and 
0 < to < 8 implies I x ( t ;  t o ,  xo)i < q1 for to < t < 8. The  choice of 
q ( c )  is possible on the basis of Lemma 1.7, according to which we have 

I x ( t ;  t o ,  x0)i < I xo I exp [ j l o ~ ( u ) d u ]  < I xo leK0. 

The condition I xo j < ql(E)e-Ke"' implies 1 x ( t ;  t o ,  xo)l < q, for 
to < t < 8 ;  hence we may take q ( ~ )  = ql(E)e-KO"'. If 1 xo 1 < q ( ~ )  we 
will have in particular I x(8; t o ,  xo)l < q, for 0 < to < 8. 

If there exists t > 8 such that 1 x ( t ;  t o ,  xo)l 3 E,  there exists t ,  > 0 
such that 1 x(t,; t o ,  xo)i = E and 1 x ( t ;  t o ,  xo)i < E for 8 < t < t , .  

Since t ,  > 8 >, 8, and 1 x(t,; t o ,  xo)l = E, it follows that 

Proof. 

V[t ,  9 &; t o  , 4 1  > k,; 

on the other hand, 

V[@, x(@; t o ,  xo)] < k1.  

I t  follows that there will exist 8 < t ,  < t ,  such that 

U t z ,  x(t2 ; t o ,  %)I = k,  

and V[t ,  x ( t ;  t o ,  xo)] 3 k ,  , for t ,  < t < t ,  . Hence 1 x(t,; t o ,  xo)l 2 7 1 .  
From q1 < I x(t,; t o ,  xo)l < 6 and t 3 8 > 8, it follows that 

4 t 2 ,  145 ; t o ,  xo) 1 )  > 0 ; 
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hence 

We have obtained a contradiction; hence 1 x(t; t o ,  xo)l < E for 
dl1 t > 8 if I xo I < q ( ~ ) .  Since for to < t < 8 we have 1 x ( t ;  t o ,  xo)l < 

< E ,  it follows that 1 xo 1 < Y ( E )  implies I ~ ( t ;  t o ,  xo)\ < E for all 
t > t o .  

For to > 8 and 1 xo I < 7 < 711 we will have V ( t o ,  xo) < k, . If 
there exists t > to such that 1 x(t; t o ,  xo)i 3 E, then there exists 
t ,  > to > 8 such that 1 ~ ( t , ;  t o ,  xo)l = E and 1 x( t ;  t o ,  xo) < E for 

From t ,  > 8 follows V[t , ,  ~ ( t , ;  t o ,  xo)] > K ,  . The  proof continues 
as above and in this case we will also have j x(t; t o ,  xo)i < E for t 3 t o .  

Finally, for any t o ,  if 1 xo I < T ( E )  we will have j x(t; t o ,  xo)i < E 

for t >, t o .  
Now let h > 0, ~ ( h )  be as above, 0 < 6 < ~ ( h ) ,  ~ ( 6 )  as above. We 

choose 8, = 8(7, h), K ,  = k(7, h), C, = b(h), C2 = inf c(t, r )  for 
0 < t < 8, , 7 < r < h, TI = (C, + 611 C, l)/h T(6) = 81 + TI . W e  
prove that if 1 xo 1 < ~ ( h ) ,  there exists a t’ E [ t o ,  to + TI such that 

1 ~ ( t ’ ;  t o ,  xo)l < 7. If this were not so, we would have 

to < t < t , .  

7 < I x ( t ;  t o  7 .0)1 < h 

[since we have chosen xo with 1 xo I < ~ ( h ) ] ;  hence c( t ,  1 x(t; t o ,  xo)l 3 C, 
for to < t < 8, and c(t ,  1 x ( t ;  t o ,  xo)l) > k, for 8, < t < to + T. Let 
v*(t) = V[t ,  x(t; t o ,  xO)]. We have 

v*(to + T )  - v*(to) = v*(to + T )  - v*(e,) + v*(e,) - v*(to) 
< -k,T + 611 c2 I; 

hence 

v*(to + T )  < v*(to) - kiTi + 611 c2 I 

< b(h) - k , ~ ,  + ell c, I = c, - KJ, + ell c2 I = 0, 
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which contradicts the fact that 

With this the uniform asymptotic stability of the trivial solution of the 
system is proved. 

Theorem 1.8”. If the trivial solution of system (1) is uniformly 
asymptotically stable, i f  R ( t ,  0 )  = 0, limt+m R ( t ,  x )  = 0 uniformly with 
respect to x for I x I < a. , and i f  R is Lipschitzian, then the trivial solution 
of system (8) is uniformly asymptotically stable. 

Consider the same function V ( t ,  x )  as in Theorem 1.8. By 
hypothesis I R ( t ,  x)I < +( t ) ,  where +( t )  -+ 0 when t -+ co, and is 
monotone-decreasing. The same computations as in Theorem 1.8 lead to 

Proof. 

Let c(t ,  r )  = c(r) - M+(t).  Let 0 < a < p < h, k(a, 8) = $c(a). From 
lim,,,+(t) = 0 it follows that there exists O(a, 8) 3 0 such that for 
t 3 O we will have +( t )  < (1/2M)c(a).  Thus if 01 < r < /3, t 2 O(a, /3), 
we have 

c( t ,  Y )  > C(“) - $ C(“) = k(“, P). 

The conditions of the lemma are verified and thus Theorem 1.8” 
is proved. 

1.9. Linear Systems with Periodic Coefficients 

We shall now study some stability problems for linear systems. We 

A basic theorem in the theory of linear systems with periodic 
shall begin with Iinear systems which have periodic coefficients. 

coefficients is the following: 
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Theorem 1.9. Given the system 

dx 
- = A(t)x ,  A(t + w )  = A(t), dt 

there exists a matrix P(t), periodic of period w and nonsingular, such that 
the change of variables x = P(t)y transforms the system in a linear system 
with constant coefficients. 

As for any periodic system, together with x(t) ,  x ( t  + w )  is 
also a solution. For linear systems, we have 

Proof. 

x(t + w ;  s, xo) = x(t;  t o ,  X ( t 0  + w ;  s, xo)) 

= C(t; to)x(t, + w ;  s, xo) = C(t; to)C(to + w ;  s)xo. 

Since 
x(t + w ;  s ,  xo) = C(t + w ;  s)xo 

C(t + w ;  s) = C(t; to)C(to + w ;  s). 

C(t + w ;  to + w )  = C(t; to). 

C(t + w ;  0) = C(t; O)C(w; 0). 

U(t + w )  = U(t)U(w). 

we have 

Taking s = to + w we obtain 

Taking to = 0, s = 0 we obtain 

Setting C(t; 0 )  = U ( t )  this relation becomes 

T h e  matrix U(w) plays an essential role in the theory of linear systems 
with periodic coefficients; it is called the monodromy matrix of the system. 
The  matrix U(w)  is nonsingular, since for every t and to the matrix 
C(t ;  to) has an inverse. Thus we deduce that we can find a matrix B such 
that U(W) = eBw' We define 

P( t )  = Ci(t)ecBt; 

'Indeed, for any nonsingular matrix A we may find a matrix B such that eB = A. 
To prove this let us first suppose that A has the normal Jordan form: 
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P(t) is differentiable and nonsingular together with U(t)  and e-B1. Let 
us show that P(t) is periodic. 

because A is nonsingular and 

The series 

2 ( -I)”+’  %I.\: - 

1 = C(-I)L+~----. 

1 
,=l 

has only a finite number of nonzero terms, hence converges. We put, by definition, 

(&/W a2 

1 
1=1 

By formal calculation it is easily shown that 

for this we note that the same computations are performed as in the identity 

+ ”’, 
where this time the series x - xz/x + ... has a finite number of nonzero terms. Now let 

R, = (In AJE, + In 

We have 

and if we take 

we will have 
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We have 

P(t + w )  = U(t + w)e-B(t+w) 

= U(t)U(w)e-Bwe-Bt = U(t)e-Bt = P(t).f  

Let us now perform the change of variables x = P(t )y .  We have 
x(t;  xo) = U(t)x, = P(t)eBtxo = P(t)y( t ;  x,). Thus  

y ( t ;  xo) = eBtxO,  

and hence 

Therefore y ( t ;  xo) is the solution of the linear system with constant 
coefficients dy/dt = By. The  theorem is proved. 

Let us remark that from this theorem we deduce the structure of the 
solutions of systems with periodic coefficients. Indeed, we have 

x(t;  to , xo) = P(t)y(t; t o ,  xo) = P(t)eB(t- toko.  

From here we deduce that the whole behavior of the solutions of a linear 
system with periodic coefficients will depend upon the eigenvalues of 
matrix B. These eigenvalues are of the form l / w  In p k  , where p k  are the 

If A is now any nonsingular matrix, there exists T such that T-'AT = A, where A 
such that is Jordanian; on the basis of what is stated above, there exists a matrix 

$3 = 2. Then 

1 

n! 
+ - & + + .  .) T-' 

- - .TBT--' = A 

Hence, by taking B = TBT-', we will have ea = A. 
We have used the relation 

e-Btt+o,)  = e-Bwe-Bt, 

This relation follows immediately from the multiplication of the corresponding series, 
as in the scalar case. We note that the relation 

,A . ,B = eA+B 

is, in general, not valid; however, it is valid if matrices A and B are permutable, i.e., 
if A B  = BA. 
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eigenvalues of the monodromy matrix U(w). l  We may thus state the 
following theorem: 

Theorem 1.10. If the eigenvalues of the monodromy msfrix lie in the 
circle j z 1 < 1 and the eigenvalues situated on I x I = 1 correspond to 
unidimensional Jordan cells, then the trivial solution of the system is 
uniformly stable. If the eigenvalues of the monodromy matrix are in I z I < 1, 
the trivial solution of the system is uniformly asymptotically stable. 

Proof. If j p k  I < 1, then Re(l/w)Inp, < 0; if I p k  I = 1, then 
Re ( l / w )  In pk = 0; hence the eigenvalues of matrix B have negative or 
zero real parts, and those with zero real parts correspond to unidimen- 
sional Jordan cells. Taking into account the structure of the solutions of 
linear systems with constant coefficients, it will follow that I eB(l--lo)l < M 
for t t o .  But then 

I C( t ;  to)\ < I P(t)l I eB(t-to)l 

will be uniformly bounded, since P ( t ) ,  being periodic and continlious, 
is certainly bounded. If I p k  I < 1, the eigenvalues of matrix B have 
negative real parts; hence 

I eB(t- tO) I < Ke-a(t-to) 

from which follows an analogous evaluation for I C ( t ;  to)l. 
Let us remark that if there exists an eigenvalue of the monodromy 

matrix situated in 1 x 1 > 1, then the trivial solution of the system is 
certainly unstable. 

We shall give a proof of Theorem 1.10 which does not make use of 
Theorem 1.9. From the relation 

U(t + w) = U(t)U(w) 

U(t + Kw) = U(t)[U(w)]k.  

we obtain 

2 In general, if B is constructed as in the preceding note, it is clear that matrix P ,  has the 
eigenvalues equal to In A , ,  since ln(Ek + ( l /hK)Zk)  has all the terms situated above the 
main diagonal. Since 

it follows that the eigenvalues of 
values of B will likewise be In A, , ..., In A, . 

are In A , ,  ..., In A , .  Since B = TBT-', the eigen- 



1.9. LINEAR SYSTEMS WITH PERIODIC COEFFICIENTS 109 

Since for any t >, 0 there exists a natural number m such that 
(m - 1)w < t < m, then 

U(t )  = U(t')[U(u)]m--I, 

I W)I < MI( q u P 1  I ; 

where 0 < t' < w .  Since U is continuous, we will have 

hence the boundedness properties of matrix U(t)  will depend upon the 
behavior of the sequence [U(w)fk. If for every k 3 0 this sequence is 
bounded, then U(t )  is bounded for y >, 0, and stability occurs. If 

I[U(w)lk I < qk (with q < 1) 

we will have 
lim [U(w)lk = 0; 
k+m 

hence 
lim U(t)  = 0, 

and asymptotic stability occurs. If T is the matrix which transform U(W) 
to the normal Jordan form, we'have 

T-'U(w)T = 0, U ( u )  = TOT-', [U(w)lk = TO"-'. 

t+m 

Thus  we deduce that the boundedness properties of sequence [ U(w)]k 

are identical with those of sequence ok. But 

and hence 

Thus  the boundedness properties of the sequence Uk will depend on 
those of sequences Jf. The  Jf have the numbers p! along the main 
diagonal and smaller powers of p z  above the diagonal. From this follows 
that in order for [U(w)lk to be bounded it is necessary that sequences 
{pf} be bounded, which means that for the eigenvalues p z  we have 
I p z  I < 1. If I p z  I = 1 and the corresponding Jordan cell is not 
unidimensional, in the matrix J F  will appear terms of the form Kpf' ,  
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which become arbitrarily large when k + co. Hence the matrix J: is not 
bounded. I t  follows that it is necessary and sufficient, in order that 
[U(w)lk form a bounded sequence, that the eigenvalues p z  be in I x 1 < 1 
and those for which 1 pl I = 1 correspond to unidimensional Jordan 
cells. If I p z  [ < 1, then limk+m p! = 0, and it is obvious that 
limk+m [ U(u) lk  = 0 .  The  theorem is thus proved. 

The  eigenvalues pi of the monodromy matrix are called the multipliers 
of the system. T h e  name is justified by the following property. 

Proposition. In order that there exists a solution of the system for  which 
x ( t  + (0) = px(t) ,  it is necessary and sufficient that p be an eigenvalue of 
matrix U(W) .  

Proof. Any solution x ( t )  may be written in the form 

x( t )  = U(t)x(O). 

x( t  + w )  = px(t) 

U(t  + w)x(O) = pU(t)x(O). 

U f t  + w )  = U(t)U(w) 

U(t)  U(w)x(O) = pU(t)x(O). 

Since U ( t )  is nonsingular, the condition becomes 

The  condition 

is therefore 

But 

and hence 

U(w)x(O) = P X ( 0 )  

and we see that p must be an eigenvalue of matrix U(w).  
With the help of Theorem 1.10 we may obtain effective conditions 

of stability for linear systems with periodic coefficients. Here is the 
simplest condition of this kind: 

Theorem 1.11. Let C be a constant matrix whose eigenvalues have 
negative real parts, A(t) a periodic matrix of period W .  I f  &” I A(t)  - C I dt 
is  sufficiently small, the trivial solution of the system 

dx 
dt 
- = A( t ) x  

is asymptotically stable. 
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Proof. If x ( t ;  x,) is the solution of the system which for t = 0 coincides 
with x,, , we may write 

d 
-- x(t ;  xn) = Cx(t; xn) + [A(t)  - C]x(t; xo). 
dt 

According to the variation-of-constants formula, we have 

This relation may also be written 

or we may write 

~ ( t )  = ect + j' eC(t-s)[A(s) - ~ ] ~ ( s ) d s .  
n 

In  conformity with the hypotheses we have 

j ect j < Ke-"'; 

hence 

Setting 

we obtain 

and thus 

u(t)  < K + K f 1 A(s) - C I v(s)ds, 
n 

n 1 
t 

v(t)  < K exp [R 1 I A(s) - C I ds . 

v(now) < K exp [K j: j ~ ( s )  - c I ds] , 

In  particular, 

whence 
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If 

we will have 

I U(now)l < q < 1. 

But now is a period of the system, and by applying Theorem 1.10 the 
uniform asymptotic stability will follow. 

We have, however, from the periodicity, 

hence the condition of stability becomes 

OIW 1 4 
K Kn, K 

As no may be chosen arbitrarily large, it follows that if 

1: I A(s) - C I ds < - + --ln-. 

W J J  1: I A(s) - C 1 ds < - 
K 

the condition of stability is assured. 

considerations. 
We shall now state a theorem which gives rise to certain deeper 

Theorem 1.12. 
matrix of the system 

If B(t) is a periodic matrix such that the monodromy 

dx  
-- - B(t)x 
dt 

has distinct eigenvalues situated on the unit circle, and the periodic matrix 
A( t )  has the property that the characteristic equation of the monodromy 
matrix of the system 

dx  
dt 
_ -  - A( t ) x  

is  reciprocal and, in addition, Jr 1 A(t) - B(t)j  dt  i s  suficiently small, then 
the solutions of the system 

dx 
- = A ( t ) x  
dt 

are bounded on the whole axis. 
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Let V( t )  be the fundamental matrix of solutions of the system Proof. 

dx 
- = B(t)x 
dt 

and U(t)  that of the system 

- A(t)x,  V(0) = U(0) = E. 
dx _ -  
dt 

We have 

dU(t) = A(t)U(t)  = B(t)U(t)  + [A(t) - B(t)]U(t) .  
dt 

According to the variation-of-constants formula, it follows that 

U(t)  = V(t)  + V(t)V-l(s)[A(s) - B(s)]U(s)ds. 
J O  

The  monodromy matrix V(w)  has by hypothesis distinct eigenvalues 
situated on the unit circle, and hence has a diagonal normal form, the 
elements along the diagonal having the modulus 1. Hereby it will follow 
that the sequences Vn(w) and V-n(w) (n = 1, 2, ...) are bounded; on 
the basis of the relation 

V(t  + w )  = V(t)V(w) 

we see that V( t )  and V-l(t) are bounded. Indeed, for t arbitrary, there 
exists an integer m such that (m - 1)w < t < mw; hence 

t = t’ + (m - l )w,  

where 0 < t‘ < w; thus 

V(t )  = V(t’)V[(m - l)w] = V( t ’ )P-1 (w) ;  

hence V( t )  is bounded on the whole axis. 

which is also a system with periodic coefficients, we will have 
Likewise, since V-l(t) is a matrix of solutions for the adjoint system, 

v-yt + w )  = V-l(t)V-l(w), 

and thus for every t 

(w) ,  
V-l(t) = V-l(t’) p ( m - 1 )  
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which shows that V-l(t) is also bounded on the whole axis. We have 

u ( t )  - V(t)  = I t  V(t )V- l ( s )[A(s )  - B(s)][U(s) - V(s)]ds 
n 

+ f V(t)V-'(s)[A(s) - B(s)]V(s)ds. 
0 

We shall obtain for 0 < t < w the evaluation 

t M2 jw I 4 s )  - B(s)l I U(s) - %)I ds. 

From here we deduce 

I U(u) - V(w)l < MI r 1 4 s )  - B(s)I ds exp [M2 r I A(s) - B(s)/ ds] , 
0 

which proves that if 1 A(s) - B(s)/ ds is sufficiently small, then 
matrices U(w)  and V(W) differ from one another, however slightly. 

We consider the eigenvalues of the matrix V(w);  according to the 
hypothesis, they are distinct and situated on the unit circle. We encircle 
these eigenvalues with small-enough circles so that in every circle there 
be a single eigenvalue and the circles do not intersect. If Ji I A(s) - 
B(s)/ ds is sufficiently small, the matrices U(w) and V(w)  are close enough 
so that each circle of this kind will contain an eigenvalue and only one of 
matrix U(w) .  By hypothesis the matrix U(w)  has its characteristic 
equation reciprocal; hence together with pk , lipk is also an eigenvalue. 
Since U ( w )  is real, then l/Pk is also an eigenvalue. The  values Pk and 
1 /Pk are symmetric with respect to the unit circle, and if pk is situated in a 
small circle with the center on the unit circle, then l/Pk is in the same 
circle. But in the above circles there is a single eigenvalue of matrix 
U(w);  hence Pk and coincide. 

Yet this means that pkpk = 1 ; hence j pk j = 1 and the eigenvalues of 
matrix U(w)  are situated on the unit circle. From the fact that the 
eigenvalues of matrix V ( w )  are distinct, we deduce that those of matrix 
U(w)  are likewise distinct, and the theorem is proved. 

We shall now set up some facts which will allow us to confer to the 
theorem proved a more effective character. 

Very often in problems of mechanics we come across canonical systems 
of the form 
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When H is a quadratic form in the variables p i ,  qi with coefficient 
functions of t ,  the system will be linear. Setting pi = x i ,  qi = x,+~ , 
H = 3 hij(t)xixi , the canonical linear system may be written 

Denoting by H the matrix hii anci by I the matrix 

where Em is the unity matrix of the nth order, we will have 

* * .  hm h l . n + l  h,,n+, . * *  h1,2n 

[ I H =  o * - . o  0 0 * - - 1  
-1 ... 0 0 0 ... 0 

0 ... - 1 0 0 ... 0 

1::; :.: ::: "p ..- h, h2.n+l ... h2,:: h2,2n ] 
hn+l . l  0 1 .  hn+l ,n  hn+l ,n+l  h n + t ,  zn 

,.. 
h2n.2n 

... 
h n . 1  h2n.n hZn.n+l 

and we see that the system may be written in the form 

dx 
dt 
- = IH(t)x. 

Proposition. 
U(0) = E we have 

If U(t )  is the fundamental matrix of solutions with 

U*IU =I. 

Proof. We have 

d dU 
dt dt 

-- ( U * I U )  = __ 

From 
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we have 

d 
dt 

- - (U*IU)  = U*H*I*IU + L'*IIHU, 

and from 

I* = - I ,  H* = H ,  

we have 

d 
dt 
- (U*IU) = -U*HIIU f U*IIHU. 

I t  is verified by direct computation that 

Thus  

d 
--(U*IU) = U*HU - U*HU = 0. 
dt 

Hence U*ZU is a constant matrix. For t = 0, this coincides with I; hence 
for all t we have 

U*IU = I .  

The  matrices with the property A*ZA = 1 are called symplectic. 
The  proposition proved affirms that for a canonical system matrix U ( t )  is 
symplectic for every t .  If we suppose now that H ( t )  is periodic of period 
w, from the proposition proved it follows that the monodromy matrix is 
sy mplectic. 

Proposition. The characteristic equation of a symplectic matrix is 
reciprocal. 

Proof. From A*ZA = Z follows Z-lA*I = A-l; but A and A* have 
the same eigenvalues and A *  and Z-lA*Z have the same eigenvalues; 
hence A and I-lA*Z have the same eigenvalues; hence A and A-l have 
the same eigenvalues. If pk is an eigenvalue of matrix A, then l/pk is an 
eigenvalue of matrix A-l. Hence together with the eigenvalue pk , the 
symplectic matrix A admits also the eigenvahe I/&; thus its character- 
istic equation is reciprocal. 

The  two propositions above yield the following proposition, known as 
the PoincarC-Lyapunov theorem: 
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Proposition. The characteristic equation of the monodromy matrix 
of a canonical system is reciprocal. 

For canonical linear periodic systems, as for all the systems for which 
the characteristic equation of the monodromy matrix is reciprocal, 
the asymptotic stability is impossible (since if the multiplicator p is in 
I z 1 < 1, then 1/p is in 1 z 1 > 1); for such systems, in the case when the 
multipliers are on the unit circle and the normal Jordan form is diagonal, 
all solutions are bounded on the whole axis. 

We shall now point out another class ,of systems for which the 
characteristic equation of the monodromy matrix is reciprocal. 

Proposition. If 

GA(--t) + A(t)G = 0, 
where 

the characteristic equation of the monodromy matrix of the system 

dx 
dt 
_ -  - A(t)x 

is reciprocal. 

Proof. For the considered systems, we have the relation 

U(-t) = GU(t)G-'. 

Indeed, we have 

- d [GU(t) - U( -t)G] = G - dU(t) - - U(-t)G 
dt dt dt 

= GA(t)U(t) + A(-t)U(--t)G 

= [GA(t)+A(--t)G]U(t) +A(-t)[U(-t)G-GU(t)]; 

but G = G-l; hence 

GA(t) + A( -t)G = G-lA(t) + A( -t)G-' 

= G-'[A(t)G + GA(-t)]G-l = 0. 

Thus 
d - [GU(t) - U(-t)G] = -A(-t)[GU(t) - U(-t)G]. 
dt 
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From this we see that the matrix G U ( t )  - U(--t)G verifies a linear 
differential equation. Since for t = 0 this matrix is zero, it is identically 
zero. But if 

GU(t)  = U(-t)G 

then 

U ( - t )  = GU(t)G-'. 

For t = w we obtain 

U ( - W )  = GU(w)G-l. 

But 

U(-m) = [U(w)]-l. 

It follows that [ U(w)]-l  coincides with GU(w)G-l ,  and thus has the same 
eigenvalues as U(w),  which shows that the characteristic equation of 
matrix U(w)  is reciprocal. 

On the basis of the last two propositions we shall immediately obtain 
effective examples of systems for which the characteristic equation of the 
monodromy matrix is reciprocal and for which Theorem 1.12 acquires a 
very effective character. 

Proposition. Consider the second-order system 

d 2  

dt2 -- + [C + P(t)ly = 0,  

where C and P are matrices of the nth order. If the matrices C and P are 
real and symmetric or if C is arbitrary real and P ( - t )  = P ( t ) ,  then the 
characteristic equation of the monodromy matrix is reciprocal. 

Proof. If C and P are real and symmetric, the equivalent system 

is canonical. Indeed, the matrix of the system is of the form 

A = (  0 
- c - P  0 

and we see that it is equal to I H ,  where 

hence H is symmetric if C and P are. 
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If Cis arbitrary real and P( -t) = P(t), we have 

hence 

i.e., 

A(t)G 4- GA(t) = 0, 

GA(-t) + A(t)G = 0 

and the proposition is proved. 
We may now state 

Theorem 1.12’. Consider the system 

where 

1. C is symmetric and positive-dejinite, and P(t)  is symmetric or C is an 
arbitrary real matrix, with distinct and positive eigenvalues, and P( - t )  = 

P(t);  P ( t )  is periodic in t of period w. 

2. If w:, ..., w: are the eigenvalues of C and 6 = 27r/w, then 
wi f wh # mw. 

Then, for  I h 1 suficiently small, the solutions of the system are bounded 
on the whole axis. 

Condition 1 assures that the characteristic equation of the Proof. 
system is reciprocal; for h = 0 we obtain the system 

- c y  - dY d z  
dt - z’ dt - -- 

Let 

the corresponding monodromy matrix is eBu. T h e  eigenvalues of the 
matrix eBw are of the form e”kw, where A, are the eigenvalues of matrix B. 
These eigenvalues are given by the equation 

) =o. 
-C -XEn 
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But 

En ) = det(-C - h2E,J. 
0 

-c -PEn -un 

It follows that -A2 are the eigenvalues of matrix C; hence -A2 = w;. 

Thereby we deduce that the eigenvalues of matrix B are of the form 
k i w i ;  hence the eigenvalues of matrix eBw are of the form efiwjw. If 
wj f W h  # mG, then wi f w h  # 2mnlw; hence i w p  f iwhw # 2mm.; 
hence the eigenvalues efiwjw are distinct. We are thus in the conditions of 
Theorem 1.12, and we deduce that the solutions of the system are 
bounded on the whole axis for I X I sufficiently small. 

1.10. The Perron Condition 

Definition. We willsay that the system 

dx 
dt 
-- - A(t)x 

satisjies the Perron condition if for every continuous function f ( t ) ,  bounded 
on the semiaxis t >, 0, the solution of the system 

with x ( 0 )  = 0, is bounded on the semiaxis t 3 0. 

Theorem 1.13. If 1 A(t)J < A, and the system satisjies the Perrcm 
condition, then the trivial solution of the system is uniformly asymptotically 
stable. 

Before proceeding to the proof of the theorem, we will state a series of 
preliminary facts. 
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But 

and 

hence 

Y(s, to) = E - 1, Y(u, to)A(u)du = E 

from which 

hence 

1 Y(s, to) - E 1 < AOSOeAo60 (A, = sup I A(t)l). 

If 6,  is sufficiently small, 

AoS0eAo80 < f, 
and the lemma is proved. 

Consequence. There exists a 6, > 0 such that 

g I X ( l ,  t")l < I w, 41 < $ 1  X ( t ,  to)l (if I s - t o  I d 80) .  

Lemma 2. If Ji I X ( t ,  a)\ da < C for t 3 0, there exists M such that 

Proof. If the lemma is not true, there exist a, and t ,  such that 
0 < a, < t ,  and 1 X ( t , ,  a,)/ n. The sequence (t,} is unbounded. 
Indeed, if t ,  < To , we would have X ( t ,  , a,)\ < eAoTo, which contradicts 
the definition of an and t ,  . If (a,} is bounded, we have 

I x(t, .)I < M for 0 < a < t .  



122 1. STABILITY THEORY 

which is a contradiction. If or, is not bounded, we have 

Lemma 3. If the system satisjies the Perron condition, then there exists 
C such that 

Proof. T h e  solution with condition x(0) = 0 of the nonhomogeneous 
system is given by the formula 

x ( t )  = I t  X ( t ,  a)f(a)da. 
0 

From the Perron condition it follows that for every continuous and 
bounded function f defined on t 3 0, the function J-: X ( t ,  a)f(a) da 
is bounded. For fixed t ,  consider the operator U( f) on the Banach 
space of the continuous vector functions f, bounded on the semiaxis 
t 3 0, defined by 

U(f) = s’ X( t ,  .If(+... 

Let { tk }  be the sequence of the rational positive numbers, and 

Since for I /  f / j  < c1 the function J: X ( t ,  a)f(a)  da is bounded, it will 
follow that 

Since the sphere I /  f I /  < c1 is in the Banach space considered a set of 
the second category, we may apply the Banach-Steinhaus lemma and we 
deduce that there exists an M with ( 1  Uk( f ) I (  < MlIf(1 for every f in the 
space; hence 
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For any real t there exists a sequence {tn,} of rational numbers whose limit 
is t. From 

follows 

for every f in the space. Let xik be the elements of matrix X ( t ,  a ) ;  for 
fixed t we consider the vectorfZ whose components f i  are equal to sign 
xik . The  vector Xfi will have the components 

C x i i  sign xik  = I xik  1. 
k h 

Let f"," be a sequence of vectors, with the elements continuous 
functions tending t o p .  On the basis of the Lebesgue theorem we will 
have 

and from 

hence 

Since this relation is true for every i, we deduce that there exists C such 
that 

and the lemma is proved. 
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Proof of Theorem 1.13. The  uniform stability follows from Lemmas 
2 and 3. There follows further, from 1 X(a,  to)l < M and the Perron 
condition, that 

hence 

which shows that asymptotic stability occurs. 
According to Lemma 3, we have 

< M f 1 X ( t ,  .)I da < MC = C,; 
0 

hence C ,  is independent of t o .  From here follows that the asymptotic 
stability is uniform and the theorem is proved. 

A generalization of Theorem 1.13 due to M. Reghis is obtained in the 
following way. Let LE be the space of the vector functions defined on the 
semiaxis t 2 0 measurable and such that Jr I h(s)IPePas ds < 00, Lz the 
space of the functions for which ess. u. b. I h(s)leas < a. Taking in these 
spaces the norms 

respectively, 

1 1  h I l ( c o , a )  = ess. u. b. 
s>o 

Lg and Lz  become Banach spaces, since the linear operator Q: : LP, + L;,  
defined by Qih = e(a-b)sh(s), is an isometric isomorphism between 
LE and L; , and Lg is a Banach space. 

Lemma 4. If 

VU = I’ X( t ,  s)U(s)ds 
0 

is an operator from LP, to LF, then 

ll V U  /I(m,b) < MI1 24 Il(u,a) - 
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Proof. If ( tk)  is the sequence of the rational positive numbers and 

Vku = e b t y  Jr X(tlc , s)u(s)ds, 

we have, by hypothesis, for ~ E L E ,  supkbl 1 1  Vk(u)ll < co; hence according 
to the Banach-Steinhaus lemma, I /  Vk 1 1  < M ;  hence 

II v,u I /  < MI1 u ll(l,,a) 7 

and the lemma is proved. 

Theorem 1.13'. If there exists a p E [ l ,  GO) such that for  every 
f E Lz the solution with x(0) = 0 of the system 

dx 
-- - A(+ +.f dt 

belongs to Lf , a,  b > 0, then there exists an h > 0 such that 

1 X ( t ,  to)/ < heatOecbt, 

for t 3 to 3 0. 

Proof. Let 6, be the constant of Lemma 1. We define the functions 

We have u,, E L; and 1 1  u, l l , p , a )  < 1. According to Lemma 4, 
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I t  follows that 

j X( t ,  m8, I < 8 1 / ~  n 2  3M8-'ea6ueam%e-*t. o 

Let s E [0, t ]  and m such that mS, ,< s < (m + 1)6,. Then 

I x(t, s)I < I x(t, m8n)I I x(mso 1 S)I < I x(t, m&JI 
< (~)2Meas,,8-l/rleane-bt = hease-bt 

0 

and the theorem is proved. 
We shall now prove a theorem, also due to M. Reghis, relative to the 

existence of a Lyapunov function for linear systems with the property 
from Theorem 1.13'. 

Theorem 1 . 6 .  If 1 X ( t ,  to)i < heatoe-bt, then for 6 < b there exists 
a V(x, t )  continuous, with the following properties: 

1. 

2. 1 V ( x l  , t )  - V(x, , t)l < L,( t )  I x1 - x2 1, for  xi E D. 
3. Zesll x 1 < V(x, t )  < k(6)e(a-h+d)k I x I, 

V(0, t )  = 0,  t 3 0. 

Proof. Define 
,.a 

~ ( x ,  t )  = J ebTl/ x(T; t ,  x>~/  dT. 

The uniform convergence of the integral is assured for 0 < t < T, 
1 x 1 ,< K ,  by the hypothesis 6 < b. 

where 
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Further, 

v(X, t )  < sy esTl X(T ,  t ) \  dT1 x I = L(t)l x I = k(S)e(a-bfs)t 
t 

t s: QI 

> est 1 1 X(T;  t ,  x)] d7 3 eat 1 X(T; t ,  .)I dT 2 &est] x 1 

(with the same arguments as in Theorem 1.6"). We immediately see that 

For t = to we obtain the condition from the statement. 

first approximation. 
We shall close these considerations with a theorem of stability in the 

Theorem 1 .7 .  If 1 X ( t ,  to)I < heatoe-bt, then for an arbitrary function 
+(x, 4, with I #(x, t)l < f(t) Irx lrn, I x I < D, f 6 L,p, l l f l l ( p . O )  < K,  the 
solution x(t; t ,  , x,) of the equation 

with 1 x,, I suficiently small, verijies the inequality 

The initial value xo should verify the following relations: 

(a) If a > b, m > a / b , p  E [ I ,  GO]: 

1 xo 1 < (2(m - l ) h n z e m ( a ~ b ) t ~ ~ ~ f ~ ~ ~ p , n , ~ ~  e(a-mb)s 

(b) If a > b, m = a/b,  p = 1: 

1 1  )-1/(77-1) - 1 1  + - = 1. 
(m ' P q  
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i.e., 

cp(s) < KecbsV(0) + Kecbs  1' e'of(t, + o)~"(u)du 
n 

where 

If #(s) is defined by the equation 

then ~ ( s )  < #(s) and d$/ds + b# = Q(sWrn, Q(s) = Ke(a-h)sf(to + s). 
In  cases (a), (b), and (c) this is an equation of Bernoulli type, and we 

obtain 

In  case (a) we have 

K = he(a-b)to , Jsf(t,, + u)e(a-mb)u do < [ ~ f ~ ~ ~ p , , , J  e(a-mb)o I . L O )  

and it will follow, taking into account the evaluation for I Xg 1, that 

n 

V(s) < 21/("-l)he(u-b)tue-bS~(O); 
hence 

i x ( t ;  t ,  , xn)l < Heatoe-btl xn I ( H  = 2l/("-l)h).  

The other cases are similarly treated. 
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NOTES 

General expositions on the Lyapunov stability theory are to be found in 
[8], [9], and [lo]. The  notion of uniform stability was introduced by 
K. P. Persidski in [ I  I]. For stability with respect to a part of the variables 
the fundamental ideas may be found in [12]. Property (3) relative to 
asymptotic stability has been given in [13]. The  first general theorem 
about the existence of a Lyapunov function in the case of uniform 
asymptotic stability, as well as the definition of the uniform asymptotic 
stability have been given in [14]. Theorem 1.5’ is due to N. N. Krasovski. 
In  its first form, for automous systems, the theorem was stated in a 
common work by E. A. Barbasin and N. N. Krasovski. This theorem, 
as well as the other important contributions of N. N. Krasovski to the 
theory of stability, are available in [15]. The  results of C. Corduneanu 
are published in [16]. The  existence theorem of Lyapunov function for 
linear systems has been given in [17]. The  elements of linear algebra and 
the theorem on the normal Jordan form are reproduced from [18). The  
algebraic proof of the existence theorem of Lyapunov function for linear 
systems with constant coefficients has been given in [19]. The  first use of 
Lemma 1.6 (Consequence 2) to establish boundedness and stability is 
due to R. Bellman. For the ideas and methods of R. Bellman see [20] 
where further references are given. The  other proof of the theorem on 
stability in the first approximation has been given in [21]. 

The  theorem of stability in the first approximation, in the case when 
the first approximation is homogeneous of degree m, can be found with 
the proof of I. G. Malkin in [9], with that of J. L. Massera in [lo], and 
of N. N. Krasovski in [15]. The  proof in the text is new and is based 
upon an idea of D. Wexler. Propositions I ,  3, and 4 at the end of 
Section 1-7 are given in [22] and [23]. 

Theorem 1.8 has been given by I. G. Malkin in [14]. The  notions of 
security and unsecurity zones of the boundary of the domain of stability 
have been introduced in [24]. The  result of T. Hacker was published in 
[25]. Theorems on stability under permanent perturbations bounded 
in the mean have been given in [26], and the notion of integral stability 
with the corresponding theorems in [27]. The  equivalent notion of 
strong stability defined by Okamura was studied in [28]. 

The  lemma preceding Theorem 1.8”’ and this last theorem have been 
set up in the form appearing in the text by D. Wexler. Theorem 1.8”’ 
has been previously published in a paper of I. G. Malkin. Further 
results on stability were established by T. Yoshizawa; see, for example, 
[98] and [99]. 

The  reducibility theorem of linear systems with periodic coefficients 
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has been stated by A. M. Lyapunov in [8]. In  the form of the text it has 
been proved in [29] (see also [3]). The  fundamental properties of canon- 
ical linear systems with periodic coefficients have been stated in [30] and 
[31]. The  results in the text are reproduced from [32]. The  Perron 
condition has been formulated in [33]. The proof based upon the 
Banach-Steinhaus theorem was given by R. Bellman in [34]. The  results 
of M. Reghis are to be found in [35]. For further references on stability 
theory see the book of W. Hahn [96]. See also the book of La Salle 
and Lefchetz [97]. 



C H A P T E R  2 

Absolute Stabilip of 
Nonlinear Control @stems 

A control system consists of the object of control and the controller. 
The  controller has the task of maintaining a certain motion in the 
object of the control; hence the control process arises from the fact 
that the controller is opposing all the deviations from this motion. 

The  motion of the control system considered as a whole is described 
by a certain system of ordinary differential equations dxjdt = X ( t ,  x). 
In  fact it may happen that equations with partial derivatives, integro- 
differential equations, or equations with retarded argument also occur; 
this depends on the nature of the elements which constitute the system. 
In what follows we shall only consider systems whose motion is described 
by ordinary differential equations. Let x = xo(t) be the motion which 
we want to maintain. The  deviations of the system from this motion 
may be provoked either by sudden perturbations, which, as we have 
previously seen, are expressed by modifications of the initial conditions, 
or by the occurrence of some permanent perturbations. Practically, the 
maintenance of the desired motion amounts to the fact that the real 
motion of the system is maintained in the proximity of the desired 
motion. Thus we see that the problem amounts to ensuring the 
stability of the motion x = xo(t) with respect to any deviation from the 
initial conditions and permanent perturbations. 

This kind of stability is attained, as we have already seen, if the 
solution x = xo(t) is uniformly asymptotically stable in the large. 
Consequently, the finding of stability conditions for the control systems 
amounts to the finding of some conditions of asymptotic stability in 
the large. The  equations of ordinary control systems will have particular 
forms; stability conditions will have to be effective, on the one hand, 
and, on the other, sufficiently broad to leave a certain liberty to the 
designer when taking into account other qualities required for the system. 

We shall assume that the object of the control is determined by m 
generalized coordinates q 1  , ..., vnl and the controller by a single coor- 
dinate p. The motion of the object of the control will be described by 
the equations dq/dt = fk(ql, ..., q m ,  p, t )  and of the controller by the 

131 
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equations d2y/dt2 = F(q l ,  ..., qm , y, t ) .  As always in stability problems, 
the equations of the perturbed motion will be formed by reducing the 
problem to the study of the stability of the trivial solution. 

For the usual control systems with which we will be concerned, we 
shall consider that the equations of the perturbed motion do not explicitly 
depend on t ;  in addition, other simplifying hypotheses will be made which 
lead to  the fact that some equations will be linear. All these equations 
correspond to some effective technical schemes and are justified for 
large classes of systems. The  equations of the perturbed motion are 
supposed linear with constant coefficients for the object of the control 
qk = C bk,qi + qkp. For y = 0 we obtain the free motion of the object 
of the control without the controller’s intervention. 

The  equation of the controller is supposed of the form 

Pi; + W@ + s p  = f *(o), 

m 
where u = Cj=lpjqi - ry, and f*(u) is a nonlinear function for which 
it will be supposed in general only thatf*(O) = 0, uf*(u) > 0 for u # 0; 
sometimes more general functions are considered with f*(u) = 0 for 
1 0  I < go,  of*(.) > 0 for j a 1 > u o .  

We suppose that a, b, p j  , 7 are constant. As we see it, the nonlinearity 
is introduced in these equations only by the function f*(u). This type 
of system was studied particularly during the last 15 to 16 years, after 
the publication in 1944 of a work by A. I. Lurie and V. N. Postnikov. 
Recently the problem of widening the class of systems considered, 
as well as the introduction of several controllers, has been raised more 
and more often. This amounts to  the introduction of several functions 
fj(ui), taking into consideration the real nonlinearities in the equations 
of the object of the control, of the controller, or in the expression of the 
functions a, which characterize the interactions between the controller 
and the object of the control. The  few results obtained until now in all 
these directions are in the incipient stage. 

The  equations of motion are brought to certain normal forms by 
simple changes of variables. We put 8 = p p  + qp, and the equation 
of the controller is written in the form 

the coefficientsp and q are chosen such that V2(q/p)2 + W(q/p) + S = 0. 
Denoting by pm+l and P , , ~ + ~  the values of q / p  which are obtained as roots 
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of this equation, we obtain for the controller two first-order equations 
of the form 

1 

P 
I; = -Prn+lp + - 8 ,  5 == prn+1[ - U [  + pf*(~). 

Setting p = qnL+l ,  we obtain, after the corresponding changes of 
notations, a system of the form 

In the particular case when S = 0, equations (1) will have the form 

in the case when V 2  = 0, after simple transformations, we obtain 

m 

4 k  = bka?lm + nkp> & = Ffrn+lp ff(.), CJ = 2 P . T .  f p m + l p ;  
a=l a=l 

in the case when S = V 2  = 0, equations (1) will have the form 

a=l a=l 

These equations have been investigated for the first time by A. I. Lurie. 
In what follows we will show how to investigate the stability for these 
systems. 

2.1. The Canonical Form and the Corresponding 
Lyapunov Function 

For systems of control, the following stability problem is formulated. 
I t  is  required to formulate conditions relative to the coeficients which 
appear in the system such that the trivial solution of system (1) be asymp- 
totically stable in the large, f o r  an arbitrary function f of the considered 

I f  the trivial solution of the system is asymptotically stable in the large 
for  any function f of the considered class, we say that the system is  absolutely 
stable. 

class [uf(u)  > 0 for  u # 0, f ( 0 )  = 01. 
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The  method given by A. I. Lurie in the research of absolute stability 
is based upon certain canonical forms of the systems and upon the 
convenient construction of Lyapunov function. 

Perform the change of variable x, = x:,"=l c;)qa + 5; we have 

If we want these equations to take the form is = -psx, +f(u) we 
must have 2, = -ps  Cs=, cF)qE - p s f  + f(u). Hence the coefficients 
c:' should be chosen such that 

n 

a=l a=l 

T h e  first equations show that - p s  are eigenvalues of the matrix 
(bas). If we suppose that the matrix (bas) has a normal diagonal form, we 
may choose the matrix (c:') nonsingular, having as rows a linear 
independent system of eigenvectors. T h e  last equations serve for the 
complete determination of the matrix c:), since the eigenvectors are 
determined up to a constant factor. In  this way, the system may be 
brought to  the form 

We have set 4 = x ,+~ .  
T o  understand better the sense of the transformation and to under- 

stand what happens in the case where the matrix (bas) does not have a 
normal diagonal form, we shall review the computations, setting 

(c:') = C, (baE) = B, 

( I  771 )-., ( I  31 )-., ( ; ) = ? A ,  (inj=* hl 

77n x7l 

System (1) is written 

7i = BT + h t ,  4 = -pn+lt  + f ( u ) ,  0 = ( P ,  771, 

where 
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The  change of variables has the form x = Cq + fu.  We have 

2 = C+ + & = C(B7 + h t )  + (U = CBv + (Ch - pn+lu)t +f(o)u. 

r) = c-'(x - t u )  = c- lx  - (C-lu; 

But 

hence 

x = CBC-lx - [(CBC-' + P. ,+~E)U - Ch]t + ~ ( u ) u .  

The canonical form is obtained by requiring that CBC-1 has the 
normal Jordan form and in addition that 

(CBC-1 + p n + p ) U  - Ch = 0. 

Let C, be such that C,BCil has the normal Jordan form, and let T be 
a matrix of the form 

where the T, have the same dimensions as the cells of the normal form 
of matrix B and are of the form 

, 

we will obtain, by denoting C = TC, , the relation 

CBC-' = TC,BC;lTpl = TJT-' = J ,  

where 1 is the normal Jordan form of matrix B (since it is verified by 
direct computation that Tk is permutable with the corresponding 
Jordan cell Jk). Choosing C of the form TC,  , the last equation may be 
written 

( J  + ~ n + l E )  = TCoh 
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and represents a system of n equations for the n unknowns which are 
introduced by matrix T.  This system in general admits nonzero solutions, 
and thus the desired canonical form is reached. 

Besides systems of the form 

there occurs, in a series of problems, the necessity of considering 
systems of the general form 

This general form contains the preceding one as a particular case; 
this is immediately seen if we denote by 5 any of the coordinates ?lor.  
With the above matrix notations the system is written 7 j  = B y  + hf(0). 
Perform the change of variables x = CT; we obtain 4 = Cq = 
CB7 + Chf(a); hence 4 = CBC-lx + Chf(u). Choose C such that 
CBC-l has the normal Jordan form and in addition that Ch = u. 

The  canonical forms thus obtained are convenient in case the matrix 
B has eigenvalues with negative real parts, as we shall see when con- 
structing the corresponding Lyapunov function. These are the so-called 
proper stable systems. In  the other cases other canonical forms are 
used, which we shall omit. 

We shall consider a system of the form 

n+l 

x k  = -f'kxk (k = 1, ..., TZ + 1) (J = 2 Y k " k .  (2) 
k=l  

Differentiating the last relation of (2) we obtain 

Suppose that pl, ..., ps are real and positive and ps+ l ,  ..., pntl will 
be two-by-two complex-conjugated and with positive real parts. 
Constants y1 ) ..., y s ,  & ,  ..., p, will be real and Y,?+~ , ..., yn+l ,  
&+l , ..., will be two-by-two complex-conjugated. We shall 
consider solutions of the system such that xl, ..., xs are real, and 
xs+l , ..., x,+~ two-by-two complex-conjugated. All these considerations 
are equivalent to the hypothesis that in the initial system the unknowns 
and the coefficients were real, and the complex elements are introduced 
as a result of the change of variables which brought the system to the 
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canonical form. T o  clarify these questions we shall make some general 
considerations. W e  shall say that a vector has the property P i f  its first 
s components are real and the others are, in order, two-by-two complex 
conjugates. W e  will say that a nonsingular quadratic matrix has the property 
P i f  it has the first s rows real and the others, in order, two-by-two complex 
conjugates. 

Proposition 1. If a matrix has the property P, the matrix formed by 
the real rows and by the real parts and the imaginary parts of the complex 
rows is nonsingular. 

Let D be the determinant of the given matrix and A the 
determinant of the matrix formed by the real rows and with the real 
parts and the imaginary parts of the complex rows. We have 

Proof. 

D =  

and we see that A # 0 together with D. 
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W e  will say that a vector function Y ( y )  has the property P if for  each 
vector y with property P, the vector Y (y )  has the property P. 

Proposition 2. Let A be a matrix with property P and x a real 
vector. Then the vector y = A x  has the property P. Conversely, i f  A is 
nonsingular and y has property P, then x is real. 

The  first affirmation is obvious, since the first s elements of y 
follow from the composition of the real rows of A with the real elements 
of x ,  and the last by the composition of the complex-conjugated rows 
of A with the real elements of x .  To prove the second affirmation let 

Proof. 

R 
x = u + i v .  

We have 

Ru + iRv 
uu - Vv + i(Uv + Vu) 
uu + Vv + i(Uv - Vu) 

The  condition that A x  has the property P leads to Rv = 0, Vv = 0, 
U v  = 0. But if det A # 0, it follows, according to Proposition 1, 

# 0; hence v = 0; hence x is real. 

Proposition 3. Let dxldt = X ( x )  be a real system. By means of the 
change of variables y = A x ,  where A i s  a nonsingular matrix with the 
property P, we obtain a system dyldt = Y(y ) ,  where Y ( y )  has property P. 

Proof. We have 

If y has property P, on the basis of Proposition 2, A-ly is real; hence 
X(A-Iy) is real; hence AX(A-ly)  has property P. 

Returning to the preceding systems of differential equations, let us 
remark that the rows of matrix C with which the change of variables 
was performed in order to bring it to the canonical form, were 
eigenvectors of matrix B;  to the real eigenvalues correspond real 
eigenvectors, hence real rows; to the complex-conjugated eigenvalues 
correspond complex-conjugate eigenvectors; hence the rows two by two 
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are complex conjugates. It follows that matrix C of the transformation 
had the property P;  hence the system obtained is as in Proposition 3. 
If in the initial system we were, naturally, interested only by the real 
solutions, in the transformed system we shall be interested only in 
solutions with property P. 

Proposition 4. Consider the system dy /d t  = Y(y) ,  where Y(y )  has 
the property P. If yo  has the property P, then y ( t ;  yo)  has the property P 
for  any t .  

Proof. Starting from yo  , consider the sequence of successive approxi- 
mations: 

Y k f d t )  = Yo + W k W )  d t .  

If Yk( t )  has property P, then Y ( y k ( t ) )  has property P and it is obvious 
that Yk+l(t)  has property P. T h e  solution y ( t ;  y )  is given by limk+m Yk(t) ,  
and we see that it will have the property P. 

Taking this fact into account, we may apply the method of Lyapunov 
functions, requiring that the function V has the corresponding property 
only for vectors with the property P; then it will have the required 
properties for all the members of the family M of solutions with property 
P; hence we shall obtain conclusions of stability with respect to  the 
solutions from this set, the only ones which correspond to the real 
solutions of the initial system. 

We consider the quadratic form F = Ei,i (aiai/pj + pi)xixi , where 
a , ,  ..., as are real, and the others, two by two, complex conjugates. 

We have 
rn 1 ___ = 1 e- (P,+P, ) t  dt ;  

Pi + P a  n 

hence 

If x is a vector with the property P, then for k = 1, ..., s, akxke-p*l 
is real, and for the other values of k, the akxke-pkl are two-by-two complex 
conjugates. Hence their sum is real; it follows that Xakxke-Pkl is real 
for every vector x with property P;  hence F is real and positive for 
every vector x with property P. 

On the other hand, C k  akxke-pkl = 0 for every t ,  if and only if xk = 0 
for every k. It follows that F is a positive-definite quadratic form for 
any vector with property P. 
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Now let 
D 

4 = 4 2 A,X; + Clxs+lxs+z + ... + Cn-pnXn+l ,  
i=l 

where Ai , Cj are real and positive. For any vector x with property P, 
the form C$ takes real and positive values; C$ = 0 if and only if x = 0. 

In what follows we shall assume that 

and we shall choose the function 

V = 4 + F + r f ( u )  du. 

We see immediately that this function takes real and positive values for 
every x with the property P and that V = 0 if and only if x = 0, u = 0. 
Let us calculate the total derivative of V. We have 

0 

But 

hence 

k=l 
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For the sake of uniformity of writing we have introduced the notation 

c, = c, , c, = c, ..* CnMs = cn-s+l. 
dV/dt will be negative-definite if we have 

If these conditions are fulfilled, 

... - = -  dV 2 A k 4  - ClOI.~+l + PS+2)%+1XS+P - 
k=l  dt 

and we see that if x has the property P, then dV/dt < 0. 
If we take A, = 0, c k  = 0 and we omit the term -2 l / r f (o )  Z a k x , ,  

we obtain as a condition of stability the existence of a vector with the 
property P which will verify the equations 

ai - 0  ( k = 1 , 2  ,..., n + l ) .  

These conditions are simpler, but more restrictive. 
We may easily obtain necessary conditions in order that the above 

equations admit solutions. By adding the equations together, we obtain 

hence 
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hence 

By multiplying each equation by Pk and adding them up we obtain 

and hence 

By dividing each equation by p k  and adding them up we obtain 

ai 

and thus 

Let us observe that in the preceding computations we have in fact 
studied the stability of the trivial solution of the system 

x k  = - p k x k  +f(.), u = 2 p k . k  - 'f(.). 

The  stability of the trivial solution of this system obviously entails the 
stability of the trivial solution of the system 

x k  = - p k x k  +f(.), = z Y k x k '  

Indeed, every solution of this system is also a solution for the studied 
system. If all the solutions of the studied system approach zero, the 
same will also be valid for the solutions of the second system. It is, 
however, clear that the request of stability for the first system is more 
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than necessary for the stability of the second one. Starting from this 
observation, we see that it is meaningful to try to choose the Lyapunov 
function in such a way that it allows us to decide directly on the stability 
of the trivial solution for the second system. Let us choose 

We obtain 

Taking into account that -f(u)[u - Cykxk]  = 0, we may write 

We assume that we may choose a, such that equations 

be verified. Then 

and the trivial solution will be stable. 
Let us remark that if we choose A, = 0, C, = 0 in the constructions 

made above, dV/dt  may be zero on the manifold Ca,x, + d/rf(u)  = 0 
and in the last case on the manifold Ca,x, = 0, u = 0. 

T o  obtain the asymptotic stability, it is necessary to require in addition 
that these manifolds do not contain whole semitrajectories (see 
Theorem 1.5’). 

I n  some cases, taking into account the particular aspects of the system, 
simplified criteria may be obtained. Thus, if ,B1 < 0 and p1 > 0, we 
choose the function 
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We obtain 

and we deduce as stability conditions the condition that equations 

have solutions. In this way, the -number of the equations has been 
reduced by one. 

Let us now suppose that the Pk are real and distinct. We choose 

n+l 

V = 8 z x i  + R s u f ( o )  do (R  > 0). 
k=l 0 

It  follows that 

dV 
dt 

n+1 n+l 

- - 2 PkxE - TRf2(o)  f 2 (l + R P k ) x k f ( o ) .  
_ -  

k=l k=l 

Consider -dV/dt as a quadratic form in variables x k  andf(a). Its dis- 
criminant is 

A =  

1 +RPl 
P I  0 ... 0 -  

1 + R P 2  0 P2 ... 0 -  

2 

2 

0 ... 1 + RPn+1 

2 0 Pn+l - 
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The quadratic form is positive-definite if all p k  are positive and in 
addition A > 0. We have 

n+l n +1 

A = r R n p k  - ! f c p 1  ' ' ' p k - l ( l  + R f i k ) 2 P k + l  " ' P f l + l  ' 
k=l  k-1 

The condition A > 0 is written 

If there exists a positive constant R which verifies this inequality, the 
trivial solution of the system is absolutely stable. 

If p l ,  ..., ps are real and p s + l ,  ..., p n f l  are complex, we choose 

and we obtain 

If 

then 

+ 3 (l + R f i k ) x k f ( u )  f LUs+a f R(P.s+oUs+a - (Is+avs+m)lfcu>' 
k51  

We have again obtained a quadratic form, and the stability conditions 
is obtained by requiring that Re pi > 0 and in addition that a certain 
determinant be positive. 

A general procedure for obtaining some simplified criteria was 
proposed by I. G. Malkin in 1951. It is assumed that the p k  are real 
and distinct. Let 

U . ' = - l z A  2 asxmxP 
a. B 
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be a negative-definite quadratic form and 

where B,, = Aap/(p, + p,). We have 

Since 
.. 
2 A,, x, e-pat xa e - p a t  > 0, 
a,B 

it follows that F is positive-definite. We choose 

It follows that 

Considering dVldt as a quadratic form in x l ,  ..., x,+~ and f(o), we 
obtain the discriminant ' 

Since W is by construction negative-definite, the condition of stability 
is reduced to A > 0. 
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2.2. Intrinsic Study of Control Systems 

In  the preceding section we have studied the problem of absolute 
stability for systems of the form 

dY - = Ay + bf(u),  u = c*y, 
a t  

where we assumed that the matrix A has eigenvalues with negative real 
parts. Differentiating the relation which defines u, we obtain the system 

9 = Ay + bf(u), 
dt 

Systems of this form are also reached by convenient changes of variables, 
starting from other forms which occur in the theory of automatic control. 
Thus, consider systems of the form 

3 = Ay + b t ,  at at 2 = f (a), u = c*y - 

If we put j = x, we obtain 

dx du 
- = AX + b f ( ~ ) ,  - 
dt at  

If the matrix ($ -:) is nonsingular, 

from the viewpoint of absolute stability. 

= c*x - Y f ( U ) .  (4) 

the two systems are equivalent 

A few years ago, S. Lefschetz, investigating systems of this form, 
formulated the problem in the following way. If A has eigenvalues 
with negative real parts, according to a Lyapunov theorem, a matrix 
B, positive-definite, may be chosen such that 

B A  + A*B = -C, 

for any given positive-definite matrix C. 
Then consider the Lyapunov function 

V = (Bx, x) + j ' f ( u )  do. 
0 

The  total derivative has the form 
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Considering dVjdt as a quadratic form in x,f(a), the condition that 
-dV/dt be positive-definite is that the principal diagonal minors of the 
matrix 

1 (--(Bb + &)* Y 

C -(Bb + $c) 

be positive. 

condition reduces to 
Since by hypothesis the matrix C was chosen positive-definite, the 

I > o .  C -(Bb + 4.) I -(Bb + Qc)* r 

c-1 0 
(0 1)'O. By hypothesis, det C > 0; hence det C-l > 0; hence det 

Therefore, the condition that -dV/dt be positive may also be written 

) > o .  det ( 0 I )  det ( - ( 3 b  + &)* Y 

c-' 0 C -(Bb + i c )  

By computing the product of both determinants, we will have 

1 >o;  E -C-l(Bb + Qc) 1 -(Bb + &)* r 

hence 
r - (Bb + Qc)*C-l(Bb + Qc) > 0. 

We thus reach the condition r > (Bb + &)*C-l(Bb + &). This 
condition depends upQn the choice of matrix C ;  we shall obtain the best 
condition by considering the minimum for all the positive-definite 
matrices C. 

The  computation of this minimum in the general case has not yet 
been made. S. Lefschetz has considered the case where matrix A is 
diagonal and matrix C is taken also in the class of diagonal matrices. 

Let 

A = diag (-p1 , ..., -p,), C = diag (dl , ..., d%). 

We have 
1 1 

dn 
C-I = diag (T, ..., -> ; 

therefore 
B = diag (r dl , ..., -) drz . 

P1 2Pn 



2.2. INTRINSIC STUDY OF CONTROL SYSTEMS 149 

Bbhas the eltXnentSdkbk/2pk,Bb + i c  has the elements &((dkbk/pt) + c k ) ,  

C-l(Bb + +c) has the elements &(bk/pk) + (Ckidk)), and the stability 
condition becomes 

For indices k for which bkck < 0 we may choose dk such that 
(bkd&/pk) + ( c k / d & )  be zero, and this is the choice yielding the 
minimum. For indices k for which bkck > 0, the term ((bkd&/pl:)  + 
(ck/2/&))2 is minimal if b k d d i l p k  = ckId\/dk, hence if bkdk = c k p k ,  
dk = ckpk/bk and then the minimal value is 

Thus will follow the stability condition 

where ek = 0 if bkCk < 0 and Ek = 1 if bkck > 0. 
T. Morozan has improved these results by using a Lyapunov function 

of modified form introduced by V. M. Popov. Let us first observe that 
a necessary condition for absolute stability is that r + c*A-lb > 0. 
Indeed, if absolute stability occurs, then the eigenvalues of the matrix 

($ -:) have negative real parts, since the asymptotic stability must 

be also assured for f ( o )  = cr. But the product of the eigenvalues is 

det ($ -:). We have, however, 

hence 

A b  1 A b  
(c* = - &a det (c* - r )  r + c*A-lb = -det A-l det 

By hypothesis, matrix A and (P- -9)  have eigenvalues with negative 

real parts. If a matrix has the order k and its eigenvalues have negative 
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real parts, the product of these eigenvalues is positive when k is even 
and negative when k is odd (the matrices are assumed real; hence the 
complex roots occur in pairs and their product is positive). Since 
the product of the eigenvalues is equal to the determinant of the matrix, 
it follows that this determinant is positive when k is even and negative 

when k is odd. Since the orders of matrices A and ($ ") differ 

by one unit, it follows that det A and det (5 -5) have different 

signs; hence r + c*A-'b > 0. 
Now let B be as previously. We choose the Lyapunov function of 

the form 

- Y  

V = (Bx, x) + r f ( u )  do + @*A-'x - 
0 2(r + c*A-lb) 

U ) Z .  

Let us observe that without supposing that J" f(a)do diverges, the 
function V fulfills the required conditions in order that the asymptotic 
stability in the large be assured; indeed, if x 1 f I u I -+ co, we 
have V+ 00, since for I x I < M ,  I u I -+ co, the last term approaches 
infinity. The  total derivative of -this function is 

- c*x + rf(o))(c*A-lx - U )  = -(Cx, x) + 2(Bb, x ) f ( u )  

+ (c, .If(.) - P ( U )  - pof(0)  + pc*A-'xf(u) = 4% x) 

+.f(o)(2Bb + c + p(A*)-'c, x) - .f"(.) - puf(u). 

Discarding the last term, which is negative, and considering the 
others as a quadratic form in x,f(a), the condition that - d V / d t  be 
positive-definite is that the principal diagonal minors of the matrix 

1 C Bb + +(E + p(A*)-l)c 
( (Rb + B(E + p(A*)-l)c)* -r 

be positive. T h e  same computations as in the preceding case lead to 
the condition r > M(C,  p ) ,  where 

M(C,  p )  = (B6 + +(E + p(A*)-l)c)* C-1(Bb + *(E + p(A*)-')c). 

If 
min M ( C , p )  < -c*A-'b, 

C>O,P20  
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a necessary and sufficient condition for absolute stability is r > -c*A-lb, 
since if r + c*A-lb > 0, we also have r > M(C, p) for a conveniently 
chosen matrix C. 

Let us observe that 

min M(C,p)  < min (Bb + ;c)*C-l(Bb + &); 
C > O , P > O  c>o 

hence the new choice of the Lyapunov function is more convenient. 
Let us also observe that if 

r > min M(C, p )  > 
C > O , P > O  

-C*A-lb, 

absolute stability is assured. Indeed, the quadratic form is only semi- 
definite, but it may be zero only for x = 0, u f 0, and then the term 
-pof(u) is strictly negative. 

Taking into account the above-mentioned facts, the problem arises 
of calculating the value minc-o,p~O M(C, p). This computation has not 
been carried out in the general case. However, complete results may 
be obtained by supposing that A is diagonal and choosing C in the class 
of diagonal matrices, as above. Let us take A = diag (-pi), pi > 0, 
C = ( y i j ) ;  we obtain B = (yi j / (pi  + pk)). We may write 

M(C, P )  = (C-lu, U) , u = Bb + ( E  + p(A*)-l)c, 

Since C > 0, the quadratic form (C-lu, u )  is positive-definite; hence 

min M ( C , p )  >, 0, 
C > O , P > O  

the zero value being obtained only if u = 0. Let us observe that 

When C is a diagonal matrix, C = (diag di): 

u . - - + -  dibi 1 P 6 .  1 P ( P~ ) c i ,  
c-lu = (2 + - (1 - -) Ci), 

2Pi 2 2pi 2di Pi 
2 -  
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By the same arguments as above, we deduce 

where 

if bici(pi - p )  < 0, 
it bici(p - p) > 0. 

If 

or 

max bici < 0 
1 < i Q n  

max pi < min pj , 

where I = {i, 1 < i < n, bic, > 0), J = { j ,  1 < j < n, b,cj < 0}, then 

a d  3 E J  

min M(C, p) = 0; 
C > O , D > O  

indeed, in the first case we can take 

and in the second 

It is obvious that in these cases the minimum 
diagonal matrices. 

Likewise, if minlQiGn bici > 0, by taking p 

N(0)  = zb”’ > 0, 
Pi 

and the necessary and sufficient condition 
r > N(0). 

We may study the problem of absolute 
Lyapunov functions of the form 

v = (Hx, x) + J k u )  do, 

is effectively attained on 

= 0 we will have 

of absolute stability is 

stability by looking for 
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where H is any symmetric matrix. An investigation of this kind has 
been made by V. A. Iakubovitch. T h e  total derivative of function V is 

V = (Hk ,  X) + (Hx ,  k) +f(o)d- = ( H ( A x  + bf (o) ) ,  X) 

+ ( H x ,  A x  + M u ) )  +-f(o)(c*x - r f (0) )  = ( ( H A  + A*H)x ,  x) 

+ 2(Hb, ~ ) f ( o )  + ( ~ * ~ ) f ( o )  - .fz(u) = -(Gx, x) - 2(g*~) f (o)  - rf2(o), 

where we have set 

-G = H A  + A*H, -g = Hb + Bc. 

Further, 

since 
1 
r r 
- (gg*x, x) - 1. (g*x)2 = 0. 

Indeed, gg* is the matrix with elements gigj; hence (gg*x, x) is 

CgigixiXj = (~;ppifZ == (g*X)2. 
i , i  

It follows that a sufficient condition in order that P be negative is that 
the form 

be positive-definite. 

x, # 0 such that 
This condition is also necessary. Let us suppose that there exists 

let g*x, # 0. We choose h from the equation 

with fixed u,. Then, for x = Ax,, u = cr, we will have r(f(u) + 
(l/r)g*x) = 0; hence P 3 0. If g*x, = 0, we take x = x,, # 0, u = 0, 
and again it will follow that 2 0. Consequently, if the form is not 
positive-definite, we cannot have negative-definite. 
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Theorem 2.1. If there exists a symmetric matrix H > 0 such that 

rG -gg* > Ot 

(where -G = H A  + A*H, -g = H b  + i c ) ,  and if A is Hurwitxian * 
and r + (A-lb,  c) > 0, then the trivial solution of system (4) is absolutely 
stable. 

From the computations performed up to  now, it follows that Proof. 
there exists a function 

V = (Hx,  x )  + r f ( u )  do 
0 

whose total derivative is negative. Consequently, the asymptotic stability 
of the trivial solution is immediate. If Jmf (a )da  diverges, the function V 
fulfills the conditions required for asymptotic stability in the large. 
Using the condition r + (A-lb,  c )  > 0, we may nevertheless prove 
that asymptotic stability in the large occurs without the hypothesis 
that the integral diverges. For this- purpose we will take 

V ,  = U)Z. 

The function V,  fulfills the condition required for stability in the 
large: 

o)(c*A-lAx + c*A-lbf(u) 

d V  dV 
dt dt  

-c*x + .f(u)) = - + pf(u)(c*A-lx - u) = - + pf(u)c*A-'x - ps f (0 ) .  

From the hypotheses of the theorem it follows that d V / d t  is a negative- 
definite quadratic form in x andf(u); forp  sufficiently small, the quadratic 
form ( d V / d t )  + pf(u)c*A-lx is negative-definite; hence dVl /d t  is 
negative-definite and the theorem is proved. The  theorem has been proved 
by indirect means by B. A. Iakubovitch.5 The  idea of considering the 
function V ,  instead of the function V belongs to V. M. Popov. 

t If G, and Gz are symmetric matrices, G, > G, means that the quadratic form 

t We call Hurwitzian a matrix whose eigenvalues have negative real parts. 
((GI - G,)x, x) is positive-definite. 

The study of the problem was resumed by J. P. La Salle, who proved that if  
I > g*G-'g, then the condition I + c*A-'b > 0 is fulfilled. 
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The  practical problem which arises now is to give to the condition 
in the statement a simple form, one that is easy to check. To this 
end we observe that this condition may be written 

or 
r 

Hbb*H -t B * H  + H B  + &c* f - c = 0,  
2 

where we have put B = rA + ibc*. This condition may be considered 
as an equation with respect to H for each fixed C > 0. The  condition 
of stability may hence be obtained either by arbitrarily choosing H > 0 
and putting the condition that C > 0 or conversely, by arbitrarily 
choosing C > 0 and requiring that the equation admit a solution H > 0. 
We shall follow the second variant and try to attain the simplest 

conditions possible. 

Lemma 1. If the eigenvalues of matrix K have negative real parts, the 
solution X of equation K*X f X K  = -C is unique and is given by 
the formula 

m 

X = e K ' T e K t  dt .  
0 

IJ C > 0, then X > 0. If C 3 0, then X 3 0. If C > 0 and X > 0, 
then K is Hurwitxian. 

The equation K*X + X K  : -C expresses the fact that 
the total derivative of the function (Xx, x), by virtue of the system 
dx/dt = Kx, is equal to -(Cx, x). From the theorem of Lyapunov, 
it follows that if the matrixKis Hurwitzian, then for any C the preceding 
equation has a unique solution. The  fact that the matrix X is given by 
the formula from the statement follows from Theorem 1.6". 

Proof. 

Indeed, if 
rn v = 1 (CeK(8-t' x, e K ( s - t ) X )  ds 
t 

we have 
m m 

0 0 
I.' = s (CeKsx, e K s  x) ds = s (eKfsCeKSx, x) ds = (Xx ,  x), 

with X = s," e K * T e K S  ds and dVldt  = -(ex, x). The  solution of the 
equation being unique, it is given by the formula in the statement. 
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The  fact that C 3 0 implies X >, 0 and C > 0 implies X > 0 is seen 
at once from the formula. If C > 0 and X > 0, the trivial solution of 
the system dxjdt = Kx is asymptotically stable and matrix K is 
Hurwitzian. 

Lemma 2. Let 

Hbb*H + B*H + H B  + fcc* + 1 C = 0, B = rA  + &c*, 
2 

where C > 0 and H is symmetric. We suppose that there exists 0 < v < 1 
such that K ,  = rA  + vbc* is Hurwitzian. Then H > 0 and K,  is 
Hurwitzian for every v E (0, 1). 

Proof. Let 

c, = ; c + ( p H b  + &)(pHb + &c)*, 

obviously C,  > 0. 
From the statement, 

r 
- C = -Hbb*H - (rA* + &cb*)H - H(rA + &*) - $cc* 
2 

- - -Hbb*H - r(A*H + H A )  - g(cb*H + Hbc*) - &*. 

If follows that 

C, = -Hbb*H - (rA* + &cb*)H - H(rA + &*) - &c* 

+ p2Hbb*”H + &pc(Hb)* + &pHbc* + &* = (p2 - l)Hbb*H 

- [rA* + &(1 - p)cb*]H - H [ r A  + (1 - p)bc*] 

= -(1 - p‘)Hbb*H - K:H ~ HKv , 

where we have put 

v = +(1 - p ) .  

The  relation obtained may also be written 

K?H + HKv = -C, - (1 - p’)Hbb*H. 

Now let v be as in the statement. We choose p = 1 - 2 v ;  if 0 < v < 1, 
it follows that I p 1 < 1; hence C, + (1 - p2)Hbb*H > 0. From 
Lemma 1 it follows that this equation has a solution H ,  unique, and 
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H > 0. For every v E (0, I ]  we have C, + (1 - pz)Hbb*H > 0 and 
H > 0; hence K ,  is Hurwitzian. 

From this lemma we deduce in particular that ;f the equation in H which 
expresses the stability condition admits a symmetric solution, then this 
solution is also positive-deJinite. 

Indeed, A being Hurwitzian, KO is Hurwitzian; hence H > 0. 
The  system of equations which determines the elements of the matrix 

H is a system of n(n + 1)/2 equations of second degree. We shall reduce 
the problem to the condition that a system of n equations of second 
degree has real solutions. 

Define the operator Y = L ( X )  by the formula 

A'Y + Y A  = -X ,  

which is possible, since from Lemma 1, for any X the formula defines 
one Y and only one, which is positive together with X .  According to 
Lemma 1, we have explicitly 

m 

L ( X )  = I eA*tXeAt dt.  
. . o  

Set 

-g = Hb + &. 

The equation which expresses the stability condition is written 

r 
2 

r(A*H + H A )  = - - C -gg*, 

and taking into account the definition of L ( X ) ,  we will have 

rH = L(gg*) + 4 rL(C). 

From here, multiplying by b and adding hrc, we deduce 

--Yg = L(gg*)b + $Y(C +L(C)b). 

Setting a = L(C)b, we reach the equation 

L(gf*)b  + rg + i r ( c  + a) = 0. 

Let us suppose that for given C > 0, this equation has a real solution g. 
Then, the matrix H determined by the relation 

rH = L(gg*) + $YL(C) 
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is symmetric, positive-definite, and verifies the relation 

hence the stability condition is fulfilled. 
Thus will follow 

Theorem 2.1'. I f  A is  Hurwitzian, r2 = r + (A-lb, c) > 0, and 
;f there exists C > 0 such that upon putting a = L ( C ) b  the equation 

admits a real solution g ,  then the trivial solution of the system is absolutely 
stable. 

Setting U = L(gg*),  T = L(C), we obtain the equations 

A*T + T A  = -C, a = Tb, A * U  + U A  = -gg*, 

Ub + YU + &Y(C + U )  = 0. 

Let us see what the equations become in the case where A admits a 
normal diagonal form and the eigenvalues of A are real. We will denote 
g = (g,), U = (q i j ) .  There exists a basis in which A is diagonal and 
the components of b are equal to 1 (Lurie canonical form). In  this 
basis the preceding equations become 

-(P? + P Z ) r 1 2 3  = -g,g, 7 c 72, + rg2 + H C Z  + 4 = 0;  
3 

hence 

and we see that they are of the same form as those obtained in the 
preceding section. 

Consequence. I n  the case where b is an eigenvector of matrix A or 
c is an eigenvector of matrix A*, the condition r2 > 0 is necessary and 
suficient f o r  absolute stability. 

Proof. Let A b  = -ab, a > 0. From A*U + U A  = -gg* we 
obtain, multiplying by b, (A* - a I ) U b  = - (g ,  b)g; hence Ub = 
-(g, b)(A* - aI)-lg [det (A* - a I )  f 0, since a > 0 and A is Hur- 
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witzian]. From the same relation, multiplying at the left by b*A*-l and 
at the right by A-lb,  we obtain 

b*UA-'b + b*A*-lUb = --a*A*-lgg*A-lb, 

i.e., 
(A-lb, Ub) + (Ub, A-lb) = -(A-lb,g)'; 

hence 

2( Ub, A-'b) = -(A-lb, g)'. 

Set 5 = (l/d?)(g, A-lb). From the equation 

Ub + ru + &r(c + u )  = 0 

we deduce 

Ub = -rg - +r(c + u ) .  

I t  follows that 

-2(rg + +r(c + a), A-lb) = -r['; 

hence 

rC2 - 2r 2/;< - r(c + a, A-lb) = 0;  

hence 

52 - 2 z/;[ - (C + A, k ' b )  = 0,  5 = 2/7 & l / ~  + (C + U ,  A-'b). 

Setting f2 = r + ( c  + a, A-lb),  it follows that 5 = di + f. From 
A b  = - ab, we obtain 

I b = -  mA-lb, A-lb = - - b;  
a 

hence 

hence 

hence 

- ~ Y ( A *  - d ) ( c  + u )  = r ( A *  f 2- pI)g. 
dr 
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I t  follows finally that 

We see that the equation in g has a real solution if and only if fi is 

We have 
real; hence 1'2 > 0. But 1'2 = r2 + ( a ,  A-'b). 

hence 

(A*-lTb, b)  = - g(A*-lCA-'b, b )  = - $(CA-'b, A-9) < 0. 

If r2 > 0, then for a sufficiently small, we have Fig > 0; hence there 
exists a real solution g; hence, according to Theorem 2.1', absolute 
stability occurs. 

Let us consider now the case where c is an eigenvector of the matrix 
A*. Let (x, CT) be a solution, 8 = (c, x). We have 

hence 

do - = ( - = +( + (c, b ) f ( a ) ,  dt dt 

We have obtained a system with n = 1, A = -p, and c = 1, and 
b is replaced by (c, b). The relation A*T + T A  = -C becomes in 
this case -2PT = -C; hence T > 0, and from a = T(c, 6 )  it follows 
that a has the same sign as (c, b). The  relation A*U + U A  = -gg* 
becomes 

and the fundamental equation becomes 
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The  equation has a real root if and only if rZg2 - $(c, b)( 1 + u )  > 0; 
i.e., r/3 - (cb)(l + a )  > 0. This condition is fulfilled if and only if 
r - (1//3)(c, b)  > 0, which coincides with r2 > 0, since (c ,  A- lb)  = 

(A*-'c, b)  = - ( l / p ) ( b ,  c ) .  
It follows that if r2 > 0, o ( t )  --j 0 for every solution; hence f ( o ( t ) )  + 0 

for every solution, and from the formula 

x ( t )  = eAtx(0) + It eA( t -s )  6f[u(s)] ds 
4 0  

it follows immediately that x(t) --j 0 when t + 00; hence absolute stability 
occurs. 

2.3. The Method of V. M. Popov 

An essentially new method, based upon use of the Fourier transform, 
has been given in the study of absolute stability of the control systems 
by V. M. Popov. The  method of Popov leads to results which are at the 
same time stronger and more;effective than those considered in the 
preceding paragraphs. 

Consider the system 

( 5 )  
dx d5 - = Ax + bf(u) ,  - =f(u), u = c*x - y t  y > 0 
dt  d t  

Suppose, as previously, that A is Hurwitzian. Set 

Y G ( L )  = N(iw) + T- 
0 2W 

co 

v ( t )  = -c* eA%, N( iw)  = 1 ergot ~ ( t )  d t ,  

Theorem 2.2. If there exists q > 0 such that for all w 3 0 we have 
Re(1 + iwq)G(iw) 3 0, then the trivial solution of system ( 5 )  is absolutely 
stable. 

Proof. 
Set 

Let x( t ) ,  ( ( t )  be a solution of system (5 ) .  

Define the function 

hT(t) = - 
,t 
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T o  see the significance of this function, we will perform some com- 
putations. We have 

*) = A x ( t )  + b f [u ( t ) ] .  
dt  

According to the variation-of-constants formula, 

x ( t )  = e A t  x(0) + f eA(t-7) b j [  4 T ) l  dr;  
0 

hence 

u(t)  = c*  eAt x(0) + c*  e A ( t - T )  bf[u(r)]  dr - y ( ( t ) .  
0 ,. 

Note that c*eA(t-T43 = -v(t - T); we let c * e A l  = p*(t). Thus, 

u(t) = p*(t)x(o) - f v(t - r>f[u(T)] dr - Y t ( t ) .  

From here follows 

Since 
3 9  = f [u(t ) ] ,  

dt  
we have 

For 0 < t < T we may write 

For t > T,  taking into account the definition of the function fT(t), 
follows the relation 
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Since the matrix A is Hurwitzian, we have 

1 eAt I < K , e - G  (for t >, 0); 

hence 1 v(t) 1 < K2e-Kot. Thus  j hT(t)  1 < K3e-Kot for t 3 T; hence A,(t) 
admits a Fourier transform. Let 

m 

LT(iw) = j eciwt A T ( t )  dt, FT(iw) = l T e - i w t f T ( t )  dt. 
0 0 

We have 

a, 1 eciwt * d t  = e c i w t v ( t )  /w + iw Jme-zWt ~ ( t )  dt = iwN(iw) - ~ ( 0 ) .  
0 dt 0 0 

Is is known from the theory of the Fourier transform that if 

then the Fourier transform of h is the product of the Fourier transforms 
of the functionsf and g*. It follows that 

LT(iW) = --N(iw)F,(iw) - q[iwN(iw) - V ( O ) ]  F+w) 

- -q[V(O)  + YIFT(2.w) = --F,(iw)[(l + i w q ) W w )  + 471. 

Consider the function 

P(T) = SrnhT( t ) fT( t )  dt. 
0 

Taking into account the way in which A, and fT have been defined, 
we shall have 

1 This is true for the Laplace transform as stated and if we suppose thatf = 0, g = 0 
for t < 0 for the Fourier transform too. 
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We have used the fact that f [u( t ) ]  = d[( t ) /d t ;  hence .3t)f[u(t)]  = 
+(d/dt)e2(t) .  In  the theory of the Fourier transform the following 
fundamental formula is proved: 

l m  W 1 f i f z  dt = - 1 ReF,(iw)F,( -iw) dw, 
0 27r --m 

valid for f, and fi in L, n L,. 

write 
The  functions A,(t) andf,(t) fulfill these conditions. Hence we may 

1 "  
p( 1') = 2rr I Re L,(iw)F,( -iw) dw 

--m 

Re [( 1 + iwq)N(iw) + qy] FT(iw)FT( -iw) dw 
=--I 1 m  

27r -a 

l m  
2rr -a 

=--I Re [(l + iwq)N(iw) + qy] 1 FT(iw) l 2  dw. 

We have 
Y Y  qy = (1 + iwq) 7- - 7 ; 

zw EW 

hence 

(1 + iwq)N(iw) + qy = (1 + iwq)N(iw) + (1 + iwq) r - r 
zw tw 

= (1 + iwq) (N(iw) + ?) Y Y  - = (1 + iwq)G(iw) - 7. Y 
1w zw ZW 

Since 1 FT(iw)I2 is real, 

Re [(I + iwq)N(iw) + qY1 I F T + )  l 2  

= 1 FT(iw) l 2  Re [(l + iwq)N(iw) + 4 ~ 1  

= I FT(iw) l a  Re [(l + iwq)G(iw) - 

= I FT(iw) l 2  Re(1 + iwq)G(iw) 2 0 

tw 'I 

according to the hypothesis of the statement. It follows that 

P(T) < 0. 
We state the following inequality: 
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We have 

165 
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From here it follows that 

and hence that 
I 4( t )  I <+l(l 4 0 )  I ?  I t(0) I), 

which implies the stability with respect to component 5. 
We now state the inequality 

I 4 t )  I < Kl I 4 0 )  I + K5 SUP I ((7) I . 
0 < 7 < t  

We have 

Then 
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and finally 
1 x ( t )  I < 4 IX(0) I + K5 O < r < t  sup If(.) I. 

Taking into account the evaluation of 1 ( ( t )  1, we will have 

I 44 I < dz(lX(0) I, I [ ( O )  1); 

hence the trivial solution of the system is stable. 
It remains to prove that 

lim x ( t )  = lim [ ( t )  = 0. 
t+m t-tm 

From the fundamental inequality obtained starting from p( T )  < 0, 
we deduce that 

hence 

On the other hand, 

dE(t) = c*(Ax( t )  + b J [ u ( t ) ] )  - 
Y d t  Y f  [ 4 t ) l  , 

We must then have h->m o(t) = 0. Indeed, if it were not so, there 
would exist a 6 > 0 and a sequence t ,  + m such that 1 a(tk)  1 > 6 
A subsequence may be chosen such that t ,  - tnp1 > 

Let T > 0 be given, and N ( T )  be such that n < N ( T )  implies 
t ,  < T - 6/2+, . We have 
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But 

hence 

But limT-,m N ( T )  = 00, which is a contradiction. Consequently, 
limi+m o(t) = 0. From this follows lim,,,f[a(t)] = 0. 

We have, however, 

1 x ( t )  1 d K1 cKot 1 x(0) 1 + f K1 e-Ko(t-T) I b 1 If((.(.)) 1 d7 
0 

and 

l b l  
= -1im I f (o( t ) )  I = 0. KO t-m 

Hence 

lim I x ( t )  I = 0. 
t-tm 

From 

1 1 
Y Y 

( ( t )  = - c * x ( t )  - - a( t )  

follows 

lirn k( t )  = 0, 
t-03 

and the theorem is proved. 
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With the view of showing how strong this result of V.M. Popov is, 
we will show that if there exists a Lyapunov function of the form 
considered in the preceding paragraph, then the condition of the theorem 
of V. M. Popov is verified. 

Theorem 2.3. If there exists a function V of the fo rm 

V = ( H x ,  X) - 2/3 f ( o )  do ( H  < 0, p > 0)  J, 
such that f o r  every function f of the considered class the total derivative 
d V / d t  by virtue of system ( 5 )  is positive-dejinite, then there exists a q > 0 
such that 

Re(1 + iwq)G(iw) >, 0. 

Proof. We choose f (D) = ha, h > 0. According to the hypothesis, 
the total derivative of the function V = (Hx,  x )  - h,6a2, by virtue of 
system (5), should be positive-definite. This derivative is equal to 

( H ( A x  + bho), X) + ( H x ,  AX + bho) - 2 p h ~ ( ~ * A x  + c*bho - y h ~ ) .  

Given a quadratic form (Wx,  x), with a real positive-definite matrix, 
if we put x = u + iv, we will have 

( W f ,  x) = (W(u - iv), u + iv) = (Wu - iWv, u + iv) = (Wu, u), 

i( Wu, v) - i( Wv, u )  + (Wv, v) = ( Wu, u) + (Wv, v )  2 0, 

with the equality occurring only for u = 0, v = 0, hence only for x = 0. 
[We stress that the scalar product (u, v )  means here I= up i  .] 

Since d V / d t  is a positive-definite quadratic form, for x and a complex 
we will have 

( H A f  + H6h6, x) + (H%, Ax + 6ho) - /3h6(c*Ax + c*6hu - yhu) 

-phu(c*Af + c"bh6 - yh6) > 0. 

Let 
m 

M(iw) = j eczwt eAt  b dt .  
0 

We have 
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Put x = M(iw), (T = l / h ;  we obtain 

(HAM+) + Hb, M(iw))  + (H@(iw) ,  AM(iw) + b) 

-P(c*AM(iw) + c*b - y )  - /?(c*AA(iw) + c*b - y )  > 0. 

Since 
AR(iw) + b = -iw@(iw), 

it follows that 

-iw(HM(iw), M(iw)) + iw(HR( iw) ,  M(iw)) - /?(c*iwM(iw) - y )  

+ )8(c*iwM(iw) - y )  > 0 .  

Hence 

Re { - /3 (c*kd4( iw)  - y)}  > 0. 

Let us remember that 

It follows that 

ReB(iwN(iw) + y )  > 0. 

Since we have set 

G(iw) = N(iw) + 2w r , 
we reach the conclusion that 

Re iwG(iw) > 0. 

We have 

Re (1 + iwq)G(iw) = Re G(iw) + q Re i w G ( i ~ ~ )  

T o  prove that there exists a q > 0 such that 

Re ( I  + iwq)G(iw) > 0, 

it remains to prove that Re G(iw) is bounded. 
Since d V / d t  is positive for x = 0, u = l / h ,  we deduce that 

-P(c*b - y )  > 0. 
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On the other hand, we have the relation 

iuG(iu) = iwN(iu) + y = dv(t' dt + y + ~ ( 0 ) .  

Since 

-c*AeAtb, ~ ( t )  = -c*eAtb, - = 
dv 
dt 

we see that dvldt approaches zero exponentially. I t  follows that 

indeed, integrating by parts we have 

the integral is bounded and the assertion is proved. 
It follows that 

lim iuG(iu) = y + ~ ( 0 )  = y - c*b > 0 
1wI-m 

and hence that 

Re iwG(iw) N ,  > 0. 

It also follows from this that l im,o~l - fm G(iw) = 0; hence G(iw) is 
bounded. The  theorem is thus proved. 

Theorem 2.3 shows that the result of V. M. Popov is stronger than 
any that could be obtained with the help of Lyapunov functions (on 
the condition that the number q is conveniently chosen). Let us now 
show that its application to concrete cases amounts to simple algebraic 
operations. 

The  elements of the matrix eA' are of the form tke-"; hence v(t) will 
be a linear combination of this type of element. We have, however, 

m 1 m m j" e-iwt tk e-At dt = 1 t k  &A+zw)t dt = - ___ e-(A+iw)t tk 
n n h + iw lo ' a, t'C-I e - ( A + h ) t  dt f-S h + i u  0 
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By hypothesis, Re X > 0. Hence 

Continuing, 

1, e-awt t k  e--ht dt = 
k! 

( A  + iw)k . 

It follows from here that N(iw) is a rational function of iw, hence that 
G(iw) is a rational function of iw and that 

T h e  condition 

Re (1 + iwq)G(iw) > 0 

becomes 

i.e., 
Re P(iw)Q(iw) > 0 

Re P(iw)Q( -iw) 3 0. 

The real part of the product P(iw)Q(--iw) is a polynomial in w 2 ;  

hence all we have to do is to seek the conditions that a polynomial R(x) 
be positive for x >, 0; we have set x = w2. 

Let us observe that the systems considered are obtained from systems 
of the form 

dY d t  
- = Ay + b t ,  - =f(a) ,  u = c*y - Y E ,  dt dt 

upon putting j = x. Indeed, we obtain 

[ A-lb + 4 6 ,  dx d t  
- = Ax + bf(a),  dt dt - =f (u) ,  u = c*A-'x - c* 

since x = Ay + b f ;  hence y = A-*x - A-lbf .  This finalIy yields 
system (5) with y = r + c*A-lb. 

The considerations made previously show that y > 0 is a necessary 
condition for absolute stability. Let us take A = diag (-pi) and see 
what becomes of the condition of Theorem 2.2. 
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We have 
r + c*A-lb 

G = -[ c*A-l(iwE - A)-lb] + 
iw ' 

Setting 

i";:.. 
L(A, b, c )  = max, 

the condition of absolute stability is written r > L(A, b, c). 
If 

min max $ biCi(Pi - (119)) > 2 b,ci , 
9>0 i=l p; + w2 i -1  P i  

the condition of absolute stability is written r >L(A, 6 ,  c).  From 

follows L(A, b, c )  3 0. 
Taking into account that 

where 

we obtain the results of the preceding section. 
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For matrices A of the second order, T. Morozan has pointed out 
cases where 

In order to point out in what direction the investigation may be 
continued, let us observe that the systems studied, of form (3, are 
particular cases of systems of the form 

dz  
- = Az + af(u)  (u = p*z), dt 

corresponding to the situation in which A admits a zero eigenvalue. 

Indeed, A may be then brought to the real canonical form A = 

and the system may be written 

If a ,  # 0, a new linear change of variables leads to form (5 ) .  
We may also obtain stability conditions in the case where the matrix 

A is Hurwitzian; this case is simpler than the one previously treated. 
W e  shall consider absolute stability in the class of functions f with the 

property that h,a2 < uf(a) < h,u2, h ,  < k ,  where h, and h, depend on 
the function f, but k is the same for the whole class. 

Let z(t) be any solution of the system and u( t )  the solution of the 
homogeneous system 

du 
- = Au 
dt 

u(0) = z(0). 

Let 

u( t )  = p * z ( t )  

and 

Denote by w ( t )  the solution of nonhomogeneous linear system 

(*I dw 
at 
-- - Aw -+ afT( t )  (w(0)  = 0). 
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The  function w(t)  is continuous and has a derivative with a dis- 
continuity of the first kind for t = T.  

We have w(t)  = z( t )  - u(t)  for 0 < t < T,  since the difference 
z ( t )  - u(t)  satisfies the same system as w(t)  and the same initial condi- 
tions. 
Let 

We have denoted here by zij and f T ,  the Fourier transforms of the 
functions w and f T ,  respectively. 

Since for t > T the function w(t )  verifies the homogeneous system, 
it follows that w and dwjdt decrease exponentially; hence the formula 
from the theory of Fourier transform may be applied. From the system 
of equations (*) for w will follow, by applying the Fourier transform, 

iwzz = A?% + uf;. , zz = -(A - i W E ) p i f T .  

Set 

M = ( A  - iwE)-lu, 3 = p*M. 

We have 

6 = -MfT 

and hence 

Assuming (1/K) + Re(1 + i q ) 9  2 0, we deduce that x ( T )  < 0. 
On the other hand, 
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I t  follows that 

From 

h,u2 < uf(u) < h,u2 (h, < k )  

follows 

from which 

It follows that 

we obtain 

Let u( T )  > 0; for 0 < u < a( T )  we have 

uf(u) > u2hl; 

hence 

f ( u )  > hlu, r ' ' ) f ( u )  do > 2 u2(T).  
0 

If u(T)  < 0, for u(T)  < cr < 0 we have 

uf(u) > h p 2 ;  
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hence 

and 

It follows in all cases thatF[u( T)]  > (hJ2)  u2( T) .  
write the inequality 

L 

We may consequently 

From af(a) < h,a2 follows/f(a)( < h, 1 a 1, and thus 

Taking this into account, we have finally, 

From the inequality 

we deduce, as in the case previously treated, 

Taking into account the variation-of-constants formula, we also deduce 
that 

I x ( t >  I < 4 40) I). 
From this follows I du/dt 1 < a3(ITx(0)l) and, by the same arguments 
as in the preceding case, from J, a2(t)dt < C follows 1iml+- u(t) = 0 
and limt+m x ( t )  = 0. 

We have thus proved 
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Theorem 2.4. I f  matrix A is  Hurwitzian and if there exists a q > 0 
such that (ilk) + Re(1 + iwq)p*(A - iwE)-la 3 0, then for  any 
function f with the property that there exists h ,  and h, < k such that 
hlo2 < of(.) < h202, the trivial solution of the system is asymptotically 
stable in the large. 

We have been concerned until now with the case where the matrix 
A is Hurwitzian and the case when it admits a zero eigenvalue. Therefore 
it is natural now to consider the case where A has two zero eigenvalues. 
If simple elementa.ry divisors correspond to these values, a linear 

transformation of variables brings matrix A to the form 

the system becomes 

A1 0 
i o  0 )  and 

If one of the numbers a2 and a3 is zero, e.g., if a3 = 0, the last equation 
becomes 

and it is clear that asymptotic stability can only occur with 7 = 0. 
But in this case the system takes the form previously studied, which 

corresponds to a zero root. If a2 = a3 = 0 we cannot have asymptotic 
stability except by setting 5 = 0 , ~  = 0, and we again reach the above- 
considered case. If a2a, # 0, taking ( = ( l / a 2 ) 5  - ( l / a 3 ) 7 ,  we deduce 
that dLJdt = 0, and again we cannot have asymptotic stability except 
by setting ( = 0; thus we again reach the case of a zero root. In  con- 
clusion, the case of two zero roots with simple elementary divisors does 
not bring in anything new. 

On the other hand, the case of two zero roots, with elementary divisors 
of the second order, is particularly interesting, and it has been fully 
investigated by V. M. Popov. We shall now present this case. It  is 
evidently supposed that honzero roots have negative real parts. Let 

G(s) = -p*(sE - A)-'u. 

Let us remark that the function G is invariant with respect to linear 
transformations of the system. Indeed, let y = Dz. We have 

d z  dr = D - = D A D - l y  + Daf (0) 
dt  dt  

( O  = p*D-ly); 
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hence 

_ -  dy - DAD-ly + Duf (0). 
dt 

The new function 

G,(s) = -p*D-l(sE - DAD-l)Du = --p*(sE - A)a 

is thus equal to G(s). 
To perform the effective computation of function G it is useful to 
observe that this function is the solution of the system sz" = Az" - a, 
G(s) = p*z". 

Theorem 2.5. If 

Re iwG(iw) >/ 0 

for all w 2 0 and 
lirn Re w2G(iw) < 0, 

the trivial solution of the system is stable in the large for an arbitrary 
function f with of(.) > 0 for u # 0, 

W O  

lirn 
o 4 m  

f (u) du = 03. 

If in addition we have 

lirn Re iwG(iw) > 0, 
w+m 

then the trivial solution is stable in the large if uf(u) > 0 for u # 0 and 

+ r f . (u )  du) = 03. 
0 

and 1Li1 Re w2G(iw) < 0 

and if the trivial solution is stable in the large, then it is asymptotically 
stable in the large. 

Consequently, ;f 

Re ioG(iw) > 0, lirn Re iwG(iw) > 0, lirn Re wzG(iw) < 0, 
w+m UJ-0 
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the trivial solution is absolutely stable for all functions f with uf(a) >.O 
for  0 # 0, 

lim u-tfw sup (If(.) 1 + Y j ( u )  do) = 00. 
n 

If 
Re iwG(iw) > 0 and lim Re w2G(iw) < 0, 

e n  

then absolute stability only occurs in the class of functions with 

u + i m  lirn f f ( u ) d u  = GO. 

T o  prove the theorem, let us observe that since the conditions are 
only imposed on the function G and since this is invariant, we may 
assume the system brought to  a convenient canonical form. 

Choosing D such that 

DAD-l = f 0 y ) ,  
0 0 0  

the system becomes 

u = q*x + fin-IYn-1 + B Y n .  

Computing G(s) as indicated above, we find 

G(s) = -q*(sE - B)-'b - A-lbn 
S2 

It follows that 

lim Re w2G(iw) = fifiPlbn; 
W-tO 

hence we have pnPlb, < 0. 
In  particular, b, # 0. We may therefore apply a new transformation: 

and the system becomes 

d t  dT - 6, - = f ( u ) ,  u = q*x - dx 
dt dt dt - = BX + b f ( ~ ) ,  - - - 
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Since G(s) is invariant, it is sufficient to prove the theorem for systems 
of this form. For these systems, we have 

a B  G(s) = - ~ * ( s E  - B)-lb + + 5 .  

The condition 
lirn Re w2G(iw) < 0 
W O  

may now be written ,3 > 0. 
Further, 

Re(iwG(iw)) = - Re iwq*(iwE - B)-lb + a 
= - Re q*(iwE - B + B)(iwE - B)-lb + a 
= - Re q*B(iwE - B)-lb + a - q*b. 

Taking into account the fact that 

q*B(iwE - B)-lb = q*B( -iwE - B)( -iwE - B)-l(iwE - B)-'b 

= q*B(-iwE - B)(w2E + B2)-'b, 

we may write 

Re (iwG(iw)) = q*B2(w2E + B2)-lb + a - q*b. 

The condition 
lim Re (iwG(iw)) > 0 
w+m 

is thus written 

a - q*b > 0. 

We shall now state a series of lemmas which successively reduce 
the problem to a simpler form. 

Lemma 1. Let 

P = I x I + I 5 1 + I rl I 7  Po = I x0 I + I 50 I + I770 I. 
I f f o r  every solution of the system we have I f ( t ) l  < $l(po), then we also 
have for every solution the inequality 

I x ( t )  I G A ( P 0 ) .  
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Proof. From the variation-of-constants formula, 

Since B is Hurwitzian, we have 

I eBt I < K1ecKot, t >, 0; 
hence 

Lemma 2. If /I > 0 and lim,,++a l i f ( o ) d a  = 03 and for every 
solution we have 

1 f ( t )  1 # l ( f O ) i  ]:"f(') dff d #3bO), 

then for every solution we have 

f ( t )  < +e(Po)* 

Proof. The functions 

+dr) = S'.f(u)& 0 4 5 w  = J-'f.(+o 0 

are monotone-increasing and continuous; let 

= min {#dY),  +,<.>>. 
From the hypothesis of the lemma it follows that 

#&I 1) d (63kO);  

hence 

I u(t)  I < #;'(#33(fO)) = #,(PO)' 

From a = q*x - - pq and /I > 0 follows 
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Lemma 3. If jl > 0, a - q*b > 0, lim supo,*a, (If(.) I + 
cf(u)du) = co, and if for every soZution we have I f ( t )  I < +l(po), 

ccr)j(u)ciu < +3(po), then for every solution we have p ( t )  < +o(po). 

Proof. For all t for which 

I o(t )  I < (I 4 I + l a  I + I B I)Po 

there also occurs the inequality 

We show that for all t for which 

we have the inequality 

If(+)) I G +lO(PO), 

where 

I 4 I I B I + Z ( P O )  + I B I +l(PO> 
01 - q*b CGlO(P0) = 

We have 

I o(0) I = I q*xo - d o  - &o I \< (I 4 I + I I + I B DPo; 

if there exists a t ,  > 0 such that 

then there exists a t ,  with 0 < t ,  < t ,  such that 

The point t ,  is the lower bound of the set of points in [0, tl] for 
which u(t,) = u(t l ) ;  if at t ,  we have du2(t)/dt < 0, then there exists a 
point t ,  in (0, t , )  with u2(t,) < u2(t,), and since a2(0) < u2(t2), there 
exists a t ,  in (0, t,) with u(t4) = u(t,). This contradicts the fact 
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that t, is the lower bound. The existence of t ,  follows from the fact that 
a(t)  is continuous and hence posesses the Darboux property. We have 

hence 

follows 

hence 

We have thus proved the statement made above. From this follows 

where we have denoted by [0, u(t)] the segment with the extremities 
0 and a(t)  even if o(t)  < 0. Indeed, if 1 a(t)  I < (I q I + I a I + I P I)po , 
we have I p I < (I q I + I a 1 + I B [>PO and SUP,,[O,~(~)I I&)l < 
SUP,rl~(lnl+lar(+lSl)p, If(p)i. since If I 491 > (I 4 I + I a I + I P l)po 
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imi <( Is1  + 1011 + 1/3I)p,,foreveryCLwithIpI >(Is1 + l a 1  + 
I &CL) I G $lO(PO). 

1 I)po and p E [0, a(t)] there exists t ,  E [0, t] with p = u(tl); hence 

From the stated inequality it follows that 

Let 

hence 

whence 

I 4) I < #15(Po). 

The proof continues as in Lemma 2. 
Taking into account the lemmas which have been proved, the first 

part of the theorem is reduced to obtaining the evaluations I E(t) I < Ibl(p0) 
and J'~'"f(u)du < i,b3(p0). T o  obtain these evaluations we use the 
Fourier transform. Let 

As above, 

Since B is Hurwitzian, the Fourier transform of the function q*BeBtb 
exists and this transform is equal to q*B(iwE - B)-lb. 
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On the basis of the theorem of the convolution of the Fourier 
transform we have 

XT = q*B(iwE - B)-'bfT + (4*6 - a)fT. 

Let 

1 T 

0 
p ( ~ )  == J ~ t ) f T ( t )  dt = rm ~e ~i,* dw 

1 
27r 

= - J1, Re {q*B(iwE - B)-lb + q*b - a} I f T  l2 dw 

Re(iwG(iw)) I f, l2 dw. = --J 1 "  
2a --m 

The condition Re(iwG(iw)) 0 leads to p( T )  < 0. We have 

-- d'(t) - q*BeBtxo + (q*b - a) f [o ( t ) ]  - p&t) 
dt 

+ s: q*BeB(t-T)b f[ u ( T )] dT = q*BeBtxo - p ( ( t )  +  AT(^) 

for 0 < t < T .  It follows that 

We have 
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Thus we will have 

187 

Then 

Since c'" f (o)d  2 0 and &!I > 0, we have the inequality 

2 
t 2 m  - 2K3fo o%!-gTl to) I < -p#I*bO) = #lSbO). 

From here, proceeding as before, we obtain I [ ( t )  I < +l@o) for all t 

deduce from the fundamental inequality 

0. 
Taking into account the evaluation obtained for ( ( t ) ,  we immediately 

u ( t )  

0 
f(u) < K2p0#20(p0) + # 1 8 ( f O )  = # 3 ( f O ) *  

With this, the first part of the theorem is proved. 

certain preparation. 
The proof of the last assertion relative to asymptotic stability requires 

Lemma 4. L y ( t )  be de$ned for t > 0 with derivatives up to order 
Zl and such that I dzy( t ) /dtz  I < K for t > 0, 1 = 1,2,  ..., Zl . Suppose 
that d'ly(t)/dt'l is  uniformly continuous on the semiaxis t > 0.  If there 
exists an I,, 1 < I, < ZI such that limt+m (dzy( t ) /d t r0)  = 0, then 
limt+m (d'y(t)/dt') = 0 for Z = 2, 3, ..., Zl . 

Suppose that the assertion of the lemma does not hold for the 
derivative of orderj, 2 < j < ZI . Then there exists d > 0 and a sequence 
tk such that limk+w tk = co, and I djy/dtj  I 2 d in the points t k .  

Proof. 
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It follows from the hypotheses of the theorem that all the derivatives are 
uniformly continuous on the semiaxis t > 0. Therefore a sequence 
tk may be found such that I djy( t ) /d t j  I 3 4/2 for t E [tk , t k ] .  We deduce 
that 

since if I djy( t ) /d t j  I > 412 on [tk , tk], then djyldtj conserves the sign 
on this segment (every derivative has the Darboux property). 

Thus 1 tk - t k  1 < 4K/A. From this we deduce that we may choose 
tk so that I djy( tk) /d t j  I = 4/2; indeed, we cannot have on [tk - (4K/d), 
t ,  + (4K/d)] the strict inequality I djy( t ) /d t j  1 > 4/2, since it would 
follow that 2K > (A/2)(4K/A), which is a contradiction. Consequently, 
there exists on this interval points at which 1 djy( t ) /d t j  1 < 4/2. Hence 
we can choose t* with the properties 1 tk - tk 1 < 4K/A, 1 djy( tk) /d t j  1 = 
4/2, I djy( t ) /d t j  I 3 A/2 for t E [ tk  , t k ] .  (We take tk equal to the upper 
bound of the set of points for which j djy( t ) /d t j  I > 4/2). From uniform 
continuity it follows that there exists a 6 > 0 such that I t - tk 1 < 6 
implies 1 (d j y ( t ) /d t j )  - (d$(tk)/dt’) I < 4/2; from here it follows that 
t k  - t, > 6; hence 

which shows that dj-lyldtj-l cannot have the limit zero for t -+ CO. 

On the other hand, 

hence 

Thus if the assertion of the lemma does not hold for the derivative 
of order j ,  neither does it hold for the derivative of order j + 1, nor for 
that of order j - 1, which leads to a contradiction with respect to the 
hypothessis of the statement. 

Lemma 5. If for all the solutions p ( t )  < +&,) and limt+m [(t) = 0, 
then the trivial solution is asymptotically stable in the large. 
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Proof. We have 

= eBt (xo  - bto)  + b t ( t )  + f B eB(t -7)  b t (T )  d7. 
0 

Since limt+m eBf = 0, it immediately follows from this that 1imfAm ( ( t )  = 0 
implies limt+m x( t )  = 0. On the other hand, 

du 
5 = q*Bx(t) + (Q*6 - .)f[.(t)l - B t ( t ) .  

Hence 

and 

Thus a(t)  is uniformly continuous on the semiaxis t > 0; hencef[a(t)] 
is uniformly continuous. Now apply Lemma 4 with 

We have limf+m (dy/dt) = 0, and from Lemma 4 we deduce that 
limf+m (d'y/dt2) == 0; hence Iim,,,f[o(t)] = 0. Since I a(t)  I < ( I  p I + 
1 01 1 + 1 p \)f ig(p0),  we deduce that limt+m a(t)  = 0. From ~ ( t )  = p*x(t) - 
~ ( ( t )  - /3v(t) and /3 > 0 now follows that limf+m q(t)  = 0, and finally 
it is proved that limt+m p(t)  = 0. 

I n  this way the complete proof of the theorem has been reduced to 
proving the fact that in the conditions from the statement we have 
limf+m ( ( t )  = 0. For this purpose, another lemma is necessary. 

Lemma 6. If Re iwG(iw) > O f o r  all w > 0, there exists 

with the following properties: 
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1 .  The roots of the equation sk + alsk--l + -.. + akWls + ak = 0 hawe 

2. Re iwG(iw) - I H(iw)j2 >, 0 for all real w .  

Proof. 

Re (iwG(iw)) = q * P ( d E  + B2)-lb + 01 - q*b 

negative real parts. 

We have, after the computation made above, 

Let k = m2 + mo - m,. Consider an arbitrary polynomial of the 
+ - - -  + ak-,s + ak, whose roots have negative real form sk + 

parts. The function 

is continuous and 

Cma lim](&) = - 
CO lim J(w2) = - 

-0 b a : ’  WOO 
bml “0  

Hence there exists a yo # 0 such that J(w2) < l /y i  for all w2 > 0; 
hence 1 - yiJ(w2) > 0. Multiplying by Re(iwG(iw)) we obtain 

We observe that since the polynomial sk + alsk--l + + ak-,s + ak is 
Hurwitzian, the numbers aj  are all positive. 

Let us also remark that if mo = 0, m1 = m 2 ,  then K = 0 and the 
polynomial is reduced to a constant; the statement of the lemma amounts 
to the fact that in this case Re(iwG(iw)) is greater than a positive constant. 
Indeed, the case m, = 0, m, = m2 may occur if and only if 

01 = lim Re(iwG(iw)) > 0, 01 - q*b = lim Re (iwG(iw)) > 0. 
W+O w+m 

These inequalities, together with Re(iwG(iw)) > 0 for all w > 0, 
imply the existence of a positive constant which is the lower bound of 
Re(iwG(iu)). In this case, the fact that liml+m p( t )  = 0 follows immedi- 
ately. We have 

m T 

0 0 

= - y 1 f”T dt = - y 1 f 2 [ o ( t ) ]  d t .  
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Hence, taking into account the expression for p( T ) ,  

r ( t ) f ( u )  do - T ( ' ) f ( o )  do + i B S ' ( 0  - &,PO o$;cTI S(t)  I 
0 0 

- < - Y I;zr 4 ) l d t .  

But, by hypothesis, p ( t )  < $&p0); therefore 

Y p r . c t , 1  dt G Ic12lcfo); 

hence 
T 

lim j f2 [u ( t> ]  dt = L < m. 
T+m ,, 

Setting * = j'fZ[o(~)] dT - L 
dt 0 

it follows that 

lim* = 0. 
t-m dt  

On the base of Lemma 4, we deduce 

lim -- d2Y = limf2[u(t)] = 0, 
t+m dt2 t-tm 

hence 
li+if[u(r)] = 0. 

But 

hence 

From 

we also obtain liml+m x( t )  = 0. From 
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follows 

lima(t) = 0. 
t+m 

Since 

o(t) = p*x(t) - a&) - P W ,  

it follows that 

!+% [a&) + P T W l  = 0. 

Hence 

Let us write 

d?lW 
a - + B d t )  = a t ) .  dt 

Since by hypothesis we have 01 > 0, > 0, we deduce that 

q(,+) = e-(B/aItyO + e-(B/e)(t-T) 5(T)  d7. 1: 
Taking into account the fact that limt+m { ( t )  = 0, it follows immediately 
that limt.+mq(t) = 0 (e.g., by applying the rule of l'H6pital). But if 
limt+m q( t )  = 0, then limt+m [ ( t )  = 0, and the proof is finished. 

Lemmas 5 and 6 are necessary in the case when 01 = 0 or 01 - p*b = 0, 
and hence K 2 1. First let K = 1. Then the polynomial in Lemma 6 is 
reduced to s + a , .  Let y1 be defined by the system 

Let u1 be defined by 
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We remark that from the choice of yl(0) follows 

1 1 
a1 01 

YZ(0) = --a,y,(O) + 170 = - 50 - 770 + 770 = - 50 1 

Ya(0) = --a,y,(O) + 50 = - 5 0  + 50 = 0, 

and since on [0, TI, y3  and u1 verify the same differential equation, it 
follows that ul( t )  = y3(t) ,  u2(t) = y4(t) on [0, TI. 

SincefT(t) = 0 for t > T,  for t > T we will have 

1 ul( t )  I < K'e-ait, I uz(t )  I < Klcai t .  

We apply the Fourier transform and we obtain 

If mo = 0 we have yoE1 = H(iw)fT,  and if m, = 1 we have 
yOc2 = H ( Z W ) J ~ ;  consequently, y o ~ m , , + l  = ~ ( i w ) f ~ .  Let 

Hence 
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Let 

from lim,-bm (dy/dt) = 0 we deduce, by applying Lemma 4, that 

. dV lim - = 0; 
t+m dt2 

hence 

i.e. 
l i m ~ ~ ~ + ~  = 0. 
t-bw 

Again apply Lemnia 4 with dzy/dtz = ye  

1 = 1,2,  3,4, I ,  = m, + 3. 

Thus 

1imy2(t) = limy,(t) = $+ny4(t) = 0. 
t+m t+w 

But from 

limy,(t) = limy2(t) = 0 
t+m t-bw 

we obtain 

lim ( ( t )  = 0, 
t+m 

and the proof is completed. 

the system 
The case K >, 2 will be treated in the same way. Let yr be defined by 

ak--l 1 I 
yd0)  = - 7 to + v o ,  y2(0) = - to ,  yj(0) = 0 ( j  = 3, ..., k). 

'k ak 
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We introduce the functions 

From p ( t )  < &,(po) it follows that q, 5, f [a( t ) ]  are bounded and uniformly 
continuous. From here follows I y j ( t )  I < t,h23(p0) for j = 1, ..., k + 3; 
for the first k, this follows by using the variation-of-constants formula, 
and for the last this follows directly. Now let ui(t) be defined by 

duj _ -  dt - U j + l  ; ( j  = I ,  ..., K - l), 

k 

uk+l = - z ' i u k - i + l  + f T ( t ) .  
j=1 

We have uj( t )  = ~ ~ + ~ ( t ) ,  j = 1, ..., k + 1 for 0 < t < T. Indeed, 
yj+?(0) = 0 f o r j  = 1, ..., k + 1 and for 0 < t < T the functions y,+,(t) 
verify the same system as uj(t). 

For t > T we have 1 ui(t)) < k '~-" '~ ,  since f T  -= 0 for t > T and 
the corresponding homogeneous system is Hurwitzian. Applying the 
Fourier transform to the system in uj , we obtain yolz,o+l = H(iw)fT, 
from which we deduce, as in the preceding case, 

00 m 

0 
Y," / u t 0 + 1  dt = Y," / y t o + 3  dt < #Z2(PO) 

and then 
lim ~ ~ , + ~ ( t )  = 0.  
t-tm 

Applying Lemma 4 with 

- dZY dtl  = yz ( I  = 1,2, ..., k + 3). 
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we deduce 

limyj(t) = 0 (j = 2, 3, ..., K + 3), t+m 

and the theorem is proved. 

Example. We consider the system formed by the scalar equations 

dx _ -  dt - -ax + y -m, 
dY - = a - c f ( x )  
dt 

dz 
- = -bf(x). 
dt 

The matrix of the linear part of the system is 

and we see that it has two zero roots with an elementary divisor of the 
second order and the root -a, which is negative if a > 0. 

Compute G(s) as mentioned before, from the relations 

SZ = - ~ f  + y” + 1, ~ y ”  = i + C, ~i = b. 

We obtain 

hence 
y” 1 Z=-.-- 

a + s + a + s ’  

from which follows 

We have 
b 

lim u2G(iu) = - - < 0 if 6 > 0. 
W+O U 
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Hence 
iw c b  

- -) a + aw aw w2 
Re (iwG(iw)) = Re - (1 + 

1 iw(a - iw) + c(a - iw) 
a2 + w2 

iwb(a - zu) - 
wya2 + w2) 

= Re [ 

= Re [ iwa + w2 + ac - iwc - iwab + bw2 1 - - acai t a w 2  

a2 + w2 &(a2 + w2)  

We see that limw+co Re(iwG(iw)) = 1. The condition Re(iwG(iw)) > 0 
for w > 0 is reduced to ac - b 2 0. Consequently, if a > 0, b > 0, 
ac - b 2 0, the trivial solution is absolutely stable for all functions f 
with uf(u) > 0 for u # 0, lim sup,,fm ( I  f(u)I + Jif(u)du) = a. 

In this case, too, the method of V. M. Popov yields results which are 
at least as strong as those based upon the construction of a Lyapunov 
function of the usual type. Namely, if there exists a Lyapunov function, 
negative-definite, of the type “quadratic form plus integral” with positive- 
definite total derivative by virtue of the system, the condition Re(iwG(iw))>O 
is fulfilled. 

Proof. Write the equivalent system 

dx 
- = Bx + bf(a) ,  
dt 

d5 
- = f  (4, dt 

do 
- = q*Bx - BE + (q*b - M o ) ,  dt 

Using the system, the total derivative will be 

-- dvh - w&c, 5, o )  >, 0. 
dt 
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We have Wh(x, f ,  u) > 0 also for h = 0, since, if it were strictly 
negative, it would remain negative for h sufficiently small. It follows 
that 

In  particular, for x = 0, f = c2/3, u = yZ2 we deduce from the first 
inequality 

-c2P2(ylpE2P + YE2) 2- P 

for all c, hence that yzz = 0. The  second inequality yields for x = 0, 
E = c2, u = y1z , 

+,, + 2Y:2,2 + r22r12 < o ;  .. 
hence ylz  = 0. 

The same inequality yields for x = c2c2 , [ = 0, u = 1, 

E~cZNC, + 2r2c,*c2 + yzz < 0; 

hence c2 = 0. 
Again putting x = B*clcZ, 5 = - 1, u = 0 in the first inequality we 

deduce B*c, = 0; hence c1 = 0. It follows that V,  has the form 
x*Nx + y11f2 - hu2, and the derivative, by virtue of the linear system, is 

i x * N ( B x  + bha) + &(Bx + bha)*Nx 

+ (ha(y11 + P)t - q*Bx - (q*b - >, 0. 

Putting 
x = wB-lU(w), 5 = 0, a = 0, 

we deduce that 

+w2(B-’U(w))*NU(w) + gw”*(w)NB-1u(w) 0. 

Taking U(w) = -B(w2E + B2)-lb and putting x = U(w), 5 = 0, 
u = l/h, we deduce that 

*U*(w)N(BU(w) + b)  + *(BU(w) + 6)*NU(w) - q*BU(w) + 01 - q*6 2 0. 
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But 

BU(w) + b = -B2(w2E + B2)-lb + (w2E + B2)(w2E + B')-lb 

= w2(w2E + B2)-lb = -w~B-'U(U). 

Finally, we obtain --q*BU(w) + a - q*b 2 0, which coincides with 
Re(iwG(iw)) 2 0. 

Let us observe that the derivative of the function V,  for x = 0, u = 0, 
( # 0 is zero; hence there do not exist Lyapunov functions of the type 
considered with positive-definite derivative. 

Let us use the method of the Lyapunov function in this problem, too. 
If /? # 0, the system is equivalent from the viewpoint of absolute 
stability to 

dx - = BX + bf(a), 
dt 

d5 - =f (4  dt 

du - = q*Bx + (q*b - a) f (u )  - p [ .  
dt 

A necessary condition for the absolute stability of this system is /? > 0. 
Indeed, from the absolute stability it follows that the eigenvalues of the 
matrix 

H = q*B q*b - a  -;), B b  

( 0  1 0 

[ H  is the matrix of the linear system which is obtained for f(u) = u] 
have negative real parts; hence 

(-l)n+2 det H = (-1)" det H > 0. 

But 

det H = -det 

and 

(-1)"detH = (--1)"PdetB. 

Taking into account the fact that B is Hurwitzian, it follows that 
(- 1)" det B > 0, hence that > 0. 
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In what follows we shall suppose therefore that 16 > 0 and in 
addition that 

lim I u f ( o ) d u  = 00. 
lol+m 0 

For any matrix r > 0 there exists a C > 0 such that 

CB t B*C = -r. 
(see Section 1.6 and Lemma 1, Section 2.2). Consider the function 

Y(x, 5,a)  = (Cx, .) + 8P + 2 f h 4  flu. 
0 

The total derivative of this function, by virtue of the system, is 

dV _ -  - - { ( r x ,  X) - 2((Cb + B*q), x)f(u) + Z a  - q*b)f2(u)} .  
dt 

I t  follows that -dV /d t  is a quadratic form in x, u with the matrix 

) L ( C b  + B*q)* 2(a - q*b) * 

r -(Cb + B*q) 

Consequently, it is necessary and sufficient in order that this quadratic 
form be positive-definite that 

r 
det (-(Cb + B*q)* 2(a - q*b) 

This leads to the condition 

01 - q*b > $(Cb + B*q)r-l(Cb + B*q). 

Since d V / d t  may be zero only for x = 0, u = 0, and this set does not 
contain whole semitrajectories, we deduce that a sufficient condition for 
the absolute stability of the system is that 

01 - q*b > ,m;lon $(Cb + B*q)*r-l(Cb + B*q). 

Now let 
B = diag(-pi), r = diag(y,). 

Then 

C = diag (F) , (Cb + B*q)*r-l(Cb + B*q) 
Pi 
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where bi , qi are the coordinates of vectors b, q. We deduce 

n 

min (Cb + B*q)*r-l(Cb + B*q) = 2 2 e;q,b,, 
r > o  

a = 1  

if b,q, > 0, 
if b,q, < 0. 

E; = 1; 
We thus obtain the following condition of absolute stability: 

Let us now observe that, when B is diagonal, we have 

and the inequality Re iwG(iw) > 0 becomes 

The theorem of V. M. Popov leads then to the following condition of 
stability: 

Since Re iwG(iw) = 01 for w = 0, the inequality 

Re iwG(iw) > 0 for every w > 0 

implies that 01 3 0 even if matrix B is not diagonal. From 

we deduce that 01 > Z7-1c;biqi is a sufficient condition 
stability and we again find the result obtained above with 
Lyapunov function. 

In the case where biqi > 0 for i = 1, ..., n, we have 

pji (Cb + B*q)*P1(Cb + B*q) = 0 
r diag 

of absolute 
the help of 



202 2. ABSOLUTE STABILITY OF NONLINEAR CONTROL SYSTEMS 

and it is obvious that this minimum cannot be improved by considering 
nondiagonal matrices, since r-l is positive-definite ; hence 

(Cb + B*q)*T-'(Cb + B*q) 3 0. 

In case biqi < 0 for i = 1, ..., n, we have 

?$ (Cb + B*q)*T-'(Cb + B*q) = -2q*b 
r diag 

and again, the minimum cannot be improved by considering non- 
diagonal matrices. Indeed, if there existed a r > 0 such that 

(Cb + B*q)*P-l(Cb + B*q) < -2q*b 

we would deduce that for 

a - q*b > Q(Cb + B*q)*T-'(Cb + B*q) 

there exists a Lyapunov function, and since 

q*b + $(a + B*q)*T-'(Cb + B*q) < 0 

we could have a Lyapunov function for a < 0, which contradict the 
conclusion drawn on the basis of the theorem of Popov. Since this 
conclusion did not use the fact that B is diagonal, we deduce that for 
every Hurwitzian B and every r > 0 there occurs the inequality 

(Cb + B*q)*T-'(Cb + B*q) 2 --2q*b. 

Taking q = 4 B*-lc, we obtain 

(Cb + $c)*T-'(Cb + 8.) 2 -c*B*-lb. 

This last inequality has been obtained in a different way by J. P. LaSalle. 

In what follows we shall emphasize the general ideas contained in 
the method of V. M. Popov in order to reach a generalization of 
Theorem 2.2. Let us consider a system of the form 

where y is a vector. We may either suppose that y = a(.) or that the 
system contains another equation, dyldx = g(x, y ) .  

Let us suppose that we have succeeded in proving that for every 
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initial condition (xo ,yo)  we have 1 y(t )  1 < y(xo ,yo), where y .+ 0 
when I xo 1 + I yo I + 0. Suppose that matrix A is Hurwitzian. Then 
there follows an evaluation of the same type for x( t ) .  Indeed, we have 

Let 

since 

and 

We deduce from this that in order to obtain asymptotic stability in 
the large it is sufficient to emphasize the corresponding properties of y(t).  
These properties are obtained by showing that there exist three 
continuous functions a(r), b(r), c(r, s) zero in origin, the first two 
monotone-increasingl such that 
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Indeed, if such an inequality occurs, it follows in particular that 

4 Y I )  -=l 41 xo I, I Yo I) 

I Y ( t )  I < .-‘(c(I xo I, I Yo I)). 
and hence that 

It also follows from this inequality that 

On the other hand, we have seen that 

I 4 t )  I < B(I xo I, I Yo I). 
Hence 

and, in any case,$ 

Then the convergence of the integral yields 

limy(t) = 0 
t+w 

Let us remark that if there exists a Lyapunov function, an integral 
inequality of the considered type can always be obtained. Indeed, from 

we obtain, by integration, 

hence 

t We need only the fact that y ( t )  is uniformly continuous for t > 0, and this occurs 
even if dy,’dt does not exist. 
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The method used by V. M. Popov to obtain an integral inequality of 
the desired form is the following. A quadratic functional x( T )  is consid- 
ered in y for which we seek, on the one hand, lower bounds of the form 

upper bound of the form c(I xo I, I yo I). The Fourier transform 
is used to obtain the upper bound. The art of success in the 
application of the method consists in the convenient choice of the 
functional x( 7'). 

a(l y I) + J; b(l y I)dt + S(l xo I, I Yo I ) ,  and, on the other hand, an 

Consider general systems of the form 

dx 
- = Ax + By, 9 = f ( z )  (z  = C,x + D,y).  dt dt 

We perform the change of variables x' = A x  + By, y' = y ,  z' = z. 
We obtain 

dx' dx dy dY' - = A - + B - = ,4x' + Bf(z), - = f ( z )  dt dt dt dt 

z = C,(A-lx' - &By') + D,y'. 

Suppressing the indices, we write the system in the form 

dx 
dt dt - = A x  + Bf(z), 9 = f ( z )  (z  = e x  + Dy). 

Assume that matrix A is Hurwitzian and that D is nonsingular. 
We look for conditions which assure asymptotic stability in the large, 
for any function f ( z )  of the form {fi(zi)} verifying the conditions 

where Si , Si , hi are given positive numbers. 

Theorem 2.6. 
following properties: 

Suppose that there exist matrices P,  Q diagonal, with the 

1. The elements of matrix P are positive or zero. 

2.  If an element on the diagonal of P is zero, the corresponding element 

3 .  PD is a symmetric matrix, PD < 0. 

of Q is strictly positive. 
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4. Let Fh be the diagonal matrix with elements hi , 

G(iw) = P[F;' - C ( L E  - A)-lB] 

- Q[CA(iwE - A)-lB + D + CB] 
H(iw) = i[G(iw) + G*(iw)], 

S = lim H(iw) = P F i l -  +[Q(CB + D )  + (B*C* + D*)Q*]. 
o+oo 

Assume H ( i o )  > 0, S > 0.  

for any function f of the considered class. 

is necessarily Hurwitzian. Let 

Then the trival solution of system (6)  is asymptotically stable in the large, 

Let us show first that it follows from the hypotheses that the matrix D 

PD is symmetric; hence P I D ,  = 0. Since Pl is nonsingular, it follows 
that D, = 0. From this we deduce that the eigenvalues of D are those 
of D ,  and D ,  . From PD < 0 follows PIDl  < 0; if there exists a u,, # 0 
such that PID,uo = 0, then Dluo = 0; hence D, is singular, hence D is 
singular, which we have excluded. Then P,D, < 0. The function 
V = &(PlD1(D,lu), D,lu) is therefore negative-definite, and its deriv- 
ative, by virtue of the system duldt = D1u, is 

(P,D,(D;'u), D;'D,~) = (plU, u);  

hence this derivative is positive-definite; it follows that D, is Hurwitzian. 
Now consider the matrix 

since H(0) > 0, we see that H4 > 0. We have 

H(0) = J(G(0) + G*(O)), 

G(0) = PIFil + CA-lB] + Q[CB - D - CB] = PIFil + CA-lB] - QD. 

If 

taking into account the form of P ,  it will follow that 

G4 = - Q 4 ~ 9 4  9 
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where we have set 

Then 

H 4  = - 8(Q4D4 + 0 ; ~ ~ ) .  

According to the hypothesis, Q, > 0; hence V = - &(Q40, o) is negative- 
definite; its total derivative, by virtue of the system d V j d t  = D40, 
is &H40, o), hence positive-definite; hence D, is Hurwitzian. 

Since the matrices A and D are Hurwitzian, there exist symmetric 
negative-definite matrices M, and M ,  such that 

M I A  + A*Ml = E, M,D + D"M2 = E'. 

T h e  function V = (Mix, x) + (M,y,  y )  is negative-definite and its 
total derivative by virtue of the system 

dx 
- = Ax + BF(Cx + Dy), 
dt dt 

9 = F(Cx + Dy) 

is 

Taking F = cOE', we will have 
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hence 

We see that for e0 sufficiently small, dV/dt is positive-definite; hence 
the trivial solution of the system 

dx _ -  - A x  + eoB(Cx + DY), 
dt 

2. = E0(CX + By) 
dt 

is asymptotically stable; upon putting z = Cx + Dy, we have 

dz  dx dy 
- = C - + D - = C ( A X  + E,Bz) + D E ~ Z  = C A X  + €o(CB + D)z .  
dt dt dt 

Hence the trivial solution of the system 

dx 
-- - AX + c o g ~ ,  
dt 

dz  
- = CAX + EO(CB + D)z 
dt 

is asymptotically stable; therefore the matrix 

A 
( C A  c,(CB+D) 

is Hurwitzian for e0 sufficiently small. 
Consider the matrix 

A 

We shall prove that this matrix is Hurwitzian for all diagonal matrices 
F > 0 with the diagonal elements smaller or equal to hi. 

If the assertion were not valid, there would exist a matrix 0 < F, < Fh 
such that the matrix 

A 
( C A  (CB + D)F, 

has a purely imaginary root iw , ,  since for F = roE' the matrix is 
Hurwitzian. 
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We have 

209 

E 0 A - A E  
det (-cA(A - A q - 1  Et)( CA ( C B  +- D)F - AE' 

1 A -AE B F  
0 [ - C A ( A  - AE)B-l + C B  + D]F - hE' 

= det ( 
A - AE 

C A  
= det ( 

BFO ) =o.  
[ - C A ( A  - iwOE)-'B + CB + D]F, - iw&' 

Since 
det ( A  - iw,E) # 0 

it follows that 

det ( [ - C A ( A  - iwOE)-lB + C B  + D]Fo - iw&') = 0. 

For wg = 0 we obtain det DF, = 0, which is impossible. 
Let w, # 0. We have 

A(A - ~oJ ,E) -~B  == B + iw,(A - iw&)-lB, 

since from 

( A  - iwOE)(A - iw,E)-l = E 
-, 1. -t 

'<?? < -</  

we obtain 

A(A - iwOE)-l - iwO(A - iw0E)-l = E. 

Hence 
A(A - iw&)-' = E + iw,(A - iw,E)-'. 

It follows that 

C A ( A  - iw,E)-lB = C B  + iw,C(A - iwoE)-lB; 

hence 

-CA(A - iw0E)-'B + CB = - i w , C ( ~  - &,.,E-~B 

and 
det ([-zw,C(A - iw&)-lB + D]Fo - i w g ' )  = 0; 
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i.e., 
det (-iw,C(A - iw0E)-lB + D - iq,F,, l)  = 0. 

Thus 

det C(A - iwoE)-lB + F i l  - [ 
Therefore there exists a vector zo # 0 such that 

1 
ZWO 

[C(A - ~ w $ ) - ~ B  + F,-l - D]  zo = 0; 

hence 
[iw0C(A - iw,,E)-lB + i~ 0 0  F-l - D]z, = 0; 

i.e., 
[CA(A - iw0E)-lB - CB - D + i ~ , F ; l ]  z0 = 0.  

It follows that 

] P[C(A - iw0E)-lB + F,-l - - D 
ZWO l l  

-Q[-CA(A - iw0E)-lB + C B  + D] + i ~ , Q F i l  z0 = 0.  1 
Since by hypothesis H(iwo) > 0, we have (H(iwo)zo,  zo) > 0. We have 

G ( ~ w ~ ) z ~  = P F ~ ~ Z ~  - PC(im0E - A)-lBz0 

-Q[CA(~W& - A)-lB + C B  + D]z0 

1 
= PFi1z0 - PFolzo + PDzo - iwoQl$-lz0 , 

G*(iw,)z, = PFilzo - PF,-lz0 - - PDz" + iwoQl$-lzo; 

ZW 

1 
E"O 

hence 
(P(Fil  - F;')z,, z0) > 0. 

But 
0 < Fa < F,  , Fol > Fh'; 

hence 
F i l -  F;l < 0 

and 
(P(Fi l  - F;')z,, z,) < 0. 
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We have obtained a contradiction; therefore the matrix is Hurwitzian 
for every 0 < F < Fh . 

We will take in particular F = Fq , where the elements of Fq are +ai 
for those ifor which qi 3 0 and hi - $5' for those i for which qi \< 0. 
Consider the auxiliary system 

dx dY - = AX + BF,z, = F,z ( Z  = C X  + Dy) dt 

or, equivalently, 

dx d z  - = AX +- BR,,z, - == CAX f (CB + D)F,z. 
dt dt 

According to the foregoing, the trivial solution of this system is asymp- 
totically stable. 

Now let ~ ( t ) , y ( t ) ,  z(t) be a solution of system (6). We consider a 
solution ?(t), F ( t )  Z ( t )  of the auxiliary system defined for t 2 T through 
conditions ?(T) = x(T),  f(T) = y (T) ,  a(T) = z(T). We define the 
functions 

for 0 < t < T,  a ( t )  = 

The functions E(t), j j( t) ,  Z ( t )  verify (with the exception of point 
t = T )  the system 

where 

Since the matrix of the auxiliary system is Hurwitzian, functions 
2, 7, 5 decrease exponentially for l +  00; hence they admit Fourier 
transforms. 
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Let 

+ J T  (f(z), Q2) dt + jm (FqZ, Qk) dt .  
0 T 

From F, < Fh we obtain 
FilFq < E ;  

hence 
[FqZ, P(5 - FilFqZ)) > 0 .  

From 

- d ( m y ,  3) = 2 ( m y ,  dt) d9 = 2(PDj+) 
dt 

we obtain 

m m 1 m d  - cfT , PDY) dt = - - - (PDY, 9)  dt = -(PDY, 9 )  I = (PDYo, YO) 
0 2 dt 0 

since limt+w Y ( t )  = 0. Further, 

m 1 
2 T d t  2 

Im (FqZ, Qk) dt = !. Srn 2 (Fg5,  QZ) dt = - (Fa% QZ) I 

hence 
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and 

21 3 

= rIT) ( f ( z )  - Fox, Q dz) - W q z o ,  8zo) 
20 

= 4(z(T))  - Q(zo) - Q(Fqzo 9 Q z o ) ,  

where we have set 

+(z) = f(f(z) - Fqz, Q dz) = cqi r i ( f i ( u )  - f & )  du. 
0 i o  

Let us recall that if qi > 0, $ = &ai, and since u(f i (u)  - &u) > 0 
it follows that for these i we have 

qi f i  (f&) - f i u )  du > 0; 
0 

if qi < 0, then 

and hence 

f Z  = hi - 18' 

.(fz(.) -&) < 0,  

2 i  

s: (ti(.) -f&) du < 0, 

0. 

and again 

qi ri (ti(.) -f&) du 
0 

I t  follows in any case h a t  +(z) > 0. 
Taking into account the above computations, we deduce that 

Transforming x( T )  by the application of Parseval's theorem from 
the theory of the Fourier transform, we deduce that 
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where fT is the Fourier transform of f T  , z" the transform of z, 9 of y ,  
5 of .$. From 

d2 
- = AR f BfT 
dt 

we deduce 
iwf  - x, = AS + BfT,  

where x" is the Fourier transform of 3. Thus 

(iwE - A ) S  = x, + BfT,  3 = ( i d  - A)-%, + (iwE - A)-lBf=. 

From dyldt = f T  we obtain 

iWp - - yo  = f T ;  

hence 
1 1 -  9 ?yo + 7 f T .  

zw zw 

From 5 = CZ + Djj we obtain 

f = CS + Dy; 

hence 
1 1 

f = C(iwE - A)-%, + C(iwE - A ) - ~ B ~ T  + Dy, + -- D ~ T  . 
zw ZW 

From this we deduce that 

2 = i w f  - Z, = iwC(iwE - A)-%, + iwC(iwE - A)-lBf;. 

+ Byo + D ~ T  - z0. 

If follows that 
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Since x( 7') is real, we will have 

l m  
X(T) = - J (fT, ( H  - C O J w T )  dw 

-m 

Since H(iw) > 0 and lim,o,+m H(iw) > 0, it follows that H(iw) > a2E'. 
By choosing c0 sufficiently small, we will have H(iw) - cOE' > 0; 
hence we may write 

H(iw) - EOE' = K(iw)Z. 

It follows that 

+ MY, + Nz,)) dw. 

T h e  convergence of the last integral follows from the fact that the 
terms under the integral behave at infinity as 1/w2. Hence we deduce 

X(T) < & Irn (K-'(Lxo + MY0 + Nzo), K-l(Lx0 + MY0 + Nzo)) dw. 

JT(f(z), P(" - F;;lf(z))) df + fr (PDYO 7 Yo) + €0 Jo (f(4tfM) dt 

-m 

Taking into account the estimates previously obtained, we have 
T 

+ Km) - +(zo) - w*zo 1 Qzo) < r(l xo I, I Yo I 9  I zo 1); 

i.e., 

d(.(T)) + Jh. P(z -Fhlf(Z)) + .o(fz)) df < 4 xo I + I zo 1). 

We have +(z) > 0 and (.f(z), P(z - Fhlf(z))) > 0. 
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Indeed, from Six: < xi f i ( x i )  < h:z; it follows that for xi > 0 we have 
Sixi < f i  < hizi and xi - ( l /h i ) f i  > 0; hence pi(z i  - ( l / h i ) f ( )  > 0. 
Since f i  > 0, it follows that p i  fi(xi - (l/hi)&) > 0; for zi < 0 we have 
hixi < f i  < Sixi , hence xi - ( l /hi)f i  < 0, hence pi (z i  - ( l /h i! fJ  < 0; 
hence, since in this case f i  < 0, it follows again that pi f i ( z i  - 
( l / h i )  f i )  > 0.  Now let 

We have 

hence the inequality obtained may be written 

We have already seen above that such an inequality implies asymptotic 
stability in the large. With this the theorem is completely proved. 

Let us observe that this general theorem may be applied in the study 
of the stability of control systems with several controllers. 

2.4. The Practical Stability of Systems with 
Elements of Relay Type 

In the final part of this chapter we shall expose a result which is also 
due to V. M. Popov, relative to control systems containing elements 
of the relay type. This result is interesting from a theoretical viewpoint 
because it is an example of the modification of the notion of stability; 
the so-called “practical” stability or €,-stability which is introduced on 
this occasion may prove useful in other problems, too. 

Definition. , The trivial solution of the system is called E,-stable if for 
every E > c0 there exists S(E) > 0 such that I y(to)l < S ( E )  implies I y( t ) l  < E 

for t >, to; the E,, stability is asymptotic if in addition there exists T(q, E) 

such that e0 < 1 y(to)l < q and t 3 to + T ( q ,  E) implies I y( t ) l  < E 

(again E > e0 , q > E ~ ) .  

We see that this definition differs from the usual definition of uniform 
stability by the fact that the functions S ( E )  and T(q, E )  are no longer 
defined for every E > 0 but only for E > e 0 .  The justification of this 
definition consists in the fact that in practice the sufficiently small 
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values may be considered zero; hence it is not necessary to be able to 
assure that I y(t)l  be arbitrarily small but only smaller than some con- 
venient values. Yet it is easy to see that for linear systems this definition 
does not mean a real weakening of the notion of stability in the sense 
of Lyapunov. 

Proposition. If there exists a function V(y )  with the properties 
.(I y I )  < VY)  < b(l y I), d v / d t  < - 4  y I)for el < I yI < r)o then the 
trivial solution of the system is 6,-asymptotically stable, E, = a - l [ b ( ~ , ) ] .  

Proof. Let S(E) = b - l [ a ( ~ ) ] ;  the function a(r) is defined for r >, E,; 

hence 8 ( ~ )  is defined for E > E, . 
If E > E ,  it follows that a(€) > a(.,) = b ( q )  and S(E) = b- ' [a (~) ]  > E, . 

Let I y(to)l < S(E); if I y(t)l remains smaller than E ,  , then, obviously, 
I y(t)l  < E for t 3 t o .  We may hence assume that there exists a t ,  
such that el < I y(tl) l  < S(E), and, if t ,  > to for to < t < t ,  , we have 
I y(t)i  < E ~ .  For t 3 t ,  it follows that 

Now let T(7, E) = b(r ) ) / c [S (~) ] ,  r)  > E, and let < I y(to)l < r). We 
show that in the interval [ t o ,  to + TI there exists a t' such that 
I y(t')l < S ( E ) .  Indeed, if we would have I y(t)l  3 S(E) > E, , it would 
follow that 

hence 

and 
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and we have reached a contradiction. It follows that 

thus in any case for t 2 to + T o .  T h e  proposition is proved. 

element, described by the system of differential equations 
Let us consider a control system which contains a single nonlinear 

dx do - = B X  + kf(a)  + la, - - - (4 .) - P f ( 4  + 
dt dt (7) 

where f (o)  verifies the following conditions: 

f (4  3 P for a > 6, 

f(4 < -P for u < 6. 
-ap <m < P for \ ( T I  <6 ,  

We will say that a function f which verifies these conditions belongs to  
the class Cp,G,Ix . 

We will assume in what follows that p > 0. Taking f(o) = ho we 
obtain the system 

dx da 
-- - B X  + kha + LO, - dt = x ,  - dt 

pha + ra. 

The matrix of this system will be 

(: -ph + r  

and will have the characteristic equation 

hk + 1 ) = o ,  -ph + Y  - A  det (” AE 

i.e., 
B - A E  k ) = o ,  

) + h d e t (  b -P 
1 

Y - A  
det (” ” 

which may be written in the form 

Q(A) + hP(A) = 0. 
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Theorem 2.7. If the equation P(h) = 0 has all roots with negative real 
parts, then for given 6, , T,, a we can find po , 6, such that i f f  E CP0,80,11 
then the property of €,-stability holds for system (7) .  

We perform in the system the change of variables 7 = px + ko, 
which has an inverse s incep # 0. We consider the vector 5 = (:). We 
have 

Proof. 

dx du 
= p - + k - = pBx + pkf(u) + plo + k(b, x) - kpf(u) + kru 

dt dt dt 

= B(7 - ku) + pZu + kru + kb* 

P 
= A7 + mu 

where 

1 
P 

A = B + - k b * ,  

du 1 -- - (b, x) - p f ( a )  t t-0 = - (b ,  7 - K O )  -Pf(o) + YO 

dt P 

= (a, 77) - Pf(u)  + r'u. 

Finally, 

d7 do 
= A7 + mu, - = a7 - p f ( u )  + r'u. dt 

The  characteristic equation of the matrix A is 

Let us observe that 

= ( - l ) = p  det ( B  - XE + 
P 

I t  follows that P(h) = 0 is precisely the characteristic equation of matrix 
A ;  hence the condition of the statement assures that A is Hurwitzian. 
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There exists therefore a matrix P > 0 such that P A  + A*P = N ,  
with N < 0. Choose V = (P7, 7) + &u2; then V > 0. Further, 

We have put 

hence 

Pm + a  
Y = (  f t  ) .  

From N < 0 we obtain 

(h, 7) < --c I rl 1 2 .  

Since V is a positive-definite quadratic form, there exist constants 
a, and b, , positive, such that 

Q, I 5 l2 < V(T, 5) < b, I 5 12.  

Let M ,  = uOe2 , No = 7;. Consider the domain d M o / b ,  < I 5 1 < 7, 
If in this domain, I u I < Q dMo/b , ,  then 19 I 2 Q 2/M,/b,; hence 
there exists p > 0 such that (Nq, 7) < - p. 

Now let v be such that I(y, t;)l < v for 5 such that d/Molb, < I t; 1 < 7, . 
Choose po = (v/p)(l + A ) ,  with arbitrary A > 0, 

~~ 

We see that po and 6, depend on M ,  , qo , a, hence on E, , v o ,  CY. Since 
p > 0, it follows that po > 0. Let 1 u 1 > 6,. We will have 

dV _ -  dt - (Nrl* 7) - f 5(y,  <) < (Nr l ,  7) - P I (3 I If(.) I + v I u I. 

But for I u I > 6, we have if(u)l 3 po , since f E Cpo.so,ar. Thus 

P If(.) I 2 r(l + A ) ,  P If(u) I - y > V A .  
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Hence 

if 

Now let 1 u 1 < 6,. It follows that 

and since 

t4 -4 
241  + a(1 + A ) )  

Since 6, < Q z/M,lb,, 
(Nv ,  7) < - p and dVjdt < - (p/2) - (4/2). 

US now apply the proposition proved above in which 

j u I < 6, implies I u I < $Y/Mo/bo; hence 

Finally, d V / d t  < - c ( [  5 1) in the domain dMo!bo < 1 rl 1 < T ~ .  Let 

Then 
- 

b(€,)  = b, - MO = Mo , Ez = u-W,,) = 4% = €o .  

b0 

According to the preceding proposition we obtain asymptotic €,-stability, 
and the theorem is proved. 
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Remarks. 1. The  property of €,-stability does not imply that the 
system admits the trivial solution. Therefore it is not necessary to 
suppose that f (0 )  = 0. 

2. The case of the ideal relays is obtained if 6, = 0, and it is clear 
that we have 6, = 0 if we take E ,  = 0. Hence in this case we have 
asymptotic stability in the usual sense. 

NOTES 

The  problem of absolute stability for nonlinear control systems 
was studied for the first time by means of the method of Lyapunov 
functions in [36]; see also monographs [37] and [38]. The  intrinsic 
study, without the reduction to the canonical form, has been carried out 
by V. A. Yakubovii: in [39] and [40] and by S. Lefschetz in [41]. The  
results in the text, which develop those of S. Lefschetz, belong to  
T. Morozan. The  method of V. M. Popov is presented in [42], [43], 
and [44]. The  study of the case of two zero roots by the method of the 
Lyapunov function has been performed by T. Morozan. The  result of 
V. M. Popov relative to the practical stability for systems with elements 
of relay type has been published in [45]. 

The  equivalence of the V. M. Popov method with that of Lyapunov 
function has been proved by V. A. Yakubovii: in [46]. Another proof 
was given by R. E. Kalman [loo]. Further results were obtained by 
V. A. Yakubovii: ([loll and [102]). For all these problems see also 
[lo31 and [97]. 



C H A P T E R  3 

Theory of Oscillations 

From a mathematical viewpoint the theory of oscillations contains 
the problem of the existence and stability of the periodic solutions of 
systems of differential equations. The  periodic solutions of linear systems 
are usually called linear oscillations. The periodic solutions of linear 
systems with constant coefficients or of some nonlinear systems which 
do not explicitly depend on t are sometimes called free oscillations; 
when a periodic function of t ,  appears in the second member of the 
system, the corresponding oscillations are called forced oscillations. The  
problem of the existence of almost-periodic solutions has been investi- 
gated more and more extensively in the last few years. 

In  this chapter we shall present some fundamental facts relative to 
the existence of periodic and almost-periodic solutions of systems of 
ordinary differential equations. 

3.1. Linear Oscillations 

Let us consider the system 

where A ( t )  and f ( t )  are periodic of period w .  

Theorem 3.1. A necessary and sufficient condition in order that fo r  any 
periodic function f ( t )  of period w system (1) admits periodic solutions of 
period w is that the corresponding homogeneous system does not admit a 
periodic solution of period w other than the trivial one. 

Proof. A solution of the system is periodic of period w if and only if 
x(w)  = x(0). If the solution is periodic, this condition is obviously 
verified; if this condition is verified, the solutions x( t  + w )  and x( t )  
coincide for t = 0. Hence, according to the uniqueness theorem, they 

223 
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coincide for any t and thus x ( t )  is periodic of period W .  As we have seen 
in Chapter I ,  the general solution of system (1) may be written 

x ( t ;  xo) = U(t)xo + j t  q t ,  s)f(s)ds. 
0 

We recall that U(t)  = C(t, 0) and that C(t, s) is the matrix whose 
columns are the solutions of the homogeneous system, so that 
C(s, s) = E.  We have 

T h e  periodicity condition of the solution is written 

x(w; xo) = xo . 
Hence 

w 

xo = U(w)x, + j C(w, s)f(s)ds; 

1: 
i.e., 

[ E  - U(")]X0 = C(w,  s)f(s)ds.  

The  condition that this system allows the determination of x o ,  
whichever be the functionf, may be written 

det[E - U(w)] # 0. 

This means, however, that the equation 

U(w)x, = xo 

has no solution other than x, = 0. But U(t)xo is the general solution of 
the homogeneous system and the condition 

U(w)x0 = xo 

represents precisely the periodicity condition for the solutions of the 
homogeneous system. The  condition 

det[E - U(w)] # 0 

is therefore equivalent to the demand that the homogeneous system 
does not have other periodic solutions of period w than the trivial one. 
T h e  theorem is proved. 
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Proposition. Under the conditions of Theorem 3.1, the unique periodic 
solution of system (1) can be put in the form 

where 
U( t ) [E  - U(w)]-'U-l(s) f o r O < s < t < w ,  

for 0 < t < s < w .  G(t? 4 = [ u(t + w)[E  - U(w)]-lU-l(s) 

- 
Proof. 

we have 
If xo is the initial value of the periodic solution of system (l), 

so = [ E  - U(w)]-' p C(w,  s ) f ( s )ds .  
0 

The periodic solution can therefore be written 

But 
C(t ,  s) = C(t, O)C(O, s )  = U(t)U-l(s).  

It follows that 

x( t )  = U(t)[E - U(w)] -W(w)  jw U-l(s)f(s)ds + U ( t )  f U-l(s)f(s)ds. 
0 0 

We may write 
w 

x(t) = 1 G(t, s) f (s>ds,  
0 

where 

G(t, s )  = U(t ) [E  - U(w)]-lU(w)U-l(s) + U(t)U-l(s) for0 < s < t < w ,  

G(t, S )  = U(t)[E - U(w)]-'U(w)U-'(s) for0 < t  < s < w. 

These formulas for G ( t ,  s) may be reduced to the form in the statement 
by observing that 

U(t) [E - U(w)]-1U(w)U-1(s) + U(t)U-l(s) 

= U(t) { [E - U(w) ] -W(w)  + E)U-l(s) = U(t)[E - U(w)]-lU-l(s), 

since from 
[ E  - U(w>]-'[E - U(W)] = E 
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we obtain 

[ E  - U(u>l-' - [ E  - U(UJ)]-~U(W) = E .  

From the relation 

[ E  - U(w)]-'[E - U(W)] =z [ E  - U(w) ] [E  - U(W)]-' 

follows 

[ E  - U(w)]-lU(w) = U(w)[E - U(u) ] - l ;  

hence 

U(t)[E - U(w)]-'U(w)U-'(s) = U(t)U(w)[E - U(w)]-~U-l(s) 

= U(t + w ) [ E  - U(w)]-lU-l(~). 

The  proposition is thus proved. 
Let us observe that from this proposition follows for the periodic 

solution the evaluation j x(t)l < M sup 1 f 1, where M depends only on 
the homogeneous system. 

Theorem 3.2. If the homogeneous system 

dx 
- = A(t)x 
dt 

admits periodic solutions of period w ,  then the adjoint system 

dY - = -yA(t) 
dt (3) 

admits the same number of linearly independent periodic solutions as system 
(2). A necessary and sufficient condition in order that system (1) admits 
periodic solutions is that f be orthogonal to the periodic solutions of system 
(31, namely, 

y1 , ..., y l  being the linearly independent periodic solutions of system (3) .  

Proof. 
such that 

If system (2) admits periodic solutions, there exists an xo 

U(w)x, = xo . 
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We have seen in Chapter 1 that the rows of U-l(t) are linearly inde- 
pendent solutions of the adjoint system; the general solution of the 
adjoint system (3) may be written 

Y(GY0) = Y 0 U - W  

T h e  condition that this solution be periodic of period w is likewise 
written under the form 

Hence 

i.e., 
I 

Passing to the transposed system we obtain the system 

But the matrices U(w) - E and U*(w) - E have the same rank. 
Therefore the systems 

U(w)x0 = xo and U*(W)Y," = y,* 

have the same number of linearly independent solutions. 
This means, however, that systems (2) and (3) have the same number 

of linearly independent periodic solutions of period w .  A necessary and 
sufficient condition in order that system (1) admits periodic solutions 
of period w is that the system of linear equations 

[ E  - U(w)]x0 = C ( W ,  s ) f ( s ) d s  1: 
admits solutions. Let,us suppose that the system admits a periodic 
solution. Let y( t )  be a periodic solution of system (3); let us multiply 
the above equality by y(0). We have 

J O  

But we have seen above that if y( t )  is the periodic solution of system (3), 
then 

Y ( 0 )  = Y(o)u(W); 
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hence 
y(O)[E - U(w)] = 0. 

It  also follows that 

y(O)[E - U ( W ) ] X 0  = 0. 

y(0) U(w)U-l(s)f(s)ds = 0; 

Hence 

0 

i.e., 

But f 

y(0) U(W) = y(0) and y(0) U-l(s) =3 y(s); 

hence the condition becomes 

and we have proved that the condition of the statement is necessary. 
Let us suppose now that this condition is fulfilled. It follows that 

w 

y0U(w) j U-l(s)f(s)ds  = 0 
n 

for all solutions yo  of the system 

Yo = YOU(W). 

Thus the system 

yo[E - U(W)] = 0, y0U(w) y U-l(s)f(s)ds  = 0 
J O  

has the same number of linearly independent solutions as the system 

yo[E - U(w)] = 0. 

Hence the matrix E - U(w) and the extended matrix to which was 
added the column U(w) U-l(s)f(s)ds have the same rank. But according 
to the Kronecker-Capelli theorem, this is sufficient in order that the 
system 

[ E  - U ( W ) ] X 0  = Jw U(W)U-'(s)f(s)ds 
0 

have solutions, and the theorem is proved. 
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In  case the condition of orthogonality from Theorem 3.2. is not 
verified, system (1) does not admit periodic solutions and then there 
occurs the resonance phenomenon: All the solutions of system (1) are 
unbounded. 

Theorem 3.3. If system (1) does not have periodic solutions, then all 

If system (1) does not admit periodic solutions, there exists a 

the solutions of the system are unbounded. 

periodic solution of period w of system (3) such that 
Proof. 

Denoting by yo  the initial value of this solution, we have 

yo[E - U(w)] = 0 and yo  U-l( t ) f ( t )dt  # 0. 
0 

Let x( t )  be any solution of system (1). We have 

hence 

from which we deduce 

Further, we may write 

since in both members we have solutions of the equation which coincide 
for t = 0. We will have 
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from which follows 

ydC(2w) = yox(w) +YO jw U-l(s) f (s)ds  = yox(0) + 2y0 Jw U-l ( s ) f ( s )ds .  
0 

We show by induction that 

We have 

x( t  + nw) = U(t)x(nw) + j' C(t,  s ) f ( s )ds ,  
0 

since in both members there are solutions of the system 'and these 
cojncide for t = 0. It follows that 

hence 

= ydc(nw) + (n + 1)Yo jw U-l(s) f (s)ds .  

y o  sw U-'(s)f(s)ds # 0. 

From the way in which yo was chosen, it follows that 

0 

From the formula 

yox(nw) = YdCN + nyo U-'(s)f(s)ds 

we deduce that the solution x ( t )  cannot be bounded, since the numeric 
sequence yox(nw) would then be bounded. The  theorem is proved. 

3.2. Almost-Periodic Solutions of Linear Systems 

The  theorems proved until now had a strong algebraic character. 
We shall now state a theorem weaker than Theorem 3.1, by using a 
Lyapunov function; the interest of this theorem lays in the fact that it 
can be extended in the case of almost-periodic systems. 



3.2. ALMOST-PERIODIC SOLUTIONS OF LINEAR SYSTEMS 231 

Let us now begin by the following simple remark: If a periodic system 

admits a bounded solution xo(t)  such that 

lim [xo(t  + w )  - xO( t ) ]  = 0, 
t+m 

then it admits a periodic solution. 
Indeed, the sequence x ,  = xo(nw) is bounded; hence from it a sequence 

x,, can be extracted which converges to a point x*. It follows from the 
hypothesis that for any n 

lim [x,((n + 1)w) - xo(,nw)] = 0; 
n+m 

thus 

lirn x,,+~ = x*. 
k+m 

From 

limx,, = x* 
k’+W 

we obtain 

lim ~ ( t ;  x,,,) = x ( t ;  x*) 
k+m 

and from 

~rnx,,+, = x* 
+a 

we obtain 

lim x(t; x,,+~) = x ( t ;  x*). 

However, 

~ ( t ;  xnk+l) = ~ ( t ;  xo[(nk + 1)w])  = xo(t + (nk + 1 ) ~ )  

= xo(t + w + nkw) = x(t + w ;  xo(??,w)) = x(t + w ;  x*J. 

We have 

lirn x ( t ;  x~,+~) = lim x(t + w ;  x,,) = x(t + w ;  x*); 
k+a: k+a, 

hence 
x(t; x*) = x(t + w ;  x*) 

and the solution which takes the value x* for t = 0 is periodic. 
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Let us now consider system (1) and assume that the trivial solution of 
system (2) is asymptotically stable. Let xo(t) be any solution of system 
(1); since xo(t + W )  is likewise a solution of system (l), it follows that 
xo(t + w) - xo(t)  is a solution of system (2); hence 

lim [xo(t  + W )  - xo( t ) ]  = 0. 
k-m 

Consequently, in order to deduce that system (1) admits a periodic 
solution, it is sufficient to show that the trivial solution of system (2) 
is asymptotically stable and that system (1) admits a bounded solution. 
We will, however, show that, even in more general conditions, if the 
trivial solution of system (2) is uniformly asymptotically stable, then 
system (1) admits a bounded solution. 

Lemma. Consider system (l), where A ( t )  and f ( t )  are assumed to be 
bounded for t 2 0.  If the trivial solution of system (2 )  is uniformly 
asymptotically stable, then all the solutions of the system are bounded for 

According to  Theorem 1.6" there exists a quadratic form 

t 2 0.  

Proof. 
(V( t )x ,  x) with the following properties: 

PI x 1' < (V(t)x,  x) < MI x 1 2 ,  (G x, x) + 2(Vx, A( t )x )  = - 1  x 1 2 .  

By means of the same computations as in the proof of Theorem 1.7, we 
deduce 

where x( t ;  t o ,  xo) is the general solution of system (1) and 

we deduce 
dV* 

dt - < - 1  x ( t ;  t o ,  xo) 1' + 2MLI x ( t ;  t o ,  xo) 1 .  

Let us consider now any solution with I xo I < 2LM. It follows that 

V*(t0) = (V(to)xn, xo) < MI xo 12 < 4L2M3. 
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We prove that for every t 0 we have 

V*(t) < 4L2M3. 

If the assertion were not true, there would exist a t ,  > to such that 

V*(t,) = 4L2M3 and V*(t) < 4L2M3 

for to < t < t ,  . But then 

On the other hand, 

4L2M3 = V*(tl) < M X ( t l  ; t o ,  x0) 1'; 
hence 

I X ( t 1  ; t o ,  ~ 0 )  1' > 4L2M2, 1 X ( t ,  ; to, ~ 0 )  I > 2LM. 

We have 

dV* < \ X ( t ,  ; t o ,  xo) )(2LM - dt /L4 

which contradicts the inequality found above. The existence of t, is 
contradictory; hence 

V*(t) < 4L2M3 

for every t >, to. Thus 

X ( t ;  t o  7 xo) l 2  < V*(t) < 4L2M3, 

which proves that the solutions with I xo 1 < 2ML are bounded for 
t to and that I x( t ;  t o ,  xo) I < KL. Because of uniform asymptotic 
stability it follows that all the solutions are bounded, and the lemma is 
proved. 

According to this Iemma and to the preliminary considerations which 
we have made, it follows that if the trivial solution of system (2)  is 
asymptotically stable, then system (1) admits a unique periodic solution, 
asymptotically stable. 

Theorem 3.4. Consider system (1) with A(t) and f ( t )  almost periodic. 
If the trivial solution of system (2)  is uniformly asymptotically stable, then 
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system (1) admits a unique, almost-periodic solution, uniform& asymptotically 
stable, which verifies an estimate of the form 

I x(f) I < KSUP lf(t> I .  

Proof. It follows from the preceding lemma that there exists a bounded 
solution u(t) .  From 

q t )  = A(t)u(t)  + f ( t ) ,  

a(t + 7 )  = A(t + 7 ) U ( t  + 7 )  + f ( t  + 7) 

we obtain 

zi(t + 7 )  - li(t) = A(t)[u(t + T) - u(t)]  

+ [A(t + 7 )  - A(t)lu(t + 7 )  + f ( t  + .) - f ( t ) .  

Let MI = sup I u(t)  I + 1 ,  T an (~/2M,K)-almost period for A 
and f ;  K is the constant, depending only on system (2), whose 
existence followed from the lemma. 

Let y ( t )  be the solution of system (2) with 

y(0) = U(T) ~ U ( o ) ,  V(t) = U ( t  + T) - u(t )  -Y( t ) .  

According to the lemma, we will have 

2K 2 '  

Consequently, 1 u(t + T) - u( t )  - y ( t )  1 < ~ / 2  for t 3 0. 

stable, we have 
Since the trivial solution of system (2) is uniformly asymptotically 

Iy(t)\ < Becat/ y(0) I < 2M,Recat. 
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There exists T > 0 such that if t > T we have 

Then, for t > T,  we will have 

It follows that for given E > 0 there exist quantities I ( € )  and T ( E )  such 
that in every interval of length I there exists a number T with the property 
that I u(t + T) - u(t)  1 < E for t > T. 

This means, however, .rhat u(t)  is an asymptotically almost-periodic 
function. Then, on the strength of the fundamental FrCchet theorem 
we have 

44  = xo(t )  + 4, 
where x,,(t) is almost periodic and 

Iimw(t) = 0. 
: t+m 

We have 

* O W  + 4 t )  = A(t)xo(t) + A( t )w( t )  +f(t). 

But A(t)w(t)  has the limit zero and A(t)x,(t) + f(t) is almost periodic; 
on the basis of the fundamental FrCchet theorem of decomposition, 
it follows that 

Ao(t>  = 4 t ) x o ( t )  +f(t); 

hence x,(t) is an almost-periodic solution of system (1). From 

lu(t)l < Ksuplf I 

kxo(t)l < + 141. 
we obtain 

Let E > 0; from 

lim ~ ( t )  = 0 
t-tm 

it follows that there exists a T > 0 such that for t > T we have 
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It follows that 

for t > T.  Let now t be arbitrary; there exists an r/2-almost period 
such that t + T > T.  Then I xo(t + T )  I < ML + ( ~ / 2 )  and 

hence 

I xo(t)l < ML + E .  

Since E > 0 was arbitrary, it follows that 

I xo(t)l < ML. 

The theorem is thus completely proved. 

3.3. Quasi-Linear Systems 

Passing now to the study of nonlinear systems, we shall first consider 
the simplest case of quasi-linear systems of the form 

where A(t) is a periodic matrix andf(x, t )  is periodic with respect to t 
with the same period w as A(t). 

We will suppose that the linear system 

dx 
dt 
- = A(t)x 

does not admit any periodic solutions of period w other than the trivial 
solution. In this case we have seen that there exists a matrix G(t, s) 
such that the unique periodic solution of the nonhomogeneous system 

may be written in the form 
"W 

~ ( t )  = J G ( t ,  s)g(s)ds. 
0 
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We form the nonlinear integral equation 

0 

x ( t )  = 1 G(t, s)~’[x(s), s ] h .  ( 5 )  
0 

Any continuous solution of this equation represents a periodic solution 
of the system, since if we take into account the expression of the matrix 
G(t, s), the integral equation becomes 

w 

x ( t )  = U(t ) [E  - U(w)]-l 1 C(w,  s ) f [ x ( ~ ) ,  S ] ~ S  
0 

and thus 

-= dx( t )  A(t)U(t)[E - U(w)]-’ Jw C(w,  s)~[x(s),  s]ds + f [ x ( t ) ,  t ]  

+ Jt 4 t ) C ( t ,  S ) f [ X ( S ) ,  slds = A(t )x( t )  +f[% tl. 
dt 0 

Conversely, if x,(t) is azperiodic solution of system (4), it may be 
considered as a solution of the linear system 

and this periodic solution is unique and is represented by the formula 

.*.o(t) = sy G(t, S) f [Xo(S) ,  SI& 

hence xo(t) is a solution of the integral equation (5). 
I t  follows that the problem of finding the periodic solutions of the 

system of differential equations considered is equivalent to the finding 
of the solutions of a nonlinear integral equation. T o  prove the existence 
of the solution of this equation we shall use a fixed-point method. 

Consider the Banach space of the vector functions, continuous and 
periodic, of period W ,  with the norm 

/ I  44 I I  = oIg?? I x( t>  I. 

Define in this space the operator 

Q [ x ( t ) ]  = Jw G(t, s)f[ds), ~ l d ~  
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which maps this space in itself. Indeed, from what precedes, we already 
know that Q[x(t ) ]  is the periodic solution of the linear system 

and hence is a continuous and periodic function of period W .  

The integral equation may be written 

x ( t )  = Q [ x ( t ) ] .  

Hence its solutions are those points of the space which are transformed 
in themselves by the operator Q, which is to saythey are the fixed points of 
operator Q. Thus the problem of proving the existence of periodic 
solutions for the considered system of differential equations is reduced 
to that of proving the existence of the fixed points of operator 52. The 
simplest fixed-point theorem is provided by the so-called dontraction 
principle, which holds in every complete metric space. Namely, if an 
operator maps a sphere of the space in itself and in addition contracts 
all distances, then the operator admits a fixed point and this fixed point 
is unique. The condition of the contraction of distances is written 

The contraction principle represents, as it is known, an abstract form 
of the method of successive approximations. 

Let us suppose that for all x1 and x2 we have the relation 

We have 

hence f2 is a contraction. 
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We deduce that SZ has a unique fixed point, and thus the system 
considered admits a unique periodic solution. 

The conditions imposed on the function f are very strong; it is required 
that this function be Lipschitzian in the whole space, for example, that 
its partial derivatives be bounded in the whole space. It is therefore 
desirable to replace this condition by a local Lipschitz condition. For 
this purpose let us put 

System (4) then takes the form 

dx 
dt 
- = A( t ) x  + p ( t )  + P ( x ,  t ) .  

The integral equation equivalent to the system becomes 

x ( t )  = sU G(t,  s)g(s)ds + lU G(t,  s)F[x(s), slds. 
0 2  0 

But 
system 

G(t, s)g(s)ds represents the unique periodic solution of the 

let us denote this solution by +(t). The integral equation (5 )  is thus 
written 

Let us suppose that there exists a number q with 0 < q < 1 such that 
in the sphere ( 1  x - + I( < L with L 3 q/(1 - q) ( 1  + (1, the function F 
verifies the condition 

Then the operator D maps the sphere ( 1  x - 4 1 1  < L into itselfand is in this 
sphere a contraction; hence the system admits a unique periodic solution 
in the sphere 1 1  x - 4 1 1  < L. 
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Indeed, let x ( t )  be such that 1 1  x - C#J I( < L. We have 

hence IlO(x) - C#J /I < L. The  fact that 9 is a contraction is seen as 
above. 

If we replace the contraction principle by a more powerful fixed- 
point theorem, we may replace the condition that f be Lipschitzian by 
other weaker conditions. Further on we shall use the Schauder theorem 
under the following form: If the operator 9 maps a sphere of the Banach 
space in itself and in addition is completely continuous (compact), then 
9 admits at least one fixed point. We recall that an operator is said to 
be completely continuous if it maps any bounded set in a relative 
compact set. In  the Banach space of the continuous vectorial functions, 
periodic of period w ,  the condition that a set be compact is given by 
the theorem of Arze1P;it is sufficient that this set be formed by uniformly 
bounded and equicontinuous functions. 

Let us show that the operator 9 considered above is completely contin- 
uous. If 1 )  x 1 1  < a, it follows that 1 1  Q(x) I/ = sup I f" G(t, s)f[x(s), s]ds I < 
MwL, where L = suplzlGa, lEIO,ul 1 f ( x ,  t ) [ ;  hence the set of functions 
{Q(x)} is uniformly bounded. On the other hand, the functions x ( t )  
are in fact differentiable and we have 

0 

d 
dt -Q(x)(t)  = AQ(x)(t)  +f[.(t), tl  

Hence 

Therefore the derivatives of the functions Q(x) ( t )  are uniformly bounded, 
which shows that these functions are equally continuous. The  set 
{ 9 ( x ) }  will be relatively compact if 1 1  x / I  < a; hence the operator 9 is 
completely continuous. In  order to deduce the existence of a fixed point 
it remains to find the conditions which assure that there exists a sphere 
which is mapped into itself by 9. 
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Let I f ( x ,  t )  I < /3(1 x I); i f  there exist an a. such that /l(ao)/ao < 1/Mw,  

Indeed, if 1 1  x 1 1  < a. , we obtain 
then the operator SZ maps the sphere 1 1  x 1 1  < a. into itsey. 

01 
l f ( x ( t ) ,  t)l < /?(ao) and I1 Q(x)lI < MwB(a0) < Mw = a. . MU 

In particular, if there exist /3 and K such that in the whole space 
I f ( t ,  .)I < B I x I + K and B < 1/M&, then B(a) = + K,  B(a)/a = 
B + (Kla), lima+, /3(a)/a = /3 < l / M w  and there exists an a. svch that 
B ( . O ) b O  < 1/MW* 

I t  follows that if 1 f ( t ,  x ) /  < /3 I x I + K and /3 < I/Mw, thensystem(4) 

We shall state now a result which allows certain applications 
admits at least a periodic solution of period w .  

in the theory of nonlinear servomechanisms. 

Theorem 3.5. Consider the system 

dx 
- dt = A(t)x..+ he(t) +F(x, t ) ,  x > 0. 

Suppose A(t) and e( t )  are periodic of period W ;  the linear system dxjdt = 

A ( t ) x  has no other periodic solutions of period w than the trivial solution; 
F ( x ,  t )  is periodic in t of period w ;  1 F ( x ,  t )  I < L for  all x and t ;  and 
I F(x, , t )  - F(x2  , t ) /  < Blx, - x2 I f o r  all x1 , x2 , and t. Suppose in 
addition that there exists an ro > 0 such that for  1 x1 I 3 ro , I x2 I 3 ro we 
have 

Finally, suppose that there exists an 7 > 0 such that 

1 - MwP 
M B  ’ mes E = mes(t E [0, w ] ,  1 +(t)l < 9) < 

$(t)  being the unique periodic solution of the system dxjdt = A ( t ) x  + e(t). 
Under these conditions, the system admits f o r  h > A, = ( y o  + M L w ) / ~  
a unique periodic solution of period w .  

Remark. T h e  hypothesis \ F(x,  t)\ < L is sufficient to allow us to 
deduce, on the basis of the preceding considerations, the existence of 
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the periodic solution for every A. Therefore the essential fact in the 
theorem we are proving is the uniquemss of the periodic solution for 
h > A,. As far as the hypotheses are concerned, they differ from those 
of the result based upon the contraction principle in that it is required 
that the function F admit a small Lipschitz constant only for I x 1 > yo 

and, in exchange, a supplementary condition is imposed on the solution 
+(t). We stress the fact that in the conditions of the theorem, uniqueness 
is obtained only for h > A, . 

The  periodic solutions of period w of the system verify the 
integral equation 

Proof. 

x ( t )  = h+(t) + G(t, s)F[x(s),  s]ds. 
0 

Therefore, for all periodic solutions we have 

I x ( t )  - < LwM; 

hence 

1 x(t)l 2 hl - LwM. 

F o r t  E [O, W ]  - E, = CE,it will follow that 1 x(t)/ 3 hq - LwM > yo 

if h > yo . If x1 and x2 are two periodic solutions of period w ,  we have 

since mes CE, < w ,  and on CE, we have I xl(t)l > y o ,  I x,(t)l > y o .  

Thus 

I1 x1 - x2 ll < M ( B  mes E,  + 4911 x1 - xz I/. 
From 

1 - MwP 
MB mes E,  < 
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we obtain 

MBmes E,  + MuP < 1. 

The  inequality obtained implies 1 1  x1 - x2 1 1  = 0; hence x1 = x 2 .  The  
theorem is thus proved. 

Theorem 3.6. If to the conditions of the preceding theorem we add the 
condition that the trivial solution of the system 

9 = A(t)y 
dt 

be uniformly asymptotially stable, hence that 1 y ( t ;  to , yo)l < 
Ke-a(t-to)I yo  1, and in addition 

a 1  

K '  -1 M u  
< min j- 

and 
mes{t E [O, u], I +(t) l  = 0 }  = 0,  

then there exists a A, such that for  h > A, the unique periodic solution is 
unqor mly asymptotically stable. 

Proof. Let p > 0 arbitrary, T > (In K + BKp)/(a - &I); then 

= K e B K c r e - b - K B ) ~  < 1 .  

Let N be the least natural number such that N w 3 T .  Since the set of 
points in which +( t )  is zero has measure zero, it follows that there exists 
an q > 0 such that 

mesit E [ t o  , t o  + N u ] ,  I +@)I < ?I> < p. 

Indeed, the function +( t )  being periodic, we have for every to 3 0, 

mes(t c l t 0 ,  to + Nu], I +(t)l = 0} = 0. 
But 

W 

{ t  E [to to + w, I W)I = 01 = n { t  E [to to + N ~ I ,  I + ( t ) ~  < 
2=0 

where qi is a monotone-decreasing sequence convergent to zero. It 
follows that 

1.im mes(t E [ t o ,  to + Nu], l4(t)l < T ~ }  = 0; 
i+m 
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hence there exists an 7 > 0 such that 

mes{t [ t o  7 to  + N W l ,  I N)l < .I> < c L 9  

7 depending only on p and not on to (since the measure of the translate 
of a set is the same as that of the given set, and {t E [ to ,  to + Nw], 
1 +(t)l < qi} is the translate with to of the set {t E [0, N u ] ,  I +(t)l < .li] 
due to the periodicity of the function 9). 

For 7 thus found we take 

2r, + LMw 

.I 
A, = 

Put 

Ft: = {s E I t 0  9 tl ,  I #(S)l < T I .  

For 0 < to < t < to + Nw we have mes Fi  < p. Let xo( t )  be the 
unique periodic solution of the system, which exists for h > A, according 
to the preceding theorem. From the relation 

we obtain 

1 1  xo(t )  - V(t)ll < LMw, 

I xo(t)l 2 hl d(t>l -LMw- 

hence 

From this we deduce that for s E [ t o ,  t] - Fi  = CF; we will have 
I x,(s)l 3 A7 - LMw 3 2 r o .  Let x ( t )  be a solution of the system and 

Yo = 4 t o )  - xo(to), Y ( t )  = 44 - x o w  

We have 

It follows that 
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Let 

Since K* > 1 there exists an interval beyond to for which I y(s)l < yo; 

we have 

I Y ( S )  + xo(s)I 2 I xn(s)l - I Y(s)I .  

Hence for the values of s for which 1 y(s)l < yo and which belong to 
CF; we will have 

I Y ( S )  + xo(s)l 2 2rn - yo = yo . 

I t  follows that for 0 < to < t < to + T < t, + Nw we will have 

if for tP < s < t we have I y(s)l < y o .  

Putting 

u ( t )  = ly(t)leat, 

the inequality may be written 

Consider the measurable function 

The  preceding inequality becomes 

From this we deduce 

for s E F : ,  
for s E CF:. 
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Hence 
1 y(t)l  < KeBKPj y o  le-(a-Kfl)(t-to), 

whence 

I Y(t)l  < KeZKP1 Yo I = qK*I Yo I < V O  

for every to < t < to + T .  This shows that the inequality 1 y( t ) ]  < ro 
is maintained in the whole interval to < t < to + T. Hence in this 
interval we have 

1 y(t)l < qK*1 yo le-(a-Kfl)(t- to).  

In  particular, 

I Y(to + .)I < 4K*/ Yo \e--(a-KB)T = 91 yo 1 .  

Since the constant q does not depend on t o ,  we can take to + T as 
an initial moment and we deduce that 

I A t 0  + 241 < 41Y(tO + .)I < q2Iyo I. 

By induction we obtain 

I Y(t0 + n7)I < q"I Yo I. 

Now let t 3 0. There exists an n such that 

?ZT < t - t o  < (?Z f 1 ) T .  

Hence 

I Y( t ) t  < @*I Y(t0 + @7)1 < q K * P  Yo I. 

t - to 
n + l > -  9 q < l  

p+l < q ( t - t o ) / T  = exp (3 In q j ,  

From 

we obtain 

7 

Taking a* = -lnq/T we deduce 

1 y(t)i < K*e-e*(t-t O ) IYO I, 

which shows that the solution xo( t )  is exponentially stable, and the 
theorem is thus proved. 
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Let us observe that if 

247 

the asymptotic stability will be assured if 

hence the domain of attraction can be arbitrarily large on the condition 
that h be sufficiently large. 

Applications. 1. Consider the system 

(M(t) [Xe(t)  + Ck + Dx] for I h ( t )  + Cx + Dx I < 1 ,  
i ! + A k +  

where A, 
quadratic 

for I Xe(t) + Cx + Dx 1 > 1 ,  

B, C, D are constant quadratic matrices, of order n, M ( t )  is a 
matrix of order n, periodic of period w ,  with a continuous 

derivative, h > 0. 
Suppose the following conditions verified: 

(a) The  matrices C and D commute with A and B. 
(b) The  real parts of the roots of equations 

det(X2E + AX + B )  = 0,  det(C-lD + EX) = 0 

are negative; E is, as usual, the unit matrix. 

the second order and 
(c) e( t )  is periodic, of period W ;  it admits a continuous derivative of 

mes{t E [0, w ] ,  I e(t)l  = 0} = 0. 

Then there exists a A, such that for h > A, the system admits a unique 
periodic solution and this solution is asymptotically stable; its domain 
of attraction increases with X and tends to infinity when h -+ a. 

Proof. Let 
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Consider the auxiliary system 

R = - C I D x  + C-ly - AC-le(t), 

j = -Ay + z + CM(t)g(y) + A ( d ( t )  + Ae(t)), 

i: = -By + DM(t)g(y) + ABe(t). 

This system verifies all the conditions of the preceding theorem. The  
corresponding linear system is 

x = ---ID x + c-9, = -Ay + Z, t = -By. 

Its matrix is 

-C-lD c-' 0 

( :  -B 0 
-A E l ;  

the eigenvalues of this matrix will be those of the matrix 

and those of the matrix -C-lD. 
Since the roots of the equation 

det(C-lD + AE) = 0 

have negative real parts, the matrix - CylD is Hurwitzian. The  equation 

-A -AE 
det ( -B  -AE 

can also be written 

") = 0;  
-A - AE 
-B --.Ah - P E  0 

det ( 

hence det (A2E + AA + B )  = 0. Thus, according to the hypotheses, 
the matrix 

-A E 
(-B 0) 

is likewise Hurwitzian. It follows that the trivial solution of the linear 
system of first approximation is asymptotically stable. 



3.3. QUASI-LINEAR SYSTEMS 249 

Consider now the linear nonhomogeneous system 

X == -C-lDx + c-1~ - C-l e ( t ) ,  

j = -Ay + + (44 + Ae(t)), 

t == -By + Be(t). 

This system admits a periodic solution x = 0, y = e( t ) ,  z = 0. Owing 
to the properties of the homogeneous system, this periodic solution is 
unique; according to the hypothesis made with respect to the function 
e ( t ) ,  the periodic solution verifies the condition of the preceding theorem. 
It remains, therefore, to verify the properties of the nonlinear terms. 
The  first group of equations does not contain such terms. T h e  terms 
from the last two groups are of the form CM(t)g(y) and DM(t)g(y). 
Since I g(u)i < 1, the boundedness condition is verified. 

Further, if 1 u1 I < 1, I up I < 1, we have 

Ig(.1)-g(u,)I = /u1 -u2 / .  

It follows that for all u1 and up we have 

hence g is Lipschitzian. If I up 1 >, I u1 1 >, ro , we have 

I g(u1) - 

hence if ro is sufficiently large, the Lipschitz constant in region r r,, 
may be taken arbitrarily small. We deduce that all the conditions of the 
preceding theorem are fulfilled and hence for h > A, there exists a 
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unique periodic solution of the system and this solution is exponentially 
stable. The  system initially given may be written 

f = y ,  j = --Bx - Ay + &,Y, t ) ,  

where 

It is obvious that y is bounded and since the matrix of the linear system 

f = y ,  j = -Bx - Ay 

is Hurwitzian, it follows that the given system admits a periodic solution 
of period W .  I n  order to deduce the uniqueness and stability of this 
solution we will show that every solution of the given system verifies 
the auxiliary system. Since the periodic solution of the auxiliary system 
is unique, the periodic solution of the given system, which exists, will be 
unique. From the asymptotic stability of the periodic solution of the 
auxiliary system will also follow the asymptotic stability of the periodic 
solution for the given system. 

Let x ( t )  be any solution of the given equation. Put 

y ( t )  = he(t)  + Cx(t) + Dx(t ) .  

We have 

X + Af  + BX = M(t)g(y(t)) .  

For I u I # 1, the function g(u) is differentiable; hence for the values t 
for which Iy(t)l # 1 we have 

ji: + AX + B f  = M ( t )  - j + Mg(y). 
aY 

We deduce 

j ;  + A j  + By = he + Cx + DX + A ( h i  + CX + Dk) + B(Xe + Cf + Dx) 

= h(e + AB + Be) + C(ji: + AX + B f )  + D ( f  + Af + Bx) 

= ~ ( e  + AB + Be) + c ( M ( ~ ) $ Q  + Mg(y)) + DMg(y) 
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Let us put 
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We obtain 

Hence 
*(t)  = --By(t) + X-Be(t) + DM(t)g(y(t)). 

We have showed that if x( t )  is any solution of the given system, the 
functions x(t), y( t )  = Xe(t) + C2(t) + I)x(t) ,  z(t)  = j(t) + Ay(t)  - 
CM(t)g(y)t)) - A(i(t) + Ae(t)) form a solution of the auxiliary system. 
With this, the proof is completely carried out. 

2. Consider the system 
m 

2 = ~ ( t ) x  + 2 ki(t)j(ui)  + he(t) ,  

where A(t) is a quadratic matrix, continuous and periodic of period w ,  

ki(t)  are vector functions, continuous and periodic of period w ,  and 
f ( u )  is a scalar function of a real variable defined by 

i=l 

and ui = (p(t), x) + X T ~ ( ~ ) ,  where the p(t) are periodic vectors, of 
period w ,  with continuous first derivatives, the T~ are scalar functions, 
periodic of period W ,  with continuous first derivatives, and e ( t )  is periodic 
of period W ,  with a continuous derivative. 

Suppose the following conditions: 

(a) There exists a determinant of order m of the matrix of vectors 
p(t) which is different from zero for all t. 

(b) The  system 2 = A(t)x is such that the trivial solution is uniformly 
asymptotically stable. 

(c) If +i( t )  are the components of the unique periodic solution of 
period w of system dxldt = A( t ) x  + e ( t ) ,  we have for i = 1, 2, ..., m, 
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I n  these conditions there exists A, > 0 such that for X 3 A, the given 
system admits a unique periodic solution of period w and this solution 
is exponentially stable. 

Suppose that the determinant formed by the first m rows and m 
columns of the matrix of vectors p(t) is different from zero. Consider 
the nonsingular matrix 

Proof. 

the vector 

... 

0 0 0 1 

and the linear transformation y = B( t )x  + Aq(t). We have 

Y1 = ‘TI 7 Y Z  = UZ 9 ...> Ym = Dm 9 Ym+l = Xm+1 , ...) Yn = X n  9 

j = B x  + B2 + X?j = BB-l (y  - AT) + B(Ax + 2 kif(o,) + Xe) + X?j 

i=l 

This system fulfills all the conditions of Theorem 3.6. Indeed, the linear 
system 

dz 
dt  
- = (BAB-1 + BB-’)z 

is obtained from dxjdt = A( t ) x  through the transformation z = B(t)x 
and has the trivial solution uniformly asymptotically stable. 
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The  linear nonhomogeneous system 

-y = (BAB-' + BB-')y + Be(t)  + $ ( t )  - (BAB-' + &B- l )~ ( t )  

admits the periodic solution v ( t )  + B+(t) and, according to the hypoth- 
esis, this solution is zero on a set of measure zero. The  nonlinear terms 
are given by B Ckz;f(y,) and it is obvious that they are bounded, 
Lipschitzian, and that if I y i  I >, 1 for i = I ,  2, ..., m, the Lipschitzian 
constant is zero. I t  follows that the system in y admits a unique periodic 
solution, asymptoticaIly stable. 

If y ( t )  is this solution, then 

is the periodic solution of the given system and we immediately see that 
it is likewise unique and asymptotically stable. 

3.4. Systems Containing a Small Parameter 

A very important method from the practical viewpoint in the study of 
nonlinear systems is the so-called method of the smallparameter. Nonlinear 
elements very often occur in equations multiplied by a small parameter. 
This gives rise to the idea that they can be neglected and that we can 
study only the equations which are obtained for the zero value of the 
parameter. This must, however, be justified, and the theory precisely 
states the cases when it is permitted, indicating at the same time the new 
phenomena which appFar from the consideration of nonlinear terms. 

Consider a system of the form 

- - - 
dx 
dt 

where X,, and XI are periodic with respect to t of period w and verify 
the usual regularity conditions (we will assume that they admit 
continuous partial derivatives). For E = 0 we obtain the system 

which we will call the generating system. We suppose that the generating 
system admits a periodic solution xo(t);  we will call this solution the 
generating solution. The  problem consists in stating some conditions 
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which assure that there exists an 
admits a periodic solution x ( t ,  E )  with the property that 

> 0 such that if 1 E 1 < E ,  system (6) 

lim x(t ,  E )  = x,(t), 

hence a solution for which x,(t) represents a good approximation for 
1 E 1 sufficiently small. 

Let x ( t , p ,  6) be the solution of system (6) with x(O,p, E) = p. The  
condition that this solution be periodic is x ( w , p ,  E )  = x(O,p, E ) ,  i.e. 
x ( w , p ,  E )  - p = 0. Observe that x ( t , p ,  0) = x,(t, p ) ,  where x,(t;p) is 
the solution of system (7) with xo(O, p )  = p. Letffp, E )  = x(w, p ,  E )  - p .  

We find that equation f ( p ,  E )  = 0 is verified by the point ( p ,  , 0), 
where p ,  = x,(O), since the generating system admits the periodic 
solution x,(t). From the implicit function theorem it follows that if 
det(3fiap) # 0 in point ( p ,  , 0), then there exists an E, > 0 such that 
for 1 E j < E ,  there exists a quantity p ( ~ )  continuous, with p(0)  = 0 and 
f @ ( ~ ) ,  €3 = 0. The  solution x(t, p ( ~ ) ,  E )  of the system will be the desired 
periodic solution x(t, E ) .  

It remains thus to find the significance of the condition det(afiap) # 0 
in the point ( p ,  , 0). Observe that afiap = (a/ap)x(w,p,  E )  - E,  
E being the unit matrix. I t  follows from here that det(af/ap) # 0 in 
the point (pa,  0) is equivalent to the requirement that the matrix 
(a/ap)x(w, p ,  E )  for E = 0, p = p ,  does not admit the eigenvalue 1. 
Further, (a/ap)x(w, p ,  E) for E = 0, p = pa coincides with (a/ap)x(w, p ,  0) 
for p = pa; therefore with (a/ap)x(t, p ,  0) for t = w ,  p = p,; that is, 

It follows from this that the existence of the periodic solution for 

f-10 

( a / a p )  xo ( t ,P)  for t = w ,  p = pa * 

I E I < E ,  depends only on the generating system (7). From 

-- dxo(t7 P I  - Xo[xo(t, p ) ,  t ]  
dt 

we obtain 

a a a 
ap dt ap O n ’  aP 
a axoft,p) - --x [x ( t  p ) ,  t ]  = ,,X,[x,(t,p), t ]  - x , ( t , p ) ;  

hence 

I t  follows that the matrix (a/ap)x,(t,p,) is a matrix of solutions of the 
system 

du a 
- = - Xo[xo(t) ,  t]u 
dt ax 

(the variational system corresponding to the generating so2ution). 
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Since xo(O,p) = p ,  it follows that (a/ap)x,(t ,p) for t = 0 is just E ;  
hence (a/ap)x,(t, p,) is a fundamental matrix of solutions of the variational 
system. Since x,(t) is periodic of period w, the matrix (a/ax)X,[x,(t), t ]  
is periodic of period w. The matrix (a/ap)x,(t,  p )  for p = p ,  , t = w 

is just the monodromy matrix of the linear system (8). The  condition 
that this matrix does not have the eigenvalue 1 is equivalent with the 
request that the variational system does not have a periodic solution of 
period w. Thus we have obtained 

Theorem 3.7. If the variational system corresponding to the generating 
solution has no other periodic solution of period w than the trivial solution, 
then there exists an E ,  > 0 such that for 1 € , I  < E ,  system (6) admits a 
unique periodic solution x( t ,  E )  with the property 

lim x ( t ,  E )  = x,(t) ,  
-0 

and this solution depends continuously on E .  

system is linear, hence the case of systems of the form 
An important particular case is the one in which the generating 

System (8) coincides in this case with dujdt = A(t )u ,  and the theorem 
shows that if the generating solution represents a forced oscillation in 
the case of nonresonance, then for 1 E I sufficiently small the nonlinear 
system admits a unique periodic solution whose first approximation is 
the generating solution. 

Consider now the case where the variational system (8) has periodic 
solutions of period w; then the adjoint system of system (8) has the same 
number of linearly independent periodic solutions of period w. Denote 
by W ( t )  the matrix whose rows are these solutions. 

Suppose that system (6) admits a periodic solution x( t ,  E )  such that 

lim x ( t ,  6) = x,( t ) .  
r+o 

Let 

We deduce that 

Y ( 4  €1 = 44 .) - xo(t ) .  

d 
,,Y(t> 6) = Xll[x(t, E L  tl + .X1[x(t, E ) ,  t ,  €3 - Xo[xo(t) ,  tl  

a 
= Xo[xo(t)> t lY( t ,  €1 + Yo[Y(L €)! tl + EXIb(4  €1 + xo(+ t ,  €1, 

where Yo(O, t )  = 0. 
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Since y( t ,  E )  is periodic, it follows from here that the system 

d u  a 
= Xo[xo(t), t l u  + Y,,[Yk c), t l  + .Xl[Y(G €1 + xdt),  4 €3 

admits a periodic solution. On the basis of Theorem 3.2 we obtain 

From here it follows that 

j: W(S)X,[X,(S), s, O]dS = 0. 

Indeed, if it were not so, we would have 

From lim,,,y(s, e )  = 0 and from the continuity of function XI , it 
follows that there exists an E,, > 0 such that for I E 1 < c0 we have 

If X I  is differentiable with respect to e,  then x(t, E )  is differentiable 
with respect to E ;  hence y( t ,  E )  is differentiable with respect to E and 
1 y( t ,  E ) I  < L1 c 1 for t E [0, w ] .  From the differentiability of Xo(x ,  t )  
with respect to x follows 

I Y,,[Y(S, 4,  311 = 4 Y(S, 4 )  = 4E). 

Thus we obtain 

and 

which is contradictory, since the two functions are equal. 
We have thus proved the following 
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Proposition. If system (8) admits periodic solutions of period w and 
if system ( 6 )  admits a periodic solution x ( t ,  E) such that lime+,, x( t ,  c) = 
x,(t) ,  then 

W ( t )  being the matrix whose rows are the periodic solutions of the adjoint 
system of system (8). 

If the generating solution belongs to a family of periodic solutions 
depending on a number of parameters, we are within the conditions of 
the proposition, since the derivatives of the solutions with respect to 
the parameters are periodic solutions of system (8). 

The  condition from the proposition allows us to find those values 
of the parameters for which the corresponding solution is effectively 
the first approximation of a periodic solution of system (6). 

We will now prove the above proposition in a slightly different way; 
this new proof will allow us to investigate further the case in which the 
generating solution belongs to a family of solutions depending on a 
number of parameters. 

Let U ( t )  be the fundamenial matrix of solutions of system (8) and 
l j  the initial vectors of the periodic solutions of the adjoint system of 
system (8); we have l j { U ( w )  - E }  = 0. If pj are the initial vectors of 
the periodic solutions of system (8), we have 

[U(w)  - E]pj  = 0 ( j  = n - k + 1, ..., n ) .  

Now consider vectors 11,  ..., ln-k and p l ,  ..., pn-k such that the 
systems of vectors li and pi ( i  = 1, ..., n). be linearly independent. 
Let S be the matrix whose rows are li and T the matrix whose columns 
are p i .  We have 

If system (8) admits ekactly k linearly independent periodic solutions, 
then the matrix U(W)  - E has the rank n - k; hence det d # 0. 
The  condition that the solution x ( t , p ,  E) of system (6) be periodic is 
X ( W ,  p ,  E) - p = 0. We may write 
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Since x(w,  p ,  , 0) = p ,  , the periodicity condition is 

a x ( w , p o ' o ~ + o ( l € l  + i p - p o i )  = o .  a€ 

But we have seen that that 

hence the periodicity condition is 

ax(w ,po ,O)  + O ( I € j  + Ip - p ,  I) = 0. a€ [WW) - El(P - P o )  + 
Let us calculate &(w, p ,  , O ) / ~ E .  We have 

From this, for E = 0, p = p ,  , we obtain 

hence ax(t, p ,  , O)/& verifies the system 

and the initial condition z(0) = 0, since x(O,p, E )  = p and 

a 
a€ - x(0, p ,  €) = 0. 

I t  follows from this, on the basis of the variation-of-constants formula, 
that 
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hence 

Since the vectors li are linearly independent, the periodicity condition 
may be written under the equivalent form 

But li[ U(W) - El = 0; hence the second group of equations is 

E l i  ax (W9po ’o )  + o(I E I + I p  - p o  I )  = 0. ae 

We seek the solution p ( e )  in the form 

The  system of equations becomes 

But I p - po I = O(E) and the equations are 

In order that this system admits solutions it is necessary in the first 
place that 

ax(w,Po’ O) = 0 ( j  = n - k + 1 ,  ..., n), 
‘j at 
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liU(,) J" u-ys )x l [xo ( s ) ,  s, O]ds = 0;  
0 

hence 

J, lju-~(s)xl[xo(s), s, O]ds = 0 

or 

Jb" W(s)X1[x0(s), s ,  O]ds = 0. 

In addition, it is necessary that the system 

has solutions. Since the matrix of this system is just d and det d # 0, 
the system always has solutions. 

Suppose now that solution xo(t) belongs to a family of periodic 
solutions, of period w ,  depending on k parameters; we denote this 
family by xo(t, a). Then 

(i = 1, 2, ...) R) 
aa, 

will be linearly independent periodic solutions of system (8)) if the k 
parameters are independent. 

Suppose that system (8) has no other independent periodic solutions, 
hence that it has exactly k independent periodic-solutions. Then we can 
repeat the above reasoning starting from any solution xo(t, a) and we 
obtain the necessary condition for the existence of a periodic solution 
of period w ,  x(t, E ,  a), of system (6), such that 

lim x ( t ,  E ,  a )  = xo( t ,  a )  
f+O 

under the form 

P(a) = j w  Wm(s)xl[xo(s, a) ,  s, O]ds = 0. 
0 

Suppose that the equation P(a) = 0 admits a solution a = a. such 
that aP(cr)/& for a = cxo is nonsingular. We show that in this case 
system (6) admits a periodic solution of period w ,  x(t, E ) ,  such that 

lim x ( t ,  E )  = xo( t ,  a0). 
<+O 



3.4. SYSTEMS CONTAINING A SMALL PARAMETER 261 

The  system of equations (9) is verified for E = 0, a = a,, by values 
/3 = p,, given by 

The  Jacobian of system (9) with respect to /3 and a for E = 0, 01 = a,, , 
p = p,, is equal to 

and in our hypotheses it is not zero. From the implicit-function theorem 
there exists an E,, > 0 and functions a(€ ) ,  P ( E )  defined for I E j < E , , ,  

verifying system (9) and such that a(0) = a,,, p(0) = p,, . 
Putting 

the solution x ( t ,  p ( ~ ) ,  E) will be periodic of period w and for E + 0 it 
becomes 

xo(t, P n ( 4 )  = %oft, an). 

We have thus proved the following theorem: 

Theorem 3.8. If system (7)  admits a family of periodic solutions 
xo(t ,  a )  of period w, such that the corresponding variational system admits 
f o r  every 01 exactly k independent periodic solutions of period w, then for 
every a,, such that 

a P ( 4  P(a,,) = 0, det -- # 0, 
aO1 

where 

P(O1) = 

there exists a periodic solution x ( t ,  E )  of system (6), of period w, such that 
lime.+,, x ( t ,  c) = xo(t, an). 

1. An important particular case is that of the equation Applications. 

x + n2x + f ( t )  = &(t, x, 5, c ) ,  
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where f and F are periodic with respect to t of period 2m. Here 
the variational system is 2 + n2x = 0 and has solutions periodic of 
period 27r/n, hence also of period 2n. The  function f(t) is supposed such 
that the generating equation 2 + n2x + f(t) = 0 has a periodic solution 
of period 2n. Then the solutions of the generating system are periodic 
of period 27r and form a family with two parameters, 

xo = v(t) + Mo cos nt + No sin nt. 

We have 

1 
ncosn t  - ~ 

1 (" cos nt sin nt j, (d- dn sin nt 

1 
U-l( t )  = 

dn 
U(t )  = 

_- 
dn cos nt 

-dn sin nt d n  cos nt d i  sin nt 

F = F[s ,  ~ ( s )  + Mo cos ns + No sin ns, @(s) - Mon sin ns + Non cos ns, 01. 

The  equations which determine Mo and No are 

2n 1 [ 7= sin nsF[s, xo(s), 3io(s), O]ds = 0,  
J o  v'n 

-- cos nsF[s, xo(s), 3io(s), 0]ds = 0;  

hence 

2n 

P(Mo , No) = 1 F[s ,  ~ ( s )  + M ,  cos ns + No sin ns, +(s) - Mon sin ns 

Q ( M ~  , N,)  = J ~ [ s ,  y(s) + M ,  cos ns + N ,  sin ns, +(s) - M0n sin ns 

0 

+ Non cos ns, 01 sin ns ds = 0,  
2n 

0 + Non cos ns, 01 cos ns ds = 0, 

2. Consider the equation 

1 
n 

i + -7j x + j ( t )  = € F [ t ,  x, 5, €1 
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The  variational system has no other solutions of period 27r than the trivial 
solution; hence for 1 E I sufficiently small there exists a unique periodic 
solution of period 2 ~ .  At the same time, all the solutions of the generating 
system are periodic with period 2nn. The  functions f and F having period 
27r also have period 2 n ~ .  Hence in the neighborhood of the solutions 
of the generating systems which verify relations from Theorem 3.8, 
there may appear, for I E I sufficiently small, periodic solutions of period 
2 n ~  which do not have period 27r. These types of oscillations are called 
subharmonic oscillations, and the phenomenon described above has been 
called by Mandelstam and Papalexi, who discovered it in 1932, resonance 
of the nth kind. 

Before closing this section, let us make some remarks on the stability 
of the periodic solution of system (6) in the simplest case. Suppose 
that the trivial solution of system (8) is asymptotically stable; then, 
obviously system (8) has no other periodic solutions than the trivial 
one, and on the strength of Theorem 3.7 system (6) admits a unique 
periodic solution x(t, E) with 

lim x( t ,  c) = xo( t ) .  
€+O 

Let us perform in system (6) the change of variables y = x - x(t, E). 
We obtain 

dy dx dx(t ,  c) _ -  - 
dt dt dt 

For sufficiently small 1 E I and 1 y j we have 

with /3 however small; since by virtue of the hypothesis the trivial solution 
of system (8) is asymptotically stable [system (8) being a linear system 
with periodic coefficients, the solution is uniformly asymptotically 
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stable, hence exponentially stable], it follows that we may apply the 
fundamental theorem of stability of the first approximation and we 
deduce that the trivial solution of the system in y is asymptotically stable. 
We have thus stated the following 

Proposition. If the trivial solution of the variational system (8) is  
asymptotically stable, then for  1 E 1 sufficiently small system (6) admits a 
unique periodic solution x ( t ,  E )  with the property that 

lim x( t ,  c) = xo(t) 
r-0 

and this solution is asymptotically stable. 

3.5. The Method of Averaging 

In the following pages we shall present some particular cases of the 
general method elaborated by N. M. Krylov and N. N. Bogoliubov, 
known under the name method of a-veraging. This method is also applied 
in the problem of almost-periodic solutions. 

Suppose that the generating system (7) has all the solutions periodic 
of period w. Let xo(t, h).be the general solution of the generating system. 
Perform the change of variables x = xo(t ,  2). We obtain 

However, 

and the fact that xo(t, h )  is the general solution of system (7 )  shows that 
the matrix axo(t ,  z)/a z has an inverse; hence 

dz 
- = d ( t ,  z ,  E ) ,  
dt 

where 
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Let 

Z O ( Z ,  €) = - q t ,  z, €)dt  
f J J O  iw 

and let 50 be a solution of the equation ZO(z, 0) = 0. Perform the change 
of variables x = to + b. 

We obtain the system 

db 
- = EB(t, b,  E ) ,  
dt 

where B(t, b, E) = Z(t ,  to + b, 6); hence B(t, b, E) has the same regularity 
properties as Z and is periodic in t of period w .  Let 

B,(b, E )  = J, B(t, 6, c)dt. 

We obviously have B,(O, 0) = 0. 
Let 

B*(t, b, E )  = B(t,  b,  G) - B&b, E ) ;  

we obtain 

1 "  ; J, B*(t, b ,  c)dt = 0. 

Let 

Let 

B**(o, 6, €) = B*( [ ,  b, € ) d [ .  J: 
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We have 

77e-vt t s ev'B**(o, b, e)du 
t-w 

1 - e-VW 
= B**(t, b, e )  - 

= B**(t, b,  e )  - ' e-VsB**(t - s, b, c)ds. 1 - e-TW 

Since B*(t, b, 6 )  has the mean value zero, it follows that B**(t, b, c) is 
periodic, hence bounded. Thus we obtain the evaluation 

Perform the change of variables b = h + eB,*(t, h,  6). We obtain 

dh aB: aB* dh 
dt ab dt 

+ €2- = eB == EB, + eB*, 

From 

Bo(b, e )  = - Jw B(t,  b, e)dt = Z(t,  + b, 6)dt = Z o ( p  + b, .) 
W n  

it follows that 

aGl(to, 0 )  H =  
az - 



3.5. THE METHOD OF AVERAGING 267 

Further, we have 

B*(t, h + EB:, E )  = B*(t, h, E )  + O(E) 

and 

It follows that 

aB$ dh 
( E  +Ex) dt 

- = EHh + €B,(h) + €B*(t, h, €) 

- eB*(t, h, E )  + cyB:(t, h, c) + Q E ) .  

We take 7 = E; from I B: I < 2M we obtain 

qBn*(t, h, E )  = W ) ;  

hence the system becomes 

However, 

aB*/ab is as B*, periodic of period w ,  and has the mean value zero, 
hence aB:/a6 is, as B,* , bounded. It follows that e(aB,*/ab) = O(E); 
hence 

We finally obtain 

= E H ~  + eB,(h) + EO(E). 
dt 

Perform the change of independent variables T = d.  The  system becomes 

(11) _ -  dh - Hh + B,(h) + W E ) ,  dr 

where terms O(E) are periodic in T of period E W .  Suppose that the eigen- 
values of matrix H have real parts different from zero. In this case the 
system dhldT = Hh cannot have any kind of periodic solutions different 
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from the trivial one. The  Green's matrix corresponding to the periodicity 
conditions h(0) = ~ ( E w )  is 

G(t, s )  = e H t [ E  - erHw]- l e -Hs  = eH(tPS)[E - erwH]--l (0 < s < t < EW), 

G(t, s) = eH(t-Cw-S) [E - eEuJH1-1 (0 < t < s < E W ) .  

I t  
such 
~w if 

follows that we have I G(t, s)I < M / E ,  since [ E  - erwH]-l admits 
an evaluation. System (1 1) will have a periodic solution of period 

' the integral equation 

for I/ h / I  < I we have 

if /3 < 1/2wM and E < 1/2wMN we will have 11 S(h)  1 1  < I ;  hence 
SZ maps the sphere I /  h / I  < I into itself. Likewise we see that 

M 
I Q(hA - Q(h,)l < EfJJ 7 (Bll h, - h, /I + N I E I I  h, - h, 1 1 )  

and that if E is sufficiently small, SZ is a contraction. 
We deduce that for I E I sufficiently small SZ admits a unique fixed 

point, to  which corresponds a periodic solution of period EW, unique, 
of system (1 1); this solution for E + 0 tends to the trivial solution h = 0. 

Returning to the independent variable t we deduce the existence of a 
solution h(t, E ) ,  periodic of period w ,  unique, which for E + 0 tends 
to the trivial solution h = 0. 

Taking into account the changes of variables performed, we deduce 
the existence of a periodic solution of period w ,  b(t ,  E ) ,  which for E -+ 0 
tends to zero, and hence the existence of a periodic solution z(t,  E )  

of system (10) which for E -+ 0 tends to to. Finally, there follows the 
existence of a periodic solution x( t ,  E) = xo(t ,  z(t, E ) ) ,  of period w ,  of 
system (6) ,  which for E -+ 0 tends to xo(t, to). 

I n  addition, if the eigenvalues of matrix H have negative real parts, 
it is obvious, as previously, that the solution h(i-, E) is asymptotically 
stable; hence the solution x(t, E )  will be asymptotically stable. Let us 
observe in conclusion that the request that H does not have purely 
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imaginary eigenvalues may be replaced by the weaker one that det H # 0. 
For, if H has no zero eigenvalues, for E sufficiently small, the system 
dxjdt = Hx cannot have periodic solutions of period EW. We have thus 
proved the following theorem: 

Theorem 3.9. If the general solution xo(t, h)  of the generating system 
(7)  i s  periodic of period w ,  and to is a solution of the equation 

Z0(z, 0)  = 0 

such that 

where 

then fo r  E sufficiently small there exists a unique periodic solution of period 
w of system ( 6 )  with the property that lim6+o x ( t ,  E) = xo(t, lo)). 

If the eigenvalues of the matrix aZo(<O, 0)jaz have negative real parts, 
this solution is asymptotically stable. 

The  theorem's affirmation, with the exception of the con- 
clusion on stability, follows from Theorem 3.8, since if the general 
solution of system (7) is periodic, of period w, then system (8) has n 
linearly independent periodic solutions of period w, and the matrix W 
coincides with [i3x0/az]-l. The  interest o f  the method of averaging lies 
in the fact that it can also be applied to much more general cases, in 
particular to the problem of almost-periodic solutions. T o  formulate a 
result relative to almost-periodic solutions we need a lemma due to 
N. N. Bogoliubov. 

Remark. 

Lemma. Let f ( t ,  x )  be a function defined for  real t and x E E, where E 
is a compact set in a metric space. Suppose that in any point of E we 
have 

lim T+m 1 T J:"f(s, x)ds = 0 

uniformly with respect to, t ,  and in addition there exists M and h such that 

!f(4 .>I < M ,  If(t, x') -f(t, x")I < +(XI, 4; 
from here follows that the limit is uniform not only with respect to t but also 
with respect to ( t ,  x). Let 
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Then 

If,(t, x)l < for -co < t < co, x E E,  
77 

where limv+o l(7) = 0. 
The  conditions of the lemma are verified in particular if f(t, x) is 

almost periodic with respect to t ,  uniform with respect to x, and has the 
mean value zero. 

Proof. We have 

fq(t, x) = j m  e-qy(t - u, x)du 
0 

Further 

= Z e - - n n T l  fn+'" *1 T f ( t  - u, x)du I + M z e - " v T  j T ( l  0 - e-ns)ds 
n=O 
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where we have set 

We have 

hence 

and 

e-VT = 1 - 7 T  + o(r)); 

1 - e--rlT = qT + o ( ~ )  

271 

We obtain 

hence 

lim tl(y) = 0. 
-rl-0 

According to  the hypotheses, 

It follows that 

We choose T as the function of 7 defined by the equation 1 - e-"= = E( T).  
When 7 -+ 0, we have qT(7) + 0; indeed, if T is bounded, the 

relation is evident, and if T -+ co we obtain c ( T )  + 0; hence 7T  -+ 0. 
Set qT(q) = c2(7) and deduce 

where I;,(q) -+ 0 and c1(v) + 0. The  lemma is thus proved. 
Let us now consider system (6), supposing that X ,  and X ,  are almost 

periodic in t ,  uniformly with respect to the other arguments. We likewise 
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suppose that the general solution x,(t, h) of system (7) is almost periodic 
in t ,  uniformly with respect to h. 

We perform again the change of variables x = xo(t,  z )  and obtain 
system (lo), where this time Z(t,  z ,  E )  is almost periodic in t ,  uniformly 
with respect to the other arguments. Let 

Zo(z, E )  = lim - Z ( t ,  z, r)dt 
T i m  f s: 

and let 50 be a solution of the equation Zo(z, 0) = 0. Perform the change 
of variables z = Lo + b. We obtain the system 

where R(t, b, E) has the same regularity properties as 2 and is almost 
periodic in t ,  uniformly with respect to the other arguments. Let 

B,(b, E )  = lim - B(t, 6,e)d t ;  
T l m  1 j: 

we have B,(O, 0) = 0. Setting 

B*(t, b, €) = B(t,  b,  €) - Bo(b, €) 

we obtain 

1 =  
lim 1 B*(t, 6, r)dt = 0.  
T-tm 

By virtue of the lemma, we deduce that 1 B,* 1 < C(q)/q. 

choosing q = E ,  the system 
We perform the change of variables b = h + EB: and obtain, 

dh 
dt 
- = €Hh + rB,(h) + $(t ,  h, E ) ,  

where F is almost periodic in t ,  uniformly with respect to the other 
arguments, and 1 r I < y ( ~ ) ,  j arjah I < y ( ~ )  with limc+o Y ( E )  = 0. 

Suppose that the eigenvalues of matrix H have negative real parts; 
we will prove that for 0 < E < c0 the system (12) has a unique almost- 
periodic solution,which for E + O  tends to zero. Consider the system 

dY - = Hy 
dt 
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and form the function 

273 

where y( t ,  y )  is the solution of system (*) with y(0, y )  = y .  We have 

1 Kl 
- I Y l2 < V(Y) < I Y 1 2 7  

since 

I r(t, r)l < Ke-cat, 

Using this function, we deduce as in the proof of Theorem 3.4 that the 
system 

dh ’ 
dt 
- = €Hh +f(t) 

admits for every almost-periodic f a unique almost-periodic solution 
h,(t), for which we have the evaluation 

L 
I ho(t)l < T S U P  l f l .  

Let ho(t) be the almost-periodic solution of the system 

dh 
dt 
- = eHh + J ( t ,  0, c). 

We have 
L 

1 ho(t)l < f EY( t )  = L r H .  

Let hk(t) be the almost-periodic solution of the system 

dh 
dt 
- = €Hh + €B,(h,_,(t)) + Z ( t ,  h k - , ( t ) .  €). 

We suppose, inductively, that 1 hk--l(t)l < 2Ly(e). Then 

I 4(h-*(t))l < 4PL2r2(E); 
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For E sufficiently small we obtain Y ( E )  < 1/4pL2 and hence 

I hk(t)l < W ( 4 ;  

on the basis of induction it follows that for all k we have the stated 
estimate. Now let. 

= h k ( t )  - hk-l(t). 
We have 

from which, for y ( ~ )  < l/Ll , follows the uniform convergence of the 
sequence of successive approximations to an almost-periodic solution 
of system (12). Taking into account the estimates of the successive 
approximations, we deduce that this solution tends to zero as e - 0 .  
But then, taking into account the changes of variables performed, we 
deduce the existence of a unique almost-periodic solution, asymptotically 
stable, x ( t ,  E ) ,  with the property that 1imE+,, x ( t ,  E )  = xo(tl to)>. We have 
thus obtained the following theorem: 

Theorem 3.10. If in system ( 6 )  the functions X ,  and X ,  are almost 
periodic in t ,  uniformly with respect to the other arguments, and the general 
solution xo(t, h)  of system (7 )  is  almost periodic in t ,  uniformly with respect 
to h, and 50 is  a solution of the equation Z,(z, 0 )  = 0 such that the eigen- 
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values of matrix aZO(to, 0)jaz have negative realparts, then for E suficiently 
small there exists a unique almost-periodic solution of system (6 )  with the 
ProPfltY 

lim x(t ,  C )  = xo(t, {O). 
E+O 

Here 

Zo(z, 0) = lim - axo(t, z, )-lx1[x0(t, z), t ,  Oldt. 
T+m T I, ( az 

3.6. Topological Methods 

By using some topological methods, strong results can be obtained in 
the theory of systems with a small parameter, in which the conditions 
imposed on the generating system are very general and have an intrinsic 
character. 

Theorem 3.11. If the generating system (7)  admits a periodic solution 
xo(t ) ,  asymptotically stable, then for I E [ suficiently small system (6)  admits 
a periodic solution x( t ,  E) with the property that 

lim x(t ,  E )  = xo(t) .  
€+O 

Proof. We depend upon the following theorem of F. Browder. Let 
X be a Banach space, S and S, open and convex sets in X ,  So closed 
and convex, So C S, C S, f a compact mapping of S in X ;  suppose that 
there exists a natural number m such that f m  is defined on S, , f j ( S , )  C S, 
for 0 < j < m, fm(S , )  c So; f then has a fixed point in S o .  We shall 
apply this theorem in th'e particular case where X is the n-dimensional 
Euclidean space; in this case it will be sufficient that f be continuous. 

Let x(t ,  p ,  E) be the general solution of system (6) with x(0, p ,  e )  = p .  
We consider the transformation f ( p ,  E) = x ( w , p ,  E) and prove that it 
fulfills all the conditions of the Browder theorem, if E is sufficiently 
small; it will follow that for E sufficiently small there exists a fixed point, 
and from x(w, p ,  c) = p it follows that the corresponding solution is 
periodic. We will continue the proof taking xo(t)  = 0, since we obtain 
this case by a simple change of variables. Since system (7) is periodic, 
the asymptotic stability is uniform; hence there exists a 6, > 0 and two 
functions S(7) and T(7) such that 1 p 1 < S(7) implies I xo(t, p )  I < 7 for 
t 2 0 and 1 p 1 < S o ,  t > T(7) implies I xo(t, p)I < 7. 

Let S, = S(a/2), 0 < 77 < min{So, S(gS,)}, T = T [ + S ( h ) ] ,  m the least 
natural number such that m w > T. Let S be the sphere 1 p I < 6, . 
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Then 1 xo(t, p)I < 4 2  for p E S, t 0. If I I is sufficiently small, we 
will have I x( t ,  p ,  €)I < a for p E S, 0 < t < mw, on the basis of the 
continuity theorem of the solution with respect to the parameter. 
From this follows that for p E S we have 1 f ( p ,  €) I  < a. From this also 
follows that the solutions x( t ,  p ,  c) are defined ifp E S ;  hence the operator 
f and its iterates f j  ( j  = 1, ..., m )  are defined on S. Let S, be the sphere 
I p I < 7 and So the sphere 1 I < zS(h). For j p I < 7, t 3 0, we 
have 1 xo(t, p)I < as,, since 7 < S(@,); for I E 1 sufficiently small we 
obtain I x( t ,p ,  €)I < 6, , for 0 < t < mw; hence fj(S,) c S ( j  = 1, ..., m). 
For 1 p I < $S(aq), t >, 0, we have 1 x,(t,p)I < h; hence for 1 E I 
sufficiently small I x( t ,  p ,  €)I < 7 if I p I < $S(&q), 0 < t < mw, which 
shows that fj(S,) C S, for 0 < j < m. 

From 7 < So it follows that for p E S, , t > T,  we have I xo(t, p )  I < 
+S($v); hence for I E 1 sufficiently small we obtain 1 x(mw, p ,  €)I < $S(&) 
if p E S,; i.e., fm(S , )  c So . 

It follows that all the conditions of the Browder theorem are verified; 
hence the existence of a fixed point in So is proved. It is obvious that So 
can be chosen arbitrarily small, but then E should be taken small. This 
means that the solution whose existence we have proved tends to zero 
when E + 0. The  theorem is thus completely proved. 

Theorem 3.12. Let X ,  be analytic: 

where Xik)  are forms of degree k in the coordinates of x ;  suppose that 

the &Id XAm)(x, t)dt has the point x = 0 as an isolated singular point. 
If the ddex of point x = 0 in the vector jield c X i m m , ( x ,  t)dt is 
different from zero, then for I E I suficiently small system ( 6 )  admits a 
periodic solution of period w which for E -+ 0 tends to zero. 

Proof. Consider the system 

dx 
dt 
_ -  - XL"'(x, t )  + X;"*l)(x, t )  + .-.. 

Its general solution is 

where the Ak( t ,  xo) are vectors whose coordinates are forms of degree K 
with respect to  the coordinates of x o ,  with coefficients functions of t .  
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By substituting in the system we obtain 

aAk + ... + ... + 7 
d t X O + a t  

dA1 

= XAm’(Alxo + A + ... + A, + * I * ,  t )  + 1 - s .  

We obtain the relations 

- Xbm’(Alxo, t ) ,  ..., a A m  -- aAz - 0, ..., __ - 
at -0, -- dA1 

dt at 

This yields 

A, = E, A, 2 -  = ... AmP1 E 0, A,(t, xo) = j t  X p ) ( x o ,  t)dt. 
0 

We deduce that the general solution of system (7) is of the form 

x ( t )  = xo + s’ XAm)(x,, , t)dt + ..-, 
: o  

where the unwritten terms are of higher degree in the coordinates of xo . 
Consider the vector field 

ZL(X,) X(W) - x0 = Xhm’(x0, t)dt + .... 

This field has xo = 0 as an isolated singular point since this is supposed 
for the field JL Xim)(xO,  t)dt .  Since the index of point x1 = 0 in the 
field Xim)(xO,  t)dt is different from zero, it follows that the index 
of point xo = 0 in the field u(xo) is different from zero. Let us also 
consider the field u,(xo) = x(w, xo , E )  - xo; we have lim6+o x(w, xo , e) = 

x(w, x,, 0); hence for 1 E 1 sufficiently small the rotation of the field 
u,(xo) on a sphere containing the origin will be equal to that of the field 
u(xo). Since the index of the origin in the field u(xo) is different from zero, 
it follows that if the sphere is small enough, the rotation of the field 
u,(xo) on this sphere will be different from zero. However, then the 
field u,(xo) will have in the interior of the sphere a singular point, hence 
a point for which u,(xo) = 0, namely, x(w,  xo , E )  = xo; this point 
corresponds to a periodic solution. The theorem is thus proved. 

Remark. If the point x = 0 is asymptotically stable for system (7), 
its index in the field x(Kw) - xo is, for K sufficiently large, equal to * I ;  
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hence its index in the field Jp XAm)dt is different from zero. 
However, 

and the condition in the statement is verified. Thus we find a particular 
case of Theorem 3.1 1. 

Theorem 3.13. If system (7) does not explicitly depend on t ,  if X,(x) 
admits in x = 0 an isolated singular point which is not a limit point 
of periodic solutions with period w' < w ,  and if the index of the point 
x = 0 in the jield X,(x) is different from zero, then for  I E I suflciently 
small system (7) admits a periodic solution of period w ,  which for E -+ 0 tends 
to zero. 

Proof. As in the case of the preceding theorem, we will show that the ro- 
tation of the field u,(xo) is different from zero on a sufficiently small sphere 
whose center is in the origin, showing that the index of the origin in the 
field u(xo) is different from zero. Therefore we will prove that the index 
of the origin in the field u(x)  coincides with the index in the field X,(x). 
We define the field W(x, , T )  = ( ~ / w T ) [ x ( ~ T ,  x, , 0) - xO] for T # 0, 
W(x, , 0) = X,(x,) .  Since (d /d t )x ( t ,  x, , 0) for t = 0 is Xo(xo), it follows 
that 1imT+, W(x, , T )  = W(x,, 0); hence the field W(x,, T )  depends 
continuously on T.  The  field W ( x ,  , T )  # 0, 0 < T < 1, on a small 
enough sphere whose center is in the origin, since we have supposed 
that the origin is not a limit point of periodic solutions with 
period w' < w ,  and hence X(WT, x, , 0) # x, for 0 < T < 1. T h e  field 
W(x, , T )  represents a continuous deformation of the field X,(x,) in 
the field ( l /w)u(xo) .  Since W(x, , T )  # 0, it follows that the index 
of the origin is the same in both fields. The  theorem is thus proved. 

3.7. Autonomous Systems 

The  problem of periodic solutions presents certain particularities in 
case the functions X ,  and X I  do not explicitly depend on t ,  since in this 
case the periodic solutions of systems (6) and (7) have, in general, 
different periods. In  the following section we will present the complete 
theory of autonomous systems containing a small parameter, by following 
the geometric method systematically used by M. Urabe. 

Consider the system 
dx 
- = X(x). 
dt 
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Suppose that this system admits a periodic solution x = u(t) of period W. 

It follows on the basis of the uniqueness theorem that X[u(t)] # 0 for 
all t. Denote x = X[u(t)]/l X[u(t)] I. If n 3 and if X verifies a local 
Lipschitz condition, the curve x = x(t) does not cover the whole unit 
sphere. Hence there exists a unitary vector e l ,  such that x(t) does not 
coincide with -el for any value oft.  Starting from the constant vector el , 
we construct an orthogonal and normed system of vectors el , e 2 ,  ..., e, . 
Denote cosBi = x(t)ei and form the vectors 

Since x(t) does not coincide anywhere with - e l ,  it follows that 
1 + cos el # 0. The vectors 5, are periodic functions of t ,  of period W, 

and have the same regularity properties as x(t). The vectors 
($?(t), t 2 ,  t 3 ,  ..., t,) form an orthogonal, normed system. Let us verify 
this: 

cos e, 
= cos e, - (cos e, + 1) = 0, 

1 + cos I91 

cos e, 
1 + cos el = (ev  - el > 5,) 

cos e, cos 0, cos e, cos e, 
1 + cos el + (1 + cos e,)2 

= 6,” - 

= 6,, . 

cos e, cos 19, cos el 
(1 + cos el)2 

In the case n = 2, let $? = ($); we take f 2  = (-::) and system 
(x, 5,) is orthogonal and normed. 

It follows that to the periodic solution u(t) has been attached an orthogonal 
and normed system of vectors, having as one of the vectors (the unitary 
vector of the tangent to curve x = u(t)) ,  formed by periodic vectors of 
period W ,  with the same regularity properties as x(t). 
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hence its index in the field Jp XAm'dt is different from zero. 
However, 

/ X p )  dt = k J* Xirn) dt 

and the condition in the statement is verified. Thus  we find a particular 
case of Theorem 3.1 1. 

kw 

0 0 

Theorem 3.13. If system (7) does not explicitly depend on t ,  if X o ( x )  
admits in x = 0 an isolated singular point which is not a limit point 
of periodic solutions with period w' < w ,  and i f  the index of the point 
x = 0 in the field Xo(x )  is different from zero, then for 1 E 1 sujicienti'y 
small system (7 )  admits a periodic solution of period w ,  which for E -+ 0 tends 
to zero. 

Proof. As in the case of the preceding theorem, we will show that the ro- 
tation of the field u,(xo) is different from zero on a sufficiently small sphere 
whose center is in the origin, showing that the index of the origin in the 
field u(xo) is different from zero. Therefore we will prove that the index 
of the origin in the field ~ ( x )  coincides with the index in the field Xo(x) .  
We define the field W(xo, T )  = ( ~ / w T ) [ x ( w T ,  xo , 0)  - xo] for T # 0, 
W ( x o ,  0) = Xo(xo). Since (d/dt)x( t ,  xo , 0)  for t = 0 is Xo(xo),  it follows 
that limT+o W(xo ,  T )  = W(xo,  0); hence the field W ( x o ,  T )  depends 
continuously on T .  The  field W(xo,  T )  # 0, 0 < T < 1, on a small 
enough sphere whose center is in the origin, since we have supposed 
that the origin is not a limit point of periodic solutions with 
period w' < w ,  and hence ~ ( w T ,  xo , 0) # xo for 0 < T < 1. The  field 
W(xo, T) represents a continuous deformation of the field Xo(xo) in 
the field ( l /w)u(xo) .  Since W(xo ,  T )  # 0, it follows that the index 
of the origin is the same in both fields. T h e  theorem is thus proved. 

3.7. Autonomous Systems 

T h e  problem of periodic solutions presents certain particularities in 
case the functions X ,  and X I  do not explicitly depend on t ,  since in this 
case the periodic solutions of systems (6)  and (7) have, in general, 
different periods. In  the following section we will present the complete 
theory of autonomous systems containing a small parameter, by following 
the geometric method systematically used by M. Urabe. 

Consider the system 
dx 
dt 
- = X ( X ) .  
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Multiplying relation (14) by e * ( B )  and taking into account the orthog- 
onality properties, we obtain 

hence 

Finally, system (13) is replaced by a system of the form 

where we immediately see that Y and 0 are periodic in 9 with period w, 

that they verify the relations @(e, 0) = I ,  Y(0,O) = 0, and that they 
have the same regularity property as X(x) .  

Now form the system 

The  function Y(B,y)/@(B,y) is periodic in B of period w and has for 
I y I sufficiently small the same regularity properties as X ,  since from 
@(B, 0) = 1 it follows that for I y I sufficiently small @(B, y )  # 0. Let 
us emphasize the first linear approximation in this system. We have 

hence 
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Further, 

hence 

System (15) is thus written 

where the elements b,, of the matrix B(0) are given by 

and are periodic functions of 8 with period w .  

We will call the system 

= B(8)y 

the system in normal variations. Let us consider the system 
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i.e., the variational system corresponding to the solution u(0). We write 
the vector u in the normal orthogonal system (x, t 2 ,  ..., tn): 

We seek the equations which are verified by p”(0).  We have 

we obtain 

Multiplying by f: we obtain 

We have thus reached the conclusion that the normal components p’ of 
variations v verqy  the system in normal variations. 

Let us observe that from 

follows 

hence 

is a solution of the variational system. 
Let +(0) be a fundamental matrix of solutions for the variational 

system whose first column is formed by the solution X[u(0)] .  We have 

4(e) = u(e)c, 
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where U(B) is the matrix of solutions with U(0) = E. From this, 

+(O + w) = u(e + w)C = u(e)U(w)C = u(e)cc-lU(w)C = +(O)K, 

where K = C-lU(w)C; since K is similar to the monodromy matrix 
U(w), its eigenvalues are precisely the multipliers of the variational 
system. Let v 2 ,  ..., v, be the solutions different from X[u(O)] which 
form the matrix +. We write these solutions in the normal orthogonal 
system (13, 5 2  9 **., en); 

0“ = P”X[441 + zP;tP . 

+p +- w) = +(o)K 

P 

The  relation 

becomes 

Taking O = 0 and passing to  the basis (x, 5, , ..., [,), we obtain 

= X[u(o)]k; k; . 

The  vectors X[u(O)], (,(O), ..., (,(O) are linearly independent; X[u(O)], 
v2(0), ..., v,(O) are also- linearly independent. 
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Thus 

k: = 1, k: = 0, 

and cy  = 0, C, cypy(0) = 0, which is contradictory. 
The  functions vv(0)  are solutions of the variational system; hence, as 

we have already seen it, their normal components pr(0) are solutions of 
the system in normal variations. Since det pf(0)  # 0, it follows that 
pr(0),  v = 2, ..., n, p = 2, ..., n represents a fundamental matrix of 
solutions for the system in normal variations. Let P(0) be this matrix 
and let us denote by K, the matrix (kr)y=2 ,,,., nlp=2 ,..., n .  T h e  relation 
p x w )  = C,p;(O)Ki is written P(w) = P(O)K, and shows that the eigen- 
values of matrix K ,  are precisely the multipliers of the system in normal 
variations. Since K: = 1, Ky = 0, the matrix K will have the form 

We have obtained the following result: The multipliers of the system 
in normal variations are obtained from the multipliers of the variational 
system by eliminating the multiplier equal to 1 (which corresponds to the 
periodic solution X[u(0 ) ] .  

We can now prove a stability theorem of the periodic solution u(t) .  
This theorem has been proved for the first time by Andronov and Witt. 

Theorem 3.14. If ( n  - 1 )  multipliers of the variational system 
corresponding to the periodic solution x = u ( t )  are situated in the 
interior of the unit circle, then the periodic solution x = u(t) is orbitally 
stable; this means that ;f x ( t )  is  another solution of system (13)  for which 
%(to) is close enough to the curve x = u(t), then there exists a real number c, 
such that 

lim [ x ( t )  - u(t + c)] = 0. 
t+m 

We have det(pr(0)) # 0; indeed, if the determinant were zero, there 
would exist constants c” not all zero such that Zc,c”py = 0; hence 
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Proof. If (n - 1) multipliers of the variational system are situated 
in the interior of the unit circle, it follows that the multipliers of the 
system in normal variations are situated in the interior of the unit circle; 
hence the trivial solution of the system in normal variations is uniformly 
asymptotically stable. Therefore, on the basis of the theorem of stability 
of the first approximation, the trivial solution of system ( I  5 )  is uniformly 
asymptotically stable. However, for I y(0)l sufficiently small, we then 
have lim8+my(0) = 0. Thus from the relation 

x[t(0)l = 4 0 )  + s(qY(e) 
we deduce 

lim (x[t(0)] - ~ ( 0 ) )  = 0. 
@+m 

Let 0 < 8’ < 8”; we have 

However, 

hence 

From this follows 

I y(6)l < K e - 5  

O(l y I) < Mepa8. 

I[t(o”) - 0-1 - [t(el) - e l l  < M j” e+ de < M jz e-”8 do = gee-e8* .  

For 8’ sufficiently large, [t(0”) - Or‘] - [t(0‘) - 0’1 can be taken 
arbitrarily small; hence 

On the other hand, 

8‘ a 

[ t ( B )  - B] exists; let 8, be this limit. 

t ( @ )  

x ~ t ( e ) i  - x(e + 0,) = J x[xior)ida; 
s+e, 

hence 

I 4t(@)l - 4 0  + 80) I < I t ( @ )  - (0 + 0,) I SUP I x[.(4ll. 

However, if 1 y(0) 1 < 6, , from the stability of the trivial solution 
of system (15), it follows that 1 y(0) I < 1 for 0 >, 0; hence I x[t(S)] 1 is 
bounded, therefore I X[x(a)]  1 is bounded. Since 

lim [ t (0)  - (0 + 0,)l = lim [t(6) - 0 - 0,] = 0,  
8-m 0-r W 
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it follows that 
lim (x[ t (0)]  - x(0 + 0,)) = 0. 

lim (x[ t (0)]  - u(0)) = 0, 
e+ 

lim [x(0 + 0,) - u(0)] = 0. 

Since we also have 

it follows that 

e+m 

Setting 8 + 8, = t ,  c = - - d o ,  the result obtained above is written 

lim [ x ( t )  - u(t + c)] = 0, 
t+m 

and the theorem is thus proved. 

3.8. Autonomous Systems Containing a Small Parameter 

Consider now the perturbed system 

dx - = Z(x, E ) ,  
dt 

where Z is continuously differentiable and Z(x, 0) = X(x).  Suppose as 
above that system (13) admits a periodic solution x = u(t) of period w. 

Consider the system of vectors X ( t ) ,  tz(t) ,  ..., f n ( t )  and perform in system 
(16) the change of variables x = u(8) + S(0)y. We obtain a system of 
the form 

Form the system 

We obtain, by the same calculations as in the preceding section, 
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Further, 

Taking into account the fact that 

we obtain 

Theorem 3.15. If system (13) admits a periodic solution x = u(t)  of 
period w,  such that the corresponding variational system admits a single 
multiplier equal to 1, then for 1 E 1 suflciently small system (16) admits a 
unique periodic solution x = x( t ,  E), of period w + O(c), with the property 
that lirn<+,, x(t, E) = u(t). If, in addition, no one of the multipliers, with 
the exception of the one equal to 1, i s  a root of the unit, system (16) does not 
admit in the neighborhood of solution u(t)  solutions of period pw + O(E). 
If the multipliers different from 1 are situated in the interior of the unit 
circle, then the periodic solution of system (1 6 )  is orbitally stable. 

Let y(0,  c, E) be the solution of system (17) with y(0 ,  c, E) = c. 
The function y(0, c, E) is  continuously differentiable with respect to c 
and E ;  since y(e,O, 0) = 0, we may write 

Proof. 

~ ( e ,  c, E )  = G(e)c + r(e)c + ~ ( l  c I + I E 1)- 
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Substituting in system (17), we obtain 

It follows that 

G(0) = E ,  ~(0) = 0. 

Consequently, G(0) is a fundamental matrix of the system in normal 
variations, and r(0) is a solution of the nonhomogeneous system, given 
by the formula 

r(B) = G(B) 1 G-l(s)?(s)ds. 
8 

0 

The solution y(0, c, E) is periodic of period pw if and only if 

y = (pu, c, €) = y(0, c, €) = c. 

However, 

Therefore, we may write the periodicity condition in the form 

Y ( P W ,  c, 4 = G(pw)c + r(PW)E + o(l c I + I I). 

[G(pw) - EIc + ~ P W ) E  + ~ ( l  c I + I 6 I) = 0. 
If 

det [G(pu) - El # 0, 

there exists for I E I < E,, a function C(E) continuously differentiable, 
with c(0) = 0 and such that 

[G(pu) - E]c(c) + r ( p u ) ~  + o(I 4 e ) l  + I E I) 0. 

The solution y(0, c ( E ) ,  E )  is a periodic solution of period pw of system 
(17) which for E -+ 0 tends to zero. T o  this periodic solution corresponds 
a solution 

of system (16); the curve x = x[ t (0) ]  is a closed curve in a neighborhood 
of x = u(0), and for E + 0 it tends to this one. The period wb of solution 
x ( t )  will be given by 

d t ( 4 1  = 4 0 )  + V l Y P ,  c ( 4 4  

= Pu + O(l Y I + I E I) = Pw + O(l I), 
since I y I = O(1 E I). 
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Since G(6) is a fundamental matrix of the system in normal variations, 
we have G(pw) = Gp(w); hence if G(w) has an eigenvalue equal to 1, 
then G@w) has an eigenvalue equal to 1 ,  and if det (G(w) - E )  = 0, 
then det(G(pw) - E )  = 0. I t  follows from this that if det[G(pw) - El # 
0, then we also have det[G(w) - El # 0; hence there exists in the 
neighborhood of the solution u(0) a periodic solution of period w + O(E) 
of system (16). However, if det[G(pw) - El # 0, the periodic solution 
solution y(6, c(E), E )  is unique of period pw and therefore it coincides 
with that of period w .  If det[G(w) - El # 0 but there exists p such that 
det[G(pw) - El = 0, then for thisp there may exist solutionsy(0, c(E), E) 

of periodpw which do not also admit the period w .  The  condition that 
det[G(w) - El # 0 is the condition that the multipliers of the system 
in normal variations are not equal to 1, hence the condition that the 
system in variations does admit a single multiplier equal to 1. 

It remains to prove the assertion relative to the stability of the solution. 
We have 

= A(t) + O(c). 

According to the hypothesis, the system 

dv 
dt 
- = A(t)v 

has its multipliers in the interior of the unit circle, with the exception 
of that equal to 1. Since the multipliers depend continuously on the 
monodromy matrix, and this continuously depends on the coefficients 
of the system, it follows that for j E I sufficiently small the multipliers of 
the system 

dv - = A( t ,  E)V,  
dt 

with the exception of that equal to 1, will be situated in the interior of 
the unit circle. T h e  orbital stability of the periodic solution x( t ,  E )  is 
deduced now on the basis of Theorem 3.14. The  theorem is thus com- 
pletely proved. 

Now consider the case where system (13) admits a periodic solution 
x = u(t )  of period w,, , such that all its neighboring solutions are also 
periodic; in case n 3 3 we will assume that the periods of these solutions 
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are bounded. Let x, be a point on the closed curve C, given by x = u(t)  
and II be the normal hyperplane to C,  in x, . According to the hypothesis, 
every trajectory which crosses II in a neighboring point of x, is closed, 
and, conversely, every closed trajectory from the neighborhood of C, 
crosses II in a point in the neighborhood of x,. Let W ( X )  be the period 
of such a trajectory w(xo)  = w, . We prove that we can choose the periods 
such that the function ~ ( x ) ,  which for any x in a neighborhood of x, 
is a period of the trajectory which.passes through x, is continuous in x, . 
The  trajectories we have considered are given by the solutions of system 

I n  conformity with the hypothesis, the solutions of this system, for I y I 
sufficiently small, will be periodic functions of 0 with period pw,; 
indeed, any solution of this kind corresponds to  a solution of system (13) 
situated in the neighborhood of the curve x = u(t), periodic of period 

(15). 

dB 
tCpw,) - t(0) = 

and conversely, if the solution x( t )  is periodic of period w ,  it means that 
this solution, 

e(t + w )  = + Pw, , Y ( t  + w )  = r(t), 
which shows that y(0) is periodic of period pw, . We have 

From this it follows that for H > 0 sufficiently small, there exists R > 0 
such that if 1 y I < H we have 

I t(Pw0) - t ( (P  - 1)wo) - wo I < R max I Y I. 

If n = 2, from the general properties of the systems in the plane, it 
follows that the only possible case is p = 1; hence w ( x )  = t (wo) - t(0) 
and 

I w ( x )  - w, I < Rmax Iy I .  

Hence W ( X )  is continuous for x = x, . Now let n >, 3 ,  W ( X )  = t (pwo) - t(0). 
We have 

4 x 1  - P , , O  = [t(Pwo) - t ( ( P  - 1)wo) - wol 

+ [ t ( ( P  - 1)wo) - t ( ( P  - 2)wo) - wol 

+ ... + [t(wo> + t(0) - wo]. 
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It follows that 

hence 
144 -Pw,l < PRmax l Y  I; 

44 - Pwo 2 -PR max I Y I, w(x)  2 P[wo - R max I Y 13. 
For I y 1 sufficiently small, 

w, - Rmax Iy 1 > 0. 

Since we have supposed that periods ~ ( x )  are bounded, 

M 
P C  w , - R m a x l y l  ' 

hence the set of the integers p is bounded. Let S, be the set of points x 
situated in the hyperplane Il in the neighborhood of x and such that 
the period of the solution which passes through x be close to  p w , ,  
and let L be the least common multiple of numbers p .  For x E S, we 
will take 

G(x)  = -uw(x); 

obviously, G(x) is also a period for the solution which passes through x. 
We have 

L 
P 

L -. IGh) -Lw, 1 = - I d x )  - p w ,  j < - E, 

for E > 0 arbitrary, we choose < such that (L/p)< < E and then we 
choose the neighborhood of x,, small enough so that 1 ~ ( x )  - pw,  I < E. 
Taking into account that w(xo) = x, , hence that x, E S,  , it follows that 

G(xo) = L W ,  = Lw(x,). 

I G(x)  - G(x0)I < E 

L 

P P 

Hence 

if x is in a small enough neighborhood of x , ,  which shows that G is 
continuous in point x, . We will say that the period G(x) is an universal 
period. In  what follows we will consider only universal periods. 

Let y(8, a) be the solution of system (15) with y(0, a )  = a;  if wo is 
a universal period of C, , for I a I sufficiently small, the solutions y(8, a )  
are all periodic of period 0,; therefore y ( w o ,  a)  = a. The  closed curves 
in the neighborhood of the curve C, may be written 

x ( t )  = uce) + wwe, a); 



3.8. AUTONOMOUS SYSTEMS CONTAINING A SMALL PARAMETER 293 

Denote by C, the curve corresponding to the solution y(0, a). Supposing 
that t(0) = 0 we have 

and the universal period w, is given by 

w, = t (w , ,  a). 

If we write system (15) in the form 

system (17) can be written 

T h e  general solution y(B, a )  ofzsystem (18) is, for I LY. 1 sufficiently small, 
periodic in 6' with period wo . For the study of the periodic solutions of 
period wo of systems (19) we may use Theorem 3.9. 

In  case the solution u(t)  of system (13) belongs to  a family of periodic 
solutions depending on K + 1 parameters, supposing again that the 
periods are bounded, we will deduce the existence of an universal period. 
System (18) will have a family of periodic solutions of period w,, , 
depending on k parameters, and for the study of periodic solutions of 
period wo of system ( W )  we can use Theorem 3.8. 

Applications. 1. Suppose n = 2 and consider the system 

x, y being scalar. Let x = ~ ( t ) ,  y = $(t) be a periodic solution of this 
system. T h e  normed orthogonal system attached to this curve is formed 
by the vectors 
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The matrix A(0) of the coefficients of the variational system is 

From this follows 

The  scalar product of (- Y/R X / R )  and the vector A(0) (- Y / R  X / R )  is 
equal to  

and the scalar product of the unitary vector (- Y/R  X / R )  and its 
derivative is zero; hence 

1 ax ax ay ay 
aY ax aY 

b(0) = R2 (a, Y2 - -XY - --XY + -x2). 

Further, we have 

However, 

hence 
d 1 ax ax ay aY 
-In R = - (-XZ + -XY + - X Y  + T- ~ 2 ) .  
d0 RZ ax aY ax dY 

I t  follows that 

ax ay d 1 ax 8Y 
d8 R2 ax aY ax ay b(0) + - In R == - (- ( X z  + Y z )  + - (X2 + Yz)) = - + - . 
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and that 
ax ay d 
ax ay de 

b(8) = - + - - -In 2/x2 + ~ 2 .  

The  system in normal variations is the equation 

whose solution with v(0) = 1 is 

where 

The  condition of orbital stability is given by h(w) < 0. If h(w) # 0, 
in the neighborhood of the periodic solution we have considered, there 
appears a periodic solution of the perturbed system. 

2. Consider the case where X(x)  = Ax, A being a constant matrix 
which has two purely imaginary eigenvalues. Suppose that matrix 
A is of the third order and that it has the eigenvalues i, --i, a. Through 
a linear transformation with constant coefficients, A can be brought 
to the form 

a 0  0 k ; -:I 
We will suppose from the beginning that it has this form. 

In  this case, system (1 3) will be written 

dx3 dx' dx2 
dt dt dt 

- -x9, - = *2 - axl, - - -- 

and it admits the fundamental matrix of solutions 

0 
0 cos t  
0 sin t cos t 

Let 
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Consider the solution 

u(t, a) .= ~ ( C O S  t e,  + sin t e,). 

We have 

X[u(t ,  a)]  = zi(t, a) = a(-sin t e ,  + cos t e , ) ,  

X[u(t ,  a)]  = -sin t e2 + cos t e3 , 
1 X[u(t ,  .)]I = I a I, 

cos = 0, cos 8, = -sin t ,  cos O3 = cos t ,  

5, = e2 + sin t (e ,  - sin t e2 + cos t e3) 

= sin t e ,  + cos2 t e ,  + sin t cos t e ,  , 

5, = e3 - cos t(e, - sin t e2 + cos t e,) 
- - -cos t el + sin t cos t e2 + sin2 t e, . 

Let 

We will have 

Z(x,  €) = Ax + €XI@,  €). 

However, 
sin 8 

sin 8 cos 6 sin2 8 

cos e sin 8 
-2 sin 8 cos 8 
C O S ~  8 - sin2 8 

cos2 8 - sin2 8 
2 sin 8 cos 8 

d8 

sin 8 

2 sin 8 cos 8 

dS(8)  X*[u(e)] - = (0 - a sin 6 01 cos 8) 6 cos 8 cos2 8 - sin2 8 
C O S ~  8 - sin2 8 d8 

= (a  sin 8 sin 28 + 01 cos 8 cos 28, -a sin 8 cos 28 +a cos 8 sin 28) 

= (a  cos 8 sin 8)  = ~ ( C O S  8 sin 8) ;  

hence the denominator in the expression of @(6, y, 6) is a2 + a(y2 cos 6 + 
y3  sin 6). The numerator is of the form 

X*[~(B)I(A~(B) + AS(Q + €x[u(e) + W)Y,  01 + OW 

= I x[u(e)i12 + x*[u(ws(e)~ + .x*[u(e)lxI[u(e) + SWY, 01 + o(€). 
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We have 

X*[u(B)]A = (0 - as in  8 ~ C O S ~ )  0 0 -1 = (0 0lcos8 a sin 8), 

1 
-cos e 

c 3 
sin 8 

X*[~(B)]AS(~) = (0 (Y cos e a sin e)  COSP e sin 0 cos 0 

(Y sin e), 
( sin 0 cos 8 sin2 0 

= (a cos 0 

x*[~(e)]As(e)y = a(y2 cos e + y 3  sin e). 

Thus, 

q e ,  y ,  4 
- - 

(Y2 + (Y(yz cos + y 3  sin 0)  + ex*[4e)ix,[4e) + wqy, 01 + o(g 
+ .(y2 cos 0 + y 3  sin 0)  

Further, 

We have 

sin 8 -cos e 
A q e )  = 8 -Y)(cos2e 

a sin I3 

sin 0 cos 8 
0 s indcose  sin20 

a sin 0 -a cos e 
S,"(O)AS(e) = (sin e C O S ~  e sin e cos e) -sin e cos 8 -sin2 e 

-a cos e 
Ocose -sin28 

sin 0 cos 0 

c O S ~  e sin 0 cos 0 
= (a sin2 0 --a sin 8 cos e), 
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a sin 0 --a cos e 
[,*(e)AS(e) = (-cos 0 sin 0 cos 0 sin2 0) -sin 6 cos 0 -sin2 6' 

cos2 e sin 0 cos 0 
= (-a sin 0 cos 0 a cos2 e), 

sin f? 

sin 28 

[,*(e) -;ie dS(4 = (sin 0 cos2 6' sin 0 cos 0) 

sin 0 

sin 28 

dS(4 [;(e) -;ie = (-cos 0 sin 0 cos 0 sin2 0) 

It follows that 

From here, 

= y3 + a sin B(y2 sin e - y3 cos e) + &e)x,[u(e) + s(e)y, 01 

= y z  sin2 0 + ys(l - a sin 0 cos 0) 



3.8. AUTONOMOUS SYSTEMS CONTAINING A SMALL PARAMETER 299 

We have 

a sin B(y, sin 6 y3  cos 0) x cos2e + 01, + 01(y, cos 0 + y ,  sin 0) a: sin el + x;Lu(e) + s(qy, 01 

a sin O(yz sin 0 - y3  cos 0) 
01, + a(y2 cos 0 + y 3  sin 0) 

[ 
x sinBcos6 - cos 4 t 

= x:[u(e) + s(e)y, 01 sin 0 + x ; [ u ( q  + S(0)y, 01 

01 cos2 0 + y2 COS, 0 + y3  cosz 6, sin B + ay, sin3 B - ay, sin2 0 cos 0 
01 + y z c o s B  +y , s ine  

X 

+ x;[u(e) + W ) y ,  01 

LY sin 8 cos 0 + y z  sin 8 cos2 0 +.y3 sin2 0 cos 0 

- ay, sin2 0 cos 0 + ay, sin 0 cos2 0 
X 

01 +y,cosO +y,sinB 

01 C O S ~  0 + yZ(cos3 6' + a sin3 0) + y3 sin B cos 0(cos 0 - a sin 0) 
X 

01 + y z c o s e  +y,sinB 

+ x:[u(e) + q q y ,  01 

01 sin 8 cos 0 + yz  sin 6 cos 8(cos 0 - a sin 0) 
+ y 3  sin 6' cos 0(sin 0 + a cos 0) 

X 
01 +yzcostJ  +y3s in8  
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Likewise, 

R cos e( -yz sin 6' + y 3  cos 0 )  
0 1 ~  + a(yZ cos 0 + y3 sin 0)  

x sinecos6, + a sin e] [ 
u cos e( -yz sin 8 + y3 cos 0) 

0 1 ~  + 01(y$ cos 0 + y3 sin 6) 
cos e] + x;[u(e) + s(e)y, 01 [sin2 0 - 

01 sin2 0 + yz sin 6' cos O(sin 0 + a cos 0) + y3(sin3 0 - a C O S ~  0)  
01 +yzcosO + y 3 s i n 0  

X 

It follows that 

= yz a sin2 e + y3(1 - a sin e cos e)  
dt 

01 cos2 0 + ya(cos3 0 + a sin3 0)  + y3  sin 0 cos O(cos 6' - a sin 0)  
01 + y z c o s e  + y 3 s i n 0  

X 

+ x;[u(e) + s(% 01 

+ y 3  sin 0 cos 0(sin 0 + a cos 0) 
01 sin 0 cos 6' + yz sin 0 cos ~ ( C O S  0 - a sin 0) 

01 + yz cos 6' + y 3  sin 0 
X 

01 sin 0 cos 0 + y z  sin 0 cos B(cos 0 - a sin 0) 
+ y3 sin 0 cos @(sin 8 + a cos 0)  

X 01+y~cosO + y 3 s i n e  
+ X,3[u(Q) + V l Y ,  01 

01 sin2 0 + yz sin 0 cos B(sin 0 + a cos 0) + y3(sin3 0 - a C O S ~  0) 
+ y2 cos 0 + ys  sin 0 X 
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We have thus obtained the explicit form of system (19). System (18) is, 
in this case, 

dY2 - = yza sin2 6' + y3(1 - a sin 6' cos e), 
de 

de 
= -y2 (1 + a sin B cos e) + y 3  a cos2 e. 

In  order to obtain a fundamental matrix of solution of this system, 
let us observe that it coincides with the system in normal variations; 
hence its solutions will be the normal components of the solutions of 
the variational system, which in this case is dxjdt = Ax. Thus we 
write the solutions of this system in the basis formed by the vectors 
(X 5 2  , t 3 ) .  We have 

easel = pix + p ; t 2  + p; t3  , 

cos 9 e2 + sin e e3 = pix + p2E2 + p i t , ,  

- sin e e2 + cos Be, = p i x  + p i &  + p:t3 . 
From the last relation we obtain 

-sin 0 = -pi sin 0 $- p i  cos2 B + p:  sin 8 cos 0, 

cos 0 = p i  cos 0 + pi sin 6 cos 0 + p ;  sin2 8, 

0 = p2,sin 0 - p i  cos 8. 

Therefore, 

sin cos I -sin 0 C O S ~  8 1 cos e sin ecos e sin2e 
sin 0 I 

= 1, p ;  = 0, p; = 0. I 0  
Pi = I sin e CY~Z e sin 0 cos 0 1 

cose sin Bcos 0 sin2 0 
l o  sin 0 -cos e I 

The other relations yield 

eao = p ;  sin 0 - p ;  cos 8, 

0 = -pi sin 0 + p i  cos2 0 + p ;  sin 6 cos 8, 

0 = p i  cos B + p i  sin 0 cos 0 + p: sin2 6,  

cos 0 = -pi sin 0 + pi cos2 0 + pi sin 0 cos 6, 

sin 8 = p :  cos 0 + p i  sin 6 cos 8 + p i  sin2 8, 

0 =p2,sinB-p;cosl?. 
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Both systems have the same determinant (the same as the determinant 
of the preceding system); the columns of this determinant are the 
components of vectors x, f 2 ,  f 3  in the basis e , ,  e 2 ,  e 3 ,  and since these 
vectors form an orthogonal and normed system, the determinant is 
equal to 1. It follows that 

p2, = eae sin 8, p i  = -eae cos 8, pt  = cos 8, p i  = sin 8; 

hence system (18) admits the fundamental matrix of solutions 

hence the family of periodic solutions of period 2rr, 

y 2  = p cos 8, y3  = p sin 8 .  

The adjoint system has the fundamental matrix 

and the periodic solution of the same form. 

P(y). We have 
We will apply Theorem 3.8 to system (19). We have to compute 

sin 8 -cos e 0 

sin 8 cos 8 sin2 8 sin 8 

sin8cos8)(; cos . 8 1 = kcos8) .  
sin 8 

yz sin 8 cos 8(cos 8 - a sin 8)  + y 3  sin 8 cos O(sin 8 + a cos 0) 

= p sin 8 cos2 8(cos 8 - a sin 8)  + p sin2 8 cos @(sin 8 + a cos 8)  

= p sin 8 cos 8(cos2 8 - a sin 8 cos 8 + sin2 8 + a sin 8 cos 8) 

= b sin 8 cos 8, 

y 2  sin 8 cos 8 (sin 8 + a cos 8)  + y3(sin3 8 - a C O S ~  8) 

= p sin 8 cos2 8(sin 8 + a cos 8) + p sin 8(sin3 8 - a C O S ~  8)  

= B(sin2 8 cos2 8 + a sin 8 C O S ~  8 + sin4 8 - a sin 8 C O S ~  8)  = /3 sin2 8, 
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yz(c0s3 8 + a sin3 8) + y 3  sin 0 cos qcOs 0 - a sin 8) 

= p cos B(cos3 6 + a sin3 8) + p sin2 e cos fl(cos 0 - a sin 8) 

= p(c0s4 8 + a cos e sin3 0 + sin2 0 C O S ~  e - u sin3 8 cos 0)  = p C O S ~  8, 

y2 sin 8 cos B(cos 8 - a sin 8)  + y 3  sin 0 cos f3(sin 0 +a cos 0)  

= p sin 0 cos2 B(cos 8 - a sin 8)  + p sin2 0 cos 8(sin 0 + a cos 0) 

= p sin 6 cos B(cos2 8 - a sin 0 cos 0 + sin2 0 + a sin 8 cos 8)  

= ,6 sin 0 cos 8. 

It follows that in system (19) the terms in E, written for the generating 
solution yz  = /3 cos 8, y 3  = /3 sin 8 become 

X;(O, y cos 8, y sin 8,O) sin 6 + X,Z(O, y cos 0, y sin 0,O) cos2 6 
< 

+ X,"(O, y cos 6, y sin 0,O) sin 8 cos 8 - X i ( 0 ,  y cos 8, y sin 8,O) cos 0 

+ X,Z(O, y cos 8, y sin 8 , O )  sin 0 cos 8 + X;(O, y cos 8, y sin 8,O)  sin2 8. 

It follows that 

~ ( y )  = T{(x; sin e + cos2 e + X ;  sin e cos 8) cos e 
0 

+ ( -X;  cos 0 + X ;  sin 0 cos 0 + X," sin2 0)  sin @)dB 

2n 
= J {x,z[o, y cos e, y sin e, 01 cos e + x;[o, y cos e, y sin 8, 01 sin epe.  

Through this, Theorem 3.8 gives the complete solution of the problem. 
The  application we have considered could be treated in a simpler way,* 
but we wanted specifically to  give an example of effective computation 
on the basis of the method which has been theoretically presented above. 

0 

3.9. Periodic Solutions of the Second Kind 

I n  the study of some electromechanical systems, after some simplifying 
hypotheses, the same mathematical problem is reached as appears in 

t A  treatment of some general systems containing the above-mentioned case as a 
particular case is to be found in a paper of E. A. Coddington and N. Levinson. 
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the study of the pendulum with linear friction, under the action of a 
constant moment. The  equation has the form 

d28 d8 I - + b - + m g a s i n 8  = M ,  
dt2 dt 

and is a particular case of the systems (if we denote d9/dt = z )  

d 8  dz 
- dt = +(a, 4, = F ( 8 ,  z ) ,  

where the function q5 and F are periodic with respect to 9 with period 27r. 
An important role is played in the study of these systems by solutions 

of the form 
z ( t )  = d t ) ,  $ ( t )  = wt + w, 

where y, 1+5 are periodic with period T = 2Nm/w. Indeed, let us observe 
that 

2 N r  
z ( t  + T )  = z ( t ) ,  8(t + T )  = w ( t  + 7) + $(t + T )  = 8(t) + 2Nn. 

Owing to the angular character of the variable 9, the state of the 
system does not change when 8 is replaced by 9 + 2N7r; hence we may 
consider that z(t + T ) ,  9(t + T )  correspond to the same state of the 
system as z(t), 9(t). This justifies the fact that the solutions of the form 
considered above are assimilated with the periodic solutions of the 
system and are called periodic solutions of the second kind. 

The  geometrical meaning of these facts is the following: By putting 
into correspondence the states of the system and the points of a phase 
space, we see that for the systems considered, due to the periodicity 
with respect to  8, the corresponding phase space is a cylinder. The  
periodic solutions of the second kind correspond to some closed curves 
situated on this cylinder, which surround the cylinder; the curves are 
closed since when t varies with T,  the point (9(t), z( t ) )  returns in the 
same point of the cylinder, and they surround the cylinder, since when 
t varies with T ,  8 varies a multiple of 2 ~ .  

In  the following pages we will consider systems of a general form, 
whose particular cases are those mentioned above and we will emphasize 
a stability theorem of periodic solutions of the second kind, analogous 
to the Andronov-Witt theorem, as well as a theory of the systems 
containing a small parameter. 

Consider an autonomous system of the form P = f ( x ) ,  where 
f ( x  + 271-p) = f(x), p being a vector with some components equal 
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to 1 and the other components zero. This means that f is periodic 
of period 277 with respect to a part of the components of vector x. 

Suppose that the system admits a periodic solution of the second kind: 

44 = WtP + w, 
where is periodic of period T = 2rN/w;  this means that 

hence those components of u with respect to which f is periodic vary 
with a multiple of 2r, while the others remain unchanged. I t  follows 
from here thatf[u(t)] is periodic in t of period T :  

f [ 4 t  + T)1 =f[W + 277NPl =f[u( t ) I .  

Using the formulas of M. Urabe we form the orthogonal normed 
system attached to the curve u(t); let 5, , t 2 ,  ..., tn be the vectors of 
this system, where we have denoted = f[u(t)]//f[u(t)]l. Taking into 
account the construction carried out above, all the vectors fk will be 
periodic of period T .  

As in the study of periodic solutions of autonomous systems, we 
perform the change of variables x = u(0) + S(6)y and we obtain a 
system of the form 

where 

From these formulas we see that Y and 0 are periodic in 8 with period T ;  
hence the system in normal variations is a linear system with periodic 
coefficients of period T.  

The variational system corresponding to the solution u(t)  has the 
matrix A(t) =fL[u(t)], and since f; has the same properties of partial 
periodicity asf, it follows that A(t) is likewise periodic in t of period T.  
The variational system 

dv 
dt 
- = A(t )v  
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admits the solution 
du v = - =  d+ dt UP + 3 

periodic in t of period T.  Thus it admits in any case a multiplier equal 
to 1 .  Repeating the calculations carried out in the case where u( t )  was 
periodic, we deduce that the other multipliers of the variational system 
coincide with the multipliers of the system in normal variations. 

Thus we deduce 

Theorem 3.14.' If ( n  - 1)  multipliers of the variational system 
corresponding to the periodic solution of the second kind, u ( t ) ,  are in the 
interior of the unit circle, this solution is orbitally stable; this means that i f  
x(t,) is close enough to the curve x = u(t) ,  there exists c such that 

lim [ x ( t )  - u(t + c)] = 0. 
t-tm 

This theorem has been stated by 0. Vejvoda. 
Let us now consider a system with a small parameter of the form 

dx 
- dt =&, E), f (x  + 2np, .) = f ( x ,  E ) ,  

and suppose that for c = 0 the system admits a periodic solution of the 
second kind, u(t). Considering again the system of vectors El, ..., 5, 
attached to this solution and performing the change of variables 

x = 40) + W ) y  

we obtain a system of the form 

As in the case where u is periodic, we pass to the system 

and by the usual methods it becomes obvious that if the variational 
system corresponding to the solution u( t )  has ( n  - 1) multipliers 
different from 1, there exists a solution y(0, E) periodic in 6' of period 
T with 

limy(B, f) = 0. 
E+O 
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T o  this solution corresponds a solution of the initial system, of the 
form 

x(t ,  €1 = u[e(t, 43 + w q t ,  +IY[o(~, €1, €1. 
From 

dB 
dt - = @(@, Y ,  4 = 1 + O(l Y I + I I) 

we obtain 

since y(0 ,  c) = O(E). 

T and thus 
We deduce from here that if t varies with T + e!$(e), 0 varies with 

To this purpose, it suffices to verify that the difference x(t ,  6) - 
[2rN/T*(e)]pt  is periodic, with period T*(E). We have 

and the property is proved. We have thus obtained 

Theorem 3.15'. If for E = 0 the system i = f ( x ,  e) admits a periodic 
solution of the second kind, u(t), such that the corresponding variational 
system has a single multiplier equal to 1, then for I Q I sufi&tly small 
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the system admits a unique periodic solution' of the second kind, x(t,  E) 

with the property 
lim x(t, 6 )  = u(t ) .  
€40 

I f ,  in addition, none of the multipliers, with the exception of that equal 
to 1, is a root of unity, the system does not admit in the neighborhood 
of the curve x = u(t)  other solutions which are closed curves in phase space, 
except x(t,  E). I f  the multipliers different f rom 1 are in the interior of the 
unit circle, the periodic solution of the second kind r(t, E )  is orbitally stable. 

In  the same way one can study the cases where the variational system 
has several multipliers equal to 1, e.g., the cases when there exists a 
family of periodic solutions of the second kind. All this amounts to the 
study of periodic solutions of the system 

which is carried out by the usual methods. 

3.10. A Method of Successive Approximations 

We shall present below a method of study of some difficult cases 
from the theory of nonlinear systems containing a small parameter, 
elaborated by L. Cesari and representing the synthesis of a whole cycle 
of works of L. Cesari and of his co-workers. A system of differential 
equations of the form 

is considered and the following conditions are assumed to be fulfilled: 

(a) There exist numbers w > 0, 6 > 0, e0 > 0, and integers 
0 < v < n, ai , bj , with bi > 0 , j  = 1, ..., v, such that the n eigenvalues 
pi(€) of the matrix A are continuous functions of E for 0 < E < c0 and 
verify the relations 

a .  
Pj(0) = i L w  ( j  = 1, ..., v) 

bi 

where bo is a common multiple of the number b, , ..., b, . In  addition, 
we will suppose that A(€) is a diagonal matrix. 
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(b )  There exists an R > 0 and a function $(t) > 0 integrable in every 
finite interval, such that I y l  I < R, -a < t < co implies 

I qdy, t ,  4 < W )  Cj = 1, ..., n) 

and for 5 > 0 there exists a 5 > 0 such that j y ;  1, I y i  1 < R, 0 < E’ < 
6‘’ < E*, I y ;  - y: I < t, 1 E‘ - c’’ I < 5 implies 

i qj(Y‘,  t ,  E ’ )  - qj(y”, t ,  G r;+(t>. 

In  addition, q(t, y ,  e )  is periodic in t of period 2 ~ 1 ~ .  

(c) 
n 

I q3(yf, t ,  c )  - qj(y”, t ,  €11 G + ( t )  C I Y;  - Y F  I ( j  = ~ 2 ,  ..., n). 
1=1 

The  results obtained will be applied to systems of the form 

d2uj du . du 
- + 2a.--2 + a?u. = c j .  u,v,-, t ,  e )  

dt2 3 dt 3 3  3 (  dt ( j  = I ,  ..., p) 

Suppose a5 < 0; , j = 1 ,  2, ..., p;  put yi = 2/05 - aj” and pil(.) = 

-ai + iyi , pjz(.) = - ai - iyi . We order the first p equations so that for 
w > 0 we have 

a .  
q(0) = 0, ~ ~ ( 0 )  = ~ O J ,  a$ > 0, b, > 0 ( j  = 1,2 ,  ..., A) 

bj 
and 

imw imw 
PjZ(0) f - P m  f b, 9 ( j = X + l ,  ..., p , r n = O , & 1 , + 2  ,... ). 

6 0  

The  last (n - p) equations will be ordered so that &(O) # 0 for 
j = p + 1, ..., r and &(O) = 0 for j = r + 1, ..., n, p 5 r < n. Suppose 
that the functions fi verify conditions (b) and (c) with respect to the 
variables (u, v, duldt). 

Introduce the new variables y1 , ..., y N ,  N = n + p, putting 

y 11+3 . = v .  3 ( j  = p + 1, ...) n). 
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We obtain 

hence 

Further, 

System (21) is thus transformed in a system of the form (20). T o  the 
first v equations of system (20) correspond the first 2h and last (n - Y )  

equations of the transformed system. The numbers p i ( 0 ) , j  = 1, ..., v 
are here i ~ ~ ,  - i ~ ~ ,  ..., i n ,  - i q ,  0, ..., 0, where 0 is repeated (n - Y) 

times, and T~ = (a j /b j )o .  
Let us observe that for E = 0, system (20) admits the family of solutions 

depending on v parameters: 

is a periodic function of t with period 27rbi/w; hence the solutions con- 
sidered are periodic functions of t with period 27rbo/w, where b,, as 
above, is the least common multiple of numbers bj , j = 1 ,  ..., V. 
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We are thus in the conditions of Theorem 3.8. The conditions of 
existence of a periodic solution of period 27rb0/0 can be obtained with the 
help of this general theorem. We will, however, study this problem 
independently of Theorem 3.8, with the help of L. Cesari's method, 
which can be applied in other cases, too. This method also makes 
available a technique of approximative computation, through successive 
approximations, of the periodic solution. 

We will begin by some preparatory notions. Consider the family 
C ,  of functions f ( t ) ,  -a < t < co, which are finite sums of functions 
of the form eufqJ(t), u being a complex number and y a complex-valued 
function, periodic in t of period T = 2m/w integrable in [O, TJ Evidently 
C, is an additive class. If q~ has the Fourier series 

then the series 

is called the series associate to the function f .  
The mean value !Ill[ f 3 is  defned by !Ill[ f ] = c, if imw + u = 0 and 

roZlf] = 0 if there does not exist an m with imw + u = 0. For every 
f E C, , XU[ f ] is defned and represents a linear functional on C,  .For vector 
functions roZ[ f ]  is the vector with components roZvj]. 

I f f  E C, , a primitive F of f belongs to C, if and only i f  !Ill[ f ]  = 0; i f  
roZ[ f ]  = 0, there exists a primitive F unique, belonging to C,  and such that 
!Ill[F] = 0. This primitive will be denoted by J f ( t )dt .  

If f = e(a+iB)4p and !Ill[ f ]  = 0, y - 2 c ,,, eimol , then 

For every constant V T,  there exists an N(a, T,  V) such that 

For u f 0 (mod wz], 

and for a = 0 (mod wz), F(t )  = 1/T J'"uf(u)du. i 
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If u + imw # 0 for m = 0, f l ,  ..., and 0 < 6 < min I u + imw 1, 
0 < 6 < w, let u' be such that 1 u - U' I < 612, f = e4p,  f' = eu'tv, 
V T.  Then the unique primitives F, F', which have the mean value 
zero, verify the relation 

Indeed, we have 

hence 

(eu'T[l  - e(o'-o)(u-T)] + [e(o'-o)u - I]} 

x euurp(u)du, 
lttT 1 

(FT - l)(e''T - 1 )  
- - 

from which immediately follows the foregoing evaluation. 

Lemma. If A is a constant matrix with eigenvalues p l ,  ..., p R  , and f 
is a periodic vector with period T = 2.rr/w, and ;f there exists a 6 > 0 
such that 1 imw + pj I >, 6 > 0 for every m = 0, fl. f 2 ,  ..., then the 
system dyldt = Ay + f has a unique periodic solution, of period T ,  and 
this solution statisfies the estimate 

Proof. It may be assumed that A is triangular, since there always 
exists a linear transformation which leads to this form. The last equation 
of the system then has the form 

Y n  = PnYn +fn( t> 

and admits the unique periodic solution 
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we have 
T 

I Ym(4  < M N  J Ifn(t)l dt .  
0 

The  next-to-last equation has the form 

Yn-1 = Pn-1Yn-1 + %-l.n Y n ( t )  + f n  - l ( q  

and admits the unique periodic solution given by the formula 

The  procedure is repeated, and thus lemma is proved. 
Given the numbers cj , j  = 1, ..., Y, consider the set l2 of the con- 

tinuous vector functions, periodic of the period T = 2xbo/w whose 
first v components have the form 

Consider the transformation defined by the relations 

4$(t) = ciezTlt + eetTJt e-27~t“(93[p(t), t ,  €1 - djpj(t))dt ( j  = I ,  2, ..., v) I 
a,hj(t) = cePjt e-Pjtqj[T(t), t ,  ~ ] d t  ( j  = v + 1, ..., n) I 

where the numbers dj are defined by the relations 

c .d .  = m[e-iT-t J dT(t ) ,  t ,  41 ( j  = 1 ,  .-*, .). 3 3  

Observe that e-”51qi[y(t), t ,  ~ ] , j  = v + 1, ..., n, are of the class C,. , 
with I - pi + (imw/bo) I > 6 > 0, w’ = w/bo; hence they have the mean 
value zero. 

We see immediately that the functions +i are continuous and periodic 
of period T .  Taking into account the relations which define di and the 
fact that m[e-iz~4pi]  = cj , j  = 1, ..., v, it is clear that 

iJ.R[e-iTtt{qj[q(t), t ,  €1 - djv j ( t ) ) ]  = 0 

and we immediately deduce that 

m [ $ ~ , ( t ) e - ~ ~ 3 ~ ]  = cj ( j  = 1, ..., v). 

It follows that the transformation considered maps l2 into itself. 



314 3. THEORY OF OSCILLATIONS 

We introduce in 52 the norm 

II ‘p II = max I ‘ p M  

and 52 becomes a complete metric space. Let 

z(t)  = (cle-iTit, ..., c,,ciTvt, 0, ..., 0) 

and In, be the sphere )I i,h - x 11 < r. Let R be the number which 
intervenes in the hypotheses stated with respect to the functions q j ,  
and i,h be the function which intervenes in these same hypotheses; let 
K > 0 be such that S,’+!(t)dt < KT. 

If max I cj I < r2 < R and r = R - r 2 ,  for E Q 0 ,  we have 

I1 F II < I1 z II + < r + r2 = R, 

and from 

we obtain the estimate 

if r1 < I cj 1, it follows that 

hence 

TKR 
rl 

< NE [KT + -1 for j = 1, ..., v .  

Forj  = v + 1, ..., n we have 

where H = e Y T ,  y = max I Re pj I (j = v + 1, ..., n). It follows that if E 
is sufficiently small, we have I i,hj - xj I < r; hence the transformation 
considered maps the sphere Go into itself. 
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We shall show that for E sufficiently small, the transformation is a 
contraction. We have 

From this we see that if E is small enough, the transformations is a 
Contraction. I t  thus admits a fixed point in 52,. Let yi(t) be this fixed 
point. We have 
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We deduce from this that the functions y j  satisfy system (20) if the 
supplementary conditions 

ia, - w - Ed, = p 3 ( E )  
b3 

( j  = I, 2, ..., Y) (*) 

are fulfilled. 

by the following procedure of successive approximations: 
The solution y ( t )  of system (20) and the equations (*) can be obtained 

y'O'(t) = z(t), 

yim)(t )  = z3(t) + E e z T j t  s e-zT,t{q3[y(m-1)(t), t ,  E ]  - d~m-l)y(m-')(t)}dt (j = 1 , ..., Y), 

y:")(t) = EeP,(4t e-P,(f)tq3[y(m-l) ( ) , t , ~ l d t  t ( j = Y + l , . . . ,  n), 

d(m-l)c = m[e-%T t ("-1) t t 
s 

j J  J q 3 ( y  ( 1, 11 ( j  = 1, ..., 4. 

The relations (*) can be put under a more effective form. Indeed, we 
have 

ia 
y i  = zi + O(E), P j ( E )  = - W + €Of + O ( E ) .  

b, 

The relations (*) become 

E U ~  + edj + O ( E )  = 0 

or 
uj + dj + O(E) = 0. 

On the other hand, 

T 
d .  - - s e - i ~ . u  1 q,[y(u), u, ~ ] d u  = /'e-t7juqj[z(u), u, O]du + O(E).  
3 - ~ j T  cjT 0 

Hence the relations of the condition become 

Let 

Pj(c, , ..., c y )  = uj + - e-iTjuqj[z(u), u, O]du 
CfT s' 0 

( j  = 1, ..., Y), 
( j  = Y + 1, ..., n) Z j ( U )  = 
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If Pj(cy,  ..., c:) = 0 and a(P, , ..., Py)/a(cI , ..., c,) # 0 for ci = cj” , then, 
on the basis of the implicit-function theorem, there exist quantities 
ci(c) which verify relations (*); hence there exists a periodic solution 
of period T = 27rbo/w of system (20). 

We have finally obtained the following theorem: 

Theorem 3.16. We consider system (20) and suppose the conditions 
(a), (b), (c) satisjied. If 

and ;f cy , ..., c! verifr the conditions 

for ci = c; , where 

Pi(cl, ..., c,) = ui + - e-zSiuqi[z(u), u, Oldu, 
CiT ST o 

, ( j  = 1, ..., 4, 
( j  = v + 1, ..., n), .3(.) = 

then system (20) admits a periodic solution y i ( t ,  E) of period T with the 
property 

y&, €) = a) + O(E). 

Different conditions may be obtained from this theorem for systems 
of the form (21). 

3.1 1. Periodic Perturbations of Autonomous Systems 

With the view of studying the periodic perturbations of autonomous 
systems, we shall first give some general propositions in connection 
with the existence of invariant periodic surfaces for some classes of 
systems. 

Consider a system of the form 

e = q t ,  e,y) j = ~ ( t ,  8, y )  (22) 

where 0 and Y are periodicin t with period T and in 9 with period w. 
We have the relations 

@; 6 0  + w ,  yo) = w; 6 0  ,Yo) + w 

y(t ;  00  + (0, Yo) = Y ( t ;  00 ?YO) 
(23) 
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Indeed, from the periodicity of 0 and Y with respect to 8 it follows that 
we have on both sides solutions of system (22), and these solutions 
coincide for t = 0. 

The periodicity with respect to t entails the validity of the relations 

(24) 

Let a : R + Rn-l be continuous and periodic, of period w .  Consider 
for every fixed t 2 0 the function p ! :  R-+ R defined by p:(u) = 

Suppose that for  all fixed t >, 0 and a, the function p: has an inverse 

For every natural N define the mapping T ,  by 

e(t + T ;  00  , Yo) = q t ;  v; 00  ? Yo),Y(I’; 00 , Yo)), 

A t  + T ;  do 9 yo) ~ ( t ;  @(T; 0 0  9 yo), Y ( T ;  on 9 Y O ) ) .  

d( t ;  0, a(.)). 

and denote this inverse by u; . 

( Y d f )  = Y“T; G T b ) ,  “G;T(P)I). 

Lemma 1. 

Proof. From (24) we obtain 

TNfla  = TN(T1 a )  for  all N ;  hence TNa = T r a .  

e((N + 1 ) ~ ;  eo , @,)) = e(T; eo .(en)), A T ;  00 4 d ) ,  
(25) 

Y ( ( N  + 1 ) ~ ;  e,, .(e0)) = YWT; eo +u,Y(T; 8, a(eo))>. 

Let us put 8( T ;  8, , .(On)) = pl ;  it follows that 8, = u;(pl) and 

Y ( T ;  00 9 4 0 0 ) )  = Y ( C  4 P 1 ) 7  4 4 P l ) l )  = (T14(Pd 

Let 18 = T1al . From the first equation of (25) follows 

O((N + 1)T; 00 9 @o)) = W T ;  PI 9 B ( P 1 ) )  = PBNT(P1); 

hence p;+l(80) = pgT(pl) .  Taking 8, = ~ & + ~ ) ~ ( p )  it follows that 

Using the second equation of (25) we further deduce that 
P = P M f l ) ;  hence P1 = &T(P)’ 

( T N + l o I ) ( P )  = y ( ( N  + l l T ;  u 7 N + 1 ) T ( f ) ,  m[‘PN+l)T(P)I) 

= Y ( N C  P1 9 B ( P 1 ) )  = Y W T ;  ‘J!T(P), B(4*(P)l)  

= ( T N B ) ( P ) ;  

hence T,+,a = TN/3 = TN(Tla). 

Consequence. If there exists a natural N for which T, admits a unique 
fixed point a0 , then a. is also a fixed point for Tl . Indeed, TNT1aO = 
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T,+,ao. = TIT,ao = Tlao; hence Tlao is a fixed point of T ,  and from 
the uniqueness of the fixed point it follows that a. = TlaO . 

Lemma 4. TNCX is continuous. 

Proof. This follows automatically from the continuity of O& and 
from the theorem of continuity with respect to initial conditions. 

Define the function C ( t ,  0) by the relation Z (t ,  0) = y( t ;  u?(0), 
a[0:(0)]. The function C is defined for t 2 0 and 0 real and has values 
in Rn-I. 

Lemma 5. 

Proof. C (0, 0 )  = ~ ( 0 ;  u;(0), a [ ~ ; ( 0 ) ]  = 'Y[u;(~)]. However, pg(0) = 

C(0, 0) = a(0). 

e(0; O, a ( ~ ) )  = O; hence ~ ; ( p )  = p. It follows that C(0, 0) = a(0). 

Lemma 6. If yo = a(0,), then X ( t ,  0( t ;  0, , yo))  = y( t ;  B0 , yo); hence 
2 is an invariant surface. 
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Definition. If X ( t ,  8) has the properties stated in Lemmas 6, 7, and 8 
we say that y = 2 ( t ,  8) is an invariant periodic surface of system (22). 

I t  follows that to prove the existence of an invariant periodic surface 
we have to prove that for fixed t 2 0 and a, the function p: : R -+ R 
admits an inverse and then that there exists a natural number N such 
that the mapping T ,  admits a unique fixed point. 

Consider a system of the form 

where X, is periodic with respect to t of period T, and suppose that the 
generating system 

- = XO(X) 
dx 
dt 
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admits a periodic solution x = u(t), of period w, with the property that 
the corresponding variational system has (n - 1) multipliers situated 
in the interior of the unit circle. 

By performing the change of variables defined by the orthogonal 
normed system (xo ,  t 2 ,  ..., 5,) we obtain a system of the form 

where 0, , 0, , Y o ,  Y ,  are periodic in 9 with period w, and 0, , Y,  are 
also periodic in t with period T ,  

OO(O, 0) = 1, Yo(& 0) f 0. 

The system dzjdt = B(t)z, B(t) = aYo(t, O)/ay, has the multipliers in 
the interior of the unit circle; hence its zero solution is uniformly 
asymptotically stable. 

We will prove that for 1 E 1 sufficiently small, system (27) admits an 
invariant periodic surface. Consider the space of functions a : R + Rn-l 
periodic of period w, with the norm 1 1  a 1 1  = S U ~ , , ~ ~ , ~ ~  I a(u)l. Consider 
the closed set formed by the functions with 1 1  01 1 1  < K 1 E I, I a(ul) - 
a(u2)/ < LI E I lul - u2 1, L, K conveniently chosen. Let N be such that 
I G(NT + u>G-l(u)I < 4, where G is a fundamental matrix of solutions 
of the system dx/dt = B(t)z. The existence of such an N is assured by 
the uniform asymptotic stability of the zero solution of this system. 

We will prove that for I E I sufficiently small and a chosen in the set 
considered above, p: has an inverse; T ,  maps this set in itself and 
represents a contraction; hence it admits a unique fixed point. Denoting 
in the usual way the solutions of system (27), we obviously have 

q t ,  eo,o, 0) = t + 0 0 ,  y(4  o o , o ,  0) = 0, 

hence 
ae aY - ( t ,  e o ,  o,o) = 1, 
a00 800 

- ( t ,  e, o,o) = 0, 

and from direct considerations of continuity, 
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On the other hand, a direct computation leads to 

-?!- ( t ,  Oo , 0, 0 )  = 1' + 
G(t + Oo)G-l(Oo)dt, 

aY0 0 dY 

which shows that 

From direct considerations of continuity we deduce 

T o  prove that p; has an inverse (0 < t < NT),  we will show that 
O(t ,  u, a(u), E) is monotone-increasing. We have, for u1 > u2, 

if I E I is small enough; hence p; is monotone-increasing. 
Let /3 = T,a. We have 

Kl = sup I (ayj&)(NT, u;&), 0,O)l does not depend on K. Thus, 
choosing this quantity large enough, we will have I /3(p)I < KI E I. 
Further, 
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we obtain 

I GT(P1)  - ~ ~ T ( P 2 ) I  < (1 + O(l E 1))l P1 - Pz I. 

Consequently, 

I P(P1) - P(Pz)l < ( K z l  c I + (8 + O(l E IWI f IN + O(l 6 011 PI - Pz I. 

Since K ,  is independent of L,  it follows that for L large enough we 
have 1 /?(pl) - /3(pz)j < LI E 1 1  p1 - pz I; hence T ,  maps the closed set 
considered into itself. 

Now let = T N q ,  p 2  = T N c ~ ~ .  We have 
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from which follows 

1/31 - /3z I < K41 E I II a1 - a 2  II + (* + O(l 1))Il “1 - a2 II + 4 “1 - “2 I / .  

We deduce 

II B1 - /32 I1 < % II a1 - a 2  /I? 

which shows that TN is a contraction for 1 E I sufficiently small. It follows 
that T N  admits a unique fixed point; hence for I E I sufficiently small, 
system (27) admits an invariant periodic surface. 

Taking into account the property of invariant periodic surfaces ex- 
pressed in Lemma 6, it follows that 8(t;  S o ,  cy(d0), €) is the solution of 
the equation 

(28) 
dB 
- = o,,(e, c ( t ,  e, €1) + <ol(t, e, c ( t ,  e, €1, .) = j ( t ,  8, €1 dt 

The properties of invariant periodic surfaces from Lemmas 7 and 8 
show that f is periodic in t with period T and in 8 with period w .  

For the system in x we obtain the family of sohtions 

X ( t ;  eo, .) = a t ;  eo, “(e,), €1) + ~iv; e,, .(e0), 41 2 ( t ,  v; eo, avo), + e) 

(29) 

which forms the variety x = H(t ,  8, E ) ,  H(t,  8, €) = u(8) + S(8) C ( t ,  8, c). 
Hence H(t ,  8, C) is periodic in t with period T and in 6 with period w .  

Observe that 

If we let 8, = 8(T; 0, , a(B0), E), we have 

y ( ~ ;  eo , “(e,), C) = C ( T ;  8, , C) = C (0; 8, , C) = .(el) (Lemma 5 )  

Hence 
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Every point of the surface x = H ( t ,  8, E) is situated on a solution of 
this family; indeed, let to and 8 be given. Since p; has an inverse there 
exists a B0 such that 8 = B(to; d o ,  ..(ao), E). Consider the solution of the 
system which for t = 0 coincides with ~(8,)  + S(Bo)a(8,). This solution 
will be given by formula (29) and will therefore be equal to H ( t o ,  8, E) 
for t = to. 

We obtain finally 

Theorem 3.17. For 1 E I sufficiently small, system (26)  admits a family 
of solutions which forms the surface x = H ( t ,  8, E), where H is periodic in t 
with period T and in 8 with period w .  For E = 0 this surface reduces to 
the curve u(t) .  

The  determination of this family of solutions is reduced to finding 
the function a(a), invariant with respect to the transformation T,, 
to the construction of the invariant periodic surface y = I= ( t ,  8, E ) ,  

and then to the solution of equation (28). 

3.12. Singular Perturbations 

We shall now study some problems relative to systems containing 
small parameters multiplying the derivatives. These problems will be 
called problems of singular perturbation. 

Consider the system 

Suppose that f and g are, respectively, periodic or almost periodic 
with respect to t ,  and admit the usual hypotheses of regularity. For 
E = 0 we obtain the system 

Suppose that system (31) admits a periodic or an almost-periodic 
solution u(t) ,  v ( t ) ,  respectively, such that the matrix g',[t,  u( t ) ,  v ( t ) ,  O] is 
nonsingular for every t .  Set 

U(t> = (gilt, 4 t h  4 t h  ol)- lgxt ,  4 t h  4% 01. 

In  the following pages f; , fh , f :  will be the derivatives of the function 
f in point [ t ,  u( t ) ,  v ( t ) ,  01, and gh , g; , the derivatives of the function 
g in the same point. 
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Perform in system (30) the change of variables 

5 = x - u(t) ,  7 = y - v(t) + U(t) t .  
We obtain 

From this follows 

where 

IF/ = o ( l U + 1 ~ / 2 + ~ 2 ) ,  I G I  =o(lt12+Iq12+~2). 

In  addition, F and G are Lipschitzian with an arbitrary small constant if 
I 5' 1, I 71 1, I E I are small enough. 

Suppose that (Q + Q*)/2 < - p E ,  p > 0; this implies in particular 
the previous hypothesis of the nonsingularity of matrix Q. I n  addition, 
Q-l is then bounded. The  coefficients A,,  A,,  Q and the functions 
f: ,g: - (&I/&), F ,  G are respectively, periodic or, almost periodic. 

We will finally suppose that the linear system 

has the trivial solution uniformly asymptotically stable. Under these 
conditions we prove that system (32 )  admits, respectively, a unique 
periodic or almost-periodic solution, which for E -+ 0 tends to zero. 
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T o  this end we consider the operator which attaches respectively, 
to the periodic or almost-periodic functions or(t), p(t) ,  respectively 
the unique periodic or almost-periodic solution of the system 

From the second equation (34) we first determine respectively, the 
periodic or almost-periodic solution ~ ( t ) ,  which is substituted in the 
first equation. 

The conditions imposed on the matrix Q assure the existence of this 
solution, and the condition imposed on system (33) assures, respectively, 
the existence of a periodic or almost-periodic solution which satisfies 
the estimate 

hence, supposing that E > 0, 

Setting I T,I l 2  = v2 ,  we deduce that 

dv 
dt 

v - <  - - v 2 + v ~ + v ~ E ,  

i.e., 
-<---v+++$.L.  dv 
dt 

From this we obtain the inequality 

0 < 5 ( M  + EL); 
P 
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Choosing K' large enough and E small enough, we deduce that 

1 r]  j < K'e. 

Further, from the first equation (34) we have 

I 5 I < Ki(K&'€ + K36 +L~E').  

Choosing K large enough and E small enough, we have 

151 GKIEI. 

Consequently, the operator maps the set 1 1  01 1 1  < KE,  1 1  /3 / I  < K'E into 
itself. Let us show that the operator is a contraction on this set, for E 
sufficiently small. 

Let 0 1 ~  , P 1 ,  0 1 ~  , p 2 ,  be given, f l ,  ql, .$,, q2 be the corresponding 
images, y = t1 - fz , 6 = q1 - q2 . We have 

It follows, as above, that 

/I 6 /I < LZ4I a1 - a 2  II + II 81 - B z  ID 
and then that 

II Y II <J%(II a1 - az II + II BI - 8 2  II), 

which shows that the operator is, for E sufficiently small, a contraction. 
We deduce the existence of a unique fixed point in the region ( 1  01 1 1  < KE, 

(I/3 11 < K'r;  hence, respectively, of a periodic or almost-periodic 
solution of system (32), of the form 

5 ( t )  = E5*(t ,  E), r](t) = q * ( t ,  €1. 

We have obtained 

Theorem 3.18. If system (31) admits, respectively, a periodic or 
almost-periodic solution u( t ) ,  v ( t )  such that (Q + Q*)/2) < - pE, and 
the trivial solution of system (33) is uniformly asymptotically stable, system 
(30) admits, respectively, for 0 < E < E,, a unique periodic or almost- 
periodic solution [x( t ,  E), y ( t ,  €)] of the form 

x( t ,  €1 = u(t )  + €5*(t, €1, 
y ( t ,  6) = 4 t )  + er]*(t, €1 - €U(t) t*( t ,  6) 
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Remark. In  the case of periodic solutions, the condition imposed on 
system (33) may be weakened, by requiring only that it does not admit 
periodic solutions of the period considered, different from the trivial 
solution. 

Likewise, the condition imposed on the matrix Q can be weakened 
by requiring, for example, that for every t it admits eigenvalues with 
negative real parts < - 01. This condition can be weakened even more, 
but it leads to completely noneffective requirements. 

We shall now consider only the periodic case and will suppose that 
the system obtained for E = 0 admits a family of periodic solutions 
depending on the parameters cl, c 2 ,  ..., c k  . 

Denote by c the vector (cl, c 2 ,  ..., c k )  of the parameters. In  this case 
system (33) admits periodic solutions. Indeed, from 

-- du(tp dt .I - f [ t ,  u(t, c ) ,  w ( t ,  c ) ,  01, 

hence 
au(t c) -- a+, c) - -U(t)*. 

ac 
It follows that 

Consequently, the periodic functions au( t ,  c)/& are solutions of system 
(33). According to Theorem 3.2, the adjoint system of system (33) 
admits the same number of independent periodic solutions, which we 
will denote by ql(t,  c), ..., q k ( t ,  c). Suppose that for z value c,, of the 
parameter, system (32) admits a periodic solution of the form 

Then t* and T *  verify the system 

* t  E dw ” ( ’ ) - Q(t)T*(t, E )  + g: - - -t eG*. 
dt 

E - -  
dt 
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Taking Theorem 3.2 into account we have 

/ :q j ( t ,  co)(A2(t)q*(t, E )  +f: + EF*}dt = 0 ( j  = 1, 2, ..., K). 

Let q**(t) = limc+o q*(t, c). It follows that 

/ ;%(t ,  co){A,(t)q**(t) + f : }d t  = 0 0’ = 1,2,  ..., 4. 

T o  compute q** let us consider the system 

dT 
E - = Q(t)q.  

dt 

Let U(t ,  s, c) be the fundamental matrix of this system. From the 
hypotheses (Q + Q*)/2 < - p E  follows the inequality 

1 U(t,  s, €)I < Be-(fi/F))t-s). 

The periodic solution q*(t, E )  may be written in the form 

We have 

hence 

lirn f U(t, s,  e)G* ds = 0. 
s-0 

It follows that 

Further, 

hence 
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Consequently, we have 

q**(t) = ljh& 

d 
+ ds 

U(t,  S, C )  -Q-'(s) 

For .E-0, the last integral evidently tends to zero. Since 

1 U(t,  t -:A, €)I < Be--(p/E)d\/C 

it also follows that the second term tends to zero. We finally obtain 

dv 
q**(t) = -Q-'(t) [g' - &]. 

Theorem 3.19. Suppose that system (31) admits a family of periodic 
solutions of period w ,  [u(t, c),  o(t, c)], and that for the solution which 
corresponds to the value c = co , we have (Q + Q*)/2 \< -pE. I f  system 
(30) admits a periodic solution of period w of the form 

x(t* 4 = 44 .o) + 4*Q, .),r(t, .) = v(t, co) + q * ( t ,  C )  - CU(t)%$*(t, E), 

then 

i 

for  all periodic solutions qi(t, c,,) of period w of the adjoint system of system 

We shall now study the problem of singular perturbations of auton- 
(33). 

omous systems of the form 
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For E = 0 we obtain the system 

dx 
- dt = f ( x , y ,  01, g(x, y ,  0)  = 0. 

Suppose that for x E D there exists a function ~ ( x )  such that 

R ( X ,  + , ,  0) = 0. 

Consider the system 

Suppose that this system admits in D a periodic or almost-periodic 
solution, u(t) ,  respectively. Consider the orthogonal normed system 
5, , t 2 ,  ..., attached to this solution, where 

f[u(t)9 V W ) ,  01 
- I f [ u ( t ) ,  P(u(t>)> 011 . 5 -  

From the construction of the vectors 5, , ..., t l  it follows that they are 
respectively, periodic or almost periodic in t .  

Perform in system (35) the change of variables 

= + qqz, 

the new variables being 8 and z ,  and S the matrix whose columns are 
vectors t 2 ,  ..., ti. We obtain a system of the form 

For E = 0, z = 0 , y  = ~ [ u ( 8 ) ] ,  we have 0 = 1; hence for y in the 
neighborhood of ~ [ u ( e ) ] ,  and for small z and E ,  we have 0 # 0. We may 
therefore take 8 as an independent variable and we obtain 

dY 
' - de == 

dz  - Z(e,  G Y ,  €1 g[u(4 + S(e)z, Y ,  €1 
q e ,  Z, Y ,  .) 

- _  
dt @(O, z, y ,  c) ' 
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We have thus obtained, respectively, a periodic or an almost-periodic 
system of the form 

?/=n 
It follows that 

as in Theorem 3.18. 
For E = 0 we obtain 

which admits the solution 

because 

and 

We further have, 

It follows that 

We compute: 
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System (36) is written in the new variables 

hence 

The matrix of the system of normal variations is obtained by taking the 
derivative with respect to z in the point z = 0. We deduce 

12; + z;v;s(w - Z[@l + @;v,:s(e)l 
0 2  IL0 

B(6) = 

= ZI - Zi(gi)-lgkS(6) - 20: + Z@j(pj)-'g~S(6)Iz,o 

= (Z; - Z@i),=o - (2: - Z@:)z=oU = F,' - FiU,  

hence 
B(6) = Al(6). 

If we suppose that the solution of the system of normal variations is 
uniformly asymptotically stable [which signifies in the periodic case 
that the variational system corresponding to solution u(t) has all the 
multipliers except one in the interior of the unit circle], the conditions 
of Theorem 3.18 are fulfilled. 

Theorem 3.20. I f  system (36) admits, respectively, a periodic or an 
almost-periodic solution, u(t), situated in D such that (Q + Q*)/2 < - pE,  
where Q = g;(u(t), p[u( t )] ,  0), and if, in addition, the trivial solution 
of the corresponding system of normal variations is uniformly asymptotically 
stable, then for  0 < E < e0 system (35) admits, respectively, a unique 
periodic or an almost-periodic solution, which for  E = 0 reduces to 

It is sufficient to observe that from the hypotheses of the theorem, 
on the basis of Theorem 3.18, follows the existence of a solution z(0, E), 
y (0 ,  C )  o f  the form 

(44 9 YJ [u(t)I 1. 

4 0 ,  €1 = €t*(e, + 

= + .s(e)t*(e, €1, r(e, c )  = +(e)i + OH. 

r(e, .) = +(e)i + o(+ 
which leads to a solution of the form 
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NOTES 

The proof of Theorem 3.3 follows [47]. Theorem 3.4 was given for 
the first time in [48]. The proof in the text is adapted from the proof 
given for systems with delayed argument in [49]. More general results 
in this sense are to be found in [50]. The results relative to quasi-linear 
systems have been published in [51]. The theory of systems containing 
a small parameter with numerous applications is presented in mono- 
graph [52](see also [4] and [5]). The method of averaging, in its most 
general form, has been presented by N. N. Bogoliubov in [53]. A detailed 
exposition of the method is to be found in [54]. The results of Section 3.6 
have been published in [55] and [56]. The theorem of F. Browder is 
given in [57]. The theory of autonomous systems follows [58]. The 
result of E. A. Coddington and N. Levinson mentioned in Section 3.8 
can be found in [4]. The theorem of Andronov and Witt for periodic 
solutions of the second kind has been given in [59]. The proof in the 
text is new. The method of L. Cesari is that given in [60]. The results 
of section 3.11 can be found in [61]. See also [104]. Theorem 3.18 has 
been given in a more general formulation for the case of periodic solutions 
in [62], and for the case of almost-periodic solutions in [63]. Theorem 
3.19 is new. Theorem 3.20 for the almost-periodic case is new. The 
proof for the periodic case is new, although the result was given in [64]. 

For further references on the theory of oscillations and on the theory 
of stability see the book of L. Cesari [105]. See also the book of 
J. K. Hale [106]. 
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Systems with Time Lag 

In many circumstances the duration of the transmission of the 
action cannot be neglected. This is the reason why the forces intervening 
in the system depend at every moment on the state of the system not 
only at the time considered but also on previous times. In the following 
paragraph we shall outline some qualitative problems of the theory of 
systems with time lag. 

4.1. The Existence Theorem. General Properties 

Let us consider a system of the form 

= f [ t , x ( t ) ,  x(t - 
dt 

where T > 0; we suppose that f is continuous in all arguments. For 
such a system the solution is constructed by a “step-by-step-method,” 
in the following way. Given a function yo(t)  continuous on [to - 7, to],  
we form the system 

and consider a solution of this system determined by the initial condition 
x(t,) = ?(to). Let cpl(t> be this solution, which exists by virtue of conti- 
nuity hypotheses. If this solution is defined on the whole segment 
[ t o ,  to + 71, we form the new system 

and consider a solution of this system determined by the initial condition 
x(t0 + T) = yl( to  + 7) .  Let y2(t)  be this solution. In general, assuming 
that ~ ~ - ~ ( t )  is defined on the interval [to + (k - 2)7, to + (k - 1)7], 
we form the system 

dx 
dt - =f[t ,  X ,  vk-l(t - T)] (to f ( k  - 1). < t < t o  f k7) 

336 
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and we consider a solution of this system with 

X ( t 0  + (k - 1)T)  = TPk--l[tO + (k - 1)71, 

which is denoted by pk(t). A solution of system (l) ,  x(t), defined by the 
initial function po(t) will be given by the relations x(t) = yk(t)  for 
t E [to + (k - l ) ~ ,  to + k ~ ] ,  K = 0, 1, .... The  function x ( t )  is obviously 
continuous; as a consequence of its construction, the function x(t) is 
differentiable' in the interior points of intervals [to + (k - l ) ~ ,  to + kT], 

k 2 1.  It is also obvious that x ( t )  is differentiable and has a continuous 
derivative at the points to + K T ,  k 3 1. At the point t o ,  only the right 
derivative exists. 

If f(t, x, y )  verifies a Lipschitz condition with respect to x, whatever 
y is, then there exists a single solution which coincides with po 
in [to - T ,  to] , since the functions q ~ ~ ( t )  are uniquely determined, and 
every solution coincides with yk(t)  in [to + (k - 1 ) ~ ,  to f kT]. 

System (1) represents the simplest type of system with time lag. 
Other situations are also possible, in which the values of the function x(t) 
appear with different time lags, and finally where these time lags depend 
on t. Thus  we can consider systems of the form 

We suppose for such systems that ~ ~ ( t )  2 0 and we consider the set 
Eta  constituted by values t - ~ ~ ( t ) ,  t 2 t o ,  which are smaller than or 
equal to to . The  initial function po is given in a set Eta . 

More generally, we may consider systems of the form 

*) = f [ t ,  x(t + 43, 
dt 

where for every fixed t the components of vector f are functionals defined 
on the set of continuous functions given in [-T, 01, T > 0. The  function 
f therefore depends upon the whole behavior of function x on [t  - 7,  t]. 
We will suppose the given initial function p continuous in [to - T ,  to] .  
We consider the metric space of continuous functions, given in 
[to - T ,  to + h] with h > 0 sufficiently small, with the distance 
being defined by the usual norm of uniform convergence, that is, I/ u 1 1  = 

S U ~ ~ ~ - ~ ~ ~ ~ ~ , + ~  1 u(t) l ;  the subset of the functions in this space which 
coincide withpin [to - T ,  to] obviously form a complete subspace. Let A[u] 
be the operator defined in this complete subspace through the relations 

ALu] = 

(for to - T < t < to). 
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It is obvious that the operator A maps the subspace considered into 
itself. We will suppose that f verifies a condition of the Lipschitz type and 
we will prove that A is a contraction. We have 

t 

< 1, If[u, u16J + $11 -fb, uz(o + $)]I do for to < t < to + h, 

A[uJ - A[uz] E 0 

If we suppose that 

for to - T < t < to . 

If(4 Vl) -f(4 V2)I < LII v1 - vz I I  
for q l ,  q2 in a neighborhood of q(to + s), then, for h sufficiently small 
and ul, u2 in this neighborhood, it will follow that A[ul] and A[uJ are 
in the same neighborhood and in addition that 

IA[bl - Ab2II < hLII u1 - u2 I I .  
Hence for h sufficiently small, A is a contraction. It follows under these 
conditions that A admits a fixed-point and that this point is unique. 
If x ( t )  is the fixed point of the operator A, we have 

x ( t )  = ~ ( t )  for t E [to - T,  to] 

and 

hence 
*) = f [ t ,  X ( t  + s)] 

dt 

and x( t )  is a solution of system (2). 
In this way, iff verifies a condition of the Lipschitz type, the theorem 

of existence and uniqueness is proved for general systems of the form (2). 
As in the case of systems of ordinary differential equations, this theorem 
has a local character. 

We will denote by x ( t ;  t o ,  q), as in the case of systems of ordinary 
differential equations, the solution of system (2) defined for t 2 to - 7,  

which coincides with the initial function 
Supposing that the Lipschitz-type condition is verified, let US prove 

the fundamental inequality* 

(3) 

on [ t o ,  to - TI.  

I 4 t ;  to  1 PJ - "(C t o  9 vz)l < II v1 - Pa II eL't-to) 

* The proof below reproduces the one carried out by N. N. Krasovski. 
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For t = to the inequality is obviously verified. We assume that it is not 
verified for all t for which the solutions are defined and let t ,  be the 
upper bound of points t for which the inequality occurs. We have 

I x(t1 ; to , vl) - 4 t 1  ; t o ,  v2)l = II v1 - v2 I /  

and for every n there exists a t ,  satisfying t, < t ,  < t ,  + ( l /n)  such 
that 

I 4 t n  ; to , vd - 4 t n  ; to , v2)l > /I vl - v2 I/ e t ( t n - t o ) .  

We obtain 

From system (2) we obtain 

hence 

since for s < 0 we have t ,  + s < t ,  , and the inequality (3) is verified. 
However, we obviously have 
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hence 

which contradicts the inequality (*). The  existence of t ,  is contradictory, 
hence inequality (3) is valid for all values of t for which the solutions 
are defined. 
Under the same conditions, let us also consider the system 

*) = f [ t ,  u(t + s)] +g[ t ,  u(t + s)]. 
dt (4) 

We prove the inequality 

We use the same procedure as above. T h e  inequality ( 5 )  is verified for 
t = to; let t ,  be the upper bound of the set of values t for which it still 
holds. We have 

and for every n there exists t ,  < t, < t ,  + (l/n) such that 

I x(tn ; to , F) - u(tn ; to , v)1 > [eL( tn- to)  - 11 sup 1 g(t, u(t + s))l. 

We will have 

On the other hand, 
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if we assume L > 1. It follows that 

lim sup -(I x ( t ,  + h; t o ,  TI - ~ ( t ,  + h; t o ,  T)I - I ~ ( t ,  ; t o  , T) - u(t1 ; t o  9 T)I> 1 
h 

< LeL(ti-to) sup I g(t, u(t + s))I, 

which contradicts (**). The  existence of t, is contradictory and thus 
inequality ( 5 )  is proved for all t > to  for which solutions (2) and (4) 
exist. 

Let us suppose now that f has components which are differentiable 
in the sense of FrCchet. Then we could write 

f [ t ,  x(t + 41 - f [ t ,  xo(t + 41 = A(t, x( t  + s) - xo(t + 4) + .(I1 x - xoll), 

where A ( t ,  y )  is a vector whose components are for every t linear 
functionals. Hence, on the basis of the Riesz theorem, 

7)(t, s) being a matrix which depends on the solution xo. The linear 
system 

is called the variational system corresponding to system (2) and the 
solution xo . 

T o  avoid the inconvenient representation (6) when dealing with general 
linear systems of this form, we will suppose that y is a row vector and 
wiII write 

(7) 

In  the case of systems of form ( I ) ,  supposing that f ( t ,  u, v )  is differ- 
entiable, the variational system is written 

Y(t) =fJ4 xo( t ) ,  xo(t - T)lY(t) + . a t ,  xo(t ) ,  xo(t - T)lY(t - 7 )  (7’) 

Let us suppose that f is differentiable in the above sense and let 
x( t ;  t o ,  yo)  and x( t ;  t o ,  y )  be two solutions of system (2). Setting 

4 t )  = 4 t ;  t o  1 F) - x(t ;  t o  9 To), 

4 t )  =. f [ t ,  x ( t  + s; t o  1F)l - f [ 4  x ( t  + s; t o  , To)] 

+ 9) + 411 u 11). 

we may write 

= 
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Let y( t )  be the solution of the variational system (6) which in 
[to - 7, to] coincides with y - y o .  Then, on the basis of inequality 
( 5 )  we may write 

1 x( t ;  to  f p’) - x( t ;  t o  f To) - Y(t)l = 411 4 t ;  to  9 P) - x ( t ;  to  9 Po)ll), 

and also taking into account inequality (3) we obtain 

I x ( t ;  to Y 9) - x(c to  > To) - Y(t>l = 41 v - % 11).  (8) 

We shall close these introductory considerations by observing that to 
a time-lag system of form (2) is attached an opeiator U ,  defined on the 
space of the functions continuous in [-T, 01 through the formda 

u@ = X[t + S; 0,  v], S E [-7, 01 ( t  2 0) .  

This operator has the following properties: 

1. I t  is continuous for every fixed t ;  this results from inequality (3). 
2. We have Uoy = F; hence U, is the identical operator. 

3. If the system is linear, of forms (6) and (7), respectively, then U ,  
is a linear operator. Indeed, it follows from the system’s linearity that 
every linear combination of solutions is a solution; hence 

Y(C t o  9 “1% + “2%) = %Y(C t o  ? 54 + “ZY(C t o  7 vz), 

since both members of the equality contain solutions and these solutions 
coincide in [to - 7, to]. 

From the equality written above, it follows that 

Ut(“lY1 + “2%) = ‘YlUtFl + “ZUtFZ ; 

hence U ,  is linear. 
Relation (8) shows that if (6 )  is the variational system attached to 

system (2) and to the solution x( t ;  0, yo)  and if we denote by U ,  the 
operator attached to (2) and by V ,  the operator attached to system (6), 
then 

II Ut97 - UP0 - VdP, - Y0)Il = 41 F - To 11). 

Hence V ,  is the FrCchet differential of U ,  in point y o .  

4.2. Stability Theory 

We shall now state the fundamental propositions concerning Lyapunov 
stability for systems with time lag. 



4.2. STABILITY THEORY 343 

Definition. The solution xo(t)  of system (2) is said to be uniformly stable 
if f o r  every E > 0 there exists a t i (€)  > 0 such that if j p'(s) - xo(s)l < 6 
f o r  s E [to - T ,  to], then 1 x( t ;  to ,p') - xo(t)l < E f o r  t 

As in the case of systems of ordinary differential equations, the study 
of the stability of a solution xo(t) is reduced to the study of the stability 
of the trivial solution. 

t o .  

Theorem 4.1. Let us suppose that there exists a functional V[t, p'] 

dejined for every t on the sphere 1 1  'p 1 1  < H in the space of the continuous 
functions deJined in [ -7, 01 with the following properties: 

1. There exist functions a(r),  b(r) continuous, positive, and monotone- 
increasing, with a(0) = b(0) = 0, such that a(\\ 'p \\) < V[t,  'p] < b(\\ 'p \\). 

2. V*(t) = V[t,  x(t + s ;  to, 'p)] is a monotone-decreasing function for 

Then the trivial solution of system (2 )  is unyormly stable. 

Proof. 

t >, to 9 (s E [-T,Ol). 

Let E > 0, t i (€)  < b - l [ a ( ~ ) ] ,  to 3 0, 'p be a continuous function 
on [to -- T ,  to] ,  ( 1  'p I (  < a(€). Consider the solution x(t; to , 'p) and form 
the function 

v o -  * t - V[t ,  x( t  + s; t o ,  p')]. 

According to the hypothesis, this function is monotone-decreasing; hence 

V*@) < V*(t,) = q t o ,  x(t0 + s; t o  9 ?)I 
= V t o  > d t o  + 41 < b(ll F II) < b(a(E)) < 44. 

From a(ll x(t + s; t o ,  ?)/I) < a(€) and the monotonicity of the 
function a(r),  it follows that 1 1  x ( t  + s; to , p')II < E; hence 1 x ( t ;  t o ,  v)l < E ,  

for t 3 t o .  

Theorem 4.2. If the trivial solution of system (2 )  is uniformly stable, 
there exists a functional V[t ,  'p]  with the properties of the preceding theorem. 

Proof. Let G(r)  be a continuous function, positive and monotone- 
increasing for r > 0, G(0) = 0. We define the functional V[t ,  p'] by the 
relation 

Since for u = 0 we have 
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it follows that 

v[t, TI 3 G(ll v 11). 

From the uniform stability of the trivial solution of system (2) it 
follows that there exists a function S(E) with the property that 1 1  cp 1 1  < 6 
implies 1 x ( t ;  t o ,  cp)/ < E for t 3 to . As we have shown in Chapter 1 ,  
the function 6 ( ~ )  may be chosen monotone-increasing and continuous; 
hence there exists an inverse function ~ ( 6 )  with the property that 
I x ( t ;  t o ,  v)( < €(I\ cp I\), for t 2 to - 7 (we suppose in addition, which 
does not restrict the generality, that S(E) < e). From this it follows that 

II x(t + fJ + s; t ,  P)(u - t))ll < .(I1 v ID; 

v[t, 91 < G[E(lI 4p 11)l. 
hence 

Further, 

the solutions x (u ;  t ,  x( t  + s; t o ,  y ) )  and x(u; to , cp) coincide for u >, t ,  
since they coincide for all t - T < u < t. 

Let t, > t ,  , d = t, - t ,  . We have 

hence V*(t) is monotone-decreasing. 

Definition. The trivial solution of system (2 )  is called uniformly 
asymptotically stable ;f there exists a 6, > 0 and functions a(€), T(E)  
such that \ I  cp 1 1  < 6 implies I x ( t ;  t o ,  cp)] < E for  t 2 to and / I  9 I (  < 6, 
and t 3 to + T implies I x ( t ;  to , p))l < E. 

Theorem 4.3. Let us suppose that there exists a functional V[t ,  93 
defined for  every t 3 0 on the sphere I /  y / I  < H of the space of the functions 
continuous in [-7,0], with the following properties: 

1. There exist functions a(r),  b(r),  c(r) continuous, positive, and monotone- 
increasingfor r > 0, a(O) = b(0) = c(0) = 0 such that a(\\ 9 11) < V[t,  91 < 
Wll cp 11). 
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2. 

Then the trivial solution of system ( 2 )  is uniformly asymptotically stable. 

Proof. Let a(€) < b - l [ a ( ~ ) ] ,  1 1  pl 11 < a(€), V * ( t )  = V [ t ,  x ( t  + s; to , y ) ] .  
We have 

V*(t + h) - V*(t) 
h 

lim sup 
h+O+ 

if Ijpl 1 1  # 0. From 

V*(t + h)  - V*(t)  < 
h 

lim sup 
h+O+ 

it follows that V*(t )  is monotone-decreasing; thus, as in Theorem 4.1, 
it follows that I] x( t ;  to ,  ?)I( < E for t to : Let us observe that since 
V * ( t )  is monotone-decreasing, it is differentiable almost everywhere and 
thus condition 2 is likewise verified almost everywhere by the derivative 
of the function V*. 

Let 6, = 6(H) ,  T ( E )  = b [ S 0 ] / c [ 6 ( ~ ) ] ,  1 1  p7 I/ < 6,. If for t E [ t o ,  to + TI 
we would have 

it would follow that 

V*(t + h) - V*(t) < --CP(41, h 
lim sup 

h+0+ 

from which, on the basis of a well-known result in the theory of functions 
of real variables, 

V*(t) - V*(t0) < -c[8(€)]( t  - to);  
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V*(to + T )  < b(6,) - .[&(€)IT = 0, 

which is a contradiction. I t  follows that there exists t' E [ to ,  to + T ]  
such that 1 1  x(t' + s ;  t o ,  q)11 < a(€); hence 1 x ( t ;  t ' ,  x(t' + s; to, ?))I < E 
for t 3 t'. This means, however, that for t to + T we have 

1 x( t ;  t o ,  ?)I < E, and the theorem is thus proved. 

Theorem 4.4. If the trivial solution of system (2 )  is uniformly asymp- 
totically stable, there exists a functional V [ t ,  91 with the properties stated 
in the preceding theorem. 

As in the proof of Theorem 1.6, let G(r) be a function with 
G(0) = 0, G'(0) = 0, G'(r) > 0, G"(r) > 0 for r > 0. We choose 

Proof. 

1 + au 
V t ,  91 = y& G(/I 4 t  + cT + s; t ,  9 h  - t>)ll) 

The proof is continued in the same way as in the case of Theorem 1.6; 
therefore we shall not repeat it. 

Taking into account that f verifies a Lipschitz-type condition and 
using evaluation (3), we prove as in Theorem 1.6' that we may choose a 
function G such that the functional V [ t ,  91 verifies the inequality 

I U t ,  911 - V t ,  9211 G MI1 v1 - 9 2  / I >  

for I1 9 1  I I  < V O ) ,  I/ 9 2  I1 < V O ) .  

Theorem 4.5. If the trivial solution of the linear system (6 )  or (7), 
respectively, is uniformly asymptotically stable, then it is exponentially 
stable; i.e., 

I Y ( t ;  t o  , ?)I < Be-"'t-ta)ll 9 (I. 

Proof. We define the operation Ut, t ,  by the relation 

U t , t p  = y(s; t o ,  9') ( t  - 7 < s < t ) .  

This operation maps the space of continuous functions defined in 
[to - T, to] in the space of the functions continuous in [t  - T, t] .  
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This  operation is linear, because of the linearity of the system. The  
fundamental inequality (3) shows that it is also continuous. I t  follows 
therefore that it is bounded; hence there exists a quantity I /  U,,t I /  with 
the property 

SUP II Ut,t,v/I = / I  Ut.to// .  
IIPII $1 

For I /  p' 1 1  < S o ,  t 3 to + T,  we have 1 y ( t ;  to cp, ) I  < E; hence for 
t 3 to + T + T it follows that 1 1  U,,,, p' 1 1  < E. 

We fix E with 0 < E < 1 .  Let v0 be arbitrary with / /  yo /I < 1 ;  
then I1 I I  < 8,; hence 1 1  U,,,~op'o I j  < E for t 3 to + T + T and 
1 1  Ut,l,p'o 1 1  < €/So. Since P).~. is arbitrary with 1 1  v0 / I  < 1, we will have 

where we have set TI (€ )  = T(SOe). We have the relation 
I /  Kt, I /  < 4 0  for t 3 t o  + T + 7, or I /  Ut.1, I /  < E for t 3 t o  + T,  + 7, 

which amounts to  

From here follows 

hence 

I I  Ut.t,ll < c2 for t 3 to + 2(T1 + T). 
By induction it follows immediately that 1 1  U1, , ,  1 1  < ern for t to + 

m( TI  + T) and the proof continues using the same procedure as that 
for systems of ordinary differential equations (Section 1.4). 

Theorem 4.4'. I f  the trivial solution of the linear system ( 6 )  or (7), 
respectively, is unijormly gsymptotically stable, there exists a functional 
v [ t ,  p'] dejined fo r  every t 3 0 in the space of the functions continuous 
in [-T, 01, with the following properties: 

1. 

2. 

II v / I 2  < V t ,  TI < Klll F 112. 

I V t ,  911 - v[t, %I1 < Kl(ll v1 I I  + ll vz ll)ll v1 - vz II. 
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Proof. Let 

we recall that 1 1  9 1 1  = sup-,GsGo 1 y(s)l. Owing to exponential stability, 
the convergence of the integral is assured. 

Obviously, 

V t ,  9'1 2 s .g/ lYv + (J + s; t ,  Y)llZ 2 /I F I?. 
1 

From 

I Y ( t ;  t o  7 v)l > Be-a(t-to)ll ?J II  

I r(t + 24 + s; t ,  ?)I < Be-''u+s)ll 'p I/; 
we obtain 

hence l /y( t  + u + s; t ,  p))II < Bea7cau 1 1  p) 1 1 ;  we deduce from this that 
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We have 

m 

Ut, ~ ( t  + s; t o  , v)] = 1 I I  y(t + u + s; t ,  y ( t  + s; to , v))/I2 du 

+ S U P  I I  Y ( t  + 0 + s; t ,  Y ( t  + s; t o  , vNI2 
u> 0 

m 

= J IlY(t + u + s; t o  > v)/I2 du + S&&llY(t + 0 + s; t o  1 v)l12 

= j IIY(U + s; t o  I v)l12 du + "&I1 Y ( t  + 0 + s; t o  7 v)l12. 
m 

We have seen in the proof of Theorem4.2 that sup,>o lly(t + G + s ;  to, 'p)(/2 

is a monotone-decreasing function. It follows from this that 

The  theorem is thus proved. 

will serve to prove a stability theorem by the first approximation. 
As in the case of systems of ordinary differential equations this theorem 

Theorem 4.6. Let us consider the system 

-qt)  4 4  4 t  + 4) +f(t, 4 t  + s)), (9) 

where A(t, x(t + s ) )  is @r every t a vector whose components are linear 
functionals in the space of the functions continuous in [ -T ,  01 (with norms 
bounded as functions of t ) ,  and the components of vector f are fo r  every t 
continuous functionals in the same space, with the property that 
I f ( t ,  x ( t  + s))l < y I I  x(t  + s)II, y being sujiciently smallfor 1 )  x ( t  + s)ll < 
H .  If  the trivial solution of the jirst-approximation linear system 

?i(t) = 4 t , Y ( t  + 4) (10) 

is uniformly asymptotically stable, then the trivial solution of system (9) 
is likewise uniformly asymptotically stable. 

Let V[t ,  'p] be the functional defined for system (10) on the 
basis of Theorem 4.4'. We consider a solution x ( t ;  t o ,  q) of system (9) 
with I (  'p ( 1  sufficiently small; let 

Proof. 

V*(t) = V[t ,  4 t  + s; t o ,  v)]. 
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We evaluate 
V*(t + h)  - V*(t)  

h 
lim sup - 

h+O+ 

We have 

V*(t + h )  - V*(t) 
h 

lim sup 
h+O+ 

We have 

On the other hand, on the basis of the estimate (3) we have 

I1 x ( t  + h + s; t ,  x(t + s; t o  ,. v)) II < eLh II x(t + s; t o  9 Y J )  11 ,  

and on the basis of the estimate ( 5 )  

II x( t  + h + s; t ,  x(t  + s; t o  I P)) - Y( t  + h + s; t ,  4 t  + s; 20 I P))II 

< (eLh - l)yeLhl/ d t  + s; t o ,  y)II. 

According to the hypothesis made with respect to the linear system, 
we also have 
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From this we have 

It follows that 

V*(t + h)  - V*(t)  
h 

lim sup 
h+O+ 

For y < l/LKl(l + B)  we have 

V*(t + h) - V*(t) 
lim h+O+ sup h < -rill x( t  + S; t o  , ?)IlZ, 

which shows, on the basis of Theorem 4.3, that the trivial solution is 
uniformly asymptotically stable. It is easy to see that the stability is in 
fact exponential, since from 

it foIlows that 

and thus that 

V*(t + h )  - V*(t) 
lim h+O+ sup h < -y1V*(t) 

or 

V*(t + h)  - V*(t) < -Y1, h 
__ lim sup ___ 1 
V*(t) h+0+ 

from which follows 

In V*(t + h )  - In V*(t)  
h - < -Y1. lirn sup - 

h+O+ 
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Hence 

In V*( t )  - In Y*(tn) < -n ( t  - to) 

from which follows 

Theorem 4.7. Let us again consider system (9) and suppose that 

If the trivial solution of system (10) is uniformly stable, then the trivial 
solution of system (9) is uniformly stable, and i f  the trivial solution of 
system (10) is uniformly asymptotically stable, then the trivial solution of 
system (9) is uniformly asymptotically stable. 

If the trivial solution of system (10) is uniformly stable, it 
follows that 1 1  y ( t ;  t o ,  ~ 1 ) 1 1  < M 1 1  QI I /  for t 2 t o ,  since the system is 
linear. 

Let 

Proof. 

V t ,  PI = ;$q Y ( t  + c7 + s; t ,  QJ(u - t))ll. 

We obviously have 

I I  QJ j l  < Ut, 9'1 < MI1 QJ II, 

and from 
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from which 

I V t ,  Pll - V t ,  %I I < MI/ P1 - Pz II. 

As in the proof of Theorem 4.2 we deduce that V[t ,  y ( t  + s; t ,  , ~p)] 
is monotone-decreasing; hence 

As in the preceding theorem we deduce that 

II x(t + h + s; t ,  PI) - y( t  + h + s; t ,  9)Il d g(t)(eLh - I)eLhll 9 II; 

hence 

we deduce that 

In V*(t + h)  - In V*(t)  
lim h4Of sup h d LMg@); 

and the first assertion of the theorem is thus proved. 
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If the trivial solution of system (10) is uniformly asymptotically stable, 
we deduce, as in the preceding theorem, 

from which we obtain 

1 m 

II x(t + s; t o ,  v)Il2 < V*(t )  < V*(tJ exp [ K  J p d t ]  exp [- K, ( t  - to)] II v 112, 

which proves the exponential stability of the trivial solution of system (9). 
The  theorem is thus fully proved. 

Similarly to the case of systems of ordinary differential equations, 
the uniform asymptotic stability implies stability with respect to per- 
manent perturbations. 

Theorem 4.8. I f  the trivial solution of system (2) is uniform@ asymptot- 
ically stable, then it  is also stable with respect to permanent perturbations. 
This means that for every E > 0 there exists ql > 0 and yZ > 0 with the 
property that if sup llpll <e  I R ( t ,  rp)l < ql every solution of the system 

Y(t) = f [ t , Y ( t  + 91 + R[t,y(t + $13 (1 1) 

with 1 1  rp /I < r ] ,  veriJies the inequality I y ( t ;  t o ,  rp)l < E for t 3 to . 

Proof. We have, because of inequality (3), 

I x(v; 4 v)l < eLHll qJ I I  ( t  < v < t + h),  

and, because of inequality ( 5 ) ,  

I Y ( U ;  t ,  P') - xfv; t ,  v)l < (eLH - I)??, 

I Y ( V ,  t ,  v)l < eLHII rP I/ and t < < t + h. 

if 

It follows that 

I Y(V;  t ,  ?)I < eLHll v ll + (eLH - I)?, 

and if I( rp ( 1  < ~ / 2  and h is sufficiently small, it follows that / /  y(v;  t ,  E ) I I  < E 

and the estimate deduced from ( 5 )  is valid. Since the trivial solution of 
system (2) is uniformly asymptotically stable, there exists a functional 
V [ t ,  rp] with the properties from Theorem 4.4 and 

I v[t, vll - v[tj v211 G M(r)l1 v1 - v2 1 1  (for 1 1  v1 I I  < r ,  1 1  V, I I  < 4 .  
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We have 

355 

V[ t  + h, y( t  + h + S; t ,  cp)] - V[t + h, x(t + h + S; t ,  v)I 
h + lirn sup 

h+O+ 

Let E > 0, I < a ( ~ / 2 ) ,  1l.p) 1 1  < 7, = F ( Z ) ,  and 7, < C [ ~ - ~ ( Z ) ] / L M .  We 

However, if this were not true, there would exist a t ,  > to  such that 
prove that l ly(t + s; t o ,  p))/l < E for t 2 t o .  

IIy(tl + s; t o ,  p))II 3 E; if, as usual, we set 

V*(t) = V[ t , y ( t  + s; t o ,  cp)] 

we have 

V*(tl> 2 a(lly(t1 + 2; t o  , V)II) 2 4.) > a ( 3  - > 1. 

On the other hand, 

V*(tO) = VCto 9 91 < b(ll9 1 1 )  < 4%) = 1. 

It follows, because of the continuity of the function V*(t), that there 
exists a t ,  with to < t ,  < t ,  such that V*(t,) = I and V*(t) > I for 
t > t ,  . From V*(t,) = I we obtain 

b(IlY(t2 -1 s; t o  f T)II) 2 Vt'2 ,r(tz + s; t o  I d l  = t 4 l Y ( ~ z t  + s; t o  9 dll); 

hence 

We set +(s) = y( t2  + s; t o ,  p)). We have 
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On the other hand, from V*(t,) = 1 and V*(t) > 1 for t > t ,  follows 

We have obtained a contradiction, hence / I  y( t  + s; t o ,  q)/l < for 
t >, t o .  T h e  theorem is thus proved. 

As in the case of systems of ordinary differential equations we may 
prove a stability theorem with respect to  permanent perturbations 
bounded in the mean. A series of other theorems may likewise be 
stated for systems with time lag without modifying the proof. 

Theorem 4.9. Let us suppose that there exists a functional V[t ,  p'] 

deJined as in the preceding theorems, with the following properties: 

1. d t ,  I I  v II) < V [ 4  v1 < b(ll 9) II), 

where b(r) is continuous, monotone-increasing for r > 0, b(0) = 0, and 
a( t ,  r ) ,  c(t ,  r )  are continuous and with the property that for every pair 
(a ,  B) with 0 < 01 < /3 < H ,  there exists O(a, B )  3 0, k(a, /I) > 0 such 
that a( t ,  r )  > k(a, B), c(t ,  r )  > k (a ,  B)  for a < r < B, t >, O(a, B). Then 
the trivial solution of system (2)  i s  uniformly asymptotically stable. 

Theorem 4.10. W e  consider the system 

3i"(t) = f [ 4  x(t + s)] + R[t, x(t + 41, (12) 

w h e r e f t t ,  01 = R[t, 01 = 0, f and R verify a Lipschitx condition, and in 
addition limt+a R(t, 9)) = 0 uniformly with respect to p' for  1 1  p' 1 1  < H. 
Then, i f  the trivial solution of the system 

2( t )  = f [ t ,  z(t + 41 
is uniformly asymptotically stable, the trivial solution of system (12) is 
likewise uniformly asymptotically stable. 

Theorem 4.1 1 W e  consider the system 
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where f ( t ,  0,  0 )  = g( t ,  0, 0 )  = 0. W e  suppose that the trivial solution of 
system (13)  is stable with respect to components x ;  hence that there 
exists 6 ( ~ )  > 0 with the property that 1 1  y I/ < 6, 1 1  $ / /  < 6 implies 
I x(t ,  t o ,  y ,  $)/ < c f o r  t 3 t o .  W e  suppose, in addition, that the trivial 
solution of the system 

4 t )  = g[ t ,  O , Z ( t  + 41 
is uniformly asymptotically stable. Then the trivial solution of system ( 1  3 )  
is uniformly stable. If in addition the stability with respect to components 
x is asymptotic, i.e., if there exists 6, > 0 and To(€)  such that 1 1  y 1 1  < a,, 
/ I  $ 1 1  < a,, t 3 t ,  + To implies 1 x ( t ;  t o ,  y ,  $)I < E ,  then the trivial solution 
of system (1 3 )  is uniformly asymptotically stable. 

Theorem 4.12. W e  consider the system 

ff(t) = A t ,  x ( t  + S) ,Y(t  + 41, 
(14) 

Y ( t )  = A(t, Y ( t  + 4) + A t ,  x( t  + $1, Y ( t  + s)1, 

where fo r  I /  y I /  < 010 > / I  $ II < a 0  7 we have I f ( t ,  97 $11 < K II 4 IIB, /3 > 0, 
1 g( t ,  y ,  $)I < k/l y /I, k sujiciently small, and A(t, y )  is linear. W e  suppose 
that the trivial solution of the linear system 

k ( t )  = A(t, z(t  + s)) (15) 

is unifovmly asymptotically stable. Then the trivial solution of system 
(14) is uniformly stable, and, in addition, for  every solution fo r  which the 
initial functions are sujiciently small we have y ( t )  -+ 0, x ( t )  -+ 1 f o r  t -+ 00. 

Let V[t ,  y ]  be a functional defined for system (15) on the 
basis of Theorem 4.4’. Taking into account the condition imposed for 
g(t ,  y ) ,  we deduce, as in the proof of Theorem 4.6, the estimate 

Proof. 

Setting V * ( t )  = V[t ,  y( t  + s ;  t o ,  y ,  $)I we obtain from here, if 
/ /  y 11, 1 1  $ 1 1  are sufficiently small (then k is sufficiently small), 

From this we immediately deduce 
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from which the assertion of the theorem follows immediately. 
The  definition of integral stability for systems with time lag can be 

formulated in the same way as in the case of systems of ordinary differ- 
ential equations. Without essential modifications as compardd to  the 
proofs given in Chapter 1 we obtain the lemmas and the theorems 
stated in section 1.8. Here we will give only the formulations of the 
theorems. 

Theorem 4.13. W e  suppose that there exists a functional V[t ,  p'] 

1 .  V[t ,  9'1 >, a(l iq  /I), V[t ,  01 = 0, a(.) continuous, monotone-increasing 

defined as in the preceding theorems, with the following properties: 

for r > 0, a (0 )  = 0, 

2. I VCt, p'll - V t ,  Val I < K II p'1 - p'2 IL 
3. 

V[t  + h, x ( t  + h + s; t o ,  F)l - V t ,  x(t + s; t o  9 V)l 
h 

lim sup 
h - t O t  

< g ( t ) V t ,  x ( t  + s; t o ,  v)1, 

where Jmg( t )d t  < co ,g ( t )  >, 0. Then the trivial solution of system (2)  is 
integrally stable. 

Consequence. Under the conditions stated in Theorem 4.1, the trivial 
solution of system ( 9 )  i s  integrally stable, if the trivial solution of system 
(10) is uniformly stable. 

Theorem 4.14. If the functional V of the preceding theorem verifies, 
instead of condition 3,  the condition 

stable. 
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Consequence. If the trivial solution of system (2 )  (with the Lipschitx- 
type condition satisfied) is uniformly asymptotically stable, then it is also 
asymptotically integrally stable. In particular, under the conditions of 
Theorem 4.7, i f  the trivial solution of system (10) is unqormly asymptotically 
stable, the trivial solution of system (9)  is asymptotically integrally stable. 

4.3. Linear Systems with Time Lag 

We consider the linear system 

% ( t )  = A(t)x(t)  + B(t)x(t - 7 )  (16) 

We will call the adjoint system of system (16) the system with the advanced 
argument 

j ( t )  = -y(t)A(t)  - Y ( t  + T)B(t + 71, (17) 

where y is a row vector. 

respectively. We denote by ( y ,  x) the function 
Let x ( t )  and y ( t )  be arbitrary solutions of systems (16) and (17), 

Then (d /d t ) ( y ,  x) = 0, hence ( y ,  x) = const. Indeed, 

and 

Let us now consider the nonhomogeneous system 

% ( t )  = A(t)X(t)  + B(t)X(t - T )  +f(t). (18) 

Let Y ( a ,  t )  be a matrix which verifies system (17) for 01 < t (as a function 
of a) and Y(t,  t )  = E, Y(o(, t )  = 0 for cy. > t. This matrix is easily 
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constructed through the “step-by-step” method. Indeed, for t - T < 
a < t ,  we have 

a 
aa - Y(a ,  t )  == - Y(a ,  t)A(a),  Y(t, t )  = E,  

since for a > t - T we have a + T > t and Y(a + T, t )  = 0. I t  follows 
from here that in ( t  - T,  t]  the matrix Y(a, t )  is determined by a system 
of ordinary equations. Further, for t - 27 < a < t - T we have 

a 
aa - Y(a, t )  = -Y(oL, t )A(a)  - U(CX + T)B(IX + T), Y(t - 7, t )  = u(t - T )  

where we have denoted by U(a) the matrix constructed in the preceding 
step. The  procedure continues in the same way and leads to the desired 
matrix Y(a, t) .  

Let us multiply system (18) with the matrix Y(a, t )  constructed in 
this way and integrate with respect to a from u to t. We obtain 

Further, integrating by parts, 

Y(t ,  t ) x ( t )  - Y(u, t )x (u )  - 1’1 -g Y(a, t)x(a)da 

= s’ Y ( a ,  t)A(a)x(a)da + s’ Y(a, t)B(a)x(a - .)da 
U U 

Taking into account the equation which is verified by Y(a ,  t) ,  we 
obtain 

x ( t )  = Y(u, t )x(u)  - Y(a, t)A(a)x(a)da J‘ 

f f Y(a ,  t)B(a)X(a - T)da + 

- f Y(0l + 7 ,  t)B(Cl f T)X(OI)dOI + /‘ Y(a, t)d(CY)X(CX)dol 
0 0 

U 
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However, Y ( a  + T ,  t )  = 0 for t - T < 01 < t and we obtain 

x(t) = y(u, t)x(.) f r y(a + 7 ,  t)B(a + T)X(a)da + f y(% t)f(@-)da. 
0- T 0 

From this formula it is obvious that if X ( t ,  U) is the solution of 
system (16) which verifies the conditions X(a, G )  = E, X(t ,  u) = 0 for 
t < U, then X ( t ,  U) = Y(u, t ) .  
We thus obtain the formula 

Let us now consider system (17). Let y ( t )  be the solution of this 
system defined for t < u by the initial conditions given in [a, u + T ]  

and let X(a ,  t )  be the matrix of solutions of system (16) which verifies the 
conditions X(t ,  t )  = E, X(a,  t> = 0 for a < t. We have 

/:Y(S)x(S, t)ds = - y(s)A(s)X(s, t)ds - y(S f T ) B ( S  f T)x(s, t)ds. 1, 1, 
Further, 

" a  
r(a)X(a, t )  - r(t)X(t, t )  - 1 Y ( S )  X(S, t)ds 
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However, for t < s < t + T we have s - T < t and X(s - T ,  t )  = 0. 
Consequently, 

We shall now consider the same problems for general systems with 
time lag of the form 

where 

(a) qii(t ,  s) are defined for t 3 0, -a < s < CO, qzi(t,  s) = 0 for 
s >, 0. 

(b) There exist functions ~ ~ ~ ( t )  > 0, Vii(t) > 0, bounded for t >, 0 
such that 

y i j ( t ,  s) E vi j ( t ,  - ~ ~ ~ ( t ) )  for s < - ~ ~ ~ ( t ) ,  

where, as usual, V:ltf(s) means the total variation of function f in 
[a,  /3]. We set T =  SUP^,^,^ Tii(t). 

qij(t, s) are continuous in t ,  uniformly with respect to s. (c) 
From now on we shall write the system in vector form, 

where x ( t )  is a row vector. We shall call the adjoint system the system 

where y is a column vector. 
System (21) may also be represented in the form 

Y(") + I'" rl(" - B, B)Y(. - B)dB = const. 

Y(") + f + T  d y ,  a - r)y(y)dr = const. 

-7 

or 
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Then, for fixed u we have 

is known and we can determine y(a)  in the interval [u - T ,  a] from a 
Volterra-type system of integral equations. If y is known in [a - T ,  a] 

we may determine it by the same procedure in [u - 27, u - 71, and thus 
through the step-by-step method we can obtain for equation (22) a 
theorem of existence and uniqueness. Let us observe that if the initial 
function given in [o, u + T ]  is of bounded variation, the solution defined 
by it will be of bounded variation, and if the initial function is continuous, 
the solution will also be continuous. 

Let us conaider in particular the matrix solution of equation (21) 
defined by condition Y(a, u) = 0 for u < a < u + 7, Y(u, a) = E. Then 

We can obtain this matrix by the usual procedure of successive approxi- 
mations by setting 

Yo(", 0 )  = E,  Yk(% 0 )  = E - T(Y, a - Y)Yk-,(Y, +r I: 
for u - T < 01 < U, and then through the step-by-step method. 
The  matrices Yk(a, u) are continuous with respect to u and of bounded 
variation with respect to u.' From the uniform convergence of these 
successive approximation it follows that Y(n, a) also has these properties. 

Now let x ( t )  be an arbitrary solution of system (21) and y ( t )  be an 
arbitrary solution of system (22). Then, for t 3 u, 
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From this we obtain 

- f x(s)d, s' 7(a, s - a)y(ar)d& - f x(s)d, j'+' y(a, s - a)y(a)da 
t--7 t t--T s 

This relation may also be written 

hence 
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In  particular, for f = 0, it follows from the formula obtained that if 
we set 

(Y ,  4 = x(tly(t) + Jt 4 w s  J5+T V b ,  s - rlr(r)dr9 
t--T 

we will have (d /d t ) (y ,  x) = 0. 

solution Y(a, u) of system (22). We successively have 
Let us again consider the solution x(t) of system (21) and the matrix 

x( t )Y( t ,  t )  - x(u)Y(u, t )  - J: X(CY.)Y(CY, t)da 

+ f x(s)d, f q(a, s - a)K{a, t)da + 
t -  7 S 

From this we obtain 

x(t) = X ( U ) Y ( U ,  t )  + x(s)ds s8+'4(", s - a)Y(a ,  t)da + j:f(,)Y(,, t )da 
0-7 0 

However, 

hence 

X ( t )  = x(u)Y(u, t )  + x(s)ds j5+rV(a, s - a)Y(a ,  t )da + f(a)Y(a, t )da.  
U J: (23) 

0-7 

If the solution x( t )  is zero for t < u and i f f  = 0, then 

x(t) = x(u)Y(u, t )  

Let X ( t ,  a) be the matrix whose rows are for t > u solutions of 
systems (21) with f = 0 and X ( t ,  u) = 0 for t < u, X(u ,  u) = E ;  it 
will then follow that X ( t ,  0) = Y(u, t ) .  
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We have thus finally obtained 

Let us now state an analogous formula for system (22). Let y(a)  be 
a solution of system (22) whose initial function is of bounded variation 
and let X(a,  y )  be the matrix considered above. We have 

However, 

I t  follows from the fact that X(p,  t )  = 0 for /3 < t that the second 
integral is zero and we obtain 

(24) 
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Taking this formula into account, we immediately deduce, again, 
Y(t, U) = X(U, t ) ;  hence the formula may be also represented in the 
form 

Let us also consider systems of the form 

in which the term containing the time lag is emphasized. 
For system (25) we will call the adjoint system the system 

which can also be written 

hence 

We see from here that if the solution y is given in [u, u + T ]  we can 
determine it by successive steps from a system of integral equations of 
the Volterra type. 

Now let x ( t )  be an arbitrary solution of system (25) andy(t) an arbitrary 
solution of system (26). Then 
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Finally, for t 2 'J, we have 

x(t)y(t) + f .(s>ds Js+T ?(a, s - 4 3 4 4 d a  
t--7 

= x(u)y(u) + r x(s)d,  js+T7(a, s - a)y(a)da. (27) 
0-7 U 

Now let x(t) be the solution of system (25) and the matrix solution 
Y(a ,  'J) of system (26) be such that Y(a ,  u)= 0 for 'J < 01 < u + T, 
Y(a ,  'J) = E. From relation (27) we have 

However, for t < a  < s + T we have Y(a, t )  
We obtain 

- a)Y(a,  t)da. 

= 0 and Y(t,  t )  = E. 

From here we have, as for system (21), X(t ,  a) = Y(a ,  t ) ,  where X(t ,  a) 

is the solution of system (25) with X( t ,  u) = 0 for 'J - T < t < a, 
X(u, u) = E. 

Again using relation (27), we obtain for the soluticn y ( t )  of system 
(26) and the matrix solutioh X( t ,  u), 

and taking into account the relations X(s,  t )  F 0 for t - T < s < t ,  
X ( t ,  t )  = E, we deduce 

(29) y ( t )  = X(0,  t)y(u) + [ X(s,  t ) 4  Js+7?(a. s - aly(a)da. 
6- 7 
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In  the following pages we shall establish some properties of general 
linear systems with time lag. The Stieltjes integral will be used in all 
these theorems. For readers who are not familiar with this integral, 
we note that all the proofs could be carried out for systems of the form 

(*) 
0 

* ( t )  =z A(t)x( t )  + z B k ( t ) x ( t  - T k )  + J A(t, s)x(t  f s)ds 
k --7 

by the same scheme but using more elementary facts. 
The adjoint system is 

0 

y(t)  = -y(t)A(t) - z Y(t + Tk)Bk( t  + .k) - I y( t  - u)A(t - u, o)do (**> 
k --7 

It is easy to prove that 

if x is a solution of system (*) and y is a solution of system (**). Indeed, 
if all functions are continuous, the proof is obvious by differentiation. 

More generally, we may use integration by parts: 
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and this formula may be used to obtain the fundamental representation 
formulas for the solutions. 

If we take the solution Y(a ,  t )  such that Y(a ,  t )  = 0 for a > t ,  
Y(t, t )  = E,  we obtain 

x ( t )  = y('~ t)x(u) + 2 r y(a + rk 7 t )Bk(a f Tk)x(a)da 
k a - T k  

+ jb, [r+" Y(s, t)A(s, a - s)ds x(oI)da. 
U 1 

If we take the solution X(a,  t )  such that X(a,  t )  = 0 for a < t ,  
X( t ,  t )  = E, we obtain 

y ( t )  = y(')X(u, t ,  + xr  y(OL + T7c)Bk(a f Tk)x (a ,  t)da 
k w-7k 
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4.4. The Perron Condition for Systems with Time Lag 

We shall now state the theorem corresponding to Theorem 1.13 for 
systems with time lag. 

Definition. We will say that the system 

verifies the condition of Perron if for every vector function f, continuous 
and bounded in t >, 0, the solution of system (21 )  defined by the initial 
function zero in t < 0 is bounded on the semiaxis t > 0. 

Theorem 4.15. 

To prove this theorem we shall first state some lemmas. 

If system (30) verifies the condition of Perron, then 
its trivial solution is uniformly asymptotically stable. 

Lemma 1. Let Y(a, t )  be the matrix of solutions of system(22)such that 
Y(a, t )  = 0 for a > t ,  Y ( t ,  t )  = E. If Jt  1 Y(a, t)lda < C for t 2 0, then 
I Y(a, t)l < M f o r O  < a < t .  

0 ' 

Proof. We have 

Y(a,  t )  = E - f - + k Y >  a - Y ) Y ( Y ,  t)dY 

From this follows 

< 1 + L7 r+T I Y ( Y ,  t)ldY < 1 + V f I Y ( Y ,  t)ldY 
oi 

since if t < a + T we have Y ( y ,  t )  = 0 for t < y < a + T.  

We obtain 

I Y(a, t)l < 1 + V f  I Y(Y, t) ldy = 1 + VC = M ,  

and the lemma is proved. 
Let us repeat the proof for systems of the form 

X ( t )  = A(t )x( t )  + 2 Blc(t)x(t - Tk) +r A(t, s)x(t  + s)ds. (*I 
k --I 
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For such systems the equation for Y(o1, t )  is 

a 
aa - Y(a, t )  = -Y(ay, t)A(a) - 2 y(a + T k  , t)Bk(a + T k )  

k 

a t 7  

- J Y(s, t)A(s, a - s)ds. 
(I 

From here we obtain 

- JY7 Y(s,t)ds I’ A(s, /3 - s)dP - f Y(s, t)ds s’ A(s, /3 -s)d/3 
U U+7 S--7 

- ,:,@ Y(s, t)ds s’ . A(s,  j3 - s)d/3. 
8-7 

The last integral is zero since Y(s, t )  = 0 for s > t ,  and we have 

t ,  = + f y(pl t)A(p)dp + 2 f y ( / 3 ,  t)Bk(/3)dp. 
k U+Tk 

It follows that 

Lemma 2. (Bellman). If system (30) verifies the Perron conditions, 
there exists a constant C such that 
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Proof. On the basis of formula (23') the solution of 
defined by the zero initial function is given by the formula 

x ( t )  = ff(a)x(t, a)da. 
0 

The proof continues as in that of Lemma 3, section 1.10. 

Proof of Theorem 4.15. If x ( t ;  t o ,  p') is the solution of 
equal with q~ on [to - 7,  to], then from (23') follows 

373 

system (21) 

system (30) 

From the Perron condition we deduce, by using Lemma 2, that 
J: I X( t ,  .)Ida < C; hence by Lemma 1, I X(t ,  a)[ < M. We deduce that 

and the zero solution of system (30) is uniformly stable. 

to to and q ~ ,  in 1 1  q~ 1 1  < h. For u > to we have 
It remains to prove that limt+m x ( t ;  to , p') = 0 uniformly with respect 

From here we obtain 

where we have set 
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Further, 

The  last integral is zero since Y(a, t )  = 0 for a > t ,  and we obtain 

hence 

From here we obtain 
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Let us again prove the theorem for system (*). We have 

+ s1”” U(s, t)ds A(s, a - s)p(cW)dOr 
5 

From here follows 

Further, we have, for u 3 t o ,  

U + 7  + j Y(s, t)ds A(s, 01 - s)x(a; t o ,  Q7)dOr 
U 6-7 

and 
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where we have set 

t;(s, a) = /" ~ ( s ,  cz - s)x(a; t o ,  'p)da. 
S-7 

We have 

[(s, o)du = jlo [r A($, a - s)x(ar; t o ,  'p)dor] do 
s- 7 t 0  

= J:7 A(s, (Y - s)x(cz; t o ,  'p)da do + j' A(s, (Y - s)x(or; t o ,  q)da f' do 
t 0  t o  m 

to  
= (s - to) J A(s, OL - s)x(cz; to , 'p)d(Y + (s - OL)A(s, OL - s)x((Y; to , p)da 

8--T 

and 

= c" (s - cz)A(s, (Y - s)x(a; t o ,  
J 5--1 

From here we deduce 
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4.5. An Estimate in the Stability Theory of 
Linear Systems with Time Lag 

The following problem is interesting in many practical problems. 
We consider a system of the form 

k( t )  = A(t)x(t)  B(t)x(t - T )  (31) 

If the lag 7 is small, it is quite natural to suppose that it can be neglected 
and that we can consider the system of ordinary differential equations 

BV) = [W + W ) I Y W ~  (32) 

We suppose that the trivial solution of system (32) is uniformly asymp- 
totically stable. We could expect that for r sufficiently small the trivial 
solution of system (3 1) be likewise uniformly asymptotically stable. 
We will prove in the following pages that this is true and will obtain 
an estimate of the values r for which uniform asymptotic stability of 
the trivial solution of system (31) may be deduced from the corresponding 
property for the system (32). 

We shall use a lemma relative to differential inequalities with time 
lag which is interesting in itself. Let 

and let f ( t ,  u, v )  be continuous for all (u, v )  and 0 < t < a, monotone- 
increasing with respect to v .  

Proposition 2. I f h ( t )  < f [ t ,  w ( t ) ,  ~ u p ~ . - ~ ~ ~ ~ ~ w ( s ) ] f o r  to < t < t o + a  
and i f  y ( t ;  to , w )  is the solution of the equation 
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which in [to - 7, to] coincides with w ,  then, supposing that this solution is 
defined in [ t o ,  to + a),  it follows that w ( t )  < y(t; to , w )  for  to < t < 
t o  + a* 

Proof. 
to zero, and yn be the solution of the equation 

Let E ,  be a sequence of positive numbers tending monotonically 

which in [to - T ,  to] coincides with w + E, . On the basis of the preceding 
proposition, ~ , + ~ ( t )  < y,(t) in [ t o ,  to + a), and it is easy to see that 
limn+- y,(t) = y( t ;  to , 0) [in fact we should stress that in case a unique- 
ness condition is not satisfied, y( t ;  t o ,  w )  is the superior solution defined 
by the initial conditions considered]. On the basis of Proposition 1 we 
have w(t )  < y,(t) for t €[to , to + a) ;  hence w ( t )  < y( t ;  to , w) .  

Lemma. If f(t) < -af(t) + B suptr<o<lf(Q) for t 3 t o  and if 
01 > B > 0, then there exists y > 0 and k > 0 such that f(t) \< ke-y(t-fo) 

It follows on the basis of Proposition 2 that f(t) \< y(t),  where 

for t >, to . 
Proof. 

y( t )  is a solution of the equation 

which in [to - 7,  to] is greater thanf. Let us observe thaty(t) = Ke--y(t--lo) 
is a solution of this equation if -y  = -a + B e y 7 .  Indeed, 

If a > B, the function ~ ( z )  = -a + PezT + z is negative for z = 0 
and tends to infinity when z --t 00; hence there exists a z = y > 0 for 
which the function is equal to zero. It follows that if a > /3, there 
exists y > 0 such that y( t )  = ke-y ( - l - - to )  is a solution of equation (*). 
We have inffo-,G t< to Y ( t )  = k; hence by choosing k > 
it follows on the basis of Proposition 2 that f(t) < ke-y(t-io), and the 
lemma is thus proved. 

Assuming that the trivial solution of system (32) is uniformly asymp- 
totically stable, there exists a quadratic form (V(t)y,  y) whose derivative, 
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by virtue of system (32), is - (y,y) .  Let x ( t )  be any solution of 
system (31). We calculate 

d 
d t  - (V( t ) x ( t ) ,  x ( t ) ) .  

We have 

We deduce that 

Let A be the upper bound of the highest eigenvalue of the matrix V ,  
h the lower bound of the smallest eigenvalue of matrix V.  We have 
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hence 

We may therefore write 

and, dividing by 2f(t), 

We may apply the lemma, taking 

The  condition 01 > /3 leads to 

hence 
h 

AL,(L, + L,j . r <  

I t  follows that if 
h 

< AL,(L, +L2) 

there exist y > 0 and k > 0 such that f(t) < ke-r(t-to) for t 2 to; 
hence I x(t)J < ( k / d ~ ) e - ~ ( ~ - t ~ ~  for t 2 t o .  This shows that the trivial 
solution of system (31) is uniformly asymptotically stable. Let us observe 
that by supposing the differentiability of matrices A and B we could have 
continued the computations taking account of terms of the second degree 
in 7. This would have lead to improved estimates. 

We now study the same problem without making use of the Lyapunov 
function. Let us consider the system 

k 

k ( t )  = A(t )x( t )  + 2 B , ( W  - P*) (31’) 
i=l 



4.5. AN ESTIMATE IN STABILITY THEORY 381 

and the system obtained for p = 0, 

We suppose that the trivial solution of system (32') is uniformly asymp- 
totically stable. If U(t ,  s) is a fundamental matrix of solutions of the 
system (32'), we have I U(t ,  s)I < Ke-a(b-s). Let x ( t )  be any solution 
of system (31'). We have 

k 

X(t) = u(t, o)X(o) $- u(t, S ) B i ( S ) [ X ( s  - PTi) - X(S)]dS. 
2=1 

Let T = maxi T~ . For t > 2pT we will write 

On the basis of the inequality (3) we have for 0 < s < 2pT the estimate 

where y is the initial function of the solution x, given in [-p, 01. 
This estimate is obviously also valid for s < 0. We have set 

KO = SYP I A(t)l, K ,  = Syp I Bi(t)l, (i = 1, ..., k ) .  

It follows that for 0 < s < 2pT we have, in any case, 

For s >, 2pr we may write 
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We obtain 

We have the estimate 
" t  

Let 

We obtain 
v'(t) < --orv(t) + M SUP ~(0). 

k-2prGoGt 
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If M < a,  it follows, by virtue of the lemma, that there exist constants 
N and y such that 

o(t )  < Ne-y(t-to); 

hence a similar inequality also occurs for I x( t ) l .  Consequently, the 
trivial solution of system (31') is exponentially stable, provided that 
M < a. This condition leads to  

ff ' < K Cf=c=, T ~ K ~  Xt=o K j  ' 

4.6. The Stability of Some Control Systems with Time Lag 

We shall show below the way in which, by using the V. M. Popov 
method, one may obtain conditions of asymptotic stability in the large for 
nonlinear systems with time lag, of the type which occur in the theory 
of automatic control systems. 

Let the system 

dx 
- = &( t )  + &(t - T )  + I f [ U ( t  - T ) ]  [U = (C,  X ) ] .  dt 

Here A,  B are constant matrices, 1 a constant vector. We will assume 
that the equation 

det(A + e-"B - AE) = 0 

has all roots in the semiplane Re X < -a < 0. We will likewise assume 
that 

h,u2 < uf(u) < h2u2 with h, < k. 

Let x ( t )  be any solution of the system and u(t)  the solution of the 
system 

where +( t )  = f [ o ( t ) ]  for -T ,< t < 0, +(t)  = 0 for t > 0, which 
verifies the same initial conditions as x ( t )  in "-7, 01. Let 

0 for -T < t < 0, 
f & )  = f [o( t ) l  for 0 < t < T ,  

lo for T < t .  
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We denote by w(t)  the solution of the nonhomogeneous linear system 

dw _ -  - Aw(t) + Bw(t - T) + I fT ( t  - T), 
dt 

which verifies zero initial conditions. We have 

w(t)  = x ( t )  - u(t)  for -T < t < T + T, 

since the initial conditions are verified and the difference x ( t )  - u(t)  
satisfies the same system as ~ ( t ) .  

Let 

Since w verifies the homogeneous system for t > T ,  it follows that 
w and dwjdt decrease exponentially; hence that we can apply the 
Fourier transform theory. We have denoted by 6 and f T  the Fourier 
transforms of w and f T ,  respectively. From the system of equations for w 
we obtain, by applying the Fourier transform, 

from which we deduce 

The  inverse of the matrix ( A  + eciwTB - iwE)-l exists, since we have 
supposed that its spectrum is situated in the semiplane Re z < - 01 < 0. 

We write M = e-imr(A + e-ioTB - iwE)-lE and 3 = (c, M ) .  We 
have zij = --MfT; hence 

Supposing that (1/K) + Re(1 + iwq)Y > 0, we obtain x ( T )  < 0. 
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On the other hand, 

385 

I t  follows that 

However, 

k - h, 
hlU2 = h3#. 

1 
f(4 (. - jp)) 2 7 

I t  follows that 

hence we can write the inequality 

If y is the initial function of solution x( t ) ,  we have 

I Nt)l < Pe-"'tll P II, I g 1 < ye-"'tll P II. 

From uf(u) < h2u2 we obtain If(u)/ < h, I u 1 ;  hence 
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Taking this into account, we finally obtain 

From the inequality 

we deduce, as in Chapter 2, that 

I UWl  < %(I1 9 Il), 

and taking into account formula (19) we also deduce 

I 4t)l < az(lI9J 11). 

From here it follows that I dujdt 1 < a3(11 'p 11) and2hrough the same 
arguments as in Chapter 2 it follows from J, u2(t)dt < C that 
liml+w u(t)  = 0. Again taking formula (19) into account, we deduce that 
liml+m x( t )  = 0, and the following theorem is thus proved: 

Theorem 4.16. If the equation 

det ( A  + e-ATB- AE) = 0 

has its roots in the semiplane Re X < -a < 0 and if there exists a q > 0 
such that 

1 
- + Re(1 + iwq)e-iwT(c, ( A  + eciwTB - iwE)-l/) > 0, 
k 

then, for any function f with the property that there exists h, and h, < k 
such that h,u2 < uf(u) < h2u2, the trivial solution of the system is 
asymptotically stable in the large. 

Let us emphasize some general aspects of the V. M. Popov method 
which will allow us to obtain other results in the theory of absolute 
stability of automatic systems with time lag. 

The method of V. M. Popov enables us to obtain the stability con- 
dition for nonlinear integral equations of the form 

u( t )  = z ( t )  + st k(t  - a)f[u(a)]da.  
0 
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Let us consider the case where h,u2 < uf(u) < h 2 d ,  h, < h and 
I z(t)l + I dz(t ) /dt  1 + I K(t)l + I dk( t ) /d t  I < Ae-at for t 2 0. Let 

for 0 < t < I', 
for t > T,  

We have 

where - denotes, as above, the respective Fourier transform. We 
have been using the fact that ~ ~ ( 0 )  - zT(0) = 0; hence the Fourier 
transform of the derivative is obtained from GT - ZT through multiplica- 
tion by iw. 

We have 

U T ( t )  - X T ( t )  f h(t - T)fT(T)dT,  
0 

from which follows GT - 2, = &fT. Then 

If the condition Re( 1 + i q ) &  - (1 /h)  < 0 is fulfilled, then x( T )  < 0. 
This means that 

From here the proof further continues as above and we obtain 
I u(t)l < M ,  limt+m u(t)  = 0. 
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Let us now consider a system of the form 

k( t )  = x ( t  + S ) d T ( S )  + bf [a@)]  (a  = xc) (33) 
-W 

From formula (23') it follows that 

x ( t )  = x(O)X( t )  + jO x(s)d,T SSfT')(S - a)X(t - a)da + f bf[a(a)]X(t - a)da. 
--T 0 0 

We have been using in this representation the fact that if 7 does not 
depend on t ,  the solution of the homogeneous linear system, which is 
zero for t < a: and for t = a: coincides with the unit matrix, solely 
depends on the difference t - a. Consequently, 

o(t) = x(O)X(t)c + x(s)d, f f T  ~ ( s -  a)X(t - a)c da + f [o(a)]bX(t - a)c da. 
- -T  0 

Let us write 
bX(t)c  = K(t),  

x(O)X(t)c + x(s)ds j g f T q ( s  - a)X(t - a)c da = z(t) .  
-7 0 

We obtain 

.(t) = x ( t )  + f k(t - .If [o(a)lda, 

an integral equations of the considered form. 
If the zero solution of the linear part is uniformly asymptotically 

stable, then I X(t)l < l o e - ~ o ~ ,  from where it follows that x and K fulfill 
the above conditions, and thus I u(t)l < M ,  liml+m a ( t )  = 0; in addition 
M -+ 0 if the norm of the initial function approaches zero. From the 
formula which gives x ( t )  and from the already known evaluation for 
X ( t )  it follows that x has the same behavior. We thus have 

Theorem 4.16'. If the zero solution of the linear system is asymptotically 
stable and i f  there exists a q > 0 such that 

1 
h 

Re(1 + iwq)k' - - < 0 ( h  = b x c ) ,  

then the zero solution of system (33 )  is asymptotically stable in the large 
whichever be function f in the considered class. 
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In the same way, we can study the stability problem for systems of 
the form 

k ( t )  = f X(t + S)dr)(S) + bf[U(t - T ) ]  (U = xc)  (34) 
-m 

The same computations as above yield 

U ( t )  = x(O)X(t)c + x(s)d, I s + T ? ( s  - a)X(t - a)c da 
-7 0 

We denote 

% ( t )  = 4 t )  + kdt  - B l f [ U ( B ) l d B .  
-7 

Taking into account that for /3 > t - T we have t - /3 < T ,  we have 
a ( t )  = z l ( t )  + J:kl ( t  - /3)f[0(/3)]d/3; hence we have again obtained an 
integral equation of the form considered. 

Let us observe that we have 

We obtain 

Theorem 4.16. If the zero solution of the linear system is asymp- 
totically stable and if there exists a q > 0 such that 

- 1  
Re(1 + iwq)e-iwTk - - < 0 ( A  = b x c ) ,  

h' 

then the zero solution of system (34) is asymptotically stable in the large 
for every ,function .f of the considered class. 
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Investigating the first critical case, V. M. Popov has essentially 
considered an equation of the form 

where z and k verify the same conditions as above and in addition 
(d2z/dt2)  ~ L l ( 0 ,  m). Let 

~ ( t )  + yE(t)  - z( t )  for 0 < t < T,  

W T ( t )  = [ J T  k(t  - a ) f  [o(a)]da for T < t .  
0 

Then 

Let us consider the function 

However, GT = &fT; hence 

From the condition, 

it follows that x( T )  < 0.  This means that 
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hence 

From this we obtain 

hence I &t)l < M ,  . Further, : 

and if Jrf(U)ds = 00 we obtain I ~ ( t ) l  < M 5 .  
From 

do dz t d k ( t - a )  --- f [ 4 a > l d a  + “lf[o(t)l - Y f [ d t ) l  dt - dt + lo dt 

we deduce that I duldt I < M 6 .  Then, from the convergence of the 
integral Jr [U - (l/h)f(~>]f(o)dt it follows that limt-,m a(t) = 0. If for 
z and k we have exponential estimates, it follows that 

lim t-tm [z(t) + f k( t  - a)j[u(a)]da] = 0,  
0 

hence that 
lim [(t) = 0. 
t 4 w  

Let us now consider a system of the form 

Y ( t )  = y( t  + S)d?(S), %) =f[o(t)l, 4 t )  = r(t>c - r 5 W .  
--m 

(35) 
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We have 

y ( t )  = y(O)X(t)  + s" y(s)d, /s+T ~ ( s  - a)X(t  - a)da + 
0 _- 

hence 

a(t)  = y(O)X(t)c + S:7y(s)d,q J8+'q(s - a)X(t  - a)c da 
0 

+ ((a)bX(t - B)C da - ~ [ ( t ) .  
n 

Let k,(t)  = bX(t)c; for t 2 0 this function is continuous and the 

Let k( t )  = J, K,(p)dj?; we have I K(t)l < ZecLot. Then 

t d  I', da 

estimate 1 k,(t)lm< Zoe-LOt shows that J: k,(p)dp < 00. 

1: bX(t - a)ct(a)da = k,(t - ~l)[(a)da = ,$(a) - k(t - a)da 

and 

we obtain 

If we require that y > 0 and 

Re(1 + i q ) k  + qy + - 0, ;) 
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we deduce that 1 &t)l < M,; the above formulas immediately yield 
estimates for a(t), y ( t ) ,  j ( t ) ,  ((t),  &(t). Further we obtain 

lim a( t )  = 0, lim ( ( t )  = 0, limy(t) = 0. 
t-w t-m t-w 

From K' = - - K O  we deduce k = (-l / ico)(ko - K(0)). 
The  stability condition becomes 

Re q + 
We have thus obtained 

1 
( 2 - h 

KO - qr - - < 0 (Lo = b z c ) .  

Theorem 4.16. I f  the zero solution of the first approximation 
linear system is asymptotically stable and if there exists a q 2 0 such that 

1 1 
( zw) h Re q + b z c  - qr - - < 0, 

and if in addition r > sow bX(t)c dt, then thezerosolution of system (35)  is 
asymptotically stable in the large for every function f with 0 < of(.) < ha2. 

In his investigation of the second critical case, V. M. Popov consid- 
ered an equation of the form 

We have 



394 4. SYSTEMS WITH TIME LAG 

If r - Re f;, < 0, we d e d u c e  that x( 7') < 0. This means that 

hence 

If 01 > 0, it follows from here that I q ( t )  I < Ml and if Jrf(u)du = 00, 

If r - Re A, < 0 and lirn,w,+m ( r  - Re &) < 0, then 
we also deduce that I o(t)j < &I,, I du/dt 1 < &I3 , 1 d.$/dt I < M4 . 

hence S,'fZ[u(t)]dt < M.  It follows from this that limi+a ~ ( t )  = 0, 
and by using V. M. Popov's lemma (section 2.3) we also deduce that 
limt+a E(t) = limt+m ~ ( t )  = 0. 

Let us now consider a system of the form 

0 dq 
j ( t )  = j r ( t  + s)d77(s) + W t ) ,  -p = f [ d t ) ] ,  = yc + p t  + Y $. (37) 

-m 

We have 
0 

y(t)  = y(O)A-(t) + 
hence 

y(s )d ,  Is+'7(s - a)X(t - a)da + j' bf(Lu)X(t - a)dLu; 
-7 0 0 

~ ( t )  = y (o )X( t ) c  + y(s)dp l s + T y ( s  - a)X(t  - CI)C da 
-7 0 
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a, 02 

k, ( t )  = I’ k,(a)da, k ( t )  = I’ k,(a)da. 
t 

and 

and we obtain an equation of the form (36). 
We have 

1 -  1 1 -  
61 = - 7 k, + 7 kl(0) ,  Re K‘, = -Re K O ,  

ZW ZW 1w 

and the condition Y - Re A ,  < 0 is Y + Re ( l / iw)ko < 0. However, 

Lo = b T c ;  

hence the condition becomes 

1 
r + Re;-bXc < 0. 

1w 

We have thus 
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Theorem 4.16””. If the zero solution of the linear system is asymp- 
totically stable and if 

then the zero solution of system (37)  is uniformly stable. If, in addition, 
uf(u) > 0 for u # 0 and 

r < 0 ,  r + R e - ; - b x c < O  1 
ZW 

then the zero solution of system (37) is asymptotically stable in the large. 
Let us finally show how by using the method of V. M. Popov we can 

study the absolute stability of systems of the form 

k(t)  = &(t) + &(t - T )  + b t ( t )  + C t ( t  - T ) ,  

‘%) + .ht)  + B t ( t )  =f[Wl, 

under the hypothesis that the roots of the equation det(A + Be-a* - AE)= 
0 are situated in the semiplane Re X < 0. 

We have 

and 
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Then 

0 
= zl(t) + / k2(t - T - a).f(a)da + 

-7 
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Jl - r)?(r)dr + Y 3 t ( t )  + y4dt ) *  

If a = 0, /3 = 0 this equation becomes 

4 t )  = zdt) + f k,(t - rlf[o(y)ldy + Y 3 W  + Y47(t), 
0 

and the conditions of absolute stability obtained by the method of 
V. M. Popov axe 

y3 < 0, yz + Re l5 < 0, lim (y? + Re k5) < 0. 
lwl-)w 

Now let a > 0, /3 = 0. Then q(t)  + q ( t )  = f [ u ( t ) ]  and 

7 ( t )  = e-atq(O> + Jt e-a(t-yy[u(y)ldy. 
0 

Let C(t) = ~ ( t )  + a f ( t ) ;  then f ( t )  = (l/a)C(t) - (l/a)q-(t). The  equa- 
tion in u becomes 

Taking into account the expression of the function q(t)  we obtain 
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We have 

s' k6(t  - y )  [f e-"(Y-s)f[u(S)]dS] dy = f f [ u ( S ) ] d S  I' R,(t - y)e-'+s) dy 
0 0 0 6 

where 

Let us set 

We obtain the equation 

d5 4) = %(t) + f k i t  -vlf[.(r)l& + 4 I ( t )% = f(41 

where 1 z4(t) 1 < m4 e - A o o ' ,  1 k,(t) 1 < Zse-"lt, A, = min (A,, a). 

stability condition 
From this equation we obtain by the method of V. M. Popov the 

Y3 4 
a h  

Re(1 + iq)& + q - - - < 0. 
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We set 

+ Y , Y l ( M O )  + YsE'&)?(O) + Y 4 Y 3 W ( O )  + Y4Y4(t)?(O). 

We obtain the equation 
t 

4 t )  = 4 t )  t J 'll@ - Y l f [ 4 Y ) l d Y .  

From this equation we obtain from the method of V. M.Popov the 
stability condition 

Re(1 -1 iwq)K,, - - < 0. 
- 1  

h 

Let us observe that j j 2  = 1 /(-wz + iwa + /3), jj4 = iw/(-w2 + iwa + /3), 

In  the same way we can also study the absolute stability of systems 
K g  = &p2 9 = &y"4 * 

of the form 

* ( t )  = p x( t  + s)d?(s) f b&(t )  + c f ( t  - T), 
-03 

d t  $0) + Q h t )  + 84(t) =.f[u(t)l, u = XP + Y14 + Y2 , 

and systems of the form 

k( t )  = &(t) + &(t - T) + b t ( t )  + c t ( t  - T ) ,  

$0) + Q1& + .z& - .> + BltW + 82tG - 4 = f[+)l, 
d t  

(7 = p*x + Y l t  + Y2 ;it 
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For systems of this form we obtain 

and taking into account the equation for 5, 

- T )  for t 2 T ,  

for 0 < t < T .  

Then 
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and we obtain the equation 

which is of the same form as the one considered above. 
If we suppose that the roots of the equation 

are in the semiplane Re h < 0, we obtain an equation of the form 

4 t )  = 4) + s' kl& - 4 f [ O ( 4 I d %  

which may be studied by the method of V. M. Popov. 

4.7. Periodic Linear Systems with 

Let us consider linear systems of the form 

Time Lag 

under the hypothesis that the matrix q(t, s) is periodic with respect to t 
of period w > r .  

We define the operator U through the relation Ucp = x(w + s; cp), 
where x( t ,  cp) is the solution of the system which coincides with 
cp on [ -T ,  01. Then from the general formula (23) of representation of 
the solutions it follows that 

urp = rp(O)X(w + s, 0)  + V(U)d, r+'?(". u - .)X(w + s, or)& 
-7 0 

The operator U is compact: it maps every bounded set into a relative 
compact set. Indeed, from 1 1  cp 1 1  < M we obtain 1 1  Up, 11 < M' and from 
w > T we obtain u + s > 0 for s E [ -T ,  01; hence Ucp is differentiable 
and 

d 
ds 
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hence I (d/ds)x(w + s; p,)l < M". The  functions {Up,} thus form a set 
of uniformly bounded and equally continuous functions, consequently, 
on the basis of the Arzeia theorem, a relative compact set. 

From the fact that the operator U is compact it follows that 

(a) If U( U )  is the spectrum of the operator U ,  the set u( U )  is at most 
countable and is a compact set in the complex plane. 

(b) 0 E a( U )  and if h E c( U),  h # 0, then h is an eigenvalue of the 
operator U ,  i.e., the equation Up, = hp, has a nonzero solution q~ E X 
(we denote by X the Banach space of the vector functions continuous 
in [ -7, 01). 

(c) If a( U )  is infinite, the point z = 0 is the only limit point of the 
spectrum. 

(d) If h # 0, h E u(U)  there exist closed subspaces K(h), E(X), 
dim E < m, such that X = K(h) @ E(h), U K  C K,  UE C E,  and 
the restriction U I K of the operator U to the space K is likewise a 
compact operator. 

(e) K(h) is likewise a Banach space and u( U I K )  = a( U )  - {A}. 

Let us observe that if the condition w > T is not fulfilled, then there 
exists an m such that mw > T ;  it is easy to see that if Vp, = x(kw + s; q ~ )  

then V = Uk and V is compact. Then the operator U has all the 
above properties (see, for example, Riesz and Nagy, Functional Analysis). 

Let us observe also that we could have considered the operator Ulo 
defined by the formula Ul0p, = x(w + s; to , q~), s E [to - T ,  to],  for which 
all the above properties are maintained. 

Definition. The eigenvalues of the operator U are called the multipliers 
of the system. 

T o  justify this definition let us observe that if p is a multiplier there 
exists a solution of the system such that x(t + w )  = px(t) and conversely. 
Indeed, let p, be an eigenvector corresponding to the eigenvalue p .  We 
have Up, = pp,, hence Ut+& = U,Uy = pulp,; hence x(t + w + s; p,) = 

px(t + s; p,), and for s = 0 we obtain x(t  + w ;  p,) = px(t; p,). 
We have denoted here by U ,  the operator defined by Ulp, = x(t + S; p,); 

it is easy to see that Ul+w = U,U,. Indeed, 

Vt+& = x(t + w + s; 9') = x(t + s; x(w + s; 9')) = uJJw9', 
since the solutions x(t + w + s; p') and x(t + s; x(w + s; p,)) coincide 
for t = 0 (hence in [-T, 01). The  fact that x(t  + w ;  p,) is a solution of 
the system together with x(t; 9) follows from the periodicity of the 
system. 
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Conversely, if x(t + w; p,) = px(t ;  p,), then for s E [-T, 01 we have 
x(s + w;p,) = pp,; hence Up, = pp, and p is an eigenvalue of U. 

Let p be a multiplier, E(p) the corresponding invariant subspace 
formed by functions p, for which there exists n such that ( U  - ~ l ) ~ p ,  = 0 
(where I is the identity operator). This subspace is of finite dimension 
and therefore a Jordan canonical basis, p,! , p,: , ..., Q)L(~) , can be chosen 
in it such that 

UT; = PT4 > ucp; = Pp,; + T i  9 ... 1 uv:,,, = P&, + p,k(&l . 

We have seen above that the solution corresponding to the initial function 
yj has the property x ( t  + w; qj) = px( t ;  9:). 

The solutions corresponding to the other functions of the canonical 
basis have the property 

x( t  + w ;  p,;) = px(C T;) + x ( t ;  Tj”-,,. 

Indeed, x( t  + w; p,;) and px(t ;  p,:) + x ( t ;  y t l )  are solutions of the 
system and these solutions coincide for t E [ - T , O ] .  

If h = ( l /w)  In p, we have x ( t ;  Q);) = e%:(t), where ui(t)  is a periodic 
function of period w. Let 

x ( t ;  p,:) = eAt(cltu4 + ui); i.e., ui = e-%(t; ~ i )  -- cltu4 . 

We have 

If we take c1 = l/pw it follows that u: will be a periodic function. 
Analogously we show that 

1 At 1 1 i-2 2 1 1  
x ( t ;  Ti) = e (cielt’-lui + cj ,zt  v2 + ... + ci,i-ltvf.-l + uj), 

where u! , v i  , ..., u ; - ~ ,  u; are periodic functions with period o. We have 
thus obtained a Floquet-type family of solutions. This family of solutions 
could also be obtained in the following way (A. Stokes). 
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From dim E(p) < CQ it follows that there exists a basis $i in E(p) 
and a matrix M such that if $ = (t,bl, ..., &) we obtain U$ = $M 
[M is a matrix which represents the restriction to E(p) of the operator u]. 
From the fact that in E(p) the only eigenvalue of operator U is p # 0 it 
follows that M is nonsingular and admits p as a unique eigenvalue. 
Hence B = (I/w) In M exists. Let p( t )  be the vector defined by the 
relation p ( t )  = x ( t ;  $)e-B1, where x ( t ;  $) = ( x ( t ;  &), ..., x ( t ;  $r)). Then 

p ( t  + W) = x(t + W; #)e-Bue-Bt = x ( t ;  X(W + s ;  #))e-Bue-Bt 

= x ( t ;  U#)M-le-Bt = x ( t ;  #M)M-le-Bc = x ( t ;  #)MM-le-Bt 

= ~ ( t ;  #)e-Bt = p(t) .  

We obtain x( t ;  +) = p(t)eBf,  where p is periodic. If y = c ci& we will 
have x ( t ;  p)) = ’c cix( t ;  $J = x ( t ;  $)c’ = p(t)eBtc’. We have thus obtained 
the structure of the solutions defined by the initial functions in E(p). 

Let x ( t ;  t o ,  p)) be the solution of the system defined for 
t 2 to - T, which in [to - T, to] coincides with p). We denote by 
Ut , toy  = x ( t  + s - to; to , y ) ,  s E [to - T, to]. We have Uto,tnp) = y and 

Ut+o,l, = Ut,f,Uto+o,t , .  The eigenvalues of Uto+w,f, coincide with 
the multipliers of the system. Let n 2 0 such that to + nw 0, 
$ = x(u + nw; y ) ,  x ( t ;  t o ,  $) = x( t  + nw; p)), 

since in both members we have solutions of the system and these coincide 
in [to - T, to] .  We have Ulo+m,t,$ = x(w + u;  t o ,  9) = x((n  + 1)w + u;  y).  

Remark. 

x ( t  + w + s - to ;  t o  , p)) = Ut.l,+J + s; 20 7 cp) = ~ f . l o ~ l n + m , , o y ;  hence 

u E [to - T ,  to].  Then 

Let p be a multiplier, p) a corresponding eigenvector. Then 

x((n + 1 ) ~  + U ;  V) = ~ ( ( n  + 1 ) ~  + to  + s; V) = u(n+l)u+top’ 

= Ut,+nuUp) = uto+nuPv = Puto+nov = P X ( ~ W  + t o  + S; 9 ~ )  
= p+w + u; p’) = p#;  

hence Uto+a,,to$ = p+ and p is an eigenvalue for Ut,+m, to .  Interchanging 
the roles of to and 0 we deduce that the spectra of the operators Utn+w,lo 
and U coincide. 

Let p1 , p2 , ..., p, ..., be the multipliers of the system ordered in such a 

where I P,+~ I < a < 1. From the properties of the spectrum of a 
compact operator, it follows that there exists only a finite number of 
multipliers outside the circle I z I < a. 

T o  the decomposition u( U )  = A, u R,  u (0) corresponds a direct 
decomposition X = X, @ Y ,  where X, = E(pl) @ E(p2) 0 --. @ E(p,) 

way that I Pn I 2 I ~ n + l  I. Let A n  = ( ~ 1  7 PZ r ---, Pn} and R n  = (pn+lr .*-}, 
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and U( U I Y )  = R, ~ ( 0 ) .  If rp E X we have rp = rp, + + and x( t ;  rp) = 

We have seen, however, that the solution x ( t ;  rp7J is a linear combina- 
tion of Floquet-type solutions. We will show that the solution x ( t ;  +) 
approaches zero as e-01, where /3 = -(l /w) In a. 

Let t 2 to and N such that Nw < t - to < ( N  + 1)w; hence 
t = to + NU + t', 0 < t' < w. We bave 

x( t ;  rpn) + 4 t ;  +I* 

However, ( 1  U l , + l ~ , l ,  ) I  < Mo , where Mo is a constant depending only 
on the function 7. It follows from here that 

/ I  Ut,t, I I  < M o l l  Utofw,to I I N  and I 4 t ;  to , v)l < M o l l  q + " , t o  /I / I  rp II. 

For every operator we have sup I u( U)l = limn+ao 1 1  Un /I1/,, and if the 
operator is compact, sup 1 u( U)i is attained for an eigenvalue, since the 
single limit point of the spectrum is z = 0. For + E Y we have I x( t ,  +)I < 
Moll( U I Y)" I (  - / I  + 1 1  and lim,+m 11 ( U  I Y)" < a; from here follows 
that for N large enough we have ll(U j Y)" 1 1  < a" and I x ( t ;  +)I < 
MoaN 1 1  + 11.  From N > ( l / w ) t  - 1 follows a" < ( l / a ) c ~ ( l / w ) ~ ;  if 
B = -(l/w) In a, we have a l / w  = e-0 and I x ( t ;  +)I < (Mo/a)e-O1ll + I/. 

W e  have thus shown that every solution of the system differs f rom a 
linear combination of Floquet solutions by a function which tends exponen- 
tially to zero (as e-B1, with /3 > 0 arbitrarily large). 

4.8. Periodic Linear Systems with Time Lag. 
Stability Theory 

We have obtained above the relation 

where N is [ ( t  - t o ) /w] .  From this relation it follows that the stability 
properties of the system depend on the behavior of the sequence 
I I  U[+O,l, II. 

If there exists an M > 0 such that for every natural N and every 
to 3 0 we have 1 1  U[+w, t ,  ( 1  < M ,  the zero solution of the system is 
uniformly stable. If there exists a K > 0 and E > 0 such that 
for every natural N and every to 3 0 we have 1 1  U[+w,,oII < k( l  - E)", 
then the zero solution of the system is uniformly asymptotically stable. 
For every operator U the values h with the property that I h I 3 1 1  U / /  
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do not belong to the spectrum; hence for every point of the spectrum 
we have I h I < 1 1  U I [ ;  hence I A N  1 < 1 1  UN ( 1  (since if h belongs to the 
spectrum of the operator U then AN belongs to the spectrum of U"); 
from 1 1  UN [I < M we obtain 1 A N  I < M for N = 1, 2, ..., n. This 
means, however, that 1 h I < 1. Consequently from I( UN 1 1  < M for 
every N it follows that u( U )  C (A; 1 h 1 < I}. 

Let a( U )  = a, U a, , where u1 C (A; I h I < I} and u, C (A; I h 1 = I}. 
If U is compact, the sets crl and a, are separated and a, is finite. The 
space % is decomposed in the direct sum X = X ,  O X ,  and 
corresponding to this decomposition the operator U is decomposed in 
the direct sum U = U, @ U, , where a(U,) = a,, u(U,) = a,; from 
U = U, @ U, we obtain UN = U r  Up. If 1 1  UN 1 1  < M we obtain 
/ I  Uf / I  < M ;  from the fact that h = 0 does not belong to o(U,), it 
follows that dim X ,  < GO and that a matrix corresponds to the operator 
U, . From 1 1  Uf I/ < M and from the fact that the eigenvalues of U, are 
situated on the circumference of the unit circle, it follows that the 
corresponding elementary divisors are simple. Thus, if U is compact and 
1 1  UN j l  < M for every natural N ,  the spectrum a( U )  is situated in the 
unit circle and simple elementary divisors correspond to the eigenvalues 
situated on the circumference. 

Conversely, let U be compact and the spectrum a( U )  situated in the 
unit circle, and let us suppose that to the eigenvalues situated on the 
circumference correspond simple elementary divisors. Then U = U, @ 
U ,  , 1 1  U p  1 1  < M ,  u( U,) C (A; j h 1 < I}. From the fact that U is compact 

follows from here that for n sufficiently large we have /I U," 1 1  < (1 - E ) ~ ;  

therefore for every natural N we will have I/ U,N 1 1  < K(l - E)". It 
immediately follows from here that 11 UN 1 1  < M .  

Taking into account that the spectrum of the operator U does not 
depend on t o ,  we can state the following theorem: 

it follows that sup 1 a(U,)[ < 1 and limn+m j j  U: l11/7c = 01 < 1 .  It 

Theorem 4.17. If the zero solution of the system is uniformly stable, 
the multipliers of the system are in {A; I h 1 < I}, and to multipliers situated 
on the circumference correspond simple elementary divisors. I f  the zero 
solution is uniformly asymptotically stable, there exists an E > 0 such that 
the multipliers of the system are situated inside the circle (A; I h I < 1 - E } .  

Conversely, if the multipliers are situated in the circle (A; I h I < I} the 
zero solution of the system is uniformly asymptotically stable. If the 
multipliers of the system are inside the unit circle and to the multipliers 
situated on the circumference correspond simple elementary divisors, the 
zero solution is uniformly stable. 

Let us consider as an application of this theorem the case where 



408 4. SYSTEMS WITH TIME LAG 

q(t ,  s) does not depend on t. Then, setting x( t  + s, cp) = U(t)cp, U(t)  
defines a strongly continuous semi-group of operators. Indeed, we have 
U(t  + t,)p, = x( t  + t, + s; cp) = x ( t  + s; x(t ,  + s; cp)), since both mem- 
bers contain solutions of the system and these solutions coincide for 
t = 0, namely, in [ t ,  - T ,  tl]. 

However, this means that U(t + t1)y = U(t)U(t,)cp; hence U(t + t , )  = 
U(t) U(t l ) .  The strong continuity of this semigroup follows immediately 
from the general properties of the solutions. Let us observe that we 
also have ~ ( t  + s; to , tp) = U(t - to)cp. 

Let A = lim,,,, ( l / r ) [U(r )  - 13; then, as has been shown by 
N. N. Krasovski, we have o(A) = {A ;  det(Jo e' dv(s) - AE) = O}. From 
the general theory of semigroups it? follows that u( U(t))  < 
exp tu(A) u 0. 

It follows from here that if u(A) C { A ;  Re h < 0}, then u(U(t))  is 
situated for every t in {A; I A I < l}. If we apply Theorem 4.17 for 
arbitrary w ,  from u(A) u (A;  Re A < 0} follows the uniform asymptotic 
stability. This is the theorem of N. N. Krasovski.* The foregoing 
arguements, through which the result of N. N. Krasovski is deduced 
from Theorem 4.17, are due to A. Stokes. 

Let us also show an immediate application of Theorem 4.17. We 
consider the system 

J --m 

Let us see under which conditions this system admits solutions of the 
form e%(t), where g and h are periodic functions of period w. From the 
system we obtain 

0 

heAth(t) + e"th(t) = J eA(t+s)h(t + s)d,v(t, s) + eAtg(t), 
-02 

from which we obtain 

which can also be written in the form 

where 9, has the same properties as 7. 

*We have already applied this result in Section 4.6. 
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As we will see in Section 4.9 this system admits a periodic 
solution of period w ,  whichever be g periodic of period w ,  if and only 
if the corresponding homogeneous system does not have periodic 
solutions of period w ,  hence if the multipliers of this system are 
different from 1. These multipliers are, however, obtained from those 
of the system 

by multiplying through by e-"". Indeed, let 

x( t  + w) = p x ( t ) .  

It  follows that 

eA(tfw)h(t + w) = peAth(t); 

hence e%(t + w )  = ph(t), hence h(t + w )  = e-"phh(t). Conversely, if 
h(t + w )  = plh(t), we have 

x ( t  + w )  = eA(t+w)h(t + w) = eAteAwplh(t) = eAwplx(t);  

hence p = e"p, , p 1  = e-"p. 
Taking this into account, the condition that system (38) admits 

(whichever be g periodic of period w )  solutions of the form el%, with h 
periodic of period w ,  is equivalent to the requirement that erlw not be a 
multiplier of system (39). 

Theorem 4.18. If for every g periodic of period w and for every X 
with I en, I 3 1, system (38) admits a solution of the form e"h(t) with h 
periodic of period w ,  the zero solution of system (39) is uniformly asymp- 
totically stable. 

Indeed, if the condition of the statement is fulfilled, it follows from 
the above that the numbers e'lw with I elw I 2 1 are not multipliers of 
the system, hence that the multipliers are strictly inside the unit circle, 
which, in conformity with Theorem 4.17, implies uniform asymptotic 
stability. 

Let us observe that Theorem 4.18 is of the same type as 4.15; the 
conclusions on the stability of the zero solution of system (39) are 
obtained from the information concerning the response to "excitations" 
of a certain form [from the information about the solutions of 
system (38)]. 
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Now let us prove the following theorem. 

Theorem 4.19. Consider the system 

4 t )  = [A@) + C(t ) lX( t )  + [B(t) + D(t>lx(t - 7) (40) 

where A, B, C, D are periodic of period w > 7. Suppose that the zero 
solution of the system 

A t )  = 4 t l Y ( t )  + B(t)Y(t - 7) (41) 

is un;f.rmly asymptotically stable and 

/;{I C(t) I + I I> dt 

is suficiently small. Then the zero solution of system (40) is uniformb 
asymptotically stable. 

Proof. Let U be the operator corresponding to system (40) and V 
the operator corresponding to system (41). From the stability assumption 
it follows that the eigenvalues of V are in the circle 1 z I < 1 - E .  We 
shall prove that 

From here it will follow that if the condition in the statement is 
verified, the eigenvalues of U lie in a circle 1 z I < 1 - ( ~ / 2 ) ,  and the 
theorem will be proved. 

T o  prove (42) let z ( t ,  QJ) = x( t ,  QJ) - y ( t ,  p)). We have 

2(t)  = A(t)Z(t ,  v) + B(t)z(t - 7, p) + C(t)x(t)  + D(t)x(t - 7, P)). 

From here follows 

t 

0 
z(t, v) = / Y(t,  a)[C(a)x(4 + D(a)x(a - 7, v) da 

where Y ( t ,  s) is the solution of system (41), Y ( t ,  s) = 0 for t < S, 
. .  

Y(s, S) = E. 
We deduce that 

! up, - vp I = I z(w + s, 9) 

< M sU+' 
0 
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But we have, for CL E [o, w], 

hence 

and 

I1 UP - v y  It < ALfK JWi! C ( 4  I + I D ( 4  I )  da II P 11. 
0 '  

The  inequality (42) is established and the theorem is thus proved. 

4.9. Periodic Solutions of Linear Periodic Systems 
with Retarded Argument 

We shall now consider the problem of the existence of the periodic 
solutions of linear periodic nonhomogeneous systems. Let the system be 

where 7 and f are periodic in t with period w > T. 
Let x(t; p') be the solution of the system defined for t > 0 by the 

function p' given in [-T, 01. From the fact that 7 and f are periodic, it 
follows that x(t + W ;  p') is likewise a solution of the system and this 
solution is defined for t + w 3 7; if in [-7,0] this solution coincides 
with (p, on the basis of the uniqueness theorem it follows that 
x(t + w ;  p') = x( t ;  p') for all t 3 -T and the solution is periodic. 
Thus the periodicity condition of the solution is written X(W + S; 'p) = 

p'(s) for s E [-T, 01. Let V be the operator defined by Vp' = X(W + s; p'); 

the function y is an initial function for a periodic solution of the system 
if and only if V,  = p'; in other words, the periodic solutions of the 
system correspond to the fixed points of the operator V .  

Let ~ ( t ;  p') be the solution of the corresponding homogeneous system, 
defined for t 2 0 by the initial function cp given in [-7,0]. Then 

If U is the operator defined by the relation Up' = x(w + s; q), we have 
X ( t ;  p') = z(t;  p') + (f(CL)X(t, a)da. 
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The  periodicity condition is 

i.e., 

where I is the identity operator. 
The  operator U is compact; hence I = U has an inverse if and only if 

the equation Up, = p, has no other solutions except p, = 0. 
The  equation Up, = p, determines the initial functions of the periodic 

solutions of the homogeneous system. We have, therefore, the following 
theorem: 

Theorem 4.20. A necessary and suficient condition in order that 
system (43) have a periodic solution of period w for an arbitrary function f 
periodic of period w is that the corresponding homogeneous system does not 
have periodic solutions of period w different from the zero solution. 

We shall now prove a theorem characterizing the behavior of the 
solution of system (43), in the case where it does not admit periodic 
solutions. 

Theorem 4.21. I f  system (43) does not have periodic solutions, then 

Let 16 = c’s f ( a ) X ( w  + s, a)da. The  initial functions of the 
periodic solutions of system (43) verify the relation ( I  - U)p, = +. 
If system (43) does not have periodic solutions, this equation does not 
have solutions; hence (G does not belong to the space ( I  - U)X.  But 
the operator U is compact and thus ( I  - U)X is a closed subspace of %. 
It follows from this that the distance from # to this subspace is not 
zero and thus there exists a linear functional y such that y[p,] = 0 for 
p, E (I - U ) X  andy[+] = 1. For every p, E X we have y[(I  - U)y] = 0; 
hence y[p, - Up,] = y[p,] - y[Up,] = 0 and y[p,] = y[Up,]. From 
x(w + s; p,) = Up, + 16, we obtain 

all the solutions are unbounded. 

Proof. 

r[x(w + s; 911 = Y[UFl + Y P I  = Y[Tl + 1. 

We have the relation 
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Indeed, in the second member we have a solution of system (43), and 
this solution coincides in [ - T ,  01 with x( t  + nw;  rp). From this relation 
we deduce that 

.[(a + 1)w + s; F] = Ux(nw + s; F) + 4. 
From here, by induction, we obtain 

y[x(nw + s; PI1 = Y[Fl + 12 
Indeed, we have previously obtained this relation for n = 1. Further, 

y[x((n + 1)w + s; v)] = y[Ux(nw + s; F) + 41 
= r[Ux(nw + s; F)I + Y[41 
= y[x(nw + s; CP)] + Ytdl = Y[Pl + n + 1 

and the relation is proved by induction. From this we deduce that the 
sequence y [x (nw + s ;  p)] is unbounded, which shows that the 
solution x( t ;  9) cannot be bounded. The  theorem is thus proved. 

Let us observe that this theorem shows that if system (43) admits at 
least one bounded solution, it also admits a periodic solution. 

The homogeneous system corresponding to system (43) can only have a 
jinite number of linearly independent periodic solutions. 

Indeed, the corresponding initial functions are solutions of the 
equation Urp = rp and from the fact that the operator U is compact it 
follows that this equation has only a finite number of independent 
solutions. 

In  the following section we shall study in detail the critical case in 
which the homogeneous system admits periodic solutions of period w 

different from the zero solution: We shall present this study in detail 
for the simplest systems with time lag, the arguments being carried out 
for the general case in the same way. 

4.10. The Critical Case for Linear Periodic Systems 
with Time Lag 

We shall consider a system of the form 

k ( t )  = A(t)x(t)  + B(t)x(t - T) +f(t),  (44) 

where A, B, f are continuous and periodic of period w > T. The  
corresponding homogeneous system is 

k ( t )  = A(t)X(t) + B(t )X( t  - T ) ,  (45) 
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and the adjoint system is 

j ( t )  == -r(t)A(tj  - r(t + T)B(t + 7 ) .  (46) 

Theorem 4.22. If system (44) has periodic solutions of period w ,  then 
J:y( t ) f ( t )d t  = 0 for all the periodic solutions y ( t )  of period w of the 
adjoint system (46). 

Let x ( t )  be a solution of system (44) defined for t 3 -T and 
y ( t )  a solution of system (46) defined for t < w + T. For 0 < t < w 
we define the function ( y ,  x) as in Section 4.3, through the, formula 

Proof. 

Then 
d d t+T 

( Y ,  4 = (r(t)x(f) + J Y( t )B( t )45  - w) = Y(tl f( t>. (47) 

If x( t )  and y ( t )  are periodic of period w we see at once that ( y ,  x) is a 
periodic function of t. We obtain, by integrating relation (47), 

and the theorem is thus proved. 
We shall prove now that system (46) has the same number of indepen- 

dent periodic solutions as system (45) and that the condition of the 
preceding theorem is sufficient in order that system (44) have periodic 
solutions. To do this we will need a series of preliminary results which 
will lead to results interesting in themselves. 

Let y ( t ,  #) be the solution of system (46) defined for t < w + T by 
the function $ given in [w,  w + T]. It follows from the periodicity of 
the system that y ( t  - w ;  /J) will likewise be a solution; this solution is 
defined in t - w < w + T, hence for t < 2w + T. If y ( t  - w ;  4) 
coincides with # in [w,  w + T I ,  then from the uniqueness theorem it 
follows that y ( t  - w ;  #) = y ( t ;  #) and the solution will be periodic. 
Taking into account formula (20), the periodicity condition is 

W t T  

# ( t )  = #(w)X(w,  t - w )  + J #(t)B(E)X(5 - 7 ,  t - w)dt  ( t  E [w ,  w + 4 
w 

We write @(s) = #(s + w + T ) ,  s E [ - T ,  01. Then 

W f T  

@(S) = @(-~)x(w, S + T )  + @(t - w - ~)B(e)x(t - 7 ,  s + T ) d t ;  
w 
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i.e., 

We shall prove that this equation has the same number of linearly 
independent solutions as the equation p, - Up, = 0 and that the equation 
p, - Up, = q5 has a solution if and only if 

for all the solutions of @ of equation (48). 

tion is possible, we define the operation 
For the matrix functions I), p, defined in [-7,0] for which multiplica- 

We have the fundamental property 

Let K(a) = (L(o), M(a, a)); we have 
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T h e  relation in (50) is thus proved. 
With this notation the operator U is written 

ug, = ( X ( 0  + S, 7 + 4, drl)). 

Let us consider the operator 0 defined by = ( q ( ~ ) ,  X(w + 7, s + T ) ) .  

Let p be the operator defined by p# = y(u - w ;  #), u E [w,  w + T I ,  

# continuous in [w,  w + 71. If p is an eigenvalue of we will say that 
l/p is a multiplier of the adjoint system. This definition is justified 
by the fact that if p is an eigenvalue of p, system (46) admits a solution 
with the property y ( t  + w ;  #) = (l /p)y(t;  #), and conversely. Indeed, if 
r# = p#, then y( t  - w ;  #) = py(t; #), since both members of the 
equality are solutions of systems (46) and these solutions coincide in 
[w, w + T I ;  conversely, if this relation holds for t E [w, w + 71, it 
yields r# = p#. The  relation obtained can also be represented in the 
form y( t  + w ;  #) = (l/p)y(t; #). We have 

If p is an eigenvalue of r, there exists a nonzero solution of the equation 

This equation is written, setting @(s) = #(s + w + T ) ,  S E [-T, 01, 



4.10. THE CRITICAL CASE 41 7 

or 

p+(s) = @(-4X(W, s + 7 )  + fo @(7)B(7 + .)X(7 + W ,  s + +7 
- - T  

= i7q. 

Consequently, the eigenvalues of the operators 8 and 0 coincide and, 
in addition, if t,h is an eigenfunction for 8, then +(s) = $(s + w + T) 
is an eigenfunction for 0. 

In  the following lines we shall prove that the eigenvalues of the 
operators U and 0 coincide and that for each eigenvalue p both operators 
have the same number of linearly independent eigenfunctions. Thus for 
p = 1 the assertion relative to periodic solutions will follow, since 
equation (48) is just @ - UC$ = 0. 

Let us observe that we have the relation 

<@, y> = (@, %>, 

which is valid for every pair of functions C$, y continuous in [ - r ,  01 
(q is a row vector and q~ is a column vector). Indeed, we have 

Let us now consider an equation of the form 

d s )  - x(Kl(s7 a) ,  d4> = x(+ 

We seek the solution under the form y(s) = E ~ o h i ~ i ( s ) .  Substituting 
in the equation and identifying the coefficients of the powers of A, we 
obtain 

%(S) = x ( 4 ,  = <K,(s, 4, V i - 1 ( 4 > .  

From here we obtain I yi(s)l < Mi sup I x(s)l, M = sup I Kl 1. 

for I X I < 1/M. We have 
The  series converges uniformly and absolutely for I h I M < 1, hence 

.Pl(S) = <E;,(s, x(".)>. 
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Indeed, we have 

We again seek a solution, in the form 

and we obtain @,(s) = f (s) ,  qi(s) = (?i-l(a), Kl(a, s)). 

I h 1 < 1/M. By induction, we obtain 
As above, the series will be uniformly and absolutely convergent for 

? d s )  = (x"(4, &a, s)>, RZh, s> = ( K I h  a), Kl(% 4). 

We finally obtain the solution in the form 

?(s) = x"(4 + <%4, Fi(% 4>, 
where 

We prove the relation 
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We suppose that the equality holds for j < 1. We have 

41 9 

hence 

Thus we obtain p(i(rl, s) = T(q, s). 
Since X(m + s, i(rl + T )  is uniformly continuous in [ -T ,O ]  x [ -T ,O ] ,  

we may write X ( w  + s, i(rl + T) = X k  uk(s)bk(q) + Kl(s, q), where the 
uk(s) are column vectors and the bk(q) row vectors, {uk} and {bk} are 
linearly independent, and I K,  I can be taken arbitrarily small. 

The  equation pp, - Up, = F is written 

hence 

i.e., 

P 

hence 

P' 

Setting 

we obtain 

If l/l p I < 1/M and sup I Kl I < I p 1, we deduce 

ds) = x(4 + <m 4, X(")>. 

Thus  we obtain for ~ ( s )  the equation 
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which can also be written 

Taking into account that the vectors ak are linearly independent, we 
deduce that 

PA,  = 2 YkjAi -t f k  9 

3 

where 
Y k )  = <5k(a)* f k  = (5kk(oL), F(LU)). 

The system for h, has solution if and only E f k p k  = 0 for all the solutions 
of the system 

P p k  = Z Y j k k  . (51) 
j 

On the other hand, the equation p@ - 09 = 0 is written 
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From this we obtain for x ( s )  the equation 

from which, taking into account that the vectors b, are linearly indepen- 
dent, we deduce that 

P P k  = 2 Fikpj 9 r j k  = ( b d 7 ) ~  ‘ k ( 7 ) ) .  (52)  
j 

4.10. THE CRITICAL CASE 421 

Setting 

we have 

which for sup 1 K ,  1 < I p 1 yields 

From this we obtain for x ( s )  the equation 

which can also be written 

where 

The solution of this equation will be of the form 

hence 

from which, taking into account that the vectors b, are linearly indepen- 
dent, we deduce that 

(52)  

Let us obtain the equality Fjk = yik. We have 
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I t  follows that systems (51) and (52) coincide. 
The  systems 

PA, = C y J i  
j 

(53) 

and (51) have the same number of linearly independent solutions. To a 
solution of system (53) corresponds ~ ( s )  = ( I / p )  Zk h,ak(s), and to this 
corresponds the solution p,(s) = x ( s )  + ( I ' ( s ,  a ) ,  ~ ( a ) )  for the equation 
prp - U y  = 0, linearly independent solutions corresponding to the 
linearly independent solutions of system (53). Likewise, a solution of the 
equation p+ - O+ = 0 will correspond to a solution of system (52), 
which coincides with (5  1 ), linearly independent solutions corresponding 
to linearly independent solutions. 

= 0 
have the same number of independent solutions, which implies in particular 
the fact  that U and 0 have the same eigenvalues, hence that if p is a 
multiplier of the system, then 1/p is a multiplier of the adjoint system. 

fkpk = 0, necessary and sufficient in order that 
equation prp - Up, = F has solutions, is explicitly written 

It  follows f rom here that the equations pp, - Up, = 0 and p+ - 

The  condition 

If {pk} is a solution of system (51), it is also a solution of system (52), 
Epkbk(S) = pg(s) and the condition becomes 

However, %(a) + (g(v) ,  I'(7, a ) )  = +(a), and we obtain the condition 

W e  have thus shown that a necessary and sujicient condition in order 
that the equation prp - Up, = F have solutions is that <+(a),F(a)) = 0 
for  all solutions + of the equation p+ - U+ = 0. 

If we consider the case where p = 1, F(s)  = J:+s X ( w  + s, alf(a)da, 
by taking +(s) = #(s + T + w) the condition (+(a),  F ( a ) )  = 0 becomes 

<+(4f(.)> = 0. 

x [JW+"x(w + 7, LY)f(a)da! d7) = 0. 
0 1 
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We interchange the order of integration in the last integral and we 
obtain 

However, for 7 < 01 - w we have 01 > w + 7; hence X(w + 7, a )  = 0. 
Thus in the last integral we can substitute -T for 01 - w .  T h e  condition 
is written 

? 4 w )  JW X(w1 a)f(a)da 

namely, 

1: [ w q w ,  a)  + jW+T9(t)B(t)x(E W - 7 ,  a)dt] I (a)da  = 0; 

hence Jiy(al f (a)dol  = 0, where y is the solution of system (46) which 
in [w,  w + T ]  coincides with $, 

We have thus proved the following theorem: 

Theorem 4.23. Systems (45) and (46) have the same number of 
linearly independent periodic solutions of period w > T .  If 

J;r(.)fW. = 0 

for all independent periodic solutions of period w of system (46), then 
system (47) has periodic solutions of period w .  

4.1 1. Almost-Periodic Solutions for Linear Systems 

We again consider system (44), under the hypothesis that f is an 
almost-periodic vector of the form 

k=l 

where the fk are periodic functions of period w and vk are such that 

i f f  has the form (54). 
v .  - v $ f 2nn/w(mod 277). This last condition can always be fulfilled 
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We will assume that system (45) has its multipliers situated on the 
unit circle and we will formulate necessary and sufficient conditions 
in order that system (44) admits almost-periodic solutions. 

Let us first observe that if system (44) admits almost-periodic solutions, 
then 

for all almost-periodic solutions y( t )  of the adjoint system (46). Indeed. 
from relation (47) we deduce that y( t ) f ( t )  has a primitive (y(t) ,  x(t)) 
which is bounded together with x(t)  and y(t) .  If x(t)  and y ( t )  are almost 
periodic it follows that y ( t ) f ( t )  has an almost-periodic primitive and in 
this case its mean value is zero. Thus our assertion is proved. 

System (45) and (46) with periodic coefficients have almost-periodic 
solutions if and only if they admit multipliers situated on the unit 
circle, and the number of the linearly independent almost-periodic 
solutions coincides with the number of the linearly independent eigen- 
vectors corresponding to the multipliers situated on the unit circle. 
Taking into account the results proved in Section 4.10, we deduce that 
systems (45) and (46) have the same number of almost-periodic linearly 
independent solutions. 

Let us now consider the system 

k ( t )  = A(t)x(t)  + B(t)x(t - T )  + e*’Qjk(t) (56) 

and seek conditions which assure the existence of a solution of the form 
eivkth(t), where h(t) is periodic of period w .  By putting x(t) = eiv*th(t) 
we obtain 

h( t )  = (A(t)  - iv,E)h(t)  + B(t)e-ivrrh(t - T) +j i ( t ) .  (57) 

This system admits periodic solutions if and only if 

for all the periodic solutions of period w of the adjoint system 

i(t) = - ~ ( t ) ( ~ ( t )  - i v , ~ )  - Z(t + T ) B ( ~  + T ) e - i v k T .  (58) 

Let us observe that if Zi(t) is a periodic solution of system (58) ,  then 
yi(t) = c i V k t Z j ( t )  is an almost-periodic solution of system (46) corre- 
sponding to the multiplier c i U k w .  
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Indeed, 

y j ( t )  = -&Ci"ktlj(t) + e-"ktij(t) 

- - - i v k e - W j ( t )  - e-WZj(t)(A(t) - ivkE) 

- e i u k t Z j ( t  + 7)B(t  + T ) c i v k r  

= -y j ( t )A( t )  - y , ( t  + T)B(t + .). 
If eiukw is not a multiplier of system (45), then eciYrw is not a multiplier 
of system (46); hence system (58) does not have periodic solutions and 
system (57) has a periodic solution. Thus (56) has an almost-periodic 
solution of the form eivkthk(t). If eiuw is a multiplier of system (45), then 
system (46) has almost-periodic solutions of the form Yjk(t) = e-ivktlj(t) 
and 

If condition (55) is fulfilled, it follows that 

I T  
lim - j yjk(t)eivklfk(t)dt = 0; 
T+m T 

hence 

lim f 1' e-"ktzj(t)e"klfk(t)dt = 0; 
T+m 0 

namely, 

However, then system (57) admits a periodic solution; hence system (56) 
admits an almost-periodic solution of the form eiyk'hk(t). By repeating the 
same reasoning for k = 1 ,  2, ..., N ,  we obtain an almost-periodic 
solution of system (44) of the form Zr=l eiYrthk(t). 

We have thus obtained the following theorem: 

Theorem 4.24. System (44) with f of form (54) admits an almost- 
periodic solution if and only ;f condition (55) is satisfed for  all the almost- 
periodic solutions of system (46). 
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The  same conclusions are valid for linear systems with time lag of 
a general form. 

4.12. Systems with a Small Parameter with Time Lag 

We begin the study of nonlinear systems with the problem of the 
determination of periodic solutions of systems with a small parameter. 
We consider a system of the form 

= f [ t ,  x ( t  + s), p] ,  
dt (59) 

where f is periodic of period w > T and has the properties stated in 
Section 4.1. 

Theorem 4.25. I f  system (59)  admits for  p = 0 a periodic solution 
xo(t), of period w, such that the corresponding variational system does not 
admit periodic solutions of period w different f rom the trivial solution, 
then there exists po > 0 such that f o r  1 p I < po system (59)  admits 
a unique periodic solution x(t, p) of period w, with the property that 
h L + O  P)  = xo(t). 

f [ t ,  x(t + 4 0 1  - f [ t ,  xo(t + s), 01 = A[t, x( t  + s) - xo(t + 41 + .(I1 x - xo II), 

Proof. Since the components off are differentiable, we may write 

where 
0 

4 t ,  'P) = J 'P(s)d,?l(t, 4. 
-7 

The variational system corresponding to the solution xo(t) is the linear 
system 

In  Section 4.1. we proved relation (S), from which it follows in 
particular that 

II 4, + s; 'P, 0) - x(, + s; 'Po YO) -34, + 3; 'p - 'P0)Il = 411 'p - 9 0  II), 

where we have denoted by x ( t ;  9, p) the solution of system (59)  which 
for t E [ -T ,  01 coincides with rp, and by y ( t ,  rp) the solution of system (60) 
which for t E [--7, 01 coincides with 9. Owing to  the periodicity of 
system (59) ,  x ( t  + w; q, p) is likewise a solution, and if x ( u  + s; rp, p) 
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cp(s) for s E [-r, 01, this solution is periodic (and conversely). Let 
F[cp, p] = X(W + s; cp, p) - cp. If cp0 is the initial function of the periodic 
solution x,(t), we have F[tpo, 01 = 0. It follows from relation (8) that 
for every p, F [ y ,  p] is differentiable; indeed, 

7 PI - F[VI  9 PI = +J + s; 9% 7 P) - 9J2 - 4 w  + s; 9 J 1 9  P )  + v1 

and, because of relation (8), 

ll F[% 9 PI - F[Pl ? PI - 4% - 9Jl) - U W ( 9 J Z  - cp1)lI 

= II x(w + s; cpz , P) - 4 w  + s; 9J1, P) -Y(w + s; 9Jz - 9J11 P)II 

= 411 9Jz - 9J1 IN, 
where y( t ;  cp, p)  is the solution of the variational system corresponding 
to  the solution ~ ( t ;  cpl, p). I t  follows that the derivative of F[v,  p] is 
I - U,, , where Upcp = y ( w  + s; cp, p). 

In  particular, the derivative at the point [cpo , 01 is I - U, , where 
Uocp = y ( w  + s ;  cp) [we recall that y( t ;  cp) is the solution of system 
(60), the variational system corresponding to the solution xO( t ) ] .  The 
operator U, is completely continuous (compact), as we have shown it 
in Section 7.4. Since by virtue of the hypothesis, the system (60) does 
not admit periodic solutions of period w different from the trivial one, 
the equation cp - Uocp = 0 has no solutions different from the trivial 
solution. However, it follows then from the general properties of the 
completely continuous operators that I - U, has an inverse. Since 
F[cp, p] is differentiable,F[cp, , 01 = 0, and the derivative has an inverse 
at the point [ y o ,  01, it follows, on the basis of the implicit function 
theorem in Banach spaces, that there exists a po > 0 such that for 
1 p 1 < po the equation F[cp, p] = 0 admits a solution [ c p p ,  p] with the 
property that limp+,, cpW = cpo . From F[cp,, p] = 0, it follows that the 
solution ~ ( t ;  cpp , p) is periodic; in addition, 1imW+, ~ ( t ;  cpp , p) = 

x( t ;  y o ,  0) = x,(t). The  theorem is thus proved. 

Application. We consider the system 

*) = p x( t  + s)d,rl(t, s) +f(4 + ,.[t, x ( t  + s,) PI, (61) 
dt --m 

where -q has the same properties as in Section 4.7, for fixed t the 
components of g are functionals defined in the space of vector functions 
continuous in [-7, 01 and these functionals are periodic in t with 
period w. We suppose as previously that w > 7. We assume that the 
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does not have periodic solutions of period w different from the trivial 
one. Then system (61) admits for p = 0 a unique periodic solution 
x,,(t) of period w. 

The corresponding variational system is precisely system (62). The 
conditions of Theorem 4.25 are verified. System (61) admits a 
periodic solution x(t ,  p) unique, of period w ,  with the property that 
limu+o p) = xo(t). 

Let us suppose now that system (62) admits periodic solution of 
period w .  As we have seen in Section4.9, there exists a finite number 
of such solutions which are linearly independent; we will denote them 
p, , p , ,  . . . , p ,  . The adjoint system admits the same finite number 
of independent periodic solutions q1 , qz , ..., q k  . 

System (61) admits for p = 0 periodic solutions of period w if and 
only if c f ( t ) q j ( t ) d t  = 0 for j = 1, 2, ..., K. The periodic solutions 
of system (61) for p = 0 are given by the formula 

x ( t )  = x(O)X(t, 0)  + x(s)d, y+-T 7(a, s - a)X(t ,  a)da + ff(a)x(t, +a; 
-5 0 0 

the initial functions x(s), s E [ -T,  OJ are given by the system 

--T J -? 

+ fo+sf(a)x(w + s, a)da. 
0 

(see Section 4.10). As we have already seen in Section 4.10, the solutions 
of this system are of the form 

4 s )  = x(s> + ( x ( 4  r ( E ,  s)), 

where r and b k ( S )  depend on system (62) and Xi verifies the system 

If c f ( t ) q j ( t ) d t  = 0, j = 1, ..., K, the system in X i  admits solutions. 
Simple results from linear algebra show that there exists one solution 
and only one which verifies an estimate of the form 1 X i  1 < K ,  maxj 1 fj 1, 
where K ,  depends on yi j ,  hence on system (62). Taking into 
account the, expression for f i  we obtain an estimate of the form I A, 1 < 
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K, sup If 1, where K,  depends only on system (62). I t  follows from 
here that there exists a unique x(s)  admitting an estimate of the form 
I x(s)l < K ,  sup 1 f 1, where K ,  depends only on system (62). We 
finally deduce that there exists a unique periodic solution of system 
(61), for p = 0, which admits an estimate of the form I x(t)l < Ksup  I f  1, 
where K depends only on system (62). 

Denoting this solution by p ( t ) ,  the periodic solutions of period w of 
system (61) for p = 0 will be of the formp(t) + Z;=lpj( t ) .  

Theorem 4.26. Let 

then there exists a p,, > 0 such that for I p 1 < po system (61) admits a 
periodic solution x( t ,  p), of period w, with the property 

We suppose that g is differentiable in a neighborhood of the point p ( t  + s) + 

On the basis of the implicit-function theorem, there exist 

Z:=l a:ppi(t + s). 
Proof. 

functions 01:(p) with a:(O) = a:, such that 

‘ j [ 4 ( P ) ,  ... 7 &P), PI = 0. 

Taking into account the way in which the Pj are defined, it follows that 
the system 

admits periodic solutions of period w. Let x f ( t )  be the periodic solution 
of this system chosen such that 
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We put 

The  function xl(t) is a periodic solution, of period w ,  of the system 

We consider the system 

The  condition that this system admits a periodic solution of period 0 

is written 

f"g [t, ~ ( t  + s) + 2 +,<t + s) + p x ~ ( t  + s), p] q,(t)dt = o ( j  = 1,2,  ...,A 1. 

These conditions are verified for p = 0, a: = a: ,  and in addition 
the Jacobian with respect to a : ,  ..., a; is nonzero in this point; hence, 
on the basis of the implicit function theorem, we may find functions 
a&) with or:(O) = a: such that the conditions be verified. 

We suppose a: so chosen and xl(t) correspondingly defined. Let 
x z ( t )  be the periodic solution, of period w ,  of system (63) which admits 
the estimate 

k 

0 2 = 1  

xz*(t)l < K SUP I g[ t ,  x,(t + s), Pll. 

We put 
k 

= P ( t )  + c o1,2P,(t) + PX,*(t) 
3=1 

and choose af(p) such that the procedure be continued. We thus obtain 
a sequence a & ~ )  with ai(0) = and a sequence of periodic functions 

k 

X 2 ( t )  = P ( t )  + 2 +)P7(f) + P X P )  
3=1 

which verify the relations 

% ( t )  = x,(f + s)d,.l(t, $1 +At) + Pg[C x,-l(t + s). PI? 
-52 

I x3 t ) l  < K SUP I g[ t ,  x,-,(t + s), PI/. 
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It is easy to verify that for I p I small enough, the functions x i ( t )  so 
defined do not leave the neighborhood of pointp(t + s) + E:=l a!pPi(t +s) 
where g is differentiable. 

If we prove that the sequence x i ( t )  converges uniformly, it will follow 
that its limit is a periodic solution, of period w, of system (61), with 
the stated properties. We have 

xi+l(t) - x, ( t )  = c [$+'(P) - 4 ( P ) I P j ( t )  + P[X&(t)  - x,*(t>l. 
3 

Taking into account the way in which the solutions $( t )  have been 
chosen, it follows that 

R:(rs, 9 ..., rs, 1 P, /%t, P ( t  + 5 )  + Zrs,p,(t + 4 + + s) 
0 2 

+ +l*(t + s) - X E l ( t  + 41, ,uIq,(t)dt. 

Let /3f(p, A)  be defined by the relations Rj"(p,, ..., PI, , p, A) = 0 and 
by the conditions /3:(0,0) = a3 (on the basis of the theorem of implicit 
functions). I t  is obvious that /3j(p, 0) = a;-'(p), /3&, p) = &); hence 

a 
a:(P) - a:-YP) = &(P? P) - PYP, 0) = B:(P, @)P. 

From this will follow an estimate of the form 

since 

where 2 is a linear operator. 
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We deduce that bl-,  < 1 p I LL,K aZ-, and thus that 

Taking this estimate into account, we obtain for I p I small enough the 
convergence of the series E ai , hence the uniform convergence of the 
sequence xt ( t ) .  The theorem is thus proved. 

4.13. Systems with Retarded Argument Containing 
a Small Parameter 

In this section we shall give up the investigation within the general 
framework of systems with time lag and consider only systems with 
time lag of the form 

*) = f [ t ,  x ( t ) ,  x ( t  - 7), p]. 
dt 

Here x and f are column vectors; f is periodic in t of period w > 7. 

Let us suppose that the generating system obtained for p = 0 admits 
a family of periodic solutions of period w. Let x,(t, h) be this family. 
The variational system 

we obtain 

Hence the columns of the matrix ax,(t, h)/ah represent solutions of the 
variational system considered. W e  suppose that the variational system (65) 
does not admit, for any h, in a certain domain, periodic solutions of period 
independent of these. 
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Let 41(t, ha), 
adjoint system 
of period w of 

..., qk(t, ha) be the independent periodic solutions of the 
of system (65). If system (64) admits a periodic solution 
the form 

then 

Theorem 4.27. Let 
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We seek the periodic solution in the form 

x ( t ,  p) = xo( t )  + P X l ( t )  + P2X,(t) + .... 
By substituting the system we obtain 

In  order that the system which determines x2( t )  admits periodic solutions 
it is necessary and sufficient that 

434 4. SYSTEMS WITH TIME LAG 

Proof. We represent system (64) in the form 

where, obviously, 

We seek the periodic solution in the form 

By substituting the system we obtain 

and so on. 
We choose x,(t) = xo(t, ho). Since Pj(h,) = 0 , j  = 1, ..., k, there 

exists periodic solutions of the system which determine xl ( t ) .  These 
solutions are of the form 

In order that the system which determines x2( t )  admits periodic solutions 
it is necessary and sufficient that 
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These conditions represent a system of linear equations in .I; whose 
matrix has the elements Ail given by 

According to the hypotheses in the statement, det Ail # 0; hence we 
may choose, uniquely, the constants a: such that the system which 
determines xz( t) admits periodic solutions. Continuing the computa- 
tions, we successively and uniquely determine the functions xz(t), 
X3(t), .... 

From the analyticity hypotheses will follow estimates of the form 

Ifi I d K1-G Ifj: I + If; I < KzLj. 

We have 

I p'(t)l < K O K I L ,  2 I pj(t)l < l i 3  > I I < K4K1L2; 

In  general, 
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hence 

Let us suppose that 

We have 

We consider now the case of autonomous systems of the form 

dxlt) 
- dt = f [ x ( t ) ,  x( t  - 

We suppose that for p = 0 system (67) admits a periodic solution 
p ( t )  with period wo > T .  Let 
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is the variational system corresponding to the solution p(t);  it has 
periodic coefficients of period wo and admits in any case the solutions 
zo(t) = dp(t)/dt. Indeed, from 

@4 = f [ p ( t ) , p ( t  - 
dt 

we obtain 

Lemma. Let us suppose that system (68) does not admit solutions of 
the form z l ( t )  + tzo(t), where z l ( t )  is periodic of period w,,. Then 

where q(t) is a periodic solution of the adjoint system of system (68)  and 

G(t) = f [ p ( t ) ,  P ( t  - T ) ,  01 + ~ B ( t ) f [ P ( t  - .),P(t - 2 ~ ) , 0 I  

= Zo(t) + T B ( t ) Z g ( t  - T ) .  

Conversely, if 

for a periodic solution of the adjoint system, 
admit solutions of the considered form. 

Proof. Let us suppose that 

then system (68) does not 

s,w” q(t)G(t)dt = 0 

for all periodic solutions of the adjoint system of system (68). Let z ( t )  
be a solution of system (68) and zl(t) = x( t )  - tzo(t). We have 
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Since 

1: q(t)G(t)dt = 0 

for all periodic solutions of period wo of the adjoint system of system 
(68), on the basis of Theorem 4.23 there exists a solution z l ( t )  periodic 
of period wo , hence a solution z ( t )  of system (68)  of the form z l ( t )  + 
tzo( t ) ,  which we have excluded. We see likewise that if system (68) 
admits solutions of this form, the integral would be zero for all the 
periodic solutions of period wo of the adjoint system of system (68). 
The  lemma is thus proved. 

Theorem 4.28. If system (68)  does not admit periodic solutions of 
period w0 independent of zo(t) ,  nor solutions of the form zl(t) + tzo(t) ,  
with z l ( t )  periodic of period w o ,  then for 1 p I su.ciently small system 
(67) admits a periodic solution x(t ,  p) of period w(p)  such that 

Proof. Let w(p) = wo(l + p ( p ) ) ,  t = 4 1  + pa(c~)I, Y(S,  P)= 
X[S( I + pa), p]. We have 

If x is periodic of period ~ ( p ) ,  y will be periodic of period w0 and 
conversely. We have 
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We have 

We obtain 

where we have set 

F(s) = fl[p(s),fJ(s - T),OI. 

We consider the system 

&(s) = A(s)z(s) + B(s)z(s - T )  + F ( s )  + ~ioG(s). (71) 

The  condition that this system has a periodic solution of period wo is that 

.kcording to the hypothesis in the statement and by virtue of the lemma, 
it follows that 

This condition allows the unique determination of ao, Let a. be SO 

determined and zo(s) be the periodic solution of system (71) which 
admits the estimate 
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this equation allows the unique determination of al(p) such that 
limp+o a&) = a. . We suppose al(p) so determined and let zl(s, p) 
be the corresponding periodic solution uniquely chosen as above. 
We form the system 

~ ( s )  = A(s)z(s) + B(s)z(s - 7 )  +F(s)  + 4 p ) G ( s )  

+ B(s)[z,(s - 8, Y P )  - z1(s - 7, d l  + PHlh Zl(S9 P), z*(s - 4 7 P), PI7 

where d1 = TI( 1 + pal) and H I  is what H becomes when a is replaced 

As above, from the condition that this system admits a periodic 
solution of period wo , a2(p) is determined and then the periodic solution 
z2(s, p) is chosen. I n  general, we oonsider the system 

by a1. 

20) = A(s)z(s) + B(s)z(s - 7 )  + F(s) + 4 P ) W  

+ B(s)[zn-l(s - en-1 7 P )  - zn-l(s - 7 9 1 . 1 1  

+ P%&, Zn-Ib, P), Zn-Ib - en-1 > P), PI, 

where is what H becomes when a is 
replaced by a,-1. The condition that this system admits a periodic 
solution allows the determination of a&), and then we choose the 
periodic solution z,(s, p). If we prove that the sequences an(p) and 
z,(s, p) converge uniformly for I p I < po and if 

= ./(I + pan-,) and 
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We form the system 

where t?, = TI( 1 + pa,) and H, is what H becomes when OL is replaced 
by a0. System (72) admits a periodic solution of period wo if and only if 
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then z(s, p) verifies system (70). The computations performed show 
thaty(s, p) = p ( s )  + pz(s, p) is a periodic solution of period wo of system 
(69) and x( t ,  p), obtained from y(s, p) by putting s = t/(l + pa), 
will be a periodic solution of period w(p) = w,,( 1 + pa) of system (67) 
which for p+O tends to p( t ) .  In  this way, to prove the theorem, it 
remains to prove the convergence of the successive approximations. 
We have 

Let 

1 

we obtain 
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hence 
an < I CL lWL1 + %I). 

bn + an < I P lM’(4-1 + %-A 
which shows that if I p I is small enough, uniform convergence is 
achieved. 

T h e  estimations performed have supposed previous estimates of the 
successive approximations in order to assure that these approximations 
do not leave a certain domain, with respect to which the constants M 
apearing in these estimates are calculated. These previous estimates 
are immediately obtained by induction. T h e  theorem is thus proved. 

Continuing the study of systems of the form (67) we will suppose 
that for p = 0 the system admits a family of periodic solutions 
p ( t ,  c1 , ..., c k )  of period wo(cl , c2 , ..., c k )  > 7. We will make the hypoth- 
esis that wo(cl ,  cg , ..., ck) admits continuous partial derivatives. Where 
there is no danger of confusion, we will write c instead of (cl, cg , ..., ck).  

Let 

Finally we obtain 

~ ( t ,  c) = f;rp(t, c), PQ - T, c), 01, ~ ( t ,  C) = .mw7 c), PU - T ,  c), 01. 

We consider the system 

-= dz( t )  A(t, c)z(t) + B(t, c)z(t  - dt 

We have 

d d 
= 4, c )  & p ( t ,  4 + B(t, c )  ZP(t - 7,  c); 

hence (d,’dt)p(t, c) is a solution of system (73) and this solution is periodic 
of period wo(c). 

Similarly, 
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hence the apjac, are solutions of system (73). If wo(c) is not constant, 
these solutions are not periodic. 

In  what follows we shall consider the case where wo(c) is not constant. 
Let c *  be a fixed value of c. We consider the function 

which is periodic of period wo(c*). Its derivatives with respect to ci in 
point c* will be periodic functions of period wo(c*). We will denote 
these derivatives by yi(t ,  c*). 

We have 

hence 
t 3o0(c* )  dp(t, c*) 

-- - cpZ(t, c*) - - ___ ~ 

aP(t, .*I 
dci wo(c*) aci dt ' 

We consider the function 

dP(t c*) z ( t )  = t A = t.f[p(t, c * ) , p ( t  - 7, c*), 01. 

dz dP(t - 7,  c*) .  

dt 

We have 

dt dt ' - = f [ p ( t ,  c*) ,  p(t  - 7 ,  c* ) ,  01 + tA( t ,  c*) -1 + tB(t ,  c*) 
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However, 
ap(4 c*) wo(c*) 

aci awo(c*)pct 

is a solution of system (73), with c = c* ,  and z verifies system (74); 
it follows that 

verifies system (74). 

admits periodic solutions of period wo(c*). On the other hand, 
Since yi(t,  c*) is periodic of period wo(c*), it follows that the system (74) 

It follows that 

and since y j ( t ,  c) are periodic of period wo(c), the function in the first 
member is periodic of period wo(c). It follows that for all c system (73) 
admits at least the periodic solutions of period wo(c), 

The system adjoint to system (73) wil1,likewise admit k periodic solutions 
of period w0(c), which we will denote by t,hj(t, c ) ,  j = 1, 2, ..., K. 

Since system (74) admits periodic solutions of period w0(c*), it 
follows, on the basis of Theorem 4.23, that 

/;“*)#~~(s, c*)G(s, c*)ds = 0 ( j  = 1, 2, ..., R). 

Theorem 4.19. If for  1 p I < po system (67) admits a periodic 
solution x ( t ,  c*, p) of period w(c*,  p) such that 

lim x ( t ,  c*, p) = p ( t ,  c*), 
Ir+o W+O 

lim w(c* ,  p)  = wo(c*), 

then 
Pj(C*) = 0, 
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where 

ds 
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d 
- Z ( S ,  C*, p) = A($, C * ) Z ( S ,  C*, p) + B(S, C*)Z (s  - 7 ,  C*, p)  + F(s, C*) 
d S  

+ aG(s, c*) + CLH[S,  ~ ( s ,  c*, p), ~ ( s  - 6, c*, P), PI. (75) 

If x(t ,  p) is of period w(c*, p), then y ( s ,  c*, p) is periodic of period 
w0(c*); hence x(s, c*,  p) is periodic of period wo(c*). Since system (75) 
admits periodic solutions of period wo(c*), it follows, on the basis of 
Theorem 4.23, that 

U J o ( C ’ )  

1 $h&, c*)(F(s, c*) + LYG(S, c * )  + pH}ds = 0. 
0 

We have seen, however, that 

rw,+*) &(s, c*)G(s, c*)ds = 0; 
J O  

hence Jy Z+hj(S, c*){F(s, c*) + pcLH}ds 

Since this relation is verified for all p with I p 

= 0. 

< po , it follows that 

hence Pi(c*) = 0, and the theorem is thus proved. 
T o  obtain certain sufficient conditions of existence of the periodic 

solutions, we use a method given by S. N. Simanov. Let zl, z 2 ,  ..., zk 
be the periodic solutions of period wo(c*) of system (73) for c = c*.  
W e  will suppose that system (73) does not admit periodic solutions of period 
wo(c*) independent of these nor solutions of the form zo(t)  + t x:=l y j z j ( t ,  c*) 
where z, is periodic of period w,(c*).* This last hypothesis is equivalent 
to the fact that 

det 1,”‘”” I/J~(s, c*)[zi(s, c*) + TB(s, c*)zi(s - T ,  c * ) ] ~ s  # 0. 

* Observe that this condition is not fulfilled in the case considered above when wdcf 

is not a constant. 
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Indeed, the function z(t)  = t Cj yjxi verifies the system 

If the determinant is zero, yi may be chosen such that 

hence system (76) admits a solution z,(t) periodic of period w,(c*). 
Then z,(t) - t Zjyjzi would be a solution of system (73). Conversely, 
if there exists a solution of this form of system (73), the function x,( t )  
verifies system (76); if system (76) has a periodic solution, there exists yi 
for which the system of linear equations has solutions; hence the deter- 
minant is zero. 

Let us now consider the auxiliary system 

-- - ~ ( s ,  C * ) Z ( s )  + ~ ( s ,  c*)z(s - 7) + ~ ( s ,  c*)[x(s  - e)  - z(s - T ) ]  

+ FfJ, c*) + 4 c * ,  p)G(s, c*) + P m  z(s),& - @), PI 

ds 

+ 2 w j [ Z j ( S ,  C*) f T B ( S ,  C*)Zj(s - 7 ,  .*)I. (77) 
j=1 

We prove that a procedure of successive approximations can be considered 
which allows the simultaneous determination of the constants Wj and of a 
periodic solution z(s, M I ,  ..., Mk , a, p) of system (77) corresponding 
to  a solution CMjz i  of system (73). If M j ( p )  and aj(p) can be chosen 
such that for the corresponding solution we have W j  = 0 , j  = 1, ..., K, 
this solution verifies system (75) and leads to a periodic solution of 
period w(c* ,  p) of system (67). We choose 

ZO = M,z, + ... + M,z,, Wj” = 0 

and consider the system 

-- dz(s) - A(S, C * ) Z ( S )  + B(S, C*)Z (S  - T )  f B(S, C * ) [ Z 0 ( S  - 0) - Zo(S - T ) ]  
ds 

+ F(s, c*) + 4 c * ,  p)G(s, c*) 

+ p ~ [ ~ ,  z w ,  ~ “ ( s  - el, + 2 wjxj(s, c*), 
3 
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where we have set 

Xj(S, C*) = Zj(S, C*) + TB(S, C*)Zj(S - 7,  C*). 

This system admits periodic solutions of period w,,(c*) if and only if 

jyc*) +j(s, c * ) { ~ ( s ,  c*)[zo(s - e) - .qs - T ) ]  

+F(s ,  c*) + pH + Wixz}ds = 0. 

Since 

det jyc*) + j ~ i  its # 0, 

these conditions permit the unique determination of constants W: and 
then of the periodic solution 

The procedure continues; we form the system 

+ ~ ( s ,  C * ) [ ~ n - y S  - e)  - zn-l(s - T ) ]  + + a(c*, P ) ~ ( S ,  c*) 

+ PH[S, z"-l(s), z"-l(s - 01, PI + 2 waxz . 
WF is determined such that this system admits periodic solutions of 
period wo(c*) and we chose the periodic solution 

z"(s) = M1zl ... M k Z ,  + Z"+(S), 

che solution zne(s) being determined such that 

I z"*(s)I < L K ,  

where L depends on the homogeneous system (73) and K is the upper 
bound of the free term. The constants Wr depend on p and it is obvious 
that the Wr(0) are given by the system 

WO(C*1 

0 z 0 
I,!J~(S, c*)F(s, c*)ds + Wi ~ w o ' c * '  &xi ds = 0. 

If we suppose that the condition Pj(c*) = 0 , j  = 1, ..., k is satisfied, we 
obtain WT(0) = 0 for all n, We shall further write W?(p) = p@(p) 
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and zn*(s) = z*(s) + z***(s), where z*(s) is the periodic solution of 
the system 

d z ( 4  - - - A(s, c*)z(s) + B(s, c*)z(s - T) + F(s,  c*)  + a(c*, p)G(s, c*)  (78) dS 

chosen such that 

The function pzn**(s) verifies the system 

L-= dz(s) A(S, C*)Z (S)  + B(S, C*)Z (S  - T) 
ds 

+ B(s, c*) [zn4(s  - 8) - zn-l(s - 4 1  + pH,-1 + p 2 prx, I 

where we have written Hn-l for what H becomes when z is replaced 
by zn-l. Let u, = zCn+l)**(s) - z*'*(s). We have 

p - = A(& C*)pUn(S) + B(s, C*)pUn(s - T) du, 
ds 

+ ~ ( s ,  c * ) [ ~ ( s  - e) - ~ - y s  - ell - ~ ( s ,  c*)[z,(s - T) - ~ - 1 ( s  - T)] 

+ p(H, - + p r) (W?+l) - W y ) x 7  . 
3 

However, 

zqs - e) - - e) = p z m * * ( ~  - e) - pz-l**(s - e) = pun-l(s - 0). 

We obtain 
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The constants are given by the system 

1;'') t,bj(s, c*){B(s, C * ) [ Z % - ~ ( S  - 8) - zn-l($ - T)] + Hn-l)ds 

+ p 7 ~ ~ c * '  I , ~ ~ x ~  dsm; = 0. 

Setting Wr.1 - mF = v: we obtain 



4.13. SYSTEMS WITH RETARDED ARGUMENT 451 

hence 

From here follows 

I P Ifin < P lw%-l + L-2 + I P Ifin-1) + I P I-4obL-1); 

hence 
Is, < J M L l  + L) + LIZ1 CL Ifin-1 . 

The estimates obtained for b, and 13, allow us to deduce for 1 p 1 small 
enough the uniform convergence of the successive approximations. 
Passing at the limit in the relations which give VF it follows that W, 
verifies the relations 

[z(s - 0) - z(s - T ) ]  + HI ds 

+ Jyc" lCljxi ds W$ = 0. 

The condition that mi is zero is written 

We obtain the condition 

M ~ [ ~ ~ ( ~  - e, c*)  - zi(s - 7 ,  c*)l 
P 

+ z*(s - 0) - z*(s - 7)1 ds 

+ J:""" &(s, c*) [B(s,  c*)[z**(s - 0) - z**(s - T)] + H ds = 0. 

(79) 
1 
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For p + 0 this condition becomes 

Wo(C'1 

+ I #j(s, c*)Hds = 0, 
0 

and z* is the periodic.solution of system (78) in which a(c*, p) is 
replaced by a(c*, 0). 

These conditions allow the determination of the constants M,(O) and 
CI(C*, 0), one of the constants M,(O) being taken zero. Once M,(O) and 
a(c*, 0) are thus chosen, the conditions (79) permit the determination, 
on the basis of the implicit-function theorem (if the corresponding 
Jacobian is different from zero), of functions Mi(p) and a(c*, p) such 
that m&) = 0. Then we obtain the solution 

of system (75). 
Putting 

Y(S, P )  = P ( S ,  c*) + PZ(S, P I ,  

we have 

and we obtain a periodic solution of system (67) with the required 
properties. 

4.14. Almost-Periodic Solutions for Quasi-Linear Systems 
with Time Lag 

For quasi-linear systems with a small parameter we shall indicate a 
new method for proving the existence of periodic solutions. For the 
problem of periodic solutions this method leads to weaker results than 
those previously obtained, but its advantage consists in the fact that it 
can also be applied in the proof of the existence of almost-periodic 
solutions. T h e  essential role is played by the following 
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Lemma. W e  consider the system 

3) = I” x ( t  + s)d,q(t, s) +f(t), 
dt -m 

where q has the properties discussed in Section 4.3 and f is bounded for t >, 0. 
If the trivial solution of the corresponding homogeneous system is unqormly 
asymptotically stable, then all the solutions of system (80) are bounded for 

On the basis of Theorem 4.4‘ there exists a functional V [ t ,  q ~ ]  

0 on the space of functions cp continuous in 

t 2 0.  

defined for every t 
[-T, 01 with the following properties: 

Proof. 

1. 

2. 
I1 9J ( I 2  e V [ t ,  91 < Klll 9J 1 1 2 >  
I V t ,  cpll - v t ,  9JJI d M I 1  cpl I/ + I1 9)2 ID11 cpl - 9Jz 119 

d - llr(t + s; t o  ? F)IlZ? 

where y ( t ;  to , q ~ )  is the solution, of the homogeneous system which in 
Ito - 7, to] coincides with rp. 

Taking into account formula (28’) we obtain the estimate 

II x( t  + h + s; t ,  x ( t  + s; t o ,  cp))II <L,ll x( t  + s; t o  > v)11 + hL,M, M = S.Plf(t)l 

and 

/ I  x( t  + h + s; t ,  x(t + s; t o ,  9)) - y(t  + h t s; t ,  x ( t  + s; t o  ! cp)>Il < hL,M. 

It follows that 

I q t  + h, x( t  + h + s; t ,  x( t  + s; t o ,  cp))] -V[t + h, y( t  + h + s; t ,  x ( t  + s; t o ,  9J))II 

e Kl(2q  x( t  + s; t o ,  PI11 + hL,M)h-&M; 

hence 
V[ t  t h, x(t + h + s; t o ,  9J>1 - vtt, X ( t  + s; t o  9 cp)l 

h 
lim sup 

h-Ot 

e - 1 1  x ( t  + s; t o  ! 9))/12 + LMII x(t + s; t o  7 cp>ll. 

Now let x( t ;  0, p) be any solution for which the initial function 
verifies the relation V[O, p] < K,L2M2. We prove that for every t 3 0 
we have 

V [ t ,  x(l + s; 0, Cp)] < K1LZM2. 
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If this would not occur, there would exist a t ,  > 0 such that 

v [ t i  9 %(ti + s; 0,  v)] > KiL2M2 

and thus there would exist 0 < t ,  < t ,  such that 

and 

V[ t2  , ~ ( t ,  + S ;  0, y ) ]  = KlL2M2 

V[ t ,  ~ ( t  + s; O,y)] > K,L2M2 

for t ,  t < t ,  . From here follows 

U t 2  + h7 X ( t 2  + h + s; t z  7 X ( t 2  + s; 0,  y ) ) ]  > V [ t , ,  X ( t 2  + s; 0, y ) ] ;  

We have reached a contradiction; hence 

V[t ,  x ( t  + s; 0,  q)] < K,L2MZ 
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for all t > 0. However, V[t ,  q] 3 1 1  y [ I 2 ;  hence 

[ I  x( t  + s; 0, T)[I < dK,LM = KM.  

The  lemma is thus proved. 
The  lemma asserts that if the trivial solution of a linear system is 

uniformly asymptotically stable, then the system satisfies the Perron 
condition. From here it follows as in the proof of Theorem 4.15 that 
i X( t ,  to)l < M / ( t  - to). Using this fact we can now prove that there 
exists an 01 > 0 such that I X(t ,  to)]  < L e ~ ~ ( ~ - l o ) .  

Indeed, for t 3 to + (k + 1)( T + T )  we have 

( T o  avoid technical complications we prove our assertion only for the 
simplest system with retarded argument.) 

This formula allows us to obtain by induction the estimate 

We have then for t 3 to + (k t 

For k = 1 the estimate is obvious. 
We may choose T = eM( 1 + TB) + T and obtain 

1 
1 x(t, &)I < 7 for t t o  f k(T + T )  

Then --K < - [1/(T + ~ ) ] ( t  - to) + 1 and 

I X( t ,  to)I < ee-‘(t-io). 

This conclusion is not trivial; we have supposed uniform asymptotic 
stability with respect to the solutions defined by continuous initial 
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functions, and we have obtained the above evaluation for a solution 
X ( t ,  to), which is defined by the initial conditions X ( t o ,  to) = E, 
X ( t ,  to) = 0 for t < t o .  

We have already used this conclusion in Section 4.6 for the estimation 
of X( t ) .  

Theorem 4.30. In system (80) let the functions 7 and f be almost 
periodic in t (7 almost periodic in t ,  uniformly with respect to s). If the 
trivial solution of the corresponding homogeneous system is  uniformly 
asymptotically stable, then system (80) admits an almost-periodic solution. 
This solution is obviously unique and veriJes an inequality of the form 
1 xo(t)j < KIM, where K depends only on the homogeneous system, and 
M = sup I f l .  

Proof. According to the preceding lemma, the solutions of system 
(80) are bounded; let u(t)  be such a solution. We write 

Let y ( t )  be the solution‘of the homogeneous system which in [ -T ,  01 
coincides with u(t + e) - u(t); we set v( t )  = u(t + 0) - u(t)  - y( t ) .  
We have v( t )  = 0 in [ - T ,  01 and 
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Let M ,  = max(2M1, T M ,  , 1) and 0 be a common c/4KMn almost- 
period of function 7 and f; i.e., 

Consequently , 
3 E  

I u(t + 0) - u(t)  - y(t)\ < -T for t >, - T .  

On the basis of the hypothesis made with regard to the homogeneous 
system, there exists a T ( E )  with the property that t > T implies 
I y(t)l < ~/4. From here, for t > T ,  we deduce that 

I u(t + e)  - < €. 

It follows that for every E > 0 there exist quantities 1 ( ~ )  and T(E)  with 
the property that in every interval of length 1 there exists a 0 such that 
1 u(t + 0) - u(t)l < E if t > T .  This  means that the solution u(t) is 
asymptotically almost periodic. 

Then u(t)  = x,(t) + o(t), where x,(t) is an almost-periodic function 
and liml+m w(t )  = 0. We have 
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We deduce that 

and the existence of the almost-periodic solution is proved. 
From 1 u(t)\ < K M  we obtain I x,(t)l < K M  + 1 w(t)l. Let E > 0; 

from limt+a w(t )  = 0 it follows that there exists a T > 0 such that for 
t > T we have I w(t)l < ~ / 2 ;  hence I xo(t)l < K M  + ( ~ / 2 )  for t > T.  
Let t be arbitrary; there exists an ~ / 2  almost-period 8 such that 
t + 6 > T. Then 

I x,(t + 6) I < K M  + and I xo(t + 6) - x0(t)l < ; 2 

hence 
I xo(t)l < K M  + C. 

Since E is arbitrary, we deduce 

The  theorem is completely proved: 

Theorem 4.31. We consider the system 

where 71 and f are as in the preceding theorem, and g verifes a Lipschitz- 
type condition in the neighborhood of the almost-periodic solution x,(t) of 
the generating system obtained for p = 0. 

If the trivial solution of the system 

is uniformly asymptotically stable, there exists a po > 0 such that for 
I p 1 < po system ( 8 1 )  admits an almost-periodic solution x(t, p) with the 
property limp+m x( t ,  p) = x,(t). This solution i s  uniformly asymptotically 
stable. 

The  existence of the almost-periodic solution xo(t) of the Proof. 
system for p = 0 follows from Theorem 4.30. Let 

z(t)  = x ( t )  - xo( t ) .  
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d z ( t )  
z ( t  + s)ds7(t, s) + A t ,  z(t + s), PI. 

dt -m 

Let zl(t)  be the almost-periodic solution of the system 

and zk(t) the almost-periodic solution of the system 

These solutions exist and are uniquely determined according to 
Theorem 4.30. Denoting 

%(t)  = zdt )  - z k - l ( t L  

we deduce 

hence, taking Theorem 4.30 into account we obtain the evaluation 

I 4 t ) l  < I P IKL SUP1 %--l(t) - Zk--2(l)l = I CL IKL SUP1 7-Jk-dt)I. 

From here follows, for ] p I sufficiently small, the uniform convergence 
of the sequence of successive approximations. T h e  limit of this sequence 
is an almost-periodic function z(t, p) with limp+, z(t, p) 0. By putting 
x(t ,  p) = x,(t) + z(t, p) we obtain the almost-periodic solution of 
system (81). The  stability of the solution follows by applying Theorem 4.6 
concerning stability by the first approximation. T h e  theorem is thus 
proved. 

In  the particular case where 7, f, g are periodic in t with period w ,  

a particular case of Theorem 4.25 (the application) is obtained. 
The  above method can be applied to systems of the form 

where X ,  and XI are almost periodic in t ,  uniformly with respect to the 
other variables. We suppose that the generating system obtained for 
p = 0 admits an almost-periodic solution x,(t) with the property that 
the corresponding variational system has the trivial solution uniformly 
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asymptotically stable. Then the system admits for I p. I small enough 
an almost-periodic solution, which for p. -+ 0 tends to the trivial solution. 
Putting z(t)  = x ( t )  - xo(t) we obtain a system of the form 

-- dz(t) - A ( W )  + B(t)z(t - 7) + Zo[t, 4 t h  z(t - .)I + CLZl[t, z(t) ,  z(t - T ) ,  PI 
dt 

for which the successive approximations are constructed according to 
the scheme 

zoo) = 0, 

_ -  dzk - A ( t ) Z k ( t )  + B(t)zk(t) + Zo[ t ,  zk-l(t), zk-l(t - T I ]  
dt 

+ pZlLt, zk-l(t)* zk-l(t - T ) ,  P I ,  

where zk(t) is almost periodic. 

4.15. The Averaging Method for Systems with 
Retarded Argument 

In this section we shall present some results of the extension of the 
averaging qethod to systems with retarded argument. 

Theorem 4.32. W e  consider the system 

(82) -- dx(t )  - &[t, x ( t ) ,  X(t - T ) ] .  

dt 

W e  suppose that X(t ,  x, y )  is bounded for t E (0, a), x E D, y E D, 

I T  
lim X(t ,  x, y)dt = Xo(x, y )  

0 T+m 

and, in addition, that for every T > 0 there exists a 6 ( ~ )  > 0 such that 

I x’ - x”l < &(77), I y‘ - y” I -=c S(77) 

implies 

I 4 4  X‘,Y’) - w, X”,Y”)I < 77, I Xo(x’7y’) - XO(X”,Y”)l < 77. 

We also suppose that the system 
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admits a unique solution verifying the condition y(0) = xo . If x(t,  E) is an 
arbitrary solution of system (82) with x(0, c) = x o ,  and y ( t ,  E) is the 
solution of system (83)  with y(0,  E )  = xo , then for every T > 0 and 
> 0 there exists an c0 > 0 such that for 0 < E < e0 we have 

I 4 4  4 - Y ( 4  .)I < 7 ( t  E 10, T I 4 .  

To prove this theorem we shall first state some lemmas. 

Lemma 1. If 

1 =  
limT j ~ ( t ,  x, y)dt = xO(x ,y )  for every x E ~ , y  E D, 
T - m  

then for every pair of piecewise constant functions 2(t), y ( t ) ,  we have the 
relation 

Proof. We have 

and 

With this, the lemma is proved. 

Lemma 2. If X ( t ,  x, y )  is bounded for t E [0, a), x E D, y E D, and 
X ,  is  the solution of the system 

-- dx(t )  - EnX[t, X(t), X(t - T ) ] ,  
dt 

then from limn+m E, = 0 and lims+m xn(t/e,) = y ( t )  follows 

t 
lim x,, (; - 7 )  = y( t ) .  
n+m 
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[We suppose that for all t we have x,(t) E D] .  

Proof. We have, for u > T ,  

Xn(U - T )  = X,(U) - *,(t)dt = Xn(U) - s" EnX[t, Xn(t), X n ( t  - T)]dt .  
u-7 14-7 

From here 

For every t > 0 and q > 0 we choose N(y, t )  such that if n > N(y, t )  
we have 

Lemma 3. If limn+oo E ,  = 0 and limn+m x,(t/e,) = y ( t )  uniformly 
with respect to t in [0, TI, then 

Proof. We have 
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However, 

Let 6(7) be such that for 1 x' - ~ ' ' l  < 6, I y' - $1 < 6 we have 

17 I Xo(x'9 Y ' )  - Xo(x", r")l < -iyf . rl I X(t ,  x', y') - X ( t ,  X " ,  y")l < ~ 

12T ' 

Let P ( t )  be a piecewise constant function such that 

I r ( t >  - 9(t)l < a(?) for t E [O,  TI. 

We choose N(7) such that for n > N(7) we have E, < 7 / 1 6 M ~ ,  

In addition, N(7) will be chosen such that for n > N(7)  we also have 

for 7 / 2 M  < t ,  < T. Then 

for T E ,  < t ,  < T, 
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We finally have for n > N(v), 

and the lemma is proved. 

since for 0 < t ,  < 7/2M we have 
Let us observe that we have performed all the estimates for t ,  >, r)/2M 

Proof of Theorem 4.32. We have 

x [ U ,  X(U), X(U - T)]dU. 

For t = t l / E  we obtain 

We perform in the integral the change of variable v = EU.  Then 

From the fact that 1 X 1 < M ,  it follows that for 0 < t ,  < T the 
family {x(t,/E, E ) }  is uniformly bounded and has uniformly bounded 
derivatives, hence is equally continuous. Thus the family {x(~,/E, e)) 

is compact and for every sequence {E,} with limn+m E, = 0 we can 
find a subsequence (en,> such that limk+m xnk ( t l / en , ,  c,J = y(tl) ,  the 
convergence being uniform in [o, TI. Then y(0) = xo and from 
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we obtain, on the basis of Lemma 3, 

It follows from here that y(tl)  is a solution of the system 

30)  = XO[Y(t) ,Y(t)l .  

Since this solution is by hypothesis unique, we deduce that for every 
sequence E ,  -+ 0 there exists a subsequence E , ~  -+ 0 such that 

This means, however, that limc+o x(tl/E, E )  = y(tl);  therefore for 
every T > 0 there exists e0 > 0 such that if 0 < E < e 0 ,  then 
I x(t,/E, E )  - y(tl)l < 7 for t, E [0, TI. Let t = t l / E .  We have 

We set y ( d )  = y ( t ,  E). It follows that ( d / d t ) y ( t ,  E )  = (d/dt)y(Et)  = 
E(d/dt,)y(rt) = E X o b ( E t ) ,  y(et)] = eXO[y(t, E ) ,  y( t ,  E ) ] ;  hence y(t ,  E )  is the 
solution of system (83) and y(.O, E )  = y(0) = x,, . The theorem is thus 
proved. 

I x(t, 4 - r(4l < T .  

Theorem 4.33. W e  consider the system 

-- dm - EZ[t, z( t ) ,  z(t - T ) ,  €3, 
dt 

where Z(t, u, v, E )  has continuous partial derivatives of the jirst order and 
Z(t + T,  u, v, E) = Z(t, u, v, E ) .  Let  

Z0(u, V ,  C) = - Z(t ,  U, V ,  E)dt ; 
and cn be a solution of Zo(u, u, 0) = 0. If the eigenvalues of the matrix 

aZo(5O9 5 ' 9  0) + azn(5', to, 0) 
av 

have negative real parts, there exists an c0 > 0 such that for 0 < E < c0 
system (84) admits a periodic solution of period T which for E -+ 0 tends to 50. 

The proof of this theorem will likewise be preceded by some lemmas. 

Lemma 4. Let H ,  a,nd H ,  be quadratic matrices of the nth order. 
Wz suppose that the eigenvalues of matrix H ,  + H ,  have negative real 
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parts. Then there exists a yo  > 0 and c0 > 0 such that if 0 < E < E,, , 
the roots of the equation 

where E is the unit matrix, verifr the inequality 

Proof. We put r = ES. The equation takes the form 

det(cH, + eH2ecESr - EES) = 0 

or 

However, 

Hl + HzeccSs - Es = H I  + H ,  - Es + HZ(e-tsT - 1). 

If follows from here that 

The equation g(s) = 0 has roots with negative real parts; hence there 
exists a yo > 0 such that in the half-plane Re z 2 -yo  roots of the 
equation g(s) = 0 do not exist. We consider the contour which contains 
the portion of the line Re z = - yo  for which I Im z 1 < R and the arc 
of circle of radius R situated in the half-plane R e x  > 0. Since in the 
interior of this contour g(s) is regular and does not have zeros, the 
variation of the argument on the contour is zero. Then, for E small 
enough, the variation on this contour of the arguments of function 
g(s) + (ecfsr  - I)f(s, e )  will likewise be equal to zero. I t  follows from 
here that there exists an e0 such that if E < c 0 ,  the given equation does 
not have roots inside the considered contour. Let us show that if R is 
large enough, the equation cannot have roots in the half-plane 
Re z > - y o  outside this contour. If s is a root of the equation, there 
exists a vector c such that 

(HI + H2ecSST)c = sc; 
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however, 

1 e-fsT I < efyoT,  1 s I ( 1  c 11 = ll(Hl + Hze-LsT)c 11 

< I/ HI + HKfST II II c II < (I1 Hl II + I[ H* I le~oT) I l  c /I < MII c II; 

hence I s I 6 M .  With this the lemma is proved, since if 

Res  < -yo 

we obtain 

Re r < - € y o .  

Lemma 5. If the characteristic numbers of matrix H I  + H ,  have 
negative real parts,  there exists a functional V with the following properties: 

1. V[?] is defined on the space of the functions continuous in [-T, 01. 

2. II 'p 112 < V[vI < K2(1 + (1/2EYo)) I I  9 llZ. 

3. I V[v,l - V[v,lI <LOU + (l/~Yo)ll(ll v1 I I  + II vz II) II v1 - 9 2  II. 
4. The set of functions for  which V[v] < C is closed and convex. 

where 

Proof. We consider the system 

If the characteristic numbers of matrix Hl + H ,  have negative real 
parts, it follows from Lemma 4 that the roots of the equation 
det ( E H ,  + EH,ecrr - Er) = 0 verify the inequality Re r < - eyl for 
0 < E < E,, . However, in this case, as we know it, the trivial solution 
of the system is uniformly asymptotically stable and we have for every 
solution the inequality 

I ~ ( t ;  to , v)l < Ke-'yoYolt-to)ll F ll 
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for t 2 t o ,  yo  < y1 arbitrary. 
Let 

We have denoted by y( t ;  cp) the solution of system (85)  which for 
-T < t < 0 coincides with cp(t); in our formulas s E [-T, 01, and 

Since the integral is positive and y(s; cp) = cp, it follows that V[v]  
11 cp 112.  On the other hand, 

IIAt + s; v)II < K e - T l  v I/; 
hence 

we have 
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It follows from here that 

+Lo(H 971 I1 + II Pz 11>11 P1 - Pz II 

< Lo(ll PI II + II 9% II) po e - w  41 9 1  - Pz II 

I VPll - %Jzll <Lo [1 + -4 (I1 P1 II + II Pz 11)Il Pl - 9% II. 

0 

+ Lo(ll Pl II + II Pz 11)Il P1 - Pz II; 
hence 

. . 1  
€Yo 

We have shown that the functional V[T] verifies a Lipschitz condition; 
hence V[v] is continuous and therefore the set V[q]  < C is closed. 
Let us verify that it is convex. 

Let V[v,] < C, V [ P ) ~ ]  < C. We have 
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where HI , H2 , B are as in thepreceding lemma, A ( t ,  u, v ,  6) and C ( t ,  u, a,  c )  

are periodic with respect to t of period T ,  and 

I A(t, U, V ,  €)I < Mica, I C(t,  U, V ,  €)I < M3~1-a ,  01 < Q . 

Then the system admits for E > 0 suficiently small a periodic solution of 
period T which for E + 0 tends to zero. 

Proof. We have 

< 2L0 (€ + --) 1 MBll 9' II[c'-" + 9' !I + I1 v 11"T 
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hence 

4.15. THE AVERAGING METHOD 

hence 

The  function 

is continuous; hence 

where 
l im7 = 0, 

We finally obtain for t 

h-10 

I 44 t ,  ?)I < {II 9: 

from which 

.., 

The same computations yield 

Further, 

I z(u; 

From here, --_ I .= - .= , .”, 

471 

hence 
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Further, we obtain 

Hence 

Further, we obtain 

For B 

and for I 

hence 

The lemma is thus proved. 



4.15. THE AVERAGING METHOD 473 

where Hl , H ,  , Bare  as in thepreceding lemma, A ( t ,  u, v, c) and C ( t ,  u, v, E) 
are periodic with respect to t of period T,  and 

1 A(t, u,v,  €)I < MI€", 1 q t ,  u, v, €)I < M&-., OL < 8 . 
Then the system admits for E > 0 suficiently small a periodic solution of 
period T which for E + O  tends to zero. 

Proof. We have 

X(% t ,  9J) = V(t) + E /:{lE + A][ffix(o; t ,  'p) + f fz 'p(V - 7 )  + B] + c)do 
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We finally obtain 

For 0 < E < e 0 ,  1 1  p 1 1  < S o ,  we have 

Now let C = S: , V[p] < C. We have V[x( t  + s; p)] < C for t = 0. 
If there exist a t, in (0, 7') such that V[x( t ,  + s; p)] > C there 
exists a t ,  satisfying 0 < t ,  < T such that V[x(t ,  + s; p)] = C and 
V[x(t2 + h + s; v)] > C for 0 < h < 6; hence 

However, 
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and 

From this we obtain 

< I1 X ( t ,  + s; T)l"M,E1-u - M 8 6 1 .  

However, (Y < i, 1 - a > $; hence for E > 0 small enough we have 
M 7 ~ 1 - u  - M8 4; < 0 and this leads us to a contradiction. Consequently, 
V[x(t  + s; q)]  < C for all t E [0, TI and V[x( T + s;  q)]  < C .  

We have thus shown that the closed, bounded, and convex set 
V[q] < C is mapped into itself by the completely continuous operator 
U[q]  = x(T + s; q) .  I t  follows from this that there exists a fixed 
point of this operator; to this fixed point corresponds a periodic solution 
of the system, of period T .  Our computations show that we can take 
C = O(E~'), a' < 1 - 201, from which it follows that the periodic 
solution obtained tends to zero when E + O .  

Proof of Theorem 4.33. We perform in system (84) the change 
z == 5, + b.  We obtain the system 

6(t)  == &(t, b( t ) ,  b(t - T ) ,  E ) ,  

where B has the same regularity properties as 2 and is periodic in t of 
period T .  Let 

B,(u, v, €) = - J T B ( t ,  u, 0, E)dt. 
T o  

Bo(O, 0,O) = 0. 

B*(t, u, o, €) = B(t,  u, v, €) - B,(u, o, €). 

Obviously, 

We let 

We have 

-!- JTB*(t, u, 9, €)dt  = 0. 
T o  

Let 
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We have 
W 

B,*(t, u, v, 6 )  = e-wB*(t - u; u, v, €)do 
0 

(n+ l )T  m 

= c n v T  In ,  B*(t - u, u, v, E)e-v(o-nT) du 
n=O 

- e-vT e-v*B*(t - s ;  u, v, €)A. s: - - 

Let 

B**(a; U, V, 6 )  = 

We have further 

e-"t 
[e@B**(t, u, v, c) - evttdTB**(t, u, v, c)] - - 

1 - e--?T 

= B**(t, u, v, €) - 1 - ' e-TT /;e-v"B**(t - s; u, v, E)ds. 

However, B* has the mean value zero, hence B** is a periodic function; 
hence B** is bounded. It follows that 

Let us observe that 

st Te-q(t--a)B*(s, u, v, at q t ,  u, v, .) = - + B*(t, u, w, €1 a - 
--a, 

= - ?B,*(t, u, v, €) + B*(t, u,v, €). 



Further, 

However, 

hence 

4.15. THE AVERAGING METHOD 

a a 
au -m au 
a a a 
- B*(s, u, v, €) = - B(s, u, v, €) - - Bo(u, v, €). 
au au au 

( $ 9  u, v, €)4 - B*(t, u, v, c) = st e-V+s) - B* 

a 
au 
- B,(u, V, C) = - 

1 = a  7 j, & B*(s, u, v, €)dS = 0. 

477 

It follows from here that the matrix (a/au)B*(t, u, v,  c) has the mean 
value zero, hence that all the computations we have carried out for the 
vector B*(t, u, v,  c) can be repeated. We finally obtain 

and, analogously, 
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From 

we obtain 
a a 

H ,  = ZO(l0, 50, O) ,  ff, = ZO(50, 5 O ,  0). 

Further, 

B*[t, h(t)  + EB,* , h(t - T) + EL(: , €1 
= B*[ t ,h ( t )  + EB: , h(t)  + cB,* , €1 + O(E) = B*[t ,  h(t) ,  

We have 

Let 7 = E .  We finally obtain the system 

h( t )  = € { [ E  + O ( ~ ) ] [ H l h ( t )  + H&(t - 7) + Bl(h(t), h(t - T))] + O(e)j. 

This system verifies the conditions of Lemma 6; hence for E > 0 small 
enough it has a periodic sdution h(t) of period T which for € 4 0  
approaches zero. However B,*(t, u,  v ,  E) is a periodic function of period T ;  
hence we obtain a solution b(t)  periodic of period T which for E 3 0 
approaches zero. This means, however, that system (84) has a periodic 
solution z(t)  of period T which for 6-0 tends to to. T h e  theorem is thus 
proved. 

Let us point out a consequence of this theorem. We consider the 
system 

(86) % ( t )  = Xo(t, x) t EXl[tr x ( t ) ,  x ( t  - T), €1, 
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where X o  and X ,  are periodic with respect to t of period T. We suppose 
that the general solution of the system 

*(t)  = X0(t,  X) 

is periodic of period T. Let xo(t, h) be this solution. 
We perform the change of variables x = xo(t, x). We obtain 

However, 

-- X I  - Xo[t, xo(t, 41; 
at 

xo(t, h )  is the general solution, hence the matrix axo/az has an inverse. 
From this we obtain 

If we apply Theorem 4.33, we obtain the following result: Let co be a 
solution of the system 

such that the matrix [aZo([O, 50, O)/au] + [a.Zo(C0, to, O)/av] has all 
eigenvalues with negative real parts; then system (86) has a periodic 
solution of period T which for E + 0 tends to  the solution xo(t, Co) of  the 
generating system. Let us observe that in the case where X o  and X ,  are 
analytic, this result follows from Theorem 4.27. 

Theorem 4.34. We consider system (86)  and suppose that X ,  and 
X ,  are almost periodic in t, uniformly with respect to the other variables, 
and that they have partial derivatives continuous up to the second order 
inclusively. We suppose that the system 

k = X0(t, x) 

has the general solution xo(t, h )  almost periodic in t ,  uniformly with respect 
to h. Let 

Z(t, u, v, 6) = [ "2:. "1-l x,[t, X o ( t ,  u) ,  X o ( t  - 7 ,  V), €3. 

We write 
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Let lo 
of the 
parts, 
admits 

be the solution of the equation Zo(u, u, 0 )  = 0. If the eigenvalues 
matrix ( a / a ~ ) Z , ( [ ~ ,  5 0 , O )  + (a/av)Zo(lo, [ O ,  0)  have negative real 
then there exists an E ,  > 0 such that for 0 < E < c, system (86)  
a unique almost-periodic solution x(t, c) with the property 

lim x(t,  E )  = x,(t, 5"). 
€+O 

Proof. After the change of variables x = xo(t, x )  we obtain the system 

2( t )  = EZ(t, Z(t ) ,  Z ( t  - T), €), 

and after the new change of variables z = lo + b we obtain 

- W )  = cB[t, b( t ) ,  b(t - T), €1. 

T-tm T sT 
dt 

We write 

B,(u, w ,  C) = lim - B(t, u, V, ~ ) d t ,  

B*(t, U, W ,  E )  = B(t, U, V, c) - B,@, b, V, E ) .  

Let 

Then B,* is an almost-periodic function of t ,  and on the basis of a lemma 
of N. N. Bogoliubov (Chapter 3) we have 

lBTl <T. 5(c)  

where lime+, L ( E )  = 0. 
We perform the new change of variables 

b ( t )  = h ( t )  + cBT(t, h( t ) ,  h ( t ) ,  c). 

We obtain 
aBT aB* aB" . 

h( t )  + E __ + E 2 h( t )  + E f h( t )  = cB,, + cB*. dt all av 
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it follows that 

here Hl = aZo((O, to, O)/&, H ,  = aZo((O, to, O)/av, B, verifies the 
inequalities written above, and I r(t, u, v ,  €)I < Y ( E )  with lime+o y(e) = 0; 
pis almost periodic in t ,  uniformly with respect to the other variables. 
We prove that for 0 < E < e0 , this system admits a unique almost- 
periodic solution, which for E -+ 0 tends to zero. 
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We deduce from the fact that the eigenvalues of the matrix HI + H ,  
have negative real parts, on the basis of Lemmas 4 and 5,  that there 
exists a functional V [ y ]  with the following properties: 

1 .  p?1I2 1 < V[cpI < ~ I l v 1 l 2 1  Kl 

d - IIY(t + s; t o  9 VJ)/I2, 

where y( t ;  t o ,  y )  is the solution of system (85). 

every almost-periodic f(t) the system 
From here, as in the proof of Theorem 4.30, we deduce that for 

$ ( t )  = E f f l X ( t )  + € f f ~ X ( t  - T )  +f(t) 

admits a unique almost-periodic solution x,(t)  for which we have the 
estimate 

Let ho(t) be the almost-periodic solution of the system 

h ( t )  = €ff ,h(t)  + €ff,h(t - T )  + €r(t, 0,  0 ,  €). 

We have 
L 

I ho(t)l < 7 4 E )  = Lr(+ 
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We have I 1, I = h, I <LY(E);  we suppose that I lk I < 3Ly(e).  It 
follows that [ lk+l(t)j <L[48/3L2y2(e) + 2y(e)];  if y ( e )  < 1/48p2 we 
deduce that 1 l k f l ( t ) /  < 3Ly(e),  and the estimate is established. 

From this follows the uniform convergence of the successive approxi- 
mations, hence the existence of, the almost-periodic solution of the 
system in h. Taking into account the change of variables performed, 
we deduce the existence of an almost-periodic solution of system (86) 
with all the required properties. The theorem is thus proved. 

4.16. Other Theorems Relative to  Periodic and 
Almost-Periodic Solutions of Systems with Time Lag 

We shall now give some theorems relative to periodic and almost- 
periodic solutions of systems with time lag. 

Theorem 4.35. W e  consider the general system (59). If for p = 0 the 
system admits a periodic solution x,(t), of period w > T, uniformly asymp- 
totically stable, then for 1 p I suficiently small, system (59)  admits a periodic 
solution x(t, p) with the property 

lim x ( t ,  p) = xo( t ) .  
P+O 

Proof. Let UE be the operator defined by the relation 

u:p, = x(t + s; v, p), 

where x ( t ;  ,p, p) is the solution of system (59) which in [-T, 01 coincides 
with ,p. We will prove with the help of a theorem of F. Browder that U 
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has a fixed point. We do not restrict the generality by taking x,(t) = 0, 
since we obtain this condition through a simple change of variables 
which preserves the properties of the system. The uniform asymptotic 
stability signifies the existence of a number 6, > 0 and of two functions 
S ( E )  and T(E)  such that if 1 1  9~ 1 1  < a(€), then I x( t ;  9 ~ ,  0)i < c for t 3 - 7 
and if 11 9~ 11 < S o ,  t > T(E) ,  then I x( t ;  p, 0 )  I < E. Let 6, = 6(+h), 
0 < 7 < minis, , 6( Q6,)>, T = T [ @ (  i~)], m the smallest natural number 
for which mw > T + T. 

Let S be the sphere 1 1  9~ 11 < 6,.  Then I x( t ;  9 ~ ,  O)] < Qh for 9~ E S and 
t >, -T. If I p I is small enough, we obtain I x(t ,  q, p)I < h for 9~ E S, 
-7 < t < mw. It follows from here that for 9~ E S we have 1 1  1 1  < h, 
and also taking into account system (59) it follows that the operator U: 
is compact in S.  From the estimate obtained it also follows that the 
solutions with q~ E S are defined for -T < t \< mw, hence the operator 
is defined for all 9~ E S. Let S, be the sphere I/ 9~ I/ < 7 and So the sphere 

since 7 < 6(Q6,); for I p small enough we obtain 1 x( t ;  y ,  p)l < 6, for 
-T < t < mu.  From here we deduce [Ug]j(S,) C S for 0 < j  < m, 
since [UE]j(p)) = x(jw + s; 9 ~ ,  p). From [I 9~ 1 1  < $6(b),  t >, -T we 
obtain I x( t ;  q,O) l  < b, hence for I p small enough we obtain 
1 x(t;  9, p)( < 7 if II 9~ 11 d $(&), -T d t < mw and thus [U:]j(So) C S, 
for 0 < j < m. It  follows from 7 < 6, that for 9~ E S, , t > T we have 
I x(t ,  QI, 0)I < QS(h); hence for I p I small enough I x( t ;  9 ~ ,  p)\ < $3(b) 
if q~ E S,  , mw - T < t < mw, i.e., [U~]m(S,)CS,.  The conditions of the 
theorem of F. Browder are thus fulfilled; the operator Ut: has a fixed 
point, hence system (59) has a periodic solution with the property in 
the statement. 

II 9J I I  d @(&I). For II 9J II < 7, t 3 -7 we have I x( t ;  9J, 0)l < 9 1 ,  

Definition. A solution xo(t)  of the general system ( 2 )  is called stable 
( T )  if there exists 6 > 0 such that supt--79SGt 1 x(s) - x,(s)l < 6 implies 
limi+m S U ~ ~ - , ~ , ~ ~  I x(s) - xo(s)) = 0, whichever be the solution x( t )  of the 
system. 

Theorem 4.36. I f f  is periodic in t with period w and if system (2) 
admits a bounded solution, stable (T ) ,  then it admits a periodic solution of 
period kw. 

Proof. Let xo(t) be the bounded and stable ( T )  solution. We consider 
the family of functions ~ J , ( s )  = xo(s + nw), s E [-T, 01. We have 
I ~ J , ( s ) [  < M ,  and for n large enough we also obtain I ci),(s)I < L(M); 
hence the set {~J , (S>}  is compact. It follows from this that there exist 
two numbers nl and n2 such that max-,,,,, I cp,,(s) - cp,,(s)) < 6- 
Let n2 > nl , k = n2 - n, . 
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We consider the solution x,(t + kw);  we have 

1 xo(t + kw) - xo(t) \  = max 1 xo(s + nlw + kw) - xo(s + n p ) /  max 
n,w-r< t <nlw --r<s<o 

- -7<s<o 
= max 1 xo(s + n2w) - xo(s + nlw)l 

= - -T<s<O max I Pn,(S> - Pn,(S)I < 6. 

Since the solution x,(t)  is stable ( T ) ,  it follows that 

lim max I xo(s + kw)  - x,(s)l = 0. 
t+m t--r<s<t 

From the fact that the set {yn(s)) is compact, it follows that there 
exists a limit point cp*;  let cp*(s) = limj+m yn, and x * ( t )  = x ( t ;  0, cp*(s)). 
Then 

x * ( t )  = iixg xo(t + njw) 

xo(t + n p )  = x ( t ;  0, xo(s + np)) = x ( t ;  0, Pn,(S)). 

since 

For t = s + kw we obtain 
. 

Iim x,(s + kw + njw) = X*(S + kw);  
3+W 

hence 
lim ~ ~ , + ~ ( s )  = x*(s + kw) .  
3+m 

But from 
lim max xo(s + Kw) - xo(s)\ = 0 
t+m t--r<s<t 

we obtain 
iiz -z;:,, I Vn,+ds) - vnj(s)I = 0. 

From 

I Pn,+&) - P*Nl G I Pn,+le(S) - PnJs)l + I vn,W - v*(s)l 

lim %,&) = Cp*(s), 

we obtain 

3+m 

and this means that 
X*(S + kw)  = v*(s); 

hence the solution x * ( t )  is periodic of period kw. 
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We prove the following proposition in the same way: If system (2)  
admits a bounded solution xo(t) such that 

lim [xo(t + w )  - xo(t)] = 0,  
t h W  

then it admits a periodic solution of period w .  

Proof. The  set {y,(s)} is compact; let 

9*(4 = F'Z 9 h , ( s ) .  

From 
lim [xo(s + njw + w )  - x0(s + n p ) ]  = 0 
j+, 

it follows that 
v*(s) = \& vn,+IC(s). 

From here on, the proof continues as above with K = 1: 

~ ( t ;  0, q * ( s ) )  = lim x(t ;  0, qn,) = 1,im x( t ;  0 ,  qD,,+J. 
3+m 3'00 

However, 
x(t;  0, Fn,) = xo(t 4- n p ) ;  

From here, for t = s + w ,  we obtain 

x(s + w ;  0,  q*) = !+% xo(s + w + q w )  = x(s; 0, q*) = q * ( s ) ,  

which shows that the solution x(t;  0, y * )  is periodic of period o. 

Theorem 4.37. 

T o  prove this theorem some preparatory facts are necessary. 

Iff is periodic in t ,  every bounded and uniformly 
stable solution of system (2 )  is asymptotically almost periodic. 

Definition. Let U be a continuous mapping of a metric space in h e y .  
The mapping U is called asymptotically almost-periodic in point p ,  i f  for 
every E > 0 there exist positive integers 1 and N such that within any 
I + 1 positive consecutive integers there exists at least one integer r for 
which p(Unp, Un+'p) < E if n 3 N .  
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Lemma. If from every sequence of points (Un+hmp}(m = 1, 2, ...) 
we can extract a subsequence uniformly convergent with respect to n, then 
U is  asymptotically almost-periodic in point p .  

We suppose that U is not asymptotically almost-periodic in p ;  
then there exists an > 0 such that for every couple I, N there exists an 
interval of positive numbers Ll, ,  of length 1 such that for every T EL,,, 
we have p( Unp, Un+.p) E for at least one n 3 N .  Let Li = L,,, and 
h, ELI;  we choose an integer h, such that h, - h, be in Li = L 2 , 2 .  
We further choose an interval Li = LvaSy3 such that v3 > 2(h2 - h,); 
we may find an integer h, such that h, - h, and h, - h, be in L6. In  
general we choose Lk+l = Lvm+l,vm+l such that vm+, > max,,,G, 2(h,- h,), 
v,+, > vnL; it suffices, for example, to take as h,+, - h, one of the 
integers in the immediate neighborhood of the center of L;+,. We 
consider the sequence 

Proof. 

Un+hlp, Un+hzp,  . . .) Unfhmp, . , .; 

according to the hypotheses, from this sequence we can extract a 
subsequence 

Un+ktp,  l p + k z p ,  . . . , Un+kmp, . . . , 

uniformly convergent with respect to n; we may hence find R such that 

~ ( U n + ~ , + , p ,  Un+krp) < E,, for r >, R, s = 1, 2, ..., 

whichever be n. Replacing n by n - k,, it follows that for r >, R, 
s = I ,  2, 3 ,  ..., and n > k,  there occurs the relation 

p( U"+kr+,--krp, Unp) < Eo . 

Setting k,+,9 - k, = rs, we have 

p(Un+'~p, Vnp) < E,, for n > k ,  ; 

rs is situated in the interval LL+, corresponding to k,,, . We leave r fixed, 
with r 3 R, and choose s large enough that v,?+~ > k ,  . We denote 
N =  "m,+, . We have p( Unfrp, U*p) < c0 for n > N and T E L N , N  , 
which is in contradiction with the way in which the intervals Ll, ,  have 
been chosen. The  lemma is thus proved. 

Proof of Theorem 4.37. Let xo(t) be a bounded solution, uniformly 
stable, of system (2), q o ( s )  = xo(s), s E [-T, 01. There exists 6 ( ~ )  such 
that from I /  xo(to + s) - +(u)il < 6 it follows that 1 x(t; to , 4) - xo(t)l < E 
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for t 3 t,. For t ,  = nw we deduce that II xo(nw + s) - #(u)f/ < 6 
implies 1 x( t ;  no, +) - xo( t ) /  < E for t 3 nw; hence 

1 x(t  + nw; nw, +) - x,(t + nw)] < E for t b 0. 

However, x ( t  + nw; no, #) = x( t ,  0, #*), where #*(s) =#(nu + s), 
s E [ - ~ , 0 ] ,  since in both members we have solutions of system (2) 
(because of the hypothesis thatf is periodic), and both solutions coincide 
for t E [ -T ,O] .  Consequently, from 

I1 xo(nw + 4 - +*Nil < 6 

we obtain 

\ x ( t ;  0, #*) - xo(t + nu)\ < E .  

We consider the operator U v  = x(s + w ;  0, y ) .  We have 

x ( t ;  0, UqJ) = x ( t ;  0, x(s + w ;  0, fp)) = x ( t  + w ;  0,fp) 

and in general 

x(t; 0, ZP,) = x(t  + nw; 0, fp), x(s + nw; 0, lp) = U’9.  

From 

This means that from 

II UnqJ, - 4* I 

we obtain 

1 1  Uk$* - Unfkcp0II < E ( k  > 7/w). 

Let h,,h, , ... be a sequence of natural numbers, limn+o3 h, = 00. 

The  set (Uhkq0} is compact due to the fact that the solution xo(t) has 
been assumed bounded. Let k, be a subsequence such that 
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We have 

For m large enough we have 

hence 

for I > T / W .  This means that 

uniformly with respect to I, for I > i-jw. From here, by virtue of the 
lemma, it follows that U is asymptotically almost-periodic in point vo.  
It remains to deduce that the solution xo(t )  is asymptotically almost- 
periodic. For every 7 > 0 there exist I and N such that among the ( I  + 1) 
consecutive integers we may find an integer m such that 

II U"P0 - Un+m9011 < rl? 

if n 2 N ;  it follows that 

I I  xo(s + nu) - xo(s + (n + m)w)ll < 7. 

Let t be sufficiently large, t = t' + kw, 0 < t' < w; we have 

x(t + s; 0, yo) = x(t'  + kw + s; 0, Po) 

= x(t' + s; 0, x(kw + 5; 0, Po)) = x(t'  + s; 0, Ukpo). 

Let E > 0; there exists an 7 > 0 such that from 1 1  - $ 1 1  < 11 it 
follows that 

11 x(t + s; 0 , ~ )  - x(t. + s; 0, #)/I < E for 0 <' t < w. 

Let k > N(q); then ( I  x( t  + s; 0, v0) - ~ ( t  + s + mu; 0, vo>ll = 
/ I  x(t '  + s; 0, U%p0) - x(t' + s; 0, Uk+mqo)(( < E ,  since 

jl UkP" - uk+m9011 < 7. 

I xo( t )  - xo(t + mw)l < 
Consequently, 
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for t > ( N  + 1)w. The  set mw is relatively dense; hence x,(t) is asymp- 
totically almost-periodic. 

4.17. Singular Perturbation for Systems with Time Lag 

The  results from Section 3.1 1 relative to singular perturbations of 
nonautonomous systems are extended, without essential modifications 
of the proof, to systems with time lag of the form 

where f and g are, with respect to t ,  periodic or almost periodic, 
respectively (in the periodic case, the period will be assumed to be w > T ,  

as usual). 
For E = 0 we obtain the system 

We suppose that this system admits a solution [u( t ) ,  v ( t ) ] ,  periodic or 
almost periodic, respectively. We denote 

w >  = (g:[t, 4 t > ,  N 7  Ol)-’g& 4 t h  v@>, 01, 

Theorem 4.38. If system (88) admits a periodic or an almost-periodic 
solution u( t ) ,  v ( t ) ,  respectively, such that (Q + Q*)/2 < -pE, and if 
the trivial solution of the system 
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is uniformly asymptotically stable, system (87) admits a unique periodic 
or an almost-periodic solution, respectively, x ( t ,  e) ,  y(t ,  e), such that 

x( t ,  4 = u(t)  + E E * ( t ,  €1, At ,  4 = v(t) + erl* ( t ,  .) - eU(t)E*(t, e). 

Theorem 4.39. W e  suppose that system ( 8 8 )  admits a family  of periodic 
solutions of period w > T, [u(t, c), v(t, c)] and that f o r  the solution corre- 
sponding to the value c = c,, we have (& + Q*)/2 < -pE. 

If system (87) admits a periodic solution of period w of the fo rm 

4 4  .) = u(t, co) + 4 * ( t ,  e), 

Y ( t ,  .) = 4 4  Lo) + E r l * ( t ,  €1 - E W ) S * ( t ,  4, 

then 

for  all the independent periodic solutions qi(t, co) of period w of the adjoint 
system of system (89). 

The function v**(t, co) is given by the formula 

The  problem of singular perturbations in autonomous systems with 
time lag can be treated in the same way. 

We consider a system of the form 

For E = 0 we obtain the system 

Let us suppose that the system obtained fo r  E = 0 has a periodic solution 
u(t), v(t)  of period wo > r. Let ,  as above, Q(t)  = g:[u(t), v(t), 01. W e  will 
suppose that 

4 " t )  + Q*(t>l G --CLE. 
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We denote, as above, 

We form the variational system (89). This system has a periodic solution 
p ( t )  = du/dt of period w,, . Indeed, from 

we obtain 

From g[u(t) ,  v ( t ) ,  01 = 0 we obtain 

from which we obtain 

dv du 
dt dt 
_ -  - - U ( t ) -  = -U(t)p(t) .  

Consequently, 

Let us suppose that the variational system has neither periodic solutions 
independent of p ( t )  nor solutions of the form pl ( t ]  + tp(t) ,  with p ,  periodic 
of period w,, . 

From here, as in Section 4.14, it follows that q(s)G(s)ds # 0, 
where q(s )  is the periodic solution of period wo of the system adjoint to 
the variational system, and 
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we will prove under these conditions that system (90) admits a periodic 
solution of the period wo(l + €a),  which for E -+ 0 tends to u(t) ,  v ( t ) .  

We perform in system (90) the change of variables t = s[l + E ~ ( E ) ]  

and denote Z(s, 6 )  = x[s(l + a), €1, y"(s. a) = y[s(l + a), €1. We obtain 
the system 

d2 
ds 
-- - ( I  + Ecu) f [qs ,  €), q s  - e, €), j+, €1, y(s - 8, E ~ ,  €1, 

6 -  = (1 1- 4gE% 4, Y(s* 4 7 . 1 ,  

e = 7  
1 + E l % '  
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where 

F(s) = f<"U(S), 4 s  - 71, m, u(s - 7),01. 

We construct for the system thus obtained a periodic solution of 
period wo . Let vo(s) be the periodic solution of the system 

d.! dv 
ds ds 

E - = Q ( s ) ~  + g: - - . 

We have qo(s)  = -Q-l(s)(g; - (dv/ds) + O(E). We form the system 

d t  
- ds Al(sK(s) + Bl(s)$(s - 7) + A z ( ~ ) ~ o ( s )  + B z ( s ) ~ o ( ~  - 7) + F ( s )  + aoG(s). 

The  condition that this system admits a periodic solution is that 

and the condition s," q(s)G(s)ds # 0 allows us to determine 0 1 ~  from this 
equation. For this a. we obtain a periodic solution e0(s) such that 

I 50(s) I < K SUP/ A z ( s ) ~ o ( s )  + B z ( s ) d s  - 7) + F + aoG 1. 

In  general we construct the successive approximations in the following 
way. We will define qn(s) as a periodic solution of the system 

We choose an from the condition that there exists a periodic solution; 
then we take the periodic solution which verifies the estimate 

1 5, I < K SUP/ A,(s)~n(s) + B z ( s ) ~ n ( s  - en-1) + F(s)  + anG(s) 

+ q s ) ( t n - , ( s  - On_,) - t n p l ( S  - 7)) + q - l )  I. 
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From the construction of the successive approximations we see that 
if E, --+ 4, qn. + q ;  then E,  q will be a periodic solution of period wo , 
which leads to a periodic solution 

of the initial system. 

same way as in Section 4.13. 

system of the form 

The convergence of the successive approximations is proved in the 

Let us indicate another case of singularly perturbed systems. Let a 

where X ,  and X ,  are periodic or almost periodic in t ,  uniformly 
with respect to the other variables, respectively. 

We suppose that the system ’ 

k = Xo(t,  x) 

has the general solution xo(t, h) periodic or almost periodic in t, 
respectively, of period w .  After the change of variables x = xo(t, z)  we 
obtain a system of the form 

where Z is periodic of period w ,  or almost periodic with respect to 
t uniformly with respect to the other variables, respectively, and has the 
same regularity properties as X ,  and X I .  

We will suppose in what follows that Z admits continuous partial 
derivatives of the second order. Let v(t) be a periodic or almost- 
periodic solution, respectively, with continuous derivative, of the 
system Z(t ,  v, TI, 0)  = 0. We will give the condition under which 
system (92) has a periodic or almost-periodic solution, respectively, 
z(t, c), with the property that limc+o [z(t, E )  - v(t)] = 0. To this 
solution will correspond a periodic or almost-periodic solution 
respectively, of system (91) of the form xo(t, z(t, E ) ) ,  such that 

lim <-0 [xo( t ,  z(t, e ) )  - xo(t,  ~ ( t ) ) ]  = 0. 
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Let r ]  = x - v.  We deduce that 

where G = O(lr] l 2  + 3) and A, B,  f ,  G are periodic of period w 

or almost periodic, respectively. 
A periodic or almost-periodic solution, respectively, is constructed 

for this system by the usual procedure of succesive approximations. 
T o  do this we will first prove that under certain conditions a linear 
system of the form 

+) = A(f)rl(t) + B(t)rl(t - €4 + €f(t) 
has a unique, periodic or almost-periodic solution, respectively, which 
admits the estimate 

The successive approximations qn will be then constructed as being 
the periodic or almost-periodic solutions, respectively, of the system 

€.i(t) = A ( t ) ~ ( t )  + B(t)rl(t - ST) + ~f(t) + G(t, ?n-i(f), ~ n - i ( t  - ET) ,  €)- 

The convergence of the process is proved in the usual way. 
I t  remains then to state the facts relative to the linear system. To do 

this we will extend the lemmas of Flatto and Levinson to systems with 
time lag. 

Lemma 1. W e  consider the system with constant coejicients 

* ( t )  = h ( t )  + BX(t - T) 

and suppose that the characteristic equation 

det(A + Be+ - XE) = 0 

has its roots in the semiplane Re h < -p < 0, and 1 A I < M ,  1 B 1 < M .  
Then, for every u E (0, p) there exists K(p, u, M )  such that I X(t)l  ,< 
K(p, u, M)e-a6, where X ( t )  is a matrix of solution of the system, with 

The essential fact in this lemma is that the number K 
depends on M ,  p, and u and is independent of the other properties of 
the matrices A and B. The fact that from Reh < -p we obtain such 

x(0) == E ,  x ( t )  E OfOY -T < t < 0. 

Proof. 
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an evaluation for the solution is well known, and we will make use of 
it in the proof. The proof that K only depends on M will be made 
according to the Flatto and Levinson schema, by contradiction. 

If the affirmation of the lemma is not true, then for every K there 
exists A and B with I A I < M ,  1 B 1 < M ,  and there exists t > 0 
such that 1 X(t)I > Ke-Of; consequently, there would exist a sequence 

i.e., eu6nl Xn(tn)l 2 n. From I A, 1 < M'i t  follows that there exist 
convergent subsequences Anb , Bnk , Let A, = limk-,a Ann,  B, = 
limk+a Bnk . The roots of the equation det (A, + B0e-A7 - 4E) will be 
likewise situated in the semiplane Re h < -p; hence, if X, is a matrix 
of solutions of the system 

A n  9 Bn 9 tn with I A n  I < M ,  I Bn I < M ,  tn > 0, I Xn(tn)I >, ne-~'., 

* ( t )  = A&(t) f B&(t - T ) ,  

with Xo(s, s) = E,  Xo(t, s) = 0 for s - T < t < s, we have 

1 Xo(t, s)I < Koe-ui(t-s), u < u1 < p. 

Let A,, B, be such that I A, - A, I < (q - o)/K(I + e'lr), 
I B, - Bo I < (q - a)/Ko( 1 f- e 9 ;  we consider the system 

*(t)  = A,X(t) + &X( t  - T) ,  

It  follows that we can write 

Denoting u(t)  = e'lflX,(t)l and taking into account the estimates 
for I A, - A, 1 and I B, - Bo I we obtain 
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It follows from here as in Section 4.5 that u(t)  < y( t ) ,  where y ( t )  verifies 
the integral equation 

We seek y ( t )  under the form y ( t )  = K,,eYl. We obtain 

a relation verified for y = o1 - o. It follows that u(t) < Koe("1-u)'; 
namely eUltl Xn(t)l < Koe(ul-u)t for every t > 0. This means that 
e"llX,(t)l < K O  for every t > 0, which contradicts the inequality 
e"l.1 Xn(tn)l > n. The lemma is thus proved. 

Taking into account also the fact that A and B are constant, it follows 
that X ( t ,  s) = X ( t  - s), and hence we have the bound 1 X ( t ,  s)[ < 
K(p, u, M)e-u(t-S). 

Lemma 2. We consider the system 

where A(t) ,  B( t )  are uniformly continuous for t >, 0. We suppose that for 
every t the roots of the equation 

det(A + Be-AT - AE) = 0 

are situated in the semiplane Re h < -2p. Then there exists a K such that 
1 X ( t ,  s)I < Ke-(/l/f)(t-s) for t 2 s. 

Proof. Let 0 < t o .  We consider the system 

The characteristic equation of this system is 

1 1 
det (- A(to) + ; B(to)e-cAT - AE) = 0 

or 

det(A(to) + B(to)e-cAT - CAE) = 0. 
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According to the hypotheses, we have Re eh < -2p; hence Re h < - 2 ~ 1 ~ .  
Let M 3 sup I A(t)l, M 2 sup I B(t)l. On the basis of the  first 

lemma we deduce that 

The  given system is written 

€ 4 t )  = A(t,)x(t) + B(t,)x(t - €7) + (AO) - A(t,))x(t) + (B(t)  - B ( t o ) > + E f ) .  

On the basis of the variation-of-constants formula we have 

E 1 

Since all the estimations performed are valid for every t o ,  it follows that 
they remain valid in particular for to = t .  It follows that 

hence 
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However, 

= E W ~ ( E ) ,  lim wl(c) = 0, 
€4 

since fort  - 42 < 01 < t we have 1 A(a)  - A(t)[ + ep*l B(a) - B(t)l < 
w(E), owing to the uniform continuity of matrices A(t) and B(t). We 
obtain 

hence if E is sufficiently small in order that w1(e) -==c lj2K we have 
M < 2K; hence [ X( t ,  s ) /  < 2 K e - ( ~ / ~ ) ( ~ - ~ ) .  The evaluation obtained does 
not depend on a and b;  hence it is valid for every t ,  s. The lemma is 
thus proved. 

Let us consider the nonhomogeneous system 

&(t) = A(t)x(t)  + B(t)x(t - €7) + &). 

The bounds obtained in Lemma 2 show that under the conditions of 
these lemmas the trivial solution of the homogeneous system is uniformly 
asymptotically stable; hence if A, B, f  are periodic or almost periodic, 
respectively, the system admits a unique periodic or almost-periodic 
solution, respectively. In order to obtain an estimation for this solution, 
we will observe that every solution of the nonhomogeneous system is 
written on the basis of the “variation of constants” formula in the form 
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We obtain the relation 

hence 

Observing that the first members tend to zero when t -+ a, we deduce 
for the periodic or almost-periodic solution, respectively, the bound 

This is all that we need to assure the convergence of the successive 
approximation process. 

4.18. Invariant Periodic Surfaces in a Class of Systems 
with Time Lag 

We will consider a system with time lag of the form 

4 t )  = w, q t > ,  A t ) ,  At - 4, 
9(t) = w, w, 34th A t  - 41, 

(93) 

where @(t, u, vl, v2), Y(t, u, v1 , w2) are periodic in t with period T and 
in u with period w .  

A solution of the system will be determined for t > to by the value 
do of 8 for t = to and by the function $ given in to - 7, t o ,  representing 
the initial function for y .  We will denote this solution by B(t; t o ,  8, , $), 
y( t ;  to , Bo , $). When we will take to = 0 we will omit it. 

Lemma 1. We have the relations 

Proof. The periodicity of system (93) with respect to 8 ensures that 
B ( t ;  to , 8, , +) + W, y( t ,  to , B0 , $) is also a solution together with 
B ( t ;  t o ,  B0 , $),y(t;  t o ,  d o ,  $). For t = to this solution yields for 8 the 
value 8, + w ,  and in [to - 7, to] it yields for y the function $; hence it 
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coincides with the solution B ( t ;  t o ,  Bo + w ,  # ) , y ( t ;  t o ,  8, + w ,  #). The  
lemma is thus proved. 

The  periodicity of system (1) with respect to t ensures that 
B ( t  + T ;  t o ,  8, , $), y ( t  + T ;  to , Bo , $) is also a solution together with 
B ( t ;  to , Bo , $),y(t, to , 8, , #). For t  = to this solution yield for 8 the value 
B(to + T ;  t o ,  Bo , $) and in [to - T, to] it yields for y function 
y (  T + s ;  to , Bo , 4). We obtain the relations 

o(t + T ;  to , 6 0  , #) = o(t;  to , o(T + t o  ; t o  9 00 7 #), Y(T + S; t o  , on 9 #)h 
(95) 

~ ( t  + T ;  t o  9 on y d ~ )  = ~ ( t ;  t o  7 @(T + t o  ; t o  9 6'0 > #), Y ( T  + S; to  9 $1). 
Let C be the space of the vector (n  - 1)-dimensional functions 

continuous in [-T, 01, B the space of the periodic functions, of period w, 

continuous, with values in C, with the usual norms. 
For CY E B and t 2 0 we will consider the function p;  : R -+ R defined 

by &(o) = B ( t ;  CT, a(.)). Let us suppose that for fixed t ,  CY the function 
p;  has an inverse; we will denote by a; the inverse. For each natural N 
we define the mapping T ,  : B + B by 

[ ( T N a ) ( f ) l ( s )  = y(NT + '; uk ( f ) ,  a[ub'(f)l)' 

The  fact that T,CY is a continuous function follows from the continuity 
of the function and from the general theorems of continuity of the 
solution with respect to the initial conditions. I t  remains to show that 
T,CY is a periodic function; this will follow from the lemmas we are now 
going to prove. 

Lemma 2 .  W e  have 
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Consequence. If there exists a natural N for which T ,  admits a unique 
fixed point a,, , then a,, is also a fixed point for Tl . Indeed, TNTla, = 
T,TNm,, = Tla,,; hence Tla, is likewise a fixed point of T,; from the 
uniqueness of the fixed point it follows that a. = Tla, .  

Lemma 3. Tla is periodic together with a;  hence for every N the 
function TNa is periodic. 

Proof. We have 

p;(u) = q t ;  u, +I); 

p;(u + w )  = e(t; + + + w ) )  = q t ;  + w ,  a(u)) 

hence 

= q t ;  u, +)) + = P;(u) + w .  

From p;(u + w) = p";u) + w we obtain p;[u:(p) + w] =p;[o;(p)] t w = 
p + w; hence u;(p) + w = u;(p + w). Further, 

and the lemma is thus proved. 
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We define the function S : Rf x R -+ C by the relation 

We have 

Lemma 4. 

Proof. Indeed, 

S(0, p )  = o!(p). 



4.18. INVARIANT PERIODIC SURFACES 505 

On the other hand, from the relations (95), 

Definition. A function S : R+ x R 3 C defines a periodic 

1. S ( t  + T ;  p) = s ( t ,  p), s ( t ,  p + w )  = s ( t ,  p). 

invariant surface of system (93) if i 

2. If 16 = S(0, e,), then y ( t  + S; Bo , 16) = S ( t ,  B(t; 8, , +)). 

From Lemmas 4, 5, 6, and 7 it follows that if p? has an inverse and 
if there exists an N such that T ,  admits a unique fixed point, then 
system (93) admits an invariant periodic surface. 

is uniformly asymptotically stable, for every 0 < u < w ,  uniformly with 
respect to U .  Then system (97) admits an invariant periodic surface. 



508 4. SYSTEMS WITH TIME LAG 

because pl(t) = 0, since the component z of the solution of system (100) 
does not depend on the initial conditions for component A. 

From 

it follows that 

I ( Jh (P1)  - 'TUNT(P2)I < (1 + O(l E l ) ) l  P1 - P Z  I; 
hence 

I B b l )  - B(Pz)l < { K Z I  E I + (4 + O(l I)YI I N  + O(l l>)l P1 - P z  I 

Therefore, for L conveniently chosen and I E 1 sufficiently small we have 

1 B ( P d  - B(Pz)l < LI E I I P I  - F z  I .  
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I t  remains to prove that T ,  is a contraction. I t  will follow then that 
T ,  admits a unique fixed point and hence that the system has an invariant 
periodic surface. 

Let is, = T,ol,, &, = T,a,. We have 

On the other hand, from 

from which we immediately obtain 

I 81 - Bz I < K41 c 1 II a1 - a 2  / I  + (4 + O(I E 0)ll a1 - a 2  !I + 411 011 - 012 11); 

hence I (  - & /I < 5 ( (  a1 - ci2 )I for 1 E 1 sufficiently small, which 
shows that T ,  is a contraction. 

I t  is an open problem to obtain some analogous results for systems in 
which 8 occurs with retardation. 

NOTES 

General expositions relative to  systems with time Iag are to  be found 
in [65] and [66]. Results on the stability theory of systems with time lag 
as well as the fundamental inequality of Section 4.1 are to be found in 
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the monograph [15]. The results of Sections 4.1 and 4.2 have been 
published in [67-701. The results of Sections 4.3 and 4.4 have been 
published in [71], those of Section 4.5 have been partially published 
in [72], and those of Section 4.6 have been published in a joint paper 
with V. R4. Popov [73] and in [89]. The  results of A. Stokes are published 
in [90]. The  results of section 4.8 have been published in [78], those 
of Sections 4.9 and 4.10 in [74-771, and those of Section 4.1 1 in [91]. 

For the case of linear systems with constant coefficients, results have 
been given by S. N. Simanov in [79] and [80]. The  theory of systems 
containing a small parameter is to be found in [67] and in [81] and [82]. 
For quasi-linear systems the results have been stated by S. N. Simanov 
in [83]. The  results of Section 4.14 have been published in [49] and 
those relative to the averaging method in [84] and [85]. Theorem 4.35 
can be found in [86]. Theorems 4.36 and 4.37 are to be found in [67], 
Theorems 4.38 and 4.39 in [87], the other results of Section 4.16 in 
[92] and [93]. Let us note also the results of J. K. Hale, [94] and [95]. 
For very complete bibliography on differential-functional equations 
see the papers of Elsgoltz and others, [lo71 and [108]. For some 
other questions, see also the book by R. Bellman and K. Cooke [109]. 



A.1. Elements from the Theory of the Fourier Transform 

Let f be a function of Ll(--co, a). We call the Fourier transform of 
function f the function 

d(a )  = j+" e-imtf(t)dt, (a real). 
--m 

We state the following properties: 

1. The  function 4 is bounded, since 

2. T h e  function + is continuous, since 

2 2  
-2 sin2 - - 2isin - cos - 

ht 
2 

1 e--iht - 1 ! = 1 cos ht - z sin ht - 1 I = 

ht I == 12 sin ;r I, = 1 2 sin ;r I I -sin - - z cos - 
ht . ht . ht 

2 2 

For E > 0 there exists an R, such that if R > R, we have 

51 1 
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We fix R > R, and choose S(E) = c/3RSRR lf(t)l dt. It follows that if 
I h I < S(E), then I h I R Sfl, \f(t)l dt < c/3T Finally, for I h I < S(E) we 
obtain I +(a + h) - +(a)] < E; hence + is uniformLy continuous on 
the whole axis. 

3 .  I f f €  L1 and itf(t) E L1, then+'(a) exists and is the Fourier transform 
of the function -itf(t): 

where we have set 

We see that 

limfh(t) = -izf(t), 
h+O 

hence fh(t) ELI. I t  follows that we can pass at the limit under the 
integration sign and we obtain 

4. Iff' E Lf, f E L1, then the Fourier transform off'  is ;a+(.). 

We obviously have 

hence, since f' E L1, we will have 

limf(X) = 1. 
X-tm 

However, f E L1 and from 
limf(X) = I, 
x-3 m 

it follows necessarily that 1 = 0. We can thus write that 
co 

f(.) = - j , f ' ( t )dt .  
X 
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Further, 

Definition. Let f ,  g E L1. The function 

00 

44 = jm f(x -YMY)dY = j f ( Y M X  -YFY 
--m --m 

is said to be the convolution of functions f and g. 

Theorem 1. I f f ,  g E L1, then his  dejined for almost every x, h E L1, and 
we have 

The Fourier transform of h is the product of the Fourier transform of 
functions f and g. 

Proof. We have 

hence 

It follows that 

exists and 

The function f is measurable; hence f ( x  - t )  is measurable in the 
product space of variables (x, t ) .  The Fubini theorem can be applied 
and we have 

--m - W  -W 
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I t  follows that h exists almost everywhere (Fubini theorem), 

jym dt la f ( x  - t )g ( t )dx  = 1, dx f(x - t )g ( t )d t ,  h E L1 
-m -m 

and 

J -a' J -02 J -m 

Further, 

Theorem 2. Let fl , f 2  E L1, &(a), + 2 ( ~ )  be the corresponding Fourier 
transforms. Then 

dl (Ylh(Y> E L', dZ(Ylfl(Y) E L1 

and, in addition, 

jm # J , f , d x  = jm 42fldY. 
-m -m 

Proof. The first affirmation is immediate, since +1 and +z are bounded: 

Theorem 3. Let f E L1 n L2. Then I+ E L2 and 
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Proof. Let h(T)  = J+m f ( x  + y)f(y)dy. The  integral exists due to 
the fact that f E L2. We Live 

hence h is bounded. The  function h is also continuous, since 

We have, however, for the functions of L2, 

Jm If@ +Y + 8) -A. + h2 dr = jm If@ + 8) -f(W dt ,  
--m --m 

however small if 6 is sufficiently small, from which follows the continuity 
of function h. Further, 

where we have denoted g(z) = f( -2). It follows that h is the convolution 
of the functions f and g; hence the Fourier transform of h exists and 
coincides with the product of the transforms of the functions f and g. 

The  Fourier transform of g is computed in the following way: 

It follows that the Fourier transform of the function h is 
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We write 

APPENDIX 

m 

+(a) = j e-i"ty(t)dt. 

On the basis of properties 3 and 4 we have 

-02 

m m 
;a+(.) = 1 c ia ty ' ( t )d t  = 2 c i s  e-%ty(t)dt = -2~i+'(a). 

--co --OD 

It follows that 

a .  a 
+'(a) = -- - 

2 E  +(a)9 +(a) 2 E  ' 
hence 

It follows that 

b E 

We apply Theorem 2 to the functions y and h. It follows that 

For E - + O  we obtain 

m jm I +(a)Iz da = 2 4 ;  jm h(0)e-y' dy = 24&(0) I e-v2 dy = 2 ~ 4 0 ) .  
-a --m --a? 

However, 

J -w J --m 

The theorem is thus proved. 

Theorem 4. Let f ,  , f 2  E L1 n L2 and+, , +2 be the Fourier transforms. 
Then 
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Proof. On the basis of the preceding theorem, 

-m 2a 

Consequently, 

J" ifi 1' dt f jm i f 2  1' dt 4- jm ( f i f z  ffif i)dt  
-m --m --m 

Taking into account the preceding theorem, we obtain the formula in 
the statement. 

Consequence. If fl and fi are real, the formula becomes 

2 j" fit2 dt =& jm --m (2 Re +l+e)dt; 
-m 

hence 

However, 

hence 

+,<a) = j" ei"y2(t)dt = +z(-a), 
-m 

since f 2  is real. 
I t  follows finally that iffl andf, are real, 

" 1 "  J f l f 2 d t  = 27r -1 -= Re +d+d -+a 
-a2 

If the functionsf, and f i  are only given in [0, a), we extend them by 
the zero value along (- 00, O), and the preceding formula becomes 
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Remark. Iff is defined in [O,m) and is differentiable, with its derivative 
inL1, it follows that 

A.2. The Permutation of the Integration Order in 
Stieltjes' Integral 

We will reproduce a theorem of H. E. Bray [88] relative to  the permu- 
tation of the integration order in the theory of Stieltjes' integral, which 
has been repeatedly used in the theory of general systems with time lag. 

Theorem. I f  ~ ( s )  is continuous in [a ,  b ] ,  y ( x )  with bounded variation 
in [c, d ] ,  a (x ,  s) continuous in x for s E [a ,  b] and with bounded variation 
with respect to s, uniformly for x E [c, d ] ,  the integrals 

exist and are equal. 

Proof. Let 

4(.) = sb P)(S)ds4X, 4, #(s) = s" 4% s)dr(x). 

It is easy to  verify that $ is of bounded variation and cp is continuous. 
From this follows the existence of the two integrals. T h e  formula 

m m 

= 2 ds*) [z: 4% ? s,+,){Y(xj+1) - Y(4) - 2 4% ? sXY(%+1) - r(4}] 
i = U  3=0 3 = 0  

is verified by direct computation. 
Let E > 0. For divisions of sufficiently small norm we have 
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It follows that 

Likewise, for divisions of small enough norm, 

hence 

Finally, for divisions of small enough norm conveniently chosen, 

1 J h d Y ( 4  - I" P(S)&i(S)l < r; 

hence 

The  theorem is thus proved. 
Let us observe that the same computations remain valid in the case 

when the functions which occur have matrix values for which multipli- 
cation is allowed. The  formula 

i", [ I d  x(s)dsl7(% s - 4 dff = s" 444 I" Y(+I(% s - 4 d a  

is likewise proved in the same way. 
Assuming ~ ( a ,  s) = 0 for s 2 0, there occurs the formula 
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Remark. Iff is defined in [O,co) and is differentiable, with its derivative 
in L1, it follows that 

A.2. The Permutation of the Integration Order in 
St  iel tjes' Integral 

We will reproduce a theorem of H. E. Bray [SS] relative to the permu- 
tation of the integration order in the theory of Stieltjes' integral, which 
has been repeatedly used in the theory of general systems with time lag. 

Theorem. If ~ ( s )  is continuous in [a,  b ] ,  y (x)  with bounded variation 
in [c ,  d ] ,  a (x ,  s) continuous in x for s E [a,  b] and with bounded variation 
with respect to s, uniformly for x E [c ,  d ] ,  the integrals 

exist and are equal. 

Proof. Let 

+) = J' V(s)ds'Y(X, 4, +(s) = j d  +, +w). 
It is easy t o  verify that t,h is of bounded variation and #I is continuous. 
From this follows the existence of the two integrals. T h e  formula 

is verified by direct computation. 
Let E > 0. For divisions of sufficiently small norm we have 
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It follows that 

Likewise, for divisions of small enough norm, 

hence 

Finally, for divisions of small enough norm conveniently chosen, 

The  theorem is thus proved. 
Let us observe that the same computations remain valid in the case 

when the functions which occur have matrix values for which multipli- 
cation is allowed. The  formula 

is likewise proved in the same way. 
Assuming ~ ( a ,  s) f 0 for s 2 0, there 

-A  

occurs the formula 

x(s)d, 1’ ?(a, s - oL)y(oL)dcI. 
n F 



520 APPENDIX 

Indeed, taking into account the condition imposed on 7 we deduce that 

j: x(s)dsy(a, s - a )  = o for a < oL < b;  

hence 

since for s 3 a and a < 01 < s we have s - a 3 0 and q(a, s - a)  = 0. 
The  last formula obtained is the one systematically used in the theory 
of systems with time lag. 



References 
J 

1 .  I. G. Petrovsky, “Lectures on Differential Equations” (in Russian). GITTL, Moscow, 

2. V. V. Stepanov, “Differential Equations.” (in Russian). GITTL, Moscow, 1950. 
3. V. V. Nemyckii and V. V. Stepanov, “Qualitative Theory of Differential Equations” 

(in Russian), 2 nd ed. GITTL,  Moscow, 1949. 
4. E. A. Coddington and N. Levinson, “The Theory of Ordinary Differential Equa- 

tions.” McGraw-Hill, New York, 1955. 
5. S. Lefschetz, “Differential Equations: Geometric Theory.” Wiley (Interscience), 

New York, 1957. 
6. L. S. Pontryagin, “Ordinary Differential Equations” (in Russian). Fizmatizdat, 

Moscow, 1961. 
7. T. Wazewski, Systkmes des Bquations et des inBgalit6s diffBrentielles ordinaires 

aux deuxikmes membres monotones et leurs applications. Ann. Polon. Math. 

8. A. M. Lyapunov, “General Problem of the Stability of Motion” (in Russian). 
GIT,  Moscow-Leningrad, 1950. 

9. I. G. Malkin, “Theory of Stability of’Motion” (in Russian). GITTL, Moscow- 
Leningrad, 1952. 

10. J. L. Massera, Contribution to stability theory. Ann. of Math. 65, No. 1 ,  182-206 
(July 1956). 

11. K. P. Persidski, uber die Stabilitat einer Bewegung nach der ersten Naherung. 
Mat. Sb. 40, 284-293 (1933). 

12. V. V. Rumiantsev, On the stability of a motion in a part of variables. Vestnik Moskov. 
Univ. Ser. I Mat. Meh. 4, 9-16 (1957). 

13. A. Halanay, An generalisation of a theorem of K. P. Persidski (in Rumanian). 
Com. Acad. R.P. Romine 12, 1065-1068 (1960). 

14. 1. G. Malkin, On the reversibility of Lyapunov’s theorem on asymptotic stability 
(in RvGsian). Prikl. Mat. Meh. 18, 129-138 (1954). 

15. N. N. Krasovski, “Some Problems in the Theory of Stability of Motion” (in Russian) 
[English translation by Stanford Univ. Press, Stanford, California, 19631. Gos. Fiz. 
Mat lit, Moscow, 1959. 

16. C. Corduneanu, Application of differential inequalities in the theory of stability 
fin Russian). An. Sti. Univ. “Al. I .  Cuza” I&. Secl. I .  VI, No. 1 ,  47-58 (1960). 

17. I. G. Malkin, Das Existenz-Problem von Lyapunovschen Funktionen. Izv. Fiz. 
Mat. Obst. Kazan 111, No. 4, 51-62; 111, No. 5,  63-84 (1931). 

18. 1. M. Gel’fand, “Lectures on Linear Algebra” (in Russian). GITTL, Moscow, 
1951. 

19. W. Hahn, Eine Bemerkung zur zweiten Methode von Ljapunov. Math. Nachrichten 

20. R. Bellman, “Stability Theory of Differential Equations.” McGraw-Hill, New 

21. E. A. Barbasin, On two schemes for the proof of theorems on stability by the first 

52 1 

1952. 

XXIII, 112-166 (1950). 

14, 349-354 (1956). 

York, 1953. 

approximation (in Russian). Dokl. Akad. Nauk SSSR 111, 9-1 1 (1956). 



522 REFERENCES 

22. A. Halanay, Some remarks about the Asymptotic stability (in Rumanian). An. 

23. A. Halanay, A stability criterium (in Rumanian). Com. Acad. R.P. Romfne IX, 

24. N. N. Bautin, “Behaviour of Dynamical Systems near the Boundary of their Region 
of Stability” (in Russian). GITTL, Moscow, 1949. 

25. T. Hacker, Stability of partially controlled motions of an aircraft. ’J. Aerospace 
Sci. 28, No. 1, 15-27 (January 1961). 

26. V. E. Germaidze and N. N. Krasovskii, On the stability in the case of constantly 
acting disturbances (in Russian). Prikl. Mat. Meh. 21, No. 6, 769-774, (1957). 

27. I. Vrkoi-, Integral stability (in Russian). Czech. Math. 2. 9(84), 71-128 (1959). 
28. Kyuzo Hayashy, On the strong stability and boundedness of solutions of ordinary 

differential equations. Mem. Coll. Sci. Univ. Kyoto. Ser. A .  Math. XXXII, 2 (1959). 
29. N. P. Erugin, Reducible systems (in Russian). Trudy Mat. Inst. Steklov 13, 1-96 

(1946). 
30. I .  M. Gel’fand and V. B. Lidskii, On the structure of the regions of stability of linear 

canonical systems of differential equations with periodic coefficients (in Russian). 
Uspehi Mat. Nauk ( N .  S.) 10, 3-40 (1955). Ann. Math. SOC. Transl. 8, No. 2, 

31. M. G. Krein, On the theory of A-zones of stability of canonical systems of linear 
differential equations with periodic coefficients. Collected memoirs dedicated to 
A. Andronov (in Russian). Izd. Akad. Nauk SSSR, 413-498 (1955). 

32. V. A. YakuboviE, Remarks about some papers on systems of linear differential 
equations with periodic coefficients. Prikl. Mat. Meh. 21, 707-713 (1957). 

33. O.Perron, DieStabilitatsfrage beiDifferentialgleichungen Math. Z.32,703-728 (1930). 
34. R. Bellman, On an application of a Banach-Steinhaus theorem to the study of the 

boundedness of solutions of nonlinear differential and difference equations. Ann. 

35. M. Reghis, On the nonuniform stability in general spaces (in Rumanian). Lucrbr. 
$ti. Inst. Ped. Timifoara Mat. Fiz., 153-169 (1960). 

36. A. I. Lurie and V. N. Postnikov, Concerning the theory of stability of regulating 
systems (in Russian) Prikl. Mat. Meh. 8, 246-248 (1944). 

37. A. I. Lurie, “Some Nonlinear Problems of the Theory of Automatic regulation” 
(in Russian). GITTL, Moscow, 1951. 

38. A. M. Letov, “Stability of Nonlinear Regulating Systems” (in Russian), 2nd ed. 
GIMFL, Moscow, 1962 [English translation by Princeton Univ. Press, Princeton, 
New Jersey, 19611. 

39. V. A. YakuboviE, Stability in the large of the unperturbed motion for the equations 
of the indirect controls (in Russian). Vestnik Leningrad. Univ. 19, Ser. Math. Meek 
Astr. 4, 172-176 (1957). 

40. V. A. YakuboviE, On the non linear differential equations of systems of automatic 
control with a single control organ (in Russian). Vestnik Leningrad. Univ. 7, Ser. 
Mat. Meh. Astr. 2 ,  120-153 (1960). 

41. S. Lefschetz, An application of the direct method of Liapunov. Bol. SOC. &fat. 
Mexicana Sec. Serie 5,  No. 2, 139-143 (1960). 

42. V. M. Popov, Nouveaux criteriums de stabilitk pour les systkmes automatiques 
nonlinkaires. Rev. d’deetrotechnique et d’herge‘tique. Acad. R.  P .  Romine, V .  No. 1, 

43. V. M. Popov, On the absolute stability of nonlinear control systems (in Russian). 

Univ. C.I. Parhon Bucurejti. Ser. Sti. Nut. 9, 31-38 (1956). 

NO. 3, 209-214 (1959). 

143-182 (1958). 

of Math. 49, 515-522 (1948). 

73-88 (1960). 

Avtomat. i Telemeh. XXII, No. 8, 961-979 (1961). 



REFERENCES 523 

44. V. M. Popov, On a critical case of absolute stability (in Russian). Avtomat. i Telemeh. 

45. V. M. Popov, On the practical stability of control systems which contain an element 
with nonunivoc nonlinearity (in Russian). Rat. d‘e‘lectrotechnique et d’inergitique. 
Acad. R.  P .  Romhe VI, NO. 1, 81-101 (1959). 

46. V. A. YakuboviE, Solutions of some matrix inequalities which are met in the theory 
of control systems (in Russian). Dokl. A Nauk SSSR 143, No. 6, 1304-1307 (1962). 

47. J. L. Massera, The existence of periodic solutions of systems of differential equations. 
Duke Math. J.  17, 457-475 (1950). 

48. A. Halanay, Almost-periodic solutions of nonlinear systems with a small parameter 
(in Russian). J .  &t. i Prikl. Mat. Acad. R.  P .  Romine I ,  No. 2, 49-60 (1956). 

49. A. Halanay, Periodic and almost periodic solutions of systems of differential equations 
with delayed argument (in Russian). Rm. Math. Pures AppLIV, No. 4,686-691 (1959). 

50. J. L. Massera and J. J. Schaffer, Linear differential equations and functional 
analysis I. Ann. of Math. 67, No. 3, 517-573 (May 1958). 

51. I. Barbglat and A. Halanay, Solutions ptriodiques des systbmes d’tquations diffbren- 
tielles nonlintaires. Rev. Math. Pures Appl. 111, No. 3, 395-411 (1958). 

52. I. G. Malkin, Some Problems in the Theory of Nonlinear Oscillations (in Russian). 
GITTL, Moscow, 1956. 

53. N. N. Bogoliubov, On some statistical methods in mathematical physics (in Russian). 
Akad. Nauk Ukrain. R.S.R. (1945) 

54. N. N. Bogoliubov and Y. A. Mitropolski, “Asymptotic Methods in the Theory 
of Nonlinear Oscillations,” GIMFL, Moscow, 1958 [English translation by Gordon 
and Breach, 19621. 

55. A. Halanay, Solutions ptriodiques des systhmes nonlintaires A petit paramttre. 
Rend. Accad. dei Lincei Sci. Fis. Mat. NaturaIi, Serie VIII, X X I I ,  1, 30-32 (1957). 

56. I. Berstein and A. Halanay, Index of the singular point and the existence of periodic 
solutions of systems with a small parameter (in Russian). Dokl. Akad. Nauk SSSR 

57. F. Browder, On a generalisation of the Schauder fixed-point-theorem. Duke Math. 

58. M. Urabe, Geometric study of nonlinear autonomous system. Funkcial. Ekvac. 

59. 0. Vejvoda, On the existence and stability of the periodic solution of the second 
kind of a certain mechanical system. Czech. Math. S. 9(84) 390-415 (1959). 

60. L. Cesari, Existence theorems for periodic solutions of nonlinear Lipschitzian 
differential systems and fixed point theorems. In  “Contributions to the Theory of 
Nonlinear Oscillations,” Vol. V, pp. 11 5-172. Princeton, 1960. Univ. Press, Princeton, 
New Jersey. 

61. N. Levinson, Small periodic perturbations of an autonomous system with a stable 
orbit. Ann. of Math. 52, 729-738 (1950). 

62. L. Flatto and N. Levinson, Periodic solutions of singularly perturbed equations. 
J. Math. Mech. 4, 943-950 (1955). 

63. S. K. Hale and G. Seifert, Bounded and almost periodic solutions of singularly 
perturbed equations. J.  Math. Anal. Appl. 3, No. 1, 18-24 (August 1961). 

64. N. D. Anosov, On limit cycles of a system of differential equations with a small 
parameter in the highest derivative (in Russian). Mat. Sb. N.S.  50 (92), 299-334 
(1960). 

65. A. D. MySkis, “Linear Differential Equations with a Delayed Argument (in Russian). 
GITTL. Moscow, 1951. 

X X I I I ,  NO. 1, 3-24 (1962). 

111, NO. 5, 923-925 (1956). 

J. 26, NO. 2, 291-303 (1959). 

1, 1-84 (1958). 



524 REFERENCES 

66. L. E. Esgoltz, “Qualitative Methods in Mathematical Analysis” (in Russian). 
GITTL, Moscow, 1955. 

67. A. Halanay, Some qualitative questions in the theory of differential equations 
with a delayed argument (in Russian). Rev. Math. Pures Appl. 1 1 ,  127-144 (1957). 

68. A. Halanay, Theorems on stability for systems with a delayed argument (in Russian). 
Rev. Math. Pures Appl. 111, No. 2, 207-216 (1958). 

69. A. Halanay, Stability criteriums for systems of differential equations with a delayed 
argument (in Russian). Rev. Math. Pures Appl. V, No. 2, 367-374 (1960). 

70. A. Halanay, Integral stability for systems of differential equations with a delayed 
argument (in Russian). Rev. Math. Pures Appl. V, Nos. 3-4, 541-548 (1960). 

71. A. Halanay, The Perron condition in the theory of general systems with retardation 
(in Russian). Mathematica 2 (25), 2, 257-267 (1960). 

72. A. Halanay, Differential inequalities with time-lag and an application to a problem 
of the stability theory for systems with time-lag (in Rumanian). Com. Acad. R.P. 
Romaine XI, No. 11,  1305-1310 (1961). 

73. V. M. Popov and A. Halanay, On the stability of nonlinear control systems with 
time-lag (in Russian). Awtomat. i Telemeh. XXIII, 7 (1962). 

74. A. Halanay, Solutions ptriodiques des systemes lintaires 1 argument retardt. C. R. 
Acad. Sci. Paris 249, 2708-2709 (1959). 

75. A. Halanay, Sur les ,systttmes d’bquations difftrentielles linCaires B argument re- 
tard& C.  R .  Acad. Sci. Paris 250, 797-798 (1960). 

76. A. Halanay, Solutions ptriodiques des systttmes gtnCraux 1 retardement. C. R .  Acad. 

77. A. Halanay, Periodic solutions of linear systems with delay (in Russian). Rev. 
Math. Pures Appl. VI, No. 1, 141-158 (1961). 

78. A. Halanay, Stability theory of linear periodic systems with delay (in Russian). 
Rev.,Math. Pures Appl. VI, No. 4, 633-653 (1961). 

79. S. N. Simanov, On the theory of oscillations of quasilinear systems with delay 
(in Russian). Prikl. Mat. Meh. 23, No. 5, 836844 (1959). * 

80. S. N. Simanov, Almost periodic oscillations of quasilinear systems with time lag 
in degenerate case (in Russian). Dokl. Akad. Nauk SSSR 133, No. 1, 36-39 
(1 960). 

81. A. Halanay, Periodic solutions of systems with time lag with a small parameter in 
critical case (in Russian). Rev. Math. Pures Appl. VI, No. 3, 487-491 (1961). 

82. A. Halanay, Autonomous systems with delayed argument and small parameter 
(in Russian). Rev. Math. Pures Appl VII, No. 1, 81-89 (1962). 

83. S. N. Simanov, Oscillations of Quasilinear Autonomous Systems with time lag 
(in Russian). Izw. Vysi’. UE. Zawed. Radiophysika 3, 456466 (1960). 

84. A. Halanay, The method of averaging in equations with delay (in Russian). Rev. 
Math. Pures AppZ. IV, No. 3, 467-483 (1959). 

85. A. Halanay, Almost periodic solutions of systems of differential equations with a 
delayed argument (in Russian). Rev. Math. Pures Appl. V, No. 1 ,  75-79 (1960). 

86. A. Halanay, Asymptotic stability and small perturbations of periodic systems of 
differential equations with a delayed argument (in Russian). Uspehi Mat. 

Sn’. Paris 250,3557-3559 (1960). 

XVII, NO. 1 ,  (103) 231-233 (1962). 
87. A. Halanay, Peturbations singulitres des systemes 1 retardement. C. R. Acad. sn’. 

Paris 253, 1659-1650 (1961). Singular peturbations of systems with time lag (in 
Russian). Rev. Math. Pures AppZ. VII, No. 2 (1962). 

88. H. E. Bray, Elementary properties of the Stieltjes integral. Ann. of Math. Series 11 
20, 177-186 (1918-1919). 



REFERENCES 525 

89. A. Halanay, Absolute stability of some nonlinear control systems with time lag 
(in Russian). Avtomat. i Telemeh. XXV, No. 3, 290-301 (1964). 

90. A. Stokes, A Floquet theory for functional-differential equations. Proc. Nut. Acad. 
Sci. U.S.A. 48, No. 8, 1330-1334 (1962). 

91. A. Halanay, Almost-periodic solutions of linear systems with time lag (in Russian). 
Rev. Math. Pures Appl.  IX, No. 1, 71-79 (1964). 

92. A. Halanay, Singular perturbations of automonous systems with time lag. Rew. 
Math. Pures Appl.  VII, No. 4, 627-631 (1962). 

93. A. Halanay, Periodic and almost-periodic solutions of some singularly perturbed 
systems with time lag. Rev. Math. Pures Appl.  VIII, No. 3, 397-403 (1963). 

94. J. K. Hale, Linear functional-differential equations with constant coefficients. 
Contributions to Diflerential Equations 11, 291-317 (1964). 

95. J. K. Hale, Periodic and almost-periodic solutions of functional-differential equations. 
Arch. Rational Mech. Anal. 15, No. 4, 289-304 (1964). 

96. W. Hahn, “Theorie und Anwendung der direkten Methode von Lyapunov.” 
Springer, Berlin, 1959 [English translation by Prentice-Hall, Englewood Cliffs, 
New Jersey, 19631. 

97. J. La Salle and S. Lefschetz, “Stability by Liapunov’s Direct Method.” Academic 
Press, New York, 1961. 

98. T. Yoshizawa, Liapunov’s function and boundedness of solutions. Funkcial. Ekvac. 

99. T. Yoshizawa, Stability of sets and perturbed system. Funkcial. Ekvac. 5 ,  31-69 

100. R. E. Kalman, Liapunov functions;for the problem of Lurie in automatic control. 

101. V. A. YakuboviE, Absolute stability of nonlinear control systems in critical cases I 

102. V. A. YakuboviE, Absolute stability of nonlinear control systems in critical cases I1 

103. M. A. Aizerman and F. R. Gantmacher, “Absolute Stability of Control Systems” 

104. S. Dilliberto, Perturbation theorems for periodic surfaces I, 11. Rendiconti Circ. 

105. L. Cesari, “Asymptotic Behavior and Stability Problems in Ordinary Differential 

106. J. K. Hale, “Oscillations in Nonlinear Systems.” McGraw-Hill, New York, 1963. 
107. A. M. Zverkin, G. A. Kamenskii, S. B. Norkin, and L. E. Elsgoltz, Differential 

equations with deviated argument (in Russian). Uspehi M a t .  Nauk XVII, No. 2 (104), 

108. A. M. Zverkin, G. A. Kamenskii, S. B. Norkin, and L. E.. Elsgoltz, Differential 
equations with deviated argument 11. (in Russian). Trudy Sem. Teorii DtJferentiaInych 
Uravnenii Otklaniaiu,wimsia Argumentom. 1.11, 3-49 ( 1  963). 

109. R. Bellrnan and K. Cooke, “Differential-Difference Equations.” Academic Press, 
New York. 1963. 

2, 95-142 (1959). 

(1962). 

Proc. Nut. Acad. Sci. U. S. A .  49, 2 (1963). 

(in Russian). Avtomat. i Telemeh. XXIV, No. 3 (1963). 

(in Russian). Avtomat. i Telemeh. XXIV, No. 6 (1963). 

(in Russian). Academy of Science of the USSR, 1963. 

Matem. Palermo, Serie 11, T. IX, 1960, 265-299; T. X, 1961, 111-161. 

Equations,” 1st ed. Springer, Berlin, 1959 (2nd ed; 1963). 

* 

77-164 (1962). 4 



This page intentionally left blank



Subject Index 

A 

absolute stability, 133 
adjoint system, 41, 359, 362, 367 
almost periodic solution, 233-234, 214-275, 

425, 456, 458, 479 
Andronov Witt theorem, 285 
asymptotically almost periodic function, 

asymptotically almost periodic solution, 

asymptotic integral stability, 96, 358 
asymptotic stability, 22 

in the large, 25 
autonomous systems, 278 
averaging, 264, 460 

235 

486 

B 

Bogoliubov lemma, 269-270 
Browder theorem, 275 

C 

canonical systems, 1 14-1 15 
Cesari method, 308-31 7 
characteristic equation, 48 
continuity with respect to initial condi- 

contraction principle, 238 
Corduneanu theorem. 37 

tions, 10 

eigenvector of a matrix, 47 
existence theorem, 4, 336-337 
exponential stability, 43, 346 

F 

Floquet solutions for systems with time 

Fourier transform, 161-216, 383-402, 

fundamental matrix of solutions, 41 

lag, 404, 406 

511-518 

G 

generating solution, 253 
generating system, 253 
global stability, 25 

H 

Hurwitzian matrix, 154 

I 

integral inequalities, 7-8 
integral stability, 95, 398 
invariant periodic surface, 320, 325, 505 

K 

Krasovski inequalities for systems with 
time lag, 388, 340 D 

differential inequalities, 4-6, 377-378 
differentiability with respect to initial L 

conditions, 11 

E 

eigenvalues of a matrix, 47 

linear systems, 39, 359, 362 
logarithm of a matrix, 105-107 
Lyapunov function, 15 
Lyapunov functionals, 343 

527 



528 SUBJECT INDEX 

M 

method of averaging, 264, 460 
monodromy matrix, 10.5 
multipliers, 110, 403 

N 

normal Jordan from, 49 
normal variations, 282 

0 

orbital stability, 285 

P 

partially controlled motion, 90-91 
periodic sohtions, 226, 241, 243, 255, 261, 

269, 275, 276, 278, 288, 412, 423, 426, 
429, 433, 438, 465, 483, 484 

periodic solutions of the second kind, 304, 
307 

Perron condition, 120, 371 
Persidski theorem, 29, 43, 346 
practical stability, 21 6 
property P, 137 

R I 

of the nth kind, 263 

S 

Schauder theorem, 240 
security point of the boundary, 88 

singular perturbations, 325, 490 
small parameter, 253, 426 
c-solution, 3 
stability, 13-14 
ro-stability, 216 
stability by the first approximation, 59, 63, 

67, 349 
stability (T) ,  484 
stability with respect to a set M ,  14 

with respect to component x, 18 
with respect to permanent perturbations, 

with respect to permanent perturbations 
85, 354 

bounded in the mean, 92 
symplectic matrix, 1 16 
system in normal variations, 282 

T 

total stability, 85 

U 

uniform asymptotic stability, 22, 344 
uniform stability, 17, 343 
uniqueness theorem, 9 
unstable solution, 20 

V 

variation of constants formula, 42, 43, 361, 

variational system, 11, 255, 341 
vector derivative, 1 
vector integral, 2 
Vejvoda theorem, 306 

3 66 


	Front Cover
	Differential Equations: Stability, Oscillations, Time Lags
	Copyright Page
	Contents
	Preface to the English Edition
	Preface to the Rumanian Edition
	Introduction
	I.1 Vector Representation of Systems of Differential Equations
	I.2 The Existence Theorem
	I.3 Differential Inequalities
	I.4 The Uniqueness Theorem
	I.5 Theorems of Continuity and Differentiability with Respect to Initial Conditions
	Notes

	CHAPTER 1. Stability Theory
	1.1 Theorems on Stability and Uniform Stability
	1.2 Asymptotic Stability
	1.3 Linear Systems
	1.4 Stability for Linear Systems
	1.5 Linear Systems with Constant Coefficients
	1.6 The Lyapunov Function for Linear Systems with Constant Coefficients
	1.7 Stability by the First Approximation
	1.8 Total Stability
	1.9 Linear Systems with Periodic Coefficients
	1.10 The Perron Condition
	Notes

	CHAPTER 2. Absolute Stability of Nonlinear Control Systems
	2.1 The Canonical Form and the Corresponding Lyapunov Function
	2.2 Intrinsic Study of Control Systems
	2.3 The Method of V . M . Popov
	2.4 The Practical Stability of Systems with Elements of Relay Type
	Notes

	CHAPTER 3. Theory of Oscillations
	3.1 Linear Oscillations
	3.2 Almost-Periodic Solutions of Linear Systems
	3.3 Quasi-Linear Systems
	3.4 Systems Containing a Small Parameter
	3.5 The Method of Averaging
	3.6 Topological Methods
	3.7 Autonomous Systems
	3.8 Autonomous Systems Containing a Small Parameter
	3.9 Periodic Solutions of the Second Kind
	3.10 A Method of Successive Approximations
	3.11 Periodic Perturbations of Autonomous Systems
	3.12 Singular Perturbations
	Notes

	CHAPTER 4. Systems with Time Lag
	4.1 The Existence Theorem . General Properties
	4.2 Stability Theory
	4.3 Linear Systems with Time Lag
	4.4 The Perron Condition for Systems with Time Lag
	4.5 An Estimate in the Stability Theory of Linear Systems with Time Lag
	4.6 The Stability of Some Control Systems with Time Lag
	4.7 Periodic Linear Systems with Time Lag
	4.8 Periodic Linear Systems with Time Lag. Stability Theory
	4.9 Periodic Solutions of Linear Periodic Systems with Retarded Argument
	4.10 The Critical Case for Linear Periodic Systems with Time Lag
	4.11 Almost-Periodic Solutions for Linear Systems
	4.12 Systems with a Small Parameter with Time Lag
	4.13 Systems with Retarded Argument Containing a Small Parameter
	4.14 Almost-Periodic Solutions for Quasi-Linear Systems with Time Lag
	4.15 The Averaging Method for Systems with Retarded Argument
	4.16 Other Theorems Relative to Periodic and Almost-Periodic Solutions of Systems with Time Lag
	4.17 Singular Perturbation for Systems with Time Lag
	4.18 Invariant Periodic Surfaces in a Class of Systems with Time Lag
	Notes

	Appendix
	A.1 Elements from the Theory of the Fourier Transform
	A.2 The Permutation of the Integration Order in Stieltjes’ Integral

	Bibliography
	Subject Index



